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The cores of dense stars are a powerful laboratory for studying feebly coupled particles such as axions.
Some of the strongest constraints on axionlike particles and their couplings to ordinary matter derive from
considerations of stellar axion emission. In this work we study the radiation of axionlike particles from
degenerate neutron star matter via a lepton-flavor-violating coupling that leads to muon-electron
conversion when an axion is emitted. We calculate the axion emission rate per unit volume (emissivity)
and by comparing with the rate of neutrino emission, we infer upper limits on the lepton-flavor-violating
coupling that are at the level of |g,,,| < 1075, For the hotter environment of a supernova, such as SN
1987A, the axion emission rate is enhanced and the limit is stronger, at the level of [g,,,| < 10711,

competitive with laboratory limits. Interestingly, our derivation of the axion emissivity reveals that axion
emission via the lepton-flavor-violating coupling is suppressed relative to the familiar lepton-flavor-
preserving channels by the square of the plasma temperature to muon mass ratio, which is responsible for

the relatively weaker limits.

DOI: 10.1103/PhysRevD.109.103005

I. INTRODUCTION

Axions are pseudo-Goldstone bosons associated with a
spontaneously broken global symmetry that is anomalous
to the standard model (SM) gauge couplings [1]. Initially
proposed as a natural solution to explain the absence of the
neutron electric dipole moment [2-4], a QCD axion is
characterized by its decay constant f, [5-8] and its mass is
determined by m, ~ 5.7 peV(10'2 GeV/f,) [9,10]. Apart
from the QCD axion, axionlike particles have also been
extensively studied in string theory [11-13] and dark matter
physics [14-18]. For recent reviews, refer to [19-22].

Due to their weak interactions with SM particles,
detecting axions in terrestrial experiments is challenging.
Therefore, it is motivated to search for evidence of axions in
astrophysical systems where their feeble couplings are par-
tially compensated by high temperatures and densities [23].
For instance, probing axion emission from the white dwarf
luminosity function [24-27] places a stringent limit on
the axion-electron coupling at the level of g,.. < 10713,
Additionally, the axion’s interaction with nucleons is
probed by neutron star (N'S) cooling [28—30] and supernova
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neutrino emission [31-38], which imply tight upper limits
at the level of g,y < 10710,

As an extension of the SM, there is no strong reason for
the ultraviolet theory of axions to respect lepton flavor
conservation since it is an accidental symmetry of the SM
broken by tiny neutrino masses. The axions whose ultra-
violet theory is responsible for the breaking of the flavor
symmetry are known as flavons or familons [39-43], which
can also explain the strong CP problem if they have a
coupling to gluons [44,45]. Even if the underlying theory
preserves lepton flavor, lepton-flavor-violating (LFV)
effects can arise from radiative corrections [46—49]. It
has been shown that LFV interactions can account for the
production of dark matter through thermal freeze-in [50].
Tests of lepton flavor conservation thus provide important
information about new physics.

Laboratory tests of lepton-flavor violation serve as an
indirect probe of the axion’s LFV interactions. Notably,
charged lepton flavor violation would lead to rare lepton
decays [51]. If the axion were heavier than the muon,
an effective field theory approach could be used to study
decays such as y — ey, p — 3e and u — e conversion,
being the best process to detect LFV in the ey sector.' For
lighter axions, u — ea could be the dominating channel
and the current limit on Br(u — ea) is of order 107° [56]

'In the SM, LFV decays are suppressed by the neutrino
mass-squared difference and Br(u — ey) ~ Br(u — 3e) ~ 107
[51-53], far below the current experimental limits Br(y — ey) <
4.2 x 10713 [54] and Br(u — 3¢) < 1.0 x 10712 [55].
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FIG. 1. If axions are produced in neutron star cores, they will
carry energy out of the star and make the neutron star cool down
more efficiently than expected.

or 107 [57] depending on the axion mass and chirality of
the interaction. The limit will be improved in the future
experiments MEG 1II [58,59] and Mu3e [60] by up to two
orders of magnitude [61].

In this work, we aim to establish an astrophysical limit
on the axion’s LFV interactions based on NS cooling
arguments, as a complement to current lab limits. The basic
idea is illustrated in Fig. 1; if axions are produced in NS
cores, they must not carry energy out of the star more
efficiently than standard neutrino-mediated cooling chan-
nels [23]. In a NS core, unlike nondegenerate stars or even
white dwarf stars, the particle densities are so high that the
electron Fermi energy exceeds the muon mass, and an
appreciable population of muons is present [62]. As such,
NSs provide a unique opportunity to probe the axion’s LFV
coupling with muons and electrons.

II. AXIONS WITH LFV COUPLINGS

We consider a LFV coupling among the electron, muon,
and axion, which is expressed as

Lripy = %@ewysqlﬂaﬂa YHe, (1)

e "

where W, (x) is the electron field, ¥, (x) is the muon field,
a(x) is the axion field, m, ~0.511 MeV is the electron
mass, m, ~ 106 MeV is the muon mass, and g,,, is the
axion’s LFV coupling. The coupling may also be written
in terms of the axion decay constant f, as g, =
Coen(m, +m,)/(2f,). This interaction can naturally arise,
e.g., in the models of the LFV QCD axion [7,8], the LFV
axiflavon [44,45,63], the leptonic familon [64—66] and the
Majoron [67,68] (also see Ref. [61] for a summary of
constraints). Past studies of charged lepton flavor violation,
from both terrestrial experiments and cosmological/
astrophysical observations, furnish constraints on the axion
LFV coupling g,.,, which we summarize here.

The LFV interaction opens an exotic decay channel
for the muon u — ea, as long as the axion mass is not too
large m, < m, —m,. The branching ratio is predicted
to be [69]

I'(u — ea)

Br(u — ea) ~ =70x10%g,,. (2)

[(u— evd)

Initial searches for the two-body muon decay were per-
formed by Derenzo using a magnetic spectrometer, result-
ing in an upper limit on the branching ratio of 2 x 10~ for
the mass range 98.1-103.5 MeV [70]. Jodidio et al. con-
strained the branching ratio for a massless familon to be
<2.6 x 107, which was later extended to massive particles
up to ~10 MeV [61]. Bryman and Clifford analyzed data
of muon and tauon decays obtained from Nal(TI)
and magnetic spectrometers, concluding an upper limit
of 3 x 10~ for masses less than 104 MeV [71]. Bilger et al.
studied muon decay in the mass range 103—105 MeV using
a high purity germanium detector and established a limit of
5.7 x 10~* [72], while the PIENU Collaboration improved
the limit in the mass range 87.0-95.1 MeV [73]. The
TWIST experiment performed a broader search for masses
up to ~80 MeV by accommodating nonzero anisotropies,
resulting in an upper limit of 2.1 x 107 for massless
axions [57]. These constraints on Br(y — ea) translate
into upper limits on the LFV coupling g,.,, and we
summarize the current status in Table I.

Apart from terrestrial experiments, cosmological and
astrophysical observations also constrain the axion’s LFV
interaction. If this interaction were too strong, relativistic
axions would be produced thermally in the early Universe;
however, the presence of a dark radiation in the Universe is
incompatible with observations of the cosmic microwave
background anisotropies. Constraints on dark radiation
are typically expressed in terms of a parameter N called
the effective number of neutrino species. A recent study
of flavor-violating axions in the early Universe finds that
current observational limits on Ny require the LFV
coupling to obey [2f,/Cpe,| > 2.5 x 108 GeV [74]. Astro-
physical probes of the axion’s LFV interaction have not
been extensively explored. Calibbi et al. considered the
bound on Br(y — ea) from SN 1987A associated with the
cooling of the proto-NS [61]. Assuming that the dominant
energy loss channel is free muon decay y — ea, they derive
an upper limit on the branching ratio at the level of
4 x 1073. We find that a stronger constraint is obtained
from the 2-to-3 scattering channels, such as yp — epa, and
we discuss this result further below.

To provide a comprehensive overview, we also introduce
the constraints on LFV couplings involving 7z leptons.
Currently, laboratory limits on the branching ratios of rare
tauon decays are Br(z — ea) < 2.7 x 10~ and Br(r —
ua) < 4.5 x 1073 [61,75]. Constraints from N are more
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TABLE L

Summary of constraints on the axion’s LFV coupling in the e—u sector, where stronger constraints are presented at the

bottom. See the main text for more detailed descriptions. For the NS cooling limit, we calculate the axion emissivity via [ + f —
I' + f + a and compare with the neutrino emissivity via Murca channels. For the SN 1987A limit, we compare with the upper bound on

energy loss rate.

Gaey] Lﬂ [GeV] Br(u — ea) « [MeV] Experiment Reference
<3.0x 107° >3.5x 10* <1.0 <1 NS cooling This work
<8 x 10710 >1 x 108 <4 x 1073 <50 SN 1987A, u — ea [61]
<42 x 10710 >2.5 x 108 <1.3x 1073 <1077 Cosmology, AN [74]
<2.9x 10710 >3.7 x 108 <5.7 x 10~ 103-105 Rare muon decay [72]
<2 x 10710 >5x 108 <3x10™* <104 Rare muon decay [71]
<2x 10710 >6 x 108 <2x 107 98.1-103.5 Rare muon decay [70]
<1 x 10710 >9 x 108 <1x10™* 47.8-95.1 Rare muon decay (PIENU)* [73]
<5.5x%x 1071 >1.9 x 10° <2.1x 107 <13 Rare muon decay (TWIST) [57]
<4 x 1071 >3 x 10° <9 x 107°° <50 SN 1987A, If - I'fa This work
<1.9 x 1071 >5.5 x 10° <2.6 x 107° <10 Rare muon decay [56,61]

“The PIENU Collaboration obtained upper limits on the branching ratio from 10~* to 10~ for the considered mass range.

stringent, Br(z — ea) <3 x 10™* and Br(r — pa) <5 x
10~ [74]. Each of these limits is expected to improve
significantly, by up to three orders of magnitude, in the
future Belle I [61,76] and CMB-S4 experiment [74,77,78].
However, it remains challenging to impose constraints on 7
leptons from astrophysical systems due to their consider-
able mass of 1.8 GeV, which far exceeds stellar core
temperatures.

III. AXION EMISSION VIA LFV COUPLINGS

The emission of axions from NS matter via the LFV
interaction can proceed through various channels. One
might expect the dominant channel to be the decay of free
muons 4 — ea; however, since the electrons in NS matter
are degenerate, this channel is Pauli blocked, and its rate is
suppressed in comparison with scattering channels. Since
NS matter consists of degenerate electrons, muons, protons,
and neutrons, various scattering channels are available. We
denote these collectively as”

I+f—->1U+f+a, (3)

where a lepton [ = e, u is converted to another ' =y, e
with the spectator particle f = p, e, u. We consider
channels in which the NS’s muon is present in the initial
state, and channels in which muons are created thanks to
the large electron Fermi momentum. The scattering is
mediated by the electromagnetic interaction (photon
exchange), and channels involving neutrons are neglected.
Assuming that all particles are degenerate, scattering pre-
dominantly happens for particles at the Fermi surface.
These processes are kinematically allowed if |pp; — pr ¢| <

prr+pry and |ppy—prs| < ppy+ pry, implying

‘We neglect the Compton process for axions, since the number
density of photons is low compared to other particles.

the existence of a threshold momentum of the spectator
particle,

PFf > (pF,e_pF.ﬂ)/z' (4)

Here we have introduced the Fermi momentum pf; of the
particle species i.

The quantities of interest are the axion emissivities eglf >,
which corresponds to the energy released in axions per unit
volume per unit time through the channel [f — I'fa. We
assign (E;,p;) and (E',p!) for the initial and final four-
momenta of the converting leptons / and /', (E,,p,) and
(E), p5) for the spectator f, and (E}, p%) for the axion. Then
the axion emissivity is calculated as

) _ (2m)* el & ) ()2
Eq = 5 Hdpinij‘M |
i=1 j=1 spin
x8Y (py + pa— Pl — ph— Ph)
x E5fif2(1= 1)1 = f3), (5)

where S is the symmetry factor accounting for identical
initial and final state particles, MU is the Lorentz
invariant matrix element, f; and f’ are the Fermi-Dirac
distribution functions, the factor (1 — f%) takes into account

the Pauli blocking due to particle degeneracy, and dp =
d®p/[(27)32E] is the Lorentz-invariant differential phase
space element. We do not include a factor of (1 4 f%), since
f5 <1 and there is no Bose enhancement for axion
production since NSs are essentially transparent to axions
for the currently allowed parameter space.

Calculating the emissivity (5) requires evaluating the 15
momentum integrals along with the four constraints from
energy and momentum conservation. We evaluate all but
two of these integrals analytically using the Fermi surface
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approximation, and we calculate the last two integrals using
numerical techniques. The Fermi surface approximation
assumes that the integrals are dominated by momenta near
the Fermi surface |p| & p; smaller and larger momenta do
not contribute because of Pauli blocking or Boltzmann
suppression. We find the axion emissivity of the If — I'fa
channel to be

(1) _ 328”2029?@4 ﬁF,zEJSV.e

€4 FUNTS, (6)
945mﬁ ﬂ% y p%’ y

where a~1/137 is the electromagnetic fine-structure
constant, Ey; is the Fermi energy, fr; = pr;/Er; is the
Fermi velocity, 7 is the plasma temperature, and F(*/) is a
factor depending on both the specific process and the Fermi
velocity of the scattering particles. To derive (6), we have
assumed that the axion mass is small compared to the NS
temperature m, < T, muons and electrons are in the beta
equilibrium (.e., Ef, =~ Ef ), electrons are ultra relativ-
istic but muons are not (i.e., pp, < m,),and T < mﬁ/EFYe.
Our derivation of (6) can be found in Appendix A. In
addition, we evaluate the emissivity fully numerically using
Monte Carlo integration methods to estimate the integrals
in (5) without employing the Fermi surface approximation.
In the regime of interest, the two methods agree very
well. The impact of an axion mass m, = T is discussed in
Appendix C.

The temperature dependence of the axion emissivity (6)
is especially interesting and important for understanding
the limits from NS cooling. For comparison, note that
axion bremstrahlung via lepton-flavor-preserving (LFP)
interactions (such as ep — epa or up — pupa) goes as
&, X T°. In other words, the LFV interaction leads to
an emissivity that’s suppressed by an additional factor
of T?E%,/(m’—m2)>~T?/m2, which is of order
(100 keV/100 MeV)? ~ 107 for T ~10° K. A detailed
discussion appears in Appendix A, but the essential idea
can be understood as follows. The phase-space integrals
over momenta can be converted to energy integrals,
and each integral for degenerate leptons and protons is
restricted to the Fermi surface of thickness ~7', giving a
factor of T*. The phase-space integral of axions (i.e.,
d*py/E%) gives a factor of T2. The axions are emitted
thermally and have an energy ~7. The energy conservation
delta function gives T~!. The squared matrix element has a
temperature dependence 7. Putting all these together, we
see that the emissivity is proportional to 7%. In comparison,
the squared matrix element for the LFP interactions has
no temperature dependence since one power of 7 from
the coupling vertex is canceled by T-! from the lepton
propagator.

We numerically evaluate the axion emissivities (6)
and present these results in Fig. 2 for the six channels
lf = I'fa, where the effective mass of protons is taken to

p [10Mg em ™

4.6 5 6 8§ 10 1525
1010}
HT ]
7 10%
5
&0 103k 3
<L, _ (up) (ep) ]
s, 107 B
=& _ glue)  lee) 3
a ) a
106k — el glew)
0.0 0.2 0.4 0.6 0.8

FIG. 2. Axion emissivities ei’f ) for the LFV process
[+ f— U+ f+a, given by Eq. (6), as a function of the muon
Fermi velocity . The top axis, in a nonlinear scale, represents
the corresponding mass density of a NS assuming the npep
matter. Here we take g,,, = 107" and 7 = 10° K, and more

(1)

generally &,” o g2, T®.

be 0.8m,, (see Ref. [79] and references therein).3 Using the
strong degeneracy of particles and the beta equilibrium
condition Ey, ~ Ef ,, one can show that the emissivities
are equal for the channels ef — ufa and uf — efa. Thus,
the plot only shows three curves corresponding to in-states
consisting of a muon and a spectator particle f = p, e, p.
The channels with a spectator proton (f = p) have the
largest emissivity across the range of muon Fermi momenta
shown here; this is a consequence of the enhanced matrix
element and the larger available phase space for these
scatterings. For the channels with a spectator muon
(f = w), the emissivity drops to zero below S, ~ 0.34;
this corresponds to a violation of the kinematic threshold
in (4). For all channels, the emissivity decreases with
decreasing muon Fermi velocity due to the reduced
kinematically allowed phase space. On the other hand,
for larger muon Fermi velocity, the channels with spectator
electrons and muons coincide, since both particles can be
regarded as massless. For the top axis in Fig. 1, we show the
corresponding mass density of a NS assuming the npepu
model; see Appendix B for more details.

The total axion emissivity is obtained by summing over
the six channels. For this estimate we set fp, = 0.84. We
find the axion emissivity via LFV interactions to be

efV ~ 4.8 x10%2¢2,, TS ergem™> 57!, (7)
where To = T/(10° K) and 10° K ~ 86.2 keV.

Using electric charge neutrality and the beta equilibrium
condition Ef, ~ Ef,, the emissivity is fully determined given
the effective proton mass and fp .
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IV. IMPLICATIONS FOR NS COOLING

In low-mass NSs, slow cooling could occur via neutrino
emission by the modified Urca (Murca) processes
nn — npev, npe — nnv or slightly less efficient processes
such as the nucleon bremsstrahlung [80,81]. At the density
p = 6py, where py = 2.5 x 10'* gcm™ is the nuclear sat-
uration density [82], and with the effective nucleon mass
taken to be 0.8my [79], the emissivity of the Murca process is
given by e, = 4.4 x 10?75 ergem™ s! [83]. Comparing
this rate with (7), one finds that the axion emission from LFV
couplings dominates the neutrino emission unless

|Gaeu] < 3.0 x 1079, (8)

which is consistent with existing constraints. In heavier
NSs, the LFV emission of axions tends to have a less
significant impact. This is because fast neutrino emission
could occur via the direct Urca processes [84]. In the
presence of superfluidity, the formation of Cooper pairs
can dominate over the Murca process [85,86], further
diminishing the role of LFV axion emission. Medium
effects for neutrino emission processes are discussed in
[81,87,88].

Axions are predominantly produced in NSs through the
nucleon bremsstrahlung process nn — nna. At the same

core conditions, its emissivity is given by eg"”) ~2.8 X
108¢2 ., TS ergem™ s7! [89,90]. The nucleon bremsstrah-
lung process dominate the LFV processes if

|Gaeu S 7-6 X 10%|guna| T3 )

The current best constraint on the axion-neutron coupling is
|Gann| < 2.8 x 10710 [29]. Therefore, it is unlikely for the
LFV couplings to play a significant role in NSs with an age
>1 yr, where the temperature has cooled to 10° K [91].

These limits on the axion’s LFV coupling are relatively
weak, and this is a consequence of the e5FV « T® scaling,
which is suppressed compared to LFP channels by a factor
of (T/m,)?, which is tiny in old NSs. However, in the
proto-NS that forms just after a supernova, this ratio can
be order one, which suggests that stronger limits can be
obtained by considering the effect of axion emission on
supernova rather than NSs. Since our analysis has focused
on NS environments, adapting our results to the more
complex proto-NS system requires some extrapolation.
We estimate the axion emissivity from a supernova by
extrapolating (7) to high temperatures. By imposing the
bound on the energy loss of SN 1987A, e¢,/p <
10" erg g~! s~! [23], one finds that at a typical core condi-
tion p ~ 8 x 10'* gcm™3,

(10)

50 MeV\ 4
|9M,,|s4><1o-“<—e ) :

T

Calibbi et al. K
109k (SN 1987A, p—ca) P
This work ]
o Bryman & Clifford Bilger et al.
3
< Derenzo
= 10-10L TWIST 4
PIENU
______________________________________ i |
Jodidio et al.
10711+ -
10° 107 108 10°
mg [eV]
FIG. 3. Summary of constraints on the axion’s LFV coupling in

the e—u sector. The constraints labeled with “Calibbi et al.” and
“This work” are astrophysical and the others are lab limits
obtained by measuring rare muon decay rates. The weaker
constraint we derive from NS cooling and the cosmological
constraint inferred from the AN g observation, shown in Table I,
do not appear on this part of parameter space. For the region
labeled with “This work”, we assume a supernova core temper-
ature T = 30 MeV and a higher temperature 7 = 50 MeV would
expand the exclusion region into that enclosed by the black
dashed line.

which is to be evaluated at T ~ (30-60) MeV. This
constraint is more stringent than that obtained from con-
sidering y — ea in a supernova and is comparable to the
current best terrestrial limit.

One should note that at typical core conditions of a
proto-NS, nucleons and muons are at the borderline
between degeneracy and nondegeneracy where electro-
magnetic field screening effects become significant. In
Appendix C, we discuss the effect of electromagnetic field
screening due to the presence of a degenerate plasma with
charged constituents on the axion emissivity. We then
account for this effect in our numerical code by intro-
ducing an effective mass for photon propagators of order
the Thomas-Fermi wavenumber kTF.4 Using Monte Carlo
integration we evaluate the axion emissivity up to temper-
atures of 100 MeV and find that extrapolating the
degenerate rate tends to overestimate the emissivity by
a factor of ~10, leading to a weaker supernova constraint
by a factor ~3.

V. DISCUSSION

In this article, we study the astrophysical signatures of an
axionlike particle’s LFV coupling with muons and elec-
trons. We focus on axion emission from NS cores, where

*While this methodology is not apt for strongly coupled
plasmas like NSs and white dwarfs, it does furnish reasonably
accurate estimates of the screening effect in axion bremsstrahlung
processes within white dwarfs [23].
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the electron Fermi energy is large enough to maintain a
high abundance of muons. Our limits on the LFV coupling
Jaeyu derive from comparing the axion emission rate with the
energy loss rate due to neutrino emission, since excessively
strong axion emission would conflict with the observations
of old NSs and SN 1987A. The summary of current
constraints is shown in Fig. 3.

Further research is needed to assess the impact of axion’s
LFV interactions on the entire cooling history of the star,
including a careful treatment of equations of state and
nuclear interactions. Stronger nuclear interactions would
result in higher number densities of protons and muons at
the same mass density, thereby enhancing the rate of the
LFV interactions. Such an analysis is particularly motivated
for axion emission from proto-NSs formed after type-II
supernovae, where the transition from nondegenerate to
degenerate matter and the creation of the muon population
could impact axion emissivities. Our work highlights the
importance of assessing both the free muon decay channel
u — ea as well as scattering channels If — ' fa in such
studies.
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APPENDIX A: CALCULATION
OF AXION EMISSIVITY

In this section, we implement the Fermi surface approxi-
mation and evaluate the axion emissivity from the process
I+ f— 1+ f+a,wherealepton ] = e, u is converted to
another I’ = p, e with the spectator particle f being one of
p, e, . This approximation was also used in the calculation
of neutrino emissivities [83,92] and axion emissivities for
the bremsstrahlung process by nucleons [89,90,93,94]. The
metric signature is (—, 4, +, +).

The axion emissivity is calculated as

(1) 1/d3p1 1 &p, 1 &p) 1 &p, 1 &P,
& = — — — -
S (27)*2E, (27)3 2E, (2x)3 2E) (2x)3 2E, (27)3

1
ol > IMUWP2r)8(E, + E, - Ej — E, — E})

3 spin
x (27)36%) (p, +p, — P, — Ph — Ps)
X Esfrfo(1=f1)(1=f3),

X

(A1)

where M) is the Lorentz-invariant matrix element for the
scattering [+ f — I' + f + a. The symmetry factor S is
needed to avoid double counting of identical particles if /
or I' = f. The energies E; are determined by the on shell

conditions; E; = \/|p;|* + m? for i =1,2,1',2/,3". The
thermal factors ff5(1 — f})(1 — f5) restrict the fermion
particle energies (E|, E,, E|, and Ej) to be near their
respective Fermi energies Ey; within a narrow range of
order temperature 7’ << E ;. This observation motivates the
Fermi surface approximation, by which the emissivity is
factorized into angular integrals with momenta restricted to
the Fermi surface and energy integrals. To implement the
Fermi surface approximation we introduce Dirac delta
functions that fix the magnitude of the fermion 3-momenta
to equal their respective Fermi momenta, and we promote
the fermion energies to integration variables via the
prescription:

E
—0

p— pr)dE.
o (P —pr)

&Pp - d3p/ (A2)

This approximation allows the emissivity to be written as

1
es” = JA,

(A3)
2°2m)" prapPrapPrPFYS

which splits the calculation into two parts: an angular
integral A and an energy integral J, defined by

A= /d3p1d3pzd3p’1 & phd*S(py — pr1)d(p2 — Pra)

x 8(p = pr.)8(ph — pra)8 (p1 + P2 — P\ —Pb)

Zs in|M(lf> |12351mi
X P

: (A4)

J= / dE\dE,dE\dE5dELS(E) + Ey — E} — E5 — EY)

< frf2(1=f) (1= f2)E5™2. (AS)

The matrix element | M|, - is evaluated with fermion
3-momenta and energies fixed to the respective Fermi
momenta and Fermi energies. The exponent n is chosen
such that E5™ " [MUD[E, s independent of Ef. We
have neglected the axion momentum in the momentum
conservation delta function since ps ~ T < pp . The mass
dimension of J and A is 6 +n and 3 —n, and that of
|MU) 2 is —2. For the LFV channels considered in this
work, we note that pp, = ppy, n =2, and § =1 for f
being a proton and S = 2 otherwise.
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1. Energy integral

The energy integral can be written as

T6+n 2+n5 _
/ dxl/ dxz/ dx,/ dxz/ (x1+x2+x1+x2 z)
(" + (e + (e + Dt + 1)

T6+n 3+4+n 4
_ / § 2E 4 (A6)
0

6 et —1 ’

where x; = (E; — Er;)/T, x; = (E; — E;)/T, and z = E5/T. The approximation symbols arise from extending the limits
of integration to infinity. The second equality is derived using the technique in [95]. For n = 2, we obtain

16478
945

T8. (A7)

2. Angular integral

For the angular integral, we first integrate d°p’, with the momentum delta function and dp,, dp,,dp} with the Fermi
surface delta function. It is convenient to align all angles with respect to py, so [ d>Q, simply gives 4x. The angular integral
A becomes

2r 2r
A= 47TPF1PF2PF]I/ dch/ dCll’/ d013’/ d€012/ d(/’n’/ dfﬂn’(s PFz’ E/ "Z|Mz |Ferm1’

spin

= 327 p} PEAPT, 1// dClz/ dc”// dcla'/ dv,6(py = Pr <E’ "y MU |Ferm1> ; (A8)

spin P13

where ¢;; denotes the cosine of the angle between p; and p;, u, = @' + @12, v, = @1 — @12, and (- - -) ,  stands for an

P13

average over ;3. To obtain the second equality, we have assumed that (E5™ " i [M[Ei), , and 8(ph — pror) do not

P13y
depend on u,, and may rely on v, only through cos v,,.
To simplify the expression further, we note that 2 and 2’ represent identical particle species whereas 1 and 1’ represent

different particle species, and either pp, > pry, pry OF pro < pri, Pry- The delta function then becomes

6(v, = v,0) ’ (A9)

8(ph — pro) = ; ; ;
PF,l’\/(l —c1)(1 = cfy)(1 = cos ”qxo)

where

v, = arccos (A10)

{P%,l + P%,y =2ppaPryvciy +2pra(Pr1 — PryCIY)CI2
2PF,1’PF.2\/(1 - C%l/)(l - C%z)

To have a real-valued v,, o within the range from 0 to 7, we must require cos? v,0 < 1. This restricts the range of dc;y and
dcy, integrals to be within,

cry < e < ¢y < < ¢y, (Al1)
where
ot — (Pr1+ PF,2012)(P12V,1 + P;zv,l’ +2priPraciz) + pF’z\/(C%Z - 1)[(P12r,1 - P;zr,l’ + 21”1?,11%,2012)2 - (ZPF,ZPF,I’)2]
11/ - 9

2PF,1’(P12r,1 + P%,z +2pFr1Praci2) ZPF,l’(PIZm + pFo 4 2PF1PF2C12)
(A12)
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and
N . [ Pry —Pr1+ 2PF,2PF,1’]
cl, =min |1, ,
2pFiPF2
2 ,— 2 2 ,
€7, = max [—l,pF’l 5;; IPF]:FZPF : } (A13)

Combining Egs. (A8)-(A13), we find

A=32n pFlszpFl’/ dClz/ dcll’/ deyy
1’

<E/3_nZspin|M

" NGEED

We need to calculate the matrix element at the Fermi
surface to evaluate this integral.

|Fermi>q7|3/ V=00

—ch)(1

(A14)

- cos?v,,0)

3. Matrix element

Now we evaluate the matrix element. It is convenient to
use the LFV coupling,

’CLFV = _igaeua(‘yeyﬁlpu + lP;ﬂ/S\Pe)’ (AIS)

which is equivalent to the use of the pseudovector (deriva-

tive) form written in the main text if each fermion line is

attached to at most one axion line [96]. Given the two
Feynman diagrams in Fig. 4, the matrix elements are

. [~ "

l./\/l(l) = :I:ezgaeﬂ -ul}/ﬂm}’sul_ k2 [u27/ uﬂ
(A16)

. __ —x + my | —9uw

iM®? = :I:ezgaeﬂ -u’175 m}’/‘ul_ kzﬂ [ uy MZ}
(A17)

where k = p, — pb, r = py — p5, s = p| + p’ and =+ refers
to the sign of the spectator particle’s electric charge In
NSs we have \ml — m| m mj > EpEj, thus r? + m}

—m? + m'? and s> + m? ~ —m? + m?. The matrix element

3/

_v
1 - 1
2 > 2/

for exchange diagrams can be obtained by (1 <> 2) or
(1" <> 2'), with an additional factor of —1 included.
The spin-summed squared matrix element is

S MU = _M
spin (pZ - p/2)
o PPy A mymy)(pa - p3)(Ph - )
(mF )2 ’
(A18)
SIMOPE =N IMIPIP 4 (1 2)+ T, (A19)
spin spin
Z|M(ll’) Z}M Ip) {2 PN 2/ + 7! Il’ (AZO)

spin spin

where [ = e, yand I’ = p, e. The second term in (A19) and
(A20) is the contribution solely from the exchange dia-
grams given by the first term but with (1 <> 2). The third
term in (A19) is the interference between prototype and
exchange diagrams given by

,]-(”) o 64956}! 4 plz ) p/3
(p1 = ) (p2— Pz) (ml - m12)2
[(Pz py +mmy)(py - ps)
(p1- Py +mum))(p2- ph)

—(p1-p2+mi)(p}- Pé)]

X
+
(A21)
and T"") in (A20) by 7D but with (1 <> 1) and (2 <> 2').
Here we evaluate the traces of products of gamma matrices
and spinors with the help of the Mathematica package
FeynCalc [97].

At the Fermi surface, the spin-summed squared matrix
element becomes

32¢* go, E5*

MUNP2Z - — G,
2 M e = 2 i ey

(A22)

where f = p, e, u. The GUY) factor is found to be

!
3
///
v
rd
’/

1 > 1
2 > 2/

FIG. 4. Feynman diagrams for the LFV process [+ f — I' + f + a. If f is a lepton, there occur two more graphs which can be
obtained by exchanging (1 < 2) for f being identical to [ or (1’ <> 2’) for f being identical to /'.
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FIG. 5. The factor F('/) as a function of the Fermi velocity of muons (left) and protons (right). Here we have set . » = 0.3 and
Pryu = 0.8 for the left and right panels respectively for the f = p processes.

(1 —ﬁF,2023’)(1 —ﬂF.202'3’)(1 —ﬁmﬁm’cn’)

Gr) = )
(1= cpp)?
(A23)
G = Glr) 4 (12)+ H, (A24)
G = GUP) 1 (1 < 2/) + HUD), (A25)

where we have assumed that electrons are ultra relativistic
so Br. = 1. The second term in (A24) and (A25) is the
contribution solely from the exchange diagrams given by
the first term but with (1 <> 2). The third term in (A24) is
the interference between prototype and exchange diagrams
given by

1 —ﬁ CHt /)
) — ( F.1€2'3 / / -
20— e (1 - eg) PPt (e +em 4 Prall =)

+ By (cry +cor) +PraBru(ciacyy —crycay
—ciy ey —cyy)) =2, (A26)

and H") in (A25) by H") but with (1 <> 1') and (2 < 2').

4. Axion emissivity

In summary, the axion emissivity is given by

(1f) 328”20‘293e,4ﬂF,1E130,1

eq)) = FUNTS, (A27)
945m;, /)712?,21?%,2
F(lf) Ei CB dC12 /CTII dCll//ldCI?,/
&S h cl'l, -1
G b
x (o r=ru0 (A28)

VU= (1= )1 = cos?r,0)

The dc|y integral can be evaluated analytically. We
calculate the other integrals using numerical techniques

and present the result for F(*/) in Fig. 5. In the left panel
we vary the muon Fermi velocity fr, = pr,/EF,. From
the right panel we see that FU?) is not sensitive to Pr,p if
protons are nonrelativistic, i.e., fr, <0.5, which is
expected in NSs. Therefore, we use the values of F(/)

shown in the left panel to calculate the emissivity shown in
the main text.

5. Different temperature dependence from LFV
and LFP interactions

In the main text we contrast the temperature dependence
of the axion emissivity for LFV and LFP interactions.
The LFP interaction leads to axion emission via channels
such as [+ f — [+ f + a with an emissivity that scales
as e, « T® (similar for nn — nna [23]). By considering
the LFV interaction here, we find that channels such as
I+ f— 1+ f+alead to an emissivity &, 7% instead.
This different scaling may be understood by inspecting the
form of the matrix element. Consider the Feynman diagram
in the left panel of Fig. 4. The fermion propagator and the
axion vertex contribute factors of

E/ E!
3 _ 3
(p1—p5)* +mP mf —mi+2E5(E, = 2|pi|ciy)’
(A29)

in the (-, +,+,+) metric signature and neglecting the
axion mass E; = |p}|. The axion energy E% in the numer-
ator arises from the derivative nature of the axion inter-
action. The temperature dependence enters via the typical
axion energy, E} ~ T. For LFP channels such as up — upa,
we have m| = m,, the E; ~ T factor in the numerator is
canceled by the factor in the denominator, and conse-
quently the squared matrix element is insensitive to the
temperature. On the other hand, for the LFV channels, the
m'? — m? term dominates in the denominator. Consequently,
the LFV axion emissivity is suppressed relative to the LFP
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calculation by a factor of order T?E% ,/(mj —m})* ~

T%/m% ~7 % 107773,

APPENDIX B: THE npey MATTER

At typical NS densities ~10'5 gcm™, the equilibrium
composition involves neutrons, protons, electrons, muons
and other exotic matter states such as hyperons. Neglecting
the exotic matter, equations of state for a NS are relatively
easy to calculate [98]. Thermal equilibrium and conserva-
tion of the baryon number and electric charge impose [62]
EF,/,{ = EF,m EF,n

:EF,p—l—EF’e, n, =n,+n,,

(B1)

where we have approximated the chemical potential with
the Fermi energy. We also have the Fermi energy E%J. =
m? + p%;, the number density n; = p3.;/37% and the mass
density p = ), m;n;. If one of p,n,.n, n, n, is fixed,
the other quantities can be fully determlned For this work,
we have taken 0.8my =~ 750 MeV for the mass of nucleons
to account for their nuclear interactions. At p = 6py ~
1.5 x 10" gem™3, we find

E1+E2—EI]—E/2—E%:E1+E2—

= E\ + Ey — B = \/|P] = 2P_|p}| + p4]* + m?

where P =p, + p, —p| —p}. This adds a factor of |1 +

Prn 624 MeV,
Pre~193 MeV,

Prp =226 MeV,

Pr, =162 MeV, (B2)

corresponding to fr , ~0.29 and Sy, ~0.84.

APPENDIX C: NUMERICAL INTEGRATION

1. Numerical integrator

In this section we discuss the numerical method used to
evaluate (Al). To prepare the integrand for numerical
integration we simplify it by using the Dirac deltas to
perform four integrals analytically. We use the momentum
conserving Dirac delta to carry out the d° p), integrals which
enforces p), =p, +p, —p| —p5. Next, we rewrite the
momentum integrals in spherical coordinates by making
the replacements d*p — |p|?d|p|d cos Od¢p where 0 and ¢
give the polar and azimuthal angles of p in the rest frame of
the NS. The coordinate system is oriented so that the z-axis
points in the same direction as p’ so that the d cos 0;d¢)
integral yields a trivial factor of 4z. We then change
variables from momentum magnitudes Ip| to energies by
using the relation E? = |p|> + m? to write EdE = |p|d|p|.
Finally, the energy Dirac delta is used to fix [p}| so that,
assuming the axion is massless (m = 0),

—\/ll’l +p2 =Py —p5IF +mE —|ph

= lp5| =0, (C1)

(Ip3] - P.)/E,|™" to the integrand since 5[f(x)] = 6(x — x,)/

|f'(x,)| where x, is the root of f(x). In practice, (C1) is enforced by using Newton-Raphson iteration to find the value of |p}|
which is a root of this equation when the integration variables E|, E,, E',, cos 0, cos 0,, cos 6}, ¢y, ¢,, and ¢| are fixed. All

together, this rewrites the integral (Al) as

[ _ AT
a 25(2 )llS
P ||1’2HP/HP3
E5|1 + (Ej

where the matrix element is given by (A18)-(A20). We
evaluate the integral in this form using the Vegas package in
Python which performs Monte Carlo integration using two
adaptive strategies: importance sampling, and stratified
sampling, to improve convergence [99]. We choose to
use this Monte Carlo integrator because of its flexibility and
ease of use. The integral is evaluated by passing the
integrand as an explicit function of the nine integration
variables (Ej, E,, E},cos0;,c080,,c0860,, ¢, Py, ¢)) to
an instance of the vegas. Integrator class. We split
the calculation of the integral into two steps. First, we adapt
the vegas.Integrator object to the integrand by

P 5] 2= MO PESAf2(1 = F)(1 = 1)

spin

1
— / dE d cos 0,d¢pdE,d cos 0ydp,dE| d cos 0 d

(C2)

|
calling it with the parameters nitn = 10, neval =
5% 107, and alpha = 0.1. These parameters control
the number of iterations used to adapt the integrator; the
number of points on the integration domain where the
integrand is evaluated; and the sensitivity of the adaptation
algorithms, respectively. We then discard the results ob-
tained from the first run but keep the adapted integrator
and call it again with the same parameter choices except
with alpha = 0 so that there is no further adaptation. The
value of the integral and the errors we report below are
taken as the mean and sdev attributes of the second run
vegas.Integrator object. The mean is a weighted
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FIG. 6. Axion emissivity for the ep — ppa channel vs energy integration domain E; € [Ep; — nT, Ep; + nT] parametrized by n. The
gray dashed line is the constant 1.85 x 10'® ergcm™ s~!, which is the value to which the integral converges. For these calculations we
have fixed fr, = 0.836788, g4, = 107", and T = 10° K. As n increases, the value of the emissivity integral converges to a constant

value of ~1.8 x 100 ergcm™3s7!.

average of the results of each of the nitn = 10 iterations
of the Vegas algorithm, where the weights are the inverse
variance in each iteration. The uncertainty, sdev is the
square root of the variance of the weighted average
assuming the sample average in each iteration is approx-
imately normally distributed—this is a good approximation
if neval is sufficiently large.

In principle the energy integrals over E;, E,, E}| should
be over the domain E; € [m;, o) but in practice we can only
integrate over a finite window. The thermal factors in (C2)
provide support only in a window around the Fermi level

Ep =+/p%+m* whose width is of order ~T. This
motivates integrating E;, E,, E| over the finite window
E;€[max(m;,Ep; —nT),Ep; +nT] with a value of n
sufficiently large that the integral is insensitive to its exact
value. We find n = 10 to be large enough that the integral is
independent of 7, but small enough that Monte Carlo
convergence is not too slow. The n-independence is
demonstrated for the process ep — upa for fp, = 0.84,
T = 10° K and m, = 0 in Fig. 6. Note how as n increases,
the emissivity approaches a constant value of approxi-
mately 1.8 x 10! ergcm™3 s~!, which corresponds to the
blue data point at fr, =~ 0.84 in Fig. 7.

2. Numerical validation of Fermi surface
approximation

The results of our numerical evaluations of (C2) for the
various axion emission channels are shown in Fig. 7. The
numerical results (dots and squares) agree very well with
the analytical results (lines) for a wide range of . For
small fr, the numerical results tend to diverge from the
analytical results, which is expected because in this regime
the number density of muons is small, which means that the
degenerate matter approximation breaks down. In addition,
we observe that for S, 2 0.1 the emissivities are paired by

p [10M g em™)

4.6
1011 E

1010;

-1

10°]

10°L

) Jerg em™ s

107,

101

FIG. 7. Axion emissivity computed using the Monte Carlo
integration method (dots and squares) vs Fermi surface approxi-
mation (lines). The results agree well for fr, 2 0.1 and the
agreement is good within about 10% at fp, ~0.8. At small
Pru < 0.1, the Fermi surface approximation underestimates the
emissivity for the up, pe channels and overestimates it for the ep
and ee channels. To make this plot, we choose g,,, = 107" and
T = 10° K to be consistent with the parameters in Fig. 2 of the
main text.

channel such that sg,lf )~ 8&17 ) This is a consequence of the

strong particle degeneracy and the beta equilibrium con-
dition Ep, = Ep,. We have verified this numerically and
analytically by imposing the relation Eyp, = Ep, + A and
observing that the difference between emissivities for
the channels ef — ufa and uf — efa grows with A
but is only significant if A 2 T. For A > 0 the electron’s
Fermi energy is larger than the muon’s which allows for
electrons with energies below the Fermi level to also
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convert into muons, enhancing the emissivity of this
channel. Conversely, for muon to electron conversion,
the emissivity is exponentially suppressed since the muons’
energies are below the electrons’ energies.

3. Effect of temperature on axion emissivity

In addition to verifying that numerically evaluating the
axion emissivity at 7 = 10° K agrees with the analytical
approximation, we also numerically computed the axion
emissivity as a function of temperature while fixing S, =
0.836788 and m, = 0. We are motivated to do this for two
reasons. The first is to confirm the 7% scaling of the
emissivity at low temperatures, i.e. Eq. (A27). The second
is to calculate the emissivity for larger temperatures such
as T ~ 50 MeV, the scale of supernovae; allowing us to
comment on constraints imposed on axion LFV interactions
by supernovae observations.

In degenerate NS matter, there is a screening of electro-
magnetic fields due to the presence of a degenerate plasma
with charged constituents. To estimate this effect, we
replace the photon propagator k=2 in the matrix element
by (k* + k3x)~! [100], where k3 = 3", 4app Ep /= is the
Thomas-Fermi screening scale which receives contribu-
tions from electrons, muons and protons. Noting that k> ~
(Pre—Pru)* ~E% (1 —pr,)* at low temperatures, the
screening effect is insignificant if fp, <1 —kp/Ep,,
which becomes B, <0.75 at the core condition given
by (B2). Therefore, for mildly relativistic muons with
Pry ~ 0.8, the emissivity of LFV axions without including
the screening effect is subject to O(1) corrections. On the
other hand, incorporating the screening effect in axion
emissivities is important at high temperatures since kip
dominates over k?, especially near the pole k* = 0.

The temperature dependence of the axion emissivity is
presented in Fig. 8 for 107> MeV < T < 100 MeV. Since
we expect the emissivity to scale as ¢) o« T® for low
temperatures we normalize the emissivity by 7% so that a 78
scaling would be a constant line in this figure. The figure
displays several interesting features; (1) At temperatures
below T ~ 10 MeV, the emissivity is seen to scale like
el!) o« T8 [up to O(1) factors], which confirms the pre-
diction from the Fermi surface approximation; (2) The
emissivity tends to decrease relative to 7% for all six
channels at temperatures 7 Z 10 MeV. (3) For lower
temperatures, the emissivities are paired by channel such

that gﬁff )~ 85,1 f ); however, at higher temperatures these
relations do not hold. This is expected since the Fermi

surface approximation, one of the assumptions needed to

show that gﬁ,lf ) and eglf ) coincide, breaks down in this

regime. The significance of 7 = 10 MeV can be under-
stood as follows; at low temperatures the thermal factors
lead to a strong suppression of the integrand away from the

T [K]
107 108 10° 101 10" 102
T ]
] ICI
= 107
T r ]
o? L 4
g 107L 3
o0 E 3
= F el (o) ]
; Lol _gl(l/w) _ggfﬁ) |
=, _gl(jbﬂ) _ngﬂ)
w 1 1ol 1ol 1ol 1l 1ol
0?10 10! 10" 10! 10
T [MeV]
FIG. 8. Numerically evaluated axion emissivity vs temperature,

calculated using (C2) with matrix elements given by (A18)—(A20).
To generate these data we fixed f, = 0.836788, m, = 0, and

Gaey = 107!, The data presented here were computed with

neval = 5 x 107. The error bars are typically between 100 to
10,000 times smaller the mean values.

Fermi surface. As we lift the temperature the accessible
phase space broadens and the pole becomes significant.

4. Effect of axion mass on emissivity

In previous results we assumed axions were massless.
Here, we use our numerical integration method to explore
the effect of raising the axion mass on the emissivity. To do
this we must modify (C1) to accommodate a massive axion
by replacing Ej = |p;| with Ef = \/|[p}|* + m? so that
energy conservation imposes the following constraint on |p}|,

-
1010
108
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10*
107
10°

_.
B
no

U9 ferg em™ s71

9

—_

L9
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1 1 1

10 20 30 40 50
ma/T
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FIG. 9. Numerically evaluated axion emissivity vs axion mass,
calculated using (C2) with matrix elements given by (A18)—(A20).
To generate these data we fixed B, = 0.836788, T = 10° K,
and g,,, = 107", For large masses the emissivity falls off with an
exponential tail (compare with black dashed line). The data
presented here were computed with neval = 10°.
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E\ + E; — B — \[|P2 = 2P |p}| + |p}? + m}
—\/Ip5)* +m2 =0.

In principle, we must also account for the axion’s mass in
the matrix element since (A18)—(A20) were derived assum-
ing m, = 0. However, we argue that the most important
contribution of the mass to the emissivity is an exponential

(C3)

suppression arising from the thermal factors and therefore
report results obtained using the “massless” matrix element
of (A18)-(A20). We set the temperature 7 to a fiducial
value of 10° K and fix Pr, = 0.836788 and calculate the
emissivity for a range of masses satisfying 0 < m,/T < 50.
The emissivities calculated are presented in Fig. 9. We
find that the emissivity is approximately constant for
m,/T < 10, after which point the emissivity is exponen-
tially suppressed.
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