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The gravitational wave (GW) spectrum at frequencies above a kHz is a largely unexplored frontier.
We show that detectors with sensitivity to single-phonon excitations in crystal targets can search for
GWs with frequencies, 1 THz≲ f ≲ 100 THz, corresponding to the range of optical phonon energies,
1 meV ≲ ω≲ 100 meV. Such detectors are already being built to search for light dark matter (DM), and
therefore sensitivity to high-frequency GWs will be achieved as a byproduct. We begin by deriving the
absorption rate of a general GW signal into single phonons. We then focus on carefully defining the
detector sensitivity to monochromatic and chirp signals, and compute the detector sensitivity for many
proposed light DM detection targets. The detector sensitivity is then compared to the signal strength of
candidate high-frequency GW sources, e.g., superradiant annihilation and black hole inspiral, as well as
other recent detector proposals in the 1 MHz ≲ f ≲ 100 THz frequency range. With a judicious choice of
target materials, a collection of detectors could optimistically achieve sensitivities to monochromatic
signals with h0 ∼ 10−23 − 10−25 over 1 THz≲ f ≲ 100 THz.
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I. INTRODUCTION

The prediction of gravitational waves (GWs) by Einstein
in 1916 sparked a century long search for their existence.
The first indirect evidence came from measurements of
the orbital decay of the Hulse-Taylor pulsar [1], which
were found consistent with GW emission [2]. Direct
evidence of the existence of GWs would follow in 2016
when GWs from an inspiraling pair of black holes (BHs)
were measured [3]. Even more recently the NANOGrav
Collaboration reported evidence of a stochastic GW
background [4–6]. These initial direct detections mark
the beginning of “GW astronomy” as a viable method to
study the Universe.
Today the search for GWs is rapidly expanding.

Continued development of the aLIGO [7,8], aVirgo [9],
and KAGRA [10–14] interferometers have improved the
sensitivity to GWs in the 10 Hz≲ f ≲ 103 Hz frequency

range, and future ground-based interferometers, e.g.,
Cosmic Explorer [15,16] and the Einstein Telescope
[17–20] will further enhance sensitivity in this fre-
quency band. Future space-based interferometers, e.g.,
BBO [21–23], DECIGO [24–26], and LISA [27,28], will
explore lower frequencies, 10−4 Hz≲ f ≲ 1 Hz, with
much longer arm lengths, while the gap between
ground-based and space-based inteferometers could be
covered by atom interferometers [29,30]. Meanwhile,
pulsar timing arrays (PTAs) such as the EPTA [31–33],
NANOGrav [34–37], PPTA [38,39], and the collective
IPTA [40–43] have been precisely monitoring many pulsars
for Oð10Þ years, earning them sensitivity in the 10−9 Hz≲
f ≲ 10−6 Hz frequency range. While this leaves the “μHz
gap” in the 10−6 Hz≲ f ≲ 10−4 Hz frequency range, there
are proposals to bridge this gap, e.g., using asteroids in the
solar system [44] or precisely ranging the moon or orbiting
satellites [45]. Clearly, the future of GW detection at
frequencies f ≲ 103 Hz is promising.
At high frequencies above the ground based inter-

ferometer band, many different proposals have been put
forward; see Refs. [46,47] for some recent reviews.
Optically levitated sensors [48] and experiments utilizing
the Mössbaur effect [49] may be sensitive in the 103 Hz≲
f ≲ 106 Hz range, bulk acoustic wave resonators [50–52]
may be sensitive in the 106 Hz≲ f ≲ 109 Hz range
(with demonstrated sensitivity at f ∼ 5 × 106 Hz [52]),
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collections of different short arm laser interferometric
experiments [53–57] can also explore the 103 Hz≲ f ≲
109 Hz range, and graviton to magnon conversion has been
shown to have potential for searching at f ∼ 1010 Hz [58].
Proposals such as MAGO 2.0 [59] and using optical
clocks [60] may be sensitive to the 103 Hz≲ f ≲
109 Hz range with single experiments. Furthermore, it
has been shown that experiments searching for axion dark
matter (DM) with, e.g., microwave cavities [61], LC
circuits [62] and layered dielectric haloscopes [63], are
also sensitive to high-frequency GWs, allowing for syner-
gistic searches for DM and GWs with the same detector in
the 103 Hz≲ f ≲ 1010 Hz range. For frequencies above
1010 Hz, and below 1014 Hz where light shining through
wall (e.g., ALPS [64] and OSQAR [65]) and axion helio-
scope (e.g., CAST [66]) experiments have sensitivity [67],
there is an absence of searches.
In this work we show that high-frequency GWs can be

detected via conversion into single phonons in crystal
targets. Phonons are quanta of lattice vibrations, and most
crystal targets have gapped phonon modes, with energies
in the 1 meV≲ ω≲ 100 meV range, corresponding to
frequencies 1012 Hz≲ f ≲ 1014 Hz. Because these modes
are gapped, an incoming GW can be kinematically matched
to the phonon dispersion relation, and therefore can
resonantly vibrate the ions in the lattice, creating a phonon.
This is somewhat analogous to an incoming photon
converting to a phonon in a “polar” crystal, i.e., crystals
with charged ions in the unit cell. If an incoming photon is
kinematically matched to a gapped phonon mode in a polar
target, the photon will resonantly drive dipole oscillations,
which is equivalent to exciting the gapped phonon mode.1

The scarcity of high-frequency GW detectors is in part
due to the difficulty of generating sufficiently strong GWs
with astrophysical or cosmological sources. The generic
problem of creating abundant high-frequency GWs is that
the rapid oscillations necessary to generate high frequen-
cies can only be achieved with astrophysically small
masses, thereby limiting the signal strength. For example,
this is precisely the difficulty in generating high-frequency
GWs from the inspiral of two BHs. As we discuss in
Sec. IV, the maximum BH mass,Mmax, which can generate
GWs at a frequency ω is Mmax ∼ 10−8M⊙ ðTHz=ωÞ. This
is a much smaller mass, corresponding to a much smaller
signal, than the Oð10ÞM⊙ BHs LIGO is sensitive to.
However, it is not physically impossible to generate

detectable high-frequency GWs, and studying the sensi-
tivity of current technology, likely built for other reasons,
e.g., DM direct detection, provides excellent motivation for

further studies of high-frequency GW sources. Indeed,
perhaps the most important feature of our proposed
detection scheme is that the detectors are already being
built for DM direct detection experiments. Direct detection
of DM by single-phonon excitations has been shown to be a
promising route to search for both scattering of low-mass
(sub-MeV) DM [68–80] and absorption of sub-eV bosonic
DM [69,70,78,81–83]. The TESSARACT experiment [84]
plans to utilize both Al2O3 and GaAs as targets. Therefore,
similar to the repurposing of axion DM detectors as GW
detectors [47,61,67], any future DM direct detection
experiment utilizing single-phonon excitations can directly
be used as a GW detector.
This paper is organized as follows. In Sec. II we derive

the GW absorption rate into single phonons in two steps.
First, in Sec. II A, we summarize the general-relativistic
derivation for the forces on a lattice of point masses due to
an incoming GW. Then in Sec. II B, using the interaction
Hamiltonian generated by the GW force, we derive the
absorption rate into single-phonon excitations in both polar
and nonpolar targets. In Sec. III we begin by carefully
defining the detector sensitivity to deterministic signals,
i.e., those for which the GW strain is nonstochastic. We
then discuss the detector sensitivity for a wide variety of
target materials previously considered in the context of DM
direct detection [74]. In Sec. IV we discuss the general
difficulty with generating high-frequency GWs, and then
consider specific examples of potential high-frequency
sources, such as superradiant annihilation IVA and BH
inspiral IV B, carefully understanding their signal strength
in the context of counting experiments. We conclude in
Sec. V. A brief discussion of constraints on stochastic
sources comprises Appendix.

II. THEORETICAL FOUNDATION

The interaction of GWs with solid objects can be des-
cribed in multiple ways. If the wavelength of the incoming
GW is much larger than the detector, the deformation
of the detector can be described using the theory of
elasticity [85–87]. However, when the frequency of the
GW is much larger, comparable to theOðmeV − 100 meVÞ
gapped phonons, the low energy effective theory of
elasticity is no longer appropriate. The GW wavelengths,
Oð10 μm-mmÞ are smaller than the size of bulk single
crystals. While much smaller than the size of the detecting
crystal, these wavelengths are still much larger than the
interatomic spacing, Oð10−10mÞ. Therefore, similar to how
OðmeVÞ photons couple to the dipole moment of a unit cell
in polar targets to generate phonons, the effect of an
incoming GW can be intuitively understood as a coupling
to the quadrupole mass moment of the unit cell, which then
generates phonons. Since the GW interaction is more
similar to the photon interaction, computing the number
of phonons produced from GWs proceeds more naturally

1Gapped phonon modes exist in any crystal where the number
of atoms in the unit cell is greater than one. They are often
referred to as “optical” phonons, since they couple to light in
polar targets. However, they exist in nonpolar, e.g., silicon and
germanium, targets well.
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by inheriting methods from particle and condensed matter
physics.
The purpose of this section is to derive the absorption

rate of incoming GWs into single-phonon excitations. We
begin in Sec. II A with a review of the derivation of the
force on a point mass within general relativity, and then
generalize to a lattice of point masses. Furthermore, we
detail the necessary assumptions needed to treat the effect
of the incoming GWon each point mass as a classical force.
The potential energy associated with this force is the
starting point of Sec. II B, and defines the interaction
Hamiltonian. For nonpolar targets, the focus of Sec. II B
1, the absorption rate then follows simply from Fermi’s
golden rule, and we derive the necessary matrix elements.
In polar targets, Sec. II B 2, the phonons mix with the
photon, complicating the absorption rate derivation. To
compute the absorption rate for these targets we utilize the
formalism from Refs. [83,88,89], which has carefully
accounted for these mixing effects in the context of light
DM absorption. We will work in natural units, ℏ ¼ c ¼ 1,
and use a mostly positive, ð−;þ;þ;þÞ, metric signature.

A. General relativistic forces

Our goal is to understand how a weak GW interacts with
a crystal lattice, and therefore the natural starting point is
understanding how a single mass interacts with a GW.
While this is a textbook discussion [87,90], the general
coordinate invariance of GR renders this a delicate subject.
For example, in transverse-traceless (TT) coordinates the
coordinate position of a single mass is unaffected by a
passing GW. However, this is simply an artifact of TT
coordinates, reminding us that coordinates have no inherent
meaning in GR; physics is encoded in coordinate invari-
ants, e.g., proper distances. Fermi-normal (FN) coordinates
equip the coordinates with physical meaning by defining
the coordinates as the proper distance to an observer.
Furthermore, recent literature [61,91] has explicitly dem-
onstrated the applicability of FN coordinates beyond the
usual long wavelength approximation, λ ≫ L, where λ is
the GW wavelength, and L is the size of the detector, to
λ ≫

ffiffiffi
h

p
L which is easily satisfied for the detectors

considered here.
Following Ref. [91], the equation of motion for a test

mass in FN coordinates, assuming a nonrelativistic mass
and observer at the origin, is given by

d2xi

dt2
≈
1

2
ḧikxk; ð1Þ

to linear order in h, where the GW perturbation, hμν,
is defined as a perturbative addition to the metric,
gμν ≈ ημν þ hμν, and ημν is the Minkowski metric. Note
that hik in defined in TT coordinates and the right-hand
side of Eq. (1) is coordinate independent to linear order in
h; TT and FN coordinates are related by OðhÞ [91], and

therefore a coordinate transformation would transform the
right-hand side of Eq. (1) from OðhÞ → OðhÞ þOðh2Þ.
From Eq. (1) we see that a passing GWacts like a fictitious
tidal force, Fi,

Fi ¼ m
2
ḧikxk: ð2Þ

This result is straightforwardly generalized to a crystal
lattice, i.e., each mass experiences a force, Fi

I ¼ mIḧikxkI =2,
where I indexes the mass.
In addition to gravitational forces, the crystal lattice

dynamics are of course influenced by the electromagnetic
forces binding the crystal. These determine the leading
order, Oðh0Þ, contributions to the position and are simply
the equilibrium positions of the ions (or, equivalently,
atoms in nonpolar targets), xiI ≈ xiI;0. Perturbations around
this equilibrium, uiIðtÞ, induced by the GW are then driven
by the force in Eq. (2), and back to equilibrium by the
crystal harmonic “spring” forces. The equation of motion,
at OðhÞ, is then given by

mI
d2uiI
dt2

þ
X
J

Vik
IJu

k
J ¼

mI

2
ḧikxkI;0; ð3Þ

where VIJ is the spring constant connecting mass I to mass
J. Note that the Vik

IJ only need to be determined to Oðh0Þ.
The perturbations themselves are OðhÞ, and therefore,
analogous to the driving GW force, a coordinate trans-
formation would only generate shifts from OðhÞ to
OðhÞ þOðh2Þ. Therefore, the effect of a GW on a lattice
of masses is to introduce a fictitious force, Eq. (2), which
can drive the phonon modes in a crystal, analogous to a
passing electromagnetic wave.

B. Absorption rate calculation

Since phonons are the quanta of lattice vibrations, the
natural formalism to discuss single-phonon absorption rates
is quantum mechanics. In calculating the absorption rate,
the incoming GW may be treated as either a classical GW
background or an incoming graviton [92], analogous to
equivalence of describing a photon classically or quantum
mechanically when considering light-matter interactions.
We will choose the latter option for consistency with the
phonon description. Lattice vibrations are described as
oscillations around an equilibrium position; the position of
the jth ion in the lth unit cell of the crystal is

xljðtÞ ¼ x0
lj þ uljðtÞ ¼ r0l þ x0

j þ uljðtÞ; ð4Þ

where x0
lj is the equilibrium position, r0l is the lattice vector

of the lth unit cell, x0
j is the equilibrium position relative to

the center of the unit cell, and uljðtÞ is the displacement of
the ion away from equilibrium. When quantizing the lattice
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vibrations [93], uljðtÞ can be expanded in terms of phonon
raising and lowering operators,

uljðtÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi
2Nmj

p X
νk

e−iωνkt
eik·x

0
ljffiffiffiffiffiffiffiffi

ωνk
p ðaνk þ a†ν;−kÞϵjνk; ð5Þ

where N is the number of unit cells in the lattice, mj is the
mass of the jth ion, ν indexes the band number, k indexes
the first Brillouin zone (1BZ) momentum vectors, ωνk is
the phonon energy, aνk and a

†
νk are the raising and lowering

operators, respectively, which satisfy the canonical com-
mutation relations, ½aνk; a†ν0k0 � ¼ δνν0δkk0 ; and ϵνjk are the
phonon polarization vectors and satisfy ϵνj−k ¼ ϵ�νjk.
The interaction Hamiltonian between phonons and a GW

is determined by the coupling of ulj to hik, which is due to
the force in Eq. (3),

δH ¼ −
1

2

X
lj

mjuiljḧikx
0;k
lj : ð6Þ

This interaction Hamiltonian is the basis for the absorption
rate calculation. At first sight one might simply wish to
apply Fermi’s golden rule to compute the graviton induced
single-phonon transition rate. However, in polar targets,
where the ions have charge, Qj, the phonon mixes with the
photon, and screening can occur. Therefore, we split the
absorption rate in to two calculations. In Sec. II B 1 we
consider nonpolar materials, where Qj ¼ 0, and Fermi’s
golden rule may be straightforwardly applied. In Sec. II B 2
we consider general materials, and compute the absorption
rate using the optical theorem, following the derivation in
Ref. [83]. While the approach in Sec. II B 2 is more general,
and reproduces the results in Sec. II B 1 in the limit of a
nonpolar material, it is also more technically involved.
Before continuing it is worthwhile to introduce notation

common to both sections. It will be useful to work with the
canonically normalized GW field as opposed to the
perturbations in the metric directly. This involves a rescal-
ing, hik →

ffiffiffiffiffiffiffiffiffiffiffi
16πG

p
hik, which transforms the interaction

Hamiltonian in Eq. (6) to

δH ¼ −
ffiffiffiffiffiffiffiffiffi
4πG

p X
lj

mjuiljḧikx
0;k
lj ; ð7Þ

where hik now has mass dimension one, and is quantized in
the TT frame as

hikðx; tÞ ¼ 1ffiffiffiffi
V

p
X
λp

e−iωpt
eip·xffiffiffiffiffiffi
ωp

p ðaλp þ a†λ;−pÞeikλ ðp̂Þ; ð8Þ

where ωp ¼ jpj, and the overall normalization is found by
equating the energy density, ρGW ¼ hḣikḣiki=2, to the
quantum mechanical Hamiltonian density, H=V ¼
ð1=VÞPλp ωpa

†
λpaλp [94] with polarization vectors

normalized to eλike
ik
λ0 ¼ δλλ

0
.2 Additionally we take the

incoming GW to have four momentum, Qμ ¼ ðω;qÞ ¼
ðω;ωn̂Þ, where ω ¼ 2πf is the GWangular frequency, f is
the GW frequency, and q ¼ ωn̂ is the GW momentum.
The absorption rate per incoming graviton of polariza-

tion λ is given by Γλ. The total absorption rate, per detector
exposure, for any kind of GW with polarization λ, is
given by

Rλ ¼
1

ρT

Z
dnλGW
dfdn̂

Γλðf; n̂Þdfdn̂; ð9Þ

where ρT is the target mass density, and nλGW is the
number density of the λth polarization of GWs. The
differential energy density is related to the number density
by dρλGW ¼ 2πfdnλGW. Assuming the incoming GW is
isotropic and independent of polarization,

dnλGW
dfdn̂

¼ 1

2πf
dρλGW
dfdn̂

¼ 1

2πf
1

4π

dρλGW
df

¼ 1

2πf
1

4π

1

2

dρGW
df

¼ ρc
16π2f2

ΩGWðfÞ; ð10Þ

where ρc ¼ 3H2
0=8πG is the critical density, H0 is the

Hubble constant today andΩGWðfÞ≡ ð1=ρcÞdρGW=d logf.
Substituting Eq. (10) in to Eq. (9), and averaging over the
GW polarizations to find the total, averaged, GW absorp-
tion rate, R, gives

R≡ 1

2

X
λ

Rλ ¼
1

4π

ρc
ρT

Z
1

f2
ΩGWðfÞΓðfÞdf ð11Þ

ΓðfÞ≡ 1

8π

X
λ

Z
Γλðf; n̂Þdn̂; ð12Þ

where we have defined ΓðfÞ as the polarization and
angularly averaged absorption rate per GW. Therefore,
to compute R in Eq. (11), we need to compute Γλ, which
will be the focus of Secs. II B 1 and II B 2.
For both polar and nonpolar targets, in order to

compute Γλ the phonon energies ωνk, polarization eigen-
vectors ϵνjk, and equilibrium ion positions x0

j are needed.
We calculate these with first-principles methods similar to
Refs. [71,74,75,77,81,83], which we briefly summarize
here. Using VASP [95–97] the ions and electrons in the
lattice are relaxed to their minimum energy configuration,
which sets the equilibrium positions, and perturbing the
ions away from these minima allows calculation of the
“force constants”, Vll0jj0 , which define the harmonic
phonon Hamiltonian,

2This choice of normalization for the GW polarization tensors
is different than, e.g., Ref. [87], which chooses to normalize as
eλike

ik
λ0 ¼ 2δλλ

0
.
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Hph ¼
1

2

X
lj

mju̇lj · u̇lj þ
1

2

X
ll0jj0

ul0j0 · Vll0jj0 · ulj: ð13Þ

Then Vll0jj0 is diagonalized with the help of phonopy
[98,99] to find the phonon eigensystem, and the final
absorption rate, R in Eq. (11), is computed with the help of
PhonoDark� abs [83].

1. Nonpolar targets

Since the atoms at each site in nonpolar targets are
electrically neutral, there is no phonon-photon mixing and
the absorption rate can be computed straightforwardly with
Fermi’s golden rule.3 Specifically, we will compute the
transition rate due to the interaction Hamiltonian δH in
Eq. (7) from an initial state, jIi ¼ jλ; f; n̂i ⊗ j0i, contain-
ing zero phonons and an incoming graviton, to a final state,
jFi ¼ j0i ⊗ jν;ki, containing zero gravitons and one
phonon indexed by its band number ν and crystal momen-
tum vector k. This rate is given by

Γλðf; n̂Þ ¼ 2π
X
νk

jhFjδHjIij2δðω − ωνkÞ; ð14Þ

where δH is evaluated at t ¼ 0, since the time dependence
has been factored out to provide the energy conserving
delta function as in ordinary time-dependent perturbation
theory, and hIjIi ¼ hFjFi ¼ 1. The phonon contribution to
the matrix element is computed using Eq. (5),

hν;kjuljj0i¼
e−ik·x

0
ljffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Nmjωνk
p ϵ�jνk≡e−ik·x

0
ljffiffiffiffi

N
p Tjνk≈

e−ik·r
0
lffiffiffiffi

N
p Tjνk;

ð15Þ

where ulj ≡ uljðt ¼ 0Þ, jν;ki ¼ a†νkj0i, we have defined
the phonon transition matrix element, Tjνk, and used the
long-wavelength approximation jk · x0

j j ≪ 1, which is true
for the momentum transfers of interest here since jkj ∼
ω ∼meV and jx0

j j ∼ Å ∼ ðkeVÞ−1.
The graviton contribution to hFjδHjIi is then given by

evaluating the matrix element of ḧikðx0
ljÞ≡ ḧikðx0

lj; 0Þ in
Eq. (8), using the quantization of the graviton field from
Eq. (8),

h0jḧikðx0
ljÞjλ; f; n̂i ¼ −

ffiffiffiffiffiffi
ω3

V

r
eiq·x

0
ljeikλ ðn̂Þ

≈ −

ffiffiffiffiffiffi
ω3

V

r
eiq·r

0
leikλ ðn̂Þ; ð16Þ

where jλ; f; n̂i ¼ a†λqj0i and in the last step we made
the same long-wavelength approximation jq · x0

j j ≪ 1 as
in Eq. (15).
Substituting Eqs. (15) and (16) into hFjδHjIi gives,

hFjδHjIi ¼
ffiffiffiffiffiffiffiffiffi
4πG

p

N

ffiffiffiffiffiffi
ω3

Ω

r
eλikðn̂Þ

X
lj

eiðq−kÞ·r
0
lmjx

0;i
ljT

k
jνk;

ð17Þ

where Ω ¼ V=N is the volume of the unit cell. Eq. (17) can
be simplified further since the phonon transition matrix
elements satisfy the “coupling to mass” [69,70,72,81] sum
rule,

P
j mjTjνk ¼ 0, when ν runs over the gapped, optical

modes.4 Therefore, when expanding x0
lj the term propor-

tional to r0l vanishes, and using
P

l e
iðq−kÞ·rl ¼ Nδq;k

further simplifies Eq. (17) to

hFjδHjIi ¼ δq;k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGω3

Ω

r
eλikðn̂Þ

X
j

mjx
0;i
j Tk

jνk: ð18Þ

Lastly, substituting Eq. (18) in to Eq. (14), we obtain,

Γλðf; n̂Þ ¼
8π2Gω3

Ω

X
ν

�X
j

mjx
0;i
j eλikT

k
jνq

�

×

�X
j
mjx

0;i
j eλikT

k
jνq

��
δðω − ωνÞ; ð19Þ

where we have approximated ωνq ≈ ων, as appropriate for
momentum transfers well within the 1BZ.

2. Polar targets

If the ions on the lattice sites have net electric charge,
then they will also couple to the photon in addition to any
incoming GW. This mixing introduces screening effects
which frequently arise when studying absorption or scat-
tering of light DM [69,82,83,88,89,101,102]. Accounting
for this screening will require introducing some formalism
which has appeared in Refs. [83,88,89]. While technically
more complex, this formalism will also apply to nonpolar
targets and provide a rigorous method for smearing the
delta function in Eq. (19), in addition to being able to
account for mixing effects in polar targets.
Consider an effective Lagrangian containing the gra-

viton and photon fields, which are mixed by self-energies
containing states in the medium, e.g., phonons or electrons,

3See also Ref. [100] which computed the GW absorption rate
into acoustic phonons in resonant mass detectors using Fermi’s
golden rule.

4Note that the coupling to mass effect also enforces independ-
ence of the final result from the absolute position of the unit cell
center. To see this, imagine choosing a new center, shifted by
some Δx, such that x0

j → x0
j þ Δx. The contribution to hFjδHjIi

in Eq. (18) from Δx then vanishes due to the coupling to mass
effect.
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L ¼ L0
h þ L0

A −
1

2
ð hμν Aρ Þ

�Πμν;μ0ν0
hh Πμν;ρ0

hA

Πρ;μ0ν0
Ah Πρρ0

AA

��
hμ0ν0

Aρ0

�
;

ð20Þ

L0
h¼−

1

2
ð∂μhνρ∂μhνρ−2∂μhνρ∂νhμρþ2∂μh∂νhνμ−∂

μh∂μhÞ;
ð21Þ

L0
A ¼ −

1

4
FμνFμν; ð22Þ

where L0
h;L

0
A are the free graviton and photon Lagrangians

in vacuum, respectively, and the second term in Eq. (20)
contains the self-energies, Π, which are 1PI diagrams
induced by the medium [83,88,89]. For example, the
single-phonon contribution to Πhh is given by the diagram,

ð23Þ

where the internal double solid line indicates a phonon
propagator, the vertex Feynman rule is determined by
the interaction Hamiltonian in Eq. (7), and we have left
indices implicit for simplicity. The single-phonon contribu-
tion to the other self-energies, e.g., ΠhA;ΠAA, are analogous
diagrams with the corresponding external h replaced with A.

The in-medium states are those which diagonalize the
Lagrangian in Eq. (20), and can be separated into unmixed
“gravitonlike” (ĥ) and “photonlike” (Â) states, since the
couplings between the graviton and photon are perturba-
tively induced via the medium. The absorption rate of an
incoming vacuum graviton is then, approximately, given by
the absorption rate of its gravitonlike counterpart, which
can be computed with the optical theorem,

Γλðf; n̂Þ ≈ Γλ
ĥ
ðf; n̂Þ ¼ −

1

ω
Im½Πλ

ĥ ĥ
ðf; n̂Þ�; ð24Þ

where Πĥ ĥðf; n̂Þ is from the graviton-like term in the
diagonalized Lagrangian, L ⊃ −

P
λ ĥλΠλ

ĥ ĥ
ĥλ=2. To com-

pute the absorption we must diagonalize Eq. (20) to
find Πλ

ĥ ĥ
ðf; n̂Þ.

Gauge freedom allows for immediate simplification in
both the photon and graviton sectors, reducing the degrees of
freedom from 10 and 4 to 6 and 3 for the graviton and photon
field, respectively. We are focused on computing the
absorption rate of an incoming vacuum graviton. Since
any polarization mixing introduced by the medium is
gravitationally suppressed, we can reduce the graviton
system to just the two vacuum graviton modes. Projecting
the graviton field into the reduced polarization basis as
hik ¼ eλikhλ, the Lagrangian in Eq. (20) simplifies to

L ¼ 1

2
ð hλ Aρ Þ

 
ð∂2 − Πλ

hhÞδλλ
0 −Πλ;ρ0

hA

−Πρ;λ0
Ah ð∂2ηρρ0 − ∂

ρ
∂
ρ0 Þ − Πρρ0

AA

!�
hλ0

Aρ0

�
; ð25Þ

where λ; λ0 index the usual þ;× graviton polarizations, and self-energies with polarization indices indicate projection onto
the polarization vectors, e.g., Πλ

hh ≡ eλijΠ
ij;i0j0
hh eλi0j0 .

Moving to the photon sector, DM absorption calculations are typically performed in the Lorenz gauge, ∂μAμ ¼ 0.
However, subtleties arise in computing the Feynman diagrams in Eq. (23) for graviton kinematics, Q2 ¼ 0, since the
standard choice of the longitudinal polarization vector, eμL ¼ ðω;ωn̂Þ=

ffiffiffiffiffiffiffiffiffi
−Q2

p
, is singular. Therefore, we work in the

Coloumb gauge, ∂iAi ¼ 0, where the polarization vectors are eμL ¼ ð1; 0; 0; 0Þ, eμ� ¼ ð0; n̂�Þ, and n̂� are two vectors
orthonormal to n̂. Projecting the photon field into these polarizations, Aμ ¼ eλμAλ, the Lagrangian in Eq. (25) becomes,

L ¼ −
1

2
ð hλ AL Aσ Þ

0
BB@

ð−∂2 þ Πλ
hhÞδλλ

0 Πλ
hL Πλσ0

hA

Πλ0
Lh −ω2 þ ΠL Πσ0

LA

Πσλ0
Ah Πσ

AL −∂2δσσ0 þ Πσσ0
AA

1
CCA
0
B@

hλ0

AL

Aσ0

1
CA; ð26Þ

where we have explicitly separated the longitudinal photon
mode AL from the transverse modes Aσ , where σ indexes
transverse polarizations, �, and polarization indices re-
present projections onto polarizations. Projection on to the
longitudinal mode is equivalent to projection on to n̂i by
the Ward identity, QμΠ

μν
AA ¼ 0: ΠL ≡ Π00

AA ¼ n̂iΠik
AAn̂

k,
Π0σ

AA ≡ Πσ
LA ¼ n̂iΠik

AAe
σ
k , and Πσ0

AA ≡ Πσ
AL ¼ eσiΠik

AAn̂
k.

The Lagrangian in Eq. (26) can now be pertur-
batively diagonalized since the off-diagonal com-
ponents mixing h and A are Oð ffiffiffiffi

G
p Þ, and therefore Πλ

ĥ ĥ
is given by

Πλ
ĥ ĥ

≈ Πλ
hh − Πλα

hA½Δ−1
A �αα0Πα0λ

Ah ð27Þ
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Δαα0
A ≡

�−ω2 þ ΠL Πσ0
LA

Πσ
AL Q2δσσ

0 þ Πσσ0
AA

�
; ð28Þ

where α; α0 ∈ fL;�g index all the photon polarizations,
and the inverse in Eq. (27) represents the matrix inverse.
Note that for an isotropic medium with Πσ

AL ¼ Πσ
LA ¼ 0,

ΔAA is diagonal, and the inverse in Eq. (27) is trivial. The
absorption rate is therefore given by

Γλ ¼ −
1

ω
Im½Πλ

hh − Πλα
hA½Δ−1

A �αα0Πα0λ
Ah �: ð29Þ

To compute the self-energies in Eq. (29) we follow
Ref. [83]. As mentioned earlier, these self-energies will
generally receive contributions from both the phonons and
electrons in the target. However, since our focus is on
single-phonon excitations, some simplifications can be
made. Notice that the dependence of the absorption rate,
Γλ, on Πhh is only through the imaginary part. Imaginary
contributions to self-energies correspond to physical
degrees of freedom going on shell, and therefore below
the electronic band gap, Im½Πhh� will only receive a
contribution from phonon excitations. Furthermore, we
expect the electronic contribution to ΠhA to be subdomi-
nant, since any GW-electron coupling will be suppressed
by me=mj ∼ 10−4 relative to the GW-ion coupling.
Therefore, when computing both Πhh and ΠhA we include
only the phonon contribution. Calculation of ΠAA is
identical to that described in Ref. [83], and will include
both electron and phonon contributions.
The single-phonon contribution to the self-energies can

be written as [83]

ΠΦΦ0 ðf; n̂Þ ¼ −i
X
ν

DνðωÞ
Ω

�X
j

FΦ;j · Tjνq

�

×

�X
j
FΦ0;j · Tjνq

��
; ð30Þ

DνðωÞ ¼
2iων

ω2 − ω2
ν þ iωγν

; ð31Þ

where ΠΦΦ0 implicitly carries the Lorentz indices of the
fields Φ and Φ0,Dν is the phonon propagator, and FΦ;j is a
form factor encapsulating the coupling of the jth ion to the
field Φ (and also carries an implicit Lorentz index). The
photon form factor is simply the charge of a given ion, and
the graviton form factor can be read off from the interaction
Hamiltonian in Eq. (7),

F i;k
A;j ¼ eωQjδ

ik; ð32Þ

F ai;k
h;j ¼ −

ffiffiffiffiffiffiffiffiffi
4πG

p
ω2mjx

0;a
j δik; ð33Þ

where Qj ¼ Np;j − Ne;j, and NpðeÞ;j are the number of
protons (electrons) at site j. Substituting Eqs. (32) and (33)
into Eq. (30) gives,

Πik;i0k0
hh ðf; n̂Þ ¼ −i4πGω4

X
ν

DνðωÞ
Ω

�X
j

mjx
0;i
j Tk

jνq

�

×

�X
j
mjx

0;i0
j Tk0

jνq

��
; ð34Þ

Πik;i0
hA ðf; n̂Þ ¼ i

ffiffiffiffiffiffiffiffiffi
4πG

p
eω3
X
ν

DνðωÞ
Ω

�X
j

mjx
0;i
j Tk

jνq

�

×

�X
j
QjTi0

jνq

��
; ð35Þ

which can then be straightforwardly substituted into
Eq. (29) to compute the absorption rate. Note that if the
mixing is removed by setting ΠhA ¼ ΠAh ¼ 0 (which can
be accomplished by setting Qj ¼ 0 as for a nonpolar
target), and the phonon is assumed to be a perfect
resonance, γ → 0, then we recover the absorption rate
previously derived from Fermi’s golden rule in Sec. II B 1.
The main effect of the mixing contribution to Eq. (29) is to
slightly shift the resonance locations from their value in the
limit of no mixing, i.e., ων.

III. SENSITIVITY TO GRAVITATIONAL WAVES

With the calculation of the GWabsorption rate in Sec. II,
we can now determine the experimental sensitivity. In the
context of DM direct detection, the sensitivity is governed
by the number of phonons produced, Nph, over the
observation time, T. Requiring that Nph > 3 is then directly
converted to a 95% C.L. limit on the DM coupling
parameters, assuming negligible backgrounds.5 While
Nph will still be the figure of merit here, the question of
experimental sensitivity becomes more subtle for GW
searches since the incoming GWs need not be coherent
over T, nor have a monochromatic frequency spectrum.
These two features are dramatically different than the signal
due to absorption of nonrelativistic DM, which occurs at
frequencies equal to the DM mass and persists over the
whole observation time. Due to the relativistic kinematics
of the incoming GW, a closer analogy would be to a signal
produced by a thermal cosmic axion background [103], or
from DM produced in the Sun [104,105]. Here, computing
the number of phonons produced becomes intimately tied
to the parametrization of the signal. Therefore, for ease of
comparison it is useful to create classes of signals with
similar parametrizations. The sources of high-frequency
GWs in this frequency range we focus on, for reasons

5Assuming Poisson statistics for the event rate, and no
events seen, an expected signal of Nph must be greater than
− lnð1 − CL=100Þ to be excluded at the C.L.% confidence level.
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discussed further in Sec. IV, may be referred to as
deterministic signals, characterized by a known signal
profile which may be parametrized as6

hðtÞ ¼ h0ðtÞe2πifsðtÞt: ð36Þ
Stochastic sources, characterized by their power spectral
density, are considered in Appendix. In Eq. (36), fsðtÞ is
the instantaneous signal frequency at time t, and h0ðtÞ is the
signal amplitude at time t. Assuming that fs and h0 are
slowly varying functions of time, the GW energy density
for deterministic signals is

ρGWðtÞ ¼
π

8G
f2sðtÞh20ðtÞ≡ ρ0GWðfsÞh20ðtÞ; ð37Þ

where we have defined, ρ0GWðfÞ≡ ðπ=8Þf2=G. The GW
energy density parameter ΩGW for deterministic signals is
then given by

ΩGWðf; tÞ ¼
ρ0GWðfÞ

ρc
fh20ðtÞδðf − fsÞ: ð38Þ

Note that while ΩGWðfÞ is typically used in the context of
stochastic GW signals, its use here can be understood as
just a rewriting of the differential energy density, dρGW=df,
given by Eq. (10); ρGW in Eq. (37) is related to ΩGW in
Eq. (38) by ρGW ¼ R ðdρGW=dfÞdf ¼ ρc

R
ΩGWðfÞd ln f.

The expected number of phonons produced during T is
found by integrating the rate in Eq. (11), and multiplying by
the detector mass, M,

Nph ¼ M
Z

T

0

dt
Z

df
1

4πf
ρ0GWðfÞ

ρT
h20ðtÞΓðfÞδðf − fsðtÞÞ:

ð39Þ
While Eq. (39) is the underlying quantity which deter-

mines the sensitivity, comparing the response to different
deterministic signals, for example those with different time
dependence, is subtle. Ideally, the signal strength and
detector sensitivity would be completely decoupled, such
that if the signal strength is greater than the detector
sensitivity, then the signal may be seen. This decomposition
is most clear in the context of monochromatic signals, for
which fs is constant, and the amplitude is slowly varying.
For these signals, we can define,

h2s ≡ 1

T

Z
T

0

h20ðtÞdt; ð40Þ

h2detðfÞ≡ 3
4πf

ρ0GWVTΓðfÞ
; ð41Þ

where hs characterizes the signal strength and hdet char-
acterizes the detector sensitivity. This allows Eq. (39) to be
written as

Nph ¼ 3
h2s

h2detðfsÞ
: ð42Þ

Therefore, when h2s > h2detðfsÞ the number of phonons
produced is greater than 3, and limits on the signal can be
set at the 95% C.L.
There is redundancy in our definitions of hs and hdetðfÞ,

since only their relative magnitude is important, and
therefore great care should be taken to compare the
sensitivity of different experiments which may differ in
definitions of hs and hdet. The definitions chosen here are
useful because they do not only apply to detection via
single-phonon excitations. For any direct detection experi-
ment where the primary observable is some number of
excitations, and the interaction of a GWwith that excitation
is ΓðfÞ, Eq. (41) can be used to define the detector
sensitivity.
Another type of deterministic signal is a chirp signal,

where ḟs ¼ dfs=dt is known. For these signals the time
dependence in h0ðtÞ can be traded for frequency depend-
ence by solving for f ¼ fsðtÞ. Defining the signal strength
in this case as

h2sðfÞ≡ f

ḟT
h20ðfÞ ¼

τf
T
h20ðfÞ; ð43Þ

where τf ≡ fs=ḟs is the signal coherence time, the number
of phonons produced from this signal type is can then be
calculated, using dt ¼ df=ḟ, as

Nph ¼ 3

Z
h2sðfÞ
h2detðfÞ

d ln f; ð44Þ

where hdet has the same definition as Eq. (41), and the
frequency integral is performed over fsð0Þ ≤ f ≤ fsðTÞ.
We see that if hs ≳ hdet over an e-fold in f, then the number
of phonons generated will be larger than 3.
With Eq. (41), the detector sensitivity, hdet, can now be

computed in a general target material. In this section we
focus on nine targets that have been previously studied in
the context of DM direct detection. GaAs and Al2O3 are
being utilized in the TESSARACT experiment [84], spe-
cifically designed to search for DM-induced single-phonon
excitations, and Si is used in SuperCDMS CPD [106]
which is sensitive to secondary athermal phonons produced
from a DM-induced event. Si and Ge have been used in
other experiments, e.g., CDEX [107], DAMIC [108–111],
EDELWEISS [112–114], SENSEI [115–117], and
SuperCDMS [118–120], searching for DM-induced elec-
tronic excitations and nuclear recoils. NaI (DAMA/LIBRA
[121], KIMS [122], ANAIS [123], SABRE [124],

6Deterministic signals may also contain information about
direction from which they were emitted. This goes beyond our
isotropic assumption in Eq. (10), and we leave further discussion
for future work.
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DM-Ice [125]), CsI (KIMS [126]), and CaWO4 (CRESST
[127–129]) have also been used as target material in nuclear
recoil experiments. In addition to these we include two
more speculative targets; SiO2, shown to have strong
phonon responses to absorption and scattering of dark
photon DM [74,75,77,81,83], and diamond, which has
been independently proposed to search for electronic
excitations and nuclear recoils [73,130].
While it is likely not all of these targets will be employed

as single-phonon detectors, comparing the projected sen-
sitivity for a variety of targets illustrates how they can
complement each other. The number of gapped phonon
modes, and their energy spectrum, varies across targets. For
example, CsI has a single resonance at ω ∼ 10 meV,
diamond has one at ω ∼ 175 meV, and CaWO4 has many
resonances between 8 meVand 110 meV. The total number
of gapped modes is 3n − 3, where n is the number of atoms
in the unit cell, and the energy of the lowest gapped mode
correlates with the speed of sound, which varies across
materials. The GW sensitivity will be peaked near these
resonance frequencies, and therefore a judicious choice of
targets is necessary to cover the broadest possible fre-
quency range. See Ref. [74] for the phonon band structures

for the targets considered here. Additionally, in contrast to
the search for dark photon DM [69,70,78,83], or axion DM
in a background magnetic field [81,82] the targets do not
have to be polar, i.e., contain oppositely charged ions in the
unit cell. This allows for targets like diamond, Si, and Ge to
be used to search for GWs even though they are not useful
in searching for specific benchmark sub-eV DM models,
which instead must rely on multiphonon processes [78] at
OðmeVÞ frequencies.
Understanding and mitigating backgrounds is crucial to

the success of any direct detection experiment utilizing
single-phonon excitations. The dominant irreducible
background is from coherent solar neutrino scattering;
the cosmic neutrino background is negligible. Solar neu-
trinos are expected to produce a background of phonons
at a rate of R ∼ 10−2=meV=kg · yr between 1 meV≲ ω≲
100 meV [131,132]. Other backgrounds are expected to be
important, and in fact dominate current low threshold direct
detection technology. Examples of such backgrounds are
those induced by cosmic high-energy particles [133], and
from radiogenic sources in the detector or shielding [132],
the latter generating a background of phonons at a rate of
R ∼ 1–10=meV=kg · yr with current levels of radio purity.

FIG. 1. Detector sensitivities, hdet, Eq. (41), for experiments utilizing gapped, single-phonon excitations in a variety of crystal targets,
assuming negligible backgrounds and a kg · yr exposure. The frequency, and number, of resonances are properties of the specific target.
All line widths, γν, Eq. (31), are taken to be 10−2ων, where ων is the phonon frequency. The projected sensitivity is cut off away from the
peak resonances for visual simplicity, and to emphasize that the simplistic modeling of γν discussed previously is unlikely to hold far
from the resonances. Note that Si, Ge, and diamond are nonpolar, whereas the rest of the targets are polar. In addition to the detector
sensitivity we show the signal strength, hs, for three sources of high-frequency GWs, all assuming sources r ¼ 1 AU away and
T ¼ 1 yr. Gray lines represent idealized, benchmark sources, computed with Eq. (46), which emit GWs with power PGW, and are
coherent over the observation time, i.e., monochromatic sources with hs ≈ h0 in Eq. (40). The red line, labeled “Superradiant
Annihilation”, is a monochromatic signal, from the annihilation of two bosons in a superradiant produced population around low-mass
(M ≲ 10−7M⊙) BHs. The signal strength is computed with Eq. (54), assuming the BH mass is maximal at each frequency; see Sec. IVA
for more details. The blue lines, labeled “Black Hole Inspiral”, are chirp signals from the inspiral of two low-mass (M ≲ 10−8M⊙) BHs.
The light-blue dashed lines correspond to hs in Eq. (56) for fixed BH mass,M. The solid line represents the high-frequency boundary of
possible BH inspiral signal strengths; at each f, we choose the BH mass M in Eq. (56) whose fISCOðMÞ ¼ f.
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Improved shielding, active signal vetoing, and more radio-
pure samples will be essential to reduce these backgrounds.
Vibrational noise is unlikely to be important since any
source frequency is far from the phonon resonances of
interest here, and thermal noise will be Boltzmann
suppressed.
In Fig. 1 we compare the detector sensitivity, hdet, of the

nine target materials assuming a kg · yr exposure and
backgrounds at the irreducible level, ≲1=kg · yr, which
are negligible. The phonon line widths are taken to be
γν ¼ 10−2ων, values which have been shown to reproduce
the dielectric function reasonably well [83]. In addition to
comparing the sensitivity of different targets, we also
compare hdet to the signal strength, hs, for the sources
discussed in Sec. IV, all assumed to be r ¼ 1 AU away.
Gray lines are shown as benchmark lines and correspond to
idealized, monochromatic sources which emit GW radia-
tion from a single source isotropically with power PGW
over the observation time. The sensitivity could be further
improved by increasing the detector volume, hdet ∝ 1=

ffiffiffiffi
V

p
,

as well as finding targets with smaller phonon line widths,
γν, since at the phonon peak, hdet is proportional to

ffiffiffiffi
γν

p
.

In Fig. 2 we compare the sensitivity of single-phonon
detectors to other high-frequency GW detectors in the
MHz≲ f ≲ 100 THz frequency range. The curve labeled
“Phonons” is simply an outline of the sensitivities in Fig. 1.
The detectors are compared in their ability to detect

monochromatic GWs, coherent over all their observation
times, with (time-independent) amplitude h0. Constraints
from recasting limits from current experimental data
(ADMX [134–136], CAPP [137], HAYSTAC [138],
ORGAN [139]) were taken directly from Ref. [61].
Projections for other experiments have been rescaled
assuming a run time, T ¼ 1 yr. This changes the projec-
tions for a future detector built in the SQMS Center at
Fermilab [61], MAGO 2.0 [59], DMRadio (a combination
of projections from DMRadio-GUT [140], and DMRadio-
m3 [141] from Ref. [62] assuming figure-eight pickup
loop), and the “realistic” setup for the atomic clock
experiment from Ref. [60] by Oð1Þ factors relative to their
respective references. The sensitivity of other axion halo-
scopes, ABRACADABRA [142–144], ADMX SLIC
[145], BASE [146], SHAFT [147], WISPLC [148], can
be found in Ref. [62], and are too weak to appear in Fig. 2.

IV. SOURCES

The universe naturally provides a variety of GW sources.
The Standard Model predicts GW production over a range
of frequencies, from the inspiral of supermassive black hole
binaries [149–153] at f ∼ nHz, to populations of gravitons
frozen in from the early Universe at f ∼ THz [154–158].
Additionally, many theories beyond the Standard Model
also predict GW production from inflation [159–164],

FIG. 2. Comparing the sensitivity of high-frequency GW detectors in the 1 MHz≲ f ≲ 100 THz range. The comparison between
detectors is only meaningful for monochromatic signals with constant amplitude, i.e., those of the form hðtÞ ∼ h0e2πift, where h0 is a
constant. For these signals, if the h0 produced from a source is greater than the detector sensitivity, then it may be detected. The gray
lines correspond to example, benchmark, sources isotropically emitting GWs with power PGW, at frequency f, and at a distance of
r ¼ 1 AU. h0 is computed using Eq. (46). The solid red line labeled “Phonons” is an outline of the specific target sensitivities shown in
Fig. 1, which assume T ¼ 1 yr. The sensitivity of different microwave cavities from Ref. [61] (ADMX [134–136], CAPP [137],
HAYSTAC [138], ORGAN [139], and SQMS [61]) is shown in teal. The sensitivity of the MAGO 2.0 proposal from Ref. [59] are shown
in green. The sensitivities of DMRadio-GUT [140] and DMRadio-m3 [141], assuming a figure-eight pickup loop, have been combined,
labeled “DMRadio”, from Ref. [62] and are shown in orange. The sensitivity of atomic clocks are from Ref. [60] and shown in purple.
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inflaton annihilation into gravitons [165–167], phase tran-
sitions [168–179], preheating [180,181], topological

defects [182–184], noisy turbulent motion [185–189],
equilibriated gravitons [190,191], and GW production by

Hawking radiation from rotating primordial BHs [192]; see
Refs. [193–195] for reviews.
However, if these GWs are present before big-bang

nucleosynthesis (BBN), they would contribute significantly
to the radiation density of the Universe, which is strongly
constrained at that time [196]. The total amount of GW
radiation present at BBN is restricted to be less than ∼2 ×
10−6 [46,196] of the total energy density in the universe.
This severely limits the amplitude of these GWs today,
especially at the high frequencies we are concerned with
here. The characteristic strain of these cosmological,
stochastic GWs is given by [46,197],

hcðfÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3H2

0

4π2
ΩGWðfÞ

f2

s
∼ 10−33

�
THz
f

��
ΩGWðfÞ
10−6

�1
2

;

ð45Þ
which, while not an exact “apples to apples” comparison
(see Appendix for more details), is many orders of
magnitude smaller than the detector sensitivities shown
in Fig. 2. To emphasize how undetectable this is, note that
the detector sensitivity in Eq. (41) scales as L−3=2, where L
is the length scale of the detector. A detector would need to
be scaled to L ∼ 100 km, while still maintaining zero
background, to reach hc ∼ 10−33 from its sensitivity of
10−24 at L ∼ 10 cm. Therefore, it will be challenging for
detectors based on single-phonon sensitivity to detect these
stochastic, early-Universe GWs.
GWs may also be produced on astrophysical scales,

i.e., by processes occurring in the Milky Way. Inde-
pendent of how the GWs are generated, the GW
amplitude h0 from any source emitting GWs isotropically
with power PGW at frequency ω and a distance r away is
given by

h0¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8GPGW

ω2r2

r
∼10−24

�
PGW

1012M⊙=yr

�1
2

�
1meV
ω

��
8 kpc
r

�
:

ð46Þ
Achieving a detectable strain at galactic distances
requires an extraordinary amount of power. Said another
way, if in one year the entire mass-energy of the
Milky Way (∼1012M⊙) were converted to meV-frequency
GWs at the galactic center (r ¼ 8 kpc), the amplitude
would be only slightly above the detector sensitivity.
Therefore it appears the only reasonable source of GWs

must come from a source at sub-kpc scales. Normalizing
Eq. (46) to AU distance scales, the required PGW is much
smaller,

h0 ∼ 10−24
�

PGW

10−6M⊙=yr

�1
2

�
1 meV

ω

��
1 AU
r

�
: ð47Þ

This signal strength is shown as a gray line in Fig. 2, and is
more emblematic of the benchmark signals that very high-
frequency GW experiments may be sensitive to.
We now consider two specific realizations of these

deterministic signals; superradiant annihilation of bosons
surrounding a BH (Sec. IVA), and BH inspiral (Sec. IV B).
Their signal strengths, hs, are shown in Fig. 3 as a function
of the BH mass, M. The BHs we consider are light,
M ≪ M⊙, and therefore must be primordial in origin. For
10−16M⊙ ≲M ≲ 10−11M⊙ these primordial BHs may con-
stitute all of the local DM density, and for higher masses
may constitute a DM subcomponent; see Ref. [198] for a
recent review. The typical separation between these pri-
mordial BHs is�
ρPBH
M

�
−1
3

∼ 100 AU

�
0.4 GeV cm−3

ρPBH

�1
3

�
M

10−12M⊙

�1
3

;

ð48Þ
where ρPBH is the primordial BH mass density. While this
distance scale is much closer to the AU scale of interest
when primordial BHs are all the DM, as we will show
primordial BHs in the 10−16M⊙ ≲M ≲ 10−11M⊙ mass
range are unfortunately too light to generate detectable
GWs via superradiant annihilation or BH inspiral. The
purpose of considering these specific signal sources is
twofold; first, they serve as simple benchmarks to compare
experimental sensitivities, and second, providing details
about why the signal strengths are so small may generate
ideas for mechanisms producing stronger signals.

A. Superradiant annihilation

Superradiance is the process where a rotating BH of
massM creates a high occupancy bosonic cloud of particles
by losing mass and angular momentum [199–202]. The
bosons that are produced occupy bound states around the
BH, which are analogous to bound states in a hydrogen
atom since the gravitational potential is approximately 1=r
far enough from the BH. The production rate of bosons
in a given bound state depends on the number of bosons
present, and is therefore exponentially enhanced until the
BH is spinning too slowly for superradiance to occur. The
maximum number of superradiantly produced bosons in
the “n ¼ 2, l ¼ m ¼ 1” mode, to borrow the notation of
atomic physics, is

Nsr ¼ Δa�
�

M
Mpl

�
2

∼ 1076 × Δa�
�

M
M⊙

�
2

: ð49Þ

where Mpl ¼ 1.22 × 1019 GeV, and Δa� is the difference
in the BH spin parameter, a� ¼ JðGM2Þ−1, where J is the
BH angular momentum, before and after superradiance
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occurs. These superradiantly produced bosons may
then annihilate in to monochromatic GWs at frequencies
ω ¼ 2μ, where μ is the mass of the boson.7 For super-
radiance to occur, the BH must be spinning fast enough,
mΩH > μ, where ΩH is the angular velocity of the
BH at the horizon. This is known as the “superradiance
condition” and, when written in terms of the BH
mass, requires GMω < 1 for the l ¼ 1 mode. Therefore,
there is a maximum BH mass which can emit GWs
at frequencies ω by superradiant annihilation, Msr

max ¼
M2

pl=ω ∼ 10−7M⊙ðmeV=ωÞ.
Computing the annihilation rate of two bosons in

any state is a difficult problem because the gravitational
“fine-structure constant”, α≡ GMμ, can be nonperturba-
tively large. Therefore, while analytic solutions exist
forα ≪ 1, onemust resort to numerical relativity simulations
[203–206] for α≲ 1=2, near the edge of the superradiance
condition. These simulations indicate that the maximum
annihilation signal occurs for 0.25≲ α≲ 0.5 [204,205],
depending on the spin of the boson and the initial a� of
the BH. For simplicity we adopt a semianalytic approach to
model the annihilation rate similar to Ref. [200], using the
scaling relations from the perturbative regime, with an
overall coefficient set by the numerical simulations, and
restrict α < 0.4. With this parametrization the annihilation
rate of two bosons in the n ¼ 2;l ¼ m ¼ 1 state is given by

Γsr;ann ¼ CΓMplð2αÞ15
�
MPl

M

�
3

∼
10−54

yr

�
M

10−7M⊙

�
12
�

ω

meV

�
15

; ð50Þ

and where the overall coefficient, CΓ ≈ 10−10, is found from
the numerical simulations in Ref. [204]. The total annihila-
tion rate is further enhanced by the number of bosons in the
cloud,

Rsr;ann ¼ N2
srΓsr;ann ∼

1070

yr
Δa2�

�
M

10−7M⊙

�
16
�

ω

meV

�
15

;

ð51Þ
where theN2

sr factor is due to the fact that the GW is emitted
via an annihilation process. This generates PGW ¼ ωRsr;ann

of power in outgoing GWs. The annihilation process con-
tinues until all the bosons have annihilated to GWs. The
timescale for this to happen is also set by Eq. (51),

τsr;ann ¼
Nsr

Rsr;ann
∼ 10−8 yr

1

Δa�

�
10−7M⊙

M

�
14
�
meV
ω

�
15

:

ð52Þ
The amplitude of the GWs emitted by superradiant annihi-
lation is given by [200]

hsr;ann0 ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8G
r2ω

Rsr;ann

r
1

1þ t=τsr;ann
; ð53Þ

FIG. 3. Comparison of the signal strength, hs, from the inspiral of BHs with equal mass M (“Black Hole Inspiral”, blue, Sec. IV B),
and superradiant annihilation of bosons surrounding a BH of mass M (“Superradiant Annihilation”, red, Sec. IVA) at different GW
frequencies, ω. All lines assume the source is r ¼ 1 AU away and T ¼ 1 yr. The superradiant annihilation signal is computed with
Eq. (54). The turnover occurs when the superradiant annihilation timescale, Eq. (52), is equal to the observation time, T, and the cutoff is
from requiring GMω < 0.8, corresponding to the point where numerical simulations indicate a breakdown of our analytic
approximations. The BH inspiral signal is shown at the different points in its frequency evolution and computed with Eq. (56).
The cutoff occurs for BH masses too large to emit GWs at ω, i.e., their ωISCO < ω.

7Level transitions also produce GWs, although at a subdomi-
nant rate to annihilation, and therefore we focus on the annihi-
lation process here.
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which can then be substituted in to the definition of the signal strength, hs, for monochromatic signals given in Eq. (40). The
signal strength has parametrically different behavior depending on whether the signal lasts over the entire observation time,

hsr;anns ¼

8>><
>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8G
r2ωRsr;ann

q
∼ 10−21Δa�ðAUr Þ

�
M

10−7M⊙

�
8ð ω

meVÞ7 τsr;ann ≫ Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8G
r2ωRsr;ann

q ffiffiffiffiffiffiffiffi
τsr;ann
T

q
∼ 10−25

ffiffiffiffiffiffiffiffi
Δa�

p ðAUr ÞðyrT Þ
1
2

�
M

10−7M⊙

�
ðmeV

ω Þ12 τsr;ann ≪ T:
ð54Þ

Equation (54) is shown in Fig. 3 (“Superradiant
Annihilation”) as a function of BH mass, for different
choices of signal frequency, assuming T ¼ 1 yr. The maxi-
mum BH mass is set by Msr

max. The turnover for each curve
occurs when τsr;ann ∼ T. BH masses above the turnover
have τsr;ann ≪ T, and those below have τsr;ann ≫ T. Lastly,
we note that while it may seem beneficial to increase the
annihilation rate, Γsr;ann in Eq. (50), to increase hs and GW
power output, the timescale over which these GWs are
emitted decreases, which hinders the signal. In fact, these
competing effects exactly compensate each other. If the
Γsr;ann is increased enough to drive τsr;ann ≪ T, then hs only
depends on the combinationRsr;annτsr;ann ¼ Nsr and becomes
independent of Γsr;ann. Therefore, the peak hs, which occurs
at large M when τsr;ann ≪ T, is independent of Γsr;ann.

B. Black hole inspiral

In addition to superradiant annihilation discussed in
Sec. IVA, high-frequency GWs may also be produced from
the inspiral of compact objects such as BHs, boson and
fermion stars [207–210], gravitino stars [211], gravistars
[212], and DM blobs [213]. For simplicity we will examine
themost straightforward scenario, theGWemission from the
inspiral of two BHs with equal mass, M, in a perfectly
circular orbit [87]. To lose energy to GWs the orbital radius
must decrease, drawing the BHs closer and thus increasing
the frequency of theGWsproduced. Theminimum radius for
which we can describe the inspiral as an adiabatically
changing circular orbit is, RISCO ¼ 12GM, where ISCO
stands for “innermost stable circular orbit” (ISCO). Before
the BHs reach the ISCO the GW frequency is given by
ω ∼ 10 meVð10−9M⊙=MÞðRISCO=RÞ3=2. Requiring that
R > RISCO bounds Mω to be small. Therefore, to reach a
given ISCO frequency the BH mass must be less than
Mbhi

max ∼ 10−8M⊙ðmeV=ωISCOÞ, where “bhi” is shorthand
for black hole inspiral. Similar to the superradiant annihi-
lation signal discussed in Sec. IVA, generating high-fre-
quency signals comes at the cost of smaller masses.
A crucial difference between the superradiant annihila-

tion signal and BH inspiral is that while superradiant
annihilation is monochromatic, the GW frequency from
BH inspiral is changing. This signal is therefore a chirp
signal according to the classification discussed previously.
The timescale of frequency change is given by, τbhif ¼
f=ḟ ∼ 10−18 yrð10−8M⊙=MÞ5=3ðmeV=ωÞ8=3, which, while

relatively fast compared to the observation time, is still
large enough compared to the phonon lifetime (assuming
ων=γν ∼ 100) to justify treating the signal as deterministic.
Moreover, since τbhif ≪ T the minimum frequency, ωmin ¼
ωðt ¼ 0Þ will be much less than ωmax ¼ ωISCO, allowing us
to approximate the signal bandwidth as 0≲ ω≲ ωISCO.
Within this bandwidth the GW amplitude is [87],

hbhi0 ¼ 2

rMpl

�
M
Mpl

�5
3

�
ω

Mpl

�2
3

∼ 10−17
�
AU
r

��
M

10−8M⊙

�5
3

�
ω

meV

�2
3

; ð55Þ

which, while seemingly large, is penalized in its overall
signal strength [hs in Eq. (43)] by its small frequency
coherence time, τf. The signal strength is given by

hbhis ¼
ffiffiffiffiffiffiffi
τbhif

T

s
hbhi0 ∼ 10−26

�
AU
r

��
yr
T

�1
2

�
M

10−8M⊙

�5
6

×

�
meV
ω

�2
3

; ð56Þ

and shown in Fig. 3 (labeled “Black Hole Inspiral”) as a
function of BH mass for different choices of ω assum-
ing T ¼ 1 yr.

V. CONCLUSION

Single-phonon excitations, with energies in the
Oð1–100Þ meV range, have been shown to be exception-
ally sensitive to light DM [68–72,74,75,77,78,81–83]. Here
we show that this sensitivity extends to high-frequency
GWs in the 1012 Hz≲ f ≲ 1014 Hz range. In Sec. II we
derived the forces acting on a lattice of point masses due
to an incoming GW, and then used this to derive the
GW-single phonon interaction Hamiltonian given in
Eq. (6). We then used this interaction to derive the
absorption rate in nonpolar, Sec. II B 1, and polar,
Sec. II B 2, crystal targets. An important difference between
signals generated by absorption of light DM and GWs is
that the GW signal may not be monochromatic or coherent
over the observation time. This introduces subtleties in
characterizing the detector sensitivity relative to the signal
strength. In Sec. III we define the detector sensitivity, hdet,
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and signal strength, hs, for the deterministic (as opposed to
stochastic) signals of interest here. Most of the discussion
readily generalizes to other direct detection experiments,
making the definitions of hdet and hs useful outside the
context of just single-phonon excitations.We then computed
the GWabsorption rate into single-phonon excitations from
first principles in nine targets: GaAs, Al2O3, SiO2, Si, Ge,
diamond,NaI, CsI,CaWO4, whichhave beenwell-studied as
targets inDMdirect detection experiments. In Fig. 1we show
the corresponding detector sensitivity for each individual
target, and in Fig. 2 we compare the detector sensitivities to
other high-frequency GWexperiments in the 106 Hz≲ f ≲
1014 Hz frequency range. The diversity of targets highlights
how a combination of targets may be used to provide
broadband coverage in GW frequency space.
In Sec. IV we studied potential sources of these high-

frequency GWs. GWs from the early universe are far too
weak to be detectable with single-phonon detection, and an
extraordinary amount of power must be emitted in GWs at
OðkpcÞ distances to be measurable. Therefore it seems any
viable source must be within the local solar system, at
OðAUÞ distances. As examples of sources, we studied
superradiant annihilation, Sec. IVA, and BH inspiral,
Sec. IV B, and illustrated their relative signal strength in
Fig. 3. In addition to these specific examples, in Figs. 1 and 2
we show the signal strength corresponding to any source
emitting monochromatic, coherent, GWs with power PGW.
These serve as useful benchmarks since they provide both a
physically motivated comparison between experiments, and
a target for future studies of high-frequency GW sources.
While our focus has been on single-phonon excitations

in crystal targets, there are other ways GWs may interact
with phonons. For single-phonon excitations, the lowest
accessible frequency is set by the energy of the lowest
gapped mode. However gapless, acoustic phonon modes
have even smaller energies. These can be utilized in
multiphonon processes in both crystal [214], and liquid
[215,216] targets where the incoming GW is kinematically
matched to two phonons. It may also be interesting to
utilize photon read out strategies as studied in Ref. [217].
Furthermore, future research studying the details of differ-
ent GW signals are important for differentiation from a DM
induced signal. For example, the GW signals of interest are
likely to be produced by single sources which can introduce
a strong directionality not present in DM signals. This
directionality may be taken advantage of in anisotropic
targets, where the phonon modes excited depend on the
orientation of the target relative to the source. This is
analogous to how the direction of an external magnetic field
affects axion absorption into phonons as studied in
Ref. [81], and we leave a detailed study for future work.
The introduction of external electromagnetic fields may

also be advantageous. The same inverse Gertsenshtein
effect which axion DM experiments are utilizing may also
be an avenue to excite phonons in crystal targets or
optomechanical experiments [218,219]. Indeed, if an

incoming GW converts to an electromagnetic field, that
electromagnetic field can then excite optical phonon modes
in polar materials, analogous to axion absorption into
phonons in magnetized media [81,82]. However in the
crystal targets of interest here, the rate seems to be para-
metrically suppressed. The effective coupling parameter is
h0B0, where B0 is the external magnetic field. When
compared to the axion DM coupling, gaγγ

ffiffiffiffiffiffiffiffiffi
ρDM

p
B0=ma,

this corresponds to h0 ∼ gaγγ
ffiffiffiffiffiffiffiffiffi
ρDM

p
=ma ∼ 10−22gaγγ=

ð10−12 GeV−1Þ at ω ≈ma ¼ 10 meV, leading to much
worse detector sensitivity than shown here. Other in-
medium excitations, such as plasmons, may prove to be
useful in detecting the electromagnetic fields produced
from the inverse Gertsenshtein effect [220].
We have shown that DM direct detection experiments

utilizing single-phonon excitations can search for high-
frequency GWs in the 1 THz≲ f ≲ 100 THz frequency
range. More broadly this suggests a connection between
DM direct detection and high-frequency GW detection
beyond axion experiments. Such multipurpose DM-GW
experiments present the best opportunity to explore this
high-frequency frontier since the understanding of high-
frequency GW sources is still emerging, and commonly
considered sources (e.g., superradiant annihilation and BH
inspirals, Sec. IV) are unlikely to generate detectable signals.
Furthermore, demonstrating sensitivity with multipurpose
DM-GW experiments motivates further research of GW
sources which can populate the high-frequency landscape.
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APPENDIX: SENSITIVITY TO STOCHASTIC
GRAVITATIONAL WAVES

Having already discussed potential sources of stochastic
high-frequency GWs in Sec. IV, herewe focus on computing
the projected constraints, and compare them to other pro-
posals and existing constraints in Fig. 4. StochasticGWsmay
be parametrized by either their energy density parameter,
ΩGWðfÞ, or dimensionless, characteristic strain, hc, related
by Eq. (45). Assuming that ΩGWðfÞ is independent of time,
after multiplying Eq. (11) by the detector mass and obser-
vation time, the number of phonons produced can be written
in terms of the detector sensitivity, hdetðfÞ from Eq. (41), as
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Nph ¼ 3 × 4

Z
h2cðfÞ
h2detðfÞ

d ln f: ðA1Þ

Therefore, similar to the number of phonons produced from a
chirp signal, Eq. (44), if hcðfÞ2 ≳ h2detðfÞ over an e-fold in
frequency, the stochastic signal will generateOð1Þ phonons.
In Fig. 4 we compare an outline of the hdet shown in Fig. 1,
labeled “Phonons”, assuming a kg · yr exposure and negli-
gible backgrounds, to a variety of other experiments. See the
caption of Fig. 4 for specific references. Note that contrary to
Fig. 2, constraints from other references are not rescaled, and
taken directly from their respective source.
In addition to the lines labeled “EDGES/ARCADE”

[constraints from cosmic microwave background (CMB)
photons perturbed by the Gertsenshtein effect during the

dark ages [226] ] and the lines labeled “Telescopes”
(constraints from a collection of telescopes on photons
produced by the Gertsenshtein effect in the intergalactic
medium [227] ) there are other constraints from telescopes
utilizing the Gertsenshtein effect. For example, Ref. [227]
also considers photons converting in the Earth’s magnetic
field, and in the Galactic magnetic field, Ref. [228] con-
siders excess photons converted from magnetic fields
within pulsars, and Ref. [229] considers photon conversion
in planetary magnetospheres. However the constraints not
shown generally fall within the range of the dotted and solid
green line (“Telescopes”) shown in Fig. 4, and are therefore
omitted to avoid clutter. Additionally there are projected
constraints from Penning trapped electrons [230] in the
20 GHz≲ f ≲ 200 GHz range.

FIG. 4. Overview of the constraints on the dimensionless strain, hc, of stochastic GWs with frequency, MHz ≲ f ≲ 10 PHz. The solid
red line labeled “Phonons” is an outline of the detector sensitivities, hdet, shown in Fig. 1, assuming a kg · yr exposure and negligible
backgrounds. Experimental constraints are shown in shaded regions, while projections are shown as dashed lines. Constraints from the
Holometer experiment (light blue) are from Ref. [55], and those from bulk acoustic wave experiments (brown, labeled “BAW”) are from
Ref. [52]. Constraints recast from the “light shining through wall” experiments ALPS I [64] and OSQAR 2 [65] (purple) are from
Ref. [67], and projections for future versions of IAXO utilizing HET and SPD detectors [156] (light red, labeled “IAXOHETþSPD”) are
from Ref. [156]. Projections for phase I and II of the DALI experiment (seagreen) are from Ref. [63]. Projections for the MAGO 2.0
experiment (teal) are from Ref. [59]. Projections utilizing systems of Rydberg atoms (blue) are from Ref. [221], and were also studied in
Ref. [222]. Projections using a global network of electromagnetic cavities (dark orange, labeled “GravNet”) are from Ref. [223].
Constraints from the EDGES [224] and ARCADE 2 [225] telescopes searching for the Gertsenshtein effect on CMB photons during the
dark ages (dotted dark blue) are from Ref. [226], and assume optimistically large cosmic magnetic field strengths that saturate current
CMB bounds. The dark green lines labeled “Telescopes” correspond to constraints from many telescopes searching for photons
converted by conservative (solid) and optimistic (dotted) values of the magnetic field in the intergalactic medium [227]. Additional
telescopic constraints due to the Gertsenshtein effect in a variety of astrophysical magnetic fields, which generally lie within the range of
the dotted and solid green lines, can be found in Refs. [227–229]. The gray shaded region labeled “ΔNeff” indicates the region bounded
by a combination of BBN and CMB measurements on ΔNeff [46,196].
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