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We study the effect of isospin-symmetry breaking in the framework of the extended linear 6 model in
vacuum. In this model, several particles mix with each other at tree level, due to the three nonzero scalar
condensates (nonstrange, strange, isospin). We resolve these mixings with the help of various field
transformations. We compute all possible meson mixings and decay widths at tree level and perform a y? fit
to PDG data. A very good fit is found if we exclude the (very small ~130 keV) @ — zz decay. We also

investigate the violation of Dashen’s theorem.
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I. INTRODUCTION

Understanding the meson mass spectrum is a funda-
mental task in particle physics. In principle, the QCD
Lagrangian contains all relevant information, but the
strong coupling becomes large in the low-energy regime,
such that QCD is not solvable by perturbative methods. In
this regime, quarks and gluons are confined in hadrons,
which become the relevant degrees of freedom. Therefore,
a possible solution is to use effective models for the
hadronic degrees of freedom, which obey the same global
symmetries as QCD [1], but do not contain gauge bosons.
Here, all interactions are expressed by vertices of the
hadronic fields. One of these effective models is the
extended linear 6 model (eLSM) for three flavors, which
was discussed assuming isospin symmetry at zero temper-
ature and baryochemical potential in Ref. [2] and later
studied at finite temperature and/or finite baryochemical
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potential in Refs. [3—5]. It successfully describes the meson
masses and decay widths at tree level and agrees well with
lattice-QCD data at finite temperature [3]. However,
isospin symmetry is broken in nature, i.e., the masses of
up and down quarks are different (see, e.g., Ref. [6]).
Consequently, the masses of charged and neutral mesons of
the same flavor are slightly different. Note that the differ-
ence is not only due to the strong interaction, but also due to
the electromagnetic interaction.

Isospin-symmetry breaking (IB) or isospin violation [7]
was investigated from different aspects in the literature, like
in connection with charge-symmetry breaking [8,9]. The
latter can be seen in charge-conjugate systems as, e.g., in
proton-proton and neutron-neutron binary systems, and is
caused by different mechanisms like p — @ mixing [10], the
nucleon mass-difference effect in one-pion exchange inter-
actions [11], or isospin-violating meson-nucleon coupling
constants [12]. The effect of p — @ mixing on the nuclear
symmetry energy was investigated in Ref. [13], and its
relation to low-energy pion-nucleon scattering was studied
in Ref. [14]. Another important topic is the mechanism of
production of light scalar mesons, such as f(980), which
is explained by the f,(980) —a)(980) mixing [15-19].
This mixing, more precisely, the triple mixing of the /5 and
fH scalar-isoscalar and a) scalar-isovector states, naturally
arises in effective theories including isospin-symmetry
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breaking in the scalar sector. Similarly, in the pseudoscalar
sector, there is the 7° —n — ;' mixing, which was inves-
tigated in Ref. [20]. The effects of IB were also thoroughly
examined in chiral perturbation theory (ChPT) [21-29], in
the ¢ — wa® isospin-violating decay [30], and in connec-
tion with vector form factors [31].

Lattice-QCD calculations have recently also reached
such a precision that isospin-symmetry-breaking effects
become important, e.g., in the case of the precise deter-
mination of leptonic and semileptonic decay rates [32].
These kinds of investigations can shed some light on the
observed deviation from unitarity in the first row of the
Cabibbo-Kobayashi-Maskawa (CKM) matrix (see, e.g.,
Refs. [32,33]). Different mass splittings were also exam-
ined on the lattice [34-37]. Recently, IB effects were also
investigated in connection with the hadronic vacuum
polarization [38,39] and the nuclear matrix element of
Fermi S decays [40].

In this paper, we model phenomenologically the viola-
tion of isospin symmetry in the eLSM to describe these
mass differences and also differences of charged and
neutral decay widths. It should be mentioned that a similar
effective model was already investigated in Ref. [41] in
some detail. Here, however, we pursue a more thorough
analysis with current experimental data taken from
Ref. [42]. We resolve all the various mixings arising
between different meson nonets and within each nonet.
As it was already mentioned, the charged and neutral
masses differ not only due to the u —d quark mass
difference, but also because of electromagnetic inter-
actions. We take these electromagnetic contributions effec-
tively into account through additive terms to the masses of
the charged fields in the different nonets.

Dashen’s theorem [43,44] states that, in the chiral limit,
i.e., when the quark masses are zero, the following holds in
the pseudoscalar sector:

Mp+ — mK0)|em’

mK0|em =0. (1)
|

(mﬂi - mﬂ'o) |em

=
mﬂo |em = O’

However, there are also corrections to Dashen’s theorem. In
Ref. [45], using ChPT, the authors find only moderate
deviations from Dashen’s theorem, while in more recent
works the deviation seems much more significant [46,47].
We perform fits to Particle Data Group (PDG) data
studying a scenario where Dashen’s theorem is valid, as
well as various scenarios where the latter is violated. It
should be noted also that, in addition to the ¢g scalar
vacuum expectation values (VEVs) considered here, other
four-quark scalar VEVs are also possible, which is beyond
the scope of the current investigation. The inclusion of the
latter would result in additional mixing among the ¢g, four-
quark, and scalar glueball states, which are investigated in
detail in Refs. [48-53]. Our expectation is that the mixing
with the four-quark nonet has a smaller impact on the
pseudoscalars and a larger impact on the scalars [48]. The
mixing between the scalar gg and four-quark sectors might
improve the fit for the f; masses and decay widths, but this
would need further investigation.

This paper is organized as follows. In Sec. I, the eLSM
is introduced, its tree-level mixing terms are presented, and
a collection of transformations is shown to resolve these
various mixings. In Secs. III and IV, the physical masses
and decay widths are summarized. Section V is dedicated to
the description of the fitting procedure and to the acquired
results. Conclusions are given in Sec. VI. Appendix A lists
the explicit expressions for the squared-mass matrix ele-
ments, Appendix B gives a derivation of the f,0 decay
constant from the partially conserved axial current (PCAC)
relation, Appendix C collects the detailed formulas for the
tree-level decay widths, and Appendix D contains tables
with the detailed results of the fits.

II. THE MODEL

A. Lagrangian with broken isospin

According to Ref. [2], the eLSM Lagrangian is given by

L =Tr[(D,®)"(D'®)] — miTr(®'®) — 1, [Tr(®T®)]> — L,Tr(®'®)? + Tr[H(® + ®7)] 4 ¢ (det @ — det D)2

1 m? g
— ZTr(LWL/w + R””R,w) + Tr [(71 + A> (L”Lﬂ + R”Rﬂ)] + 132 (Tr{LW[U‘, L]} + Tr{le[R”, R"]})

h . .
+ 3Tr(q>'q>)Tr(LﬂLﬂ + R'R,) + hyTr(®TLFL,® + R‘O'®R,) + 2h;Tr(L, PRI D)

+ g3[Tr(L,L,L*L*) + Tr(R,R,R*R)] + g4[Tr(L,L*L,L") + Tr(R,R*R,R")]
+ gsTr(L,L¥)Tr(R,RY) + g[Tr(L,L*)Tr(L,L") + Tr(R,R*)Tr(R,R")], (2)

where
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DD = ¢'® — ig, (L' — DR*) — ieAX[T;, @),
LW = LY — LV — ieA![T5, L*] + ieAY[T5, L"),

R

The scalar nonet @ is given by

8
O =05 + Ppg = Z(Sa +iP,)T, =
a=0

L
V2

while the left- and right-handed vector nonets L# and R

8
1
LH=VH4 At = Vi +ANT, = —
;( ) 5
8 1
REsVi—Ar =Y (VA - AT, =—
;( ) 5
The fields H and A are defined as
1.
H = Z T, :zdlag(£N+¢3v§N_C3»\/§§S)’ (5a)
i=0,3,8
A= > AT, = diag(5,.6,.6,). (5b)

i=0,3.8

with T, a€{0, ..., 8}, being the generators of U(3). It is
worth noting that, in the matrices above and throughout
the article, the N—S (nonstrange-strange) basis is used
instead of the 0-8 basis, which for a generic field
E,€(8S,, Py, Vi, Al Hy, A,) is defined as

1 1
W=7 R

If the fields {y/s/3 are nonvanishing, chiral symmetry is
explicitly broken. In particular, for {3 # 0 (and also for
03 =90, — 64 # 0) the isospin symmetry is violated, which
is the situation in nature. In this case, all scalar-isoscalar
fields oy, o5, and a8 can have nonzero vacuum expect-
ation values denoted as ¢y s = (oy/s) and ¢3 = (a). The
condensates ¢y, ¢s, ¢; can be considered as order
parameters for the chiral phase transition at finite

(\/550 + &), s (o — \/§§S)~ (6)

(on+ad)+i(ny+7°)

LY — FLF — ieAX[T5, RY] + ieAY[T5. R¥).

7 ag +irt K}t +iK*"
0N i 0
ay +izm DTN g0 4 KO (3)
K}~ +iK~ K3+ iK° o+ ing
are defined as
0
oo LIS gl K KT
_ 0 fiv=a
p) + aj a)zx:/ip + 11\\1/5 1 K*O + K(l) s (43)
K*_+K1_ I_(*O-i-l_(? wg+ f1s
0
wl\i}%ﬂo _flﬂ\//g"l p+ _ a;r K*+ — KT K
_ _ 0 fiv=a®
P —a; (UA\//EP _ 1/\\//51 K*O_K(l) (4b)
K*_—Kl_ I_(*O—I_((l) a)S_flS

temperature. Their values at zero temperature and at tree
level are determined by minimizing the classical potential
Va(@n, ds, ¢3), which can be read off the Lagrangian (2)
after shifting the scalar-isoscalar fields by their expect-

ation values,
oy = ¢y + oy, (7a)
o5 = ¢s + o5, (7b)
al = ¢3 + al. (7c)
The explicit form of the classical potential reads
mj
Va(dw, ds. p3) = 5 [#% + @5 + (¢3)°]
A
+ 5 [0% + b5 + (937
A [} (¢3)*
t 7N + 3¢5 (¢3)° -t b5
—Cndn = Csps — Cas. (8)

From the stationary points of V, i.e., from the conditions
V/0py;s/3 = 0, the fields {y s/ are derived as
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=t { M0+ 3+ 0P+ 2 3007
(%)

{s = ps{mG + Mg + dx + (3)°] + 15}, (9D)

& —¢3{mé+ﬂl[¢%v+¢§+(¢3)2} +%2[3¢%v+<¢3>2]}-
(%)

As can be seen, (y/s/3 & P53, 1.€., if a field (/g3 1s
zero, there is a solution where the corresponding conden-
sate ¢y,s/3 = 0. However, there is another solution where

|

¢nysy3 = 0and ¢y /53 # 0 and this solution corresponds to
the physical point.

B. Tree-level masses and mixing terms

After spontaneous symmetry breaking there will be
various mixing terms, namely, those between different
nonets and those within a given nonet. The latter ones are
the off-diagonal elements of the squared-mass matrices
and are given in Appendix A. The former kind of mixing
terms relate certain fields of the axial-vector/vector
nonets with those of the pseudoscalar/scalar nonets
and read

L .9 . _
Limix = —g1i3(p ﬂa,,ag —pHoay) — 131 (¢N + 5 — \/Efﬁs) (K ”@JQ* — K*49,K57)

- ig—zl <¢N —¢3 - \/§¢s) (K*O”ayKO - K*O”ayko) - qipn(aj’ ot + “T”aﬂ”_)

— I (n + 05+ V2085 (KT0,K* + K{#0,K7) =5 (b = s + V205 ) (R0, K + K39, K0)

= 01V2hs 505 = 1 [ Fin (@nduin + $30,5°) + a¥(s0ny + 0,a)|. (10)

In order to calculate the tree-level meson masses, these
mixing terms must be eliminated, i.e., the mass matrices
have to be diagonalized. First we deal with mixings
between nonets, then continue with the two-state mixings
in the N — 3 sectors of the vector and axial-vector nonets,
and finally we resolve the three-state mixings in the N —
3 — § sectors of the scalar and pseudoscalar nonets.

1. Mixings between different nonets

In order to eliminate the mixings between different
nonets as listed in Eq. (10), the (axial-)vector fields have
to be shifted by appropriately chosen derivative terms of the
(pseudo)scalar fields. Such a shift spoils the canonical
normalization of the (pseudo)scalar fields. Consequently,
the (pseudo)scalar fields must be rescaled by adequate
wave function renormalization factors Z;, which will
subsequently result in the appearance of factors Z? in
the expressions of the (pseudo)scalar squared masses. The
situation is slightly more complicated in the N -3 - S
sector of the axial-vector—pseudoscalar mixing. The trans-
formations are found to be

p}j; - ﬁ;ﬁ + Zaéwpiaﬂa(?, (11a)
ag = Z,:ag, (11b)
Kyt — K3 + Zgewge=9,K5 ™, (12a)

K§* = Zge K5, (12b)

K;O'O - IN(;()’O + ZKSOWK*O.()@”I?SO‘O, (13a)
K30 = Zeo K", (13b)

aliﬂ - leiﬂ + Zﬂiwaliaﬂfri, (148_)

at = Z 7, (14b)

Ky, = K3, + Zgswy:9, K™, (15a)
K* = Zg-K*, (15b)

K(l)f - f((l)l'? + ZKowK?aMi(O’O, (16a)
K% — 7oK, (16b)

while the nonet mixing in the axial-vector—pseudoscalar
N — 3 — § sector can be resolved by

u i u M7
(i) = () om(Gm)- om

Us = f1" w0, (17b)
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v = 7N, T =T, s = 7s,
where
91¢3
Wﬂi m2 y
pt
2
Mo — i <¢N+2¢3 Vags)
mK*i
Wex00 = l
2mk*0
o 91N
Wali = m2 s
ay
91(Py + b3 + \/_¢S)
Wi = 2m?
Ky
oo — 91(by — 3 + \/_¢S)
Ky~ 2m
W, \/_91455
J 1S mfls
(‘“”" ”)
W= ,
wy Wz
_ 9 2 2
"= Gt O T O
° 91
Wy = detM2( ¢N f u0+¢3mfw>’
_ 9 2
Wg deth (¢N f]N - ¢3mf]Na(1))7
Z = L’
—9%(4?3)2
2 g
Zkgi - 2 2 — 2’
VA = Gy + b3 = V2bs)
20 g
ZK(,)(O _ m]( 0

— Vs

\/ 4m3 .

(17¢)

(18a)

(18b)

(18¢)

(18d)

(18e)

(19a)

(19b)

(19¢)

(19d)

(19e)

(20a)

(20b)

(20c¢)

m=
Zpo = (20d)
m. = gidy
1
2mKi
ZKi = : y (206)
VAme = Gy + by + V2s)
2mKU
Zyo = ' ., (20f)

\/4"1?(? — g1 (b — &3 + V205)?

and M3 is the squared-mass matrix in the N — 3 sector of
the axial-vector nonet.

On the right-hand sides of Eqgs. (B11)—~(C17), the trans-
formed fields are denoted by a tilde. After substituting
Egs. (B11)-(C17) into the quadratic part of the Lagranglan
the tildes are dropped, except for the fiy, a, iy, #°, fig
fields, where additional transformations are needed (see the
next sections).

2. Two-state mixings in the N — 3 sector of (axial) vectors

The vector and axial-vector mass matrices in the N — 3
sector are

2 2

2 ma’N mmN/)O
My = ( ) (21a)
0 0
onp 4
2 2
m m
fiv fivd®
2 1
M2 = <m2 e ) (21b)
finad® al

where the explicit form of the matrix elements mj, , mio,

m2,, m3 , are given by Egs. (A3g)—(A3i)
1

mwN/}”’ m}w’ fivd]
and (A4g)-(A4i), respectively. It is worth noting that,
unlike in the scalar-pseudoscalar sector, in the case of
the vector-axial vector sector there is no mixing term
between the N—S and S—3 sectors at tree level, i.e., there
are no ¢ — w or ¢ — p° mixing terms in the case of the
vectors and no f# — f£ and f — a? mixing terms in the
case of the axial vectors. However, there is ¢ — @ mixing,
albeit small, see, e.g., Refs. [54-58]. In our tree-level case,
this effect is missing, but since it is small, we do not
introduce it by hand.

The matrices M%, /4 can be diagonalized by orthogonal
transformations,

M?y/4 = Oy aM5, ,OF 4, (22a)
o cosdyy  sindy (22b)
via— —sindy;y  cosdy/a /)

Consequently, the resulting eigenvalues and mixing
angles are
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1
> 2 2 2 212 4
m o= 3 <mwN + ms + \/(mwN — mpo) + 4mwNpO>,

(23a)

1
2 — 2 2 2 2 \2 4
mfll“/a? - 5 (mfw + ma? + \/(mf”v ma(l)) + 4mlea?> s

(23b)
mrz) o0
tan(219v) = 2171\//2 N (230)
mwN - m/)o
mj% 2
mle - mao

1

While the field transformations that should be performed
in the Lagrangian are

oy \# w \H
<p°> _)m(p‘))’
(Y~ or(*tY

al A &)

where, if we combine the second transformation with
Eq. (17a) we end up with the following transformation

for the original f,y and a(l) axial-vector fields of the
Lagrangian:

f " fL " Wf Wf Hi

< o) ot ) (T mg . (25)
a; a; wy Wz o'n

After the diagonalization, the w, p° vector and the f*, af

axial-vector fields correspond to the physical @(782),
p°(770), £1(1280), and a(1186) states, respectively.

(24a)

(24b)

3. Three-state mixings within the scalar nonet

There is a three-state mixing in the N — 3 — S sector of
the scalar nonet among the oy, a8, and oy fields of the
Lagrangian. This mixing can be resolved by a three-
dimensional orthogonal transformation Oy resulting in
the squared-mass eigenvalues ﬂfé, ’1‘18’ and lfg and eigen-

states L%, aY, and f¥, respectively. The symmetric scalar
squared-mass mixing matrix is

Mgy mo—Nag Moy o5
5 2 2 2
MS - mﬂNug mag mugas ’ (26)
2 2 2
Moyog magas My

where the explicit form of the matrix elements are given by
Eqgs. (A2d)-(A2i). The diagonalization can be written as

OsM30% = M3 = diag(4s,. 45 . 4s,).  (27a)

requiring As, < As, < s, (27b)
where Og and the eigenvalues are to be calculated numeri-
cally. The particle assignment of this sector is not as
straightforward as for the others due to the fact that there
are two a;’s and five f,’s below 2 GeV according to PDG
data [42]. In this sector, the squared-mass eigenvalues and

the field transformations are given by

mzL = /1517 mio = /lsm, m2H = ish, (283.)
0 0 J0
ON fé
a) | — 0oL & |. (28b)
Os foH

Here we tried all possible assignments and chose the one
that resulted in the lowest y2, but due to the large error in
this sector, this part of the fit is not very restrictive (see also
Sec. V for the specific assignment).

4. Three-state mixings within the pseudoscalar nonet

Even after the transformations (17b), (17¢), and (25)
have been applied, there is still a three-state mixing within
the N —3 —§ sector of the pseudoscalar nonet, which
concerns both the kinetic and the mass terms. The affected
fields are x! = (fjy, 7", 7). The relevant part of the
Lagrangian reads

1
—x"M3x, (29)

1
Lp ==0'x"Dpd,x — 5

2

where

1] —QIWTN ‘ 0
Dp = 0 ‘ 1_% , (30a)

m
f1s

¢y b3
N:( : (30b)
b3 Py
2 2 2
My, mnN;zO Moyns
s 2 2 2
MP = mmvﬂ'o m o mﬂoﬂs s (30(:)
2 2 2
Mopnns mﬂOnS Mos

and W is defined in Eq. (19a), while the explicit expres-
sions for the elements of the squared-mass matrix M3 are
given by Egs. (Ald)—(Ali). The matrix Dp is symmetric
and can be diagonalized by a rotation in the N — 3 plane,
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cosdp sindp, O
Op=| —sindp cosdp O |. (31)
0 0 1

Consequently, Lp - can be written as

Lp,,, = %aﬂyT[DPaﬂy - %YTM}%Y» y = Opx, (32)
with
Dp = 0pD,0Fh
— diag </1Dl,/1DZ, - 2914’2), (33a)
M s
i, = (TrDZ2 £/ (Trl]]f,xz)z — 4det D2?) (33b)
M7 = 0,M307. (33c)

Here, D32 =1 — gyW'N denotes the upper left (2 x 2)
block of Dp, which is assumed to be positive definite.
Accordingly, we can define

1 1
Zp = , Zp, = , 34a
RV A
Zy = s (34b)
\V/ mf]s 292¢S
Zp = diag(Zp,. Zp,. Z,,), Y =273y, (34c¢)
which subsequently leads to

1 1T / 1 ITRA2 v/
Lp,. ziaﬂy 9,y —Ey M3y, (35a)
M2 = Z,M2Zp. (35b)

Now the kinetic part has become canonical, and the
symmetric matrix M?% can be diagonalized by an orthogonal
transformation Oy,

0,M30}, = diag(1p,. Ap, . Ap, ). (36a)

requiring Ap, < Ap, < Ap,. (36b)
where O, and the eigenvalues are to be calculated numeri-

cally. The field transformations are given by

N N ° n°
2| — |7 |=08z,0L | n | =0 n |. 37)
s fis n "

The particle assignment of this sector is straightforward,
m,2, = /113], m?]/ = ﬂPh’ (38)

and the resulting field vector contains the physical «, 1, 1/
fields,

Opy =y = (2% n.7)". (39)

It is worth noting that Op is not an orthogonal trans-
formation. Using Eqgs. (25) (37) and (C17), finally the

transformations of the 17, al , and f/ fields into physical

fields are
fiv Ty
< ~0f( (40a)
i
oz
W{, w]/; @p]] G:DPIZ ®P13
+ - on |,
wy wa/ \Opai Opp Opos P
MS e f{-]”
+ Wy (Op310#7° + Op30'n + Op330n').  (40b)

III. TREE-LEVEL PHYSICAL MASSES

After taking care of all the mixings, the squared-mass
eigenvalues for the pseudoscalars, scalars, vectors, and
axial vectors, respectively, are given by

M2, =Z2.m2. +mg, p. (41a)

M. =Z3.my +miy p+me,p s (41b)
M3, = Z2,m,, (41c)

M =m, (@14)

M3y = m, (41e)

M}, =my, (411)

M3 = Zom. + mgy s, (42a)
Mie = Zyailis + Gy s + M35, (420)
M;o =27 *om,(*o, (42¢)

M, = mly. (42d)
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Mig = mig, (42¢)

szf{;’ = mj%(,),,, (42f)

Mi L= m/%i + mgm,V’ (43a)
M%{*i = m%{*i + mgm,V + mfzzm,VK’ (43b)
Mo = My, (43c)

1
2 2 2 2 2\2 2
Mw/po =5 <ma,N + ms + \/(m,,,N - mpo) + 4mwNpo>,

(434d)

Mé =mp, (43e)

M2, =m2. +mi . (44a)

M ?{li = m?(Ii + mgm,A + mezm.A,(’ (44b)
M?(O = mio, (44c¢)

1
2 — 2 2 2 232 2
(444)
(44e)

where the explicit expressions for the tree-level masses 2

are given in Appendix A (squared-mass matrix elements),
Sec. IIB 3 (scalar N —3 — § squared-mass eigenvalues),
and Sec. IIB4 (pseudoscalar N —3 — S squared-mass
eigenvalues). Moreover, we introduced electromagnetic

mass terms in each nonet, namely, m2 s, m2, p, M2, v,
2 2 2 2 2 ~
Mgy o> A0d Mg, ¢ Mgy pos Mgy v My, 4 Which are of the

same order as the contribution from isospin-symmetry
breaking. We will consider three different cases. In the
first, we consider Dashen’s theorem to be valid (see the
introduction), so mg, ¢ =mg, p =me,y =md . =0.
This means an electromagnetic mass contribution for each
charged particle in each sector. The second case is when
Dashen’s theorem is violated, but the additional electro-
magnetic contribution for the kaonic particles is the same in
all sectors, mgm,SK = mZm.PK = mgm,VK = mgm,AK = éz:m,K'
The third—and most general—case is where these con-
tributions can be different in each sector.

m

IV. TREE-LEVEL DECAY WIDTHS

We start from the usual tree-level expression for two-
body decay,

k
Cympe = m |MA—>BC|27 (45)

where k = \/lz_2 is the absolute value of the three-momen-
tum of the produced particles B, C in the rest frame of the
decaying particle A and M,_ ¢ is the tree-level matrix
element of the process.
In a straightforward, but lengthy calculation we com-
puted tree-level decay widths for the following processes:
(i) Vector-meson decays,

P’ =t (46a)
p~ = 11", p- =y, (46b)
w—ntn, (46¢)
K*0 — 70+ KO~ (46d)
K* - z0~ K0, (46e)
@ - KK°, ® - K"K~ (46f)

(i) Axial-vector-meson decays,
a) - ptn, (47a)
ay - w7y, ajy - p~ 070, (47b)
f{-l - K*+00gF.00 (47¢)

(iii) Scalar-meson decays,

I_{SO N ”0.+K6.—’ (48a)
Ky~ — 2% K9, (48b)
a)— ',  ay—-%, a)— KOtKO=  (48c)
ay—nrn, ag—n1y, ay—K°K-, (48d)
S g0t g0 B KOFRDS (48e)

It should be noted that above we only listed the negatively
charged particle decays (in case of charged particles),
because the charge-conjugated decays have the same decay
width. Similarly, in the case of the kaonic particles, we gave
only the decays of the conjugate particles, like K*° and
KO, since their charge-conjugated partners (K*° and K°)
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have the same decay width in the given channel. The
explicit expressions for all decay widths can be found in
Appendix C.

V. FIT AND RESULTS

As discussed in detail in Ref. [2], there are 13 unknown
parameters in the Lagrangian in the case of isospin
symmetry, namely, m3, m3, ¢y, 8s, g1, G2» Cn» L5 A1y Ao,
hy, h,, and h3.1 In addition to the parameters, the
condensates ¢y and ¢y are also unknown. However, the
external fields {y and (g can be calculated using the field
equations at 7 = 0 once ¢y and ¢ are known, thus instead
of these fields, the condensates can be used in the fitting
procedure. Consequently, the unknown parameters to be
determined in the case of isospin symmetry are m3, m3, ¢,
Os» G1> 92> On» Ps» A1 Ao, By, By, and hy. After determining
these parameters, the fields £ and (g can be calculated via
Egs. (92) and (9b).

In the case of isospin-symmetry violation, there are
several changes in the parameter set:

(i) The fields &, 3,4, and &, as well as m? appear in all

the meson masses (see Appendix A) in the following
three combinations:

it = m? + 6, + 8y,

1
53‘ = 53‘ - 5 (5u + 5d)7
53 = 514 - 5d'

Thus, instead of m? and 85 (5y = §, + 8,4 can be
incorporated into m%, similar to as in Ref. [2]), we
can fit /77 and 8. Allin all, instead of the parameters
4 84, 85, and m?, we have to fit only 7, &, and 6;.
(i) There is a new condensate ¢5.
(iii) There are four, five, or eight electromagnetic mass
contributions as it is described below Eq. (44e). In
2 2 2
the first case, these are my, g, mgy, p, Mgy y, and
m2,. , (Dashen theorem-respecting scenario or DS),

2

2
m em,V >

: 2
in the second case we have m P

em,S?

mg, 4» and mZ o (Dashen theorem-violating sce-

nario I or DVS-I), while in the third case these are

mgm,S’ mgm.P’ mezm,V’ mgm,A’ mfzzm,SK’ mgmﬁp,(’ mgmﬁv,(’

and m§m7 4, (Dashen theorem-violating scenario II or

DVS-ID). It is worth noting that during the fit an

upper bound of 10 MeV was introduced, since a

higher value for the electromagnetic correction to the
mass is physically unrealistic.

(iv) Finally, there are two additional mass terms, 5m%/ in

the vector and dm3 in the axial-vector sector, in

m

'In Ref. [2] we have used hoy and hyg to denote the explicit
symmetry-breaking parameters instead of { and (.

order to generate a splitting between the p° and w
and similarly between the a? and fI masses.
Altogether there are 21, 22, or 25 unknown parameters
depending on the handling of the electromagnetic mass
contributions (see above) in the isospin-symmetry broken
case—compared to the 13 parameters in the isospin-
symmetric case—namely, m3, m?, ci, s, 83, g1, G2. P>

2 2 2 2 2
¢S, ¢3’ /11’ /12’ hl’ h29 h3’ mem,S’ mem,P’ mem.V’ mem.A’ 5mV’
2 : 2 2 2 2
omy, and optionally mg, g, OF mg, g . Mgy p, My,
2
and mg, 4 .

In order to determine these parameters, we calculated
physical quantities at tree level and used a multiparametric
? minimization method (MINUIT [59]) similar to Ref. [2].
The values for the physical quantities are taken from
experiment, that is, from the PDG [42]. More precisely,
we take only the mean value from the PDG, and in most
cases we use an artificially increased error instead of the
experimental value if the latter is smaller than a prescribed
percentage (see below). We do this because some of the
masses are known with very high precision, e.g., the mass
of the # meson is known with 0.003% precision, and we do
not expect such a phenomenological model to describe a
mass with that high accuracy. Our expected accuracy is
around several percent. Since the effect of isospin-sym-
metry breaking is about 3%, for instance, for the mass of
the pion and below 1% for all the other quantities, we
cannot simply fit the neutral and charged quantities
separately (our increased error would be greater than the
effect). Thus, we chose to fit instead the isospin-averaged
neutral and charged quantities and their differences. We use
a small artificial minimal error of 5% for the isospin-
averaged masses of those particles that can be modeled very
precisely within our model, i.e., the pseudoscalars and
vector mesons. For the corresponding mass differences, we
use a somewhat larger minimal error of 20%. The same
minimal error is also used for the axial vectors and the
scalar K and a(, while the minimal error is 50% for the

masses of the flo“/ " mesons, since the latter cannot be
described very precisely within our model because it does
not contain the other three isoscalar-scalar states. For the
sake of completeness, we list here all the values used for
our fit (it should be noted that the decay widths of the scalar
é/ 7 fields are not used in the fit):
(i) Weak-decay constants. For the pion and kaon decay
constants, we use [42]

fz=92.06+4.60 MeV, (49a)

fx =110.10 £5.51 MeV, (49b)
where we have also applied the 5% minimal-error
prescription. The decay constants are related to the
condensates through the PCAC relations, which in
our model leads to
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fre = fN , (50a)

fo = (05 +05' L) (dn + ¢3) + Op' 1305,
(50b)
o=t ‘5;: Vs (saq)
fro=PN" 42532;; V245 : (50d)

where the somewhat unusual expression for f o is
due to the mixing in the N -3 —S sector. Its
explicit form is derived in Appendix B. We have
fitted only the charged weak-decay constants,
since from the combination of measurements and
theory only this can be determined (see Ref. [42],
part 72, Leptonic Decays of Charged Pseudoscalar
Mesons),

fa=Frts (51a)

et fee. (51b)

It is worth noting that fo and fgo will be
predictions.

(i) Pseudoscalar masses. For the charged particles, we
use the isospin averages and differences,

= Mﬂo +2M”i

x 3 = 138.04 £6.90 MeV,

(52a)

AM, = My —M,. =—459+092 MeV, (52b)

_ M M -
g = 2K MK 49564 + 2478 MeV, (52¢)

K 2
AMyg = Myo — M= =3.934£0.79 MeV,  (52d)
M, = 547.86 +27.39 MeV, (52e)
M, = 957.78 + 47.89 MeV. (52f)

(iii) Scalar-meson masses. For the charged particles, we
use only the isospin averages, since there are no data
for the differences,

Mo+ 2M -
Maoziao 3 a

)

= 1474 +294.8 MeV, (53a)

MKSO +MK61

My = —=———"- = 1425 +:285 MeV. (53b)
M1 = 1350 + 675 MeV, (53c)

0
My = 1733 4 867 MeV. (53d)

Here, a, is assigned to a((1450) and KJ to
K(’)*(143O).2 For the two f, any two combinations
from the five states f((500), f4(980), fo(1370),
f0(1500), and f,(1710) have been checked previ-
ously—i.e., in the isospin-symmetric case—and
the assignment f5 = fo(1370), fH¥ = fo(1710)
was found to be favored [2]. Thus, we started our
minimization procedure with this assignment.

(iv) Vector-meson masses. For the charged particles, we
use the isospin averages and differences,

_ Mpo + 2Mpi
M,=—r—" ="775.16+38.76 MeV, (54a)

’ 3
AM, =My~ M, =0.15+057 MeV.  (54b)
e =YK T 005 51 4 4a78MeV,  (S4c)
AMgs = Mg — Mg —0.08+0.94 MeV,  (54d)
M, —782.66+38.13 MeV,  (54e)
M, = 1019.46 £50.97 MeV.  (54f)

(v) Axial-vector masses. For the charged particles, we
use only the isospin averages, since there are no data
for the differences,

Mao + 2Mai
M, = % = 1230 +246 MeV,  (55a)
_ Myo + M=
My, = % = 1253 £250.6 MeV, (55b)
My = 1281.9 £ 256.38 MeV, (55¢)
Myn = 1426.3 £ 285.26 MeV. (55d)
(vi) Vector-meson decays. We use
_ U o gt + 20 o e p0
rp—»;m' =2 3 £
= 148.533 + 7.426 MeV, (56a)

For the sake of completeness, we also checked the other
options, when g, and Ky are assigned to a¢(980) and K} (700).
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AT P

poam Fp”—ﬂz*n' pF—ata®
= —1.74 1.6 MeV, (56b)
1=, ) _ FK*U_WOfK().— + FK*—_,HU,—K—.(’)
K*—Kn 2
= 46.75 + 2.34 MeV, (56¢)
AFK*-»](;; = FI‘(*O_,”o*K(')‘— - FK*_—HTO’_K_'()
= 1.1+ 1.8 MeV, (56)
T, pp =0.133£0.026 MeV,  (56¢)
1:‘ _F¢—>K0k0 +F¢_,K+K—
$—KK — 2
= 1.763 £ 0.088 MeV, (56f)
AF¢—>KK - F¢_)K0]’<O - F¢—>K+K7
= —0.646 +£0.129 MeV.  (56g)
(vii) Axial-vector-meson decays. We use
l:‘al_)/m _ Fa?_mi”; + 2Fali_,pi.oﬂo.i
3
— 425 £ 175 MeV, (57a)
T, = 0.64£0.246 MeV,  (57b)
T geeoigrio = 43.60 £ 8.72 MeV.  (S7¢)

The f# — K*K decay width is determined as
described in Ref. [2].
(viii) Scalar-meson decays. We use

Fao = Fa0—>Ki( =+ Fao—nm + Fao—nm’

=265+ 53 MeV, (58a)
1:‘ B FKGO_}”O<+K().— + FKS—_”TO.—K—I)
Ky—Krz — D)
=270 + 80 MeV, (58b)
ng_,ﬂo.+ﬂ0.— =250+£125 MeV, (58C)
[y go- = 150£75 MeV,  (58d)
FfH_)”oA+ﬂo.— =20.2 £+ 10.1 MeV, (586)
0
T go-go- = 87.7£43.9 MV, (58f)

where

Fa8—>K0'+ KO*_ + 2Fa§—>KnKi

f‘ao—ﬂ(l_( = 3 ’ (58g)
_ Lo a0, + 2Fai_ﬂrt"
Logosrn = — 3 (58h)
_ Fao—m"n’ —+ 2Fai_min/ )
Fao—ﬂm’ =— 3 : (581)

The decay widths for f4 = f,(1370) are not taken

from the PDG [42], but are instead estimates based

on Refs. [42,60-62] (see also Ref. [2]).
At first, the best solution taken from Ref. [2] was used to
check whether we reproduce the isospin-symmetric sol-
ution with the new numerical fitting algorithm, where we
do not fit the isospin-symmetry-breaking quantities. With
that parameter set, we got a solution with a reason-
able > = 8.9.

Then we initialized new parameter sets from 1.2 x 107
random points in the parameter space, set the error level
for the isospin-symmetry-breaking quantities to 20%, and
used the DVS-I. The best solution leads to y? = 29.8,
where the largest contribution comes from I',,_, ,,, which is
about 25, while all other quantities give a rather small y?
contribution. (The detailed results of this fit and the
corresponding parameter set are shown in Tables II
and IIT in Appendix D). This may be due to the fact that
I,z is the only quantity that is directly proportional to ¢3
[cf. Eq. (C11)], so it is very sensitive to the value of ¢5,
which—due to the fitting of other quantities—tends to be
very small, ~O(107°) — O(107%) GeV, compared to ¢y/s.
One might think that this problem with the @ — zz decay
could be solved by the omitted ¢ — @ mixing. However,
this would not work because the ¢ — zz decay width is
small ~4.2 x 107 MeV [42] and in addition its contribu-
tion to the @ — zzx decay width includes a coséy
(with 0, = 86.82°, see Ref. [56]), which is ~5 x 1072,
leading to a total O(1077) contribution that is much too
small to correct the decay width of @ — zz given by this
calculation.

Next, the error level for the isospin-symmetry-breaking
quantities was increased in several steps from 20% to 500%
and the resulting y? values are shown in Fig. 1 for the best
solution in each case. If the error level for the isospin-
symmetry-breaking quantities is increased to infinity, i.e.,
their y* contributions are neglected, an isospin-symmetric
solution is obtained. In this way a solution with y? = 3.2
can be achieved. It is somehow surprising that with this
limiting procedure a better solution can be obtained than if
we start from 1.2 x 107 random points in the isospin-
symmetric case, which leads to a solution with y? > 7.

In every fit, the [',,_, ,, decay width produced the largest
contribution to y2. Therefore, we also made fits in which
the @ decay is omitted. In the case of DVS-I, this leads to a
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FIG. 1. y? as a function of prescribed error starting from 1.2 x
107 random points in the parameter space.

solution with x> = 6.5 and y2, =x*/Ngos = 0.6 (see
Tables II and III in Appendix D). It is worth noting that
in this case the number of degrees of freedom N , ¢, which
is the difference between the number of fitted quantities and
the number of fit parameters, was 11.

We also investigated all possible scenarios [described in
Sec. III below (44e)], namely, DS, DVS-I, and DVS-II, both
with or without fitting the @ — zz decay width. The resulting
x* and 2 values are displayed in Table I. According to the
reduced )(rzed values, the quality of the fit is very similar for the
DS and DVS-I, while the DV S-II is worse both with or without
fitting the @ — zz decay width. In the case without the ® —
zr fit, the )(fed is below 1 in every case, which testifies for very
high-quality fits. Looking only at the y2, values, the DS or
DVS-I are favored over the DVS-II. According to
Refs. [46,47], Dashen’s theorem is significantly violated,
favoring DVS-I, but this is not reflected in our fit. On the other
hand, we can exclude DVS-II, since in this scenario—Dbesides
the larger y2,; values—the predictive power of our model
decreases significantly. This is because in each sector the
isospin averages and differences can be set with the help of the
electromagnetic mass contributions, and the only constraints
on isospin-symmetry violation come from the decay widths.
The detailed results of the fits and the parameter values for the
DS and DVS-I with and without the @ decay are shown in
Tables II and III of Appendix D, respectively.

TABLE L. »? and x2, values for the different scenarios (see
Sec. V), with or without fitting the w decay width.

With @ decay Without @ decay

Case 7 )(id Ve l?ed
DS 31.6 2.4 6.5 0.6
DVS I 30.3 2.5 6.2 0.6
DVS II 31.3 3.5 6.0 0.8

We also checked if instead of omitting the @ — ntz~
decay, either the p® — 7t 7z~ or the p* — 772" decay is
omitted, because o mixes with p°. In both cases, the y* gets
much worse, 22.7 and 23.2, respectively, while the 2
value is 2.1 in both cases. So even if there is p® — @ mixing,
omitting the p° decay will not improve the fit as much as
omitting the @ decay.

According to Egs. (50b) and (50d), we can calculate the
neutral-pion and neutral-kaon decay constants that cannot
be measured directly. In the case of the DVS-I without the
@ decay, the mean values are

f.0 = 109.00 MeV, (59a)

fxo = 109.55 MeV. (59b)
In our case, the difference Afg = f% — f is very small

(=5 keV) compared to a calculation [63] based on QCD

sum rules, where it was found to be Afg = 1.5 MeV.

VI. CONCLUSION

In this paper, we have investigated isospin-symmetry-
breaking effects in the framework of the eL.SM at tree level.
We have shown that the various particle mixings caused by
the three nonzero condensates are quite complicated and
can only be resolved by several field transformations. We
have calculated the physical masses of the mesons at tree
level. All possible tree-level decay widths are also deter-
mined, which leads to long expressions due to the many
field transformations. We took existing experimental data
on the considered mesons and determined the unknown
parameters of the model by a y? fitting procedure. In our
approach, we also investigated the fulfillment of Dashen’s
theorem. For this purpose, we introduced an additional
electromagnetic mass contribution in the kaonic sectors and
analyzed the possible best fits. We found that there is no
strong violation of Dashen’s theorem at tree level in our
approach, i.e., fits respecting or violating Dashen’s theorem
are of equally good quality. We found that the decay width
of @ — zr gave the largest contribution to the y2, showing
that this decay cannot be described at tree level in this
model due to the smallness of ¢; required by the other
isospin-symmetry-breaking channels.
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APPENDIX A: ELEMENTS OF THE MASS SQUARED MATRICES

The elements of the squared meson mass matrices at tree level after isospin-symmetry breaking—before the field shifts

and orthogonal transformations in the N — 3 — S sectors—are given as follows.
(i) Pseudoscalars,

A
mle = mb o+ (B + 43+ 03) + 5 (8% + 307).

1 2
e = B B+ )+ -+ s + P g,
1 _ 2
mio =m§+h(dy + ¢35+ b3) + 1 [_ﬁwa _¢3)¢S+M+¢§:|7
mh =M+ By B B+ 2 G+ B) + e
m2y = mg + 4 (dy + ¢35 + ¢3) + (¢N +¢3) + 13,
mi, = i+ (B + 7+ 0R) + Aot + (0 — 4.
miwo = miomv =(h-c 1¢§)¢N¢37
mglN"IS = m”ls’?N = ¢N¢S(¢ ¢2)
M2 = m2 = =S ss(@ - 43).
(i1) Scalars,
mié = Ay + b3+ ¢3) + (3¢N +¢3).
1 2
Mg =1+ R )+ | s b+ PO )
1 IR
g = R+ B )+ = b+ PP g,

32
iz, = my + 2 (395 + 43 + d5) + 7 (95 + 43),

34
2 = o A (DY + 303 + ¢5) + 7 (% + ¢3).

m2, = m + A (93 + 3 + 3¢3) + 303

m2 mio = (241 + 34) w3,

0
2 ) _
mGN(Ss - mo’saN - 2/11¢N¢Sv

2 — 2 _
mugas = mﬂsag = 2ﬁ'l¢3¢5~
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(ii1) Vectors,

2 2 h
me = i+ "52—N<h1 il ) + ? (n -+ o = hy +267) + L 4, (A3
oz, 1 5
M = 4B 40 L (Gt ) 4 2 )+ Dt ) (A3D)
\f((.bzv + ¢3)ps(hs — g7), (A3c)
- ~ 1 1
W = 4 B, =20y LG D) =+ )+ B @) (A%
1
+—2 (dn — d3)s(hs = g7), (A3e)
2 2 h
it = 3+ X (44 )+ 4 ) 0 g5 i, (A3f)
2 2
g = i+ 4+ )+ "; ( + -+ )+ 2L % omi (A3g)
mino = (hy + h3)pnehs + 65, (A3h)
my,, = it + 2, "' (¢N +¢3) + ¢S< +hy + hs) (A3i)
ma o = m/z)ows =0. (A3))
(iv) Axial-vectors,
2 2 h
ml. = i+ %N(h, +hy - h3+2g%)+%(h1 +h2+h3)+31¢2, (Ada)
PR | 1 3
W= B S (R ) Oy et )+ Btk k) (AdD)
7 (dn + ¢3)ps(hs — i), (Adc)
- | h 1 2
mi?:m%+5 =59 +?1(¢12v+¢§)+1(¢1v—¢3 )?(hy + g7) 4; (hy 4 hy + g7) (Add)
1
- - hy — ¢?), Ade
ﬂ(d’zv ¢3)¢s( 3 91) ( )
1 h
1
mi? =i+ (% + @3)(hy + hy — hs +2g3) + ¢s om3, (Adg)
mfcwa? = (hy = h3 + 2g7)pnp3 + 63, (Adh)
m}, =g+ 26+ (¢N+¢3)+¢s< +hy = hs +291> (A4i)
2 _ 2 :
mf]NflS - ma?fls =0, (A4J)
where
M2 =m}+68,+8s O,=208—(8,+84)/2, 65 =235,-6, (A4Kk)
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APPENDIX B: THE f,» WEAK-DECAY
CONSTANT

We start from the PCAC hypotheses for the neutral pion,

(0|77 (0)[2%) = ip"foo. (B1)
where J ‘7‘[0 is the Noether current pertaining to axial
transformations. We need to calculate the current only in
the N — 3 — § sector, since 73 only mixes with 7, and ¢ to
form the physical 7°,

oL, h
Tttt = 2 Syh, i,ke(N,3,5), (B2
50t ( ), (B2)
where w? are the arbitrary infinitesimal parameters of the

axial transformations and y2" = (z°, 7, 7/) are the physical
isoscalar fields in the pseudoscalar sector [see Eq. (39)],
while 5th are the infinitesimal axial transformations
of the considered fields that also need to be determined.
The relevant part of the Lagrangian based on Eqs. (352a)
and (39) is

1 h h 1 h ;. ~ h
L, = Ea”yi aﬂi —E)i diag(M3)y)"s  (B3)
where diag(M32) is given by Eq. (36a). According to
Eq. (37), " = (OnZp'Op)yx; = (05 with x; =
(ﬁN’ ﬁO’ ﬁS) ThuS,

Tt =0y (05 )yox;,  k1€(N,3,5).  (B4)
While 0x; can be determined as follows, let
® =3 cn3sPiT1, ¢ = o, + ix; be the scalar-pseudosca-
lar N, 3, S fields and T; = A,;/2 the generators of U(3) in the
N,3,S directions. The effect of an infinitesimal axial
transformation on @ can be written as

60 =T\ = (1 4 i T;) Ty (1 + i T;) — Typy,

= iwM{T;, Ty} = i} digpi T, (B5)
where d;;; are the totally symmetric structure constants of U
(3). Since the i and k indices are in (N, 3, S) it can be shown
that d;, is nonzero only if / € (N, 3, ). Calculating the d;,
structure constants in the N —3 — S basis, the nonzero
elements are dyyyv =1, dyy3 =dsy3 =dpzy =1, and
dgss = V/2. Thus, Eq. (B5) can be written as

1, 1. ~
5(15)61 +66,)A = 3 [(i(wpon +@f03) = (@hily + @5 73)) Ay

+ (i(wyo3 + wfoy) — (wyms + @4iiy)) A3
+ (iwfos — w§iis)As], (B6)

where o3 = a), 73 = #°, and the &x; can be read off as

5x| = Sy = wyoy + wios, (B7a)
5x, = 67" = wyo3 + wfoy, (B7b)
5.)C3 = 577]5 = 60?65. (B7C)

Since the wf"s are independent, we can set wﬁ, #+0,
wy = of = 0, which—after substitution into Eq. (B4) and
considering only the physical 7°—leads to

Tyoy = #2°(0p' oy + 03! po3)0y.  (BS)
Similarly, 0§ # 0, @y ¢ = 0 and w§ # 0, wfy 5 = 0 gives J;

and J, respectively. Thus, the relevant parts of the currents
are

T = 07°(03' 1oy + Op' 503), (B9a)
J4 = 0#72°(0p' 103 + Op' 1h0n), (B9b)
TG = 0'2°(0p' 1305). (B9c)

while the total current is

Tho= T+ T4+ T
=0'7°[(0p', + 03 ,)(oy +03) +Op' ;305 (B10)

In the PCAC relation (B1) one can only get a nonzero
contribution if the scalar fields assume nonvanishing
expectation values [Eq. (C7)]. Thus, f, is given by

fo = (0p'11 +0p' 1) (dy + ¢3) + Op' 1395, (B11)
It should be noted that due to the Op transformation this
quantity can be negative. However, according to Ref. [42]
(part 72), the measurements of leptonic decays of charged
pseudoscalar mesons (like z*, KT, Df, BT) can only
determine the combination |fp||V, . |, where [V, . |isa
CKM matrix element. Thus, we can consider simply |f |,

which is a prediction in our case since only the charged
decay widths are measured.

APPENDIX C: EXPLICIT FORMS OF THE
TREE-LEVEL DECAY WIDTHS

In this appendix, we explicitly list all tree-level expres-
sions for the decay widths, grouped as vector-meson, axial-
vector-meson, and scalar-meson decays.
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1. Vector-meson decays
a.p - axn

The relevant part of the Lagrangian reads

Lyne = iBipdn= 0t 4+ iCL(0,00)(0"n™ ) nt + ip,f (D7’ 7~ + Din~ 07"
+i(0,p) ) [F|(0#7°)0*n~ + F5(0*n~)0"2°] + H.c.,

where
2 .
By = Z,z,i{ [91 + ¢y (h3 = 9%)“’#} cos Jy — §¢3(h2 + h3)Wali s 19\/},

p_ 2,2
C| = _92Z;ziwali cos Jy,

Dy = Zni{ [91 + ¢ (hs - 9%)Wali]®P21 = 3(hy — 9%>Wali®m1},

D) = —Z,:[910p2; + ¢y (hs — 9%)(W$@P11 +wgOpa1) = ¢3(hy — hs + 29%)(W;®P11 + WZZ@PZI)L
FY = =gy Zpew = (WiOp11 + wiOpyi), Fj = —F/.

The explicit forms of the tree-level decay widths for the neutral and charged p read

kz“ p 1o :
Fﬂo_ﬂﬁﬂ— = 6ﬂ:M20 Bl +§C1Mﬂo s
p

K.
[ o0 =—"—|D]—D)+ FIM*|?,
pront 247TM/2)1 1 2 1%y

where

k _ T
& oM,
b. p — 7y

This G parity-violating process will be a prediction. The relevant part of the Lagrangian reads
Ly = ip [Gind'n + Ghn=d'n| + i(0,p," ) [H (0"n)*n~ + HY (0"~ )d*n) + H.c.,

[/

where
Gl = Zﬂi{ [91 + ¢y (hs - 9%)Wali} Op2 = ¢3(h3 — 9%)Wali®mz},
Gy = =Z=[910p2 + ¢y (hs = g7) (Wi Op 12 + WiOpss) = 3(hy — h3 + 29%)(‘4’5@’1)12 + WiOpp)],

HY = =2 Z= W (WjOp1z + wiOpy). Hy = —HY,
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and the decay width of the process is

3

where

_ P P _ P Pag2 |2 ® _ 72
T ey = T G} - G5+ HiM2. P, (CT) By = 22w qp3(h + hs) cos 9y, (C10)
where while the decay width reads
k= M?*, — M?, — M2)? —4M> M.
pi 2Mpi \/( P p3 ﬂ) 3 n (CS) r k? | B 5 P - 1 M2 4M2 (Cll)
w—rta 6 Mg} ’ =5 \/ Mo =3
c.w— n
The relevant part of the Lagrangian reads
d. K* - Kx
Lomn = iByw,z~d'z" + He, (C9) The relevant part of the Lagrangian reads
|
Lyegs = iK30 [B{f* "% K° + BE KO0z + BX zto# K- + Bf*K_a”ﬂ'Jr}
+i(9,K20) [cf* (0“29) K0 + CK* (*K0)¥n® + CK* (d#xt )P K~ + CK* (aﬂK-)aV;ﬁ}
+ Kyt [D{(*HWK— + DK K-2° + DK* =" KO + Df*ﬁd“ﬂ‘}
+i(0,Kx") [F{f* (7°)* K~ + FK* (*K™)o*n° + FK' (02 )* KO + FK* (auﬁ)a%—] + H.c., (C12)
where
o hy = gi
By = ZKO{ ) (G)P]l = Op2;1 — \/E(U)PB]) + V2 WK?[(¢3 — ¢n)Op31 + Ps(Op1y — ®P21)]}v (C13a)
. ¢
BY = ZK”{ (@Pu Opa1 — \/§®P31) +2 [Wm(hZ = 2hy +3g3) = V2Ws(hy + 9%)}
205 (i, -+ ) = VAW = 20 + 36 . (c130)
Bf" = \/—ZniZKi{gl + Wi [ b3(hy + g1) + V25 (hs — 9%)} }’ (C13c¢)
. 1 1
Bi" = Ezﬂizl(i {—91 T3 War {Cbzv(hz —2h3 +343) + ¢3(hy + 2hs — 1) — V2s(hy + 9%)} } (C134d)
cr =2 %z awgo (W +V2 WS) cK' = —cK, (Cl13e)
* 92 * *
CK = —7Z +Z =W, tw +, CK = —CK R C13f
3 o oK K 4 3 ( )
¢y (0 o) gt
Dy = Zg= 5 Op11 + Opa1 = V20p3; ) + /2 wis[=(dn + #3)O0p31 + ¢s(Op11 + Opay)] (C13g)
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" +
DY = ZKi{ (@Pn + Opy1 — \/EO)PSI) - ¢N4—¢3 |:Wm(h2 —2hy +3¢3) + V2Wg(hy + 9%)}

V24
+ s [Wm(hz + @) + V2Ws(hy — 20y + 39%)} } (C13h)
DX = \/—ZniZKO {91 + wgo [¢3(h2 +g) + f¢s(h3 91)} } (C13i)
| .
DE = =2, Zio{ =+ v [Bhs = 2+ 3) = da(h + 20 = ) = Vahst + )]} (€13)
P = =2 2w (W, —V2Ws),  FE = —FF, (C13K)
FX* = —%zﬂtz,(owaliw,(?, FK* = —FK*, (C131)

and

W, = (wy — W;)@)Pll + (wg — WZ)@lev (Cl4a)
W, = (wyj+ w,’?)@,)” + (wg + W’ﬁ)@lev (Cl14b)
WS = Wf]s®P31' <C14C)

The explicit forms of the tree-level decay widths for the neutral and charged K*—both of them containing two
subchannels—read

Do o go- = Do pogo + Do i g
1 * * * * * *
= A {k’JI“(*O_},ZOKo B - BY' + Cl' M2, * 4 Ko i - ’BK - BY" + C¥"' M2, } (Cl5a)
K*
FK**—»;:“*K*'O = FK*_—>IEOK_ + FK*‘—HE‘I_(O
1 * * * * * *
= S (Ko i |DE = DE + FEMEL K o[ DX =D+ FE M2}, (Clsb)
K*
where
1
kane = g3\ (M3 = M3, = M) — M3 M2, (c16)
A
e. ® - KK
The relevant part of the Lagrangian reads
Loxk = i®,[BPK°#K° + BK+0*K~] + i(9,®,)[CP(#*K°) KO + CP(#K+)*K~] + H.c., (C17)
where
o_ L ! 2 2
B = 7§ZK0{91 ~ 5K {(fﬁzv —¢3)(hy + G1) — V245 (hy + 2h3 — 91)} } (C18a)
1 1
BY = = Zi o =i @+ 85) s . 07) = V2o 20 = )] . (C18b)
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9

CP=— ﬁzz 2. (C18c)
P =-— ﬁzg(i 2. (C18d)

The explicit forms of the tree-level decay widths for the
neutral and charged part of the ® — KK process read

k3 ozo 1 2
Tooxopo = g*ﬂ'}f B‘I’+2C<I’M2 (C19a)
ké KTK~ (0] 1 D g2 2
Fd>—>K+K* :m BZ +§C2M® (C]gb)
|
Lopr= lBl

where

1 7
ktD—»KOI_(O = 5 M%i) - 4M?{0,

1

kKI)—>K+K’ =35

—4M3 ..

(C20a)

(C20b)

2. Axial-vector-meson decays

a.a; - pr

The relevant part of the Lagrangian reads

+iaf, [D?‘p‘”n’o + D;lpo"ﬁ'_} +iaf, [Ef‘ (0"p™")0,2° + E3' (0“,00”)51,71'_}

i ”[ Ey'(0'p™)0,n° + E3 (aﬂpoy)aﬂﬂ_} —i(9,at,) [Ei“ (p~#0*n°

where
BY' = —Z¢y(h3 — gi) cos I,
C{' = —G2Zgt Wx €OS Iy,
DTI =—(h3 - 9%)(¢N@P21 — §30p11),

DY = Zy [y (hs

— gi) cos 9y

p—vayﬂ.()) + Egl (pOﬂav

— ¢3(hy + h3)sindy],

EV' = —=g,(w;Opy; +wiOpyy),

E) = G2 Z g W €OS Iy

The decay width for the neutral a! reads

1 2
VIKGP  IVIKLP

a
— 2
ra?—»piﬁ - 12M2 (‘ m/|

with (omitting the a; superscript from By, C;)

M.

1 v |2
|V;wkz(]) kpi | )
2 2 ’

M2 M2

Vi, = i{Bl G + Ci [k,ﬁ (kg )G — it oy — k,,;ﬂka?y} }

5
VA = {48} + 3|

2 2 \2
(2, = M2.)

2

1
+ M2,
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(M2, + 202, = M2.)| +6B,C, (M2, - M2.) },

al pa +iCla} (o pt)o,a —iCl al (0 ptY)d,am —iCY (9,aY,) [ptH e a —ptr ot aT]

n~ —po”dﬂﬂ_)} +H.c.,
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[VAKe P = BIMZ, = K2, €M% [ M2, = 2B, (C24c)

[VEKE P = BIMZ. = k2,0 M [C]Mio +ZB,], (C24d)
1

VhKeke P = B2, (2, + M2,), (C24e)

where ka? Eka(l)_,piﬂx is given in Eq. (C16). The decay width of the charged af consists of two subchannels

and is given by

I+ 200t =04+_+0+T -

ay-p*n ay—-prn a—>p7r

kai_)pin.o |V2 kyi|2 |V2 k'u |2 |V/24pk/;tkyi|2
_ 49 212 + 1P
24M? 7 < Y Mi]i Mj;i MM, )
Kot < ) ikl VK ., IViuk’;]thoP) c25)
24M§lizt v Mili Mio MgliM/fo ’
with (omitting the a; superscript from D, E;, D,, E;)
V2, = i{D1 G + Ey [k,,o (kg + ps) g = ke Kgn, — kﬂoyka]ilj } (C26a)
5 1
|V2,|> =4D3 + E? [2 (lei —Mﬁ P+ MZO(zM2 +2M2 —M%)] +6D El(M —M2 ), (C26b)
VikL? = DIM2 =2 WE\M2,(E\M2. = 2D, ), (C26¢)
a —prr P
VAL = DIV k2. B\ (ElMii +2D1), (C26d)
|Viky:ko.[? = DIME, (kiiﬁ,,iﬁo +M i), (C26¢)
Vi, = i{D2 G + Ex [k,,i (g + )G = ko e, — k,,iﬂkaliy} } (C26t)
5 1
VAP = 4D3 + B3 [S (M2, = M2 + 3 M2 (M2, + 202, = M2.)| + 6D,Ex (M2, = M2, (C26g)
ViKe[? = DIM2 = K2, o EsM2 (E; M2 = 2D). (C26h)
VKSR = DIM2 = K2, EaM2, <E2M2 + 2D2) (C26i)
Vi Kol = DIME, (ki i pop T M%), (C267)

where k- ,«p0 and kg« 0,

+ are given in Eq. (C16).
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b. a; - ny The decay width for the charged ai has the simple form

The relevant part of the Lagrangian reads

ezg%¢12v > M- 213
Loy = iBla} oAl 4+ iCY <6ﬂal+y _aya;ﬂ) Lottty = emng - 2o [1 - <M> ] .
x (#7-)A" + He., (C27)
where
c. f - K*K
B = —egipnZy:, = —eZpwg. (C28) The relevant part of the Lagrangian reads
|
Longer = ift, [B{l K**#K~ + B} K*Oﬂi(o} +ift, [C{’ (K*)9,K~ + CJ (aﬂK*Ov)ayko}
= ifl, [ €l (K> )0,k + €5 ('K =)0, K|
—i(0,f%) [C{ VK* K™ — K*TYoPK™) 4 CLH(K*Omr KO — K*Ovaﬂko)] + H.c.,
where
V2
B! = TZKi [(¢N +¢3)(hy + G) — V2¢s(hy = 23 + 39%)} ,
V2
BJ' = TZKO [(¢N = ¢3)(hy + g1) — V25 (hy — 2hs + 39%)} ,
: 92
le‘l = 7§ZKiWK1i,
92
Cjzcl = EZKOWK?

Similar to as in the case of af there are two subchannels, and the decay width is given by

Upn_ gsodgroo = U gt gz 4T pn_ god oo
1 h 1

4 2 4 2
_ Kok <v4 2 Virkpa*_ [Vikgee? Vinkpkie.| >
e -

2 2 2 2 2
12Mfll.1ﬂ Mf[]-1 MK*i Mfl]-IMK*i

+

5 2 5 2
kf{-l_)K*Of{O ( V5 |2 |Vﬂyk;llq | | V;ka/;(*o |2 |Vﬂyk?,1q kl;(*o | )
T2 ”’/ - - 9

2 2 2 2 2
12Mfflﬂ Mffl MK*O MfflMK*o

with (omitting the f; superscript from By, C;, B,, C5)

V/Ail/ = i{Blg/u/ + Cl |:k](¢ . (kfl{l + kK*i)g/w - kK*iﬂkK;l/ - kK;ﬂkf{"D] },

5
Vi = 48} + G [ (M2, - 122

2 1
) M (202, 2 = ML) | o 6B Cy (M2, — M),

Vi 2 = B2, - 2,

'y 1_>1(*iK¥C1MJZC{1(C1M2 _231),

K*i
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VKo |2 = BIME =2y QM2 (CIM§7 + 231), (C33d)

ViR ke = BV (R v e+ M2 ), (C33¢)

v, = i{Bzg,w +C, [k,-(o (g + ko) g — ks, ko, — kl‘(oﬂkffb} } (C33f)

V3,2 =4B}+C3 B (M}f, - Mﬁ(*o> g %Mﬁ{o (2M§.7 +2M7. — Mf(oﬂ +6B,C, <M§.{, - Mi*0> . (C33g)
Visksu? = BiMs = Ko _ oo CaMiu (CoaMyo = 2B5), (C33h)

Vi = B3MRo = K oo CoM (CzM]%{, + 232), (C33i)

|ViK K| = B3M, (k.?fﬁ,(*o w0t M§<*0>. (C33))

3. Scalar-meson decays
a. Kj - Kn
The relevant part of the Lagrangian reads
_ g0 Kl 00 o pKi 5 0y o pKO 4+ k- 4 pKO (5 4 -
Lxsie = K3 [BY 2°K0 + BYY (0,70)0° K0 + By K~ + By (9,5 )oK |
+ (0,K20) [Cf(f ¥ KO + CN (420 K0 + YOk + € (aﬂ;ﬁ)K—}

+ K3+ [ DI 20K + D (9,200 K~ + DY KO + DI (0,77) 04 K|

+(9,K2Y) [ng 2OF K™ + F0 (0 20)K~ + FA0 = KO + FL0 (6”7:‘)@} +He. (C34)
where
By’ = LZK*OzKO‘ﬂ)lefﬁs[/12 — c1¢3(dn + ¢3)). (C35a)
\/z 0

BY = 3 ZignZio {200 (W wigOpn) = Wowie [ (B = 62)(ha = 203 +360) +Vaps(hy + )]} (C3sb)
Bfg = Ly Ly Ly <¢S - \6¢3)/12, (C35¢)

Bfg = —iizkgozkizni{zm (Wat +wie) = wewi [y (hy = 2h3 + 3g7) = ¢3(hy + 203 = g7) + V2ps(hy + ¢})] }
(C35d)
Cfg = _%ZKJOZKOO)PZI {91 (Wko + Wis0) = WgoWgo V2¢s(gt - h3)}, (C35¢)
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K* 1 _ _
CZO = _ZZKSOZKO{ZQI(W(/I - WK*O®P21) + WaWK*O |:(¢N - ¢3)(h2 - 2h3 + 39%) - \/§¢S(h2 + g%)i| }’ (C35f)

K*

1 _ _
G0 = %ZKJOZKiZni {91(“’1(1i + Wgso) — Wi W0 [453(}12 +g7) + \/E¢S(9% - h3)} } (C35¢g)

K* 1 _ _
ki~ N {291(% = ) + W o [(dy (hy = 203 + 3g3) + 3 (hy + 203 = 3g3) = V2¢ps(hy + g%)}},

(C35h)

* 1
Dfo = —EZKSiZKiO)PZIQbSMZ — c1¢3(dn — ¢3)]. (C35i)

K* 1 .
D," = —szgiZKi {291 (Wo 4+ wg=0pay) — Wowi= [(¢N + 3)(hy = 2h3 + 3g1) + V245 (hy + 9%)} }’ (C35))

DY = —ZyiZyZ, (¢S n ﬁ¢3),12, (C35K)
K* 1
Dy = - i ZyssZyoZys {zg1 (Wt + wgo) = waswgo [y (hy = 2h3 + 3g3) + g3 (hy + 2h3 — GF) + V2¢s(hy + g})] }
(C351)
k1 _ _
F" = EZKgiZKiQPZI [91 (WKli + W) = WgEWg+ \/§¢S(9% - h3)}» (C35m)

kx|l _ _
F," = szgizki{2g1(wa — Wit Opap) + Woibges [(fﬁzv + ¢3) (hy = 2h3 + 3g3) — V25 (hy + 9%)} } (C35n)

K* 1 _ _
Fy' = %ZKaiZKOZﬂi {QI(W[(? e ) — WgoWirs [—453(}12 + ) + V2ps(at - h3)} }’ (C350)

K* 1 _ _
Fy) = ZyZpZ, {zgl (War = Wens )+ W Wiees [y (hy — 203 + 3g3) — 3 (hy + 2h3 — 3g3) = V2¢5(hy + 7)) }

2v/2

(C35p)
and
Wao =w;0p11 +wzO0pyy, (C36a)
— 3 — V2
Wyro = iwgwo = — L (¢ ¢32 f"m, (C36b)
me*O
-2
Fges = iwger = — 91 (¢N ';47; ffﬁs) ) (C36C)
mK*i
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The tree-level decay widths for the neutral and charged Kjj are given by

Ff(go_,ﬂo.ﬂ(a- = Ff(go_)ﬂoko + Fl?go—vz*K*
1 K3 Ky 2 2 Ki a2 Ki2 |
871'MK*0 kK*O—mOKO B + C + C — (MK*O MI(° — Mﬂo) + Cl MI(O + C2 Mﬂo
* * 2
+ kK*O—m*K‘ B 0 +5 2 (C + C 0 - )(Mi*o M?{i _Mii) + C:[;(OM?{i + Cfoszri }7 (C37)

F[((’)“—>7z°~‘K‘ﬂ = FK(’)"—NTOK’ + FK(’)*’—W’KO

1
{kl(g‘—mol(‘

~ 8aM %(*i

2

kr L[ _k: K K& K}
D" +3 <F1° +Fy0 — Dy )(Mﬁ(*i My, = M%) + F\* My, + F," M2,

+ ng—_,,[—f(O

* 1 * * * *
Dy + 3 (Ffo +F,0 - Dy )(Mf(*i M2y = M) + 3O M2, + FyO M2,

2}, (C38)

where k,_ pc is defined in Eq. (C16).
b. ap — KK
The relevant part of the Lagrangian reads
Loxx = aQ[BYK'K® + B3 (9,K°)#*K® + BY KK~ + By (9,K ) K]
+(9,a0)[CL K KO + C5 (#K°)KO + CLK T # K~ + CP (#KH)K ]

+ af [DP KK~ + D3 (0,K°)0*K~] + (0,a ) [FI" K"K~ + F¥*(#K*)K~] + H.c., (C39)
where we introduce
055’ = O, (C40a)
Osiso = V2051 + Osa3, (C40b)
Ospisg = Osa1 — V20523, (C40c)
o 1 2 ao \/_ \/5 2 \/_
1 = 525Uy | (20N — s) = 29324 +A2) | ——— snso | PN (441 + A2) — d3ds s(241 + 42
B =223,0 [/1(247 2p5) — 2¢5(22 +/1)} = 22,05 [qs () + 2) — sy + V2hs(22 +/1)}
1
_EZKO ShS8 [4451\/(/11 + da) = Apsdy — V25 (44 +512)}, (C4la)
ay 1 \/_
B, =5 720055 WK0{291 Wko [¢N(h2+g1) $3(2h; +hy +g7) +V2s(43 —h3)}}
\/E 2 ao
_?ZK()@SNS()WK?{“'QI_WK?[¢N<2hl+h2_h3+2.gl) $3(hy—hs +2g7 )+f¢s(h1+h2—h3+291)]}
l
6 K0®SNS8WK0{291+WK° [¢N(2h1+h2+2h3 ) = b3(hy +2h3 = g1) = V245 (2, + 20y + hs ‘*‘91)}}

(C41b)
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a 1 \/E a,
B3’ = —3 Z%. Og3" [/12(2¢N V2¢s) + 25 (22, + /12)} - ?Ziiﬁ’szxfso [¢N(4/11 +Ja) + h3hy + V25 (24 + /12)}
1
- EZKi Shss {4¢N(/11 + 4o) + 4 dy — V25 (40 + 5/12)] (C4lc)
ay 1 \/—
B, = _2ZKi@S2 Wit {291 W [¢N(h2 +91) + 3 (2hy 4+ hy + g7) + V205 (g7 3)} }
\/5 2 2 2
- 6 ‘U’SNsoWl(i {491 — Wk [¢N(2h1 +hy =+ 20%) + b3 (hy — h3 +243) +V2hs(hy + hy — by + 247 )} }
1
6 KtG)SNSSWKi {291 Wi [¢N(2h1 +hy+2h3 = G3) + 3 (hy +2h3 — G3) = V25 (2, +2hy + Iy +91)} }
(C414d)
co = O+ gy V2 22,0 0 — O w clo = ¢ (C4le)
1—2K0s K9 913K05Ns0K6K05N38K0» 2 — Lo
a \/i a, ' a
G = % Z3.0gy Wi T 9173 ZKi@SNSOWI(i _&ZiiGSI\;)SSWKf’ ¢ =G (CA11)
y 1
DI = ZxoZs Zo: 22 (2 — V2¢bs), (C41g)
V2

u 1

Dy = —EZKOZKiZa(f {91 (WK? + WKIi) — WgIWg= [ff’N(hz +97) + \/5(,155(9% - h3)} } (C41h)

a 1 _ _
FP = ﬁzKozKiza§ {291 (Wi = Wyt ) = Wiz W [451\/(}12 + 203 — 1) — d3(hy — 2h3 +3¢}) — V2¢5(g% + hz)} }

(C41i)
1 - _
B = o 22 s {200 0vy + ) gy [ s 205 = )+ (s = 25 +-31) = V2s( + o) .
(C41j)
and
Wy = iwy = ~ 9102 (C42)
me
The tree-level decay widths for the neutral and charged a, are given by
Lo gorgo- = Taggogo + Tagkk-
1 1 2
= —S”MZO {kag_,Koko B?O —I—E(Cﬁzo + C;O - aO)Mz —l—BaOI\/I2
dy
2
+ ko kx| BY +2(C”° +Cy — “°)M2 + By M~ } (C43a)
1 1 2
Lo gog- = @ {k%qKoK D% + 3 (F + F50 — DZO)(M% - Mit — Mi )+ FaoMz + Fa0M2 } (C43b)
0

where k,_,pc is defined in Eq. (C16).
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c. ag — mn.an
We start from the following part of the Lagrangian:

L = a)[x"B]x + (9,x)"B}o*x] + (0,a)[(0*x)TC"x]

aomn/ns

+af [#7 D% + (0,4 )DYT x| + (9,a) [ F{Tox + (') FYTx] + Hee., (C44)

where x” = (fjy, #°, 75) and the coefficient matrices and vectors are

1 1
B\, = — 2 Osiveo 2010w dhs (b + V2bs) + V2w (21 + 1) + 21| = 5055 (241 + 4o
1
+ 2Ot 2015 (V2w = ) = (2 +22) + 2V 2], (Casa)

B 1 = Osiio [e1s 2y +V/24h5) V2| + 5053 (c105 ~ )by — st [e1 52V By~ hs) + 4n |, (Ca5D)

1 1
B 3= _E@Sﬁsocl [cﬁ[z\,(qﬁ,\, +3V2¢5) - B3 (dy + \/§¢s>] + §®S30C1¢N¢S¢3
1
+ E@sﬁsscl [ébzzv(\fquzv - 3¢s) — ¢§(\/§¢N - ¢5)} , (C45c¢)

[B;'I7 21 — BIIZ’ (C45d)

1. 1
B 1 = — < Osiio [201636s + V29 (241 + 1) + 2hidhs| =5 O (2 + o +2¢143)s

1
+ 2 Ositss [2V/2¢1030hs — (221 + 1) + 2V 2. (C4se)

1 1
B} ,; = E®S%JSOC1¢3 <¢%v -3+ 2\/§¢N¢S> + Z@)S “c1s(dy — 343)

|
1 OsnssC13 [\fz(fﬁzzv - 45%) - 2¢N¢S} , (C45f)
B? 31 = B?Bv (C45g)
B732 = B723, (C45h)

1 1
B} 43 = —6@31“\})50 [\/EC1¢N(¢%\/ —¢3) + 2V20 ¢y + 2(A + ﬂz)‘ﬁs} + E@sgo (=241 + c1(dy — d3)|bs
1
+ g@sﬁsg [—01¢N(¢12\/ —$3) = 2y +2V2(4 + /12)473} ; (C45i)

V2 _ 1
B, :?@sﬁso{—zglwf; W2+ (W) (2G3 +hy +hy = hs )by +2waw) (262 + hy — 3 )p3+—=((w

5l <w5>2>h1¢s}

1

+®Sz°{ 008+ i 247+ ha =)y + 5[ >+<w4:>21<2g%+h1+h2—h3>¢3}

+é®s%gs{—2gm% +[(ws>2+<w5>2](2g%+h1+h2—h3>¢N+2wzw5<29%+h2—h3)¢3—ﬁ<<wz>2+(wﬂé)%hlqss},

(C45j)
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2 1
B, = T\/;@sﬁso{—zéh (wy + wr) + 2(wawy + wiw) [(29% + hy = h3) (P + ¢3)+hy <¢N + 754’5)] }

+ O3 {—3 (We +w)) + ( ZW§ +wiwd) (2} + hy — h3) by

43 v+ wed) (267 + I+ ey — h3>¢3]
#1505t =210 ) + 20085 o) | 7 + s = )+ )= VE5)| o (casg
B3 13 =0, (C451)
B] 5 = B (C45m)

V2

Bgzz:?@S?voso{—zﬁwfr‘F[(W?c)2+(“’fn)2](29%+h1+h2—h3)¢N+2W%V‘Jn(29%+h2—h3)¢3+i[(wﬁ)2 +(wh)2h 14)5}

V2
+03 {—d 4L + o)y 451000+ LRI s |

+l@sﬁss { —2g,wé + [(wd)? + (wh)?] (291 +hy +hy—hsy) by + 2W71W£(29% +hy = h3) 3=V 2[ (W) + (wh)?]hy ¢s}v

6
(C45n)
B3 o3 =0, (C450)
B} 5, =0, (C45p)
Bg 3 =0, (C45q)
n \/§ 2 1 ag 2
B) 33 = 6 ——Osis0q —201Wy,s + (wr, )* | by + 491 + hy + 2hy = 2h3) s +5®S2 higyws
1
+ g@s;\?sg{“glwfls (wpr,)? {h dn \/5(491 + hy +2hy, — 2h; ¢S:| (C45r)
@szlwfl; + Ogpowy Ogpywy + @szzwf; 0
C" = g1 | Ogywh + Ogoowé  Ogy Wi + Ogpowh 0 ; (C45s)
0 0 \/§®523Wf|s

(lef’% — ) pn
D’11 = Za(leri _(Clcﬁé - /12)¢3 > (C45t)

%leﬁs(fﬁzzv - ¢%)

_glwf Wat [w,’7£(2g% + hy = hy)py + wi(gi — hs)ds — g1]
DY=Z0:Ze | —gwh+we WG+ hy — hy)y + wilgd — ha)ps] | (C45u)
0
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QW + W, [Wh(2G7 + hy — ha) s + Wi (g2 — h3)py]
" — 1 a
F Z iZ * glwiff + W/,+ [Wi};(zg% + h2 - h3)¢3 + Wﬂ(g% - h3)¢N] ’ (C45V)

Fg = Za(leti "_V;fr [gl —Wat (g% - h3>¢N] (C45W)
0
Then we apply for x the transformation in Eq. (37) to obtain
anlmm, — ag [yphTBVIIyph 4 (a”yph)T@gauyph} + (dﬂag) [(auyph)T@r/yph]
tag [n—f)’{TyPh + (a,,n—)f)gTaﬂyph} + (0,a8) [n—F'{Taﬂyph + (Wﬂ‘)FZTyph} fHe,  (C46)
where
= 0LB]0p, B = OIBIO,, C" = 0LC"0p, (C47a)
D/" =D|T0p, D' =DiT0p,,  FI'=F/"0p, F) =F}T0,, (C47b)
which finally leads to
Lagmnin = [(B 1t B1 21)7n + (Bg 1t Bz 21)(9,7 )(9”77)] + (9, 08) [@721”05”’1 + @712(5/4”0),1]
+a0[ 13+ B 3)7% + (B 5 + B3 5)(9,2°)( }
+ai [(D7) n+ (B4 (@) (@n)]| + (0,a0) [(BT) o+ (BT (02 )]
+ai (D ) 7y +He. (C48)
The tree-level decay widths for the neutral and charged a, are given by
k”‘””? n /= ~ el vl 2 2 2 = 2, F 2 |2
Fag—m- " 8x M2 Bl Tt Bl 21 "’2 (@712 +C =B, -8, 21) (Mag —-M; _Mn0> +C M; +C712Mﬂ0 . (C49q)
e =] l/ie & B0 @ 2 2 a2 & 2 6 2 |2
Fag_)”()"/ :W Bl 13 + Bl 31 +5 (6”13 +C'731 - BZ 13 - BZ 31> (Mag _Mr]/ _Mn'o> +C”31M'7/ +C”13Mﬂ_0 9 (C49b)
a
- Kaz—zy (Dnr> +l[<FnT) +(Fnr) _(f)nT) }(Mz —M2— M2 )+(Fnr) M2—|—(F'7T) w2 P
ag=nn 8;zM2 2 2L\ ) 2 )y 2 ) ay  n L) 2 /s ’
(C49c)
> - I1/< - - ~ - 2
ag=n nT nT nT nr 2 2 2 nT 2 nT 2
G 87rM2 (Dl )3+§[<F1 )3+<F2 )3_(1)2 >3} (Mai_M”’_M”i)Jr(Fl )3M’7’+(F2 >3M ’
(C494d)

where k,_,pc is defined in Eq. (C16).
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d. fi" KK
The relevant part of the Lagrangian reads

Ly = 15" [BUKOKO + BY"(0,K0)0 K + BY"K K~ + By (9,K )oK

+ (0,05 [c [ LIH g0 4 CH (KO KO + CHP Kok + CY H(a”K+)K‘] : (C50)
where we introduced
Os5 = Os1a, Osf = Os3. (C51a)
Oskso = V20s11 + Ogy3, Oshso = V20s3; + Os33, (C51b)
Osiss = Os11 — V205, Osss = Os31 — V2053, (C51c)
B = 2 22, 05H " [1a(2 ~ V3s) ~ 2520 + 1) - % Z2oOs5it [ (401 + ) = sl + V24520 + o)
ézio 1%21 [4451\/(/11 + ) —43dy — V2s(42, + 5/12)}’ (C52a)

1
BIE/H =72 ®S§/HWK?{291 — Wgo [¢N(h2 +g7) = ¢3(2hy + hy + g}) + \/§¢S(9% - h3)} }

27K
V2 2 L/H 2 2 2
- ?ZKO@SNSOWK?{ngl — Wgo {4’1\1(2}11 +hy—hy +200) — §3(hy — hs +263) + V2¢s(hy + hy — hs + 291)} }
1
+ 2 ZOsKistwis {201 + Wi [dn(2hy + by 4+ 205 = G3) = (s + 23 = )
— V2¢s5(2hy +2hy + hs + 9%)} } (C52b)
e 1, L/H [, NG \/§ OL/H NG
By = _EZ 205" (208 — V20s) +2¢3(241 + 4) | — 6 Ognso [N (441 + A) + d3dy + V2¢hs(221 + 4y)
1
- 8221@5%1; [4¢N(/11 +h) + dhsda — V2hs(4h, + 5/12)}, (C52c)
B = 22,0 e {29, ~wi: [y +- 1)+ 5(2m + o +-0]) 4 VEps(—s)| |
/3
—?Zz ®s§/£w1(i {491 — W+ [¢N<2h1 +hy—hy +203) + s (hy — hy +203) + V25 (hy + hy — by + 29%)] }
6 Ki®SNS8 Wit {291 +wgs [¢N(2hl +hy+2hy = ) + s (hy +2hy — GB) — V24 (20, +2hy + by + 9%)} }
(C524)
V2 g
cht = 2 22,055 M wgo + gy 723(0@55/5’; Ko — 61 Z2.0sysawg. G/ =", (C52e)
V2 g
Cg/H 2 Kt@SL/HWKIi T ?Zéi(]sk/slgwﬁ - _IZ%<i®S§/sI;WK%’ Ci/H = Cg/H- (C52f)
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The tree-level decay widths for fé /M are given by

Ffé/H—»KU-+KG~‘ = ng/”—»K"i(O + ng/”—ﬂﬁl(-
1

2
= k =
SﬂM]%L/H { FEIH KOO
0

1
L/H L/H L/H L/H
Bl/ —|——<2(1/ _BZ/ )MZOL/”+BZ/ Mzro

1
kg ‘B§/H +3 (2C§/H - Bﬁ/H)M;L/H + By M,
0

2}, (C53)

where k,_ pc is defined in Eq. (C16).

e.fl(;/H -

We start from the following part of the Lagrangian:

Lpyn = 15" [XTBIx + (0,%)TBS " 04x] + (9,57 | (0"x)T /x|

+ L [;ﬁDf/”n— + (dﬂﬂJ’)Dé/Ha”n’_} + (0, fEM) [n*FlL/H()”n‘ n (aw)Fg/Hn—}, (C54)
where x” = (fjy, 7%, 7js) and the coefficient matrices and vectors are

1 1
B\ = —~ Osiish |2¢1dnds(dy + V20s) + V2hx (22 + X)) + 20 ¢s| — = Oy’ (224 + 1) 3
6 2

1
+ 05kt [2e1tnebs (VI = bs) = (2 +4a) + 2V Db . (C550)
BL" , = O [c1s (b + V)~ Vha] # + 5 05" (1~ 1)
1
~5 Osniss [leﬁs(z\@fﬁz\/ —¢s) + /12} ¢3, (C55b)
1 1
B 5 = —Eﬂ)sﬁ/fgcl [¢12V(¢N +3V2¢5) = 3 (¢w + ﬁfﬁs)} + EQSIE/H01¢N¢S¢3
1
+ 5 Oskien [0} (V2w = 3s) — #3(V20w — 85)]. (C550)
[EB%/HH = [EBf/le, (C55d)

1 1
BT — g@sg/;g [2c1¢§¢s 2y (20 + 2) + zzl¢s] - 5@5“’(241 Ao+ 20143) s

1
+ c @ssz{sg [2\/5C1¢%¢s = pn(241 + Ap) + 2\/5/11455} , (C55e)

1 1 1
BI/", = 5 Oskbic1s |03 — 03 +2v20wds| + 705515 (0% = 3¢3) — 5 Osiierds | V2(43 — 43) — 2w .

(C55f)

L/H L/H
Bl/ 31 = B]/ 13» (C55g)
Bf/He.z = Bf/sz (C55h)
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1 1
Bf/H33 = —g®ssz/SIg [\ﬁclqﬁ,\,(qﬁ?\, —-¢3) + 2V24 ¢y + 2(4 + /12)455] + E@SS/H(—ZM + c1(d% — 93)) 3

+ £ O [crnldh — #2) ~ 2y + 2V(h1 + o). (C55)
By, = %Gs%’é{—Zglwﬁ + (W) + (Wh)1e(2g2 + hy + hy = hs) iy + 2wiwh (267 + hy — h3) s
1
5 [0 + 0 |
£ O —guws + wid (27 + oy = )b+ 5 107 + G128+ + By = o)
4L OGHE [2g0] + (092 + () 2G% + Iy + o = by + 2w (2% + oy = )
= V(w52 + (w])2) s, (Cs5j)
2
B, = %@s%ﬁ’ { =201 005 4+ k) + 20wt -+ whw]) | 203 + s = hs) oy + hs) 4y (i + \%4%” }cssi)

g a 1 a a 1 Ay .,d
+ OGE" [< L (i wh) + 5 (i W) 2GR + o = )by + 5 (s + i) (263 + Iy + = )

1
+ 5 O {201 (w5 + wh) + 200+ whi]) | 2% + s = h3) (i + )+ = V2455) | |, (Css1)
B/” ., =0, (C55m)
Bé/Hm = Bé/le’ (C55n)
V2

B/ =~ Ot { 201w + (w2 + (D)2 + I + s = ha)by + 208w 23 + o — )

+—= [(w)? + (wh)?|h }
7 [(w2)* + (wz)“Jhips
: . 1 .
+ O =gk + wiwk Qg + s = hs)by + 5 [08)2 + WEPIRGE + by + = )]
1
+ 6®51L\/{9§I{—291W7ar + (W2 + (Wh2(2G3 + hy + hy = ha)y + 2wiwh (20 + hy — h3)ghs
- V2[(wh)? + (w/;)z]hld)s}, (C550)
By = 0. (C55p)
By/",, =0, (C55q)
BL/7,, =0, (C55r)
V2 1 1
By = ?(DS]LV{?SI{_zngfIS + (wp,)? [hlff)zv + 75(49% + hy +2hy - 2h3)¢s} } + EQSS/HhN/’sWZ',S
1
+ 6®s§§§1{491wf1s + (wy,)? [hmbiv - \/5(49% +hy +2hy — 2h3)¢s} } (C55s)
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@suwr}; + Ogsppwy Ogpwy + @SIZWZI 0
91| Ogiiwh+ Ogow?  Ogpwé + Ogpawh 0 ) for L
CL/H — . 0 0 \/iﬂ)swwfls (C55t)
@’531‘4’5 + Og3owy Og3ywy + ®532W{7£ 0
91| Os3wh+ Ogow?  Ogaw? + Ogzawh 0 ) for H
0 0 \/§®S33wfls
2
DY =~ X2 22,048 [ 2y + ds) + V| = 22,0557 24y + 320y~ 22,0808 [ 201+ 1) 2314
(C55u)
i _ V25 oy 2 [(n,2 1 2 @.L/H 2
Dy’ = TZ,,t@szvso ~2g1wa +woe | (207 + hy + by — hs)py + %hﬂﬁs + 250y wi (hy + iy + h3)és
1
+ gz,zri‘gs%slg{—zmwali + Wflli [(291 + hy + hy = h3)py \/_hlfﬁs} } (Cs5v)
Ogyy, for L
FLH — 72 2 giWg { S (C55w)
®Sl3? for H
FLH — L, (C55x)
Then we apply for x the transformation in Eq. (37) to obtain
Lpyer = 16/ [y By 4 (0,3 BE 0y | 4 (9, £/ 04y Ly
+ L [:ﬁDL/” - 4 (97D v } (0,75 [;ﬁFL/”aﬂn— + (0"ﬂ'+)F§/Hﬂ_}, (C56)
where
L/H @;BL/HQP, L/H @T[EBL/H@) b, CL/H = @IT)CL/H@)P, (C57)
which finally leads to
Ly = 1| (B") 220+ (BY") | 0,8)(@2)] + (006" [€4/1, 20042
+r5 [ﬂ*Df/Hﬂ_ + (6ﬂﬂ+)D§/H0“Jr‘} + (aﬂfé/H)[ TPy (0t FY ‘] (C58)
The tree-level decay widths for fé /M are given by
Ffé/H_,ﬂo.+”o.— = 1—‘f(L]/H_,ﬂoﬂ.o “‘ng/”_mm-
! AN G (~L/H> ) 2 <~L/H> 2 |2
= ST {2k 0| (BY") | 3 (€00 - (BE) M2+ (857)
fo
1
kg | DY 5 (P + F5™ = D) M2, + D5 1 (C59)

where k,_,pc is defined in Eq. (C16).
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APPENDIX D: DETAILED FIT RESULTS AND
PARAMETER VALUES

In this appendix, the best-fit results with and without the
@ decay are presented (Table II) for the DS and for the
DVS-I (see Sec. III for more details). For comparison, we

have also listed the experimental values, which we have
already discussed in detail in Sec. V. Note that the decays of
the scalar-isoscalar f)’s are not fitted; the values in the
tables are just calculated with the parameters obtained. The
parameter sets for the fits are given in Table III.

TABLE II. Detailed fit results. Second column contains the experimental values (Expt. val), third, fifth, seventh, and ninth columns
hold our fit results in the DS and in the DVS-I, and cases where the @ — zz decay is fitted (@) and where it is not (no-®), while in the

fourth, sixth, eighth, and tenth columns the y? values for the given quantities are listed.

Fitps Fitps no—w Fitpys 1.0 Fitpys-1.n0-o

Observable Expt. val. (MeV) (MeV) 7 (MeV) e (MeV) 7 (MeV) e
St 92.06 + 4.60 96.78 1.1 96.72 1.0 96.13 0.8 96.61 1.0
e 110.10 &= 5.51 109.20 0.0 110.45 0.0 108.73 0.1 109.54 0.0
M, 138.04 4+ 6.90 140.56 0.1 140.20 0.1 140.32 0.1 140.61 0.1
AM, —4.59 £0.92 —4.54 0.0 —4.56 0.0 —4.57 0.0 —4.55 0.0
M, 547.86 4+ 27.39 550.38 0.0 547.39 0.0 546.90 0.0 548.07 0.0
M, 957.78 + 47.89 949.69 0.0 952.44 0.0 957.45 0.0 958.13 0.0
Mg 495.64 + 24.78 476.73 0.6 482.47 0.3 484.04 0.2 480.23 0.4
AM g 3.93 +0.79 3.89 0.0 3.93 0.0 3.92 0.0 3.90 0.0
]l_/lp 775.16 + 38.76 762.00 0.1 761.61 0.1 744.48 0.6 762.31 0.1
AM, 0.15 £0.57 0.13 0.0 0.13 0.0 0.14 0.0 0.10 0.0
M, 782.66 +39.13 762.13 0.3 761.86 0.3 755.64 0.5 763.22 0.2
M, 1019.46 £+ 50.97 979.66 0.6 986.41 0.4 998.68 0.2 982.42 0.5
M g» 895.50 +44.78 878.64 0.1 882.52 0.1 882.97 0.1 880.57 0.1
AM g+ 0.08 £0.90 0.14 0.0 0.19 0.0 0.15 0.0 0.22 0.0
Ma] 1230.00 £ 246.00 1109.54 0.2 1115.71 0.2 1050.84 0.5 1115.80 0.2
Mfll_ 1281.90 £ 256.38 1246.50 0.0 1222.40 0.1 1334.34 0.0 1233.96 0.0
Mf:]q 1426.30 £ 285.26 1357.51 0.1 1367.72 0.0 1366.92 0.0 1363.18 0.0
MK] 1253.00 =+ 250.60 1256.58 0.0 1260.84 0.0 1256.35 0.0 1260.05 0.0
Ma(, 1474.00 + 294.80 1251.40 0.5 1140.38 1.0 1308.90 0.3 1187.00 0.8
MKS 1425.00 £ 285.00 1321.76 0.1 1237.23 0.4 1411.77 0.0 1282.16 0.2
M 1350.00 + 675.00  1229.39 00 113672 01 129592 00 118792 0.0
Mfg’ 1733.00 + 866.50 1515.87 0.1 1326.58 0.2 1499.63 0.1 1375.34 0.1
F) e 148.53 + 7.43 154.81 0.7 15485 07 15363 05 155.85 1.0
AT, .. ~1.70 £ 1.60 ~1.90 0.0 ~189 00  -187 00 178 00
Fo 0.13 + 0.03 000 250 0.0 .. 000 250 0.0 S
Ty ik 176 + 0.09 .44 0.4 110 03 187 03 112 04
N ~0.65+0.13 0.63 0.1 058 02 070 0.l 058 0.1
| 46.75 £ 2.34 46.27 0.0 46.20 0.0 46.63 0.0 46.02 0.1
AT g* L kxr 1.10 £ 1.80 0.66 0.1 0.40 0.2 1.09 0.0 0.31 0.2
fa,—»/m 425.00 = 175.00 533.23 0.4 428.34 0.0 566.85 0.7 489.59 0.1
| - 0.64 +0.25 0.62 0.0 0.68 0.0 0.50 0.3 0.65 0.0
FfTI_,KkK 43.60 £ 8.72 43.53 0.0 43.84 0.0 43.42 0.0 43.72 0.0
r, 265.00 £ 53.00 238.25 0.3 239.03 0.2 263.73 0.0 259.45 0.0
FK(*,—>Kn 270.00 + 80.00 336.80 0.7 333.96 0.6 256.33 0.0 308.70 0.2
Fféq,,,, (no fit) 250.00 £ 125.00 0.004 0.96 152.68 1.74
Tk (o £ty 150.00 = 100.00 114.17 86.74 0.40 95.34
l—‘fg%,m (no fit) 20.20 £+ 10.10 1000.0 443.19 720.07 493.93

87.70 -+ 43.85 594.43 984.60 60.15 999.64

ng—J(K (no fit)
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TABLEIII. Parameter sets for four different cases. From left to right, DS with fitting the @ decay, DS without fitting the @ decay, DVS-
I with fitting the @ decay, and DVS-I without fitting the @ decay.

Parameter DS, DS, no-w DVS-I, w DVS-I, no-w
dn (MeV) 163.95 163.93 153.49 166.37
¢s (MeV) 127.65 133.40 119.63 130.17
$3 (MeV) 2.62 x 1072 —4.72 x 1073 -3.25x 1073 —-1.50 x 1072
m3 (MeV?) —-9.91 x 10° —6.39 x 10° -8.13 x 10° —7.04 x 10°
7 (MeV?) 8.00 x 10° 8.00 x 10° 8.00 x 10° 8.00 x 10°
M 5.73 0.09 -0.82 0.23

Ay 55.91 44.79 72.55 50.68

hy -72.31 26.24 -30.98 26.23

hy 16.76 23.82 -1.55 18.01

hs 4.64 5.41 2.58 5.05

g1 5.63 5.53 5.75 5.60

% 2.42 3.01 0.38 2.72

c; MeV~2) 298 x 1074 2.68 x 10~ -2.76 x 107> 2.95 x 107
55 (MeV?) 1.59 x 10° 1.46 x 10° 2.16 x 10° 1.56 x 10°
53 (MeV?) 91.47 3.75 4.025 x 103 10.02
om?, (MeV?) 30.77 —1.26 x 10? 7.13 x 103 —6.41 x 10%
om% (MeV?) —2.45 x 10 -1.91 x 10° -5.01 x 10 —2.11 x 10°
m2, s (MeV?) -9.95 x 103 9.93 x 10° -9.96 x 103 -9.65 x 103
m2, » (MeV?) —4.30 x 103 -3.69 x 103 —-6.94 x 103 -3.89 x 103
m2, (MeV?) -2.33 x 102 —-3.20 x 102 -8.51 x 103 —7.95 x 107
m2, 4 (MeV?) 9.70 x 10° 9.91 x 10° 8.42 x 103 9.59 x 10°
m2, x (MeV?) 3.99 x 10° 4.54 x 10?
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