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We develop a quantum kinetic theory for photons in the presence of an axion background and in the
collisioness limit. In deriving the classical regime of our quantum kinetic equations, we observe that
they capture well-known features of axion electrodynamics. By projecting the Wigner function onto a
polarization basis, relating the Wigner matrix function with the Stokes parameters, we establish the
dispersion relations and transport equations for each polarization space component. Additionally, we
investigate how the axion background affects the dispersion relations of photon collective modes within an
electron-positron plasma at equilibrium temperature 7. While the plasmon remains unaffected, we find that
the axion background breaks the degeneracy of transverse collective modes at order eg,, T (da), where e
represents the electron charge, g,, denotes the photon-axion coupling, and da represents the scale

associated with variations in the axion field.
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I. INTRODUCTION

The exploration of axion electrodynamics holds interest
in various domains of physics. Originally conceived within
the realm of high-energy physics to address the so called
CP problem of QCD [1-4], the term axion is nowadays
more generically used to refer to a broader class of light
pseudoscalar particles, regardless or not they are related
to QCD. Axions naturally manifest in extensions of the
Standard Model of particle physics, thus deserving serious
consideration as potential candidates for dark matter. There
are several intense experimental programs to search for
these elusive particles, both in the laboratory an in
astrophysical scenarios (see, for example, [5,6], and refer-
ences therein). Concurrently, analogous axion-photon cou-
plings manifest in certain condensed matter systems [7],
giving account of topological magnetoelectric phenomena.

In this article we will consider photon properties in a
plasma when there is also an axion background. A plasma
is typically characterized by either a temperature 7" and/or
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chemical potential x. We will consider that the axion
wavelength is much greater than any of these scales T,
1 which describe the medium. The interactions between
axions and photons are described by the Lagrangian,

1 -
[’int = ZgayaFﬂDF’w' (1)

Here F* = 1e"F ,; is the dual of the electromagnetic
tensor FH* = g!AY — 0”A¥, being P’ the Levi-Civita
tensor, the fields A#(x) and a(x) are associated to photons
and axions respectively, and g, is the axion-photon
coupling [6]. This coupling suggests that an axion back-
ground acts as an effective chiral medium. There has been a
renewed interest in the last decade on chiral media, with the
discovery of a variety of new quantum chiral transport
phenomena [8], such as the chiral magnetic effect. A clear
parallelism among axion electrodynamics and chiral media
has been stressed [9].

Quantum field theory methods have been developed
for the study of relativistic plasmas [10]. It is by now well-
understood that the particle fields of different energy scales
have to be treated differently (see, for example [11]).
Effective field theories have been designed for that purpose.
For momenta scales of the order of the temperature 7 or
higher, the photons are treated as quasiparticles, which
are more efficiently described with transport equations. For
momenta much lower than the temperature 7' the photon
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fields are then described as classical background fields,
whose properties are then modified by the medium.
Collective modes then emerge for those scales, with the
appearance of the so called plasmon mode [12,13], which is
absent in vacuum.

The purpose of this article is to study how an axion
background modifies both the photon transport equation
and also the collective modes of a thermal plasma.
We will assume that the time and spatial scales of
variation of the axion are much less than the photon
momentum. While our study would be valid for astro-
physical and cosmological plasmas, it can be also of used
for other condensed matter systems. We will use well-
established quantum field theory methods to study these
two effects. Similar photon transport equations have been
derived [14,15]. We will comment later on differences
with Ref. [14], while in Ref. [15] the axions are
considered as quasiparticles and not as a background.
Therefore, there the axions interact with the photons
through the collision term, allowing for the conversion of
axions into photons in the background of a magnetic
field, as those commonly found in astrophysical plasmas.
In this work, we ignore these processes, while they could
be easily incorporated by including a proper collision
term to our transport equations.

The paper is structured as follows. In Sec. II we derive
quantum kinetic equations for photons in the presence of an
axion background using the Keldysh-Schiwgner formalism
and in Sec. III we address the effect of the axion back-
ground onto the collective modes of photons. Finally in
Sec. IV we discuss our findings and make contact with
other approaches found in the literature. We also give
some details on the derivation of the kinetic equations in
Appendix A. Appendix B is devoted to provide the trans-
port equations in a linear polarization basis.

Let us establish our notations and conventions. We use
the signature diag(¢**) = (1, -1, —1, —1), and the normali-
zation €12 = —¢;;,3 = 1 for the Levi-Civita tensor. Rising
or lowering spatial indices produces a minus sign e.g. if
A* = (A% A’) is a vector in Minkowski space, we have
Al = —A,;. Boldface letters will be used to denote three-
dimensional vectors A’ =A. The four gradient is
d, = (0y.0;), where 0d; =V. The Minkowski product
between A* and B* is defined as A-B = g, A'B" =
A°B" — A -B. Natural units 7 =c =k =1 are used
throughout.

II. QUANTUM KINETIC EQUATIONS FOR
PHOTONS IN AN AXION BACKGROUND

The Keldysh-Schwinger formulation of quantum field
theory has become a well-established tool to study rela-
tivistic plasmas, whether they are at or far to thermal
equilibrium [16]. In the Keldysh-Schwigner formalism,
nonequilibrium Green functions are defined as 2 x 2 matrix

in the complex, closed time path contour, see e.g. Ref. [17]
for a recent review. In the case of photons one defines,

(G Gy

G (’J’) <G>’””(x,y) Ga,ﬂv(x,y)>

< (TA*(x)A*(y))
(A*(x)A*(y))

{A”(y)A”Ex» ) )
(T A (x)A" ()

where 7 and 7 denote time and anti-time ordering along
the complex path, respectively, and (...) stands for average
over an ensemble of states. In order to derive Kkinetic
equations it is sufficient to study the dynamics of the lesser
(or greater) component of the Green function G=#*(x,y)
(or G™*(x, y)), as this is related to the photon phase space
density after a Wigner transformation.

A relevant problem that emerges in the present formu-
lation is that the components of the Green function in
Eq. (2) are not gauge invariant quantities, and they contain
nontransverse degrees of freedom. There are various ways
to circumvent this inconvenience, the usual prescription is
to impose gauge-fixing conditions, although there are other
approaches, such as defining a gauge-invariant two-point
Green function [18]. In a forthcoming publication, we will
explore alternative possibilities by employing effective
field theory techniques. In this work, we adopt the former
and impose the Lorentz gauge 0"A,, = 0, which leads to the
following gauge conditions for the lesser component of the
Green function:

0x, G (x,y) =0, (3a)

ad,,G=M (x,y)=0. (3b)

The equations of motion obeyed by each component of the
Green function can be deduced from the Kadanoff-Baym
equations [19]. In the collisionless limit and allowing
photons to interact with the axion background through
the coupling in Eq. (1), the Kadanoff-Baym equations take
the simple form,

(g;MD - guyey/la/}(aaa)aﬂ)xG<,ﬂy(x9 y) =0, (43')
(g/wD - gayeﬂyaﬁ(aaa)aﬁ)yG<’M (x, y) =0. (4b)

Where [ = 0"d, and the suffix (...), indicates that all
operators act on the coordinate x*. The second equation
above, in which the operators act on y*, is easily obtained
by considering the equation of motion obeyed by the
greater two-point Green function, renaming x* <> y* and
using the property,

G=(y,x) = G=*(x, ). (5)
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The phase space density, also called Wigner function, is
defined as the Wigner transform of the Green function,

G=(X, q) = / dsetSG(X +5/2,X —5/2),  (6)

where X* = (x* 4+ y#)/2 and s* = x* — y# are the center
and relative coordinates, respectively. Let us recall, as said
in the introduction, that we assume that |d,al/|a| < g,.
Adding and subtracting the Wigner transformed equations
of motion of Eqgs. (4a) and (4b) one finds the collisionless
equations,

62 Ya le? v Upaf A *
<q2_Z>Gﬂv+7}'(€ﬂﬂ ﬂAaﬁGp +€pﬂAaﬁGﬂp) =0,

(7a)
(iq - 9)G* + % (€A G,* — erPALGH,) =0, (Tb)

which have to be complemented with the Wigner-
transformed gauge conditions of Egs. (3a) and (3b)

1 . 5 1 . 5
<§ah - lq;t>Gﬂ = (Eaﬂ + lgﬂ)G " =0, (8)

and the additional condition, necessary to eliminate the
residual ambiguity of the Lorentz gauge,

u,G" = u,G* =0, (9)

where u# is a time-like vector representing the velocity of
the reference frame, satisfying u> = 1. When writing the
above equations, we used the notation 0" = d/dX, and
dropped the lesser symbol and the arguments of the Wigner
function to enlighten the notation, G* = G~**(X, q).
Additionally, we establish

v S (_ZA)n 1 . v
. e EZOTOU,G(X) <50ﬁ—zqﬂ) G,'(X.q), (10)
n—
1o 0
20¢ " ox'
the kinetic equations, we refer to Appendix A. In the
absence of an axion background, we reproduce the photon
quantum kinetic equations found in Refs. [20-22]. The
Keldysh-Schwinger formalism could also be used to
reproduce the collision term in the photon transport
equation. We will not add a collision term in this reference,
but refer to [15] for that purpose.

being A = For details regarding the derivation of

A. Classical transport equation in the polarization basis

It is convenient to obtain the classical limit of the photon
transport equations, which are easier to handle and are
enough to study the physics at large scales. For that
purpose, one should carry out a gradient expansion,
assuming that variations of the Wigner function on the

scale associated to the center coordinate are much less than
those on the relative coordinate i.e. dy < d5. That this
corresponds to a classical limit can be seen by going to
momentum space in the relative coordinate and restoring 7,
as one then assumes fdy < ¢* when performing the
gradient expansion. In a thermal plasma, as most photons
have momenta of the order of the temperature 7', this
simply implies to look for variations at scales larger than
the inverse of the temperature. Thus, we perform a gradient
expansion of Egs. (7a) and (7b) and the Wigner function,

G*(X.q) = Gl (X.q) + G (X.q) + O@). (1)

where G/g (X, ¢) should be understood as the classical limit

of the Wigner function, while higher-order terms in the
gradient expansion correspond to the quantum corrections.
As we will only consider the classical limit in this work,
we drop the subindex (0), and understand that we only
keep the G’(‘g) in the expansion. In the classical limit the

kinetic equations read,

i9a
2G;w _ 14
4 2

(0,0)qp(e"?*G ¥ — PP GH,) =0, (12a)

iGay
2

(iqg-0)G* — (aaa)qﬁ(eﬂf’“ﬂG,,” + €””“ﬂG”p) =0, (12b)

and the classical Wigner function is constrained by
9,G" = q,G* = u,G" = u,G". (13)

After imposing the condition that the Wigner function is
orthogonal to u*, the resulting framework is essentially
identical to adopting the Coulomb gauge [20]. Yet another
way to eliminate the residual gauge ambiguity of the
Lorentz gauge is to project the Wigner function into the
physical space, using transverse projectors [23].

It is convenient to write the transport equation in a
polarization basis. If we introduce a two dimensional basis
of polarization vectors (e.g. €; with a = {1,2}) satisfying,
€ -€,=0,, and €,-u=-¢,-q=0, then the Wigner
function can be expressed as

G"(X,q) = Z ed'e5G (X, q). (14)
a,b=12

Projecting Eqs. (12a) and (12b) onto the polarization
basis we easily obtain the kinetic equations obeyed by
the polarization space components of the Wigner function,

q2Gab _ l-gza}/ €”yaﬁ(aaa)qﬂ(€:ﬂ€ZGcb _ %ezuGac) — 07
(15a)

(iq . a)Gah _ lg%eﬂmﬁ(aaa)q/}(e’gﬂGZGcb 4 elclezuGac) =0,
(15b)
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where summation over repeated indices should be
understood. It is simpler to solve the transport equations
in a circular polarization basis, since the polarization
space components of the Wigner function then decouple.
Explicitly, we introduce the polarization basis vectors
¢z = {€., e*}, characterized by the properties,

Cee=0.  cex=1 (&) =dch (16)
Let us elaborate on the physical interpretation of the
Wigner function components in the circular polarization
basis. Since G*¥ is invariant under basis rotations, i.e.
¢, — e, the polarization space components of the
Wigner function transform as [23]

Gii’ N Gii’ Gi:F’ N eiZiGGi:F’ (17)
which reveals that G** and G*¥ have null (s = 0) and
integer (s = £2) spin, respectively. Moreover, the polari-
zation space components of the Wigner function can be
directly related to the Stokes parameters [24], their relation
in the circular basis is

Gab_<G++ G+—>_< G' -G GQ—iGU> (18)
\G* G—/) \G2+iGY G'+GV )’

Hence, the diagonal components of the Wigner function
G** relate to the intensity G/ and degree of circular
polarization GV of the photon ensemble, while the off-
diagonal components G=F, decomposed into the Stokes
parameters G¢ and GV, give information on the polariza-
tion phases and are related to the so called £ and B
polarization modes [23].

The kinetic equations for each polarization space com-
ponent of the Wigner function in the circular basis can be
simplified after using the identity [25],

) 1
i(eiﬂ(;’i — eJr”glj’L) = ;€Iwaﬁblﬁqa, (19)

where we defined x = \/(u-q)> — ¢g*>. Hence, for the

diagonal components G*" and G~ corresponding to
right- and left-handed circularly polarized photons respec-
tively, we find

(#+%1(q-00)-0) = (u-00)] ) 6= =0, (200

ig-0G** =0. (20b)
As for the off-diagonal components G™~ and G~ reflect-
ing the correlation of different polarization in the photon
ensemble, we get

¢*G*T =0, (2la)

<iq-0i%[(g~0a)(u-q) —qz(u-da)]>GijF —0. (21b)

The form of Egs. (20a) and (21a) suggest that the general
structure of the Wigner function is

G™(X.q) = 4n8(Q3, )sgn(u - q)f " (X. q). (22)

where a,b = +,— and sgn(x) is the sign function, the
quantities Qib govern the dispersion relations and
(X, q) are the off shell distribution functions for each
polarization space component of the Wigner function. The
transport equations obeyed by the on-shell distribution
functions are derived finding the dispersion relations and
imposing the resulting on shell conditions. Let us show
how this is realized in the rest frame of the medium
uw = (1,0).

In this frame, the dispersion relations are obtained as
solutions to the equations,

01, =’ —|q]* £ g4 [l9ldpa + (g - Va)] =0,  (23a)

=0 —g =0, (23b)
and the transport equations read,

(iwdy + iq - V)G =0,  (24a)

(0o +ig-V £ g, llgldoa+w(@-Va))G=F =0, (24b)

where we used the notation ¢* = (w,q) for the photon
momentum and defined § = ¢/|q|. Then, we see that the
presence of the axion induces a different dispersion
relation for the diagonal components of the Wigner
function G™* and G~~, while both off-diagonal compo-
nents G*~ and G~ obey a free dispersion relation,
unaffected by the axion. Explicitly, solving Egs. (23a)
and (23b) we find the following dispersion relations:

1 .
wii(q) ~ |q| + Egay(a()a + q- va)v (253')

w2(q) = lal. (25b)
The first equation above coincides with the result first
found by Harari and Sikivie [26], note that we approxi-
mated .. (g) at linear order in g,,. There are also
negative energy solutions,

- 1 N
44(q) ~—|q| £ zgay(aoa —q-Va), (26a)

w+(q) = —lq!. (26b)
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Imposing the on shell conditions dictated by Egs. (25a)
and (25b) onto Egs. (24a) and (24b) respectively leads to
the transport equations obeyed by the on-shell distribution
functions, that we formally define as

fii (X’ q) = fii (X7 q)|q0:wii(q)’ (273)

X q) = R (X 9)|g0mig) (27b)
for the positive energy solutions. Thus, at first order in the
gradient expansion and at linear order in g,, we find,

(idg +ig - V)f*(X,q) =0, (28a)

(idg+iq -V £ g, (00a +q - Va))f*F(X.q) =0. (28b)
Please note that the effective velocity appearing in
Eq. (28a) is v = ¢ + O(dx), which consistently ignores
the effects of the axion, as it would enter as quantum
effect, at second order in the gradient expansion. Similar
distribution functions and transport equations can be
defined for the negative energy solutions.

The conditions we assumed in this work are equivalent
to those carried out in the so called eikonal approxi-
mation [27]. It has been argued that in the eikonal
approximation there is no chiral bending of light in the
presence of an axion background in vacuum [27], as the
index of refraction of both left- and right-handed waves
is one in this approximation. Please note that in this
gradient expansion we found that the dispersion law of
the right-/left-handed photons might be also written down
as (g =% da)? ~ 0, so that the photons travel at the speed
of light, as also found in [27].

The photon current associated to the polarized photons
can be defined as

4
() = () = [ e, 29)

In a plasma at thermal equilibrium, and in the frame at rest
with the medium, the right and left-handed photon dis-
tribution function is the Bose-Einstein distribution function
fe(w) = 1/(e”’T —1). Then, by direct computation one
finds that the difference between equilibrium densities
of right- and left-handed photons is proportional to the
temporal variation of the axion field,

—_ 9aT?

ntt — doa + O(gz,). (30)
Similarly, one finds
. . gayT2 b}
Jtt =i = g Va+0(g), (31)

such that the spatial gradient of the axion field induces a
difference in the right- and left-handed photon currents.
On the other hand, from Eq. (28b) we see that the axion
induces a rotation on the E and B modes, if there are such
polarizations modes. If X{j = (#y,X,) denotes an initial
coordinate, then one finds that at a final state X’; = (tf, X f),

7 (Xr.q) = 77 (Xo.q) exp {Fig,[a(X;) — a(X,)]}.
(32)

As these components have spin 2, the angle of rotation of
these modes is g,,(Aa)/2. This accounts for the rotation
of the polarization vector first discussed in [28,29].
In particular, if the initial configuration only contains E
polarization modes, the axion background induces the
appearance of B-modes. This is an effect that has also
already been discussed in the literature [30,31], and that our
transport equation properly encodes.

III. COLLECTIVE MODES OF PHOTONS
IN AN AXION BACKGROUND

The momentum of most quasiparticles that constitute an
electromagnetic plasma is of the order of the equilibrium
temperature 7 and/or the chemical potential u. Collective
modes then emerge as perturbations whose typical momen-
tum, that we denote by Q,,, is much lesser than those scales,
of the order of the Debye mass Q, ~mp < T, pu. In the
previous section, we assumed that the variations of the
axion field are much less than the momentum of
the photons [d,a|/|a] < g, ~ T, u, which allowed us to
treat the axion as a background field and the photons as
quasiparticles. We also emphasize that if the variations
of the axion field are of the same order of the photon
momentum, then axions should also be treated as quasi-
particles. The interaction between the collective modes
and the axion field has also to be addressed differently
according to the hierarchy between their typical scales.
We will assume that the variations of the axion field are
much less than the momentum of the collective modes
|0,a|/|a| < Q, ~mp, so that the axion still can be
effectively described as a background field.

In the absence of an axion background or any CP
violating effect in the medium, there is a transverse
collective mode that is degenerate and a longitudinal
collective mode, the so called plasmon, which is absent
in vacuum. The impact of the axion background on the
dispersion relations of collective modes is reflected in the
dynamics of the dressed propagator G*“(x,y), whose
inverse reads in momentum space,

A

G;z/] (Q) = _QZQM/ + H/w(Q) + igayemzaﬂ(aaa)Qﬂ' (33)

Within the frame of reference in which the medium
is in motion with velocity u¥, one can establish three
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independent projectors which are orthogonal to both Q¥
and u# as [25]

e puv puy _ W0y uvaf
Py =gv-P,, P, :7’ Pp :Ee Qutty: (34)
where
- ) 0g
i = §"u,, g = g" — QZ s (35)

and « was given below Eq. (19) (now one should replace
g" — O"). The projectors in Eq. (34) are called transverse,
longitudinal, and parity-odd projectors, respectively. They
satisfy the properties

As the effect of a parity odd source, either due to the
axion background or the medium, is to split the otherwise
degenerate right- and left-circular polarization modes of
the photon [25], it is convenient to introduce additional
right (4) and left (—) projectors,

1
Py =5 (Pr +hPp),

5 h=%+, (37)

in terms of which, the polarization tensor can be
decomposed as

v v 0’
I = P (T + Alp) — =

h==+

PPTL,. (38

Note that if ITp = 0 one recovers the usual decomposition
of the polarization tensor into its transverse and longi-
tudinal component. The inverse of the dressed propagator
in Eq. (33) can be decomposed in terms of the projectors
P, P, and P} too and then inverted, which gives,

UL
Ph

P 1. P2 Ph—-2,
P’zDPT,/w = PZUPP,W = Pl;DPP,/w =0. (36)
J
R 2 Pﬂl’
G/w(Q) — K L

The poles in the dressed propagator above determine the
dispersion relations obeyed by the collective modes within
the medium. It is worth mentioning that the longitudinal
collective mode remains unaffected by the interaction of
photons with the axion background. The projectors used to
decompose the dressed propagator can be related to the
polarization vectors,
P =—eley,

W __ 4 U HY H v
P =—¢e, P"=—€je], (40)

2 v
G0 =5 A9y

SO T, QP — Ty + h(Tlp + 2 [(Q - 9a)(u - Q) = Q%(u- 0a)])

(39)

where we introduced the longitudinal polarization vector
as [25]

¢ = (41)

Thus, we may write the dressed propagator in terms of the
polarization basis vectors,

Mo v
€n €

_@Kz—i-HL

Let us now assume a QED plasma at very high temper-
ature, such that one can neglect the electron mass. The
Debye mass is then m?, = ¢2T?/3 where e is the electron
charge so that the momentum of the collective modes is
of order Q, ~ eT. The values of the longitudinal IT, and
transverse Il; polarization tensors components are then
well-known, and given by the so called hard thermal loop
(HTL) expressions [10]. Certainly, the axion background
also affects the polarization tensor through its coupling to
electrons. We ignore those contributions here, but they
would be required for a more complete analysis. Then,
assuming IIp = 0 and moving to the rest frame of the

— 0 =TIy + h(Ilp +22[(Q - da)(u - Q) — Q*(u - 0a)])”

(42)

|
plasma u* = (1,0), the dispersion relations associated to
the two transverse collective modes are obtained as

solutions to the equations,
2
_@> iln(“”r |‘1|>}
®* ) 2lq] \o—lq|

2 .2
o - | =22 [1— (1
+ 9,,[14l00a + (@ - Va)] =0, (43)

2lqf?

where we used the notation Q¥ = (w, q). The effect of the
axion background then comes in modifications of order
eTg,0a to the dispersion laws. While these have to be
solved numerically, it is possible to find simple analytical
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solutions in some cases. For instance, in the long wave-
length limit mj > |g| we find the solutions,

my _ GaMp .,
ot =2 F 2L (G Va), (44)

3 V3

implying that right- and left-handed circularly polarized
collective modes oscillate with different plasma frequen-
cies, and at this expansion order also different from that
of the plasmon mode, which is w; = mp/ V3= wp [10].
On the other hand, in the regime mp < |g| < T one finds

o} ~ql> +mp F gy (doa+q-Va),  (45)

so that the axion produces a different shift on the effective
asymptotic masses for right- and left-handed modes. It is
also interesting to study the limit @ < |g|, as in this regime,
and due to Landau damping, there is an additional family of
poles in the transverse modes which are purely imaginary.
Let us assume without loss of generality that J(w) > 0
where 3 denotes the imaginary part, then one finds the
solutions,

B .4|q|3<
oy =—-i— |1
my,

9ay90a .
7 20 ) — i (46)

This has the same form of the chiral instabilities that are
found in chiral media characterized by an imbalance in the
population of right- and left-handed fermions [32]. In fact,
it has the same form, after identifying the chiral chemical
potential us with g,,dya/2a [32,33]. The collective modes
evolve in time as exp (—iw.t) ~exp (—y.t), and they
would become unstable if y, becomes negative. As the
sign of dya can be either positive or negative, this leads to
the conditions +g,,dpa > |q|, however, in this article we
assumed that |d,al/|a| < Q,, as the axion is treated as a
background field. Therefore, taking this assumption into
account and due to the smallness of the axion-photon
coupling constant g,,, we conclude that y ;. remains positive
and there are no unstable modes in this case.

IV. DISCUSSION

We have developed a quantum kinetic theory in the
collisionless limit for photons with the presence of an
axion background, which is summarized in Egs. (7)-(9).
Performing a gradient expansion of the operators and the
Wigner function (or phase-space distribution), we derived
their classical limit and projected the resulting equations on
a basis of polarization vectors, yielding Eqgs. (12) and (13).
A considerable advantage of this last projection is that the
components of the Wigner function in polarization space
can be directly related to the Stokes parameters, thus having
a clear physical interpretation. Then, using a circular
polarization basis of vectors, we derived the transport

equations obeyed by the on shell distribution functions
f** and f*7 in the rest frame of the medium, given by
Egs. (28a) and (28b) respectively, which is the central result
of this article. Those equations properly encode features
of axion electrodynamics, such that right- and left-handed
circular polarized photons obey different dispersion rela-
tions, or the phase rotation of the polarization plane, which
have been explored before in the literature.

A similar transport equation for photons in an axion
background was derived in Ref. [14], there the authors
derived a transport equation for the Stokes parameters in a
time-dependent axion background. Our treatment is more
general and fully covariant, and allows for the incorpo-
ration of different sort of corrections. For the comparison
with Ref. [14] see Appendix B.

There are several ways in which our work could be
extended, for instance, we could include the effects of
collisions of photons with the quasiparticles of the thermal
bath or compute quantum corrections to our classical
transport equations. Another interesting generalization
would be to consider that photons propagate through a
nonflat space time, as considered in Ref. [23], as the
presence of the axion background could provide new
sources of B mode polarization.

We have also addressed the effects of the axion back-
ground on the photon collective oscillations within the
medium through the photon-axion interaction. As
expected, the axion background breaks the degeneracy
of right- and left-handed circular polarized collective
modes, while the plasmon remains unaffected. The con-
tribution of the axion background is of order eg,,T(da),
where da is the scale associated to the variations of the
axion field. We also considered limiting cases for the
dispersion relations of the transverse collective modes;
in the regime my, > |q| the axion produces a shift on the
oscillation frequencies of right- and left-handed polarized
collective modes, see Eq. (44), while in the regime
mp < |q| < T the axion modifies their effective asymp-
totic masses [cf. Eq. (45)].

It has been argued that specific photon modes in chiral
media may not propagate and experience instabilities [9].
However, under the considerations of this work, we have
shown that if the chiral media consists of an axion
background, both right- and left-handed photons are
propagating modes, since the assumption that the axion
field acts as a background prevents those instabilities to
occur. We stress that the situation would change if the
axions are considered as quanta, interacting with photons
through the Lagrangian of Eq. (1). A similar reasoning
and conclusion applies for the collective modes, that we
have elaborated in Sec. II.

A relevant scenario, that we have not considered in
this work, is when the variations of the axion field are
comparable to the momentum scale of the collective modes,
as in that case interactions between axions and collective
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modes can occur, leading to interesting phenomena and
possible windows for detection [34-37].
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APPENDIX A: KINETIC EQUATIONS

In this section we give some details on how to derive the
kinetic equations Eqgs. (7a) and (7b). We start by defining

. 1
(1), = /d45€’q‘5{ |:gﬂ/1 <3s -0x + 0% +15§(

the Wigner transform of the sum and difference of the
equations of motion given by Egs. (4a) and (4b) as

(I:t)/lu = / d4seiqis{(gu/1|:| - gayeﬂﬂaﬁ(aaa)aﬂ>x6ﬂv(x7 y)

+ (g;wD - gayeﬂyaﬂ(aaa)()ﬁ)yGlﬂ ()C, y)} (Al)

Then, we move from configuration space variables x* and
y* to Wigner space variables X* and s* using the relations

Where we defined the following operator, acting on the Wigner function,

Now we perform a gradient expansion of the axion field,

and after the Wigner transformation, we find

" H
Xl‘:x _2|'—y s s”:x/‘_y”’ (Aza)
1 1
A=sd+d. A= h-d (A)
Doing so, we can write
|
> — Gar€apA? (X, s)} G' (X +5/2,X—5/2)
1
+ {gﬂy (—df -0y + 0% + 16§(> - gayeﬂwﬁA“ﬂ(X, —s)] G (X +5/2,X - s/Z)}. (A3)
aff 1 g o la/} aﬂ
AP (X,s) = §0x+‘7s a(X +s/2) §X+ L. (A4)
a(X +s/2) = f:— %\ (x) (AS)
=1 '
. 1
(I+), = { [9,4/1 <—lq Ox —q* + Z‘ﬁ) = Juy€uiapA? (X, C])] G",(X.q)
. 1 o ’
=+ |:g/41/ (lq : aX - q2 + Za§(> - gayemzaﬂA ’ ﬁ(Xv Q>:| Gﬁ! (X’ LD}’ (A6)

where now A% (X, ¢) is given by Eq. (10), in which we neglected the arguments for simplicity. So finally, we find for the

dispersion relation,

1
(I-‘r)/lu = <_2q2 + 5 a%() G/h/ (X7 Q) - gayeu/laﬂAaﬂ(X7 Q)GMV(X7 Q) - gayeyvaﬂA*’aﬂ(X7 q)Gﬁ” (X’ (’I> =0. (A7)

While for the transport equation,

(I—)Au - _2l(q : 6X>GAH(X7 Q) - gayeﬂﬂaﬂAaﬁ<X’ q)Gﬂu(Xv Q) + gayeﬂyaﬁA*’aﬂ(X7 Q)Glﬂ (X’ Q) =0.

(A8)
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Now we divide both Egs. (A7) and (A8) by a factor of —2,
also rising the indices in the Wigner function and the Levi-

Civita tensor using the property €,,,, = —€"*#° we reach,

1 v Ya v v *

(iq - 0x)G* — % (e"PA4G,Y — S”WﬂAZﬁGﬁu) =0,

(A9)

which exactly give Egs. (7a) and (7b) after relabeling
some indices and using the antisymmetry property of the
Levi-Civita tensor.

APPENDIX B: CLASSICAL
TRANSPORT EQUATION IN THE
LINEAR-POLARIZATION BASIS

In this section we give the classical kinetic Eqgs. (12a)
and (12b) in a linear polarization basis and then write them
in terms of the Stokes parameters. We start by introducing a
linear-polarization basis vectors € = {€/, €5}, satisfying
€€, =205, and (¢;)* = €. The relation between the
components of the Wigner function and the Stokes param-
eters in a linear polarization basis is [24]

Gab — G'" G*\ (G +G% GY-iGY B1
“\ov 62) " \avvicv ai-ge ) BV

so that, after using the identity
v v 1 pvaf
€I14€2 - €g€l = ;6 uﬂCIa» (BZ)

the dispersion laws for the Stokes parameters may be
written as

G - % (- 0a)(u-q) = ¢*(u-0a)]G" =0,  (B3a)
7*G¥ — % [(q-9a)(u-q) = ¢*(u-0a)lG" =0,  (B3b)
$*G2 =0, (B3c)
GV =0 (B3d)

A problem with this formulation, that was not discussed in
Ref. [14] is that the equations for G/ and G" are coupled,
so that they can not be treated individually as propagating
modes. Instead, the propagating modes are the

combinations G/ F GV, corresponding to right- and left-
handed photons, respectively, whose dispersion relations
can be obtained by solving,

(£ %1(q-00)w-0) - P(u-00)]) 6" % 6*) 0.
(34)

which yields to the solutions of Egs. (25a) and (26a) in the
rest frame. The transport equations in the linear polarization
basis read,

(¢-0)(G' ¥G") =0, (BSa)

(4:0)G2+2[(g-0a)(u-g) = ¢*(u-0a)]GY =0, (BSb)

(4:0)G” =2 [(g-0a)(u- g) = ¢*(u-00) G = 0. (BSc)

The coupled equations for G¢ and GY can be solved by
applying the operator (¢q - d) on each equation and neglect-
ing terms with two derivatives acting on the axion field.
Thus, we find

(4:0°G2+"2((g-0a)(u- g)~¢*(u-0a) G2 =0, (B6a)

2
(4:0°GY~"2((g-0a)(u-q) ¢’ (u-0a) PG =0. ~ (B6b)
Now, the general structure of the Stokes parameters
is  G2Y(X,q) =4n5(q*)sgn(u-q)f%Y(X,q), being
f2U(X, q) the corresponding off shell distribution func-
tions. Moving to the rest frame and imposing the on-shell
condition, we reach to

[(v-0)* +Q*|f2(X.q) = 0. (B7a)

[(v-0)> - Q] fY(X.q) =0, (B7b)
where f¢U(X,q) are the on shell distribution functions
for the positive energy solutions, also we introduced
the velocity vector o* = (1,4) and the frequency
Q = g,,(v - da). Note that Q coincides with the frequency
defined in Ref. [14] when neglecting the gradient of the
axion field (there is a difference of a factor of 2 due to our
distinct definition of the dual of the electromagnetic
tensor F*).
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