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The Bc meson pair, including pairs of pseudoscalar states and vector states, productions in proton-proton
collisions are investigated at the next-to-leading order (NLO) accuracy in the nonrelativistic quantum
chromodynamics factorization formalism. The corresponding cross sections at the Large Hadron Collider
(LHC) with

ffiffiffi
s

p ¼ 14 TeV are evaluated. Numerical results indicate that the NLO corrections are
substantial, and even dominate over the leading order contributions. Considering the predicted cross
sections are sizable, the Bc-pair production is expected to be observable at the high-luminosity LHC
experiment.
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I. INTRODUCTION

As a multiscale system consisting of two heavy quarks,
heavy quarkonium presents an ideal laboratory for testing
the interplay between perturbative and nonperturbative
quantum chromodynamics (QCD) within a controlled
environment. Due to the large mass of heavy quark,
quarkonium production process is assumed to be factoriz-
able into two steps. First, a heavy quark-antiquark pair
whose invariant mass near the bound-state mass is pro-
duced perturbatively, then the pair hadronizes into a
quarkonium state nonperturbatively. The nonrelativistic
QCD (NRQCD) factorization formalism, which proposed
by Bodwin, Braaten, and Lepage [1], provides a solid
foundation for the theoretical study of quarkonium pro-
duction. In NRQCD factorization approach, the nonper-
turbative hadronization effects are encoded into the long
distance matrix elements (LDMEs), which are sorted in
powers of the relative velocity v of the heavy quarks in the
bound state. Although the quarkonium production has been
extensively investigated at various colliders, the existing
researches are still not sufficient to pin down the color-octet
(CO) LDMEs (see, for example Refs. [2,3] for a review).
Over the past two decades, there has been increasing

interest in quarkonium-pair hadroproduction [4–32] initiated

in Ref. [33], as it provides a sensitive test for NRQCD
factorization formalism. Due to the high reconstruction
efficiency of J=ψ meson, most researches focus on
J=ψ -pair production, for which, the contributions of double

cc̄ð3S½1�1 Þ and double cc̄ð1S½8�0 Þ intermediate states are
calculated up to next-to-leading order (NLO) QCD accu-
racy [21,32]. Nevertheless, there are many challenges in
understanding the underlying production mechanism. First,
the full NRQCD prediction requires to include the con-

tributions of all possible pairing of cc̄ð1S½8�0 Þ, cc̄ð3S½1;8�1 Þ, and
cc̄ð3P½1;8�

J Þ intermediate states; while the higher-order cal-
culations to these processes are hard to proceed, especially

for double cc̄ð3P½1;8�
J Þ channel [34]. Second, the results of

Refs. [21,32] indicate that the NLO corrections may
dominant over the leading-order (LO) contributions, which
exhibits poor perturbative convergence—one may worry
that the calculation at NLO is not accurate enough to make
a reliable prediction. Third, the J=ψ-pair hadroproduction
may serve as a probe to double parton scattering (DPS)
mechanism [17]; while current researches are inadequate to
draw any concrete conclusion, since the predictions to the
single parton scattering (SPS) contribution are fraught with
uncertainties as well.
As the Large Hadron Collider (LHC) may transit to its

high luminosity operation in 2029 and beyond, more
interesting processes, like the Bc-pair hadroproduction,
can be measured with high accuracy. Compared with
J=ψ -pair hadroproduction, the production mechanism of
Bc-pair hadroproduction is much simpler. Both the DPS
and CO contributions are expected to be small in com-
parison with the traditional color-singlet SPS contribution,
due to the fact that the Bc meson needs to be produced in
accompany with an additional bc̄ pair. Hence, the Bc-pair
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hadroproduction provides a complementary approach to
clarifying the puzzles in J=ψ-pair hadroproduction, and
more clear conclusions can be expected due to its simple
production mechanism. In Refs. [13,15], the LO calculation
of Bc-pair hadroproduction is performed in the NRQCD
factorization framework, and in Ref. [22], the relativistic
correction is carried out by using the relativistic quark
model approach. Considering the fact that the NLO QCD
corrections to quarkonium-pair production processes are
normally significant [21,32], in this work, we calculate
the NLO QCD corrections to Bc-pair hadroproduction.
Various of S-wave Bc states, including configurations
of Bþ

c þ B−
c , Bþ

c þ B�−
c ,1 and B�þ

c þ B�−
c , are taken into

account. Note, here after for simplicity, Bc represents for
both pseudoscalar Bc and vector B�

c, the latter may
overwhelmingly decay to the pseudoscalar state, unless
specifically mentioned.
The rest of the paper is organized as follows. In Sec. II,

we present the LO calculation of Bc-pair production in
proton-proton collisions. In Sec. III, some technical details
in the calculation of NLO corrections are given. In Sec. IV,
the numerical evaluation for concerned processes is per-
formed at NLO QCD accuracy. The last section is a
summary and conclusions.

II. THE LO CROSS SECTIONS

At the LO in αs, Bc-pair hadronproduction receives
contributions from two partonic processes, namely the
gg-induced process

gðp1Þ þ gðp2Þ → Bþ
c ðk1Þ þ B−

c ðk2Þ; ð1Þ

and the qq̄-induced process

qðp1Þ þ q̄ðp2Þ → Bþ
c ðk1Þ þ B−

c ðk2Þ; ð2Þ

whose Feynman Diagrams are shown in Fig. 1. Since the
qq̄-induced process is suppressed by quark parton distri-
bution functions (PDFs), it was missed by previous LO
studies [13,15,22]. While at NLO, to eliminate the collinear
singularities of the real emission process gþ qðq̄Þ →
Bþ
c þ B−

c þ qðq̄Þ, the qq̄-induced process should be con-
voluted with the scale dependent PDFs. Hence, for a
thorough study, both gg- and qq̄-induced processes should
be taken into account. In fact, our numerical results show
that at LO the contribution of qq̄-induced process may
reach 10% in some cases, which is not really negligible.
According to the NRQCD factorization formalism, the

LO partonic cross section can be formulated as

dσ̂iþj→Bþ
c þB−

c
LO ¼ jΨð0Þj4

2s

X���Miþj→½bc̄�þ½b̄c�
tree

���2dPS2; ð3Þ

where Ψð0Þ is the wave function of Bc meson at the origin,
s ¼ ðp1 þ p2Þ2 is the center-of-mass energy squared of the
colliding partons i and j,

P
sums (averages) over the

polarizations and colors of the final (initial) state particles,

Miþj→½bc̄�þ½b̄c�
tree is the corresponding LO partonic amplitude,

and dPS2 stands for the two-body phase space.
The partonic amplitude can be computed by using the

covariant projection operator method. At the leading order
of the relative velocity expansion, it is legitimate to take
mBc

¼ mb þmc, pBc
¼ pc þ pb ¼ ð1þ mc

mb
Þpb, wheremBc

and pBc
denote the mass and momentum of the Bc meson,

respectively. The spin and color projection operators take
the form,

ΠðnÞ ¼ 1

2
ffiffiffiffiffiffiffiffimBc

p εðnÞð=pBc
þmBc

Þ ⊗ 1cffiffiffiffiffiffi
Nc

p ; ð4Þ

where εð1S0Þ ¼ γ5, ϵð3S1Þ ¼ =ϵ, and ϵ represents the polari-
zation vector of B�

c meson. The 1c stands for the unit color
matrix, and Nc ¼ 3 is the number of colors in QCD.
The LO calculation is straightforward, and the analytic

expressions for
PjMj2 are pretty simple. By introducing

the dimensionless variables ŝ ¼ ðp1 þ p2Þ2=m2
Bc
, v̂ ¼

−ðp1 − p2Þ · ðk1 − k2Þ=m2
Bc
, ŵ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ŝ2 − v̂2

p
, and r ¼

mb=ðmb þmcÞ, we have

FIG. 1. The typical tree-level Feynman diagrams for (a) gg-
induced process, and (b) qq̄-induced process. The remaining
diagrams can be obtained by reversing the quark lines, or inter-
changing the initial gluons.

1The productions of Bþ
c þ B�−

c and B�þ
c þ B−

c are related by a
charge conjugation transformation. Their cross sections are
exactly the same.
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X���Mgþg→1S0þ1S0
tree

���2 ¼ g8s
m6

Bc
r4ð1 − rÞ4

�
157

36ŝ4
−

374

9ŝ3ŵ2
þ 22

27ŝ3
þ 32ŝ2

81ŵ8
þ 968

9ŝ2ŵ4
−

241

27ŝ2ŵ2
þ 4

81ŝ2
−
16ŝ
9ŵ6

þ 860

27ŝŵ4
−

4

9ŝŵ2

−
352

27ŵ6
þ 178

81ŵ4
þ 1

rð1 − rÞ
�
11ŵ2

24ŝ5
þ ŵ2

18ŝ4
−

170

27ŝ4
þ 844

27ŝ3ŵ2
−

731

648ŝ3
−

1408

27ŝ2ŵ4
þ 613

81ŝ2ŵ2
−

1

18ŝ2

þ 40ŝ
81ŵ6

−
1340

81ŝŵ4
þ 17

36ŝŵ2
þ 256

81ŵ6
−

11

9ŵ4

�
þ 1

r2ð1 − rÞ2
�

ŵ4

64ŝ6
−
17ŵ2

72ŝ5
−

ŵ2

32ŝ4
þ 257

162ŝ4
−

416

81ŝ3ŵ2

þ 13

36ŝ3
þ 512

81ŝ2ŵ4
−

13

9ŝ2ŵ2
þ 1

64ŝ2
þ 160

81ŝŵ4
−

1

8ŝŵ2
þ 41

162ŵ4

��
; ð5Þ

X���Mgþg→1S0þ3S1
tree

���2 ¼ g8sð1 − 2rÞ2
m6

Bc
r6ð1 − rÞ6

�
−

ŵ2

64ŝ4
þ 31

648ŝ3
þ 1

18ŝ2ŵ2
þ 1

64ŝ2
þ 1

648ŝŵ2
−

41

162ŵ4

�
; ð6Þ

X���Mgþg→3S1þ3S1
tree

���2 ¼ g8s
m6

Bc
r4ð1 − rÞ4

�
32ŝ4

81ŵ8
þ 157

12ŝ4
−

374

3ŝ3ŵ2
−

143

81ŝ3
þ 32ŝ2

27ŵ8
−
32ŝ2

9ŵ6
þ 968

3ŝ2ŵ4
þ 143

27ŝ2ŵ2
þ 4

81ŝ2
þ 80ŝ
81ŵ6

−
236

27ŝŵ4
þ 109

81ŝŵ2
−
352

9ŵ6
þ 92

27ŵ4
þ 1

rð1 − rÞ
�
11ŵ2

8ŝ5
þ ŵ2

18ŝ4
−
170

9ŝ4
þ 844

9ŝ3ŵ2
−

475

216ŝ3

þ 64ŝ2

81ŵ6
−

1408

9ŝ2ŵ4
þ 1021

81ŝ2ŵ2
−

1

18ŝ2
þ 40ŝ
27ŵ6

−
2ŝ
9ŵ4

−
1972

81ŝŵ4
þ 275

324ŝŵ2
þ 256

27ŵ6
−

61

27ŵ4

�

þ 1

r2ð1 − rÞ2
�
3ŵ4

64ŝ6
−
17ŵ2

24ŝ5
−

ŵ2

8ŝ4
þ 257

54ŝ4
−

416

27ŝ3ŵ2
þ 191

162ŝ3
þ 512

27ŝ2ŵ4
−

38

9ŝ2ŵ2
þ 5

64ŝ2

þ 160

27ŝŵ4
−

241

648ŝŵ2
þ 41

162ŵ4

��
; ð7Þ

for gg-induced process, and

X���Mqþq̄→1S0þ1S0
tree

���2 ¼ g8s
m6

Bc
r6ð1 − rÞ6

�
−

2v̂4

243ŝ6
−

8v̂2

243ŝ5
þ 2v̂2

243ŝ4

�
; ð8Þ

X���Mqþq̄→1S0þ3S1
tree

���2 ¼ g8sð1 − 2rÞ2
m6

Bc
r6ð1 − rÞ6

�
−

2v̂2

243ŝ4
þ 8

243ŝ3
þ 2

243ŝ2

�
; ð9Þ

X���Mqþq̄→3S1þ3S1
tree

���2 ¼ g8s
m6

Bc
r6ð1 − rÞ6

�
−

2v̂4

81ŝ6
−

8v̂2

81ŝ5
þ 2v̂2

243ŝ4
þ 16

243ŝ3
þ 4

243ŝ2

�
; ð10Þ

for qq̄ induce process. Here, the strong coupling constant
is denoted by gs. Note, for charmonium-pair production,
the processes gþ g → J=ψ þ ηc and qþ q̄ → J=ψ þ ηc
are forbidden in the color-singlet model, due to the
requirement of charge-parity C conservation. For the same
reason, the amplitudes for Bþ

c þ B�−
c production [Eqs. (6)

and (9)] vanish in the limit mb → mc.

III. THE NLO QCD CORRECTIONS

The NLO QCD corrections to Bc-pair hadroproduction
include virtual and real corrections, which are outlined in
Secs. III A and III B, respectively.

A. The virtual corrections

The virtual corrections comprise about 1300 one-loop
diagrams for the gg and about 100 diagrams for the
qq̄-induced process, the most complicated being the 38 and
8 hexagons for the respective channels, as shown in Fig. 2.
The contribution of virtual corrections can be formulated as

dσ̂virtual ¼
jΨð0Þj4

2s

X
2ReðM1-loopM�

treeÞdPS2: ð11Þ

Here, the interference term ReðM1-loopM�
treeÞ contains

both ultraviolet (UV) and infrared (IR) singularities.
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The conventional dimensional regularization with D ¼
4 − 2ϵ is employed to regularize them. The method pro-
posed in Refs. [35,36] is used to deal with theD-dimensional
γ5 trace.
The UV singularities, which are contained in self-energy

and triangle diagrams, are canceled by corresponding
counterterm diagrams. The relevant renormalization con-
stants include Z2, Zm, Z3, Zl, and Zg, corresponding to
heavy quark field, heavy quark mass, gluon field, light
quark field, and strong coupling constant, respectively. We
define Z2, Zm, Z3, and Zl in the on shell (OS) scheme, Zg in
the modified minimal-subtraction (MS) scheme. The coun-
terterms are

δZOS
2 ¼ −CF

αs
4π

�
1

ϵUV
þ 2

ϵIR
− 3γE þ 3 ln

4πμ2

m2
Q

þ 4

�
;

δZOS
m ¼ −3CF

αs
4π

�
1

ϵUV
− γE þ ln

4πμ2

m2
Q

þ 4

3

�
;

δZOS
l ¼ −CF

αs
4π

�
1

ϵUV
−

1

ϵIR

�
;

δZOS
3 ¼

�
βlight0 − 2CA

	 αs
4π

�
1

ϵUV
−

1

ϵIR

�

−
X
Q¼b;c

4

3
TF

αs
4π

�
1

ϵUV
− γE þ ln

4πμ2

m2
Q

�
;

δZMS
g ¼ −

β0
2

αs
4π

�
1

ϵUV
− γE þ lnð4πÞ

�
: ð12Þ

Here, μ is the renormalization scale, γE is the Euler’s

constant, mQ stands for mb and mc accordingly, βðlightÞ0 ¼
ð11=3ÞCA − ð4=3ÞTFn

ðlightÞ
f is the one-loop coefficient of

QCD beta function with nf ¼ 5 being the number of active

quarks, nlightf ¼ 3 is the number of light quarks, CA ¼ 3,
CF ¼ 4=3, and TF ¼ 1=2 are color factors.
The IR singularities in virtual corrections can be clas-

sified into two groups; the final-state-related singularities
and the initial-state-related ones. The former arise from
diagrams where one final-state particle exchanges a soft
gluon with another on shell particle. This type of singu-
larities cancel each other as expected [1,37,38]. The initial-
state-related singularities stem from diagrams where the
two initial state partons are connected by a soft gluon,
or where one initial state parton is attached by a colli-
near gluon. According to the Kinoshita-Lee-Nauenberg
theorem [39,40], parts of initial-state-related singularities
are canceled by the real corrections, and the remainings are
eliminated by introducing the scale dependent PDFs.
The Coulomb singularities arise when two heavy quarks,

which move with a small relative velocity, exchange a
soft gluon between them. For each Bc meson, since we set
pc ¼ mc

mb
pb before the calculation of Feynman integrals,

the corresponding Coulomb singularities are absent in the
dimensional regularization [41]. While there is another type
of Coulomb singularities: in the threshold region where
s ∼ 4m2

Bc
, the valence quark of Bþ

c moves with a small
velocity relative to the valence quark of B−

c . In this case, the

Coulomb singularities appear as 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

Bc

q
terms. We

find that these terms vanish after summing up all one-loop
diagrams.

B. The real corrections

The real corrections are induced by the partonic
processes,

gðp1Þ þ gðp2Þ → Bþ
c ðk1Þ þ B−

c ðk2Þ þ gðp3Þ; ð13Þ

qðp1Þ þ q̄ðp2Þ → Bþ
c ðk1Þ þ B−

c ðk2Þ þ gðp3Þ; ð14Þ

gðp1Þ þ qðq̄Þðp2Þ → Bþ
c ðk1Þ þ B−

c ðk2Þ þ qðq̄Þðp3Þ: ð15Þ

Here, processes (13) and (14) are the gluon bremsstrahlung
corrections to corresponding LO processes. Process (15)
indicates a new production channel, namely the gluon-
quark scattering. The typical Feynman diagrams for proc-
esses (13) and (14) are shown in Fig. 3. The diagrams for
process (15) can be obtained through crossing.
In the calculation of real corrections, the Catani-

Seymour (CS) dipole subtraction method [42,43] is
adopted to handle the IR singularities. The general idea
of this method is to rewrite the NLO corrections as

FIG. 2. The typical hexagon diagrams for (a) gg-induced
process and (b) qq̄-induced process. The remaining diagrams
can be obtained by reversing the quark lines, or interchanging the
initial gluons.
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σ̂NLO ¼
Z
3-body



dσ̂real − dσ̂A

�

þ
Z
2-body

�
dσ̂virtual þ dσ̂C þ

Z
1-body

dσ̂A

�
: ð16Þ

Here, dσ̂A is an auxiliary dipole subtraction term which
possesses the same pointwise singular behavior as dσ̂real,
dσ̂C is the collinear subtraction term which originates
from the renormalization of PDFs. As dσ̂A acts as a local
counter term for dσ̂real, the first integral of Eq. (16) is
nonsingular at every points of phase space, and can be
evaluated numerically in four dimensions. On the other
hand, the integration of dσ̂A over one-body subspace,
i.e., the

R
1-body dσ̂A, can be carried out analytically in D

dimensions. As a result, and the IR singularities in real
corrections appear as pole terms of 1=ϵn. After adding upR
1-body dσ̂A, dσ̂virtual and dσ̂C, all IR singularities are
eliminated as expected.
The dipole subtraction term dσ̂A can be constructed

term by term according to all possible emitter-spectator
pairs. While in our case, the contributions of final-
state-emission diagrams cancel each other [1,37,38].
Hence, only the dipoles where both emitter and spectator
are in the initial state need to be taken into account.
Following the implementation of Ref. [42], the dσ̂A is
constructed as

dσ̂1þ2→½bc̄�þ½b̄c�þ3
A ¼ 1

2p1 · p2

�
g2s

p1 · p3

P110 ðxÞ
x

X���M10þ2→½bc̄�þ½b̄c�
tree ðp̃1; p̃2; k̃1; k̃2Þ

���2

þ g2s
p2 · p3

P220 ðxÞ
x

X���M1þ20→½bc̄�þ½b̄c�
tree ðp̃1; p̃2; k̃1; k̃2Þ

���2

dPS3; ð17Þ

where x ¼ 1 − ðp1 · p3 þ p2 · p3Þ=ðp1 · p2Þ is the momen-
tum fraction at the collinear limit, PabðxÞ is the spin average
of the Altarelli-Parisi splitting function, which are of the
form

PqqðxÞ ¼ CF
1þ x2

1 − x
; ð18Þ

PqgðxÞ ¼ CF
1þ ð1 − xÞ2

x
; ð19Þ

PgqðxÞ ¼ TF½1 − 2xð1 − xÞ�; ð20Þ

PggðxÞ ¼ 2CA

�
x

1 − x
þ 1 − x

x
þ xð1 − xÞ

�
: ð21Þ

The CS projection, which projects the three-body phase
space into the two-body one, is implemented as

emitter∶ p̃1;2 ¼ xp1;2; ð22Þ

spectator∶ p̃2;1 ¼ p2;1; ð23Þ

others∶ k̃1;2 ¼ k1;2 −
2k1;2 · ðKþ K̃Þ

ðKþ K̃Þ2 ðKþ K̃Þ þ 2k1;2 ·K
K2

K̃;

ð24Þ

with K ¼ p1 þ p2 − p3 and K̃ ¼ p̃1 þ p̃2.

FIG. 3. Typical Feynman diagrams for (a) gþg→Bþ
c þB−

c þg;
(b) qþ q̄ → Bþ

c þ B−
c þ g. The diagrams for gþ qðq̄Þ → Bþ

c þ
B−
c þ qðq̄Þ can be obtained through crossing.
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For the second term of Eq. (16), we have

dσ̂1þ2→½bc̄�þ½b̄c�þ3
C þ

Z
1

dσ̂1þ2→½bc̄�þ½b̄c�þ3
A ¼

Z
1

0

dx
αs
2π

1

Γð1 − ϵÞ
�

4πμ2

2p1 · p2

�
ϵh
dσ̂1

0þ2→½bc̄�þ½b̄c�
LO V110 ðx; p1; p2; μFÞ

þ dσ̂1þ20→½bc̄�þ½b̄c�
LO V220 ðx; p1; p2; μFÞ

i
; ð25Þ

and according to Ref. [42],

Vqqðx; p1; p2; μFÞ ¼
4

3
ð1 − xÞ − 8

3
ð1þ xÞ lnð1 − xÞ þ 8

3
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p1 · p2

p
μF

�
1þ x2

1 − x

�
þ
þ 16

3

�
lnð1 − xÞ
1 − x

�
þ

þ
�
4

3

1

ϵ2
þ 2

ϵ
−
2

9
π2
�
δð1 − xÞ; ð26Þ

Vgqðx; p1; p2; μFÞ ¼ ½x2 þ ð1 − xÞ2�
�
lnð1 − xÞ þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p1 · p2

p
μF

�
þ xð1 − xÞ; ð27Þ

Vqgðx; p1; p2; μFÞ ¼
8

3

1þ ð1 − xÞ2
x

�
lnð1 − xÞ þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p1 · p2

p
μF

�
þ 4

3
x; ð28Þ

Vggðx; p1; p2; μFÞ ¼ 12

�
−1þ xð1 − xÞ þ 1 − x

x

��
lnð1 − xÞ þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p1 · p2

p
μF

�
þ 12

�
lnð1 − xÞ
1 − x

�
þ

þ 12

�
1

1 − x

�
þ
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p1 · p2

p
μF

þ
�
3

ϵ2
þ
�
11

2
−
nlightf

3

��
1

ϵ
þ 2 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p1 · p2

p
μF

�
−
π2

2

�
δð1 − xÞ: ð29Þ

Here, μF is the factorization scale, the ‘þ’-distribution is defined as

Z
1

0

dx gðxÞ½fðxÞ�þ ¼
Z

1

0

dx ½gðxÞ − gð1Þ�fðxÞ: ð30Þ

IV. NUMERICAL RESULTS

A. Input parameters

We consider Bc-pair production at the LHC with
ffiffiffi
s

p ¼ 14 TeV. The hadron-level cross sections can be obtained by
convoluting the partonic cross sections with the proton PDFs,

dσpþp→Bþ
c þB−

cþX ¼
Z

dx1dx2fgðx1Þfgðx2Þdσ̂gþg→Bþ
c þB−

cþðgÞ

þ
X

q¼u;d;s

Z
dx1dx2



fqðx1Þfq̄ðx2Þdσ̂qþq̄→Bþ

c þB−
cþðgÞ þ fq̄ðx1Þfqðx2Þdσ̂q̄þq→Bþ

c þB−
cþðgÞ�

þ
X

q¼u;d;s;ū;d̄;s̄

Z
dx1dx2



fgðx1Þfqðx2Þdσ̂qþg→Bþ

c þB−
cþq þ fqðx1Þfgðx2Þdσ̂gþq→Bþ

c þB−
cþq

�
: ð31Þ

Here, all partonic cross sections are evaluated at Oðα5sÞ accuracy. In our numerical studies, the CT18 NLO parametrization
with αsðMZÞ ¼ 0.118 [44] is used for the evaluation of PDFs and αs. The renormalization and factorization scales are
chosen as μ0 ≤ μR ¼ μF ≤ 2μ0, where the central scale μ0 is taken to be the half of the summed transverse masses of the two

Bc mesons, i.e., μ0 ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

Bc
þ p2

T;1

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

Bc
þ p2

T;2

q
Þ=2.

Other parameters in numerical evaluation go as follows:

mb ¼ 4.60 GeV; mc ¼ 1.49 GeV; jΨð0Þj2 ¼ 0.174 GeV3: ð32Þ
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Here, the pole masses of heavy quark are obtained through,

mQ ¼ m̄Q

�
1þ CF

αsðm̄QÞ
π

�
; ð33Þ

with the MS masses m̄b ¼ 4.18 GeV and m̄c ¼ 1.27 GeV
[45] as input. The Bc wave function at the origin is
estimated from the 1S0 − 3S1 splitting [46],

jΨð0Þj2 ¼ 9mbmc

21παs
ðmB�

c
−mBc

Þ; ð34Þ

with the lattice calculation result mB�
c
−mBc

¼ 53 MeV
[47] as input.
Due to the finite coverage of detectors, proper kinematic

cuts should be imposed on the final state particles. Here we
employ two typical sets of cuts, which corresponding to the
LHCb [48] and ATLAS [49] acceptance of Bc meson,
respectively:

(i) LHCb cuts: 1 ≤ pT;1; pT;2 ≤ 20 GeV, 2.0 ≤ y1;
y2 ≤ 4.5;

(ii) ATLAS cuts: pT;1; pT;2 ≥ 13 GeV, −2.3 ≤ y1;
y2 ≤ 2.3;

where pT;i and yi with i ¼ 1, 2 denote the transverse
momentum and rapidity of each Bc meson respectively.
Note, according to Ref. [50], the CMS acceptance cuts of
Bc meson are similar to the ATLAS ones.

B. Integrated cross sections

The LO and NLO cross sections for Bþ
c þ B−

c , Bþ
c þ B�−

c
and B�þ

c þ B�−
c production with different cuts are shown in

Table I, wherein, the central values refer to the results at

μR=F ¼ μ0, the superscripts and subscripts corresponding to
the results at μR=F ¼ μ0=2 and μR=F ¼ 2μ0, respectively.
Besides the total cross sections, the partial cross sections
for gg-, qq̄-, and gqðq̄Þ-induced processes, i.e., the first,
second, and third lines of Eq. (31), are presented as well.
About Table I, there are some points remarkable which are
as follows:

(i) Due to the high-gluon flux at low x, the Bc-pair
production at the LHC is dominated by the gg-
induced processes as expected. While in some cases,
the contributions of other partonic processes are also
non-negligible. For example, for B�þ

c þ B�−
c pro-

duction with ATLAS cuts, the contribution of gqðq̄Þ-
induced process reaches 20% level at the NLO.

(ii) Similar to the situation of J=ψ-pair production [21],
the NLO corrections here may dominate over the
LO contributions, and the theoretical uncertain-
ties induced by energy scale is even larger at
NLO than that at the LO. We propose a potential
explanation based on the kinematic analysis. We
find that the bulk of the cross sections arise from
the regime where the invariant mass of the Bc-pair
M2Bc

is small. At LO, the two-body kinematic forces
the Bc mesons to be back to back in the trans-
verse momentum plane, hence the pT cut on
each Bc meson lead to a constraint of M2Bc

≥

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

Bc
þ p2

T;min

q
. While at NLO, the three body

real emission processes are involved. In this case, the
Bc-pair can be produced near the mass threshold,
i.e., M2Bc

∼ 2mBc
, as long as the recoil parton

possesses large enough transverse momentum.
The threshold production effect appearing at the

TABLE I. The LO and NLO integrated cross sections for Bc-pair production at the LHC. The LO results agree with those in Ref. [15]
after taking the same inputs.

Channel LHCb cuts (in nb) ATLAS cuts (in pb)

Final state Initial state LO NLO LO NLO

Bþ
c þ B−

c gg 2.39þ0.07
−0.36 × 10−1 5.68þ1.27

−0.83 × 10−1 4.09þ1.04
−0.92 × 10−1 2.99þ1.89

−1.04
qq̄ 1.90þ0.69

−0.44 × 10−4 1.75−1.55þ0.48 × 10−4 4.66þ1.55
−1.11 × 10−3 2.93−3.67þ1.32 × 10−3

gqðq̄Þ – 0.16þ7.75
−2.83 × 10−2 – 6.99þ6.10

−3.12 × 10−1

total (pp) 2.39þ0.07
−0.36 × 10−1 5.70þ2.05

−1.11 × 10−1 4.14þ1.05
−0.93 × 10−1 3.69þ2.50

−1.35

Bþ
c þ B�−

c gg 3.43þ0.27
−0.58 × 10−2 8.34þ2.80

−1.56 × 10−2 3.46þ0.89
−0.79 × 10−1 3.20−0.09þ0.05 × 10−1

qq̄ 5.36þ1.94
−1.18 × 10−3 3.22−5.92þ2.12 × 10−3 2.12þ0.69

−0.50 × 10−2 1.36−1.67þ0.61 × 10−2

gqðq̄Þ – 0.68þ1.83
−0.76 × 10−2 – 1.16þ9.56

−3.63 × 10−2

total (pp) 3.96þ0.46
−0.70 × 10−2 9.34þ4.04

−2.12 × 10−2 3.67þ0.96
−0.84 × 10−1 3.45þ0.70

−0.25 × 10−1

B�þ
c þ B�−

c gg 4.06þ0.23
−0.65 × 10−1 1.10þ0.47

−0.24 3.00þ0.78
−0.68 10.2þ5.9

−3.1
qq̄ 4.17þ1.51

−0.92 × 10−2 1.90−5.01þ1.85 × 10−2 1.76þ0.57
−0.42 × 10−1 0.66−1.65þ0.66 × 10−1

gqðq̄Þ – 1.56þ2.62
−1.16 × 10−1 – 2.62þ2.70

−1.32
total (pp) 4.48þ0.38

−0.74 × 10−1 1.28þ0.68
−0.34 3.17þ0.84

−0.72 12.8þ8.4
−4.3
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real corrections accounts for the extraordinary large
NLO corrections.

(iii) There are negative cross section problems in qq̄- and
gqðq̄Þ-induced processes. For the former, the partial
cross sections become negative when μR;F approach-
ing μ0=2, and the large negative corrections can be
traced back to the virtual corrections. For the latter,
the partial cross sections become negative when
μR;F approaching 2μ0, and the large negative cor-
rections can be traced back to the over-subtraction of

collinear singularities inside the PDFs [51]. Since
the contributions of these two processes are not
dominant, the total (pp) cross sections keep pos-
itive. Hence, in our calculations, no additional treat-
ment is applied to cure the negative cross section
problems.

Since B�
c almost all decays to Bc, a prediction on Bc-pair

candidates should sum over all possible final states. By
introducing the final-state-summed cross section as σFSS ¼
σB

þ
c þB−

c þ 2σB
þ
c þB�−

c þ σB
�þ
c þB�−

c , we have

σFSSLO ¼ 7.67þ0.55
−1.24 × 10−1 nb; σFSSNLO ¼ 20.3þ9.7

−4.9 × 10−1 nb; for LHCb cuts; ð35Þ

σFSSLO ¼ 4.32þ1.14
−0.99 × 10−3 nb; σFSSNLO ¼ 17.2þ11.1

−5.7 × 10−3 nb; for ATLAS cuts: ð36Þ

The high-luminosity LHC (HL-LHC) will substantially
increase the amount of proton-proton collisions delivered to
the LHC experiments, with a planned integrated luminosity
of 4000 fb−1 for ATLAS experiment [52], and 300 fb−1 for
LHCb [53]. Assuming Bc is reconstructed through the
decay B�

c → J=ψπ�, whose branching fraction is predicted
to be 0.5% [54], and J=ψ is reconstructed through J=ψ →
lþl−ðl ¼ e; μÞ with a branching fraction of about 12% [45],
the number of the reconstructed Bc-pair candidates is about
166–324 for LHCb experiment, and about 16–40 for
ATLAS experiment.

C. Differential cross sections

As the number of events corresponding to LHCb experi-
ment is promising, it is worthy to perform a more elaborate
phenomenological analysis. The differential distributions in
various variables with LHCb cuts are shown in Fig. 4,
wherein, the LO and NLO predictions at μR=F ¼ μ0 are

represented by dashed and solid lines respectively; the
theoretical uncertainties, which are estimated by varying
μR=F in the range ½μ0=2; 2μ0�, are represented by color bands.
The distributions in M2Bc

, the invariant mass of the
Bc-pair, are shown in Fig. 4(a). It can be seen that as M2Bc

increases from about 12 GeV to 32 GeV, both LO and NLO
differential cross sections drop steadily. Although the NLO
corrections are positive everywhere in the plotted M2Bc

range, the relative size of NLO corrections over LO
contributions decreases with increasing M2Bc

.
The distributions in jΔyj, the absolute value of rapidity

difference of the two Bc mesons, i.e., jΔyj ¼ jy1 − y2j, are
shown in Fig. 4(b). Similar to the M2Bc

distributions, the
differential cross sections drop steadily with increasing
jΔyj, and the NLO corrections are more significant in the
small jΔyj region.
The distributions in pT;2Bc

, the transverse momentum of
the Bc-pair, are shown in Fig. 4(c). Since the Bc-pair with

FIG. 4. The differential distributions in (a) the invariant mass of the Bc-pair M2Bc
, (b) the absolute value of rapidity difference of the

Bc-pair jΔyj, (c) the transverse momentum of the Bc-pair pT;2Bc
.
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nonvanishing pT;2Bc
can only be produced in three-body

processes, the second to the last bins only receive contri-
bution from the dσ̂real term of Eq. (16). For the first bin, the
first term of Eq. (16) is negative, and larger in absolute value
than the second term of Eq. (16). Hence the cross sections
in the first bin can be negative at some energy scale. A
resummation of the logarithms of p2

T;2Bc
=smay help to solve

this problem. This asks for a further investigation.

V. SUMMARY

In this work, we investigate the Bc-pair production in
proton-proton collisions at the NLO accuracy in the
framework of NRQCD factorization formalism. Various
of S-wave Bc states, including configurations of Bþ

c þ B−
c ,

Bþ
c þ B�−

c , and B�þ
c þ B�−

c , are taken into account. The total
cross sections and the differential cross sections versus
various variables at the LHC with

ffiffiffi
s

p ¼ 14 TeV are
evaluated and presented in Table I and Fig. 4.
Numerical results show that, after including the NLO

corrections, the total cross sections are significantly
enhanced, and their dependences on renormalization and
factorization scales are increased as well. We propose a

potential explanation for the poor perturbative behavior,
while further investigation is still needed. We also discuss
the negative cross section problems encountered in the
calculation.
Since B�

c almost always decays to Bc, a prediction on
Bc-pair candidates should sum over the Bþ

c þ B−
c ,

Bþ
c þ B�−

c , B�þ
c þ B−

c , and B�þ
c þ B�−

c production rates.
As a result, we obtain σFSSNLO ¼ 2.03þ0.97

−0.49 nb for LHCb
experiment, and σFSSNLO ¼ 1.72þ1.11

−0.57 × 10−2 nb for ATLAS
experiment. Assuming Bc is reconstructed through B�

c →
J=ψπ� and J=ψ is reconstructed through J=ψ →
lþl−ðl ¼ e; μÞ, the reconstructed Bc-pair candidates under
the HL-LHC luminosity may reach 166–324 for LHCb
experiment, and 16–40 for ATLAS experiment.
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