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We study the effect of isospin-symmetry breaking in the framework of the extended linear σ model in
vacuum. In this model, several particles mix with each other at tree level, due to the three nonzero scalar
condensates (nonstrange, strange, isospin). We resolve these mixings with the help of various field
transformations. We compute all possible meson mixings and decay widths at tree level and perform a χ2 fit
to PDG data. A very good fit is found if we exclude the (very small ∼130 keV) ω → ππ decay. We also
investigate the violation of Dashen’s theorem.
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I. INTRODUCTION

Understanding the meson mass spectrum is a funda-
mental task in particle physics. In principle, the QCD
Lagrangian contains all relevant information, but the
strong coupling becomes large in the low-energy regime,
such that QCD is not solvable by perturbative methods. In
this regime, quarks and gluons are confined in hadrons,
which become the relevant degrees of freedom. Therefore,
a possible solution is to use effective models for the
hadronic degrees of freedom, which obey the same global
symmetries as QCD [1], but do not contain gauge bosons.
Here, all interactions are expressed by vertices of the
hadronic fields. One of these effective models is the
extended linear σ model (eLSM) for three flavors, which
was discussed assuming isospin symmetry at zero temper-
ature and baryochemical potential in Ref. [2] and later
studied at finite temperature and/or finite baryochemical

potential in Refs. [3–5]. It successfully describes themeson
masses and decay widths at tree level and agrees well with
lattice-QCD data at finite temperature [3]. However,
isospin symmetry is broken in nature, i.e., the masses of
up and down quarks are different (see, e.g., Ref. [6]).
Consequently, themasses of charged and neutral mesons of
the same flavor are slightly different. Note that the differ-
ence is not only due to the strong interaction, but also due to
the electromagnetic interaction.
Isospin-symmetry breaking (IB) or isospin violation [7]

was investigated from different aspects in the literature, like
in connection with charge-symmetry breaking [8,9]. The
latter can be seen in charge-conjugate systems as, e.g., in
proton-proton and neutron-neutron binary systems, and is
caused by different mechanisms like ρ − ωmixing [10], the
nucleon mass-difference effect in one-pion exchange inter-
actions [11], or isospin-violating meson-nucleon coupling
constants [12]. The effect of ρ − ω mixing on the nuclear
symmetry energy was investigated in Ref. [13], and its
relation to low-energy pion-nucleon scattering was studied
in Ref. [14]. Another important topic is the mechanism of
production of light scalar mesons, such as f0ð980Þ, which
is explained by the f0ð980Þ − a00ð980Þ mixing [15–19].
This mixing, more precisely, the triple mixing of the fL0 and
fH0 scalar-isoscalar and a00 scalar-isovector states, naturally
arises in effective theories including isospin-symmetry
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breaking in the scalar sector. Similarly, in the pseudoscalar
sector, there is the π0 − η − η0 mixing, which was inves-
tigated in Ref. [20]. The effects of IB were also thoroughly
examined in chiral perturbation theory (ChPT) [21–29], in
the ϕ → ωπ0 isospin-violating decay [30], and in connec-
tion with vector form factors [31].
Lattice-QCD calculations have recently also reached

such a precision that isospin-symmetry-breaking effects
become important, e.g., in the case of the precise deter-
mination of leptonic and semileptonic decay rates [32].
These kinds of investigations can shed some light on the
observed deviation from unitarity in the first row of the
Cabibbo-Kobayashi-Maskawa (CKM) matrix (see, e.g.,
Refs. [32,33]). Different mass splittings were also exam-
ined on the lattice [34–37]. Recently, IB effects were also
investigated in connection with the hadronic vacuum
polarization [38,39] and the nuclear matrix element of
Fermi β decays [40].
In this paper, we model phenomenologically the viola-

tion of isospin symmetry in the eLSM to describe these
mass differences and also differences of charged and
neutral decay widths. It should be mentioned that a similar
effective model was already investigated in Ref. [41] in
some detail. Here, however, we pursue a more thorough
analysis with current experimental data taken from
Ref. [42]. We resolve all the various mixings arising
between different meson nonets and within each nonet.
As it was already mentioned, the charged and neutral
masses differ not only due to the u − d quark mass
difference, but also because of electromagnetic inter-
actions. We take these electromagnetic contributions effec-
tively into account through additive terms to the masses of
the charged fields in the different nonets.
Dashen’s theorem [43,44] states that, in the chiral limit,

i.e., when the quark masses are zero, the following holds in
the pseudoscalar sector:

ðmπ� −mπ0Þjem ¼ ðmK� −mK0Þjem;
mπ0 jem ¼ 0; mK0 jem ¼ 0: ð1Þ

However, there are also corrections to Dashen’s theorem. In
Ref. [45], using ChPT, the authors find only moderate
deviations from Dashen’s theorem, while in more recent
works the deviation seems much more significant [46,47].
We perform fits to Particle Data Group (PDG) data
studying a scenario where Dashen’s theorem is valid, as
well as various scenarios where the latter is violated. It
should be noted also that, in addition to the qq̄ scalar
vacuum expectation values (VEVs) considered here, other
four-quark scalar VEVs are also possible, which is beyond
the scope of the current investigation. The inclusion of the
latter would result in additional mixing among the qq̄, four-
quark, and scalar glueball states, which are investigated in
detail in Refs. [48–53]. Our expectation is that the mixing
with the four-quark nonet has a smaller impact on the
pseudoscalars and a larger impact on the scalars [48]. The
mixing between the scalar qq̄ and four-quark sectors might
improve the fit for the f0 masses and decay widths, but this
would need further investigation.
This paper is organized as follows. In Sec. II, the eLSM

is introduced, its tree-level mixing terms are presented, and
a collection of transformations is shown to resolve these
various mixings. In Secs. III and IV, the physical masses
and decay widths are summarized. Section V is dedicated to
the description of the fitting procedure and to the acquired
results. Conclusions are given in Sec. VI. Appendix A lists
the explicit expressions for the squared-mass matrix ele-
ments, Appendix B gives a derivation of the fπ0 decay
constant from the partially conserved axial current (PCAC)
relation, Appendix C collects the detailed formulas for the
tree-level decay widths, and Appendix D contains tables
with the detailed results of the fits.

II. THE MODEL

A. Lagrangian with broken isospin

According to Ref. [2], the eLSM Lagrangian is given by

L ¼ Tr½ðDμΦÞ†ðDμΦÞ� −m2
0TrðΦ†ΦÞ − λ1½TrðΦ†ΦÞ�2 − λ2TrðΦ†ΦÞ2 þ Tr½HðΦþΦ†Þ� þ c1ðdetΦ − detΦ†Þ2

−
1

4
TrðLμνLμν þ RμνRμνÞ þ Tr

��
m2

1

2
þ Δ

�
ðLμLμ þ RμRμÞ

�
þ i

g2
2
ðTrfLμν½Lμ; Lν�g þ TrfRμν½Rμ; Rν�gÞ

þ h1
2
TrðΦ†ΦÞTrðLμLμ þ RμRμÞ þ h2TrðΦ†LμLμΦþ RμΦ†ΦRμÞ þ 2h3TrðLμΦRμΦ†Þ

þ g3½TrðLμLνLμLνÞ þ TrðRμRνRμRνÞ� þ g4½TrðLμLμLνLνÞ þ TrðRμRμRνRνÞ�
þ g5TrðLμLμÞTrðRνRνÞ þ g6½TrðLμLμÞTrðLνLνÞ þ TrðRμRμÞTrðRνRνÞ�; ð2Þ

where
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DμΦ≡ ∂
μΦ − ig1ðLμΦ −ΦRμÞ − ieAμ

e½T3;Φ�;
Lμν ≡ ∂

μLν − ∂
νLμ − ieAμ

e½T3; Lν� þ ieAν
e½T3; Lμ�;

Rμν ≡ ∂
μLν − ∂

νLμ − ieAμ
e½T3; Rν� þ ieAν

e½T3; Rμ�:

The scalar nonet Φ is given by

Φ≡ΦS þΦPS ¼
X8
a¼0

ðSa þ iPaÞTa ¼
1ffiffiffi
2

p

0
BBB@

ðσNþa0
0
ÞþiðηNþπ0Þffiffi

2
p aþ0 þ iπþ K⋆þ

0 þ iKþ

a−0 þ iπ−
ðσN−a00ÞþiðηN−π0Þffiffi

2
p K⋆0

0 þ iK0

K⋆−
0 þ iK− K̄⋆0

0 þ iK̄0 σS þ iηS

1
CCCA; ð3Þ

while the left- and right-handed vector nonets Lμ and Rμ are defined as

Lμ ≡ Vμ þ Aμ ≡X8
a¼0

ðVμ
a þ Aμ

aÞTa ¼
1ffiffiffi
2

p

0
BBB@

ωNþρ0ffiffi
2

p þ f1Nþa0
1ffiffi

2
p ρþ þ aþ1 K⋆þ þ Kþ

1

ρ− þ a−1
ωN−ρ0ffiffi

2
p þ f1N−a01ffiffi

2
p K⋆0 þ K0

1

K⋆− þ K−
1 K̄⋆0 þ K̄0

1 ωS þ f1S

1
CCCA

μ

; ð4aÞ

Rμ ≡ Vμ − Aμ ≡X8
a¼0

ðVμ
a − Aμ

aÞTa ¼
1ffiffiffi
2

p

0
BBB@

ωNþρ0ffiffi
2

p − f1Nþa0
1ffiffi

2
p ρþ − aþ1 K⋆þ − Kþ

1

ρ− − a−1
ωN−ρ0ffiffi

2
p − f1N−a01ffiffi

2
p K⋆0 − K0

1

K⋆− − K−
1 K̄⋆0 − K̄0

1 ωS − f1S

1
CCCA

μ

: ð4bÞ

The fields H and Δ are defined as

H ¼
X

i¼0;3;8

ζiTi ¼
1

2
diagðζN þ ζ3; ζN − ζ3;

ffiffiffi
2

p
ζSÞ; ð5aÞ

Δ ¼
X

i¼0;3;8

ΔiTi ¼ diagðδu; δd; δsÞ; ð5bÞ

with Ta, a∈ f0;…; 8g, being the generators of U(3). It is
worth noting that, in the matrices above and throughout
the article, the N–S (nonstrange-strange) basis is used
instead of the 0–8 basis, which for a generic field
ξa ∈ ðSa; Pa; V

μ
a; A

μ
a; Ha;ΔaÞ is defined as

ξN ¼ 1ffiffiffi
3

p ð
ffiffiffi
2

p
ξ0 þ ξ8Þ; ξS ¼

1ffiffiffi
3

p ðξ0 −
ffiffiffi
2

p
ξ8Þ: ð6Þ

If the fields ζN=S=3 are nonvanishing, chiral symmetry is
explicitly broken. In particular, for ζ3 ≠ 0 (and also for
δ3 ≡ δu − δd ≠ 0) the isospin symmetry is violated, which
is the situation in nature. In this case, all scalar-isoscalar
fields σN , σS, and a00 can have nonzero vacuum expect-
ation values denoted as ϕN=S ≡ hσN=Si and ϕ3 ≡ ha00i. The
condensates ϕN , ϕS, ϕ3 can be considered as order
parameters for the chiral phase transition at finite

temperature. Their values at zero temperature and at tree
level are determined by minimizing the classical potential
VclðϕN;ϕS;ϕ3Þ, which can be read off the Lagrangian (2)
after shifting the scalar-isoscalar fields by their expect-
ation values,

σN → ϕN þ σN; ð7aÞ

σS → ϕS þ σS; ð7bÞ

a00 → ϕ3 þ a00: ð7cÞ

The explicit form of the classical potential reads

VclðϕN;ϕS;ϕ3Þ ¼
m2

0

2
½ϕ2

N þ ϕ2
S þ ðϕ3Þ2�

þ λ1
4
½ϕ2

N þ ϕ2
S þ ðϕ3Þ2�2

þ λ2
4

�
ϕ4
N

2
þ 3ϕ2

Nðϕ3Þ2 þ
ðϕ3Þ4
2

þ ϕ4
S

�
− ζNϕN − ζSϕS − ζ3ϕ3: ð8Þ

From the stationary points of Vcl, i.e., from the conditions
∂Vcl=∂ϕN=S=3 ¼ 0, the fields ζN=S=3 are derived as
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ζN ¼ϕN

�
m2

0þλ1½ϕ2
N þϕ2

Sþðϕ3Þ2�þ
λ2
2
½ϕ2

N þ3ðϕ3Þ2�
�
;

ð9aÞ

ζS ¼ ϕSfm2
0 þ λ1½ϕ2

S þ ϕ2
N þ ðϕ3Þ2� þ λ2ϕ

2
Sg; ð9bÞ

ζ3 ¼ϕ3

�
m2

0þλ1½ϕ2
N þϕ2

Sþðϕ3Þ2�þ
λ2
2
½3ϕ2

N þðϕ3Þ2�
�
:

ð9cÞ

As can be seen, ζN=S=3 ∝ ϕN=S=3, i.e., if a field ζN=S=3 is
zero, there is a solution where the corresponding conden-
sate ϕN=S=3 ¼ 0. However, there is another solution where

ζN=S=3 ¼ 0 and ϕN=S=3 ≠ 0 and this solution corresponds to
the physical point.

B. Tree-level masses and mixing terms

After spontaneous symmetry breaking there will be
various mixing terms, namely, those between different
nonets and those within a given nonet. The latter ones are
the off-diagonal elements of the squared-mass matrices
and are given in Appendix A. The former kind of mixing
terms relate certain fields of the axial-vector/vector
nonets with those of the pseudoscalar/scalar nonets
and read

LNmix ¼ −g1iϕ3ðρ−μ∂μaþ0 − ρþμ
∂μa−0 Þ − i

g1
2

	
ϕN þ ϕ3 −

ffiffiffi
2

p
ϕS



ðK�−μ

∂μK
⋆þ
0 − K⋆þμ

∂μK⋆−
0 Þ

− i
g1
2

	
ϕN − ϕ3 −

ffiffiffi
2

p
ϕS



ðK̄⋆0μ

∂μK0 − K⋆0μ
∂μK̄0Þ − g1ϕNða−1 μ∂μπþ þ aþ1

μ
∂μπ

−Þ

−
g1
2

	
ϕN þ ϕ3 þ

ffiffiffi
2

p
ϕS



ðK−

1
μ
∂μKþ þ Kþ

1
μ
∂μK−Þ − g1

2

	
ϕN − ϕ3 þ

ffiffiffi
2

p
ϕS



ðK̄0μ

1 ∂μK0 þ K0
1
μ
∂μK0Þ

− g1
ffiffiffi
2

p
ϕSf

μ
1S∂μηS − g1

h
fμ1NðϕN∂μηN þ ϕ3∂μπ

0Þ þ a01
μðϕ3∂μηN þ ϕN∂μπ

0Þ
i
: ð10Þ

In order to calculate the tree-level meson masses, these
mixing terms must be eliminated, i.e., the mass matrices
have to be diagonalized. First we deal with mixings
between nonets, then continue with the two-state mixings
in the N − 3 sectors of the vector and axial-vector nonets,
and finally we resolve the three-state mixings in the N −
3 − S sectors of the scalar and pseudoscalar nonets.

1. Mixings between different nonets

In order to eliminate the mixings between different
nonets as listed in Eq. (10), the (axial-)vector fields have
to be shifted by appropriately chosen derivative terms of the
(pseudo)scalar fields. Such a shift spoils the canonical
normalization of the (pseudo)scalar fields. Consequently,
the (pseudo)scalar fields must be rescaled by adequate
wave function renormalization factors Zi, which will
subsequently result in the appearance of factors Z2

i in
the expressions of the (pseudo)scalar squared masses. The
situation is slightly more complicated in the N − 3 − S
sector of the axial-vector–pseudoscalar mixing. The trans-
formations are found to be

ρ�μ → ρ̃�μ þ Za�
0
wρ�∂μã

�
0 ; ð11aÞ

a�0 → Za�
0
ã�0 ; ð11bÞ

K⋆�
μ → K̃⋆�

μ þ ZK⋆�
0
wK⋆�∂μK̃⋆�

0 ; ð12aÞ

K⋆�
0 → ZK⋆�

0
K̃⋆�

0 ; ð12bÞ

K⋆0;0̄
μ → K̃⋆0;0̄

μ þ ZK⋆0
0
wK⋆0;0̄∂μK̃

⋆0;0̄
0 ; ð13aÞ

K⋆0;0̄
0 → ZK⋆0

0
K̃⋆0;0̄

0 ; ð13bÞ

a�1μ → ã�1μ þ Zπ�wa�
1
∂μπ̃

�; ð14aÞ

π� → Zπ� π̃
�; ð14bÞ

K�
1μ → K̃�

1μ þ ZK�wK�
1
∂μK̃�; ð15aÞ

K� → ZK�K̃�; ð15bÞ

K0;0̄
1μ → K̃0;0̄

1μ þ ZK0wK0
1
∂μK̃0;0̄; ð16aÞ

K0;0̄ → ZK0K̃0;0̄; ð16bÞ

while the nonet mixing in the axial-vector–pseudoscalar
N − 3 − S sector can be resolved by

�
f1N
a01

�μ

→

�
f̃1N
ã01

�μ

þW

�
∂
μη̃N

∂
μπ̃0

�
; ð17aÞ

fμ1S → fH;μ
1 þ wf1S∂

μη̃S; ð17bÞ
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ηN → η̃N; π0 → π̃0; ηS → η̃S; ð17cÞ

where

wρ� ¼ �i
g1ϕ3

m2
ρ�

; ð18aÞ

wK⋆� ¼ �i
g1ðϕN þ ϕ3 −

ffiffiffi
2

p
ϕSÞ

2m2
K⋆�

; ð18bÞ

wK⋆0;0̄ ¼ �i
g1ðϕN − ϕ3 −

ffiffiffi
2

p
ϕSÞ

2m2
K⋆0

; ð18cÞ

wa�
1
¼ g1ϕN

m2
a�
1

; ð18dÞ

wK�
1
¼ g1ðϕN þ ϕ3 þ

ffiffiffi
2

p
ϕSÞ

2m2
K�

1

; ð18eÞ

wK0
1
¼ g1ðϕN − ϕ3 þ

ffiffiffi
2

p
ϕSÞ

2m2
K0

1

; ð18fÞ

wf1S ¼
ffiffiffi
2

p
g1ϕS

m2
f1S

; ð18gÞ

W ≡
�
wf
η wf

π

wa
η wa

π

�
; ð19aÞ

wf
η ¼ g1

detM2
A
ðϕNm2

a0
1

− ϕ3m2
f1Na01

Þ; ð19bÞ

wf
π ¼ g1

detM2
A
ð−ϕNm2

f1Na01
þ ϕ3m2

a0
1

Þ; ð19cÞ

wa
η ¼

g1
detM2

A
ð−ϕNm2

f1Na01
þ ϕ3m2

f1N
Þ; ð19dÞ

wa
π ¼

g1
detM2

A
ðϕNm2

f1N
− ϕ3m2

f1Na01
Þ; ð19eÞ

Za�
0
¼ mρ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
ρ� − g21ðϕ3Þ2

q ; ð20aÞ

ZK⋆�
0

¼ 2mK⋆�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

K⋆� − g21ðϕN þ ϕ3 −
ffiffiffi
2

p
ϕSÞ2

q ; ð20bÞ

ZK⋆0
0
¼ 2mK⋆0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4m2
K⋆0 − g21ðϕN − ϕ3 −

ffiffiffi
2

p
ϕSÞ2

q ; ð20cÞ

Zπ� ¼
ma�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

a�
1

− g21ϕ
2
N

q ; ð20dÞ

ZK� ¼
2mK�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

K�
1

− g21ðϕN þ ϕ3 þ
ffiffiffi
2

p
ϕSÞ2

q ; ð20eÞ

ZK0 ¼
2mK0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

K0
1

− g21ðϕN − ϕ3 þ
ffiffiffi
2

p
ϕSÞ2

q ; ð20fÞ

and M2
A is the squared-mass matrix in the N − 3 sector of

the axial-vector nonet.
On the right-hand sides of Eqs. (B11)–(C17), the trans-

formed fields are denoted by a tilde. After substituting
Eqs. (B11)–(C17) into the quadratic part of the Lagrangian,
the tildes are dropped, except for the f̃1N , ã01, η̃N , π̃

0, η̃S
fields, where additional transformations are needed (see the
next sections).

2. Two-state mixings in the N − 3 sector of (axial) vectors

The vector and axial-vector mass matrices in the N − 3
sector are

M2
V ¼

� m2
ωN

m2
ωNρ

0

m2
ωNρ

0 m2
ρ0

�
; ð21aÞ

M2
A ¼

� m2
f1N

m2
f1Na01

m2
f1Na01

m2
a0
1

�
; ð21bÞ

where the explicit form of the matrix elements m2
ωN
, m2

ρ0
,

m2
ωNρ

0 , m2
f1N

, m2
a0
1

, m2
f1Na01

are given by Eqs. (A3g)–(A3i)
and (A4g)–(A4i), respectively. It is worth noting that,
unlike in the scalar-pseudoscalar sector, in the case of
the vector-axial vector sector there is no mixing term
between the N–S and S–3 sectors at tree level, i.e., there
are no ϕ − ω or ϕ − ρ0 mixing terms in the case of the
vectors and no fH1 − fL1 and fH1 − a01 mixing terms in the
case of the axial vectors. However, there is ϕ − ω mixing,
albeit small, see, e.g., Refs. [54–58]. In our tree-level case,
this effect is missing, but since it is small, we do not
introduce it by hand.
The matrices M2

V=A can be diagonalized by orthogonal
transformations,

M̃2
V=A ¼ OV=AM2

V=AO
T
V=A; ð22aÞ

OV=A ¼
�

cos ϑV=A sin ϑV=A
− sinϑV=A cosϑV=A

�
: ð22bÞ

Consequently, the resulting eigenvalues and mixing
angles are
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m2
ω=ρ0 ¼

1

2

�
m2

ωN
þm2

ρ0
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

ωN
−m2

ρ0
Þ2 þ 4m4

ωNρ
0

q �
;

ð23aÞ

m2
fL
1
=a0

1

¼ 1

2

�
m2

f1N
þm2

a0
1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

f1N
−m2

a0
1

Þ2 þ 4m4
f1Na01

q �
;

ð23bÞ

tanð2ϑVÞ ¼
m2

ωNρ
0

m2
ωN

−m2
ρ0
; ð23cÞ

tanð2ϑAÞ ¼
m2

f1Na01

m2
f1N

−m2
a0
1

: ð23dÞ

While the field transformations that should be performed
in the Lagrangian are

�
ωN

ρ0

�
μ

→ OT
V

�
ω

ρ0

�
μ

; ð24aÞ

�
f̃1N
ã01

�μ

→ OT
A

�
fL1
a01

�μ

; ð24bÞ

where, if we combine the second transformation with
Eq. (17a) we end up with the following transformation
for the original f1N and a01 axial-vector fields of the
Lagrangian:

�
f1N
a01

�μ

→ OT
A

�
fL1
a01

�μ

þ
�
wf
η wf

π

wa
η wa

π

��
∂
μη̃N

∂
μπ̃0

�
: ð25Þ

After the diagonalization, the ω, ρ0 vector and the fL1 , a
0
1

axial-vector fields correspond to the physical ωð782Þ,
ρ0ð770Þ, f1ð1280Þ, and a01ð1186Þ states, respectively.

3. Three-state mixings within the scalar nonet

There is a three-state mixing in the N − 3 − S sector of
the scalar nonet among the σN , a00, and σS fields of the
Lagrangian. This mixing can be resolved by a three-
dimensional orthogonal transformation OS resulting in
the squared-mass eigenvalues λfL

0
, λa0

0
, and λfH

0
and eigen-

states fL0 , a
0
0, and fH0 , respectively. The symmetric scalar

squared-mass mixing matrix is

M2
S ¼

0
BBB@

m2
σN m2

σNa00
m2

σNσS

m2
σNa00

m2
a0
0

m2
a0
0
σS

m2
σNσS m2

a0
0
σS

m2
σS

1
CCCA; ð26Þ

where the explicit form of the matrix elements are given by
Eqs. (A2d)–(A2i). The diagonalization can be written as

OSM2
SO

T
S ¼ M̃2

S ≡ diagðλSl ; λSm; λShÞ; ð27aÞ

requiring λSl ≤ λSm < λSh ; ð27bÞ

where OS and the eigenvalues are to be calculated numeri-
cally. The particle assignment of this sector is not as
straightforward as for the others due to the fact that there
are two a0’s and five f0’s below 2 GeV according to PDG
data [42]. In this sector, the squared-mass eigenvalues and
the field transformations are given by

m2
fL
0

¼ λSl ; m2
a0
0

¼ λSm; m2
fH
0

¼ λSh ; ð28aÞ

0
B@

σN

a00
σS

1
CA⟶ OT

S

0
BB@

fL0
a00
fH0

1
CCA: ð28bÞ

Here we tried all possible assignments and chose the one
that resulted in the lowest χ2, but due to the large error in
this sector, this part of the fit is not very restrictive (see also
Sec. V for the specific assignment).

4. Three-state mixings within the pseudoscalar nonet

Even after the transformations (17b), (17c), and (25)
have been applied, there is still a three-state mixing within
the N − 3 − S sector of the pseudoscalar nonet, which
concerns both the kinetic and the mass terms. The affected
fields are xT ¼ ðη̃N; π̃0; η̃SÞ. The relevant part of the
Lagrangian reads

LPN3S
¼ 1

2
∂
μxTDP∂μx −

1

2
xTM2

Px; ð29Þ

where

DP ¼
 
1 − g1WTN 0

0 1 − 2g2
1
ϕ2
S

m2
f1S

!
; ð30aÞ

N ¼
�
ϕN ϕ3

ϕ3 ϕN

�
; ð30bÞ

M2
P ¼

0
BBB@

m2
ηN m2

ηNπ
0 m2

ηNηS

m2
ηNπ

0 m2
π0

m2
π0ηS

m2
ηNηS m2

π0ηS
m2

ηS

1
CCCA; ð30cÞ

and W is defined in Eq. (19a), while the explicit expres-
sions for the elements of the squared-mass matrix M2

P are
given by Eqs. (A1d)–(A1i). The matrix DP is symmetric
and can be diagonalized by a rotation in the N − 3 plane,
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OD ¼

0
B@

cos ϑD sinϑD 0

− sinϑD cosϑD 0

0 0 1

1
CA: ð31Þ

Consequently, LPN3S
can be written as

LPN3S
¼ 1

2
∂
μyTD̃P∂μy −

1

2
yTM02

Py; y ≡ ODx; ð32Þ

with

D̃P ≡ODDPOT
D

¼ diag

�
λD1

; λD2
; 1 −

2g21ϕ
2
S

m2
f1S

�
; ð33aÞ

λD1;2
¼ ðTrD2×2

P �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTrD2×2

P Þ2 − 4 detD2×2
P

p
Þ

2
; ð33bÞ

M02
P ≡ODM2

PO
T
D: ð33cÞ

Here, D2×2
P ≡ 1 − g1WTN denotes the upper left ð2 × 2Þ

block of DP, which is assumed to be positive definite.
Accordingly, we can define

ZPN
¼ 1ffiffiffiffiffiffiffi

λD1

p ; ZP3
¼ 1ffiffiffiffiffiffiffi

λD2

p ; ð34aÞ

ZηS ¼
mf1Sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
f1S

− 2g21ϕ
2
S

q ; ð34bÞ

ZP ¼ diagðZPN
; ZP3

; ZηSÞ; y0 ¼ Z−1
P y; ð34cÞ

which subsequently leads to

LPN3S
¼ 1

2
∂
μy0T∂μy0 −

1

2
y0TM̃2

Py
0; ð35aÞ

M̃2
P ≡ ZPM02

PZP: ð35bÞ

Now the kinetic part has become canonical, and the
symmetric matrix M̃2

P can be diagonalized by an orthogonal
transformation OM,

OMM̃
2
PO

T
M ¼ diagðλPl

; λPm
; λPh

Þ; ð36aÞ

requiring λPl
< λPm

< λPh
; ð36bÞ

where OM and the eigenvalues are to be calculated numeri-
cally. The field transformations are given by0
B@
ηN

π0

ηS

1
CA⟶

0
B@
η̃N

π̃0

η̃S

1
CA¼OT

DZPOT
M

0
B@
π0

η

η0

1
CA≡OP

0
B@
π0

η

η0

1
CA: ð37Þ

The particle assignment of this sector is straightforward,

m2
π ¼ λPl

; m2
η ¼ λPm

; m2
η0 ¼ λPh

; ð38Þ

and the resulting field vector contains the physical π, η, η0
fields,

OMy0 ¼ yph ≡ ðπ0; η; η0ÞT: ð39Þ

It is worth noting that OP is not an orthogonal trans-
formation. Using Eqs. (25), (37), and (C17), finally the
transformations of the fμ1N , a

0μ
1 , and fμ1S fields into physical

fields are

�
f1N
a01

�μ

→ OT
A

�
fL1
a01

�μ

ð40aÞ

þ
�
wf
η wf

π

wa
η wa

π

��
OP11 OP12 OP13

OP21 OP22 OP23

�0B@
∂
μπ0

∂
μη

∂
μη0

1
CA;

fμ1S → fH;μ
1

þ wf1SðOP31∂
μπ0 þOP32∂

μηþOP33∂
μη0Þ: ð40bÞ

III. TREE-LEVEL PHYSICAL MASSES

After taking care of all the mixings, the squared-mass
eigenvalues for the pseudoscalars, scalars, vectors, and
axial vectors, respectively, are given by

M2
π� ¼ Z2

π�m
2
π� þm2

em;P; ð41aÞ

M2
K� ¼ Z2

K�m2
K� þm2

em;P þm2
em;PK

; ð41bÞ

M2
K0 ¼ Z2

K0m2
K0 ; ð41cÞ

M2
η ¼ m2

η; ð41dÞ

M2
π0

¼ m2
π0
; ð41eÞ

M2
η0 ¼ m2

η0 ; ð41fÞ

M2
a�
0

¼ Z2
a�
0

m2
a�
0

þm2
em;S; ð42aÞ

M2
K⋆�

0

¼ Z2
K⋆�

0

m2
K⋆�

0

þm2
em;S þm2

em;SK
; ð42bÞ

M2
K⋆0

0

¼ Z2
K⋆0

0

m2
K⋆0

0

; ð42cÞ

M2
fL
0

¼ m2
fL
0

; ð42dÞ
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M2
a0
0

¼ m2
a0
0

; ð42eÞ

M2
fH
0

¼ m2
fH
0

; ð42fÞ

M2
ρ� ¼ m2

ρ� þm2
em;V ; ð43aÞ

M2
K⋆� ¼ m2

K⋆� þm2
em;V þm2

em;VK
; ð43bÞ

M2
K⋆0 ¼ m2

K⋆0 ; ð43cÞ

M2
ω=ρ0 ¼

1

2

�
m2

ωN
þm2

ρ0
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

ωN
−m2

ρ0
Þ2 þ 4m2

ωNρ
0

q �
;

ð43dÞ

M2
ϕ ¼ m2

ωS
; ð43eÞ

M2
a�
1

¼ m2
a�
1

þm2
em;A; ð44aÞ

M2
K�

1

¼ m2
K�

1

þm2
em;A þm2

em;AK
; ð44bÞ

M2
K0

1

¼ m2
K0

1

; ð44cÞ

M2
fL
1
=a0

1

¼ 1

2

�
m2

f1N
þm2

a0
1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

f1N
−m2

a0
1

Þ2 þ 4m2
f1Na01

q �
;

ð44dÞ

M2
fH
1

¼ m2
f1S
; ð44eÞ

where the explicit expressions for the tree-level masses m2
x

are given in Appendix A (squared-mass matrix elements),
Sec. II B 3 (scalar N − 3 − S squared-mass eigenvalues),
and Sec. II B 4 (pseudoscalar N − 3 − S squared-mass
eigenvalues). Moreover, we introduced electromagnetic
mass terms in each nonet, namely, m2

em;S, m
2
em;P, m

2
em;V ,

m2
em;A, andm

2
em;SK

,m2
em;PK

,m2
em;VK

,m2
em;AK

, which are of the
same order as the contribution from isospin-symmetry
breaking. We will consider three different cases. In the
first, we consider Dashen’s theorem to be valid (see the
introduction), so m2

em;SK
¼m2

em;PK
¼m2

em;VK
¼m2

em;AK
¼ 0.

This means an electromagnetic mass contribution for each
charged particle in each sector. The second case is when
Dashen’s theorem is violated, but the additional electro-
magnetic contribution for the kaonic particles is the same in
all sectors, m2

em;SK
¼ m2

em;PK
¼ m2

em;VK
¼ m2

em;AK
≡m2

em;K .
The third—and most general—case is where these con-
tributions can be different in each sector.

IV. TREE-LEVEL DECAY WIDTHS

We start from the usual tree-level expression for two-
body decay,

ΓA→BC ¼ k
8πM2

A
jMA→BCj2; ð45Þ

where k≡
ffiffiffiffiffi
k⃗2

p
is the absolute value of the three-momen-

tum of the produced particles B, C in the rest frame of the
decaying particle A and MA→BC is the tree-level matrix
element of the process.
In a straightforward, but lengthy calculation we com-

puted tree-level decay widths for the following processes:
(i) Vector-meson decays,

ρ0 → πþπ−; ð46aÞ

ρ− → π−π0; ρ− → π−η; ð46bÞ

ω → πþπ−; ð46cÞ

K̄⋆0 → π0;þK0̄;−; ð46dÞ

K⋆− → π0;−K−;0̄; ð46eÞ

Φ → K0K̄0; Φ → KþK−: ð46fÞ

(ii) Axial-vector-meson decays,

a01 → ρþπ−; ð47aÞ

a−1 → π−γ; a−1 → ρ−;0π0;−; ð47bÞ

fH1 → K⋆�;0;0̄K∓;0̄;0: ð47cÞ

(iii) Scalar-meson decays,

K̄⋆0
0 → π0;þK0̄;−; ð48aÞ

K⋆−
0 → π0;−K−;0̄; ð48bÞ

a00→ π0η; a00 → π0η0; a00→K0;þK0̄;−; ð48cÞ

a−0 → π−η; a−0 → π−η0; a−0 →K0K−; ð48dÞ

fL=H0 → π0;þπ0;−; fL=H0 → K0;þK0̄;−: ð48eÞ

It should be noted that above we only listed the negatively
charged particle decays (in case of charged particles),
because the charge-conjugated decays have the same decay
width. Similarly, in the case of the kaonic particles, we gave
only the decays of the conjugate particles, like K̄⋆0 and
K̄⋆0

0 , since their charge-conjugated partners (K⋆0 and K⋆0
0 )
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have the same decay width in the given channel. The
explicit expressions for all decay widths can be found in
Appendix C.

V. FIT AND RESULTS

As discussed in detail in Ref. [2], there are 13 unknown
parameters in the Lagrangian in the case of isospin
symmetry, namely, m2

0, m
2
1, c1, δS, g1, g2, ζN , ζS, λ1, λ2,

h1, h2, and h3.
1 In addition to the parameters, the

condensates ϕN and ϕS are also unknown. However, the
external fields ζN and ζS can be calculated using the field
equations at T ¼ 0 once ϕN and ϕS are known, thus instead
of these fields, the condensates can be used in the fitting
procedure. Consequently, the unknown parameters to be
determined in the case of isospin symmetry are m2

0, m
2
1, c1,

δS, g1, g2, ϕN , ϕS, λ1, λ2, h1, h2, and h3. After determining
these parameters, the fields ζN and ζS can be calculated via
Eqs. (9a) and (9b).
In the case of isospin-symmetry violation, there are

several changes in the parameter set:
(i) The fields δu, δd, and δs, as well as m2

1 appear in all
the meson masses (see Appendix A) in the following
three combinations:

m̃2
1 ¼ m2

1 þ δu þ δd;

δ̃s ¼ δs −
1

2
ðδu þ δdÞ;

δ3 ¼ δu − δd:

Thus, instead of m2
1 and δS (δN ¼ δu þ δd can be

incorporated into m2
1, similar to as in Ref. [2]), we

can fit m̃2
1 and δ̃s. All in all, instead of the parameters

δu, δd, δs, and m2
1, we have to fit only m̃

2
1, δ̃s, and δ3.

(ii) There is a new condensate ϕ3.
(iii) There are four, five, or eight electromagnetic mass

contributions as it is described below Eq. (44e). In
the first case, these are m2

em;S, m
2
em;P, m

2
em;V , and

m2
em;A (Dashen theorem-respecting scenario or DS),

in the second case we have m2
em;S, m

2
em;P, m

2
em;V ,

m2
em;A, and m2

em;K (Dashen theorem-violating sce-
nario I or DVS-I), while in the third case these are
m2

em;S, m
2
em;P, m

2
em;V , m

2
em;A, m

2
em;SK

, m2
em;PK

, m2
em;VK

,
andm2

em;AK
(Dashen theorem-violating scenario II or

DVS-II). It is worth noting that during the fit an
upper bound of 10 MeV was introduced, since a
higher value for the electromagnetic correction to the
mass is physically unrealistic.

(iv) Finally, there are two additional mass terms, δm2
V in

the vector and δm2
A in the axial-vector sector, in

order to generate a splitting between the ρ0 and ω
and similarly between the a01 and fL1 masses.

Altogether there are 21, 22, or 25 unknown parameters
depending on the handling of the electromagnetic mass
contributions (see above) in the isospin-symmetry broken
case—compared to the 13 parameters in the isospin-
symmetric case—namely, m2

0, m
2
1, c1, δS, δ3, g1, g2, ϕN ,

ϕS, ϕ3, λ1, λ2, h1, h2, h3, m2
em;S, m

2
em;P, m

2
em;V , m

2
em;A, δm

2
V ,

δm2
A, and optionally m2

em;K, or m2
em;SK

, m2
em;PK

, m2
em;VK

,
and m2

em;AK
.

In order to determine these parameters, we calculated
physical quantities at tree level and used a multiparametric
χ2 minimization method (MINUIT [59]) similar to Ref. [2].
The values for the physical quantities are taken from
experiment, that is, from the PDG [42]. More precisely,
we take only the mean value from the PDG, and in most
cases we use an artificially increased error instead of the
experimental value if the latter is smaller than a prescribed
percentage (see below). We do this because some of the
masses are known with very high precision, e.g., the mass
of the η meson is known with 0.003% precision, and we do
not expect such a phenomenological model to describe a
mass with that high accuracy. Our expected accuracy is
around several percent. Since the effect of isospin-sym-
metry breaking is about 3%, for instance, for the mass of
the pion and below 1% for all the other quantities, we
cannot simply fit the neutral and charged quantities
separately (our increased error would be greater than the
effect). Thus, we chose to fit instead the isospin-averaged
neutral and charged quantities and their differences. We use
a small artificial minimal error of 5% for the isospin-
averaged masses of those particles that can be modeled very
precisely within our model, i.e., the pseudoscalars and
vector mesons. For the corresponding mass differences, we
use a somewhat larger minimal error of 20%. The same
minimal error is also used for the axial vectors and the
scalar K⋆

0 and a0, while the minimal error is 50% for the

masses of the fL=H0 mesons, since the latter cannot be
described very precisely within our model because it does
not contain the other three isoscalar-scalar states. For the
sake of completeness, we list here all the values used for
our fit (it should be noted that the decay widths of the scalar
fL=H0 fields are not used in the fit):

(i) Weak-decay constants. For the pion and kaon decay
constants, we use [42]

fπ ¼ 92.06� 4.60 MeV; ð49aÞ

fK ¼ 110.10� 5.51 MeV; ð49bÞ

where we have also applied the 5% minimal-error
prescription. The decay constants are related to the
condensates through the PCAC relations, which in
our model leads to

1In Ref. [2] we have used h0N and h0S to denote the explicit
symmetry-breaking parameters instead of ζN and ζS.
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fπ� ¼ ϕN

Zπ�
; ð50aÞ

fπ0 ¼ ðO−1
P 11 þO−1

P 12ÞðϕN þ ϕ3Þ þO−1
P 13ϕS;

ð50bÞ

fK� ¼ ϕN þ ϕ3 þ
ffiffiffi
2

p
ϕS

2ZK�
; ð50cÞ

fK0 ¼ ϕN − ϕ3 þ
ffiffiffi
2

p
ϕS

2ZK0

; ð50dÞ

where the somewhat unusual expression for fπ0 is
due to the mixing in the N − 3 − S sector. Its
explicit form is derived in Appendix B. We have
fitted only the charged weak-decay constants,
since from the combination of measurements and
theory only this can be determined (see Ref. [42],
part 72, Leptonic Decays of Charged Pseudoscalar
Mesons),

fπ ¼! fπ� ; ð51aÞ

fK ¼! fK� : ð51bÞ

It is worth noting that fπ0 and fK0 will be
predictions.

(ii) Pseudoscalar masses. For the charged particles, we
use the isospin averages and differences,

M̄π ¼
Mπ0 þ 2Mπ�

3
¼ 138.04� 6.90 MeV; ð52aÞ

ΔMπ ¼ Mπ0 −Mπ� ¼ −4.59� 0.92 MeV; ð52bÞ

M̄K ¼ MK0 þMK�

2
¼ 495.64� 24.78 MeV; ð52cÞ

ΔMK ¼ MK0 −MK� ¼ 3.93� 0.79 MeV; ð52dÞ

Mη ¼ 547.86� 27.39 MeV; ð52eÞ

Mη0 ¼ 957.78� 47.89 MeV: ð52fÞ

(iii) Scalar-meson masses. For the charged particles, we
use only the isospin averages, since there are no data
for the differences,

M̄a0 ¼
Ma0

0
þ 2Ma�

0

3
¼ 1474� 294.8 MeV; ð53aÞ

M̄K⋆
0
¼

MK⋆0
0
þMK⋆�

0

2
¼ 1425� 285 MeV; ð53bÞ

MfL
0
¼ 1350� 675 MeV; ð53cÞ

MfH
0
¼ 1733� 867 MeV: ð53dÞ

Here, a0 is assigned to a0ð1450Þ and K⋆
0 to

K⋆
0 ð1430Þ.2 For the two f0 any two combinations

from the five states f0ð500Þ, f0ð980Þ, f0ð1370Þ,
f0ð1500Þ, and f0ð1710Þ have been checked previ-
ously—i.e., in the isospin-symmetric case—and
the assignment fL0 ¼ f0ð1370Þ, fH0 ¼ f0ð1710Þ
was found to be favored [2]. Thus, we started our
minimization procedure with this assignment.

(iv) Vector-meson masses. For the charged particles, we
use the isospin averages and differences,

M̄ρ ¼
Mρ0 þ 2Mρ�

3
¼ 775.16� 38.76 MeV; ð54aÞ

ΔMρ ¼ Mρ0 −Mρ� ¼ 0.15� 0.57 MeV; ð54bÞ

M̄K⋆ ¼MK⋆0þMK⋆�

2
¼895.51�44.78MeV; ð54cÞ

ΔMK⋆ ¼MK⋆0 −MK⋆� ¼ 0.08�0.94MeV; ð54dÞ

Mω ¼ 782.66� 38.13 MeV; ð54eÞ

Mϕ ¼ 1019.46� 50.97 MeV: ð54fÞ

(v) Axial-vector masses. For the charged particles, we
use only the isospin averages, since there are no data
for the differences,

M̄a1 ¼
Ma0

1
þ 2Ma�

1

3
¼ 1230� 246 MeV; ð55aÞ

M̄K1
¼

MK0
1
þMK�

1

2
¼ 1253� 250.6 MeV; ð55bÞ

MfL
1
¼ 1281.9� 256.38 MeV; ð55cÞ

MfH
1
¼ 1426.3� 285.26 MeV: ð55dÞ

(vi) Vector-meson decays. We use

Γ̄ρ→ππ ¼
Γρ0→πþπ− þ 2Γρ�→π�π0

3

¼ 148.533� 7.426 MeV; ð56aÞ

2For the sake of completeness, we also checked the other
options, when a0 and K⋆

0 are assigned to a0ð980Þ and K⋆
0 ð700Þ.
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ΔΓρ→ππ ¼ Γρ0→πþπ− − Γρ�→π�π0

¼ −1.7� 1.6 MeV; ð56bÞ

Γ̄K⋆→Kπ ¼
ΓK̄⋆0→π0;þK0̄;− þ ΓK⋆−→π0;−K−;0̄

2

¼ 46.75� 2.34 MeV; ð56cÞ

ΔΓK⋆→Kπ ¼ ΓK̄⋆0→π0;þK0̄;− − ΓK⋆−→π0;−K−;0̄

¼ 1.1� 1.8 MeV; ð56dÞ

Γω→πþπ− ¼ 0.133� 0.026 MeV; ð56eÞ

Γ̄ϕ→KK ¼ Γϕ→K0K̄0 þ Γϕ→KþK−

2

¼ 1.763� 0.088 MeV; ð56fÞ

ΔΓϕ→KK ¼ Γϕ→K0K̄0 − Γϕ→KþK−

¼ −0.646� 0.129 MeV: ð56gÞ

(vii) Axial-vector-meson decays. We use

Γ̄a1→ρπ ¼
Γa0

1
→ρ�π∓ þ 2Γa�

1
→ρ�;0π0;�

3

¼ 425� 175 MeV; ð57aÞ

Γa�
1
→π�γ ¼ 0.64� 0.246 MeV; ð57bÞ

ΓfH
1
→K⋆�;0;0̄K∓;0̄;0 ¼ 43.60� 8.72 MeV: ð57cÞ

The fH1 → K⋆K decay width is determined as
described in Ref. [2].

(viii) Scalar-meson decays. We use

Γa0 ¼ Γ̄a0→KK̄ þ Γ̄a0→πη þ Γ̄a0→πη0

¼ 265� 53 MeV; ð58aÞ

Γ̄K⋆
0
→Kπ ¼

ΓK̄⋆0
0
→π0;þK0̄;− þ ΓK⋆−

0
→π0;−K−;0̄

2

¼ 270� 80 MeV; ð58bÞ

ΓfL
0
→π0;þπ0;− ¼ 250� 125 MeV; ð58cÞ

ΓfL
0
→K0;þK0̄;− ¼ 150� 75 MeV; ð58dÞ

ΓfH
0
→π0;þπ0;− ¼ 20.2� 10.1 MeV; ð58eÞ

ΓfH
0
→K0;þK0̄;− ¼ 87.7� 43.9 MeV; ð58fÞ

where

Γ̄a0→KK̄ ¼
Γa0

0
→K0;þK0̄;− þ 2Γa�

0
→K0K�

3
; ð58gÞ

Γ̄a0→πη ¼
Γa0

0
→π0η þ 2Γa�

0
→π�η

3
; ð58hÞ

Γ̄a0→πη0 ¼
Γa0

0
→π0η0 þ 2Γa�

0
→π�η0

3
: ð58iÞ

The decay widths for fL0 ¼ f0ð1370Þ are not taken
from the PDG [42], but are instead estimates based
on Refs. [42,60–62] (see also Ref. [2]).

At first, the best solution taken from Ref. [2] was used to
check whether we reproduce the isospin-symmetric sol-
ution with the new numerical fitting algorithm, where we
do not fit the isospin-symmetry-breaking quantities. With
that parameter set, we got a solution with a reason-
able χ2 ¼ 8.9.
Then we initialized new parameter sets from 1.2 × 107

random points in the parameter space, set the error level
for the isospin-symmetry-breaking quantities to 20%, and
used the DVS-I. The best solution leads to χ2 ¼ 29.8,
where the largest contribution comes from Γω→ππ , which is
about 25, while all other quantities give a rather small χ2

contribution. (The detailed results of this fit and the
corresponding parameter set are shown in Tables II
and III in Appendix D). This may be due to the fact that
Γω→ππ is the only quantity that is directly proportional to ϕ2

3

[cf. Eq. (C11)], so it is very sensitive to the value of ϕ3,
which—due to the fitting of other quantities—tends to be
very small, ∼Oð10−6Þ −Oð10−5Þ GeV, compared to ϕN=S.
One might think that this problem with the ω → ππ decay
could be solved by the omitted ϕ − ω mixing. However,
this would not work because the ϕ → ππ decay width is
small ∼4.2 × 10−5 MeV [42] and in addition its contribu-
tion to the ω → ππ decay width includes a cos θV
(with θV ¼ 86.82°, see Ref. [56]), which is ∼5 × 10−2,
leading to a total Oð10−7Þ contribution that is much too
small to correct the decay width of ω → ππ given by this
calculation.
Next, the error level for the isospin-symmetry-breaking

quantities was increased in several steps from 20% to 500%
and the resulting χ2 values are shown in Fig. 1 for the best
solution in each case. If the error level for the isospin-
symmetry-breaking quantities is increased to infinity, i.e.,
their χ2 contributions are neglected, an isospin-symmetric
solution is obtained. In this way a solution with χ2 ¼ 3.2
can be achieved. It is somehow surprising that with this
limiting procedure a better solution can be obtained than if
we start from 1.2 × 107 random points in the isospin-
symmetric case, which leads to a solution with χ2 > 7.
In every fit, the Γω→ππ decay width produced the largest

contribution to χ2. Therefore, we also made fits in which
the ω decay is omitted. In the case of DVS-I, this leads to a
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solution with χ2 ¼ 6.5 and χ2red ≡ χ2=Nd:o:f: ¼ 0.6 (see
Tables II and III in Appendix D). It is worth noting that
in this case the number of degrees of freedom Nd:o:f., which
is the difference between the number of fitted quantities and
the number of fit parameters, was 11.
We also investigated all possible scenarios [described in

Sec. III below (44e)], namely, DS, DVS-I, and DVS-II, both
with or without fitting theω → ππ decaywidth. The resulting
χ2 and χ2red values are displayed in Table I. According to the
reduced χ2red values, the quality of the fit is very similar for the
DSandDVS-I,while theDVS-II isworse bothwith orwithout
fitting the ω → ππ decay width. In the case without the ω →
ππ fit, the χ2red is below 1 in every case, which testifies for very
high-quality fits. Looking only at the χ2red values, the DS or
DVS-I are favored over the DVS-II. According to
Refs. [46,47], Dashen’s theorem is significantly violated,
favoringDVS-I, but this is not reflected in our fit. On the other
hand, we can exclude DVS-II, since in this scenario—besides
the larger χ2red values—the predictive power of our model
decreases significantly. This is because in each sector the
isospin averages and differences can be set with the help of the
electromagnetic mass contributions, and the only constraints
on isospin-symmetry violation come from the decay widths.
The detailed results of the fits and the parameter values for the
DS and DVS-I with and without the ω decay are shown in
Tables II and III of Appendix D, respectively.

We also checked if instead of omitting the ω → πþπ−

decay, either the ρ0 → πþπ− or the ρ� → π∓π0 decay is
omitted, because ωmixes with ρ0. In both cases, the χ2 gets
much worse, 22.7 and 23.2, respectively, while the χ2red
value is 2.1 in both cases. So even if there is ρ0 − ωmixing,
omitting the ρ0 decay will not improve the fit as much as
omitting the ω decay.
According to Eqs. (50b) and (50d), we can calculate the

neutral-pion and neutral-kaon decay constants that cannot
be measured directly. In the case of the DVS-I without the
ω decay, the mean values are

fπ0 ¼ 109.00 MeV; ð59aÞ

fK0 ¼ 109.55 MeV: ð59bÞ

In our case, the difference ΔfK ¼ f0K − fþK is very small
(≈5 keV) compared to a calculation [63] based on QCD
sum rules, where it was found to be ΔfK ¼ 1.5 MeV.

VI. CONCLUSION

In this paper, we have investigated isospin-symmetry-
breaking effects in the framework of the eLSM at tree level.
We have shown that the various particle mixings caused by
the three nonzero condensates are quite complicated and
can only be resolved by several field transformations. We
have calculated the physical masses of the mesons at tree
level. All possible tree-level decay widths are also deter-
mined, which leads to long expressions due to the many
field transformations. We took existing experimental data
on the considered mesons and determined the unknown
parameters of the model by a χ2 fitting procedure. In our
approach, we also investigated the fulfillment of Dashen’s
theorem. For this purpose, we introduced an additional
electromagnetic mass contribution in the kaonic sectors and
analyzed the possible best fits. We found that there is no
strong violation of Dashen’s theorem at tree level in our
approach, i.e., fits respecting or violating Dashen’s theorem
are of equally good quality. We found that the decay width
of ω → ππ gave the largest contribution to the χ2, showing
that this decay cannot be described at tree level in this
model due to the smallness of ϕ3 required by the other
isospin-symmetry-breaking channels.
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FIG. 1. χ2 as a function of prescribed error starting from 1.2 ×
107 random points in the parameter space.

TABLE I. χ2 and χ2red values for the different scenarios (see
Sec. V), with or without fitting the ω decay width.

With ω decay Without ω decay

Case χ2 χ2red χ2 χ2red

DS 31.6 2.4 6.5 0.6
DVS I 30.3 2.5 6.2 0.6
DVS II 31.3 3.5 6.0 0.8
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APPENDIX A: ELEMENTS OF THE MASS SQUARED MATRICES

The elements of the squared meson mass matrices at tree level after isospin-symmetry breaking—before the field shifts
and orthogonal transformations in the N − 3 − S sectors—are given as follows.

(i) Pseudoscalars,

m2
π� ¼ m2

0 þ λ1ðϕ2
N þ ϕ2

3 þ ϕ2
SÞ þ

λ2
2
ðϕ2

N þ 3ϕ2
3Þ; ðA1aÞ

m2
K� ¼ m2

0 þ λ1ðϕ2
N þ ϕ2

3 þ ϕ2
SÞ þ λ2

�
−

1ffiffiffi
2

p ðϕN þ ϕ3ÞϕS þ
ðϕN þ ϕ3Þ2

2
þ ϕ2

S

�
; ðA1bÞ

m2
K0 ¼ m2

0 þ λ1ðϕ2
N þ ϕ2

3 þ ϕ2
SÞ þ λ2

�
−

1ffiffiffi
2

p ðϕN − ϕ3ÞϕS þ
ðϕN − ϕ3Þ2

2
þ ϕ2

S

�
; ðA1cÞ

m2
ηN ¼ m2

0 þ λ1ðϕ2
N þ ϕ2

3 þ ϕ2
SÞ þ

λ2
2
ðϕ2

N þ ϕ2
3Þ þ c1ϕ2

Nϕ
2
S; ðA1dÞ

m2
π0

¼ m2
0 þ λ1ðϕ2

N þ ϕ2
3 þ ϕ2

SÞ þ
λ2
2
ðϕ2

N þ ϕ2
3Þ þ c1ϕ2

Sϕ
2
3; ðA1eÞ

m2
ηS ¼ m2

0 þ λ1ðϕ2
N þ ϕ2

3 þ ϕ2
SÞ þ λ2ϕ

2
S þ

c1
4
ðϕ2

N − ϕ2
3Þ2; ðA1fÞ

m2
ηNπ

0 ¼ m2
π0ηN

¼ ðλ2 − c1ϕ2
SÞϕNϕ3; ðA1gÞ

m2
ηNηS ¼ m2

ηSηN ¼ c1
2
ϕNϕSðϕ2

N − ϕ2
3Þ; ðA1hÞ

m2
π0ηS

¼ m2
ηSπ

0 ¼ −
c1
2
ϕ3ϕSðϕ2

N − ϕ2
3Þ: ðA1iÞ

(ii) Scalars,

m2
a�
0

¼ m2
0 þ λ1ðϕ2

N þ ϕ2
3 þ ϕ2

SÞ þ
λ2
2
ð3ϕ2

N þ ϕ2
3Þ; ðA2aÞ

m2
K⋆�

0

¼ m2
0 þ λ1ðϕ2

N þ ϕ2
3 þ ϕ2

SÞ þ λ2

�
1ffiffiffi
2

p ðϕN þ ϕ3ÞϕS þ
ðϕN þ ϕ3Þ2

2
þ ϕ2

S

�
; ðA2bÞ

m2
K⋆0

0

¼ m2
0 þ λ1ðϕ2

N þ ϕ2
3 þ ϕ2

SÞ þ λ2

�
1ffiffiffi
2

p ðϕN − ϕ3ÞϕS þ
ðϕN − ϕ3Þ2

2
þ ϕ2

S

�
; ðA2cÞ

m2
σN ¼ m2

0 þ λ1ð3ϕ2
N þ ϕ2

3 þ ϕ2
SÞ þ

3λ2
2

ðϕ2
N þ ϕ2

3Þ; ðA2dÞ

m2
a0
0

¼ m2
0 þ λ1ðϕ2

N þ 3ϕ2
3 þ ϕ2

SÞ þ
3λ2
2

ðϕ2
N þ ϕ2

3Þ; ðA2eÞ

m2
σS ¼ m2

0 þ λ1ðϕ2
N þ ϕ2

3 þ 3ϕ2
SÞ þ 3λ2ϕ

2
S; ðA2fÞ

m2
σNa00

¼ m2
a0
0
σN

¼ ð2λ1 þ 3λ2ÞϕNϕ3; ðA2gÞ

m2
σNσS ¼ m2

σSσN ¼ 2λ1ϕNϕS; ðA2hÞ

m2
a0
0
σS

¼ m2
σSa00

¼ 2λ1ϕ3ϕS: ðA2iÞ
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(iii) Vectors,

m2
ρ� ¼ m̃2

1 þ
ϕ2
N

2
ðh1 þ h2 þ h3Þ þ

ϕ2
3

2
ðh1 þ h2 − h3 þ 2g21Þ þ

h1
2
ϕ2
S; ðA3aÞ

m2
K⋆� ¼ m̃2

1 þ δ̃s þ
1

2
δ3 þ

h1
2
ðϕ2

N þ ϕ2
3Þ þ

1

4
ðϕN þ ϕ3Þ2ðh2 þ g21Þ þ

ϕ2
S

2
ðh1 þ h2 þ g21Þ ðA3bÞ

þ 1ffiffiffi
2

p ðϕN þ ϕ3ÞϕSðh3 − g21Þ; ðA3cÞ

m2
K�0 ¼ m̃2

1 þ δ̃s −
1

2
δ3 þ

h1
2
ðϕ2

N þ ϕ2
3Þ þ

1

4
ðϕN − ϕ3Þ2ðh2 þ g21Þ þ

ϕ2
S

2
ðh1 þ h2 þ g21Þ ðA3dÞ

þ 1ffiffiffi
2

p ðϕN − ϕ3ÞϕSðh3 − g21Þ; ðA3eÞ

m2
ωN

¼ m̃2
1 þ

ϕ2
N

2
ðh1 þ h2 þ h3Þ þ

ϕ2
3

2
ðh1 þ h2 þ h3Þ þ

h1
2
ϕ2
S þ δm2

V; ðA3fÞ

m2
ρ0
¼ m̃2

1 þ
ϕ2
N

2
ðh1 þ h2 þ h3Þ þ

ϕ2
3

2
ðh1 þ h2 þ h3Þ þ

h1
2
ϕ2
S − δm2

V; ðA3gÞ
m2

ωNρ
0 ¼ ðh2 þ h3ÞϕNϕ3 þ δ3; ðA3hÞ

m2
ωS

¼ m̃2
1 þ 2δ̃s þ

h1
2
ðϕ2

N þ ϕ2
3Þ þ ϕ2

S

�
h1
2
þ h2 þ h3

�
; ðA3iÞ

m2
ωNωS

¼ m2
ρ0ωS

¼ 0: ðA3jÞ
(iv) Axial-vectors,

m2
a�
1

¼ m̃2
1 þ

ϕ2
N

2
ðh1 þ h2 − h3 þ 2g21Þ þ

ϕ2
3

2
ðh1 þ h2 þ h3Þ þ

h1
2
ϕ2
S; ðA4aÞ

m2
K�

1

¼ m̃2
1 þ δ̃s þ

1

2
δ3 þ

h1
2
ðϕ2

N þ ϕ2
3Þ þ

1

4
ðϕN þ ϕ3Þ2ðh2 þ g21Þ þ

ϕ2
S

2
ðh1 þ h2 þ g21Þ ðA4bÞ

−
1ffiffiffi
2

p ðϕN þ ϕ3ÞϕSðh3 − g21Þ; ðA4cÞ

m2
K0

1

¼ m̃2
1 þ δ̃s −

1

2
δ3 þ

h1
2
ðϕ2

N þ ϕ2
3Þ þ

1

4
ðϕN − ϕ3Þ2ðh2 þ g21Þ þ

ϕ2
S

2
ðh1 þ h2 þ g21Þ ðA4dÞ

−
1ffiffiffi
2

p ðϕN − ϕ3ÞϕSðh3 − g21Þ; ðA4eÞ

m2
f1N

¼ m̃2
1 þ

1

2
ðϕ2

N þ ϕ2
3Þðh1 þ h2 − h3 þ 2g21Þ þ

h1
2
ϕ2
S þ δm2

A; ðA4fÞ

m2
a0
1

¼ m̃2
1 þ

1

2
ðϕ2

N þ ϕ2
3Þðh1 þ h2 − h3 þ 2g21Þ þ

h1
2
ϕ2
S − δm2

A; ðA4gÞ

m2
f1Na01

¼ ðh2 − h3 þ 2g21ÞϕNϕ3 þ δ3; ðA4hÞ

m2
f1S

¼ m̃2
1 þ 2δ̃s þ

h1
2
ðϕ2

N þ ϕ2
3Þ þ ϕ2

S

�
h1
2
þ h2 − h3 þ 2g21

�
; ðA4iÞ

m2
f1Nf1S

¼ m2
a0
1
f1S

¼ 0; ðA4jÞ

where

m̃2
1 ¼ m2

1 þ δu þ δd; δ̃s ¼ δs − ðδu þ δdÞ=2; δ3 ¼ δu − δd: ðA4kÞ
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APPENDIX B: THE f π0 WEAK-DECAY
CONSTANT

We start from the PCAC hypotheses for the neutral pion,

h0jJ μ
π0
ð0Þjπ0i ¼ ipμfπ0 ; ðB1Þ

where J μ
π0

is the Noether current pertaining to axial
transformations. We need to calculate the current only in
the N − 3 − S sector, since π3 only mixes with ηN and ηS to
form the physical π0,

J μ
iω

A
i ¼ δLy

δð∂μyphk Þ δy
ph
k ; i; k∈ ðN; 3; SÞ; ðB2Þ

where ωA
i are the arbitrary infinitesimal parameters of the

axial transformations and yphk ¼ ðπ0; η; η0Þ are the physical
isoscalar fields in the pseudoscalar sector [see Eq. (39)],
while δyphk are the infinitesimal axial transformations
of the considered fields that also need to be determined.
The relevant part of the Lagrangian based on Eqs. (35a)
and (39) is

Ly ¼
1

2
∂
μyphk ∂μy

ph
k −

1

2
yphk diagðM̃2

PÞklyphl ; ðB3Þ

where diagðM̃2
PÞ is given by Eq. (36a). According to

Eq. (37), yphk ¼ ðOMZ−1
P ODÞklxl ≡ ðO−1

P Þklxl with xl ¼
ðη̃N; π̃0; η̃SÞ. Thus,

J μ
iω

A
i ¼ ∂

μyphk ðO−1
P Þklδxl; k; l∈ ðN; 3; SÞ: ðB4Þ

While δxl can be determined as follows, let
Φ ¼Pl∈N;3;S ϕlTl, ϕl ¼ σl þ ixl be the scalar-pseudosca-
lar N; 3; S fields and Tl ¼ λl=2 the generators of U(3) in the
N; 3; S directions. The effect of an infinitesimal axial
transformation on Φ can be written as

δΦ ¼ Tlδϕl ¼ ð1þ iωA
i TiÞTkϕkð1þ iωA

i TiÞ − Tkϕk

¼ iωA
i fTi; Tkgϕk ≡ iωA

i diklϕkTl; ðB5Þ

where dikl are the totally symmetric structure constants of U
(3). Since the i and k indices are in ðN; 3; SÞ it can be shown
that dikl is nonzero only if l∈ ðN; 3; SÞ. Calculating the dikl
structure constants in the N − 3 − S basis, the nonzero
elements are dNNN ¼ 1, dN33 ¼ d3N3 ¼ d33N ¼ 1, and
dSSS ¼

ffiffiffi
2

p
. Thus, Eq. (B5) can be written as

1

2
ðiδxlþδσlÞλl¼

1

2
½ðiðωA

NσN þωA
3σ3Þ− ðωA

N η̃NþωA
3π3ÞÞλN

þðiðωA
Nσ3þωA

3σNÞ− ðωA
Nπ3þωA

3 η̃NÞÞλ3
þðiωA

SσS−ωA
S η̃SÞλS�; ðB6Þ

where σ3 ≡ a00, π3 ¼ π̃0, and the δxl can be read off as

δx1 ≡ δη̃N ¼ ωA
NσN þ ωA

3σ3; ðB7aÞ

δx2 ≡ δπ̃0 ¼ ωA
Nσ3 þ ωA

3σN; ðB7bÞ

δx3 ≡ δη̃S ¼ ωA
SσS: ðB7cÞ

Since the ωA
i ’s are independent, we can set ωA

N ≠ 0,
ωA
3 ¼ ωA

S ¼ 0, which—after substitution into Eq. (B4) and
considering only the physical π0—leads to

J μ
Nω

A
N ¼ ∂

μπ0ðO−1
P 11σN þO−1

P 12σ3ÞωA
N: ðB8Þ

Similarly, ωA
3 ≠ 0;ωA

N;S ¼ 0 and ωA
S ≠ 0;ωA

N;3 ¼ 0 gives Jμ3
and JμS, respectively. Thus, the relevant parts of the currents
are

J μ
N ¼ ∂

μπ0ðO−1
P 11σN þO−1

P 12σ3Þ; ðB9aÞ

J μ
3 ¼ ∂

μπ0ðO−1
P 11σ3 þO−1

P 12σNÞ; ðB9bÞ

J μ
S ¼ ∂

μπ0ðO−1
P 13σSÞ; ðB9cÞ

while the total current is

J μ
tot¼J μ

N þJ μ
3þJ μ

S

¼ ∂
μπ0½ðO−1

P 11þO−1
P 12ÞðσN þσ3ÞþO−1

P 13σS�: ðB10Þ

In the PCAC relation (B1) one can only get a nonzero
contribution if the scalar fields assume nonvanishing
expectation values [Eq. (C7)]. Thus, fπ0 is given by

fπ0 ¼ ðO−1
P 11 þO−1

P 12ÞðϕN þ ϕ3Þ þO−1
P 13ϕS: ðB11Þ

It should be noted that due to the OP transformation this
quantity can be negative. However, according to Ref. [42]
(part 72), the measurements of leptonic decays of charged
pseudoscalar mesons (like πþ, Kþ, Dþ

s , Bþ) can only
determine the combination jfPjjVq1;q2 j, where jVq1;q2 j is a
CKM matrix element. Thus, we can consider simply jfπ0 j,
which is a prediction in our case since only the charged
decay widths are measured.

APPENDIX C: EXPLICIT FORMS OF THE
TREE-LEVEL DECAY WIDTHS

In this appendix, we explicitly list all tree-level expres-
sions for the decay widths, grouped as vector-meson, axial-
vector-meson, and scalar-meson decays.
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1. Vector-meson decays

a. ρ → ππ

The relevant part of the Lagrangian reads

Lρππ ¼ iBρ
1ρ

0
μπ

−
∂
μπþ þ iCρ

1ð∂μρ0νÞð∂μπ−Þ∂νπþ þ iρþμ ½Dρ
1π

0
∂
μπ− þDρ

2π
−
∂
μπ0�

þ ið∂μρþν Þ½Fρ
1ð∂μπ0Þ∂νπ− þ Fρ

2ð∂μπ−Þ∂νπ0� þ H:c:; ðC1Þ

where

Bρ
1 ¼ Z2

π�

nh
g1 þ ϕNðh3 − g21Þwa�

1

i
cos ϑV −

2

3
ϕ3ðh2 þ h3Þwa�

1
sinϑV

o
; ðC2aÞ

Cρ
1 ¼ −g2Z2

π�w
2
a�
1

cosϑV; ðC2bÞ

Dρ
1 ¼ Zπ�

nh
g1 þ ϕNðh3 − g21Þwa�

1

i
OP21 − ϕ3ðh3 − g21Þwa�

1
OP11

o
; ðC2cÞ

Dρ
2 ¼ −Zπ�½g1OP21 þ ϕNðh3 − g21Þðwa

ηOP11 þ wa
πOP21Þ − ϕ3ðh2 − h3 þ 2g21Þðwf

ηOP11 þ wf
πOP21Þ�; ðC2dÞ

Fρ
1 ¼ −g2Zπ�wa�

1
ðwa

ηOP11 þ wa
πOP21Þ; Fρ

2 ¼ −Fρ
1: ðC2eÞ

The explicit forms of the tree-level decay widths for the neutral and charged ρ read

Γρ0→πþπ− ¼
k3
ρ0

6πM2
ρ0

����Bρ
1 þ

1

2
Cρ
1M

2
ρ0

����2; ðC3aÞ

Γρ�→π�π0 ¼
k3
ρ�

24πM2
ρ�
jDρ

1 −Dρ
2 þ Fρ

1M
2
ρ�j2; ðC3bÞ

where

kρ0 ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

ρ0
− 4M2

π�

q
; ðC4aÞ

kρ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

ρ� −M2
π� −M2

π0
Þ2 − 4M2

π�M
2
π0

q
2Mρ�

: ðC4bÞ

b. ρ → πη

This G parity-violating process will be a prediction. The relevant part of the Lagrangian reads

Lρπη ¼ iρþμ ½Gρ
1η∂

μπ− þ Gρ
2π

−
∂
μη� þ ið∂μρþν Þ½Hρ

1ð∂μηÞ∂νπ− þHρ
2ð∂μπ−Þ∂νη� þ H:c:; ðC5Þ

where

Gρ
1 ¼ Zπ�

nh
g1 þ ϕNðh3 − g21Þwa�

1

i
OP22 − ϕ3ðh3 − g21Þwa�

1
OP12

o
; ðC6aÞ

Gρ
2 ¼ −Zπ�½g1OP22 þ ϕNðh3 − g21Þðwa

ηOP12 þ wa
πOP22Þ − ϕ3ðh2 − h3 þ 2g21Þðwf

ηOP12 þ wf
πOP22Þ�; ðC6bÞ

Hρ
1 ¼ −g2Zπ�wa�

1
ðwa

ηOP12 þ wa
πOP22Þ; Hρ

2 ¼ −Hρ
1; ðC6cÞ
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and the decay width of the process is

Γρ�→π�η ¼
k3
ρ�

24πM2
ρ�
jGρ

1 −Gρ
2 þHρ

1M
2
ρ�j2; ðC7Þ

where

kρ� ¼ 1

2Mρ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

ρ� −M2
π� −M2

ηÞ2 − 4M2
π�M

2
η

q
: ðC8Þ

c. ω → ππ

The relevant part of the Lagrangian reads

Lωππ ¼ iBω
1ωμπ

−
∂
μπþ þ H:c:; ðC9Þ

where

Bω
1 ¼ Z2

π�wa�
1
ϕ3ðh2 þ h3Þ cosϑV; ðC10Þ

while the decay width reads

Γω→πþπ− ¼
k3ω

6πM2
ω
jBω

1 j2; kω¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

ω−4M2
π�

q
: ðC11Þ

d. K⋆ → Kπ

The relevant part of the Lagrangian reads

LK⋆Kπ ¼ iK⋆0
μ

h
BK⋆

1 π0∂μK0 þ BK⋆

2 K0
∂
μπ0 þ BK⋆

3 πþ∂μK− þ BK⋆

4 K−
∂
μπþ
i

þ ið∂μK⋆0
ν Þ
h
CK⋆

1 ð∂μπ0Þ∂νK0 þ CK⋆

2 ð∂μK0Þ∂νπ0 þ CK⋆

3 ð∂μπþÞ∂νK− þ CK⋆

4 ð∂μK−Þ∂νπþ
i

þ iK⋆þ
μ

h
DK⋆

1 π0∂μK− þDK⋆

2 K−
∂
μπ0 þDK⋆

3 π−∂μK0 þDK⋆

4 K0
∂
μπ−
i

þ ið∂μK⋆þ
ν Þ
h
FK⋆

1 ð∂μπ0Þ∂νK− þ FK⋆

2 ð∂μK−Þ∂νπ0 þ FK⋆

3 ð∂μπ−Þ∂νK0 þ FK⋆

4 ð∂μK0Þ∂νπ−
i
þ H:c:; ðC12Þ

where

BK⋆

1 ¼ ZK0

ng1
2

	
OP11 −OP21 −

ffiffiffi
2

p
OP31



þ h3 − g21ffiffiffi

2
p wK0

1
½ðϕ3 − ϕNÞOP31 þ ϕSðOP11 −OP21Þ�

o
; ðC13aÞ

BK⋆

2 ¼ −ZK0

ng1
2

	
OP11 −OP21 −

ffiffiffi
2

p
OP31



þ ϕN − ϕ3

4

h
Wmðh2 − 2h3 þ 3g21Þ −

ffiffiffi
2

p
WSðh2 þ g21Þ

i

−
ffiffiffi
2

p
ϕS

4

h
Wmðh2 þ g21Þ −

ffiffiffi
2

p
WSðh2 − 2h3 þ 3g21Þ

io
; ðC13bÞ

BK⋆

3 ¼ 1ffiffiffi
2

p Zπ�ZK�

n
g1 þ wK�

1

h
−ϕ3ðh2 þ g21Þ þ

ffiffiffi
2

p
ϕSðh3 − g21Þ

io
; ðC13cÞ

BK⋆

4 ¼ 1ffiffiffi
2

p Zπ�ZK�

n
−g1 þ

1

2
wa�

1

h
ϕNðh2 − 2h3 þ 3g21Þ þ ϕ3ðh2 þ 2h3 − g21Þ −

ffiffiffi
2

p
ϕSðh2 þ g21Þ

io
; ðC13dÞ

CK⋆

1 ¼ g2
2
ZK0wK0

1

	
Wm þ

ffiffiffi
2

p
WS



; CK⋆

2 ¼ −CK⋆

1 ; ðC13eÞ

CK⋆

3 ¼ −
g2ffiffiffi
2

p Zπ�ZK�wa�
1
wK�

1
; CK⋆

4 ¼ −CK⋆

3 ; ðC13fÞ

DK⋆

1 ¼ ZK�

ng1
2

	
OP11 þOP21 −

ffiffiffi
2

p
OP31



þ h3 − g21ffiffiffi

2
p wK�

1
½−ðϕN þ ϕ3ÞOP31 þ ϕSðOP11 þOP21Þ�

o
; ðC13gÞ
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DK⋆

2 ¼ −ZK�

ng1
2

	
OP11 þOP21 −

ffiffiffi
2

p
OP31



−
ϕN þ ϕ3

4

h
Wmðh2 − 2h3 þ 3g21Þ þ

ffiffiffi
2

p
WSðh2 þ g21Þ

i

þ
ffiffiffi
2

p
ϕS

4

h
Wmðh2 þ g21Þ þ

ffiffiffi
2

p
WSðh2 − 2h3 þ 3g21Þ

io
; ðC13hÞ

DK⋆

3 ¼ 1ffiffiffi
2

p Zπ�ZK0

n
g1 þ wK0

1

h
ϕ3ðh2 þ g21Þ þ

ffiffiffi
2

p
ϕSðh3 − g21Þ

io
; ðC13iÞ

DK⋆

4 ¼ 1ffiffiffi
2

p Zπ�ZK0

n
−g1 þ

1

2
wa�

1

h
ϕNðh2 − 2h3 þ 3g21Þ − ϕ3ðh2 þ 2h3 − g21Þ −

ffiffiffi
2

p
ϕSðh2 þ g21Þ

io
; ðC13jÞ

FK⋆

1 ¼ −
g2
2
ZK�wK�

1

	
Wp −

ffiffiffi
2

p
WS



; FK⋆

2 ¼ −FK⋆

1 ; ðC13kÞ

FK⋆

3 ¼ −
g2ffiffiffi
2

p Zπ�ZK0wa�
1
wK0

1
; FK⋆

4 ¼ −FK⋆

3 ; ðC13lÞ

and

Wm ¼ ðwa
η − wf

ηÞOP11 þ ðwa
π − wf

πÞOP21; ðC14aÞ

Wp ¼ ðwa
η þ wf

ηÞOP11 þ ðwa
π þ wf

πÞOP21; ðC14bÞ

WS ¼ wf1SOP31: ðC14cÞ

The explicit forms of the tree-level decay widths for the neutral and charged K⋆—both of them containing two
subchannels—read

ΓK̄⋆0→π0;þK0̄;− ¼ ΓK̄⋆0→π0K̄0 þ ΓK̄⋆0→πþK−

¼ 1

24πM2
K⋆0

n
k3
K̄⋆0→π0K̄0

���BK⋆

1 − BK⋆

2 þ CK⋆

1 M2
K⋆0

���2 þ k3
K̄⋆0→πþK−

���BK⋆

3 − BK⋆

4 þ CK⋆

3 M2
K⋆0

���2o; ðC15aÞ

ΓK⋆−→π0;−K−;0̄ ¼ ΓK⋆−→π0K− þ ΓK⋆−→π−K̄0

¼ 1

24πM2
K⋆�

n
k3K⋆−→π0K−

���DK⋆

1 −DK⋆

2 þ FK⋆

1 M2
K⋆�

���2 þ k3K⋆−→π−K̄0

���DK⋆

3 −DK⋆

4 þ FK⋆

3 M2
K⋆0

���2o; ðC15bÞ

where

kA→BC ¼ 1

2MA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

A −M2
B −M2

CÞ2 − 4M2
BM

2
C

q
: ðC16Þ

e. Φ → KK

The relevant part of the Lagrangian reads

LΦKK ¼ iΦμ½BΦ
1 K

0
∂
μK0 þ BΦ

2 K
þ
∂
μK−� þ ið∂μΦνÞ½CΦ

1 ð∂μK0Þ∂νK0 þ CΦ
2 ð∂μKþÞ∂νK−� þ H:c:; ðC17Þ

where

BΦ
1 ¼ 1ffiffiffi

2
p Z2

K0

n
g1 −

1

2
wK0

1

h
ðϕN − ϕ3Þðh2 þ g21Þ −

ffiffiffi
2

p
ϕSðh2 þ 2h3 − g21Þ

io
; ðC18aÞ

BΦ
2 ¼ 1ffiffiffi

2
p Z2

K�

n
g1 −

1

2
wK�

1

h
ðϕN þ ϕ3Þðh2 þ g21Þ −

ffiffiffi
2

p
ϕSðh2 þ 2h3 − g21Þ

io
; ðC18bÞ
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CΦ
1 ¼ −

g2ffiffiffi
2

p Z2
K0w2

K0
1

; ðC18cÞ

CΦ
2 ¼ −

g2ffiffiffi
2

p Z2
K�w2

K�
1

: ðC18dÞ

The explicit forms of the tree-level decay widths for the
neutral and charged part of the Φ → KK process read

ΓΦ→K0K̄0 ¼ k3Φ→K0K̄0

6πM2
Φ

����BΦ
1 þ 1

2
CΦ
1 M

2
Φ

����2; ðC19aÞ

ΓΦ→KþK− ¼ k3Φ→KþK−

6πM2
Φ

����BΦ
2 þ 1

2
CΦ
2 M

2
Φ

����2; ðC19bÞ

where

kΦ→K0K̄0 ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Φ − 4M2
K0

q
; ðC20aÞ

kΦ→KþK− ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

Φ − 4M2
K�

q
: ðC20bÞ

2. Axial-vector-meson decays

a. a1 → ρπ

The relevant part of the Lagrangian reads

La1ρπ ¼ iBa1
1 a01μρ

þμπ−þ iCa1
1 a01μð∂μρþνÞ∂νπ− − iCa1

1 a01νð∂μρþνÞ∂μπ− − iCa1
1 ð∂μa01νÞ½ρþμ

∂
νπ− −ρþν

∂
μπ−�

þ iaþ1 μ

h
Da1

1 ρ−μπ0þDa1
2 ρ0μπ−

i
þ iaþ1 μ

h
Ea1
1 ð∂μρ−νÞ∂νπ0þEa1

2 ð∂μρ0νÞ∂νπ−
i

− iaþ1 ν

h
Ea1
1 ð∂μρ−νÞ∂μπ0þEa1

2 ð∂μρ0νÞ∂μπ−
i
− ið∂μaþ1 νÞ

h
Ea1
1 ðρ−μ∂νπ0−ρ−ν∂μπ0ÞþEa1

2 ðρ0μ∂νπ− −ρ0ν∂μπ−Þ
i
þH:c:;

ðC21Þ

where

Ba1
1 ¼ −Zπ�ϕNðh3 − g21Þ cos ϑA; ðC22aÞ

Ca1
1 ¼ −g2Zπ�wa�

1
cosϑA; ðC22bÞ

Da1
1 ¼ −ðh3 − g21ÞðϕNOP21 − ϕ3OP11Þ; ðC22cÞ

Da1
2 ¼ Zπ�½ϕNðh3 − g21Þ cosϑV − ϕ3ðh2 þ h3Þ sinϑV �; ðC22dÞ

Ea1
1 ¼ −g2ðwa

ηOP11 þ wa
πOP21Þ; ðC22eÞ

Ea1
2 ¼ g2Zπ�wa�

1
cosϑV: ðC22fÞ

The decay width for the neutral a01 reads

Γa0
1
→ρ�π∓ ¼

ka0
1

12M2
a0
1

π

�
jV1

μνj2 −
jV1

μνkνa0
1

j2
M2

a0
1

−
jV1

μνk
μ
ρ�j2

M2
ρ�

þ
jV1

μνk
μ
a0
1

kν
ρ�j2

M2
a0
1

M2
ρ�

�
; ðC23Þ

with (omitting the a1 superscript from B1, C1)

V1
μν ¼ i

n
B1gμν þ C1

h
kπ∓ · ðka0

1
þ kρ�Þgμν − kρ�μkπ∓ν − kπ∓μka0

1ν

io
; ðC24aÞ

jV1
μνj2 ¼

n
4B2

1 þ C2
1

h5
2
ðM2

a0
1

−M2
ρ�Þ2 þ

1

2
M2

π�ð2M2
a0
1

þ 2M2
ρ� −M2

π�Þ
i
þ 6B1C1ðM2

a0
1

−M2
ρ�Þ
o
; ðC24bÞ
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jV1
μνkνa0

1

j2 ¼ B2
1M

2
a0
1

− k2a0
1

C1M2
a0
1

h
C1M2

ρ� − 2B1

i
; ðC24cÞ

jV1
μνk

μ
ρ�j2 ¼ B2

1M
2
ρ� − k2

a0
1

C1M2
a0
1

h
C1M2

a0
1

þ 2B1

i
; ðC24dÞ

jV1
μνk

μ
a0
1

kν
ρ�j2 ¼ B2

1M
2
a0
1

	
k2a0

1

þM2
ρ�



; ðC24eÞ

where ka0
1
≡ ka0

1
→ρ�π∓ is given in Eq. (C16). The decay width of the charged a�1 consists of two subchannels

and is given by

Γa�
1
→ρ�;0π0;� ¼ Γa�

1
→ρ�π0 þ Γa�

1
→ρ0π�

¼
ka�

1
→ρ�π0

24M2
a�
1

π

�
jV2

μνj2 −
jV2

μνkνa�
1

j2
M2

a�
1

−
jV2

μνk
μ
ρ�j2

M2
ρ�

þ
jV2

μνk
μ
a�
1

kν
ρ�j2

M2
a�
1

M2
ρ�

�

þ
ka�

1
→ρ0π�

24M2
a�
1

π

�
jV3

μνj2 −
jV3

μνkνa�
1

j2
M2

a�
1

−
jV3

μνk
μ
ρ0
j2

M2
ρ0

þ
jV3

μνk
μ
a�
1

kν
ρ0
j2

M2
a�
1

M2
ρ0

�
; ðC25Þ

with (omitting the a1 superscript from D1, E1, D2, E2)

V2
μν ¼ i

n
D1gμν þ E1

h
kπ0 · ðka�

1
þ kρ�Þgμν − kρ�μkπ0ν − kπ0μka�

1 ν

io
; ðC26aÞ

jV2
μνj2 ¼ 4D2

1 þ E2
1

�
5

2
ðM2

a�
1

−M2
ρ�Þ2 þ

1

2
M2

π0
ð2M2

a�
1

þ 2M2
ρ� −M2

π0
Þ
�
þ 6D1E1ðM2

a�
1

−M2
ρ�Þ; ðC26bÞ

jV2
μνkνa�

1

j2 ¼ D2
1M

2
a�
1

− k2a�
1
→ρ�π0E1M2

a�
1

	
E1M2

ρ� − 2D1



; ðC26cÞ

jV2
μνk

μ
ρ�j2 ¼ D2

1M
2
ρ� − k2a�

1
→ρ�π0E1M2

a�
1

	
E1M2

a�
1

þ 2D1



; ðC26dÞ

jV2
μνk

μ
a�
1

kν
ρ�j2 ¼ D2

1M
2
a�
1

	
k2a�

1
→ρ�π0 þM2

ρ�



; ðC26eÞ

V3
μν ¼ i

n
D2gμν þ E2

h
kπ� · ðka�

1
þ kρ0Þgμν − kρ0μkπ�ν − kπ�μka�

1 ν

io
; ðC26fÞ

jV3
μνj2 ¼ 4D2

2 þ E2
2

h5
2
ðM2

a�
1

−M2
ρ0
Þ2 þ 1

2
M2

π�ð2M2
a�
1

þ 2M2
ρ0
−M2

π�Þ
i
þ 6D2E2ðM2

a�
1

−M2
ρ0
Þ; ðC26gÞ

jV3
μνkνa�

1

j2 ¼ D2
2M

2
a�
1

− k2a�
1
→ρ0π�E2M2

a�
1

ðE2M2
ρ0
− 2D2Þ; ðC26hÞ

jV3
μνk

μ
ρ0
j2 ¼ D2

2M
2
ρ0
− k2a�

1
→ρ0π�E2M2

a�
1

	
E2M2

a�
1

þ 2D2



; ðC26iÞ

jV3
μνk

μ
a�
1

kν
ρ0
j2 ¼ D2

2M
2
a�
1

	
k2a�

1
→ρ0π� þM2

ρ0



; ðC26jÞ

where ka�
1
→ρ�π0 and ka�

1
→ρ0π� are given in Eq. (C16).
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b. a1 → πγ

The relevant part of the Lagrangian reads

La1πγ ¼ iBγaþ1 μπ
−Aμ

e þ iCγ

�
∂μa

þ
1 ν − ∂νa

þ
1 μ

�
× ð∂νπ−ÞAμ

e þ H:c:; ðC27Þ

where

Bγ ¼ −eg1ϕNZπ� ; Cγ ¼ −eZπ�wa�
1
: ðC28Þ

The decay width for the charged a�1 has the simple form

Γa�
1
→π�γ ¼

e2g21ϕ
2
N

96πMa�
1

Z2
π�

�
1 −

�
Mπ�

Ma�
1

�
2
�
3

: ðC29Þ

c. fH1 → K⋆K

The relevant part of the Lagrangian reads

LfH
1
K⋆K ¼ ifH1 μ

h
Bf1
1 K⋆þμK− þ Bf1

2 K⋆0μK̄0
i
þ ifH1 μ

h
Cf1
1 ð∂μK⋆þνÞ∂νK− þ Cf1

2 ð∂μK⋆0νÞ∂νK̄0
i

− ifH1 ν

h
Cf1
1 ð∂μK⋆þνÞ∂μK− þ Cf1

2 ð∂μK⋆0νÞ∂μK̄0
i

− ið∂μfH1 νÞ
h
Cf1
1 ðK⋆þμ

∂
νK− − K⋆þν

∂
μK−Þ þ Cf1

2 ðK⋆0μ
∂
νK̄0 − K⋆0ν

∂
μK̄0Þ

i
þ H:c:; ðC30Þ

where

Bf1
1 ¼

ffiffiffi
2

p

4
ZK�

h
ðϕN þ ϕ3Þðh2 þ g21Þ −

ffiffiffi
2

p
ϕSðh2 − 2h3 þ 3g21Þ

i
; ðC31aÞ

Bf1
2 ¼

ffiffiffi
2

p

4
ZK0

h
ðϕN − ϕ3Þðh2 þ g21Þ −

ffiffiffi
2

p
ϕSðh2 − 2h3 þ 3g21Þ

i
; ðC31bÞ

Cf1
1 ¼ g2ffiffiffi

2
p ZK�wK�

1
; ðC31cÞ

Cf1
2 ¼ g2ffiffiffi

2
p ZK0wK0

1
: ðC31dÞ

Similar to as in the case of a�1 there are two subchannels, and the decay width is given by

ΓfH
1
→K⋆�;0;0̄K∓;0̄;0 ¼ ΓfH

1
→K⋆�K∓ þ ΓfH

1
→K0;0̄K0̄;0

¼
kfH

1
→K⋆�K∓

12M2
fH
1

π

�
jV4

μνj2 −
jV4

μνkνfH
1

j2
M2

fH
1

−
jV4

μνk
μ
K⋆�j2

M2
K⋆�

þ
jV4

μνk
μ
fH
1

kν
K⋆�j2

M2
fH
1

M2
K⋆�

�

þ
kfH

1
→K⋆0K̄0

12M2
fH
1

π

�
jV5

μνj2 −
jV5

μνkνfH
1

j2
M2

fH
1

−
jV5

μνk
μ
K⋆0 j2

M2
K⋆0

þ
jV5

μνk
μ
fH
1

kνK⋆0 j2
M2

fH
1

M2
K⋆0

�
; ðC32Þ

with (omitting the f1 superscript from B1, C1, B2, C2)

V4
μν ¼ i

n
B1gμν þ C1

h
kK∓ · ðkfH

1
þ kK⋆�Þgμν − kK⋆�μkK∓ν − kK∓μkfH

1 ν

io
; ðC33aÞ

jV4
μνj2 ¼ 4B2

1 þ C2
1

h5
2

	
M2

fH
1

−M2
K⋆�



2 þ 1

2
M2

K�

	
2M2

fH
1

þ 2M2
K⋆� −M2

K�


i
þ 6B1C1ðM2

fH
1

−M2
K⋆�Þ; ðC33bÞ

jV4
μνkνfH

1

j2 ¼ B2
1M

2
fH
1

− k2fH
1
→K⋆�K∓C1M2

fH
1

ðC1M2
K⋆� − 2B1Þ; ðC33cÞ
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jV4
μνk

μ
K⋆�j2 ¼ B2

1M
2
K⋆� − k2fH

1
→K⋆�K∓C1M2

fH
1

	
C1M2

fH
1

þ 2B1



; ðC33dÞ

jV4
μνk

μ
fH
1

kν
K⋆�j2 ¼ B2

1M
2
fH
1

	
k2fH

1
→K⋆�K∓ þM2

K⋆�



; ðC33eÞ

V5
μν ¼ i

n
B2gμν þ C2

h
kK̄0 · ðkfH

1
þ kK⋆0Þgμν − kK⋆0μkK̄0ν − kK̄0μkfH

1 ν

io
; ðC33fÞ

jV5
μνj2 ¼ 4B2

2 þ C2
2

�
5

2

�
M2

fH
1

−M2
K⋆0

�
2

þ 1

2
M2

K0

�
2M2

fH
1

þ 2M2
K⋆0 −M2

K0

��
þ 6B2C2

�
M2

fH
1

−M2
K⋆0

�
; ðC33gÞ

jV5
μνkνfH

1

j2 ¼ B2
2M

2
fH
1

− k2fH
1
→K⋆0K̄0C2M2

fH
1

ðC2M2
K⋆0 − 2B2Þ; ðC33hÞ

jV5
μνk

μ
K⋆0 j2 ¼ B2

2M
2
K⋆0 − k2fH

1
→K⋆0K̄0C2M2

fH
1

�
C2M2

fH
1

þ 2B2

�
; ðC33iÞ

jV5
μνk

μ
fH
1

kν
K⋆0 j2 ¼ B2

2M
2
fH
1

�
k2fH

1
→K⋆0K̄0 þM2

K⋆0

�
: ðC33jÞ

3. Scalar-meson decays

a. K⋆
0 → Kπ

The relevant part of the Lagrangian reads

LK⋆
0
Kπ ¼ K⋆0

0

h
B
K⋆

0

1 π0K0 þ B
K⋆

0

2 ð∂μπ0Þ∂μK0 þ B
K⋆

0

3 πþK− þ B
K⋆

0

4 ð∂μπþÞ∂μK−
i

þ ð∂μK⋆0
0 Þ
h
C
K⋆

0

1 π0∂μK0 þ C
K⋆

0

2 ð∂μπ0ÞK0 þ C
K⋆

0

3 πþ∂μK− þ C
K⋆

0

4 ð∂μπþÞK−
i

þ K⋆þ
0

h
D

K⋆
0

1 π0K− þD
K⋆

0

2 ð∂μπ0Þ∂μK− þD
K⋆

0

3 π−K0 þD
K⋆

0

4 ð∂μπ−Þ∂μK0
i

þ ð∂μK⋆þ
0 Þ
h
F
K⋆

0

1 π0∂μK− þ F
K⋆

0

2 ð∂μπ0ÞK− þ F
K⋆

0

3 π−∂μK0 þ F
K⋆

0

4 ð∂μπ−ÞK0
i
þ H:c:; ðC34Þ

where

B
K⋆

0

1 ¼ 1ffiffiffi
2

p ZK⋆0
0
ZK0OP21ϕS½λ2 − c1ϕ3ðϕN þ ϕ3Þ�; ðC35aÞ

B
K⋆

0

2 ¼ 1

4
ZK⋆0

0
ZK0

n
2g1ðWa þ wK0

1
OP21Þ −WawK0

1

h
ðϕN − ϕ3Þðh2 − 2h3 þ 3g21Þ þ

ffiffiffi
2

p
ϕSðh2 þ g21Þ

io
; ðC35bÞ

B
K⋆

0

3 ¼ −ZK⋆0
0
ZK�Zπ�

�
ϕS −

ffiffiffi
2

p
ϕ3

�
λ2; ðC35cÞ

B
K⋆

0

4 ¼ −
1

2
ffiffiffi
2

p ZK⋆0
0
ZK�Zπ�

n
2g1ðwa�

1
þ wK�

1
Þ − wa�

1
wK�

1
½ϕNðh2 − 2h3 þ 3g21Þ − ϕ3ðh2 þ 2h3 − g21Þ þ

ffiffiffi
2

p
ϕSðh2 þ g21Þ�

o
;

ðC35dÞ

C
K⋆

0

1 ¼ −
1

2
ZK⋆0

0
ZK0OP21

h
g1ðwK0

1
þ w̄K⋆0Þ − wK0

1
w̄K⋆0

ffiffiffi
2

p
ϕSðg21 − h3Þ

i
; ðC35eÞ
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C
K⋆

0

2 ¼ −
1

4
ZK⋆0

0
ZK0

n
2g1ðWa − w̄K⋆0OP21Þ þWaw̄K⋆0

h
ðϕN − ϕ3Þðh2 − 2h3 þ 3g21Þ −

ffiffiffi
2

p
ϕSðh2 þ g21Þ

io
; ðC35fÞ

C
K⋆

0

3 ¼ 1ffiffiffi
2

p ZK⋆0
0
ZK�Zπ�

n
g1ðwK�

1
þ w̄K⋆0Þ − wK�

1
w̄K⋆0

h
ϕ3ðh2 þ g21Þ þ

ffiffiffi
2

p
ϕSðg21 − h3Þ

io
; ðC35gÞ

C
K⋆

0

4 ¼ 1

2
ffiffiffi
2

p ZK⋆0
0
ZK�Zπ�

n
2g1ðwa�

1
− w̄K⋆0Þ þ wa�

1
w̄K⋆0 ½ðϕNðh2 − 2h3 þ 3g21Þ þ ϕ3ðh2 þ 2h3 − 3g21Þ −

ffiffiffi
2

p
ϕSðh2 þ g21Þ�

o
;

ðC35hÞ

D
K⋆

0

1 ¼ −
1ffiffiffi
2

p ZK⋆�
0
ZK�OP21ϕS½λ2 − c1ϕ3ðϕN − ϕ3Þ�; ðC35iÞ

D
K⋆

0

2 ¼ −
1

4
ZK⋆�

0
ZK�

n
2g1ðWa þ wK�

1
OP21Þ −WawK�

1

h
ðϕN þ ϕ3Þðh2 − 2h3 þ 3g21Þ þ

ffiffiffi
2

p
ϕSðh2 þ g21Þ

io
; ðC35jÞ

D
K⋆

0

3 ¼ −ZK⋆�
0
ZK0Zπ�

	
ϕS þ

ffiffiffi
2

p
ϕ3



λ2; ðC35kÞ

D
K⋆

0

4 ¼ −
1

2
ffiffiffi
2

p ZK⋆�
0
ZK0Zπ�

n
2g1ðwa�

1
þ wK0

1
Þ − wa�

1
wK0

1
½ϕNðh2 − 2h3 þ 3g21Þ þ ϕ3ðh2 þ 2h3 − g21Þ þ

ffiffiffi
2

p
ϕSðh2 þ g21Þ�

o
;

ðC35lÞ

F
K⋆

0

1 ¼ 1

2
ZK⋆�

0
ZK�OP21

h
g1ðwK�

1
þ w̄K⋆þÞ − wK�

1
w̄K⋆þ

ffiffiffi
2

p
ϕSðg21 − h3Þ

i
; ðC35mÞ

F
K⋆

0

2 ¼ 1

4
ZK⋆�

0
ZK�

n
2g1ðWa − w̄K⋆þOP21Þ þWaw̄K⋆þ

h
ðϕN þ ϕ3Þðh2 − 2h3 þ 3g21Þ −

ffiffiffi
2

p
ϕSðh2 þ g21Þ

io
; ðC35nÞ

F
K⋆

0

3 ¼ 1ffiffiffi
2

p ZK⋆�
0
ZK0Zπ�

n
g1ðwK0

1
þ w̄K⋆þÞ − wK0

1
w̄K⋆þ

h
−ϕ3ðh2 þ g21Þ þ

ffiffiffi
2

p
ϕSðg21 − h3Þ

io
; ðC35oÞ

F
K⋆

0

4 ¼ 1

2
ffiffiffi
2

p ZK⋆�
0
ZK0Zπ�

n
2g1ðwa�

1
− w̄K⋆þÞ þ wa�

1
w̄K⋆þ½ϕNðh2 − 2h3 þ 3g21Þ − ϕ3ðh2 þ 2h3 − 3g21Þ −

ffiffiffi
2

p
ϕSðh2 þ g21Þ�

o
;

ðC35pÞ

and

Wa ¼ wa
ηOP11 þ wa

πOP21; ðC36aÞ

w̄K⋆0 ≡ iwK⋆0 ¼ −
g1ðϕN − ϕ3 −

ffiffiffi
2

p
ϕSÞ

2m2
K⋆0

; ðC36bÞ

w̄K⋆þ ≡ iwK⋆þ ¼ −
g1ðϕN þ ϕ3 −

ffiffiffi
2

p
ϕSÞ

2m2
K⋆�

: ðC36cÞ
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The tree-level decay widths for the neutral and charged K⋆
0 are given by

ΓK̄⋆0
0
→π0;þK0̄;− ¼ ΓK̄⋆0

0
→π0K̄0 þ ΓK̄⋆0

0
→πþK−

¼ 1

8πM2
K⋆0

0

�
kK̄⋆0

0
→π0K̄0

����BK⋆
0

1 þ 1

2

�
C
K⋆

0

1 þ C
K⋆

0

2 − B
K⋆

0

2

�
ðM2

K⋆0
0

−M2
K0 −M2

π0
Þ þ C

K⋆
0

1 M2
K0 þ C

K⋆
0

2 M2
π0

����2

þ kK̄⋆0
0
→πþK−

����BK⋆
0

3 þ 1

2

�
C
K⋆

0

3 þ C
K⋆

0

4 − B
K⋆

0

4

�
ðM2

K⋆0
0

−M2
K� −M2

π�Þ þ C
K⋆

0

3 M2
K� þ C

K⋆
0

4 M2
π�

����2
�
; ðC37Þ

ΓK⋆−
0

→π0;−K−;0̄ ¼ ΓK⋆−
0

→π0K− þ ΓK⋆−
0

→π−K̄0

¼ 1

8πM2
K⋆�

0

�
kK⋆−

0
→π0K−

����DK⋆
0

1 þ 1

2

�
F
K⋆

0

1 þ F
K⋆

0

2 −D
K⋆

0

2

�
ðM2

K⋆�
0

−M2
K� −M2

π0
Þ þ F

K⋆
0

1 M2
K� þ F

K⋆
0

2 M2
π0

����2

þ kK⋆−
0

→π−K̄0

����DK⋆
0

3 þ 1

2

�
F
K⋆

0

3 þ F
K⋆

0

4 −D
K⋆

0

4

�
ðM2

K⋆�
0

−M2
K0 −M2

π�Þ þ F
K⋆

0

3 M2
K0 þ F

K⋆
0

4 M2
π�

����2
�
; ðC38Þ

where kA→BC is defined in Eq. (C16).

b. a0 → KK

The relevant part of the Lagrangian reads

La0KK ¼ a00½Ba0
1 K0K0 þ Ba0

2 ð∂μK0Þ∂μK0 þ Ba0
3 KþK− þ Ba0

4 ð∂μKþÞ∂μK−�
þ ð∂μa00Þ½Ca0

1 K0
∂
μK0 þ Ca0

2 ð∂μK0ÞK0 þ Ca0
3 Kþ

∂
μK− þ Ca0

4 ð∂μKþÞK−�
þ aþ0 ½Da0

1 K0K− þDa0
2 ð∂μK0Þ∂μK−� þ ð∂μaþ0 Þ½Fa0

1 K0
∂
μK− þ Fa0

2 ð∂μK0ÞK−� þ H:c:; ðC39Þ

where we introduce

OS
a0
2 ¼ OS22; ðC40aÞ

OS
a0
NS0 ¼

ffiffiffi
2

p
OS21 þOS23; ðC40bÞ

OS
a0
NS8 ¼ OS21 −

ffiffiffi
2

p
OS23; ðC40cÞ

Ba0
1 ¼ 1

2
Z2
K0OS

a0
2

h
λ2ð2ϕN −

ffiffiffi
2

p
ϕSÞ − 2ϕ3ð2λ1 þ λ2Þ

i
−

ffiffiffi
2

p

6
Z2
K0OS

a0
NS0

h
ϕNð4λ1 þ λ2Þ − ϕ3λ2 þ

ffiffiffi
2

p
ϕSð2λ1 þ λ2Þ

i
−
1

6
Z2
K0OS

a0
NS8

h
4ϕNðλ1 þ λ2Þ − 4ϕ3λ2 −

ffiffiffi
2

p
ϕSð4λ1 þ 5λ2Þ

i
; ðC41aÞ

Ba0
2 ¼ 1

2
Z2
K0OS

a0
2 wK0

1

n
2g1−wK0

1

h
ϕNðh2þg21Þ−ϕ3ð2h1þh2þg21Þþ

ffiffiffi
2

p
ϕSðg21−h3Þ

io

−
ffiffiffi
2

p

6
Z2
K0OS

a0
NS0wK0

1

n
4g1−wK0

1
½ϕNð2h1þh2−h3þ2g21Þ−ϕ3ðh2−h3þ2g21Þþ

ffiffiffi
2

p
ϕSðh1þh2−h3þ2g21Þ

io
þ1

6
Z2
K0OS

a0
NS8wK0

1

n
2g1þwK0

1

h
ϕNð2h1þh2þ2h3−g21Þ−ϕ3ðh2þ2h3−g21Þ−

ffiffiffi
2

p
ϕSð2h1þ2h2þh3þg21Þ

io
;

ðC41bÞ
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Ba0
3 ¼ −

1

2
Z2
K�OS

a0
2

h
λ2ð2ϕN −

ffiffiffi
2

p
ϕSÞ þ 2ϕ3ð2λ1 þ λ2Þ

i
−

ffiffiffi
2

p

6
Z2
K�OS

a0
NS0

h
ϕNð4λ1 þ λ2Þ þ ϕ3λ2 þ

ffiffiffi
2

p
ϕSð2λ1 þ λ2Þ

i
−
1

6
Z2
K�OS

a0
NS8

h
4ϕNðλ1 þ λ2Þ þ 4ϕ3λ2 −

ffiffiffi
2

p
ϕSð4λ1 þ 5λ2Þ

i
; ðC41cÞ

Ba0
4 ¼−

1

2
Z2
K�OS

a0
2 wK�

1

n
2g1−wK�

1

h
ϕNðh2þg21Þþϕ3ð2h1þh2þg21Þþ

ffiffiffi
2

p
ϕSðg21−h3Þ

io

−
ffiffiffi
2

p

6
Z2
K�OS

a0
NS0wK�

1

n
4g1−wK�

1

h
ϕNð2h1þh2−h3þ2g21Þþϕ3ðh2−h3þ2g21Þþ

ffiffiffi
2

p
ϕSðh1þh2−h3þ2g21Þ

io
þ1

6
Z2
K�OS

a0
NS8wK�

1

n
2g1þwK�

1

h
ϕNð2h1þh2þ2h3−g21Þþϕ3ðh2þ2h3−g21Þ−

ffiffiffi
2

p
ϕSð2h1þ2h2þh3þg21Þ

io
;

ðC41dÞ

Ca0
1 ¼ −

g1
2
Z2
K0OS

a0
2 wK0

1
þ g1

ffiffiffi
2

p

3
Z2
K0OS

a0
NS0wK0

1
−
g1
6
Z2
K0OS

a0
NS8wK0

1
; Ca0

2 ¼ Ca0
1 ; ðC41eÞ

Ca0
3 ¼ g1

2
Z2
K�OS

a0
2 wK�

1
þ g1

ffiffiffi
2

p

3
Z2
K�OS

a0
NS0wK�

1
−
g1
6
Z2
K�OS

a0
NS8wK�

1
; Ca0

4 ¼ Ca0
3 ; ðC41fÞ

Da0
1 ¼ −

1ffiffiffi
2

p ZK0ZK�Za�
0
λ2ð2ϕN −

ffiffiffi
2

p
ϕSÞ; ðC41gÞ

Da0
2 ¼ −

1ffiffiffi
2

p ZK0ZK�Za�
0

n
g1ðwK0

1
þ wK�

1
Þ − wK0

1
wK�

1

h
ϕNðh2 þ g21Þ þ

ffiffiffi
2

p
ϕSðg21 − h3Þ

io
; ðC41hÞ

Fa0
1 ¼ 1

2
ffiffiffi
2

p ZK0ZK�Za�
0

n
2g1ðwK�

1
− w̄ρþÞ − wK�

1
w̄ρþ
h
ϕNðh2 þ 2h3 − g21Þ − ϕ3ðh2 − 2h3 þ 3g21Þ −

ffiffiffi
2

p
ϕSðg21 þ h2Þ

io
;

ðC41iÞ

Fa0
2 ¼ 1

2
ffiffiffi
2

p ZK0ZK�Za�
0

n
2g1ðwK0

1
þ w̄ρþÞ þ wK0

1
w̄ρþ
h
ϕNðh2 þ 2h3 − g21Þ þ ϕ3ðh2 − 2h3 þ 3g21Þ −

ffiffiffi
2

p
ϕSðg21 þ h2Þ

io
;

ðC41jÞ

and

w̄ρþ ≡ iwρþ ¼ −
g1ϕ3

m2
ρ�

: ðC42Þ

The tree-level decay widths for the neutral and charged a0 are given by

Γa0
0
→K0;þK0̄;− ¼ Γa0

0
→K0K̄0 þ Γa0

0
→KþK−

¼ 1

8πM2
a0
0

�
ka0

0
→K0K̄0

����Ba0
1 þ 1

2
ðCa0

1 þ Ca0
2 − Ba0

2 ÞM2
a0
0

þ Ba0
2 M2

K0

����2

þ ka0
0
→KþK−

����Ba0
3 þ 1

2
ðCa0

3 þ Ca0
4 − Ba0

4 ÞM2
a0
0

þ Ba0
4 M2

K�

����2
�
; ðC43aÞ

Γa−
0
→K0K− ¼ 1

8πM2
a�
0

�
ka−

0
→K0K−

����Da0
1 þ 1

2
ðFa0

1 þ Fa0
2 −Da0

2 ÞðM2
a�
0

−M2
K� −M2

K0Þ þ Fa0
1 M2

K� þ Fa0
2 M2

K0

����2
�
; ðC43bÞ

where kA→BC is defined in Eq. (C16).
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c. a0 → πη;πη0

We start from the following part of the Lagrangian:

La0πηN=ηS ¼ a00½xTBη
1xþ ð∂μxÞTBη

2∂
μx� þ ð∂μa00Þ½ð∂μxÞTCηx�

þ aþ0
h
π−Dη

1
Txþ ð∂μπ−ÞDη

2
T
∂
μx
i
þ ð∂μaþ0 Þ

h
π−Fη

1
T
∂
μxþ ð∂μπ−ÞFη

2
Tx
i
þ H:c:; ðC44Þ

where xT ¼ ðη̃N; π̃0; η̃SÞ and the coefficient matrices and vectors are

Bη
1 11 ¼ −

1

6
OS

a0
NS0

h
2c1ϕNϕSðϕN þ

ffiffiffi
2

p
ϕSÞ þ

ffiffiffi
2

p
ϕNð2λ1 þ λ2Þ þ 2λ1ϕS

i
−
1

2
OS

a0
2 ð2λ1 þ λ2Þϕ3

þ 1

6
OS

a0
NS8

h
2c1ϕNϕSð

ffiffiffi
2

p
ϕN − ϕSÞ − ϕNð2λ1 þ λ2Þ þ 2

ffiffiffi
2

p
λ1ϕS

i
; ðC45aÞ

Bη
1 12¼

1

6
OS

a0
NS0

h
c1ϕSð2ϕN þ

ffiffiffi
2

p
ϕSÞ−

ffiffiffi
2

p
λ2
i
ϕ3þ

1

2
OS

a0
2 ðc1ϕ2

S−λ2ÞϕN −
1

6
OS

a0
NS8

h
c1ϕSð2

ffiffiffi
2

p
ϕN −ϕSÞþ λ2

i
ϕ3; ðC45bÞ

Bη
1 13 ¼ −

1

12
OS

a0
NS0c1

h
ϕ2
NðϕN þ 3

ffiffiffi
2

p
ϕSÞ − ϕ2

3ðϕN þ
ffiffiffi
2

p
ϕSÞ
i
þ 1

2
OS

a0
2 c1ϕNϕSϕ3

þ 1

12
OS

a0
NS8c1

h
ϕ2
Nð

ffiffiffi
2

p
ϕN − 3ϕSÞ − ϕ2

3ð
ffiffiffi
2

p
ϕN − ϕSÞ

i
; ðC45cÞ

Bη
1 21 ¼ Bη

112; ðC45dÞ

Bη
1 22 ¼ −

1

6
OS

a0
NS0

h
2c1ϕ2

3ϕS þ
ffiffiffi
2

p
ϕNð2λ1 þ λ2Þ þ 2λ1ϕS

i
−
1

2
OS

a0
2 ð2λ1 þ λ2 þ 2c1ϕ2

SÞϕ3

þ 1

6
OS

a0
NS8

h
2
ffiffiffi
2

p
c1ϕ2

3ϕS − ϕNð2λ1 þ λ2Þ þ 2
ffiffiffi
2

p
λ1ϕS

i
; ðC45eÞ

Bη
1 23 ¼

1

12
OS

a0
NS0c1ϕ3

�
ϕ2
N − ϕ2

3 þ 2
ffiffiffi
2

p
ϕNϕS

�
þ 1

4
OS

a0
2 c1ϕSðϕ2

N − 3ϕ2
3Þ

−
1

12
OS

a0
NS8c1ϕ3

h ffiffiffi
2

p
ðϕ2

N − ϕ2
3Þ − 2ϕNϕS

i
; ðC45fÞ

Bη
1 31 ¼ Bη

113; ðC45gÞ

Bη
132 ¼ Bη

123; ðC45hÞ

Bη
1 33 ¼ −

1

6
OS

a0
NS0

h ffiffiffi
2

p
c1ϕNðϕ2

N − ϕ2
3Þ þ 2

ffiffiffi
2

p
λ1ϕN þ 2ðλ1 þ λ2ÞϕS

i
þ 1

2
OS

a0
2 ½−2λ1 þ c1ðϕ2

N − ϕ2
3Þ�ϕ3

þ 1

6
OS

a0
NS8

h
−c1ϕNðϕ2

N − ϕ2
3Þ − 2λ1ϕN þ 2

ffiffiffi
2

p
ðλ1 þ λ2ÞϕS

i
; ðC45iÞ

Bη
2 11¼

ffiffiffi
2

p

6
OS

a0
NS0

�
−2g1w

f
ηþ½ðwa

ηÞ2þðwf
ηÞ2�ð2g21þh1þh2−h3ÞϕNþ2wa

ηw
f
ηð2g21þh2−h3Þϕ3þ

1ffiffiffi
2

p ððwa
ηÞ2þðwf

ηÞ2Þh1ϕS

�

þOS
a0
2

�
−g1wa

ηþwa
ηw

f
ηð2g21þh2−h3ÞϕNþ

1

2
½ðwa

ηÞ2þðwf
ηÞ2�ð2g21þh1þh2−h3Þϕ3

�

þ1

6
OS

a0
NS8

�
−2g1w

f
ηþ½ðwa

ηÞ2þðwf
ηÞ2�ð2g21þh1þh2−h3ÞϕNþ2wa

ηw
f
ηð2g21þh2−h3Þϕ3−

ffiffiffi
2

p
ððwa

ηÞ2þðwf
ηÞ2Þh1ϕS

�
;

ðC45jÞ
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Bη
2 12 ¼

ffiffiffi
2

p

12
OS

a0
NS0

�
−2g1ðwa

η þ wf
πÞ þ 2ðwa

πwa
η þ wf

πw
f
ηÞ
�
ð2g21 þ h2 − h3ÞðϕN þ ϕ3Þþh1

�
ϕN þ 1ffiffiffi

2
p ϕS

���

þOS
a0
2

�
−
g1
2
ðwa

π þ wf
ηÞ þ 1

2
ðwa

ηw
f
π þ wf

ηwa
πÞð2g21 þ h2 − h3ÞϕN

þ 1

2
ðwa

ηwa
π þ wf

ηw
f
πÞð2g21 þ h1 þ h2 − h3Þϕ3

�

þ 1

12
OS

a0
NS8

�
−2g1ðwa

η þ wf
πÞ þ 2ðwa

πwa
η þ wf

πw
f
ηÞ
�
ð2g21 þ h2 − h3ÞðϕN þ ϕ3Þþh1ðϕN −

ffiffiffi
2

p
ϕSÞ
��

; ðC45kÞ

Bη
2 13 ¼ 0; ðC45lÞ

Bη
2 21 ¼ Bη

212; ðC45mÞ

Bη
2 22¼

ffiffiffi
2

p

6
OS

a0
NS0

�
−2g1wa

πþ½ðwa
πÞ2þðwf

πÞ2�ð2g21þh1þh2−h3ÞϕNþ2wa
πw

f
πð2g21þh2−h3Þϕ3þ

1ffiffiffi
2

p ½ðwa
πÞ2þðwf

πÞ2�h1ϕS

�

þOS
a0
2

�
−g1w

f
πþwa

πw
f
πð2g21þh2−h3ÞϕNþ

1

2
½ðwa

πÞ2þðwf
πÞ2�ð2g21þh1þh2−h3Þϕ3

�

þ1

6
OS

a0
NS8

�
−2g1wa

πþ½ðwa
πÞ2þðwf

πÞ2�ð2g21þh1þh2−h3ÞϕNþ2wa
πw

f
πð2g21þh2−h3Þϕ3−

ffiffiffi
2

p
½ðwa

πÞ2þðwf
πÞ2�h1ϕS

�
;

ðC45nÞ

Bη
2 23 ¼ 0; ðC45oÞ

Bη
2 31 ¼ 0; ðC45pÞ

Bη
2 32 ¼ 0; ðC45qÞ

Bη
2 33 ¼

ffiffiffi
2

p

6
OS

a0
NS0

�
−2g1wf1S þ ðwf1SÞ2

�
h1ϕN þ 1ffiffiffi

2
p ð4g21 þ h1 þ 2h2 − 2h3ÞϕS

��
þ 1

2
OS

a0
2 h1ϕ3w2

f1S

þ 1

6
OS

a0
NS8

�
4g1wf1S þ ðwf1SÞ2

�
h1ϕN −

ffiffiffi
2

p
ð4g21 þ h1 þ 2h2 − 2h3ÞϕS

��
; ðC45rÞ

Cη ¼ g1

0
BB@

OS21w
f
η þOS22wa

η OS21wa
η þOS22w

f
η 0

OS21w
f
π þOS22wa

π OS21wa
π þOS22w

f
π 0

0 0
ffiffiffi
2

p
OS23wf1S

1
CCA; ðC45sÞ

Dη
1 ¼ Za�

0
Zπ�

0
BB@

ðc1ϕ2
S − λ2ÞϕN

−ðc1ϕ2
S − λ2Þϕ3

1
2
c1ϕSðϕ2

N − ϕ2
3Þ

1
CCA; ðC45tÞ

Dη
2 ¼ Za�

0
Zπ�

0
BB@

−g1w
f
η þ wa�

1
½wf

ηð2g21 þ h2 − h3ÞϕN þ wa
ηðg21 − h3Þϕ3 − g1�

−g1w
f
π þ wa�

1
½wf

πð2g21 þ h2 − h3ÞϕN þ wa
πðg21 − h3Þϕ3�

0

1
CCA; ðC45uÞ
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Fη
1 ¼ Za�

0
Zπ�

0
BB@

g1w
f
η þ w̄ρþ½wf

ηð2g21 þ h2 − h3Þϕ3 þ wa
ηðg21 − h3ÞϕN �

g1w
f
π þ w̄ρþ½wf

πð2g21 þ h2 − h3Þϕ3 þ wa
πðg21 − h3ÞϕN �

0

1
CCA; ðC45vÞ

Fη
2 ¼ Za�

0
Zπ�

0
BB@

wa�
1
½g1 þ w̄ρþðg21 − h3Þϕ3�

w̄ρþ½g1 − wa�
1
ðg21 − h3ÞϕN �
0

1
CCA: ðC45wÞ

Then we apply for x the transformation in Eq. (37) to obtain

La0πη=η0 ¼ a00
h
yphTB̃η

1y
ph þ ð∂μyphÞTB̃η

2∂
μyph

i
þ ð∂μa00Þ

h
ð∂μyphÞTC̃ηyph

i
þ aþ0

h
π−D̃η

1
Typh þ ð∂μπ−ÞD̃η

2
T
∂
μyph

i
þ ð∂μaþ0 Þ

h
π−F̃η

1
T
∂
μyph þ ð∂μπ−ÞF̃η

2
Typh

i
þ H:c:; ðC46Þ

where

B̃η
1 ≡ OT

PB
η
1OP; B̃η

2 ≡OT
PB

η
2OP; C̃η ≡OT

PC
ηOP; ðC47aÞ

D̃η
1
T ≡Dη

1
TOP; D̃η

2
T ≡Dη

2
TOP; F̃η

1
T ≡ Fη

1
TOP; F̃η

2
T ≡ Fη

2
TOP; ðC47bÞ

which finally leads to

La0πη=η0 ¼ a00
h
ðB̃η

1 12 þ B̃η
1 21Þπ0ηþ ðB̃η

2 12 þ B̃η
2 21Þð∂μπ0Þð∂μηÞ

i
þ ð∂μa00Þ

h
C̃η

21π
0
∂
μηþ C̃η

12ð∂μπ0Þη
i

þ a00
h
ðB̃η

1 13 þ B̃η
1 31Þπ0η0 þ ðB̃η

2 13 þ B̃η
2 31Þð∂μπ0Þð∂μη0Þ

i
þ aþ0

h	
D̃η

1
T


2
π−ηþ

	
D̃η

2
T


2
ð∂μπ−Þð∂μηÞ

i
þ ð∂μaþ0 Þ

h	
F̃η
1
T


2
π−∂μηþ

	
F̃η
2
T


2
ð∂μπ−Þη

i
þ aþ0

	
D̃η

1
T


3
π−η0 þ H:c: ðC48Þ

The tree-level decay widths for the neutral and charged a0 are given by

Γa0
0
→π0η¼

ka0
0
→π0η

8πM2
a0
0

���B̃η
1 12þ B̃η

1 21þ
1

2

	
C̃η

12þ C̃η
21− B̃η

2 12− B̃η
2 21


	
M2

a0
0

−M2
η−M2

π0



þ C̃η

21M2
ηþ C̃η

12M2
π0

���2; ðC49aÞ

Γa0
0
→π0η0 ¼

ka0
0
→π0η0

8πM2
a0
0

���B̃η
1 13þ B̃η

1 31þ
1

2

	
C̃η

13þ C̃η
31− B̃η

2 13− B̃η
2 31


	
M2

a0
0

−M2
η0 −M2

π0



þ C̃η

31M2
η0 þ C̃η

13M2
π0

���2; ðC49bÞ

Γa−
0
→π−η¼

ka−
0
→π−η

8πM2
a�
0

���	D̃η
1
T


2
þ1

2

h	
F̃η
1
T


2
þ
	
F̃η
2
T


2
−
	
D̃η

2
T


2

i	
M2

a�
0

−M2
η−M2

π�



þ
	
F̃η
1
T


2
M2

ηþ
	
F̃η
2
T


2
M2

π�

���2;
ðC49cÞ

Γa−
0
→π−η0 ¼

ka−
0
→π−η0

8πM2
a�
0

���	D̃η
1
T


3
þ 1

2

h	
F̃η
1
T


3
þ
	
F̃η
2
T


3
−
	
D̃η

2
T


3

i	
M2

a�
0

−M2
η0 −M2

π�



þ
	
F̃η
1
T


3
M2

η0 þ
	
F̃η
2
T


3
M2

π�

���2;
ðC49dÞ

where kA→BC is defined in Eq. (C16).
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d. f L=H0 → KK

The relevant part of the Lagrangian reads

Lf0KK ¼ fL=H0

h
BL=H
1 K0K0 þ BL=H

2 ð∂μK0Þ∂μK0 þ BL=H
3 KþK− þ BL=H

4 ð∂μKþÞ∂μK−
i

þ ð∂μfL=H0 Þ
h
CL=H
1 K0

∂
μK0 þ CL=H

2 ð∂μK0ÞK0 þ CL=H
3 Kþ

∂
μK− þ CL=H

4 ð∂μKþÞK−
i
; ðC50Þ

where we introduced

OS
L
2 ¼ OS12; OS

H
2 ¼ OS32; ðC51aÞ

OS
L
NS0 ¼

ffiffiffi
2

p
OS11 þOS13; OS

H
NS0 ¼

ffiffiffi
2

p
OS31 þOS33; ðC51bÞ

OS
L
NS8 ¼ OS11 −

ffiffiffi
2

p
OS13; OS

H
NS8 ¼ OS31 −

ffiffiffi
2

p
OS33; ðC51cÞ

BL=H
1 ¼ 1

2
Z2
K0OS

L=H
2

h
λ2ð2ϕN −

ffiffiffi
2

p
ϕSÞ − 2ϕ3ð2λ1 þ λ2Þ

i
−

ffiffiffi
2

p

6
Z2
K0OS

L=H
NS0

h
ϕNð4λ1 þ λ2Þ − ϕ3λ2 þ

ffiffiffi
2

p
ϕSð2λ1 þ λ2Þ

i
−
1

6
Z2
K0OS

L=H
NS8

h
4ϕNðλ1 þ λ2Þ − 4ϕ3λ2 −

ffiffiffi
2

p
ϕSð4λ1 þ 5λ2Þ

i
; ðC52aÞ

BL=H
2 ¼ 1

2
Z2
K0OS

L=H
2 wK0

1

n
2g1 − wK0

1

h
ϕNðh2 þ g21Þ − ϕ3ð2h1 þ h2 þ g21Þ þ

ffiffiffi
2

p
ϕSðg21 − h3Þ

io

−
ffiffiffi
2

p

6
Z2
K0OS

L=H
NS0wK0

1

n
4g1 − wK0

1

h
ϕNð2h1 þ h2 − h3 þ 2g21Þ − ϕ3ðh2 − h3 þ 2g21Þ þ

ffiffiffi
2

p
ϕSðh1 þ h2 − h3 þ 2g21Þ

io
þ 1

6
Z2
K0OS

L=H
NS8wK0

1

n
2g1 þ wK0

1

h
ϕNð2h1 þ h2 þ 2h3 − g21Þ − ϕ3ðh2 þ 2h3 − g21Þ

−
ffiffiffi
2

p
ϕSð2h1 þ 2h2 þ h3 þ g21Þ

io
; ðC52bÞ

BL=H
3 ¼ −

1

2
Z2
K�OS

L=H
2

h
λ2ð2ϕN −

ffiffiffi
2

p
ϕSÞ þ 2ϕ3ð2λ1 þ λ2Þ

i
−

ffiffiffi
2

p

6
Z2
K�OS

L=H
NS0

h
ϕNð4λ1 þ λ2Þ þ ϕ3λ2 þ

ffiffiffi
2

p
ϕSð2λ1 þ λ2Þ

i
−
1

6
Z2
K�OS

L=H
NS8

h
4ϕNðλ1 þ λ2Þ þ 4ϕ3λ2 −

ffiffiffi
2

p
ϕSð4λ1 þ 5λ2Þ

i
; ðC52cÞ

BL=H
4 ¼−

1

2
Z2
K�OS

L=H
2 wK�

1

n
2g1−wK�

1

h
ϕNðh2þg21Þþϕ3ð2h1þh2þg21Þþ

ffiffiffi
2

p
ϕSðg21−h3Þ

io

−
ffiffiffi
2

p

6
Z2
K�OS

L=H
NS0wK�

1

n
4g1−wK�

1

h
ϕNð2h1þh2−h3þ2g21Þþϕ3ðh2−h3þ2g21Þþ

ffiffiffi
2

p
ϕSðh1þh2−h3þ2g21Þ

io
þ1

6
Z2
K�OS

L=H
NS8wK�

1

n
2g1þwK�

1

h
ϕNð2h1þh2þ2h3−g21Þþϕ3ðh2þ2h3−g21Þ−

ffiffiffi
2

p
ϕSð2h1þ2h2þh3þg21Þ

io
;

ðC52dÞ

CL=H
1 ¼ −

g1
2
Z2
K0OS

L=H
2 wK0

1
þ g1

ffiffiffi
2

p

3
Z2
K0OS

L=H
NS0wK0

1
−
g1
6
Z2
K0OS

L=H
NS8wK0

1
; CL=H

2 ¼ CL=H
1 ; ðC52eÞ

CL=H
3 ¼ g1

2
Z2
K�OS

L=H
2 wK�

1
þ g1

ffiffiffi
2

p

3
Z2
K�OS

L=H
NS0wK�

1
−
g1
6
Z2
K�OS

L=H
NS8wK�

1
; CL=H

4 ¼ CL=H
3 : ðC52fÞ
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The tree-level decay widths for fL=H0 are given by

ΓfL=H
0

→K0;þK0̄;− ¼ ΓfL=H
0

→K0K̄0 þ ΓfL=H
0

→KþK−

¼ 1

8πM2

fL=H
0

n
kfL=H

0
→K0K̄0

���BL=H
1 þ 1

2

	
2CL=H

1 − BL=H
2



M2

fL=H
0

þ BL=H
2 M2

K0

���2

þ kfL=H
0

→KþK−

���BL=H
3 þ 1

2

	
2CL=H

3 − BL=H
4



M2

fL=H
0

þ BL=H
4 M2

K�

���2o; ðC53Þ

where kA→BC is defined in Eq. (C16).

e. f L=H0 → ππ

We start from the following part of the Lagrangian:

Lf0ππ ¼ fL=H0

h
xTBL=H

1 xþ ð∂μxÞTBL=H
2 ∂

μx
i
þ ð∂μfL=H0 Þ

h
ð∂μxÞTCL=Hx

i
þ fL=H0

h
πþDL=H

1 π− þ ð∂μπþÞDL=H
2 ∂

μπ−
i
þ ð∂μfL=H0 Þ

h
πþFL=H

1 ∂
μπ− þ ð∂μπþÞFL=H

2 π−
i
; ðC54Þ

where xT ¼ ðη̃N; π̃0; η̃SÞ and the coefficient matrices and vectors are

BL=H
1 11 ¼ −

1

6
OS

L=H
NS0

h
2c1ϕNϕSðϕN þ

ffiffiffi
2

p
ϕSÞ þ

ffiffiffi
2

p
ϕNð2λ1 þ λ2Þ þ 2λ1ϕS

i
−
1

2
OS

L=H
2 ð2λ1 þ λ2Þϕ3

þ 1

6
OS

L=H
NS8

h
2c1ϕNϕSð

ffiffiffi
2

p
ϕN − ϕSÞ − ϕNð2λ1 þ λ2Þ þ 2

ffiffiffi
2

p
λ1ϕS

i
; ðC55aÞ

BL=H
1 12 ¼

1

6
OS

L=H
NS0

h
c1ϕSð2ϕN þ

ffiffiffi
2

p
ϕSÞ −

ffiffiffi
2

p
λ2
i
ϕ3 þ

1

2
OS

L=H
2 ðc1ϕ2

S − λ2ÞϕN

−
1

6
OS

L=H
NS8

h
c1ϕSð2

ffiffiffi
2

p
ϕN − ϕSÞ þ λ2

i
ϕ3; ðC55bÞ

BL=H
1 13 ¼ −

1

12
OS

L=H
NS0c1

h
ϕ2
NðϕN þ 3

ffiffiffi
2

p
ϕSÞ − ϕ2

3ðϕN þ
ffiffiffi
2

p
ϕSÞ
i
þ 1

2
OS

L=H
2 c1ϕNϕSϕ3

þ 1

12
OS

L=H
NS8 c1

h
ϕ2
Nð

ffiffiffi
2

p
ϕN − 3ϕSÞ − ϕ2

3ð
ffiffiffi
2

p
ϕN − ϕSÞ

i
; ðC55cÞ

BL=H
1 21 ¼ BL=H

1 12; ðC55dÞ

BL=H
1 22 ¼ −

1

6
OS

L=H
NS0

h
2c1ϕ2

3ϕS þ
ffiffiffi
2

p
ϕNð2λ1 þ λ2Þ þ 2λ1ϕS

i
−
1

2
OS

L=H
2 ð2λ1 þ λ2 þ 2c1ϕ2

SÞϕ3

þ 1

6
OS

L=H
NS8

h
2
ffiffiffi
2

p
c1ϕ2

3ϕS − ϕNð2λ1 þ λ2Þ þ 2
ffiffiffi
2

p
λ1ϕS

i
; ðC55eÞ

BL=H
1 23 ¼

1

12
OS

L=H
NS0 c1ϕ3

h
ϕ2
N − ϕ2

3 þ 2
ffiffiffi
2

p
ϕNϕS

i
þ 1

4
OS

L=H
2 c1ϕSðϕ2

N − 3ϕ2
3Þ −

1

12
OS

L=H
NS8c1ϕ3

h ffiffiffi
2

p
ðϕ2

N − ϕ2
3Þ − 2ϕNϕS

i
;

ðC55fÞ

BL=H
1 31 ¼ BL=H

1 13; ðC55gÞ

BL=H
1 32 ¼ BL=H

1 23; ðC55hÞ
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BL=H
1 33 ¼ −

1

6
OS

L=H
NS0

h ffiffiffi
2

p
c1ϕNðϕ2

N − ϕ2
3Þ þ 2

ffiffiffi
2

p
λ1ϕN þ 2ðλ1 þ λ2ÞϕS

i
þ 1

2
OS

L=H
2 ð−2λ1 þ c1ðϕ2

N − ϕ2
3ÞÞϕ3

þ 1

6
OS

L=H
NS8

h
−c1ϕNðϕ2

N − ϕ2
3Þ − 2λ1ϕN þ 2

ffiffiffi
2

p
ðλ1 þ λ2ÞϕS

i
; ðC55iÞ

BL=H
2 11 ¼

ffiffiffi
2

p

6
OS

L=H
NS0

n
−2g1w

f
η þ ½ðwa

ηÞ2 þ ðwf
ηÞ2�eð2g21 þ h1 þ h2 − h3ÞϕN þ 2wa

ηw
f
ηð2g21 þ h2 − h3Þϕ3

þ 1ffiffiffi
2

p ½ðwa
ηÞ2 þ ðwf

ηÞ2�h1ϕS

o

þOS
L=H
2

n
−g1wa

η þ wa
ηw

f
ηð2g21 þ h2 − h3ÞϕN þ 1

2
½ðwa

ηÞ2 þ ðwf
ηÞ2�ð2g21 þ h1 þ h2 − h3Þϕ3

o
þ 1

6
OS

L=H
NS8

h
−2g1w

f
η þ ððwa

ηÞ2 þ ðwf
ηÞ2Þð2g21 þ h1 þ h2 − h3ÞϕN þ 2wa

ηw
f
ηð2g21 þ h2 − h3Þϕ3

−
ffiffiffi
2

p
ððwa

ηÞ2 þ ðwf
ηÞ2Þh1ϕS

i
; ðC55jÞ

BL=H
2 12 ¼

ffiffiffi
2

p

12
OS

L=H
NS0

n
−2g1ðwa

η þ wf
πÞ þ 2ðwa

πwa
η þ wf

πw
f
ηÞ
h
ð2g21 þ h2 − h3ÞðϕN þ ϕ3Þþh1

	
ϕN þ 1ffiffiffi

2
p ϕS


io
ðC55kÞ

þOS
L=H
2

h
−
g1
2
ðwa

π þ wf
ηÞ þ 1

2
ðwa

ηw
f
π þ wf

ηwa
πÞð2g21 þ h2 − h3ÞϕN þ 1

2
ðwa

ηwa
π þ wf

ηw
f
πÞð2g21 þ h1 þ h2 − h3Þϕ3

i
þ 1

12
OS

L=H
NS8

n
−2g1ðwa

η þ wf
πÞ þ 2ðwa

πwa
η þ wf

πw
f
ηÞ
h
ð2g21 þ h2 − h3ÞðϕN þ ϕ3Þþh1ðϕN −

ffiffiffi
2

p
ϕSÞ
io

; ðC55lÞ

BL=H
2 13 ¼ 0; ðC55mÞ

BL=H
2 21 ¼ BL=H

2 12; ðC55nÞ

BL=H
2 22 ¼

ffiffiffi
2

p

6
OS

L=H
NS0

n
−2g1wa

π þ ½ðwa
πÞ2 þ ðwf

πÞ2�ð2g21 þ h1 þ h2 − h3ÞϕN þ 2wa
πw

f
πð2g21 þ h2 − h3Þϕ3

þ 1ffiffiffi
2

p ½ðwa
πÞ2 þ ðwf

πÞ2�h1ϕS

o

þOS
L=H
2

h
−g1w

f
π þ wa

πw
f
πð2g21 þ h2 − h3ÞϕN þ 1

2
½ðwa

πÞ2 þ ðwf
πÞ2�ð2g21 þ h1 þ h2 − h3Þϕ3

i
þ 1

6
OS

L=H
NS8

n
−2g1wa

π þ ½ðwa
πÞ2 þ ðwf

πÞ2�ð2g21 þ h1 þ h2 − h3ÞϕN þ 2wa
πw

f
πð2g21 þ h2 − h3Þϕ3

−
ffiffiffi
2

p
½ðwa

πÞ2 þ ðwf
πÞ2�h1ϕS

o
; ðC55oÞ

BL=H
2 23 ¼ 0; ðC55pÞ

BL=H
2 31 ¼ 0; ðC55qÞ

BL=H
2 32 ¼ 0; ðC55rÞ

BL=H
2 33 ¼

ffiffiffi
2

p

6
OS

L=H
NS0

n
−2g1wf1S þ ðwf1SÞ2

h
h1ϕN þ 1ffiffiffi

2
p ð4g21 þ h1 þ 2h2 − 2h3ÞϕS

io
þ 1

2
OS

L=H
2 h1ϕ3w2

f1S

þ 1

6
OS

L=H
NS8

n
4g1wf1S þ ðwf1SÞ2

h
h1ϕN −

ffiffiffi
2

p
ð4g21 þ h1 þ 2h2 − 2h3ÞϕS

io
; ðC55sÞ
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CL=H ¼

8>>>>>>>>>>>><
>>>>>>>>>>>>:

g1

0
BB@

OS11w
f
η þOS12wa

η OS11wa
η þOS12w

f
η 0

OS11w
f
π þOS12wa

π OS11wa
π þOS12w

f
π 0

0 0
ffiffiffi
2

p
OS13wf1S

1
CCA; for L

g1

0
BB@

OS31w
f
η þOS32wa

η OS31wa
η þOS32w

f
η 0

OS31w
f
π þOS32wa

π OS31wa
π þOS32w

f
π 0

0 0
ffiffiffi
2

p
OS33wf1S

1
CCA; for H

ðC55tÞ

DL=H
1 ¼ −

ffiffiffi
2

p

3
Z2
π�OS

L=H
NS0

h
ϕNð2λ1 þ λ2Þ þ

ffiffiffi
2

p
λ1ϕS

i
− Z2

π�OS
L=H
2 ð2λ1 þ 3λ2Þϕ3 −

1

3
Z2
π�OS

L=H
NS8

h
ϕNð2λ1 þ λ2Þ − 2

ffiffiffi
2

p
λ1ϕS

i
;

ðC55uÞ

DL=H
2 ¼

ffiffiffi
2

p

3
Z2
π�OS

L=H
NS0

n
−2g1wa�

1
þ w2

a�
1

h
ð2g21 þ h1 þ h2 − h3ÞϕN þ 1ffiffiffi

2
p h1ϕS

io
þ Z2

π�OS
L=H
2 w2

a�
1

ðh1 þ h2 þ h3Þϕ3

þ 1

3
Z2
π�OS

L=H
NS8

n
−2g1wa�

1
þ w2

a�
1

h
ð2g21 þ h1 þ h2 − h3ÞϕN −

ffiffiffi
2

p
h1ϕS

io
; ðC55vÞ

FL=H
1 ¼ Z2

π�g1wa�
1

nOS11; for L

OS13; for H
ðC55wÞ

FL=H
2 ¼ FL=H

1 : ðC55xÞ

Then we apply for x the transformation in Eq. (37) to obtain

Lf0ππ ¼ fL=H0

h
yphTB̃L=H

1 yph þ ð∂μyphÞTB̃L=H
2 ∂

μyph
i
þ ð∂μfL=H0 Þ

h
ð∂μyphÞTC̃L=Hyph

i
þ fL=H0

h
πþDL=H

1 π− þ ð∂μπþÞDL=H
2 ∂

μπ−
i
þ ð∂μfL=H0 Þ

h
πþFL=H

1 ∂
μπ− þ ð∂μπþÞFL=H

2 π−
i
; ðC56Þ

where

B̃L=H
1 ≡OT

PB
L=H
1 OP; B̃L=H

2 ≡OT
PB

L=H
2 OP; C̃L=H ≡OT

PC
L=HOP; ðC57Þ

which finally leads to

Lf0ππ ¼ fL=H0

h	
B̃L=H
1



11
π0π0 þ

	
B̃L=H
2



11
ð∂μπ0Þð∂μπ0Þ

i
þ ð∂μfL=H0 Þ

h
C̃L=H

11π
0
∂
μπ0
i

þ fL=H0

h
πþDL=H

1 π− þ ð∂μπþÞDL=H
2 ∂

μπ−
i
þ ð∂μfL=H0 Þ

h
πþFL=H

1 ∂
μπ− þ ð∂μπþÞFL=H

2 π−
i
: ðC58Þ

The tree-level decay widths for fL=H0 are given by

ΓfL=H
0

→π0;þπ0;− ¼ ΓfL=H
0

→π0π0 þ ΓfL=H
0

→πþπ−

¼ 1

8πM2

fL=H
0

n
2kfL=H

0
→π0π0

���	B̃L=H
1



11
þ 1

2

	
C̃L=H

11 −
	
B̃L=H
2



11



M2

fL=H
0

þ
	
B̃L=H
2



11
M2

π0

���2

þ kfL=H
0

→π�π∓

���DL=H
1 þ 1

2

	
FL=H
1 þ FL=H

2 −DL=H
2



M2

fL=H
0

þDL=H
2 M2

π�

���2o; ðC59Þ

where kA→BC is defined in Eq. (C16).
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APPENDIX D: DETAILED FIT RESULTS AND
PARAMETER VALUES

In this appendix, the best-fit results with and without the
ω decay are presented (Table II) for the DS and for the
DVS-I (see Sec. III for more details). For comparison, we

have also listed the experimental values, which we have
already discussed in detail in Sec. V. Note that the decays of
the scalar-isoscalar f0’s are not fitted; the values in the
tables are just calculated with the parameters obtained. The
parameter sets for the fits are given in Table III.

TABLE II. Detailed fit results. Second column contains the experimental values (Expt. val), third, fifth, seventh, and ninth columns
hold our fit results in the DS and in the DVS-I, and cases where the ω → ππ decay is fitted (ω) and where it is not (no-ω), while in the
fourth, sixth, eighth, and tenth columns the χ2 values for the given quantities are listed.

Observable Expt. val. (MeV)
FitDS;ω
(MeV) χ2

FitDS;no−ω
(MeV) χ2

FitDVS-I;ω
(MeV) χ2

FitDVS-I;no−ω
(MeV) χ2

fπþ 92.06� 4.60 96.78 1.1 96.72 1.0 96.13 0.8 96.61 1.0
fKþ 110.10� 5.51 109.20 0.0 110.45 0.0 108.73 0.1 109.54 0.0
M̄π 138.04� 6.90 140.56 0.1 140.20 0.1 140.32 0.1 140.61 0.1
ΔMπ −4.59� 0.92 −4.54 0.0 −4.56 0.0 −4.57 0.0 −4.55 0.0
Mη 547.86� 27.39 550.38 0.0 547.39 0.0 546.90 0.0 548.07 0.0
Mη0 957.78� 47.89 949.69 0.0 952.44 0.0 957.45 0.0 958.13 0.0
M̄K 495.64� 24.78 476.73 0.6 482.47 0.3 484.04 0.2 480.23 0.4
ΔMK 3.93� 0.79 3.89 0.0 3.93 0.0 3.92 0.0 3.90 0.0
M̄ρ 775.16� 38.76 762.00 0.1 761.61 0.1 744.48 0.6 762.31 0.1
ΔMρ 0.15� 0.57 0.13 0.0 0.13 0.0 0.14 0.0 0.10 0.0
Mω 782.66� 39.13 762.13 0.3 761.86 0.3 755.64 0.5 763.22 0.2
Mϕ 1019.46� 50.97 979.66 0.6 986.41 0.4 998.68 0.2 982.42 0.5
M̄K⋆ 895.50� 44.78 878.64 0.1 882.52 0.1 882.97 0.1 880.57 0.1
ΔMK⋆ 0.08� 0.90 0.14 0.0 0.19 0.0 0.15 0.0 0.22 0.0
M̄a1

1230.00� 246.00 1109.54 0.2 1115.71 0.2 1050.84 0.5 1115.80 0.2
MfL

1
1281.90� 256.38 1246.50 0.0 1222.40 0.1 1334.34 0.0 1233.96 0.0

MfH
1

1426.30� 285.26 1357.51 0.1 1367.72 0.0 1366.92 0.0 1363.18 0.0

M̄K1
1253.00� 250.60 1256.58 0.0 1260.84 0.0 1256.35 0.0 1260.05 0.0

M̄a0
1474.00� 294.80 1251.40 0.5 1140.38 1.0 1308.90 0.3 1187.00 0.8

M̄K⋆
0

1425.00� 285.00 1321.76 0.1 1237.23 0.4 1411.77 0.0 1282.16 0.2

MfL
0

1350.00� 675.00 1229.39 0.0 1136.72 0.1 1295.92 0.0 1187.92 0.0
MfH

0
1733.00� 866.50 1515.87 0.1 1326.58 0.2 1499.63 0.1 1375.34 0.1

Γ̄ρ→ππ 148.53� 7.43 154.81 0.7 154.85 0.7 153.63 0.5 155.85 1.0
ΔΓρ→ππ −1.70� 1.60 −1.90 0.0 −1.89 0.0 −1.87 0.0 −1.78 0.0
Γ̄ω→ππ 0.13� 0.03 0.00 25.0 0.0 � � � 0.00 25.0 0.0 � � �
Γ̄ϕ→K̄K 1.76� 0.09 1.44 0.4 1.10 0.3 1.87 0.3 1.12 0.4
ΔΓϕ→K̄K −0.65� 0.13 −0.63 0.1 −0.58 0.2 −0.70 0.1 −0.58 0.1
Γ̄K⋆→Kπ 46.75� 2.34 46.27 0.0 46.20 0.0 46.63 0.0 46.02 0.1
ΔΓK⋆→Kπ 1.10� 1.80 0.66 0.1 0.40 0.2 1.09 0.0 0.31 0.2
Γ̄a1→ρπ 425.00� 175.00 533.23 0.4 428.34 0.0 566.85 0.7 489.59 0.1
Γa1→πγ 0.64� 0.25 0.62 0.0 0.68 0.0 0.50 0.3 0.65 0.0
ΓfH

1
→K⋆K 43.60� 8.72 43.53 0.0 43.84 0.0 43.42 0.0 43.72 0.0

Γa0 265.00� 53.00 238.25 0.3 239.03 0.2 263.73 0.0 259.45 0.0
ΓK⋆

0
→Kπ 270.00� 80.00 336.80 0.7 333.96 0.6 256.33 0.0 308.70 0.2

ΓfL
0
→ππ (no fit) 250.00� 125.00 0.004 � � � 0.96 � � � 152.68 � � � 1.74 � � �

ΓfL
0
→KK (no fit) 150.00� 100.00 114.17 � � � 86.74 � � � 0.40 � � � 95.34 � � �

ΓfH
0
→ππ (no fit) 20.20� 10.10 1000.0 � � � 443.19 � � � 720.07 � � � 493.93 � � �

ΓfH
0
→KK (no fit) 87.70� 43.85 594.43 � � � 984.60 � � � 60.15 � � � 999.64 � � �
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Parameter DS, ω DS, no-ω DVS-I, ω DVS-I, no-ω

ϕN (MeV) 163.95 163.93 153.49 166.37
ϕS (MeV) 127.65 133.40 119.63 130.17
ϕ3 (MeV) 2.62 × 10−2 −4.72 × 10−3 −3.25 × 10−3 −1.50 × 10−2

m2
0 (MeV2) −9.91 × 105 −6.39 × 105 −8.13 × 105 −7.04 × 105

m̃2
1 (MeV2) 8.00 × 105 8.00 × 105 8.00 × 105 8.00 × 105

λ1 5.73 0.09 −0.82 0.23
λ2 55.91 44.79 72.55 50.68
h1 −72.31 26.24 −30.98 26.23
h2 16.76 23.82 −1.55 18.01
h3 4.64 5.41 2.58 5.05
g1 5.63 5.53 5.75 5.60
g2 2.42 3.01 0.38 2.72
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