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Neutrinos play pivotal roles in determining fluid dynamics, nucleosynthesis, and their observables
in core-collapse supernova (CCSN) and binary neutron star merger (BNSM). In this paper, we present a
novel phenomenon, collisional flavor swap, in which neutrino-matter interactions trigger the complete
interchange of neutrino spectra between two different flavors, aided by neutrino self-interactions. We find
that a necessary condition to trigger the collisional swap is occurrences of resonancelike collisional flavor
instability. In cases where neutrino self-interactions substantially dominate over the collision rate, the
collisional swap occurs in the entire neutrino energy spectrum, while intriguing energy-dependent features
can emerge after the completion of flavor swap. Since flavor swaps correspond to the most extreme case in
flavor conversions, they have a great potential to affect CCSN and BNSM phenomena.

DOI: 10.1103/PhysRevD.109.103009

I. INTRODUCTION

Exploring neutrino-flavor conversions driven by neutrino
self-interactions (collective neutrino oscillations) [1–4]
is a key frontier in the study of core-collapse supernovae
(CCSNe) and binary neutron star mergers (BNSMs). The
detailed investigation has been motivated by theoretical
indications that flavor conversions ubiquitously occur in
CCSN [5–18] and BNSM [19–25] environments. Their
physical properties, however, remain shrouded in a mystery,
despite their growing attention.
Some recent studies have also suggested that collisional

flavor instability (CFI), a new type of collective neutrino
oscillations, can occur in optically thick regions of CCSNe
[17,26] and BNSMs [27]. Our understanding of CFI has
been matured rapidly based on linear stability analysis
(see, e.g., [27,28]), but much less work has been done on
their nonlinear properties. We also note that the previous
studies have ignored diagonal components of collision
terms [29–31], which potentially discards some important
characteristics of CFI. In fact, we shall show that the
diagonal components play a pivotal role in characterizing
nonlinear dynamics of CFI.
In this paper, we present a novel phenomenon in non-

linear phases of neutrino-flavor conversions, named as

collisional flavor swap (or collisional swap). Here we use
“swap” to refer to the simultaneous interchange of different
flavors, i.e., more extreme than the flavor equipartition.
There are two noticeable properties in collisional swap:
(1) the timescale is much faster than neutrino-matter inter-
actions, since the growth of flavor conversions in the early
phase is associated with the resonancelike CFI [27,28];
(2) the collisional swap can occur in isotropic neutrino
distributions in momentum space, indicating that the
interplay with fast neutrino-flavor conversion is not
necessary [30].
We stress that the collisional swap is distinct from

other swap phenomena in the literature such as spectral
swap [32,33] and Mikheyev–Smirnov-Wolfenstein effects.
Occurrences of rapid and vigorous flavor conversions by
CFI in regions where neutrinos and matter are strongly
coupled can affect all relevant physics in these phenomena,
including fluid dynamics, nucleosynthesis, and observable
signals such as gravitational waves and neutrinos [34–39].
This exhibits the possibility of a large impact of collisional
swap on both theories and observations for CCSNe
and BNSMs.

II. DYNAMICAL SIMULATIONS

We start with presenting results of dynamical simulations
for collisional swap by solving quantum kinetic equations
(QKEs) of neutrinos. We solve the energy-dependent*ckato@rs.tus.ac.jp
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QKEs under isotropic and spatial homogeneous neutrino
background,

i
∂

∂t
ρðt; EνÞ ¼ ½Hνν; ρðt; EνÞ� þ iC; ð1Þ

with the density matrix ρ, neutrino energy Eν, collision term
C, and Hamiltonian potential,

Hνν ¼
ffiffiffi

2
p

GF

Z

dVq½ρðt; EνÞ − ρ̄�ðt; EνÞ�: ð2Þ

GF and Vq are the Fermi constant and the volume element
in momentum space, respectively. In this study, we neglect
vacuum and matter potentials just for simplicity. We also
assume the two-flavor system consisting of electron neu-
trinos (νe) and heavy-leptonic neutrinos (νx), in which case
ρ is a 2 × 2 matrix, i.e.,

ρ ¼
�

ρee ρex

ρxe ρxx

�

: ð3Þ

For antineutrinos, we use “-” expression and replace ρ → ρ̄,
C → C̄; and Hνν → H̄νν ¼ −H�

νν in Eqs. (1) and (2).
In the collision term, the electron and positron captures

by free protons and neutrons, respectively, are included as
emission processes, while absorption processes are also
taken into account by their inverse reactions. νx reactions
are not included in this study. Reaction rates of these
processes are computed by following [40] under given a
fluid distribution. Baryon mass density, temperature, and
electron fraction are set as 1012 g=cm3, 6.4 MeV, and 0.1,
respectively (see Table I), while the similar matter state has
been observed in recent CCSN models [41]. We also note
that these parameters are chosen so that the νe chemical
potential becomes zero, which corresponds to a necessary
condition for occurrences of a resonancelike evolution in
CFI [unless number densities of νx and their antipartner (ν̄x)
are largely different from each other, although these cases
are not considered in this paper]. We employ a nuclear
equation of state [42] to obtain all necessary thermody-
namical quantities for computing weak reaction rates.
As an initial condition, we assume that νe and ν̄e are

in thermal and chemical equilibrium with matter, whereas
νx and ν̄x are assumed to be Fermi-Dirac distributions with
the chemical potential of −2 MeV. The choice of the
chemical potential of νx is based on our CCSN model [43].
We consider the region outside the energy sphere, at
which neutrino emission and absorption are balanced with

each other.1 In this region, νx and ν̄x undergo large numbers
of scatterings mainly by nucleons, which leads to the
negative chemical potential [45]. It should be noted,
however, that the νx radiation field is sensitive to neu-
trino-matter interactions and multidimensional effects such
as proto-neutron star convection [46], which would affect
occurrences of CFI [26,47]. It is, hence, necessary to
inspect νx when we assess occurrences of collisional swap
in CCSN models. We add very small perturbations in off-
diagonal components of density matrix (10−6 compared to
electron-type neutrinos) to trigger flavor conversions.
We assess the stability of neutrino distributions by

following the prescription in [28] and confirm that CFI
occurs with the growth rate of 5 × 10−3 cm−1. The asso-
ciated timescale of CFI (tCFI) is ∼10−5 shorter than the
timescale of neutrino-matter interaction (tcol). This exhibits
that the flavor instability corresponds to a resonancelike
CFI, whose timescale can be roughly estimated as
tCFI ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffi

GFnνγ
p

, where nν and γ denote the number density
of neutrinos and energy-averaged reaction rates of neu-
trino-matter interactions, respectively. We solve the QKEs
by using the Monte Carlo code [48], in which we employ a
uniform energy grid from 0 to 100 MeV with 100 grid
points. We also carry out the same simulation but with
twice the energy resolution (200 grids). We find that the
result is almost identical to that with our standard resolution
(the error of neutrino number density is less than 0.1%).
Hence, we hereafter discuss the collisional swap based on
the model with the standard resolution.
Solid lines in Fig. 1 draw the dynamics of collisional

swap, while we omit to show those in antineutrinos, since
their evolution is almost identical to neutrinos. νe and νx
substantially shuffle at t ∼ 2 × 10−8 s, and then the flavor
swap almost completes by t ∼ 1 × 10−7 s.
Before discussing the physical process of collisional

swap in detail, we make an interesting comparison to the
case with no collision term in diagonal elements; the results
are shown as dotted lines in Fig. 1. In the early phase, the
time evolution of flavor conversions is almost identical to
the case with diagonal collision terms, which is consistent
with linear analysis. However, they deviate from each other

TABLE I. Setups in our model.

Density Temperature Electron fraction Chemical potential

1012 g=cm−3 6.4 MeV 0.1 0 MeV (νe, ν̄e), −2 MeV (νx, ν̄x)

1We follow the convection in [44], which distinguishes energy
and transport spheres for νx (and ν̄x). Unlike νe and ν̄e, there is a
scattering dominant region. In such a region, they are not in
thermal and chemical equilibrium with matter, but their angular
distributions are nearly isotropic due to scatterings with nucleons.
The transport (or scattering) sphere is located outside the energy
one, and it is defined as the sphere where νx transits to free
streaming.
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from t ∼ 2 × 10−8 s, corresponding to the time when the
number of neutrinos of two flavors become nearly equal. In
the case without diagonal collision terms, the system
converges to a flavor equipartition with oscillations. This
exhibits that the diagonal elements in collision terms are
key elements to understand collisional swap, which can
also be shown analytically (see below).

III. ANALYTIC ARGUMENTS

We discuss the collisional swap in terms of polarization
vectors in flavor spaces, which are defined by ρ≡ P0I=2þ
P · σ=2 with

P ¼ ð2Reρex;−2Imρex; ρee − ρxxÞ; ð4Þ

P̄ ¼ ð2Reρ̄ex; 2Imρ̄ex; ρ̄ee − ρ̄xxÞ; ð5Þ

P0 ¼ ρee þ ρxx, the unit matrix I, and the Pauli matrix
vector σ. It should be mentioned that P and P̄ depend on
neutrino energy. In this expression, the QKEs are

∂

∂t
P ¼ Hνν × Pþ ΓðPeq − PÞ þ ΓðP0;eq − P0Þz; ð6Þ

∂

∂t
P̄ ¼ Hνν × P̄þ Γ̄ðP̄eq − P̄Þ þ Γ̄ðP̄0;eq − P̄0Þz; ð7Þ

with Γ ¼ Γe=2 and Γ̄ ¼ Γ̄e=2; Γe (Γ̄e) denotes the reaction
rate for νe (electron antineutrinos ν̄e), while we consider the
situation with Γ > Γ̄ due to neutron rich environment; z is
the unit vector of the z axis in flavor space; the index “eq”
indicates the quantities in the thermal equilibrium. The
Hamiltonian vector is

Hνν ¼ μ

Z

dVqðP − P̄Þ; ð8Þ

with μ ¼ ffiffiffi

2
p

GF.
To capture the essential features of collisional swap, we

consider an energy-integrated form of the QKE, while the
detailed discussion about energy dependence is deferred to
Sec. IV. The QKEs can be approximated as

∂

∂t
Pint ∼ −μP̄int × Pint þ ΓaveðPint;eq − PintÞ

þ ΓaveðP0int;eq − P0intÞz; ð9Þ

∂

∂t
P̄int ∼ −μP̄int × Pint þ Γ̄aveðP̄int;eq − P̄intÞ

þ Γ̄aveðP̄0int;eq − P̄0intÞz; ð10Þ

where

Pint ≡
Z

dVqP; ð11Þ

and Γave denotes the collision rate at the average energy of
neutrinos. Throughout this section, we omit to show these
subscripts.
For convenience, we discuss the collisional swap based

on S≡ Pþ P̄ and D≡ P − P̄ instead of P and P̄. The
QKEs can be rewritten in terms of S and D as

Ṡ ∼ μD × Sþ Γþ Γ̄
2

ðSeq − Sþ ðS0;eq − S0ÞzÞ

þ Γ − Γ̄
2

ðDeq − Dþ ðD0;eq −D0ÞzÞ; ð12Þ

Ḋ ∼
Γ − Γ̄
2

ðSeq − Sþ ðS0;eq − S0ÞzÞ

þ Γþ Γ̄
2

ðDeq − Dþ ðD0;eq −D0ÞzÞ: ð13Þ

In the initial condition, S is headed in the positive direction
along the z axis (but slightly tilted from the z axis due to
perturbations), while D is embedded in the x-y plane (i.e.,
Dz ¼ 0), and its x and y components represent initial
perturbations.
Here we consider reasonable approximations in Eqs. (12)

and (13) so as to make the problem analytically tractable.
We assume that neutrino self-interactions are much
stronger than neutrino-matter interactions, which guaran-
tees tCFI ≪ tcol. Since the collisional swap occurs in non-
linear phases of CFI, its dynamical timescale is also tCFI.
This indicates that, given our initial conditions, S0 ∼ S0;eq,
D0 ∼D0;eq, and jSj ≫ jDj are reasonable approximations
during the collisional swap. By using these conditions, we
can approximate Eqs. (12) and (13) as

FIG. 1. Time evolution of number densities of neutrinos. Red
and green solid lines denote νe and νx (nνe and nνx ), respectively.
Solid and dotted lines denote cases with (w) and without (wo)
diagonal components of collision terms, respectively; see text for
more details.
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Ṡ ≈ μD × S; ð14Þ

Ḋ ≈
Γ − Γ̄
2

ðSeq − SÞ: ð15Þ

From Eqs. (14) and (15), we obtain the following relations:

jSj ≈ jSeqj; ð16Þ

Ḋz ≈
Γ − Γ̄
2

ðjSj − SzÞ; ð17Þ

q∂tðD · SÞ ≈ Γ − Γ̄
2

ðS · Seq − jSj2Þ; ð18Þ

˙jDj2 ≈ ðΓ − Γ̄ÞðDzjSj − D · SÞ; ð19Þ

S̈z ≈ μ2ðD · SÞDz − μ2jDj2Sz; ð20Þ

which highlight essential features of collisional swap. It
should be stressed that these relations hold in nonlinear
phases (but t ≪ tcol).
Equation (14) guarantees that the norm of S is constant in

time; hence it can be given by the initial condition
[Eq. (16)]. On the other hand, Dz monotonically increases
with time, which can be derived from Eq. (17) with
conditions of Γ > Γ̄ and jSj > Sz. This also indicates that
Dz becomes positive at t > 0 [see also Fig. 2(d)]. The trend
is also intuitively understandable as follows. Once flavor
conversions happen, both νe and ν̄e are reduced. The
restoring force of νe to the equilibrium state (i.e., νe
emission) is stronger than ν̄e due to Γ > Γ̄, accounting

for the increase of Dz. Using similar arguments, D · S
decreases with time, implying that it becomes negative at
t > 0 [see also Fig. 2(e)]. We can also derive that jDj2
monotonically increases with time from Eq. (19) and the
above relations [see also Fig. 2(f)].
The time evolution ofS, in particular, for the z component,

exhibits the dynamics of collisional swap in Fig. 2(a). Here,
we focus on its second derivative [see Eq. (20)]. The first
term in the right-hand side of Eq. (20) is negative, because of
D · S < 0 andDz > 0 at t > 0. As a result, Sz separates from
the z axis initially, i.e., facilitating flavor conversions. The
second term also accelerates the flavor conversion (since it is
negative) until Sz ¼ 0, implying that S falls to the x-y plane
without undergoing decelerations. When S reaches the x-y
plane, it still moves toward the negative direction of z axis
[see Fig. 2(b) at t≲ 2.5 × 10−8 s]. After Sz < 0, however,
the second term on the right-hand side of Eq. (20) flips the
sign, i.e., decelerating flavor conversions.On the other hand,
the first term remains negative, implying that Sz is persist-
ently pushed toward −jSj (i.e., flavor swap). The competi-
tion between the first and second terms causes Sz oscillation
[see also Fig. 2(c)], but the persistent force by the first term
makes the system settle into Sz=jSj ∼ −1, leading to the
flavor swap.
As described above, the first term on the right-hand side

of Eq. (20) is a key player to achieve the collisional swap.
Here, we show that neglecting diagonal components of
collision terms results in a qualitatively different outcome.
This is attributed to the fact that Eq. (17) in the case is
rewritten as

Ḋz ∼ 0: ð21Þ

(a)

(d)

(b)

(e)

(c)

(f)

FIG. 2. Time evolution of (a) Sz, (b) Ṡz, (c) S̈z, (d) Dz, (e) D · S, and (f) jDj2. Red and black lines denote cases with and without
diagonal components of collision terms, respectively.
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This indicates that Dzð¼ 0Þ is constant in time, and
consequently, the first term on the right-hand side of
Eq. (20) (which is not changed in the case without diagonal
components of collision terms) remains to be zero at
t ≥ 0 [see also Fig. 2(d)]. This also implies that D is
always embedded in the x-y plane, making Sz oscillate
between positive and negative, since S rotates around D
[see Eq. (14)].
A few remarks are in order. The first term on the right-

hand side of Eq. (20) can be negative only ifDz ≪ Sz. This
is attributed to the fact that D · S and Dz have the same sign
at t ¼ 0, but either of them needs to flip the sign during
CFI. This is only possible for cases with Dz ≪ Sz, i.e., the
resonancelike CFI.
Second, the above discussion based on S and D can be

applied to cases with νx ≠ ν̄x. From the similar argument,
the collisional swap can occur, if the condition of reso-
nancelike CFI is satisfied. This is an important indication
for CCSN and BNSM study, since νx and ν̄x spectra are, in
general, different from each other due to high-order
corrections of weak interactions (e.g., effects of weak
magnetism [49]). The deviation would be more prominent
if on-shell muons appear in these environments [50,51].

IV. ENERGY DEPENDENCE

In this section, we discuss the energy dependence of
collisional swap. Let us first show the time evolution of Sz
for some selected neutrino energies in Fig. 3. As shown in
this figure, the collisional swap occurs for all energies of
neutrinos, and their time evolution is nearly identical. One
might think that this result is counterintuitive because the
collision rate, which corresponds to a driving force of
collisional swap, depends on energy. Below, we explain
why there are less energy-dependent features in colli-
sional swap.

One thing we do notice here is that the energy-dependent
collision rate affects the dispersion relation for the CFI, but
the resultant growth rate of flavor instability is identical
among all neutrinos (see, e.g., [28]), which guarantees the
energy independence of CFI in the very early phase.
However, this explanation is not sufficient for collisional
swap, since it occurs beyond the linear phase. We hence
consider the energy-dependence directly from the nonlinear
QKEs as below.
Similar as in Sec. III, we assume a condition that the

neutrino self-interaction is much stronger than neutrino-
matter interaction, and we focus on the phase of t ≪ tcol.
These conditions allow us to approximate the time evolu-
tion of S [similar to Eq. (14)] as

ṡðEνÞ ∼ μDint × sðEνÞ; ð22Þ

with s≡ S=Sini;z. In this expression, we do not omit the
subscript of “int” and we emphasize that s is defined as an
energy-dependent quantity by explicitly showing neutrino
energy Eν. As can be seen in Eq. (22), the time evolution of
s is driven by the energy-integrated quantity Dint. We also
note that all neutrino energies have the identical initial
condition, s ¼ ðξx; ξy; 1Þ, where ξx and ξy represent the
initial small perturbations in x and y components, respec-
tively. This argument guarantees that the time evolution of s
is identical among all energies. We can also obtain the time
evolution of sz as

jsj ≈ 1; ð23Þ

̈sz ≈ μ2ðDint · sÞDint;z − μ2jDintj2sz; ð24Þ

which are essentially the same as Eqs. (16) and (20). We
can apply the same argument as described in Sec. III, and
consequently, sz can reach −1, which exhibits the energy-
independent collisional swap. One of the important points
along this discussion is that DðEνÞ does not directly
contribute to the collisional swap, whereas its energy-
integrated quantity Dint is responsible for it. This argument
also illustrates that the energy dependence of Γ and Γ̄ does
not directly affect the collisional swap, and their energy-
averaged one affects the swap through the time evolution of
Dint [see Eq. (15)].
The energy dependence of flavor evolution appears after

the collisional swap is completed. After completing the
swap, flavor conversions subside because the flavor state is
stable with respect to the CFI. On the other hand, it cannot
be an asymptotic state because charged-current reactions
make νe and ν̄e restore the thermal equilibriums at t≳ tcol.
This trend is clearly displayed in Fig. 4, in which the time
evolution of νe for some selected neutrino energies are
portrayed. At the initial phase, νe undergoes a collisional
swap regardless of neutrino energies, and then they return
to the initial position at t≳ tcol. Such a late time evolution

FIG. 3. Time evolution of Sz in each neutrino energy. Colors
distinguish neutrino energy. The vertical scale is normalized by
the initial value.
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of neutrinos naturally generates the energy-dependent fea-
tures, since the restoring speed hinges on the reaction rate.
This argument suggests that an intriguing possibility,

spectral swap, may arise in real CCSN and BNSM
environments. One thing we do notice here is that the
low-energy νe and ν̄e would not reach their equilibrium
states in realistic systems, because the advection timescale
is shorter than the collision one. As a result, νe and ν̄e
energy spectra in the low-energy region cannot be restored
and they would remain to be depleted, which may form a
spectral-swap-like structure.
It should be noted, however, that there remain some

uncertainties for this spectral swap phenomenon associated
with collisional swap. For instance, the canonical spectral
swap involves a discrete change of energy spectrum (see,
e.g., [32,33]), but the survival probability of neutrinos
should change continuously in the energy spectrum for
cases with collisional swap.2 We also note that there are
other elements (e.g., other neutrino-matter interactions) that
make the transition smooth. Although this phenomenon is
worthy of further investigation, the consistent treatment of

neutrino advection, multiple channels of neutrino-matter
interactions, and flavor conversions is necessary to address
this issue. We leave the detailed study for a future work.

V. CONCLUSIONS

We present that neutrino-matter interactions can lead to
neutrino-flavor swap between two flavors, aided by neu-
trino self-interactions. Different from the linear phase,
diagonal components of collision terms play a key role
in the dynamics. The necessary condition for the collisional
swap is a resonancelike CFI, which is realized when both νe
and ν̄e number densities are nearly equal to each other
(under the assumption of νx ¼ ν̄x). We also find that the
collisional swap occurs regardless of neutrino energies, as
long as neutrino self-interactions are much stronger than
the collision rate at each energy.
The collisional swap corresponds to the most extreme

case in flavor conversions, and it would change the
equilibrium state among neutrinos and fluids. We also
note that the large flavor conversions in optically thick
regions facilitate neutrino cooling [25], which would have
substantial impact on CCSN and BNSM dynamics. In fact,
resonancelike CFIs have been observed in recent simu-
lations, see, e.g., [27]. The present study also shows that the
phenomenon similar to the spectral swap could emerge in
the late phase (after the collisional swap is completed),
although more work is needed to quantify how much the
survival probability is changed in the energy spectrum and
how much it can affect the astrophysical consequences.
These important issues will be addressed in our forth-
coming papers.
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