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29Universidad Loyola Andalucóa, Department of Quantitative Methods,
Avenida de las Universidades s/n, 41704, Dos Hermanas, Sevilla, Spain
30INAF Osservatorio Astronomico di Capodimonte, I-80131 Napoli, Italy

31OHB Italia S.p.A, Via Gallarate, 150–20151 Milano, Italy
32Thales Alenia Space in Switzerland, CH-8052 Zürich, Switzerland
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Electrostatic force actuation is a key component of the system of geodesic reference test masses (TM) for
the LISA orbiting gravitational wave observatory and in particular for performance at low frequencies,
below 1 mHz, where the observatory sensitivity is limited by stray force noise. The system needs to apply
forces of order 10−9 N while limiting fluctuations in the measurement band to levels approaching
10−15 N=Hz1=2. We present here the LISA actuation system design, based on audio-frequency voltage
carrier signals, and results of its in-flight performance test with the LISA Pathfinder test mission. In LISA,
TM force actuation is used to align the otherwise free-falling TM to the spacecraft-mounted optical
metrology system, without any forcing along the critical gravitational wave-sensitive interferometry axes.
In LISA Pathfinder, on the other hand, the actuation was used also to stabilize the TM along the critical
x axis joining the two TM, with the commanded actuation force entering directly into the mission’s main
differential acceleration science observable. The mission allowed demonstration of the full compatibility of
the electrostatic actuation system with the LISA observatory requirements, including dedicated meas-
urement campaigns to amplify, isolate, and quantify the two main force noise contributions from the
actuation system, from actuator gain noise and from low frequency “in band” voltage fluctuations. These
campaigns have shown actuation force noise to be a relevant, but not dominant, noise source in LISA
Pathfinder and have allowed performance projections for the conditions expected in the LISA mission.

DOI: 10.1103/PhysRevD.109.102009

I. INTRODUCTION

The ESA mission LISA Pathfinder [1] (LPF), which
launched on December 3, 2015 and completed science
operations in July 2017, measured the differential accel-
eration between two free-falling test masses. The experi-
ment was sensitive to stray forces acting on a test mass
(TM), which introduce noise into their otherwise geodesic
orbits and ultimately limit the sensitivity of a future space
observatory for gravitational waves in the 20 μHz–1 Hz
band, such as the proposed LISA mission [2].
The main LPF experimental observable, Δg≡ f2

m2
− f1

m1
, is

a gravity gradiometer signal, the differential force per unit
mass on two TM separated by L ¼ 37.6 cm. The spacecraft
(SC) was “drag-free” controlled, with precision cold-gas

thrusters, to follow one TM (TM1) along the sensitive
x measurement axis (see Fig. 1). The second TM (TM2)
was forced to follow TM1; any nonzero Δg had to be
compensated with applied forces to avoid accelerating
TM2, over time, into the surrounding SC apparatus. The
required actuation force (per unit mass) on TM2, g2c, had to
be accurately calibrated as part of the signal used to

x 

y 

�  
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FIG. 1. Cartoon of LPF, with two TM along the sensitive x axis,
inside their respective GRS electrode housings. The numbering
scheme for the sensor X-face electrodes, used for actuation and
sensing of the x and ϕ (rotation around z) degrees of freedom, is
shown in the actuation generators for TM2.
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construct Δg, and any additional force noise introduced
by the actuator voltages contributed noise in Δg. Critical
sources of low-frequency force noise [3] include additive
voltage noise mixing with TM charge and stray electro-
static fields, and multiplicative “gain noise” in the actuator
voltage amplitudes, scaling with the applied force levels.
LISA Pathfinder was designed for a differential accel-

eration “dynamic range” of roughly 1 nm=s2, while aiming
to resolve fluctuations at the 30 fm=s2=Hz1=2 level at mHz
frequencies. At the L1 Lagrange point, far from the μm=s2

differential gravity for a similarly sized gradiometer in low
earth orbit, mechanical tolerances in the mass balancing
of the local spacecraft “self-gravity” [4] set this nm=s2

design range. Translated into forces on a 2 kg LPF TM, the
actuators must give force authority of order several nN
while allowing resolution of femtoNewton (fN) level force
variations on time scales of 1000 s.
Actuation forces were required in LPF to balance the

DC and slowly varying differential acceleration between
the two TM for the three translational axes, plus three
angular accelerations for each TM. Forces and torques were
commanded as part of the full dynamical “drag-free and
attitude-control system” (DFACS), which managed an
interconnected mixture of spacecraft thrusting and TM
electrostatic actuation [5–7]. The electrostatic actuation
system also had to coexist with a TM position readout at
the 2 nm=Hz1=2 level [8]. Sensing and actuation capabil-
ities were needed on all six degrees of freedom (d.o.f.),
though a higher precision interferometer [9,10] substituted
capacitive sensing on the critical science measurement axis.
For LPF and LISA, as in geodesy missions like GOCE [11]
and tests of gravity like GPB [12] andMICROSCOPE [13],
sensing and force actuation are combined into a single
electrostatic sensor with the conducting TM surrounded
by a conducting housing with an array of electrodes.
The design of the LPF “gravitational reference system”
or GRS [14,15]—the TM, electrode housing and associated
sensing/actuation electronics—differs from the electrostatic
accelerometers used in the missions cited in several ways,
all motivated by the extremely low-force noise require-
ments for LISA and LPF. Specifically, it employs a
larger and heavier test mass, uses a larger TM-electrode
separation—a 4 mm gap on the most sensitive x axis—and
eliminates the discharge wire employed in all of the
previously cited missions except GPB, in favor of a UV
photoelectric discharge system [16].
The required 2 nm=Hz1=2 capacitive sensing has been

demonstrated with the LPF TM held in place before release
into free-fall [8], while the role of the GRS as a sensor and
actuator has been validated in the overall LPF DFACS
control [5–7,17]. This article addresses the details of the
electrostatic force actuation system for LISA, as designed
and tested in the LISA Pathfinder mission.
The article first presents, in Sec. II, the actuation system

design, from its specific features to limit electrostatic force

noise and its conceptual design, to the high-level circuit
implementation. This section includes an overview of the
in-flight use conditions encountered in LISA Pathfinder and
some key elements of its calibration and verification as part
of the LPF differential acceleration measurement chain.
The following two sections form the experimental core

of this paper and present the models and measurement
campaigns used to quantify two critical force noise sources
arising in the electrostatic actuation system: actuation gain
fluctuations (Sec. III) and low-frequency additive voltage
noise (Sec. IV). Tests were performed in the true in-orbit
LPF conditions, which included a background Δg that was
always within 25 pm=s2 of zero, more than an order of
magnitude below the nm=s2 level discussed above, due to
successful spacecraft gravitational balancing. This allowed
lowering the actuation force “authority,” which, as will be
discussed in this paper, was of fundamental importance
in pushing the ultimate differential acceleration noise
down to the 2 fm=s2=Hz1=2 level at mHz frequencies [18].
Quantifying the actuator noise required application of
larger, balancing forces to increase the effect of actuation
voltage fluctuations. Likewise, “in-band” additive voltage
noise was quantified by measuring acceleration noise with
an intentionally charged TM.
We note that the conversion of actuation voltage fluc-

tuations into force noise, described in Secs. III and IV, is
relatively straightforward. Additionally, the actuation elec-
tronics was subject to pre-flight electronic noise tests on
ground. However, a full test measuring force and torque
noise from the actuation system, in the complete flight
conditions with two TM in multiaxis free-fall, allows a
direct validation including correlations and other possible
effects escaping the model. Additionally, as for other
precision experiments in space, a large time—roughly
6 years for the LPF electronics—and a launch separates
the ground tests from flight performance, making in situ
measurements, such as those presented here, a key part of a
reliable experimental noise model.
In Sec. V we use the results of these measurement

campaigns to make a projection of the contribution of
actuation noise to the LPF differential acceleration meas-
urement Δg and to the acceleration noise of a single TM
in experimental scenario of the LISA mission. In contrast
with LPF, LISA does not require force actuation along the
interferometer x “science axis” used for measuring the
gravitational-wave induced tidal acceleration. It does how-
ever need angular torque control applied with electrostatic
fields along the critical x axis, and these are a potentially
important source of TM acceleration noise that can impact
the mission science return.
The article ends with some final comments on the role

of actuator noise in the overall acceleration noise perfor-
mance for LPF and LISA, as well as a consideration on the
uniqueness of LISA Pathfinder as a test bench for the
measurement of small forces and torques.
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II. GRS ELECTROSTATIC ACTUATION
SYSTEM DESIGN AND ROLE IN LPF

Δg MEASUREMENT

The LPF observable Δg is constructed from Newtonian
dynamics and telemetry for the commanded forces
and interferometric readouts for the relative TM displace-
ment, Δx≡ x2 − x1, and the relative TM1-SC displace-
ment, x1 [1]:

Δg ¼ Δ̈x − λg2c þ Δω2x1 þ ω2
2Δx: ð1Þ

The leading terms are the measured acceleration Δ̈x and
commanded force g2c, scaled by calibration factor λ, which
dominates at frequencies below the roughly 1 mHz unity-
gain controller bandwidth. Smaller corrections due to
coupling of the two TM to the SC motion are approximated
as elastic with effective spring constants m1ω

2
1 and m2ω

2
2

and differential “stiffness” Δω2 ≡ ω2
2 − ω2

1. For simplicity,
we have omitted from Eq. (1) the inertial force terms that
are corrected in the standard LPF analysis [1,18], most
importantly for the centrifugal force along x from the
noisy rotation of the LPF spacecraft, which is calculated
using the angular control data. Ultimately the TM2
electrostatic actuation force per unit mass g2c is used to
compensate all low-frequency differential accelerations
along x, from real forces and any accelerated-spacecraft
reference frame effects.
The accuracy, linearity, and stability of the actuator

gain—factor λ in the subtraction of the applied force—
set the accuracy with which Δg is measured, most signifi-
cantly at low frequencies below 1 mHz. The applied
electrostatic forces also depend on the TM position, with
the resulting force gradients contributing to the stiffness ω2

1

and ω2
2; these must be reliably known and stable for

accurate calculation of Δg. Finally, and most importantly,
unmodelled force noise associated with the actuation
fields—due to actuation gain fluctuations or to additive
circuit voltage noise that mixes with stray electrostatic
fields—contributes directly to the noise in Δg along with
any other external force noise on the TM.

A. Actuation conceptual design

The actuation design employs audio frequency voltages,
in the 60–270 Hz band, to create the needed DC and slowly
varying electrostatic forces needed for dynamical control
of the TM-spacecraft system. This exploits the quadratic
force-voltage dependence, F ∝ ΔV2, to give a DC force
that depends only on the carrier amplitude plus a force at
twice the carrier frequency, decades above the mHz LPF
measurement band (the electrostatic force model and
actuation algorithm are presented in Appendix A). This
is chosen to limit the force errors and low frequency force
noise from stray fields from TM charge and surface “patch”
potentials [19–22]: any steady or slowly varying stray

potential difference mixes with the applied audio carrier to
produce a force, and force noise, safely outside the LISA
band around the carrier frequency. Considering stray
potentials of order 100 mV, and their noise, use of AC
carriers is a necessary design innovation for LPF.
Referring to the X electrode configuration in Fig. 1, the

LPF actuation scheme follows,

V1cðtÞ ¼ V1x sinωxtþ V1ϕ sinωϕt;

V2cðtÞ ¼ −V1x sinωxtþ V2ϕ cosωϕt;

V3cðtÞ ¼ V2x cosωxt − V1ϕ sinωϕt;

V4cðtÞ ¼ −V2x cosωxt − V2ϕ cosωϕt; ð2Þ

with similar expressions for the Y electrodes (degrees of
freedom y and θ) and Z electrodes (d.o.f. z and η). The
subscript “c” is employed here in VjcðtÞ to indicate the
commanded voltage on electrode j.
The applied x actuation voltages V1x and V2x yield a total

time-average force proportional to ðV2
1x − V2

2xÞ and a force
gradient proportional to ðV2

1x þ V2
2xÞ. The LPF “constant

stiffness” actuation algorithm fixes V2
1x þ V2

2x ≡ V2
MAXx

,
allowing application of force per unit mass gc in the range

�g0 ¼ � 1
2m

∂C⋆
X

∂x V2
MAXx

, with

V1x=2x ¼
�
Mðg0 � gcÞ

j ∂CX
⋆

∂x j

�
1=2

; ð3Þ

where ∂CX
⋆

∂x is the relevant capacitance derivative for an X
electrode (see Appendix A) and M the mass of the
nominally identical test masses. The desired force is thus
produced by unbalancing the electrostatic forces pulling on
opposing sides of the TM. The resulting x axis stiffness
contribution is independent of the applied force gc,

ω2
xx ¼ −g0

j ∂2C⋆

∂x2 j
j ∂C⋆

∂x j ≈ −
2g0
dx

; ð4Þ

where dx is the gap between the X electrodes and the TM,
assumed equal on opposing sides.
Expressions analogous to Eqs. (3) and (A14) are

obtained for the voltages V1ϕ=2ϕ and stiffness associated
with electrostatic actuation for the ϕ rotational degree of
freedom, described by the commanded torque (per unit
moment of inertia) γϕc

within the torque authority range of
�γϕ0

, both with units of angular acceleration, =s2. Both x
and ϕ actuation contribute individually to the stiffness
along both the x and ϕ d.o.f. The constant stiffness
algorithm allows a fixed and calculable (negative) elastic
coupling in the control dynamics and eliminates a first-
order cross- coupling between ϕ torques and x acceleration
for an off-center TM.
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Voltage waveforms are applied with opposite phase
[�V1x on electrodes 1 and 2, for instance, see Eq. (2)],
to eliminate any induced TM potential, at least for a
centered TM. Orthogonal waveforms (cos/sin) and different
frequencies (ωx

2π ¼ 60 Hz and ωϕ

2π ¼ 270 Hz) avoid cross-
talk between the different actuation degrees of freedom.

B. Actuation circuit implementation

The actuation circuit implementation is sketched as
part of the sensing/actuation “front-end electronics” in
Fig. 2. Sensing and actuation operate simultaneously
with the same electrodes, with currents sharing the
primary windings of the sensing differential trans-
former [14]. Capacitive sensing uses a “contact free”
injection of a 100 kHz bias on the TM, with the difference
of current flowing through opposing pairs of electrodes
measured by a resonant differential transformer bridge
followed by transimpedance amplifier and homodyne
detection scheme to give six gap-sensing displacement
readouts.
Audio frequency actuation voltages are applied to the

electrodes through the primary windings, with two passive

RC stages (with CA) used to limit interference with the
100 kHz position readout. Digital “target” actuation volt-
ages are generated in a field programmable gate array
(FPGA), where audio waveforms are synthesized from
commanded peak amplitudes and then summed with the
DC voltages, with DC and audio amplitudes updated at the
10 Hz experimental sampling rate, sufficient for the force
controller loops. The actuation outputs are stabilized by a
Σ − Δ loop using a DAC, integrator, 96 kHz ADC, and
digital PID controller, effectively tying the actuation wave-
form generator stability to that of the ADC voltage
reference, which is the same for groups of four actuation
channel circuits located on a single board, such as for the
four electrodes used for sensing and actuating x and ϕ
electrodes, as illustrated in Fig. 1.
Based on the DC force balancing requirements [4], the

LPF actuation system was designed for an x actuation
authority of g0 ¼ 1.15 nm=s2 (2.2 nN) for TM2—with no
TM1 x actuation—and ϕ authority γϕ0

≈ 15 nrad=s2

(10.4 pNm) for both TM. These are given also in Table I
as the “nominal” configuration, used at the start of the
mission and in the second actuation noise trial described in
Sec. III. Given the LPF GRS X electrodes, with surface area
530 mm2 and gap dx ¼ 4 mm, this corresponds [Eqs. (3)
and (A14)] to VMAXx

≈ 4.5 V and VMAXϕ
≈ 2.9 V (peak

amplitudes), with associated x-axis electrostatic stiffness
contributions of approximately −660 × 10−9=s2 and
−270 × 10−9=s2. The maximum possible total instantaneous
voltage, 7.4 V, fits comfortably into a roughly 10 Venvelope
allowed by the actuation electronic science mode AC voltage
range. The actuation circuitry also allowed for several volt
DC voltages applied to any sensing / actuation electrode, for
compensating stray DC voltages, measuring TM charge, and
biasing the UV discharge [16,23].
The actuation nominal bit resolution was 153 μV, yield-

ing an effective force quantization of order 100 fm=s2 with
this nominal force authority (1.15 nm=s2). To smooth the
resulting “force bit” steps in the commanded force, a
software Σ − Δ loop in the TM2 dynamic control loop
was implemented in the on-board computer, which dithers
the commanded voltage between adjacent voltage levels,
reducing the effective bit size by a factor 30 on 100 s time
scales.

FIG. 2. Circuit block diagram featuring sensing and actuation
elements for two opposing electrodes (a single sensing channel).
Red and blue curves indicate current paths for, respectively
100 kHz sensing and audio/DC actuation.

TABLE I. Summary of actuation gain noise experiments for four different configurations, including measurement
duration and average commanded force and force authorities—for instance g1c and g10—and analogously for torque
(e.g. γϕ1c

and γϕ10
) [24].

g1c g10 γϕ1c
γϕ10

g2c g20 γϕ2c
γϕ20

Experiment Name Time hours pm=s2 prad=s2 pm=s2 prad=s2

1 UURLA 61 0 0 −980 2170 −3 26 130 1450
2 Nominal 46 0 0 −960 15040 −3 1140 150 15040
3 Big 46 0 2590 −860 15040 −3 2590 90 15040
4 Big off 46 2060 2590 −820 15040 2060 2590 140 15040
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C. Actuation use, functionality, and performance
in LISA Pathfinder

Due to the superior gravitational balancing actually
achieved in the as-flown LPF, the actual needed force
and torque actuation levels were considerably below the
“nominal” levels, most notably between −25 pm=s2 to
þ12 pm=s2 in the TM2 x force (except during the actuation
noise campaign described in the next section). This allowed
lowering the force authority in x to g0 ≈ 26 pm=s2

(VMAXx
≈ 0.7 V). The ϕ controller authorities were also

lowered as allowed by the smaller levels of torque
needed, with the typical TM1 and TM2 authorities of
roughly 2.2 nrad=s2 and 1.5 nrad=s2 (VMAXϕ

≈ 0.9 and
0.7 V). The resulting total electrostatic x-axis stiffness
from actuation was roughly −40 × 10−9=s2 for both TM.
This configuration, known as UURLA and described on
line 1 of Table I, was used for the main noise measure-
ments in LPF [1,18].
Periodically, and upon change in the actuation author-

ities, the x2 actuation calibration factor (λ) and the stiffness
coefficients (ω2

2 and Δω2) were calibrated with a “system
identification” experiment in which the control set points
for the x positions of the two TM were commanded
to oscillate sinusoidally over a range of frequencies
from 1 mHz to 50 mHz and with typical amplitudes up
to 10 nm [17]. Parameters λ, ω2

2, andΔω2 are then extracted
by fitting the time series of g2c, x1, and Δx to the model in
Eq. (1). The gain factor λ has been found to be stable over
the year of data analyzed, at a level approaching 0.01% and
with a mean value within 1% of that calculated from the
voltage source design and the electrostatic force model. The
measured dependence of the stiffness on force and torque
authorities g0 and γϕ0, independent of the applied forces
and torques, verifies the “constant stiffness” algorithm and
corresponds with the electrostatic model to within roughly
5% [17,25]. The LPF in-flight dynamical calibration of Δg,
including the actuator calibration and stiffness, has been
addressed in detail in a dedicated paper [17].
An additional “calibration tone” experiment has been

performed (Fig. 3) in which a sinusoidally oscillating
force at 7 mHz was superimposed on the controller force
command in g2c, with amplitude of 20 fN and then 100 fN.
The presence of the “out-of-loop” force should not be
visible in an accurately calculated time series of Δg,
including accurate and stable calibration factor λ [see
Eq. (1)]; the commanded oscillation in the force g2c
produces a corresponding oscillating differential acceler-
ation Δ̈x that cancels in Δg, which thus includes only the
external, “out of loop” residual forces on the TM. This is in
fact observed, with the resulting trace of Δg found to be
compatible with the background statistical noise and
residuals at the modulation frequency below the fm=s2

level—and less than 1%—in every cycle, demonstrating the
fm=s2 accuracy of the differential accelerometer with

actuation. We note that obtaining this accurate calibration
and linearity was not automatic and required a correction
to a subtle but deterministic roundoff error in the
actuation DAC circuitry. This correction is not addressed
here but was critical in reaching the best performances
obtained in LPF [18] and is addressed in detail in a
dedicated paper [26].
A final aspect of the actuation performance is force

crosstalk between the various electrostatically-actuated
degrees of freedom. The constant stiffness and symmetric
waveform design presented here aims to minimize
“leakage” of applied forces into other degrees of freedom,
but residual actuation crosstalk [27,28] remains, due to
geometric imperfections and, most importantly for the
critical ϕ torque to x force, differences in the voltage gains
between the four X electrodes. A measured residual
coupling of spacecraft rotational acceleration—estimated
by the applied electrostatic torques, γϕSC

≈ γϕc
—with a

cross-coupling coefficient of typically βϕx ≡ Δg
γϕc

≈ 150 μm
[17,18]. This could be attributed to a gain imbalance, of
order 0.5%, between the different electrode actuation
circuits, though such an effect would be essentially indis-
tinguishable from other Euler-force effects in the LPF data.
This gives a rough level for actuation crosstalk effects,
possibly relevant also in LISA.

III. ACTUATION GAIN FLUCTUATIONS: NOISE
MODEL, EXPERIMENT DESIGN, AND RESULT

A. Actuation gain noise model

In the LPF noise model, the most critical actuation
force noise arises in in-band gain or multiplicative
amplitude fluctuations [3]; even in the event of constant
commanded force—and thus commanded voltage ampli-
tudes V1x and V2x, Eq. (3)—fluctuations in the true carrier
amplitude at the electrode result in a fluctuating force.
With F ∝ V2, the force fluctuations caused by an actuator

8000 9000 10000

Time (s)

-1.55

-1.5

-1.45

-1.4

FIG. 3. Time series of applied force g2c and resulting differ-
ential acceleration Δg during the “calibration tone” experiment
described in the text.
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electrode can be described in terms of the relative voltage
fluctuation, or gain fluctuation, α≡ δV

V ,

δF ¼ 2F
δV
V

¼ 2Fα: ð5Þ

If αðtÞ is the same for all four circuits responsible for
the TM2 x force, as expected for fluctuations in their
common DC voltage reference, the resulting noise in the
Δg measurement depends only on the actuator stability
and on the commanded net force,

S1=2ΔgðACTÞ ≈ 2jgcjS1=2α : ð6Þ

This was used to set requirements on the LPF self-gravity
differential force, ΔgDC ≤ 1.3 nm=s2, and the actuation
gain noise, S1=2α ≤ 2 × 10−6=Hz1=2 at 1 mHz [14,29].
Uncorrelated amplitude fluctuations between the differ-

ent electrodes complicate this picture, as understood later in
LPF development [3]; Eq. (5) is valid on an electrode-by-
electrode basis such that the force noise depends not only on
the net applied force on TM2 g2c but also on the individual
electrodevoltage levels, and thus also on the authority g0 and
the applied torque and torque authorities, γϕc and γϕ0 for
both TM. For instance, uncorrelated fluctuations in the
amplitudes of the carrier voltages �V1ϕ applied to electro-
des 1 and 3 to create a positive ϕ torque, will give rise to
asymmetric x-force fluctuations that do not cancel and
which thus contribute to the noise in Δg.
Considering the eight relevant actuator gains and any

possible correlations between them, in general there would
be 36 relevant cross-spectrum terms at each frequency.
Considering an experimental campaign with limited dura-
tion and number of experimental configurations, we pro-
pose here a minimal model, including only terms with
known physical origin to describe, and then fit, the
acceleration noise spectrum. This possible, but not unique,
parametrization of the multiplicative gain fluctuations for
electrode j of TM i with commanded voltage Vijc is

VijðtÞ ¼ VijcðtÞ½1þ αðtÞ þ αiðtÞ þ αijðtÞ� þ vijðtÞ; ð7Þ

where we include:
(i) α, a gain fluctuation common to all eight X electro-

des for the two TM, such as a systematic dependence
on the GRS FEE box temperature (our experiments
however will not be sensitive to this term);

(ii) αi, to become α1 and α2, which is a “TM correlated”
gain fluctuation, corresponding to fluctuations in the
single voltage reference voltage common to the four
circuits used for x=ϕ actuation on a single TM;

(iii) αij, independent gain fluctuations for electrode j of
TM i, uncorrelated between the eight electrodes.

The role of additive noise vij mixing with the carrier
voltages is discussed separately, in the next subsection.

In this model the resulting noise in Δg is a sum of
contributions from 11 independent noise generators,

ΔgACTðtÞ ¼ aαðtÞ þ
X
i¼1;2

aiαiðtÞ þ
X
ij

aijαijðtÞ ð8Þ

with coefficients

a ¼ 2ðg2c − g1cÞ ¼ 2ðΔgÞ;
a1 ¼ −2g1c;

a2 ¼ 2g2c;

a21 ¼
1

2
ðḡ2c þ g20 þ R⋆

ϕ γ̄ϕ2c
þ R⋆

ϕγϕ20
Þ; ð9Þ

where we take as an example of the independent electrode
gain noise terms a21 for electrode 1 of TM2, which is
used to apply positive x forces and ϕ torques. Here

R⋆
ϕ ≡ I

m

∂C⋆
∂x
∂C⋆
∂ϕ

≈ 32 mm is an effective armlength converting

angular into linear acceleration (I is the TM moment of
inertia). See Appendix B for a more detailed discussion of
this model.
If we consider these 11 noise generators mutually uncor-

related, the resulting noise power spectral density (PSD) is

SACTΔg ¼ ASα þ
X
i¼1;2

AiSαi þ
X
ij

AijSαij ð10Þ

with coefficients

A ¼ a2 ¼ 4ðg2c − g1cÞ2 ¼ 4ðΔgÞ2 ¼ 4ðΔgDCÞ2;
A1 ¼ a21 ¼ 4g21c ½¼ 0�;
A2 ¼ a22 ¼ 4g22c ½¼ 4ðΔgDCÞ2�;

A21 ¼ a221 ¼
1

4
ðḡ2c þ g20 þ R⋆

ϕ γ̄ϕ2c
þ R⋆

ϕγϕ20
Þ2; ð11Þ

where A21 is given as an example of the eight relevant
uncorrelated gain noise Aij coefficients. Here the numbers
offset in block parentheses at right for the board terms A1

and A2 refer to the typical operating conditions of LPF,
where the differential DC accelerationΔgDC is balanced by
forcing only TM2, with g1c ¼ 0 and g2c ≈ −ΔgDC.1

Board-correlated gain fluctuations, for instance Sα2 for
TM2 arising from a fluctuating reference voltage, indeed
couple to the net applied forces to give force noise, as
suggested by Eq. (6). Additionally, however, uncorrelated
gain fluctuations for individual electrodes, Sαij , introduce
noise in Δg related to commanded force and force authority
(i.e. fg2c; g20g) as well as commanded ϕ torques and torque

1This “typical” condition is not required, as both TM can have
a “common mode” applied force, as in the fourth and final
actuation gain noise test (see Table I).
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authorities (fγϕ1c
; γϕ10

; γϕ2c
; γϕ20

g). It is thus important to
limit also the residual DC torques, gravitational or other-
wise, and to reduce the force and torque authorities to the
minimum levels that still allow compensation of the DC
forces with sufficient margin for the system dynamics.
We stress that, while physically motivated, this para-

metrization in terms of 11 independent, uncorrelated “noise
generators” is not the only possible model; it is a useful
construct for quantifying actuation force noise in LPF and
LISA, insofar that it is compatible with the data, which will
be discussed shortly. Any model with actuator gain noise
will however have force noise with a PSD increasing
quadratically with the forces and torques applied by the
single electrodes [Eq. (5)].

B. Model for mixing of additive actuation noise
with actuation carriers

Additive voltage noise near the actuation frequencies
mixes with the carrier voltages to “down-convert” into
low-frequency force noise. The relevant “cross-terms” in
the squared actuation voltage have the form, for electrode 1
of a TM as an example,

δgðtÞ ¼ 1

M

���� ∂CX
⋆

∂x

����v1ðtÞ½V1x sinωxtþ V1ϕ sinωϕt�: ð12Þ

Summing over the four X electrodes for that TM and
considering the conversion of commanded force/torque
into actuation voltage amplitude, the down-converted in-
band TM acceleration noise will be

Sg ¼
2j ∂CX

⋆

∂x j
M

½SvnðωxÞg0 þ SvnðωϕÞR⋆
ϕγϕ0

�: ð13Þ

In contrast with the mHz gain noise, the broadband noise is
rather easy to model with circuit design and component
data. In the experiment analysis and noise projections that
follow, we calculate and insert this acceleration noise
contribution, assuming S1=2vn ðωxÞ≈S1=2vn ðωϕÞ≈2 μV=Hz1=2,
based on ground measurements.
The additive audio frequency noise thus gives a white

noise, at least in the relevant mHz band, with noise power
proportional to the applied force and torque authorities g0
and γϕ0

, while the gain noise terms scale quadratically with
the forces, as g20 and γ2ϕ0

. Gain noise dominates over this
additive voltage noise for Δg at mHz and sub-mHz
frequencies in typical LPF science (UURLA) conditions,
even more so in the actuation noise test, presented next,
with larger force levels.

C. Actuation noise measurement campaign

Quantifying the actuation gain fluctuations, at least for
the x=ϕ actuators that can give x-force noise, is important
for the LPFΔg noise budget and for a parametric projection

to LISA. We did this in LPF by observing the increase in
the differential acceleration noise in a series of tests with
increasing forces and torques. The changes in the applied
forces and torques are constrained by the need to maintain
the same quasistatic torques, to keep each TM aligned to
the spacecraft, and the same differential applied forces, to
hold the TM separation fixed.
In addition to the differential x acceleration Δg, our

analysis of the tests considers also the measured differential
angular acceleration, Δγϕ, which is sensitive to the same
8X electrode actuators and thus to the same gain fluctua-
tions α, αi, and αij. This is defined as

Δγϕ ¼ ϕ̈2 − ϕ̈1 − γϕ2c
þ γϕ1c

þ ω2
ϕ2
ϕ2 − ω2

ϕ1
ϕ1: ð14Þ

The noise in Δγϕ from actuation gain fluctuations is
modeled analogously to that in Δg [Eqs. (10) and (11)],

ΔγACTϕ ðtÞ ¼ bαðtÞ þ
X
i¼1;2

biαiðtÞ þ
X
ij

bijαijðtÞ ð15Þ

with coefficients b, bi and bij coupling gain noise into
angular acceleration. For instance b ¼ 2ΔγDC

ϕ and
b1 ¼ 2γϕ1c, while for the independent fluctuations in
the gain of, for instance, electrode 1 of TM2, we find
b21 ¼ R⋆

ϕa21 (see Appendix B for a complete description of
the actuation noise model and analysis techniques).
This allows analysis of the differential acceleration noise

SΔγϕ with coefficients B, Bi, and Bij in direct analogy
with the translational differential acceleration noise coef-
ficients A of Eq. (11). Additionally, it allows an analysis
of the cross-spectrum SΔg;Δγϕ representing the correlation
between the fluctuations of differential translational and
rotational accelerations. For instance a gain fluctuation αi1
or αi4, on an electrode 1 or 4 in Fig. 1—the “bottom”
electrodes in this view—will produce correlated fluctua-
tions in Δg and Δγϕ with the same sign. Thus SΔg;Δγϕ > 0,
while a gain fluctuation on the “top” electrodes 2 or 3 will
produce anticorrelated fluctuations and thus a negative
cross-spectrum. Including SΔg;Δγϕ in our analysis thus
further helps distinguish between the electrodes creating
force noise.
Noise measurements were performed in four different

actuation configurations over 10 days during May 2016.
The net forces/torques and authorities are shown in Table I,
and the corresponding electrode-by-electrode force vectors
are shown in Fig. 4 along with the A and B sensitivity
coefficients. The first experiment (UURLA) employs the
typical LPF science configuration used in the published
differential acceleration noise data [1,18], with minimum
authorities. Configurations 2 and 3 increase the force and
torque authorities (g0 and γ0), first to the “nominal” level
(Exp. 2), and then (Exp. 3) a further increase in the force
authority to 2.6 nm=s2 on each TM (“big” configuration).
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These increased authority experiments essentially
leave the net applied forces and torques (gic and γϕic)
unchanged but increase the forces on the single electro-
des, increasing sensitivity to uncorrelated gain fluctua-
tions (coefficients Aij and Bij). Experiment 4 adds an
applied “out-of-loop” offset force (≈2.1 nm=s2) to TM1
to produce, in closed loop, a common mode force on both
TM (and thus also a net spacecraft acceleration). This
final experiment increases sensitivity both to the þX
actuators and to the board-correlated fluctuations for each
TM (Ai); the degeneracy between these two effects in Δg
is broken by observing the differential angular acceler-
ation noise, as the applied net DC torques—and thus the
sensitivity to board-correlated fluctuations through Bi—
are unchanged. With more experimental time available,
further measurements could have employed large neg-
ative forces or other configurations to help isolate
individual noise contributors.
The dataset can be thought of as a two-channel (x and ϕ)

acceleration noise test of three “enhanced-actuation”
configurations producing noise above a background level
measured in the first UURLA configuration. The experi-
ments performed are sensitive to all of the 11 actuation
gain noise generators in the proposed model; some combi-
nations of these noise PSD are clearly resolved, while
others are found to be compatible with zero to within upper
limits that place significant experimental bounds on the
circuitry gain noise.

The measured acceleration noise levels in Δg and Δγϕ
are shown in Fig. 5. The solid curves are standard Welch
periodograms, with 50% overlapping 110,000 s Blackman-
Harris window, while the discrete data points, with error
bars, are calculated with a variable window length adapted
to the frequency, as in Ref. [18]. For the three “enhanced
actuation” experiments, two 110,000 s windows are
used for the minimum frequency point at 36.4 μHz, nine
33,000 s windows at 121.2 μHz, and 76 4300 s windows
for the point at 0.93 mHz.
The visible progressive increase in the acceleration noise

over the four experiments merits comment before discus-
sing a fit to the actuation noise model:

(i) The noise increase with force authority (g0, γ0),
clearly resolved from Experiment 1 UURLA (dark
blue) to the nominal (Experiment 2, light blue) and
“big” (Experiment 3, orange) tests, quantifies the
key role of uncorrelated gain fluctuations. A gain
fluctuation correlated across all four TM1 or TM2
actuators (α1 or α2) would not increase force or
torque noise in these tests where the net applied
forces and torques are essentially left unchanged.

(ii) The measured acceleration noise in the Experiment 2
“nominal” configuration would have set the LPF
acceleration noise floor had the gravitational balance
not allowed lowering the force authorities. At
0.1 mHz, reducing the authorities to the UURLA
configuration improves the overall acceleration

FIG. 4. At left, illustration of the applied force vectors for every electrode in the four tested actuation configurations, including force
and torque contributions in, respectively, blue and red. At right are plotted the force and torque sensitivity coefficients for correlated
(Ai and Bi, black) and uncorrelated actuation gain noise (Aij and Bij), withþX (electrodes 1 and 2 in Fig. 1) and −X (electrodes 3 and 4)
actuators shown in dark yellow and in green. The coefficients are calculated using the averaged commanded forces and torques and
force/torque authorities, as described in the text.
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noise floor by roughly a factor 50 in noise power,
a substantial decrease allowing a much more strin-
gent experimental anchor to the LISA low-frequency
mission requirements [2].

(iii) The modest increase in both Δg and Δγϕ upon
application of a large offset force, from Experiment
3 (orange) to Experiment 4 (red), confirms the
domination of uncorrelated gain fluctuations over
the board-correlated gain fluctuations. A large cor-
related noise contribution (α1 or α2) would have
produced a more sizable increase in SΔg without any
effect on SΔγϕ .

A fit of the acceleration noise dataset to the actuation
noise model described by Eq. (10) [more generally by
Eq. (B2) in Appendix B] is also shown in Fig. 5, with the fit
analysis first performed separately at each frequency
(discrete points) and then to a phenomenological analytical
frequency dependence model (smooth bands). The fit,
performed using a Bayesian Markov chain Monte Carlo
(MCMC) approach, uses all the actuation terms in Eq. (B2),
plus background acceleration noise that is independent of
the applied actuation forces and torques. This background
acceleration noise includes also the first actuation term
for completely correlated noise Sα [Eq. (10)], as the
coupling to acceleration noise—via ΔgDC in translation
and ΔγDC

ϕ for rotational—is virtually unchanged across the
four experiments.
Not all of the ten actuation noise generators are resolved

in this analysis, and a fit to a reduced set of parameters
would be sufficient to describe measured noise in the four
experiments; nonetheless, we include all these terms in the

fit in order to predict the actuation noise in other LPF
configurations with arbitrary applied force and torque
values. Additionally, while we do not resolve the noise
in every individual noise generator, we do put relevant
experimental upper limits on all noise generators; no single
noise generator can create more noise than the total noise
observed in the experimental data for Δg and Δγϕ, and
this constrains the upper limit on the PSD of each single
noise generator.
The MCMC fitting technique considers a likelihood

with the proper statistics for Welch periodogram
estimates of PSD and cross-PSD (CPSD) for Gaussian
noise processes [30,31] and is described in detail in
Appendix B, along with assumed priors on parameters
and typical observed posterior distributions. We note here
that the fit is parametrized in terms of averaged levels of
board-correlated gain noise (SαC) and uncorrelated indi-
vidual electrode gain noise (SαUC), with secondary param-
eters (μl) describing the division of noise into the specific
TM or specific electrodes. We employ an uninformative
prior [32] for the parameters SαUC and SαC , with a
distribution that is uniform in logarithmic space, so as
not to constrain the order of magnitude of the gain noises.
In the case of the board-correlated noise SαC , which is
poorly resolved in our data, it was necessary to add a
lower limit cutoff to the prior distribution, physically
motivated but conservative (see Appendix B) to ensure
convergence of the Markov chain.
In Fig. 5 we also show, as black points, the projection

of the actuation-only—without the background accelera-
tion noise—contributions to acceleration noise in the

FIG. 5. Experimental data for noise PSD for Δg and Δγϕ in the four different actuation configurations measured, including a fit to the
actuation noise model (described in the text and in Appendix B), performed both for a “smooth” model of the noise frequency
dependence (colored bands) and on a frequency by frequency analysis (individual points with error bars). Both plots contain (dark gray)
the model prediction for the actuation gain noise contribution in the UURLA low-force authority configuration used in the published
benchmark plots for LPF acceleration noise [1,18].
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low-authority UURLA configuration. While in the three
“increased actuation experiments” the measured acceler-
ation noise is almost entirely due to actuation gain
fluctuations, in the UURLA configuration actuation gain
noise explains a significant, but not dominant, fraction of
the measured noise in Δg across the relevant sub-mHz
bandwidth. This important conclusion applies here and
to the longer duration “benchmark” differential accelera-
tion noise tests that are the published legacy of LISA
Pathfinder [1,18]. In rotational acceleration, however, the
actuation gain contribution would appear to explain all the
measured noise in Δγϕ at the very lowest frequencies,
below 100 μHz.
The uncorrelated actuation gain noise, averaged over

the eight individual electrode actuators, is resolved at all
frequencies studied. While we do not resolve every
individual electrode gain noise level, the four different
experimental configurations and two “measurement chan-
nels” (Δg and Δγϕ) do allow resolution of different
combinations of the uncorrelated noise in these actuators.
For instance we resolve the contributions of the groups of
actuators used to apply þx and −x forces,

SαUCþ ≡ 1

4
ðSα11 þ Sα12 þ Sα21 þ Sα22Þ;

SαUC− ≡
1

4
ðSα13 þ Sα14 þ Sα23 þ Sα24Þ: ð16Þ

Distributions for SαUCþ and SαUC− are evaluated by simple
summing of the MCMC chains for the individual noise
parameters. The central (median) and �σ values for SαUCþ
and SαUC− , along with the underlying distributions, are
shown in Fig. 6. In the left panel, the noise in the þX
actuators is clearly resolved, with �σ intervals of roughly
½40; 55� ppm=Hz1=2 at 121 μHz and ½6.7; 7.9� ppm=Hz1=2

at 0.94 mHz. The noise in the negative actuators is smaller
and more weakly resolved, with �σ intervals of roughly
½10; 30� ppm=Hz1=2 and ½2; 4.5� ppm=Hz1=2 at the same
two frequencies. The −X actuator noise result is thus
weakly detected, at roughly the 2σ level in noise power,
with the upper limit having more relevance to our con-
clusions. The experiment is slightly more sensitive to the
noise in theþX actuators, due to the large positive forces in
the “bigþ offset” test; nonetheless the chance statistical
difference between the groups of (nominally identical) þX
and −X actuators is significant and resolved across a large
frequency range.
We note that these results are consistent with estimates

from ground-measurement campaigns with the same exact
actuation circuits performed years before launch. The
results of those tests, which used a lock-in amplifier to
measure the differential gain noise between the same
electrode on the two TM—for instance ðα21 − α11Þ—are
added as additional “ground measurement” points near
0.2 mHz and 1 mHz in Fig. 6. The results are compatible,

FIG. 6. Actuation gain noise results, for the uncorrelated single electrode noise in theþX and −X actuators at left and, at right, for the
(largely unresolved) board-correlated actuation gain noise, with posterior distributions for discrete frequencies shown as shaded regions.
The upper limits of all data points represent robust experimental constraints, while dashed error bars represent points for which the lower
limit is largely determined by the prior assumptions. Results for a smooth, analytic frequency-dependent model fit are also shown as
solid lines, with dashed lines defining the �σ confidence intervals. Also shown are the results, at 0.2 mHz and 1 mHz, from a preflight
ground measurement campaign with the same flight electronics.
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with the specific sample of the four þX actuators observed
to be systematically noisier than the −X circuits.
The measurement campaign is also sensitive to corre-

lated gain fluctuations, Sα1 and Sα2 , among the two sets
of four actuators used for each TM, in particular in
the “bigþ offset” experiment with a large þx force
(≈2 nm=s2) on both TM. However, the experimental level
of correlated gain noise was low enough that the averaged
board-correlated gain noise, defined as

SαC ≡
1

2
ðSα1 þ Sα2Þ; ð17Þ

is essentially compatible with zero, for all but the lowest
frequency analyzed, with lower limits that are strongly
dependent on the prior distribution assumptions. Such points
are indicated with dashed error bars in plot in the right panel
in Fig. 6, while the criteria for distinguishing such points is
discussed in Appendix B. The measurements do allow
however robust experimental upper limits in the posterior
distribution of SαC . These upper limits are virtually inde-
pendent of the prior assumptions and are experimentally
constraining, at a level of roughly 50 ppm=Hz1=2 and
6 ppm=Hz1=2 at, respectively, 121 μHz and 0.94 mHz.
Inclusion of the board-correlated terms (Ai, Bi, and Ci)
has little or no impact on the overall fit, and we would
recover the same values for the uncorrelated noise to within
1σ in a simplified fit without the board-correlated terms.

However, we know the board-correlated noise is present, at
least through the voltage reference noise, and thus we keep
these terms in our fit in order to place upper limits on this
potentially important noise contribution.
We note also that our “nondetection” of the board-

correlated gain noise is consistent with data sheet estimates
for the voltage reference used in the actuation circuitry [33],
for which a very rough extrapolation of the f−1 noise
measured around 10 Hz would give several ppm=Hz1=2 in
our sub-mHz band. Additionally, no correlation of noise
with platform-level thermometers is observed, and none is
expected; considering data sheet values for worst-case
voltage reference temperature coefficients (roughly
5 ppm=K) with typical platform-level temperature fluctua-
tions [34], including those measured at the FEE, at 0.1 mHz
at or below 0.1 K=Hz1=2, temperature-driven voltage refer-
ence noise would be below the ppm=Hz1=2 level (and thus
not relevant at our measurement levels). In any case,
our measurements indicate that board-correlated common
mode gain noise is a small contributor to the LPF accel-
eration noise data, where applied forces were consistently
below 20 pm=s2.
An additional “raw” data curve for our actuation gain

noise measurement campaign is that of the cross-spectrum
between fluctuations in Δg and Δγϕ, which allows us to
resolve a different combination of the uncorrelated elec-
trode gain noises. This is shown for the four experiments at
the left in Fig. 7, with solid curves representing the raw

FIG. 7. At left, solid lines are raw cross spectra between Δg and Δγϕ, expressed as the effective armlength rϕ as defined in the text.
Also shown, as discrete points with error bars, are the fit-model estimates of the effective arm (for UURLA, where actuation noise is
subdominant, we also show the armlength extracted for the actuation contribution, in gray). At the right are the values of uncorrelated
gain noise in the “top” electrodes 2=3 and in the “bottom” electrodes 1=4, along with estimates from on-ground electronics tests (darker
points at 0.2 mHz and 1 mHz). We note that SαUC23 > SαUC14 is consistent with positive armlength, rϕ.
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periodogram cross-spectral estimates, expressed here in
terms of an effective armlength defined as

rϕ ≡ −
I
M

SΔg;Δγϕ
SΔg

≈ −
s2

6

SΔg;Δγϕ
SΔg

; ð18Þ

where s ¼ 46 mm is the TM sidelength. The sign con-
vention is chosen such that a positive armlength corre-
sponds to a predominance of force noise acting on the X
faces of the TM with a force center displaced positively
along the y axis. For instance, if all the relevant force noise
were coming from actuation gain fluctuations originating in
“top” electrode 2 or 3 of either TM, the translational and
rotational force noise would have perfect negative corre-

lation, with a resulting armlength rϕ ≈
j∂C

⋆
X

∂x j
j∂C

⋆
X

∂ϕ j
≈ 11 mm,

half the on-center separation between adjacent electrodes
on the sensor X face. If instead a “bottom” electrode 1 or 4
dominated we would find rϕ ≈ −11 mm, while for force
noise spread equally between different X electrodes rϕ
would tend to zero. Including the cross-spectrum data into
the global fit helps break degeneracy between gain noise
from electrodes 1=4 and from electrodes 2=3.
On the same graphs, at discrete frequencies we show

the armlength extracted from the fit parameters. This is
dominated by actuation, except for the low force UURLA
test (where we also show both the fit-model actuation-only
armlength, in gray).
We note, in both the raw armlength data and in the fit

model prediction, a tendency towards positive armlengths
of several mm, across the sub-mHz frequency band. With
our applied forces, the typically positive values of rϕ
indicate that electrodes 2=3 are slightly but consistently
noisier than electrodes 1=4. This is reflected in the
extracted values for the “top-bottom” groupings of the
uncorrelated gain noise for the (four) electrodes 1=4 and
the group of four electrodes 2=3,

SαUC14 ≡
1

4
ðSα11 þ Sα14 þ Sα21 þ Sα24Þ;

SαUC23 ≡
1

4
ðSα12 þ Sα13 þ Sα22 þ Sα23Þ; ð19Þ

As with the statistical difference between the þX and −X
electrodes, these results are consistent with the ground
measurement campaign results measured years before,
which also detected higher noise in the 2=3 electrode pairs
relative to electrodes 1=4 (see discrete ground measurement
points in Fig. 7).
Finally, given the observed smooth frequency depend-

ence of the model fit—in the total acceleration noise
shown in Fig. 5 but also that of the fit parameters for
the different actuation gain noises, SαC and SαUC and the
groups SαUCþ=SαUC− (Fig. 6) and SαUC14=SαUC23 (Fig. 7)—we

also perform a fit with an analytical model of the frequency
dependence of the actuation noise PSD, with f−1

and 1
f2þf2

3dB
terms. These are shown as colored bands in

Figs. 5 and 6. This analytical frequency-dependence does
not represent a physically unique model but is chosen
empirically based on the results emerging from the analysis
performed at discrete frequencies, in order to allow a simple
projection to other experiments at arbitrary intermediate
frequencies.
The f3dB term is included to describe the observed

flattening of the PSD at low frequencies, with an extracted
roll-off frequency of 55� 15 μHz. While this observed
noise saturation is only slightly incompatible with a simple
f−2, it does indicate that there is no dramatic noise increase
just below the 100 μHz band. It is also worth noting that the
smooth model represents a fit with many degrees of
freedom; with the 110,000 s windows used in the fit, we
have roughly 600 data points—four experiments with three
spectrums SΔg, SΔγϕ , and SΔg;Δγϕ and roughly 50 frequency
bins—and many fewer fit parameters, 26 in all. This offers
some chance for a posterior predictive goodness-of-fit
test [35], performed by using the model noise parameters
to predict the distribution of the Welch periodogram
spectral estimates in a relatively short—in this case 2 or
3 110,000 s window—measurements. For each of the four
experiments, assuming stationary Gaussian noise and an
accurate model, we would expect to find 68.3% of the
periodograms values in the �σ interval of our model. For
the four experimental runs, we find 59%, 67%, 75% and
70% of the points falling in the �σ interval for, respec-
tively, “UURLA,” “nominal,” “big” and “bigþ offset.”
While we do not associate the frequency-dependent fit
with a rigorous physically motivated model, this goodness-
of-fit indicator, in addition to the observed smoothness of
the extracted noise parameters, shows consistency between
the experimental data and the parametric actuation noise
model considering Gaussian, stationary noise.

IV. IN-BAND VOLTAGE FLUCTUATIONS:
NOISE MODEL AND EXPERIMENTAL

RESULTS WITH CHARGED TM

In-band additive noise in the actuation voltages,
described as vjðtÞ for electrode j in Eq. (7), couple to
the mean TM potential, VTM, related mostly to the
accumulated TM charge—see line 2 of Eqs. (A4) and
(A17) of Appendix A—and to the residual DC biases on
the electrodes [line 3 in Eq. (A4)]. The TM charge, through
the mean TM potential VTM, is coupled to the average stray
field, described by the translational potential difference Δx
by (see Appendix A or Ref. [21])

F ¼ −VTM

���� ∂CX

∂x

����Δx; ð20Þ
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with a similar expression for the angular acceleration in
terms of the rotational potential imbalance,Δϕ, that couples
to TM charge.
These effective differential potentials that couple to TM

charge are normalized to a single X electrode capacitance,
such that an additive offset in the actuation output voltage
vj, applied homogeneously across each X electrode,
contributes in simple fashion to Δx and Δϕ,

ΔACT
x ¼ v1 þ v2 − v3 − v4;

ΔACT
ϕ ¼ v1 − v2 þ v3 − v4; ð21Þ

for a given TM, with electrode numbering again as in
Fig. 1. While noise in Δx and Δϕ includes possible
contributions from intrinsic patch-field potentials on the
gold TM and electrode housing surfaces, we can interpret
the measured noise levels as an upper limit of the
contribution from the actuation voltages (and will comment
on this hypothesis shortly).
Limiting acceleration noise from this interaction was

achieved in LPF by intermittently discharging the TM, with
UV illumination [16], at intervals of 1–3 weeks. With
typical environmental charging approximately þ25
elementary charges per second [36], the TM potential
drifted away from neutral by as much as VTM ≈ 100 mV
[36], with a residual sensitivity to noise in Δx via Eq. (20).
The DC value of Δx was measured via the change in force
on the TM with a step change in TM charge [23] and then
nulled by application of DC actuation voltages, thus
minimizing the force noise arising from TM charge
fluctuations. These were measured to be Poissonian with
an effective single-charge event rate of roughly 1200=s [23]
(the net charge rate of þ25=s reflects a slight imbalance
between a larger number of events changing the TM charge
in both positive and negative directions). The residual
interaction of the noisy actuation voltages vj with the local
stray DC biases can not in general be cancelled and
remained a potentially relevant force noise source.
A dedicated experiment with a highly charged TM

allowed quantification of the noise in Δx and Δϕ, and thus
to the stray “in-band” noise in the actuation voltages, vj. A
preliminary analysis of these tests was presented in
Ref. [23]. Two new elements merit revisiting this experi-
ment in the analysis presented here:

(i) We calculate and subtract the effect of a determin-
istic roundoff error in the average actuation voltage
due to inaccuracies in the audio frequency actuation
waveforms. This error, closely tied to the actuation
force inaccuracy described in Ref. [26], introduces a
noisy voltage offset varying with the commanded
control forces (x) and torques (ϕ). We subtract the
calculated contribution to the TM acceleration to
quantify the underlying stochastic voltage noise,

which is thus slightly but significantly below that
originally estimated in Ref. [23].

(ii) We have added analysis of the measured differential
TM angular acceleration, Δγϕ, in addition to Δg.
This allows measurement of a second combination
of electrode actuation voltage noise and allows
assessment of correlations in the voltage noise
between different channels.

The measurements were performed from May 1—May 4
in 2016, first with the two TM nearly neutral—VTM of
−16 mV and −24 mV for, respectively, TM1 and 2—and
then with the TM charged, to roughly −1.066 V and
−1.058 V. The analyzed periods for the two experiments
have durations of 39 hours and 59 hours, respectively.
The measured acceleration noise levels are shown in
Fig. 8. A clear increase in the acceleration noise is
measured in both Δg and Δγϕ, which we can attribute
to noise in the relevant stray voltage fields Δx and Δϕ in
the two TM.
The increase in TM acceleration noise can be translated

into an effective voltage noise, considering the differential
TM accelerations Δg and Δγϕ following the single TM
treatment above [Eq. (20)]:

δΔg ¼ −
1

M

���� ∂CX

∂x

����½VTM2δΔx2 − VTM1δΔx1 �

≈ −
1

M

���� ∂CX

∂x

����VTMδΔðΔxÞ;

δΔγϕ ≈ −
1

I

���� ∂CX

∂ϕ

����VTMδΔðΔϕÞ; ð22Þ

with the approximation VTM1 ≈ VTM2 ≡ VTM valid in these
experiments with the two TM each charged to roughly 1 V.
Here, Δg is sensitive to the difference in the relevant
coupling potential ΔðΔxÞ≡ Δx2 − Δx1 and similar for the
rotational acceleration Δγϕ in terms of the differential
rotational coupling potential, ΔðΔϕÞ. This results in accel-
eration noise given by

SΔg ¼ SBGND
Δg þ

 
VTM

∂CX
∂x

M

!
2

SΔðΔxÞ;

SΔγϕ ¼ SBGND
Δγϕ þ

 
VTM

∂CX
∂ϕ

I

!
2

SΔðΔϕÞ: ð23Þ

We perform independent analyses of Δg and Δγϕ to obtain
SΔðΔxÞ and SΔðΔϕÞ. In both cases using both a single
frequency analysis and a smooth frequency dependence,
chosen empirically to include f−1 and f−2 terms for both
SΔðΔxÞ and SΔðΔϕÞ, with the observed data consistent with a

f−1 dependence except perhaps below 100 μHz where the
f−2 contribution could become relevant. The results of this
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analysis are shown in Fig. 9, with the frequency-smooth fits
to the acceleration noise model overlayed in Fig. 8. We note
that the independent analyses of the translational and
rotational noise makes no assumptions about correlations
between voltage fluctuations on the different electrodes,
and we will comment on this shortly.
The smooth fit for SΔðΔxÞ around 0.1 mHz has a �σ

interval of roughly ½135; 165� μV=Hz1=2, compared to

½225; 320� μV=Hz1=2 reported in Ref. [23].2 This reduction
is related to the deterministic subtraction of the actuation

FIG. 8. Noise in the differential acceleration (translational Δg and rotational Δγϕ) measured with the two LPF TM charged to roughly
−1.06 V and with the TM nearly neutral. Results of model fits to the jointΔg andΔγϕ dataset are shown, at single frequencies and for an
analytic model with f−1 and f−2 frequency dependence, respectively, as single points with error bars and colored bands.

FIG. 9. On the left, noise in the actuation voltage combinations, ΔðΔxÞ and ΔðΔϕÞ (points and colored bands in light blue and red),
coupling to, respectively, translational and rotational acceleration noise in the individual Δg and Δγϕ datasets in Fig. 8. The
combinations ΔðΔ12Þ and ΔðΔ23Þ, from the joint, correlated analysis of the Δg and Δγϕ, are shown individually on the right and
summed on the left (dark blue points). In both cases, colored bands illustrate the result of the model with analytic f−1 and f−2 frequency
dependence. For both graphs, a righthand axis indicates the effective single electrode voltage noise inferred from the noise in the various
combinations (all of these estimates are mutually consistent).

2The result of ½160; 200� μV=Hz1=2 in Ref. [23] was for SΔx
for

a single TM, assuming that the two TM have uncorrelated,
statistically equivalent noise in Δx. The differential noise in Δx
that is truly measured, and compared here, is thus simply
multiplied by a factor two in power.
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voltage roundoff error. The results for SΔðΔϕÞ are similar to

those for Δx, with a �σ interval ½120; 150� μV=Hz1=2
at 0.1 mHz.
We observe that SΔðΔxÞ ≈ SΔðΔϕÞ across the frequency

band. If there were an important correlated fluctuations
between actuation voltages on different electrodes, these
could add or subtract differently in the combinations [see
Eq. (21)] coupling into force and torque, resulting in
different noise levels in Δx and Δϕ. The absence of such
a noise asymmetry is at least consistent with uncorrelated
voltage fluctuations.
Additionally, SΔðΔxÞ ≈ SΔðΔϕÞ suggests that actuation

voltage noise—rather than fluctuations of patch potentials
on the gold TM and electrode surfaces—are dominating the
interaction with the charged TM. If patch-field effects were
dominant, one would expect SΔðΔϕÞ > SΔðΔxÞ, by perhaps a
factor 2–3. This is expected first because the rotational
combination Δϕ includes significant contributions from
the electrode housing X and Y surfaces while Δx mainly
involves just the X surfaces. Second, the Y electrode
housing surfaces on the Y faces are closer (dy ¼ 2.9 mm
while dx ¼ 4 mm, with the relevant capacitance derivatives
scaling as d−2). Thus the rough equivalence SΔðΔxÞ ≈ SΔðΔϕÞ
is consistent with actuation voltage fluctuations.
In the hypothesis that coupling to TM charge is domi-

nated by uncorrelated in-band additive noise in the actua-
tion voltages, we can further dissect the contribution of
stray actuation voltage to the measured differential TM
accelerations. Specifically,

ΔðΔACT
x Þ≡ ΔACT

x2 − ΔACT
x1 ¼ ΔðΔ14Þ þ ΔðΔ23Þ;

ΔðΔACT
ϕ Þ≡ ΔACT

ϕ2
− ΔACT

ϕ1
¼ ΔðΔ14Þ − ΔðΔ23Þ; ð24Þ

where ΔðΔ14Þ and ΔðΔ23Þ are each 4-electrode actuation
voltage noise differences,

ΔðΔ14Þ≡ v21 − v24 − v11 þ v14;

ΔðΔ23Þ≡ v22 − v23 − v12 þ v13; ð25Þ

with vij for the stray additive actuation voltage on electrode
j of the LPF TM i. The sum and difference of the voltage
combinations ΔðΔ14Þ and ΔðΔ23Þ thus couple into differ-
ential translational and rotational acceleration Δg and Δγϕ.
In the hypothesis that the noise in ΔðΔ14Þ and ΔðΔ23Þ are
uncorrelated, we can see from Eqs. (22) and (24) that
the noise in Δg and Δγϕ will each be proportional to the
sum, ðSΔðΔ14Þ þ SΔðΔ23ÞÞ, while the cross-spectrum SΔg;Δγϕ
will be proportional to the difference, ðSΔðΔ14Þ − SΔðΔ23ÞÞ.
Fitting to this model, including fSΔg; SΔγϕ ; SΔg;Δγϕg in a
single analysis, we obtain estimates for SΔðΔ14Þ and SΔðΔ23Þ
(at right in Fig. 9). Consistent with a model of uncorrelated
ΔðΔ14Þ and ΔðΔ23Þ, their sum is compatible with the

individual analyses for SΔðΔxÞ and SΔðΔϕÞ (shown on the left
in Fig. 9).
Additionally, the cross-correlation between acceleration

noise Δg and Δγϕ is compatible with zero across the
frequency band studied (Fig. 10). If the increase in
TM acceleration noise were dominated by a single “bad”
noisy electrode, we would expect a full force/torque
correlation—with armlength rϕ ≈�11 mm, depending
on the electrode—but that is not observed here. Null
cross-correlation is consistent with SΔðΔ14Þ ≈ SΔðΔ23Þ, indi-
cating that the summed noise in the two groups of 4
electrodes [Eq. (25)] are statistically equivalent at our level
of measurement resolution.
All of these observations are consistent with coupling of

charge into TM acceleration via uncorrelated actuation
voltage noise, roughly with the same PSD in the eight
relevant X electrodes for the two TM. This is the simplest
and perhaps most reasonable model—considering the eight
nominally identical actuation circuits—though not the
only possible explanation of the measured data. In this
model, the single electrode actuation voltage noise, Sv ≈
1
4
SΔðΔ14Þ ≈

1
4
SΔðΔ23Þ ≈

1
8
SΔðΔxÞ ≈

1
8
SΔðΔϕÞ and shown with

the righthand axes in both plots of Fig. 9, is roughly
50 μV=Hz1=2 at 0.1 mHz and 15 μV=Hz1=2 at 1 mHz.
While we do not have detailed low-frequency ground data
with which to compare, the results at 1 mHz are roughly in
line with the results of shorter preflight measurements.
We note that the observed effective single electrode

voltage noise will contribute to the noise in measurements
of the TM charge, performed as in LPF [23,36] with a
modulated voltage applied to the four X electrodes. This
technique essentially detects the potential difference
between the TM and the average DC potential of the
modulating electrodes [20]. However, the measured in-
band actuation noise presented here is too small, by slightly
more than an order of magnitude, to explain the measured

FIG. 10. Effective armlength rϕ, based on cross-spectral
density SΔg;Δγϕ as defined in Eq. (18), in the charged TM
experiment, raw (red) and reconstructed with �σ error bars from
the MCMC fit (blue). The data are consistent with uncorrelated
translational and rotational acceleration noise.
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TM charge fluctuations, equivalent to TM potential fluc-
tuations of order 300 μV=Hz1=2 at 0.1 mHz [23], which
instead remain compatible with a cosmic ray Poissonian
charge noise of roughly 1200/s. This conclusion would
remain valid even without the “correction” for the digita-
zion roundoff error mentioned above.

V. PROJECTIONS OF ACCELERATION NOISE
FROM ACTUATION IN LPF AND LISA

A projection of the actuation gain and in-band voltage
noise model and experimental parameters for the long
(14 day) LPF benchmark differential acceleration noise
measurement from February 2017 [18] is shown, with �σ
uncertainty bands, in Fig. 11. Actuation gain noise is
calculated using the models [Eq. (B2)] and Markov chain
parameter values of Sec. III, considering the A and B
coefficients [Eq. (B1)] as calculated from the commanded
actuation force telemetry for the February 2017 run. The
same is done for the in-band voltage noise mixing with the
TM charge, using the model of Eq. (23) with the noise
parameters from the MCMC analysis of the charged TM
experiment (Sec. IV) and the root mean square (rms) TM
charge values estimated from charge measurements before
and after the February 2017 runs.
The actuation gain fluctuations were a sizable but not

dominant contribution to the main science measurement of
Δg; at 0.1 mHz this noise source is 3.5–5 fm=s2=Hz1=2 or
roughly 20–40% of the total measured acceleration noise
power. This contribution was limited by the exceptionally
accurate gravitational (DC force) balancing along the LPF

x axis, which allowed lowering the actuation force authority
to 26 pm=s2 for the mission science operations; had a
larger DC force imbalance imposed the use of the nominal
authority (1140 pm=s2), the acceleration noise due to actua-
tion would have dominated the LPF noise floor and pushed it
to the 60–70 fm=s2 level at 0.1 mHz as in the “nominal”
actuation test (Table I and light blue data in Fig. 5). The in-
band additive voltage noise is a small contributor, roughly
1 fm=s2=Hz1=2 at 0.1 mHz, at least with the relatively low,
roughly 40 mV, rms TM potential in this run.
We can also project these results for actuation noise to

the LISA mission, shown in Fig. 12. LISA requires no TM
x-axis actuation forces, with the spacecraft drag-free
controlled to follow the TM along this critical constellation
interferometry axis. With gc ¼ 0 in Eq. (11), there is no
coupling to fully correlated gain fluctuations of the four X
electrode channels (Ai ¼ 0). However, the ϕ torque actua-
tion with uncorrelated gain fluctuations in the four X
actuation circuits will produce acceleration noise, with
nonzero coefficients Aij,

SACTg ¼ R⋆2
ϕ ðγ2ϕc

þ γ2ϕ0
ÞSαUCðfÞ

≈ ½3.5 fm=s2=Hz1=2�2 ×
�

γ2ϕc
þ γ2ϕ0

ð12 þ 1.52Þ ðnrad=s2Þ
�2

×
SαUC

ð50 ppm=Hz1=2Þ2 ; ð26Þ

where 50 ppm=Hz1=2 is a reference level at 0.1 mHz from
the measurements presented in Sec. III for the (noisier)

FIG. 11. Differential acceleration noise measured by LPF across roughly 340 hours in February 2017 [18], shown with projections of
the noise contributions from actuation gain fluctuations and in-band additive voltage noise. We note that the force /torque authorities
ðγϕ10

; g20; γϕ20
Þ were identical to those for UURLA in the actuation noise experiment (Table I) while the average applied forces were

similar (γϕ1c
¼ −970 prad=s2, g2c ¼ þ5 pm=s2, and γϕ2c

¼ þ150 prad=s2). Time-averaged rms values for the TM potential were each
found to be roughly 40 mV based on TM charge measurements performed before and after the long measurement.
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Xþ LPF actuators. The reference torque levels consider
compensation of a ϕ DC angular acceleration of 1 nrad=s2,
with an actuator torque authority of 1.5 nrad=s2, allowing
some headroom for controller dynamics. This can be
considered a realistic gravitational balance requirement
on board a LISA spacecraft, based on the LPF experience.
Indeed the needed applied ϕ torques on the two LPF TM,
γϕ1c

and γϕ2c
in Table I, which were within 100 prad=s2 of,

respectively, −1000 prad=s2 and þ150 prad=s2 over the
course of the mission. These are each compatible, magni-
tude and sign, with the preflight estimates from the
gravitational model to within 200 prad=s23 and further
gravitational compensation could have reduced the residual
values further, well within the 1000 prad=s2 limit proposed
for LISA.
For the coupling of the actuation “in-band” noise to TM

charge, we would have

Sqg ≈ 4

�
1

M
∂CX

∂x
q
CT

�
2

SvnðfÞ

≈ ½1 fm=s2=Hz1=2�2 ×
�

q
1.5 × 107e

�
2

×
Svn

ð50 μV=Hz1=2Þ2 : ð27Þ

In Fig. 12 we use a worst case TM charge of �15 million
elementary charges (�70 mV TM potential). For the
typical LPF charging conditions [23] of þ25 e=s, main-
taining the TM charge in this interval would require
discharging roughly every two weeks, with up to twice
this rate depending on solar cycle variations [19,37].
Alternatively the TM charge can be held near zero with
a continuous UV illumination of the TM, which was also
demonstrated in a dedicated experiment by LPF [38] and is
under study for LISA [39]. The in-band voltage fluctua-
tions will introduce force noise of similar magnitude in the
interaction with the average stray biases on each electrode,
considered to be of order 20–50 mV rms based on
measurements in flight with LPF and on ground with
various GRS prototypes [21,23].

VI. CONCLUSIONS

LISA Pathfinder allowed demonstration of the key
electrostatic actuation system needed for LISA, demon-
strating its compatibility with differential acceleration
measurements at the 10 fm=s2=Hz1=2 level at 0.1 mHz,
as needed for high precision measurement of tidal accel-
erations from supermassive black holes in the LISA
observatory. The conditions of LISA Pathfinder were
actually slightly more challenging than those envisioned
for LISA from the standpoint of applied forces, requiring
x-axis force actuation that will not be needed in LISA.
In the on-orbit measurement campaign presented in

Sec. III, we successfully detect acceleration noise from
actuation gain fluctuations, compatible with a simple
parametric gain model with noise scaling with the applied
forces and a clear detection of a dominant role, in LPF, of
force noise from uncorrelated fluctuations in the different
electrode actuation circuits rather than board-correlated
actuator gain noise, as would instead result from a noisy
DAC reference voltage. Measured levels of gain noise were
in agreement with the limited ground testing measurements
performed and used in LPF noise predictions [3], even
detecting the same chance variations in the noise levels for
different groups of the nominally identical eight relevant
electrode actuator circuits.
As shown in Fig. 11, actuation gain noise was an

important but not dominant source of noise in LPF,
responsible for roughly 20–40% of the noise power for
Δg in the 0.1 mHz band. Our measurements clearly
resolved the actuation gain fluctuations by increasing,
compatibly with dynamic control constraints, the applied
actuation forces well beyond their needed levels. Similarly,
in-band low-frequency voltage noise was indeed measur-
able, but only after increasing the TM charge by more than
a factor of 10 beyond the typically used values.
The contribution of actuator gain noise in the LPF

benchmark acceleration noise measurements was kept at
a minimal level because the gravitational balance was
considerably better than the values that were budgeted,

LISA requirement

FIG. 12. Projections of actuation noise contributions to LISA x
axis TM acceleration noise, from actuation gain noise and in-band
voltage noise as estimated in this paper. The LISA conditions
assume ϕ actuation authority γϕ0

¼ 1.5 nrad=s2 and commanded
torque γϕc

¼ 1.0 nrad=s2, using the averaged gain noise measured
here and, as a worst case, the values for the worst LPF electrode
performance (TM1, electrode 2) assigned to all 4 X electrode
actuators. For the coupling to in-band voltage noise, the TM
potential is assumed to be at the discharge threshold of 70 mV.

3Compare with values for angular accelerations αϕ in Table A1
of Ref. [4].
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or 650 pm=s2 [3] or even predicted as uncertainties in
the preflight gravitational models [4], order �300 pm=s2.
The residual x-axis acceleration noise contribution from the
applied actuation forces was determined roughly in equal
measure from ϕ torques in addition to the TM2 applied x
forces.
Additional LPF differential acceleration tests were

also performed in an open-loop free-fall mode, without
any TM2 x force actuation except during brief control
kicks that were excised from the data in postprocessing.
Though originally designed to improve the LPF noise by
removing a dominant actuation contribution [3], the test
results showed no measurable difference [40]; due to the
better than expected gravitational balancing and conse-
quent lower-force levels, x-axis actuation noise was small
enough that its removal produced essentially no resolvable
improvement in the noise.
The remaining low-frequency LPF noise is subject of

ongoing research and will be addressed in a future pub-
lication [41]. We cannot exclude that some of the remaining
excess low frequency acceleration noise, in February 2017
and in the other low-force, low-noise [1,18] runs, comes
from the actuation system by another mechanism not
covered by our gain noise model here. To be quantitatively
relevant, such an effect would have to scale “more slowly”
with the applied forces than for gain noise, which scales as
δF ∝ F and thus Sg ∝ g2c. An additive voltage noise with
frequency dependence around the actuation carrier frequen-
cies could give an effective low frequency amplitude-
modulation noise, with a PSD that scales linearly with
applied force authorities [such as in Eq. (13)]. Such an effect
was detected with the actuation digitization accuracy issue
mentioned earlier [26], though the error is believed to have
been successfully understood and corrected. This deter-
ministic correction is of order 10 μV rms out of a total
LSB of 153 μV; a possible residual inaccuracy, an
effective DAC nonlinearity, of 1 − 2 μV in the calculation
of the true applied amplitudes, would be sufficient to
account for the observed excess noise in the 0.1–1 mHz
band. Such a level of error can not be ruled out by other in-
flight measurements, such as the calibration-tone experi-
ment (Fig. 3) or the gain-noise measurement campaign
presented in Sec. III. We are currently investigating, with
both analysis and measurement on available LPF-proto-
type FEE models, if such a residual error could be
compatible with the LPF actuation electronics.
Mixing of actuator in-band voltage noise with TM

charge and other stray DC potentials is shown to have a
small impact in LPF or, assuming appropriate charge
management, in LISA, with the current measurements
establishing a lower noise level with respect to earlier
LPF results [23] and confirming a scenario of stray
field fluctuations dominated by uncorrelated additive
actuation circuitry noise acting on individual electrodes.
However, even at the lower noise level measured here, stray

electrostatics still drive the use of audio frequency carriers
to apply DC or slowly varying electrostatic forces. A “DC
drive” electrostatic actuation for ϕ torques at the LISA-
required 1.5 nrad=s2 level would require applied voltages
up to 0.7 V, an order of magnitude larger than the DC
potential differences arising from the levels proposed for
TM charge or stray DC biases. With 50 μV=Hz1=2
electrode voltage noise at 0.1 Hz, this would give
7 fm=s2=Hz1=2 and thus consume nearly half the entire
LISA acceleration noise budget.
The unique potential of the LPF Δg dataset has been

recognized beyond its value as a benchmark for LISA free-
fall as a small force probe for, among other questions,
setting upper limits on wave function collapse models [42]
and searching for ultralight dark matter [43]. Our current
article is the first to use the high precision LPF differential
angular acceleration measurement, Δγϕ, and the sensitiv-
ity reached merits a comment. While rotational acceleration
noise is not intrinsically essential to the LISA low-
frequency gravitational wave sensitivity, the LPF Δγϕ,
including an interferometric readout with sub-nrad=Hz1=2

resolution [10], proved invaluble in this investigation of
actuator force noise, allowing us to disentangle effects that
would have had degenerate signatures in the Δg transla-
tional channel alone. The differential torque resolution
reached in the low-force UURLA configuration (see the
right-hand plots in Figs. 5 or 11) is below 0.1 fNm=Hz1=2

across a decade of frequency (0.15–1.5 mHz), an improve-
ment of nearly an order of magnitude beyond the best
measurements on ground using a single, hollow LISA TM
inside a prototype electrode housing with fused silica
suspension torsion pendulums [44,45]. Actuation gain
noise is a big portion of the LPF differential angular
acceleration noise, responsible for roughly half the noise
power at 0.1 mHz and an even larger fraction at lower
frequencies. The clean LPF system and environment on
orbit thus also realized an improved fiberless torsion
pendulum that proved essential for these tests of critical
hardware for LISA, as well as for the overall understanding
of low-frequency force noise in the experimental challenge
of free-falling reference test masses.
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H.1-2020 “Attività per la fase A della missione LISA.”

NANO-NEWTON ELECTROSTATIC FORCE ACTUATORS … PHYS. REV. D 109, 102009 (2024)

102009-19



The UK groups wish to acknowledge support from the
United Kingdom Space Agency (UKSA), the Scottish
Universities Physics Alliance (SUPA), the University of
Glasgow, the University of Birmingham, and Imperial
College London. The Swiss contribution acknowledges
the support of the Swiss Space Office via the PRODEX
Programme of ESA, the support of the ETH Research
Grant No. ETH-05 16-2 and the support of the Swiss
National Science Foundation (Projects No. 162449 and
No. 185051). The Albert Einstein Institute acknowledges
the support of the German Space Agency, DLR. The work
is supported by the Federal Ministry for Economic Affairs
and Energy based on a resolution of the German Bundestag
(No. FKZ 50OQ0501, No. FKZ 50OQ1601, and No. FKZ
50OQ1801). J. I. T. and J. S. acknowledge the support of
the U.S. National Aeronautics and Space Administration
(NASA). Spanish contribution has been supported by
Contracts No. AYA2010-15709 (Ministerio de Ciencia e
Innovación, MICINN), No. ESP2013-47637-P,
No. ESP2015-67234-P, No. ESP2017-90084-P (Ministerio
de Asuntos Económicos y Transformación Digital,
MINECO), and No. PID2019–106515GB-I00 (MICINN).
Support from AGAUR (Generalitat de Catalunya) Contract
No. 2017-SGR-1469 is also acknowledged. M. N.
acknowledges support from Fundacion General CSIC
(Programa ComFuturo). F. R. acknowledges an FPI con-
tract from MINECO. The French contribution has been
supported by the CNES (Accord Specific de Project
No. CNES 1316634/CNRS 103747), the CNRS, the
Observatoire de Paris and the University Paris-Diderot.
E. P. and H. I. would also like to acknowledge the financial
support of the UnivEarthS Labex program at Sorbonne
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APPENDIX A: MODEL OF ELECTROSTATIC
FORCES AND FORCE NOISE

This section summarizes the electrostatic model used,
which is then applied to describe both the nominal
actuation design and the two main acceleration noise
sources addressed by this paper.
We use the electrostatic force model developed in

Refs. [21,25,46], considering the TM and surrounding
sensor (S) surfaces as a patchwork of equipotential
domains. The resulting instantaneous force on the TM
along the sensor x axis is given by

Fx ¼
1

2

X
m;n<m

∂Cnm

∂x
ðVm − VnÞ2; ðA1Þ

where Cnm is the capacitive element between surface
domains m and n.
For actuation/sensing electrode j, we can consider the

potential on domain mðjÞ as a sum of the actuation voltage

Vj applied homogeneously to the entire electrode and a
local “patch potential” δVm,

VmðjÞ ¼ Vj þ δVm: ðA2Þ

The sensor surfaces also include grounded electrode
housing guard rings (H) with possible stray surface
potentials, VmðHÞ ¼ δVm.
For a TM domain nðTMÞ, we have VnðTMÞ ¼VTMþδVn,

with the average TM potential given by

VTM ¼ q
CT

þ
P

nðSÞCnðSÞδVn

CT
þ
P

jCjVj

CT

¼ VTM0 þ VACT
TM : ðA3Þ

In the second line we divide the equation into an intrinsic
TM potential VTM0 from EH stray surface potentials and an
induced electrostatic potential from the actuation voltages
VACT
TM . Here CnðSÞ is the capacitance of sensor domain n to

all TM domains, Cj is the total capacitance of electrode j to
the TM, and CT ≡PnðSÞ CnðSÞ is the total TM capacitance
to all electrode housing surfaces.
To isolate the electrostatic force contribution from

applied actuation voltages, we can consider the terms in
Eq. (A1) that involve domains on the sensing/actuation
electrodes. We neglect here the interaction between
domains on the same electrode—for which the applied
actuation voltage cancels in the potential differences in
Eq. (A1)—and between domains on different electrodes, as
the capacitance between these is quite small and shielded
by the ground ring surfaces. Thus considering interactions
between domains on actuation electrodes and those on the
TM and on the grounded guard ring surfaces, we find,
summing over the electrostatic domains mðjÞ on each
actuation electrode j,

FACT
x ¼

X
j

�
1

2

∂C⋆
j

∂x
V2
j þ Vj

�
−
∂Cj

∂x
ðVTM0 þ VACT

TM Þ

þ
X

mj;nðTM;HÞ

∂Cmjn

∂x
ðδVmj

− δVnÞ
��

: ðA4Þ

This equation for the instantaneous electrostatic force
considers the capacitive derivatives evaluated for the true
TM position. We have introduced the total capacitance of
an electrode to the TM and to the adjacent grounded
housing, C⋆

j ≡PCmðjÞ;nðTM;HÞ.
Analogous expressions govern the force and torques on

the other axes. We note that, while only the four electrodes

on the X faces of the EH have a significant derivative, ∂Cj

∂x ,
the single TM average potential is relevant to the force on
any degree of freedom, such that the third term involving

M. ARMANO et al. PHYS. REV. D 109, 102009 (2024)

102009-20



VACT
TM will couple the actuation forces and torques on

different axes.

1. Actuation design, nominal forces and force gradients

The guiding principles to the actuation concept proposed
early in LPF development [14] follow from Eq. (A4):

(i) Exploit the quadratic dependence, F ∝ V2, to pro-
duce DC or slowly varying control forces with zero-
mean audio-frequency voltages. The control force is
the low-frequency component hV2

ji in the first term
in Eq. (A4)—hi denoting a time average over the
actuation carrier period—and thus independent of
TM potential from charge q and of stray surface
potentials, which enter in the second (VTM0) and
fourth (δVm) terms in Eq. (A4). Forces from these
uncontrolled and noisy quasi-DC potentials are
spectrally shifted out of band, around the AC carrier
frequencies (60–270 Hz in LPF), as is any self-
mixing between the actuation carrier and low-
frequency in-band actuation noise.

(ii) Reduce the coupling between d.o.f. by applying
actuation voltages with symmetry such that the
induced actuation potential VACT

TM —the third term
in Eq. (A4) for x but also relevant to the actuation
force on all d.o.f.—is zero, at least for a centered
TM. This is done by requiring that the sum of the
applied actuation voltages on the four X (or Y or Z)
electrodes is zero at all times.

(iii) Further decouple the d.o.f. with actuation wave-
forms chosen to be orthogonal between different
degrees of freedom. In LPF this was implemented
with sinusoids at six different actuation frequencies.

(iv) Make TM control dynamics more simple and
predictable, by maintaining the force gradients
introduced by the actuation electrostatic fields—
through the position dependence of the capacitive
derivatives (first term) and the induced VACT

TM (third
term) independent of the commanded force and
torque. How to do this will be shown shortly.

As an example of the actuation algorithm and nominal
forces, torques and their gradients, we consider the x and ϕ
degrees of freedom, actuated using the four X-face electro-
des. We consider the following actuation scheme, gener-
alized from Eq. (2):

V1cðtÞ ¼ V1xχ1xðtÞ þ V1ϕχ1ϕðtÞ;
V2cðtÞ ¼ −V1xχ1xðtÞ þ V2ϕχ2ϕðtÞ;
V3cðtÞ ¼ þV2xχ2xðtÞ − V1ϕχ1ϕðtÞ;
V4cðtÞ ¼ −V2xχ2xðtÞ − V2ϕχ2ϕðtÞ: ðA5Þ

Each waveform χ is zero mean—for instance hχ1xðtÞi ¼ 0,
with sine-equivalent amplitudes such that hχ21xi ¼ 0.5.
Additionally, the waveforms are orthogonal between

different degrees of freedom (hχ1xχ1ϕi ¼ 0 for instance),
which was achieved in LPF with six different actuation
frequencies for the six d.o.f.
In evaluating the capacitances relevant to the electrostatic

forces, we consider an expansion to first order to the
relevant displacements in the xy plane,

Cj ¼ CX0 �
∂CX

∂x
x� ∂CX

∂ϕ
ϕ;

∂Cj

∂x
¼ �

���� ∂CX

∂x

����þ
���� ∂2CX

∂x2

����x�
���� ∂2CX

∂x∂ϕ

����ϕ;
∂Cj

∂ϕ
¼ �

���� ∂CX

∂ϕ

����þ
���� ∂2CX

∂ϕ2

����ϕ�
���� ∂2CX

∂x∂ϕ

����x; ðA6Þ

with the signs (�) changing with the positions of the
different electrodes.
Neglecting any stray DC fields (δVm and q) and

considering only the DC force component, considering
higher-order harmonics as out of band, we obtain a force,

Fx ¼
1

2

���� ∂C⋆
X

∂x

����ðV2
1x − V2

2xÞ

þ 1

2

���� ∂2C⋆
X

∂x2

����x½V2
1x þ V2

2x þ V2
1ϕ þ V2

2ϕ�

− 2
j ∂CX

∂x j2
CT

x½V2
1ϕ þ V2

2ϕ þ V1ϕV2ϕhχ1ϕχ2ϕi�; ðA7Þ

Additionally requiring that the two ϕ waveforms be
“orthogonal,” with hχ1ϕχ2ϕi ¼ 0—obtained using sine
and cosine waveforms in LPF, see Eq. (2)—eliminates
the cross-term dependent on the product V1ϕ × V2ϕ.
We thus obtain,

Fx ¼ Mgc −Mω2
xxx; ðA8Þ

with a nominal, TM centered, applied force per unit mass gc
and a force gradient described by stiffness, ω2

xx,

gc ¼
1

2M

���� ∂C⋆
X

∂x

����ðV2
1x − V2

2xÞ;

ω2
xx ¼ −

1

2M

���� ∂2C⋆
X

∂x2

����
×

"
ðV2

1x þ V2
2xÞ þ ðV2

1ϕ þ V2
2ϕÞ
 
1 −

4j ∂CX
∂x j2

CT
∂
2C⋆

X
∂x2

!#
:

ðA9Þ

Under the orthogonality condition hχ1xχ2xi ¼ 0, the
torque and its gradient are given analogously,

Nϕ ¼ Iγϕc
− Iω2

ϕϕϕ ðA10Þ

NANO-NEWTON ELECTROSTATIC FORCE ACTUATORS … PHYS. REV. D 109, 102009 (2024)

102009-21



with

γϕc
¼ 1

2M

���� ∂C⋆
X

∂ϕ

����ðV2
1ϕ − V2

2ϕÞ;

ω2
ϕϕ ¼ −

1

2I

���� ∂2C⋆
X

∂ϕ2

����
×

"
ðV2

1ϕ þ V2
2ϕÞ þ ðV2

1x þ V2
2xÞ
 
1 −

4j ∂CX
∂ϕ j2

CT
∂
2C⋆

X
∂ϕ2

!#
:

ðA11Þ
From these equations, we foresee an actuation

scheme where the stiffness is held constant, both in x
and ϕ by holding constant both V2

1x þ V2
2x ¼ V2

MAXx
and

V2
1ϕ þ V2

2ϕ ¼ V2
MAXϕ

. This simplifies the control dynamics,

with a predictable elastic coupling that is independent of
the commanded forces and torques, gc and γϕc

. This also
avoids conversion of a varying torque command into force
noise for a translated TM; the force just depends on the TM
translation offset, not on the torque command.
The commanded forces per unit mass, sensitive to the

difference ðV2
1x − V2

2xÞ and programmed by the force to
voltage conversion in Eq. (3), are bounded by the range
�g0, with force authority g0 given by

g0 ¼
1

2m

���� ∂C⋆
X

∂x

����V2
MAXx

: ðA12Þ

The maximum positive (or negative) force is obtained for
V1x ¼ VMAXx

(or V2x ¼ VMAXx
) and the other voltage V2x

or V1x set to zero, essentially pulling only on the positive
(or negative) X face of the TM. A null force is commanded
by setting V1x ¼ V2x ¼ VMAXxffiffi

2
p . The angular accelerations

are similarly bounded, with authority

γϕ0
¼ 1

2I

���� ∂C⋆
X

∂ϕ

����V2
MAXϕ

: ðA13Þ

The stiffnesses, translational and rotational, can be
expressed in terms of these force and torque authorities,

ω2
xx ¼ −

j ∂2C⋆
X

∂x2 j
j ∂C⋆

X
∂x j

"
g0 þ R⋆

ϕγϕ0

 
1 −

4j ∂CX
∂x j2

CT
∂
2C⋆

X
∂x2

!#
;

ω2
ϕϕ ¼ −

j ∂2C⋆
X

∂ϕ2 j
j ∂C⋆

X
∂ϕ j

×

"
γϕ0

þ g0
R⋆
ϕ

�
1 − 4

j ∂CX
∂ϕ j2

CT
∂
2C⋆

X
∂ϕ2

!#
: ðA14Þ

The prefactor setting the relationship between the x axis
authority g0 and the stiffness ω2

xx can be approximated

geometrically,
j∂
2C⋆

X
∂x2

j

j∂C
⋆
X

∂x j
≈ 2

dx
, roughly 6 × 10−7=s2 per nm=s2 of

force authority. The contributions of both force and torque
authority to the translational stiffness were measured

in flight by LPF [17] and confirmed finite-element
analyses [25] at the level of several percent.
To limit both the force gradients and the force noise

arising from actuation, the strategy in both LPF and LISA is
that of reducing the authorities g0 and γϕ0

to the minimum
levels allowing compensation of the intrinsic DC forces—
in both cases mainly the residual error from spacecraft
gravitational balancing [4]—with some margin for any
controller dynamics.

2. Remaining actuation noise and imperfections

Deviations of the applied actuation voltages from the
desired values create force noise in LISA Pathfinder and
LISA. We model the true applied voltage VjðtÞ in terms of
the commanded waveform VjcðtÞ,

Vj ¼ Vjcð1þ αjðtÞÞ þ vjðtÞ; ðA15Þ
where αj represents a gain fluctuation in the electrode j
actuation circuit and noise vjðtÞ is the actuator additive
voltage noise, independent of the applied amplitude.
From Eqs. (A4) and (A15), we can identify the force

noise terms which are the subject of this article:
(i) A nonzero average (DC) value of α will result in

miscalibration of the actuation force. Referring to
Eq. (1) and considering a common mode miscalibra-
tion αDC of all 4X electrodes, we will have

λ ¼ 1þ 2αDC:

This static gain deviation was observed in LPF,
with a measured difference of nearly 4% in the
nominal voltage commands (λ ≈ 1.08 [17]), though
this difference is understood and expected, given the
actuation circuit detailed design.

(ii) A differential gain offset between different electrodes
can create actuation crosstalk. For instance a difference
Δα in the gains between electrodes 1=4 relative to
electrodes 2=3 would result in a spurious acceleration
of roughly R⋆

ϕγϕc
× Δα, cross-coupling applied ϕ

torque into an x force. In LPF such a crosstalk was
observed, differentially between the two TM, at a level
implying Δα ≈ 0.5% [18], though this apparent ac-
tuation crosstalk was degenerate with other interfero-
metric readout geometric cross-couplings between the
apparent differential acceleration δg and the SC rota-
tional jitter. Additional actuation crosstalk terms can
arise in geometric imperfections and TM rotations.

(iii) fluctuations in the various α will create a low-
frequency force error, per electrode, of

δF ≈ αj
∂C⋆

j

∂x
hV2

jci:

This is the actuator gain noise described in Sec. III A
and subject of the measurement campaign reported
in Sec. III C.
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(iv) Additive noise vj at the actuation carrier frequency
will mix with the carrier waveform VjcðtÞ to down-
convert into force in the LISA/LPF measurement
band, part of the first term in Eq. (A4) and described
in Sec. III A

(v) Additive noise vj in the LISA / LPF band will mix
with DC voltages—VTM0, the second term in
Eq. (A4) and various stray surface potentials δVm,
fourth term in Eq. (A4)—to give in-band force noise.
The first contribution, coupling to TM potential and
thus charge, is addressed in the measurement cam-
paigns presented in Sec. IV.

The role of applied actuation voltages, and their noise, in
their contribution to the coupling to TM charge merits a
comment here. Following the notation of Refs. [21,23],
we define:

∂Fx

∂q
≡ −

1

CT

���� ∂CX

∂x

����Δx: ðA16Þ

Δx essentially represents the average electrostatic field
acting on the TM, normalized to an electrostatic potential
applied to a single electrode housing X electrode.
Considering Eq. (A1) and both contributions from applied
electrode voltages [covered by Eq. (A4)], and from stray
DC surface potentials [not covered by (A4)], we find

Δx ≈
�

1

j ∂CX
∂x j

X
mðSÞ;nðTMÞ

∂Cmn

∂x
ðδVm − δVnÞ

�

þ ½VDC
1 þ VDC

2 − VDC
3 − VDC

4 �; ðA17Þ

for a centered TM, where VDC
j is the DC actuation voltages

on X electrode j.
We can thus see that the X electrode applied DC voltages

can be used to balance any “intrinsic” bias Δx, in the top
line of Eq. (A17), to null the effective coupling to the TM
charge noise, as used in LPF [23]. Likewise, any in-band
noise in the same electrodes will create noise in the relevant
average electrostatic field,

δΔACT
x ¼ v1 þ v2 − v3 − v4; ðA18Þ

which is the object of the LPF charged TM experiment
presented in Sec. IV.

APPENDIX B: NOISE MODELS
AND DATA ANALYSIS

1. Model of force noise
from actuation gain fluctuations
and data analysis technique

This appendix contains a detailed description of the
actuation noise model and the MCMC fitting procedure.

As anticipated in Eqs. (11) and (15), we model the
actuation contribution to the acceleration fluctuations in Δg
and Δγϕ in terms of correlated/uncorrelated gain fluctua-
tions α; αi; αij through coefficients a; ai; aij for Δg and
with b; bi; bij for rotational acceleration Δγϕ. The values of
these coefficients are as follows:

a ¼ 2Δg;

a1 ¼ 2gc1;

a2 ¼ −2gc2;

ai1 ¼
ð−1Þiþ1

2
ðgic þ gi0 þ R�γ̄ϕic þ R�γϕi0

Þ;

ai2 ¼
ð−1Þiþ1

2
ðḡic þ gi0 þ R�γ̄ϕic − R�γϕi0

Þ;

ai3 ¼
ð−1Þiþ1

2
ð−ḡic − gi0 þ R�γ̄ϕic − R�γϕi0

Þ;

ai4 ¼
ð−1Þiþ1

2
ð−ḡic − gi0 þ R�γ̄ϕic þ R�γϕi0

Þ;
b ¼ 2Δγϕ;

b1 ¼ 2γϕc1
;

b2 ¼ −2γϕc2
;

bi1 ¼
ai1
R� ; bi4 ¼

ai4
R� ;

bi2 ¼ −
ai2
R� ; bi3 ¼ −

ai3
R� : ðB1Þ

In our chosen actuation gain noise parametrization, dis-
cussed in Sec. III A, Sα, Sαi , Sαij are considered as mutually
uncorrelated. The PSD of Δg and Δγϕ at frequency f can
thus be expressed as

SACTΔg ðfÞ ¼ ASαðfÞ þ
X
i¼1;2

AiSαiðfÞ þ
X
ij

AijSαijðfÞ;

SACTΔγϕ ðfÞ ¼ BSαðfÞ þ
X
i¼1;2

BiSαiðfÞ þ
X
ij

BijSαijðfÞ;

SACTΔg;ΔγϕðfÞ ¼ CSαðfÞ þ
X
i¼1;2

CiSαiðfÞ þ
X
ij

CijSαijðfÞ;

ðB2Þ

with

A ¼ a2; Ai ¼ a2i ; Aij ¼ a2ij;

B ¼ b2; Bi ¼ b2i ; Bij ¼ b2ij;

C ¼ ab; Ci ¼ aibi; Cij ¼ aijbij: ðB3Þ

Equation (B2) holds in any configuration of forces and
authorities for LPF, including the four experiments with
enhanced actuation; each experiment has its own A, B, C
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coefficients, calculated from the averaged force/torque
commands and authorities. We introduce the index q to
label the four different experiments (UURLA, nominal, big,
bigþ offset). Furthermore, it is useful to rewrite all the
previous quantities in matrix formulation, for which we
introduce,

SACTðf; qÞ ¼
"

SACTΔg ðf; qÞ SACTΔg;Δγϕðf; qÞ
SACTΔg;Δγϕðf; qÞ SACTΔγϕ ðf; qÞ

#
: ðB4Þ

Note that the off-diagonal terms (cross-correlations) are
assumed to be real; in the hypothesis that net torques and
forces arise from the same forces acting locally, then any
force-torque correlation would be free of delays and thus
result in a real value of the cross-spectrum.
We then also introduce the coefficients matrix,

aðqÞ ¼

2
6666666664

a b

a1 b1
a2 b2
a11 b11
… …

a24 b24

3
7777777775
; ðB5Þ

and the noise generators matrix

SαðfÞ ¼

2
6666666664

Sα
Sα1 0

Sα2
Sα11

0 …

Sα24

3
7777777775
; ðB6Þ

actuation noise model (B2) is then rewritten as

SACTðf; qÞ ¼ aTðqÞSαðfÞaðqÞ: ðB7Þ

aðqÞ is a 11 × 2 matrix, containing all the known coef-
ficients in (B1), that depend only on the actuation forces
(index q), while SαðfÞ is a diagonal 11 × 11 matrix which
contains the actuator gain noise PSDs at frequency f, which
we will then want to extract by fitting the experimen-
tal data.
We fit our experiments to the actuation noise model in

Eq. (B7), adding a possible background for force and
torque noise, that is independent of the changes in actuation
forces. This background actually absorbs the first actuation
term—with coefficients A, B, and C—because the coupling
to the relevant fully correlated gain noise Sα is essentially

unchanged across these four tests. The background accel-
eration noise term is described as

SbgðfÞ¼

2
64 SbgΔgðfÞ ξðfÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SbgΔgðfÞSbgΔγϕðfÞ

q
ξðfÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SbgΔgðfÞSbgΔγϕðfÞ

q
SbgΔγϕðfÞ

3
75:

This allows for backgrounds in Δg and Δγ that can have
nonzero cross-coherence, which is modeled by parameter
ξ∈ ½−1; 1�. The full modeled noise is summarized as

Mðf; qÞ ¼ SACTðf; qÞ þ SbgðfÞ: ðB8Þ

The experimental data are ∼2 day long noise time series,
sampled every T ¼ 0.1 s, and indicated with Δg½n; q� ¼
Δgðt ¼ nT; qÞ and Δγϕ½n; q� ¼ Δγϕðt ¼ nT; qÞ, one cou-
ple for each of the four experiments. We divide these in
NsðqÞ, 50% overlapping stretches (110 × 103 s, labeled
with s) of length N and multiply by a Blackman-Harris
window w½n�. Then, we calculate the modified periodo-
grams as in Ref. [31], for example for Δg we have

XΔg½k; q; s� ¼
ffiffiffiffi
T
N

r XN−1

n¼0

Δg½n; q; s�w½n�e−i2πkn=N

≡ XΔgðf ¼ k=NT; q; sÞ: ðB9Þ

The two periodograms are then grouped in the following
complex column vector,

Xs ¼
ffiffiffi
2

p "
XΔgðf; q; sÞ
XΔγϕðf; q; sÞ

#
; ðB10Þ

and the experimental estimate Ŝ of the single-sided cross
spectral density (CPSD) matrix can be expressed as

Ŝðf; qÞ ¼

2
664

ŜΔgðf; qÞ ŜΔg;Δγϕðf; qÞ

Ŝ�Δg;Δγϕðf; qÞ ŜΔγϕðf; qÞ

3
775 ¼ hXsX

†
si;

ðB11Þ

where hi indicates an average over all periodograms. The
way the stretches are chosen and weighted at each
frequency allows to obtain different estimates of the
spectra. In this study, we do it in two ways:

(i) Standard Welch method: As in the standard Welch
method [47], the spectrum is calculated at each
frequency with the same number of stretches
Ns ¼ NsðqÞ, 3 for UURLA, 2 in other tests. The
frequencies that can be considered uncorrelated
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using a Blackman-Harris window are nfmin, with
fmin ¼ 4=ΔT and n an integer [30]. Data from the
standard Welch technique are shown as continuous
lines in various spectral plots, and we use these data
for the smooth frequency-dependent fits described
below [around Eq. (B21)].

(ii) Minimally correlated frequencies method: This
technique is used to calculate Ŝ with a number of
data stretches that increases with frequency, having
therefore Ns ¼ Nsðf; qÞ. This allows us to have data
points with roughly equal spacing in logðfÞ, main-
taining minimal correlation. The frequencies are
given by (see Supplemental Material, Ref. [18])

f1 ¼
4

ΔT
; f2 ¼ 2f1;

f3 ¼
�
5

3

�
f2; f4 ¼

�
5

3

�
f3;…: ðB12Þ

All of our single-frequency fits, described below, use
CPSD data calculated with this method.

Our experimental data [Eq. (B11)] are described by the
model in Eq. (B8), at a given frequency f by 13 parameters;
actuation noises PSD Sαi and Sαij , plus acceleration noise

backgrounds SbgΔγϕ and S
bg
Δg with the background correlation

coefficient and ξ. As mentioned above fully correlated
noise, Sα, is considered as a contribution to the unchanging
background acceleration noise.
We estimate these parameters with a Bayesian approach.

We indicate with D̂ the collection of all data on which we
want to perform the parameter estimation with, for exam-
ple, all the CPSD estimates at a single frequency
D̂ðfÞ ¼ fŜðf; qÞgq. The posterior distribution of our model
conditioned by the observed data can then be derived using
Bayes theorem,

pðMjD̂Þ ¼ LðD̂jMÞPðMÞ
PðD̂Þ : ðB13Þ

The likelihood LðD̂jMÞ is obtained following Refs. [31,48].
Considering a single realization of Xs as defined in (B10),
this follows a a 2-variate complex Gaussian probability
distribution,

pf;qðXsjMÞ ¼ 1

π2jMj exp f−X
†
sM−1Xsg: ðB14Þ

Then, in Ref. [48] it is shown that the CPSD matrix defined
in (B11) is distributed according to a complex Wishart
distribution,

pf;qðŜjMÞ ¼ NNs
s jŜjNs−2

Γ̃2ðNsÞjMjNs
etr½−NsM−1Ŝ�; ðB15Þ

where etr½·� ¼ expðtr½·�Þ and Γ̃ is the multivariate complex
gamma function. Summarizing, Eq. (B15) gives the prob-
ability of observing a certain value for matrix Ŝ given a
theoretical CPSD M, at a single frequency, using Ns
periodograms of Δg and Δγϕ. Finally, the total probability

of observing D̂ðfÞ ¼ fŜðf; qÞgq at a single frequency is

LfðD̂jMÞ ¼
Y
q

pf;qðŜjMÞ: ðB16Þ

Starting from this likelihood, we perform two types of
Markov chain Monte Carlo sampling (MCMC) to esti-
mate the posterior distributions of our model parameters
using Eq. (B13); first at discrete frequencies—without
assuming any specific model of frequency dependence of
noise—and second with a phenomenological analytic
model of frequency dependence. In the first fit we
consider data at a single frequency f of the minimally
correlated frequencies introduced above. The ten ele-
ments in SαðfÞ, plus background parameters SbgΔγϕðfÞ,
SbgΔgðfÞ and ξðfÞ are taken as the parameters in model
Eq. (B8) and samples from their joint posterior distribu-
tion are drawn using a standard Metropolis-Hastings
MCMC algorithm with adaptive covariance. Priors used
for these parameters are discussed in the following. To be
fully agnostic in the a priori assumptions used in the fit,
an ideal noninformative prior [32] for each of the twelve
noise PSD could consist in a uniform (flat) prior on their
logarithm—e.g. log Sα11—essentially allowing any order
of magnitude of the noise spectra. However, various
parameters in our fit are essentially unresolved in our
data. This is due to a combination of a relatively large
ratio of parameters (total: 13) to the number of exper-
imental data (12, for 3 channels between Δg, Δγϕ and
their cross-correlation, in four different measurements),
to some near degeneracies in the coefficients AðqÞ and
to the small values of some of the spectra. As such, the
MCMC fit admits solutions in which some parameters
are compatible with zero, or with logarithmic values that
can diverge to −∞; when the parameter becomes small,
the likelihood in Eq. (B16) becomes insensitive to just
how small and the Markov chain convergence becomes
an issue.
Different approaches exist for solving this problem,

including reducing the number of model parameters
and inserting lower limits (cutoffs) in the a priori
assumptions on the parameters. We have chosen a
physically motivated approach that reparametrizes the
actuation noise in terms of just two average noise PSD,
for board correlated gain noise (SαC ) and uncorrelated
single electrode gain noise (SαUC

), and a series of
parameters μm that describe the difference in the noise
between different noise generators,
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Sα1 ¼ SαCð1þ μcÞ;
Sα2 ¼ SαCð1 − μcÞ;
Sα11 ¼ SαUCð1þ μ�Þð1þ μtbþÞð1þ μ1Þ;
Sα12 ¼ SαUCð1þ μ�Þð1 − μtbþÞð1þ μ2Þ;
Sα13 ¼ SαUCð1 − μ�Þð1 − μtb−Þð1þ μ3Þ;
Sα14 ¼ SαUCð1 − μ�Þð1þ μtb−Þð1þ μ4Þ;
Sα21 ¼ SαUCð1þ μ�Þð1þ μtbþÞð1 − μ1Þ;
Sα22 ¼ SαUCð1þ μ�Þð1 − μtbþÞð1 − μ2Þ;
Sα23 ¼ SαUCð1 − μ�Þð1 − μtb−Þð1 − μ3Þ;
Sα24 ¼ SαUCð1 − μ�Þð1þ μtb−Þð1 − μ4Þ; ðB17Þ

where all parameters μm are constrained to the interval
μm ∈ ½−1; 1�. For instance, μ� ¼ 0 would imply that the
þX and −X actuators are equally noisy, while μ� ¼ �1
implies that the total sum of the uncorrelated gain noise
comes from the þX (or −X) actuators, with the other
group completely noiseless. We keep the uninformative
log-flat prior in the PSDs SαC and SαUC , with however a
uniform (flat) prior for the μm across the interval ½−1; 1�.
This allows exploring orders of magnitude in the average
noise, but makes it improbable that, for instance, a single
electrode actuator might be many orders of magnitude
noisier than another electrode (or that the board-
correlated gain noise for TM1 be many orders of
magnitude quieter than that for TM2). As the electrode
actuation circuits are nominally identical, we consider
this a physically reasonable hypothesis.
In this parametrization we write the combined actuator

quantities that are presented in Figs. 6 and 7, considering
their definitions in Eqs. (16) and (19):

SαUCþ ¼ SαUCð1þ μ�Þ;
SαUC− ¼ SαUCð1 − μ�Þ;
SαUC14 ¼ SαUC ½ð1þ μ�Þð1þ μtbþÞ þ ð1 − μ�Þð1þ μtb−Þ�;
SαUC23 ¼ SαUC ½ð1þ μ�Þð1 − μtbþÞ þ ð1 − μ�Þð1 − μtb−Þ�:

ðB18Þ

Figure 13 shows an example of distributions of SαC and
SαUC , raw parameters in the parametrization of Eq. (B17)
obtained from the MCMC at two relevant frequencies.
Even though the group of experiments is sensitive to SαC ,

the data are compatible with the hypothesis that SαC is zero
(and that the overall acceleration noise is explained by
uncorrelated fluctuations). Also SbgΔγϕ seems to be compat-

ible with zero at the two lowest frequencies. As a result, for
these parameters a lower cutoff was still needed to ensure
convergence; this was introduced using a smooth, improper
prior of the form,

PðSαCÞ ∝
8<
: exp

h
− ðlog SαC−log S̄coÞ2

2σ2co

i
if S < S̄co

1 if S > S̄co;
ðB19Þ

where we chose σco ≈ 1 and S̄co as 1=100 of the noise
(power) declared on the data sheet for the components
associated with SαC [33]. A cutoff of the same form was

introduced for SbgΔγϕ, with the corresponding S̄bgΔγϕ taken as

1=100 of the observed residual gas Brownian noise level,
which is very well-understood and constitutes a solid lower
limit [49]. We chose to take 1=100 of these physically
motivated lower limits to be as agnostic as possible in the
parameter estimation. Figure 13 again shows that the lower
tail of the distribution associated with these parameters is
completely determined by the prior (therefore not con-
strained by observations), as the likelihood [Eq. (B16)]
becomes insensitive to SαC when this is too small. While
lower bounds are not resolved, upper bounds are instead
very well-constrained, as demonstrated by the complete
independence of the distribution peak position (and width)
on the cutoff choice. Figure 13 also shows how SαUC is
instead very well resolved (left panel, in orange), and some
examples of relevant μ parameters (right panel). μ�
expresses the difference between þX and −X actuators,

FIG. 13. Examples of distributions of SαUC (orange) and SαC
(black) obtained from the MCMC fit. At both frequencies the
uncorrelated electrode gain noise SαUC is robustly resolved from
the experimental data and largely independent to any prior
assumptions on the distribution, while the lower tail of the
posterior for board-correlated gain noise SαC is only limited, in
the lower values, by the prior. To allow better visualization, the
former is normalized to 1, the latter to 4. The dashed line instead
gives an idea of the SαC cutoff; its values have no particular
meaning in this plot and should only help visualizing its position
and shape. At right are distributions, at the same two frequencies,
for the partitioning of the levels of uncorrelated gain noise
between different groups of electrodes.
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while μtbþ between þX actuators which contribute pos-
itively/negatively to cross-correlation; they are both well-
constrained. μtb− instead (analogous of μtbþ for −X),
is almost flat, in first place due to the fact that −X
electrodes happened to be less noisy than þX; then, also
because we lack a second “big+offset” experiment enhanc-
ing only negative electrodes. One last mention to the μ1, μ3,
μ3, μ4 parameters, which represent the difference between
two electrodes in the same position of different TMs; these
are basically not resolved, mainly due to the degeneracy of
their AðqÞ coefficients. In this paper, estimates of the
parameters are often reported by points with error bars (the
central point is the 50th percentile while bars indicate
the equally tailed 68% confidence interval), that can be
seen for example in Figs. 5 and 6. While we consider our
priors to be both conservative and physically motivated, we
give a visual indication of the data points for model
parameters in the cases where the lower limit of the
posterior distribution is strongly dependent on the prior
assumptions and not strongly constrained by the exper-
imental data. We can define an effective lower limit SllðS̄coÞ
as the PSD value at the −1σ level (15.9% percentile) of the
distribution. In presence of important tails like SαC in
Figure 13, if the prior cutoff (S̄co) is lowered of a factor
10, the lower limit SllðS̄coÞ behaves almost exactly as if the
posterior distribution were uniform (in log), decreasing by
∼86% in linear scale. We adopted, as a rule of thumb, the
criteria for marking with a dash-dot line, to indicate
sensitivity to the lower-cutoff prior, all the parameters
estimates for which

SllðS̄co=10Þ
SllðS̄coÞ

<
1

2
: ðB20Þ

For these parameters, the distribution upper limit is instead
much less sensitive to the prior cutoff choice, varying
typically by order several percent and never more than 10%
for a factor 10 increase in the upper cutoff.
The regularity of the results obtained analysing each

frequency independently suggest that the whole behavior
can be safely described also using smooth analytical
functions of the frequency f, specifically

SαiðfÞ ¼
ϵi

f2 þ f2cut
þ ρi

f
;

SαijðfÞ ¼
ϵij

f2 þ f2cut
þ ρij

f
;

SbgΔgðfÞ ¼
ϵbgΔg
f2

þ ρbgΔg;

SbgΔγϕðfÞ ¼
ϵbgΔγϕ
f

þ ρbgΔγϕf
2: ðB21Þ

The analytic form was chosen empirically based on the
measured PSD. After reparametrizing ϵ, ρ in Eq. (B21)
similarly to Eq. (B17), the MCMC runs on a total of 26
parameters. While the previous fit was performed at a
single frequency, here all bins are fit at once, namely
D̂ ¼ fŜðf; qÞgf;q at the frequencies, roughly 50, set by the
standard Welch periodogram length. The likelihood func-
tion is exactly the same as Eq. (B16), but multiplied over all
frequencies, since they are all independent,

LðD̂jMÞ ¼
Y
f;q

pf;qðŜjMÞ: ðB22Þ

Also in this case, logarithmic uniform priors were put on
ϵ, ρ parameters related to average uncorrelated noise,
correlated noise and background, while uniform priors
were used for μ’s expressing difference between different
noise generators, and ξ (cross-background parameter). A
lower cutoff was needed just for the two parameters
associated with correlated noise, and was fixed to
1=100 of data sheet values.
To test the goodness of our fits, we employed a posterior

predictive check [35]. Assuming the distribution of the
model parameters (M) obtained from the MCMC, we
derive the distributions for D̂ and then evaluate the
compatibility with the experimental data. To do this, for
each value of M accepted in the Markov chain we sample
values of Xs—the Fourier components in Δg and Δγϕ
extracted randomly for a finite length experiment—from
Eq. (B14) by diagonalizing M−1 and expressing the
elements of Xs in terms of independent variables, which
can be easily sampled,4 then Ŝ is calculated through
Eq. (B11). Once we have distributions for Ŝ, we calculate
the�σ intervals for ŜΔg, ŜΔγϕ , ŜΔg;Δγϕ at all frequencies, for
each experiment. If the fit is indeed good, then we should
find that ≈68% of the experimental data fall within the
posterior predicted intervals. Considering the fit performed
at single frequencies, we find that ≈85% of experimental
data fall in the predicted intervals; this may indicate that we
are slightly overfitting by using 13 parameters at each
frequency, with 12 experimental data (four separate experi-
ments with three data, with PSD estimates for Δg, Δγϕ, and
their cross-spectrum). With regard to the fit to smooth
functions instead, we find 68% of experimental data falling
in the posterior prediction: this result is consistent even
when not considering the whole dataset, for example when
estimating the goodness of fit in a single experiment, or
only considering noise in the translational acceleration Δg,

4This 2-variate complex Gaussian distribution can be equiv-
alently sampled by extracting real and imaginary parts ofXs from
a 4-variate (real) Gaussian distribution [48].
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indicating that the model is able to properly reproduce the
observations.

2. Model of force noise from in-band fluctuations
and data analysis technique

The analysis of in-band voltage fluctuations is carried
out analogously to the previous subsection. We report here
a quick summary of the models used. We have only two
experiments, with VTM ≈ 0 V and then with VTM ≈ 1 V,
which we label again with index q. In general our model for
acceleration/torque PSDs and cross-spectra can be written
as in Eq. (23),

SΔg ¼ SbgΔg þ
 

∂CX
∂x VTM

M

!
2

SΔðΔxÞ;

SΔγϕ ¼ SbgΔγϕ þ
 

∂CX
∂ϕ VTM

I

!
2

SΔðΔϕÞ;

SΔg;Δγϕ ¼ SbgΔg;Δγϕ þ
∂CX
∂x

∂CX
∂ϕ V2

TM

IM
SΔðΔxÞ;ΔðΔϕÞ: ðB23Þ

As described in the text, an estimate of SΔðΔxÞ can be
extracted by simply fitting the first line in Eq. (B23) to the
observed SΔg using SΔðΔxÞ and S

bg
Δg as parameters, and using

the one dimensional version of likelihood (B16). Same
holds for SΔðΔϕÞ and the second line of Eq. (B23). This was
done at single frequencies and also fitting smooth func-
tions; in the first case, given the very small amount of
periodograms available (therefore wide PSD distributions),
a lower cutoff was needed on SΔðΔxÞ and SΔðΔϕÞ, fixed to the
very conservative 1=100 thermal limit of actuation circuits.
In the hypothesis of stray electrostatics noise dominated by
uncorrelated fluctuations in the electrode actuation volt-
ages, we can summarize the PSD model in Eq. (B23),
similarly to Eq. (B8) as

Mðf; qÞ ¼ vTðqÞSΔðΔÞðfÞvðqÞ þ SbgðfÞ; ðB24Þ

where SbgðfÞ is the same as that in Eq. (B8), while

vðqÞ ¼ VTMðqÞ
2
4 ∂CX

∂x =M ∂CX
∂ϕ =I

− ∂CX
∂x =M ∂CX

∂ϕ =I

3
5;

SΔðΔÞðfÞ ¼
"
SΔðΔ14ÞðfÞ 0

0 SΔðΔ23ÞðfÞ

#
: ðB25Þ

Finally, consistently with the approach for gain noise, we
again use the hypothesis of statistically identical electrodes,
writing,

SΔðΔ14Þ ¼ SΔð1þ μbÞ;
SΔðΔ23Þ ¼ SΔð1 − μbÞ: ðB26Þ

At each minimally correlated frequency, we use the same
MCMC described in the previous section with likelihood
[Eq. (B16)] to estimate the distributions of the parameters
SΔ, S

bg
Δg, S

bg
Δγϕ with a prior uniform in the logarithm, while

μb and ξ [expressing the correlation between backgrounds
as in Eq. (B8)] with a uniform prior distribution across the
interval ½−1; 1�.
We also perform a fit describing the relevant quantities as

smooth functions of frequency. While backgrounds are
written as in (B21), we write the other quantities as

SΔðΔ14Þ ¼
ϵ14
f2

þ ρ14
f

þ η14;

SΔðΔ23Þ ¼
ϵ23
f2

þ ρ23
f

þ η23; ðB27Þ

and MC estimate ϵ, ρ, η after a a reparametrization similar
to Eq. (B26). The results indicate that only the 1=f
component is significantly different from zero.
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