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Toward the quark mass dependence of 72, from lattice QCD

Sara Collins®,"" Alexey Nefediev®,>*" M. Padmanath®,** and Sasa Prelovsek

2,5.8

'nstitut fiir Theoretische Physik, Universitit Regensburg, 93040 Regensburg, Germany
2Jozvef Stefan Institute, Jamova 39, 1000, Ljubljana, Slovenia
*CeFEMA, Center of Physics and Engineering of Advanced Materials, Instituto Superior Técnico,
Av. Rovisco Pais, 1 1049-001 Lisboa, Portugal
*The Institute of Mathematical Sciences, a CI of Homi Bhabha National Institute, Chennai 600113, India
5Faculty of Mathematics and Physics, University of Ljubljana, 1000 Ljubljana, Slovenia

® (Received 1 March 2024; accepted 28 March 2024; published 20 May 2024)

The DD* scattering phase shifts in the 7}, = ccit d channel are extracted from lattice QCD for five
different charm quark masses and a fixed light-quark mass corresponding to m, ~ 280 MeV. The phase
shifts are analyzed employing two approaches: effective range expansion and Lippmann-Schwinger
equation derived in the effective field theory. In the latter case, the results imply an attraction at short range
parametrized by contact terms and a slight repulsion at long range mediated by one-pion exchange with
m, > mp- —mp. The poles in the amplitude across the complex energy plane are extracted and their
trajectories are discussed as the charm quark mass is varied. Two complex conjugate poles corresponding to
a resonance below threshold are found for m, close to the physical value. They turn into a pair of virtual
states at the largest m, studied. With further increasing m,., one virtual pole representing 7%, is expected to
move towards the two-body threshold and turn into a bound state. The light-quark mass dependence of the
T/. pole is briefly discussed using the data on DD* scattering from other lattice collaborations.
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I. INTRODUCTION

The past two decades have witnessed the arrival of a
wealth of new experimental information on hadronic states
with properties at odds with quark model predictions.
Such states, conventionally referred to as exotic, are the
focus of many theoretical investigations—see, for example,
Refs. [1-9]. For an overview of the experimental situation
and theoretical approaches see Ref. [7]. Most of the exotic
states that have been discovered contain a heavy quark-
antiquark pair (c¢ or bb), however, experimental signatures
of completely new types of exotic states with heavy quarks
have recently been detected. This includes the fully charmed
tetraquarks seen in the dicharmonium production spectrum
[10-12] and the doubly charmed tetraquark 7%, [13,14]
observed in the proton-proton collisions at the LHC. The
latter, being the first representative of a potentially rich
family of exotic hadrons with two heavy quarks, has
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attracted a lot of attention in the hadronic community. A
remarkable feature of 7, is its proximity to the D**D° and
D*OD™ thresholds and its quantum numbers J© = 1+ [13],
consistent with S-wave scattering in a pseudoscalar-vector
mesons system. These two facts taken together suggest that
its wave function is dominated by a long-range molecular
component [4]. In this scenario, the T, peak is associated
with a shallow quasibound' pole with a binding energy of
around 350 keV and a width of around 60 keV (see, for
example, Refs. [14—16]). It is instructive to note that, for the
physical pion mass, the TJ. width is found to be very
sensitive to the three-body effects related to the pion
exchange between D*) mesons. In particular, the deviation
from the above value of the extracted imaginary part of the
T, pole may come to about 30%, if the three-body unitarity
is violated [15]. Hence, setting up a meaningful low-energy
expansion for the DD* scattering amplitude also requires the
three-body effects to be taken into account consistently [17].

Recently, the T, state was also studied using the lattice
QCD framework in Refs. [18-20]. In Ref. [18], the

'"We call “quasibound” pole, a pole located below the two-
body DD* threshold that would reside on the real axis if D* were
stable. We call “binding energy” the difference between the real
part of the T}, pole position in the energy complex plane and the
D**+ DV threshold while “width” is defined as twice the imaginary
part of the pole position.
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FIG. 1. The Feynman diagram for the one-pion exchange

interaction in a DD* system in the center-of-mass frame. In
parentheses, we indicate the momentum and (if applicable)
polarization vector of the corresponding particle.

HALQCD method was employed in a simulation with
m, ~ 146 MeV. This procedure involves extracting the
DD* scattering potential, which is then used to evaluate
the phase shifts above the two-body threshold. In
Refs. [19,20], the conventional Liischer’s method was
employed to extract the DD* phase shifts §(E) on lattice
QCD ensembles with m, ~ 280 and 348 MeV, respectively.
All the simulations were performed in the isospin limit and
for pion masses exceeding the physical value, such that the
DDr threshold lies above the DD* threshold and the decay
D* — D is kinematically forbidden. The radiative decay
mode D* — Dy is also absent. All the above analyses
assumed validity of the effective range expansion (ERE)
near the DD* threshold [18-20]. This rendered a virtual
pole2 below threshold in Refs. [18,19], while the authors of
Ref. [20] refrained from extracting the pole position. The
validity of the effective range expansion in these unphysi-
cally heavy light quark mass setups was questioned in
Refs. [21,22], where the authors presented a reanalysis of
the finite volume spectrum determined in Ref. [19] without
assuming effective range expansion. In particular, it was
pointed out that possible pion exchange interactions
between D) mesons inter alia imply the presence of
the so-called left-hand cuts in the scattering amplitude with
the most relevant branch point related to one-pion exchange
(see Fig. 1) lying slightly below the DD* threshold, if
My > Mp- — Mp.

The present lattice simulation aims at exploring the
heavy-quark mass dependence of DD* scattering in the T},
channel. This has not been studied before. In particular, the
simulations in Refs. [18,20] were performed at the physical
charm quark mass and the authors of Ref. [19] considered
only two masses very close to the physical point. In this
paper, we extract the DD* scattering amplitude for the
ccit d system with I = 0, J¥ = 1+, and m,, ~ 280 MeV for
five heavy-quark masses m,, corresponding to D-meson
masses in the range mp ~ 1.7-2.4 GeV. It is, therefore, an
extension of the simulation in Ref. [19] to three additional
heavier values of m.. We aim to address the hypothesis

“In the given lattice settings with a stable D*, this is a generic
virtual pole on the real axis below the two-body DD* threshold
on the second Riemann sheet with Im(p) < 0 (here p is the
3-momentum in the DD* system).

whether the pole representing T, is approaching a bound
state pole as the heavy-quark mass is increased, as expected
from the theory predictions of a tightly bound 7,
with respect to the BB* threshold—see, for example, the
references contained in a recent work [23]. In particular,
theory predictions for T, with I =0 and J¥ = 17 do not
yet agree on whether the state corresponds to a bound state
below the DB* threshold [24-26] or not [27,28]. The more
recent simulations with either more relevant operators [26]
or continuum and chiral extrapolation [25] suggest that a
shallow bound state is more likely. We remark that the
reduced mass of the physical DB* system, m,(DB*)~
1.38 GeV, lies only slightly above the highest reduced
mass of the DD* system, m,(DD*)~1.23 GeV in our
study. Thus the present results may shed light on the nature
of the T, although such conclusions may be influenced by
cutoff and other unquantified effects which lie beyond the
scope of the present work.

This study is an improvement with respect to our
previous lattice work [19], also in terms of the extraction
of energy dependence of the scattering amplitude. In
addition to the effective range fit, we employ a more
sophisticated approach along the lines of the analysis
presented in Ref. [21]. In the effective field theory
(EFT) approach of Ref. [21], the interaction in the DD*
system incorporates the one-pion exchange in Fig. 1 and a
short-range contact potential to order O(p?). The energy
dependence of the DD* scattering amplitude is studied by
solving a Lippmann-Schwinger equation, illustrated in
Fig. 2, and the coefficients of the contact potential are
determined by fitting to the lattice data. The T, state is
associated with the near-threshold pole of the resulting
amplitude. It is important to emphasize, however, that the
one-pion exchange gives rise to the left-hand cut [29,30]
and a pole in the function pcotd, (with &, denoting the
S-wave scattering phase), both residing just below the
two-body DD* threshold. For now, the fitted scattering
amplitude in the lowest partial wave is extracted from the
lattice eigenenergies using Liischer’s relation. Strictly
speaking, this relation applies only above the left-hand
cut and calls for modifications below it as proposed, for
example, in Refs. [22,31-34]. Thus, like in Ref. [21], our
present analysis based on the effective field theory refrains
from considering the lattice levels residing below the

D* I D D* D D* D*
D D* D D* D D
D D D D D : D

= X + 7
D D* D D* D —— D*

FIG. 2. Graphical representation of the Lippmann-Schwinger
equation for the DD* scattering amplitude that arises in the
effective field theory framework.
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left-hand cut branch point. Finally, the light-quark mass
dependence of the Tf, pole is examined qualitatively by
comparing the scattering amplitudes and poles obtained
from the available lattice data at m, ~ 146 MeV [18],
280 MeV [19], and 348 MeV [20] using the effective field
theory approach outlined above.

The paper is organized as follows. Section II is devoted
to a pedagogical review of the pion exchange interaction in
the DD* system. In Sec. III, we introduce the lattice data
utilized in this work. The results assuming the effective
range expansion are summarized in Sec. IV. Section V
contains details of the effective field theory framework
employed in the lattice data analysis. We present the results
obtained from the effective field theory framework in
Sec. VI before concluding in Sec. VII. We provide addi-
tional details and auxiliary information in several
appendices.

II. PION EXCHANGE AND LEFT-HAND CUTS

To describe the u-channel pion exchange in Fig. 1, we
notice that the pion emission and absorption vertices can be
derived from the lowest-order nonrelativistic interaction
Lagrangian [35,36],

c :2976.(”%T -Vz't“D + D't*Vz*T - D7), (1)
y

where

" ( 7° \/§ﬂ+>
Tt =
\/Eﬂ'_ -0

and f, =92.2 MeV and g. = 0.57 are the pion decay
constant and the DD*z coupling, respectively.3 Lagrangian
(1) renders the one-pion exchange potential

Vipr) = 3(Le) L) g

where the momenta p() and polarization vectors ) are
defined in Fig. 1, the isospin factor for the isoscalar DD*
system is taken into account explicitly, ¢ = p’ — p and
w—md = = =~ — (m - g}).
The potential in Eq. (2) is used in our actual calculations
(see Eq. (8) and below), while here we discuss its simplified
version in order to introduce several theoretical concepts. In

particular, if the D™)-meson recoil terms are neglected,
then

*Here we quote the values of f, and g,. relevant for the physical
pion mass; the values actually employed in the calculations will
be discussed below.

qo = Ep- — Ep ® mp- —mp,

and the denominator of the pion propagator can be
rewritten in the form

u—mz~—(q* + puz). (3)
where the effective pion mass parameter [37-39],

Kz = Mz — (mD* - mD)27 (4)
defines the long-range behavior of one-pion exchange. In
order to see it explicitly, we first rewrite the tensor g;q;
appearing in the numerator of the expression in Eq. (2) as

1 1
qiq; = §5ijq2 + (Cliqj' - 35ij¢12> (5)

and then consider the central part of the potential (2) that
corresponds to retaining only the first term in Eq. (5),

Vap.p') = (e-€")Vi"(q). (6)

with

.\ ¢ g 12
veent(g) = e (7
@) <2f,,> u—m? 4f,%< i) 7

The first term in parentheses on the right-hand side of
Eq. (7) describes the attractive short-range part of the one-
pion exchange interaction, which is proportional to 5(3)(r)
in coordinate space. The second term in parentheses
corresponds to the long-range part that is fully defined
by the known coupling g. and the effective mass parameter
from Eq. (4) rather than the pion mass alone. The physical

(tagged as P") masses correspond to m2" < mP — mb' and
(u;"")? < 0. However, in all available lattice simulations,
mit > i3 — B such that ()2 > 0.* Therefore, the
behavior of the one-pion exchange potential at large
distances in r-space changes dramatically when the pion
mass changes from its physical value to an unphysical
scenario with m, > mp. — mp. Since the long-range part in
the potential is proportional to u2 [see also Eq. (A1)], in the
latter case, it has the opposite sign to that for the physical
T/., which translates to a slight repulsion at intermediate
and long range compared to a purely attractive behavior in
the physical system.5

“In what follows the superscript ™ will be omitted and,
unless explicitly stated, all quantities are the lattice ones.

In the latter case, the very notion of a potential needs to be
treated with caution since the Fourier transform of Eq. (7) results in
an oscillating function of r that has an imaginary part; we, therefore,
refer to the potential in the same sense as in Refs. [39-41].
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TABLE 1. Results for the S-wave DD* scattering for five heavy-quark masses at fixed m, ~ 280 MeV: Sets 1 and 2 have already been
analyzed in Ref. [19]; Set 2 is closest to the physical charm quark mass. Top: masses of the scattered mesons D and D* and the employed
hopping parameter x., which is related to the bare charm quark mass. Middle: results assuming the effective range expansion. The
extrapolation of the effective-range-expansion-based fits to the below-threshold region is questionable due to the presence of a nearby
left-hand cut and hence the pole positions should only be taken in the spirit of a consistency check with results from the previous work
presented in Ref. [19]. Bottom: improved results based on the effective field theory taking into account the effects of the pion exchange.
In the latter case, for Sets 1-4, pole; and pole, are complex conjugate poles that correspond to the T, as a resonance; for Set 5, the T is
associated with the virtual pole; while pole, (marked with asterisk) corresponds to another, more remote virtual pole.

Set (different m,.,

all m, ~280 MeV) 1 2 3 4 5

mp (GeV) 1.762(1) 1.927(1) 2.064(2) 2.191(2) 2.415(2)

mp- (GeV) 1.898(2) 2.049(2) 2.176(2) 2.294(2) 2.506(2)

Ey = mp + mp- (GeV) 3.660(3) 3.976(3) 4.240(3) 4.485(3) 4.922(3)

mp =% (mp +3mp-) (GeV) 1.864(2) 2.019(2) 2.148(2) 2.269(2) 2.484(2)

m, = (mp! + mph)~! (GeV) 0.914(1) 0.993(1) 1.059(1) 1.121(1) 1.230(1)

K. 0.12522 0.12315 0.12133145 0.11956530 0.11627907

Effective range expansion

ag (fm) 13(59) L4(57) 15(559) 17(239) 3.2(%)

ro (fm) L12(25%) LO(%53) 0.93(533) 0.87(5937) 0.85(*)%)

pole: EP — Ey, (MeV) ~7(535) -6(11) =5(%5) —4(}, —1.2(%3

Effective field theory

¢y (GeV™2) -5.10 £ 0.26 —4.66 £ 0.21 —-4.42 4+ 0.50 —-4.274+0.73 -557+1.92

¢, (GeV™) 7.64 £0.77 6.38 £0.63 557+1.49 499 £2.20 7.28 £6.03

pole;: EP — Ey (MeV) —-8.3-09.1i —-6.9 —8.3i -59-17.3i -5.0-6.2i -1.2
08+ (0.7+0.8/) 08+ (05+0.8i) 0.8+ (1.1+2.0i) 08=£(1.4+3.2i) 0.8+0.3

pole,: EP — Ey (MeV) -83+9.0i -6.9 4 8.3i =59+ 7.3i -5.0+6.2i -5.8
0.8+ (0.7+0.8i)) 0.8+ (0.5+0.8/)) 08+ (1.1+2.0{)) 0.8+ (1.4+3.2i) 0.8+0.3

Epe — Eyy MeV) -8.17(7) —7.98(5) =7.76(5) —7.54(4) =7.12(4)

(Pine/Em)? x 10* —11.1(1) —10.03(8) —9.16(6) —8.41(5) —7.23(4)

Some further properties of the simplified potential in
Eq. (7) are discussed in Appendix A. However, we
emphasize that this simplified potential is never used in
any calculations in this work, and its discussion is solely
aimed at motivating the repulsive nature of the long range
interaction in the lattice setup. For a detailed study of the
one-pion exchange potential in heavy-meson systems in
coordinate space, cf. Refs. [37-41].

Performing the S-wave projection of the potential in
Eq. (2) (see, for example, Appendix B of Ref. [42] for
details),

1 dQ, dQ,,
VS ,/: P P eV ’/’
2(pp') 2j+1/4ﬂ . ;g/(e €)V.(p.p')

e [\ &

8f7.)1u—m;

dcos, (8)

state, respectively, that also play the role of S-wave
projectors for the DD* system with J¥ = 17,

For |p| = |[p'| = p, the S-wave projected potential (8)
reads

g /1 2p?(1 — cos0)d cos &
8f2 ) 1 g3 —2p*(1 —cos@) —m?’

Vi(p.p) ©)

The angular integration is trivially performed giving a
logarithmic function,

g [mz—q5 4p
Vﬁ(P,P)=4—f2 4—172111 1+mz—_q(2) -1,

TABLE II. The total momentum P, spatial lattice symmetry
group and irreducible representations analyzed for the cciid
system, together with J” and partial-wave [ of DD* scattering
that contributes to each irrep (only J, ! < 2 are listed).

where J =1 is the total spin of T{., 6" are the polar- P Symmetry Irrep” JP l

izations of the initial(final)-state D* meson, 6 is the angle 0,0,0) 0, T+ 1+ 02

between the 3-momenta p and p’ and € and €' are the (0,0,1)2 Dic, A12 0- 1+ 2- 012
b bl L b b b ]

polarization vectors of the D* meson in the initial and final
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mp = (mp +3mp~)/4

1.05 I T T
mp~1.864 GeV mp~2.019 GeV mp~2.148\GeV mp~2.269 GeV mpr~ 2484 GeV
1.04 F 1k 1 “ 1 | .
D_*B .....
1.03 +-=r— [ HF HF .
s | °N 0 N 0% -~
E 1.02 B ar aE B | [ N W T
1.01 + o - r r 1
% BN \\
* ) ) 47 .
1.00 (P2 1T 1 1 1 —
© q : @ ‘. o u—cut
099 77(0)  Ax(1) - 77(0)  Ax(1) 4 7T7(0)  Ax(1) 4+ 77(0)  Ax(1) 4+ 77 (0)  Ax(1) -

2 3 2 3 2 3 2 3 2

L[fm]

FIG. 3. The center-of-momentum energy E., = (E?> — P?)!/2 of the cciid system normalized by Ey, = mp + mp. for five heavy-
quark masses and various irreducible representations (irreps) (listed in Table II). The lattice eigenenergies are shown by the empty
symbols: the S-wave DD* scattering amplitudes are extracted using the dark shaded blue and green circles. The noninteracting DD*
energies in Eq. (11) in the center-of-momentum frame are shown by curves.

that introduces an infinite set of Riemann sheets attached to
each other at the branch point located at

1
(95— m3) = = pz <0,

; (10)

F -

2
Pihe =

for go ~ mp- — mp. This logarithmic cut in the potential,
that starts at the branch point p} . and is conventionally
chosen to run to —oo along the real axis, is known as a left-
hand cut. In the lattice settings here and in all previous
studies, this cut starts very close to the DD* threshold and
needs to be taken into account in the calculations, as argued
in Ref. [21].

III. LATTICE SIMULATION AND
EIGENENERGIES

The eigenenergies of the ccii d system and the resulting S-
wave DD* scattering phase shifts are extracted on two N, =
2 + 1 lattice ensembles with a = 0.08636(98)(40) fm and
m, = 280(3) MeV with different spatial extents, N; = 24
and 32, generated by the Coordinated Lattice Simulations
(CLS) consortium [43,44] S The nonperturbatively improved
Wilson-clover action is employed for all quark fields. Five
values of the charm quark hopping parameter «. are realized

®The corresponding CLS ensembles are labeled U101 and
H105, respectively.

to explore the heavy-quark mass dependence of the finite
volume spectrum. The corresponding masses of the D and
D* mesons, their spin average mp = (mp + 3mp-)/4, the
DD* threshold Ey, = (mp + mp-), and other relevant quan-
tities are given in Table I. Sets 1 and 2 were studied already in
our previous simulation [19], where Set 2 is closest to the
physical charm quark mass.

We employ the same set of interpolators D(p;)D*(p-)
and D*(p;)D*(p,) that resemble two-meson scattering
channels as in Ref. [19]. Interpolators with diquark-
antidiquark color structure [cc][ii d] are not employed in
the present simulation. The irreducible representations for
total momenta |P| = |p; + p,| = 0, 12Z, that are used in the
analysis, are listed in Table II. The correlation matrix is
evaluated using the distillation method [45,46] and eige-
nenergies are extracted by solving the generalized eigen-
value problem [47].

The eigenenergies of the ccii d system for the five heavy-
quark masses and total momenta |P| = |p; 4+ p,| =0, 1 %%
are presented in Fig. 3. The most notable difference
between the spectra is that the separation between the
DD* and D*D* thresholds decreases as the heavy-
quark mass increases, as expected from the dependence
mp —mp « 1/m, (see, for example, Ref. [48] for
details of heavy-quark effective theory expectations).
Apart from that, all the spectra exhibit similar features.
Note that most of the energies are below the noninteracting
DD* levels,

094509-5
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2
pi :”i—ﬂ7”i€N37 (11)

E" = Epp,) + Epp,)- 7

implying that we observe an attractive interaction between
D and D*. The energy shifts are of a similar order of
magnitude for the different quark masses. The eigenstates
that couple dominantly to the interpolators (DD*),_, are
not shifted significantly, while those related to (DD*),_,
are shifted down and are employed to extract the scattering
amplitude. The levels that have dominant overlaps with
D*D* operators are observed to show non-negligible
negative energy shifts, and hence we limit our fits to the
elastic region well below the D*D* threshold. We also
observe non-negligible energy shifts in the levels related to
(DD*),_, operators, consistent with the observations from
our previous work [19]. However, we observe that the S-
wave parameters extracted from a pure S-wave fit and a
combined S- and P-wave fit are consistent within errors.
Additionally, our fit results based on the effective field
theory approach are restricted to S wave. For these reasons,
we only present results from pure S-wave fits in this work.

IV. RESULTS ASSUMING EFFECTIVE
RANGE EXPANSION

In this section, we present the S-wave DD* scattering
amplitude T extracted from the eigenenergies above
the DD* threshold in the elastic region using Liischer’s
formalism for two-body scattering. The energy dependence
is parametrized with an ERE. Truncating the effective range
expansion after the first two terms, we have

2
——nTal = pcotdy —ip, (12)
ml’
where
cot 1+1 2 (13)
=—+—-ryp-.
P 0 o 20P

Here ay and ry denote the scattering length and effective
range, respectively, and m, denotes the DD* reduced mass
—see Table I. The same parametrization was utilized in our
previous study [19], in which the analysis also considered
the finite-volume levels below the DD* threshold, where
left-hand cut effects could be dominant.

A. Heavy-quark mass dependence

A simultaneous fit to the levels indicated with dark
shaded blue and green circles in Fig. 3 renders the
scattering amplitude for (/ = 1%, [ =0). The momen-
tum-squared or equivalently the energy dependence of
pcotdy for the different heavy-quark masses is shown in
Fig. 4. For all heavy-quark masses, the quantity p cotdj is
increasing with the energy, and the scattering length qa is
positive, as evident from panel (b) of Fig. 5. The fit results

for the effective range parameters are listed in Table I.
Ignoring any left-hand cut effects, the effective range fits
cross the unitary parabola ip at the point where

1 1

The solution to this relation indicates a pole in 7y within the
complex energy plane on the unphysical Riemann sheet
with momentum pP [Re(pP) =0, Im(pP) < 0], as indi-
cated in Fig. 4 by a magenta octagon for each heavy-quark
mass. Therefore, for all five heavy-quark masses used in
this analysis, which is blind to any left-hand cut effects, the
doubly charm tetraquark corresponds to a virtual pole
slightly below the DD* threshold. Its binding energy is
EP — Ey,, with a pole energy in the center-of-mass frame

02 . , , . . ——
1
1
0.1p b .
o mp = (mp + 3mp = )/4
0.0F—
I —
01kt L o TR GV
02 ; ; ; ; = —
1
1
0.1p M
0.0 !
1 _
~0.1f; i i i .. MR 20.08V.
0.2 - ; ; ; ; = —
1
i
s 01 ! .
) + o
= 0.0 F—2—
1
e i ip~2.148 GeV
‘S -0.1 I i i i i i i 1
S - ; ; ; = -
g 02 i
1
0.f ! ;
__’_|
0.0 ==
I —
-0.1 i : ; . L 2260 GeV
02 . ; ; ; = = ——
: -—— NL=32 =
01 : e NL=24 -1
N
0.0 =2
] ]
—o01 : mp~2.484 GeV

-0.002 0.000 0.002 0.004 0.006 0.008 0.010 0.012
2
(p/Ew)

FIG. 4. The plots of p cotd, versus p? in units of Ey, for the five
heavy-quark masses studied. The bands represent the effective
range expansion fits. The fit excludes the levels indicated by the
light-shaded symbols that are near or below the left-hand cut
(green vertical line). The magenta symbols refer to the poles in
the amplitude, where the effective range expansion fits cross the
unitary parabola ip indicated by the dashed lines. The poles are
close to the left-hand cut and should be taken with a grain of salt
as the applicability of effective range expansion is questionable in
this region.
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FIG.5. Heavy quark mass dependence of the effective range expansion parameters, effective range r, (a) and inverse scattering length

ay! (b), in units of Ey,. (c) Correlated dependence of the effective range expansion parameters on the heavy-quark mass. (d) The DD*
scattering rate o< p|T|? above the threshold in arbitrary units. The left-hand cut branch points are shown as dashed vertical lines and the

virtual bound poles are presented as circles.

EP = (mp, — |pP[*)'2 + (mp. — |pPP)V2. - (15)
The pole positions obtained are collected in Table I and
shown in Figs. 5, 6, and 12. These shallow virtual poles
enhance the scattering rate o« p|T|? just above threshold as
demonstrated in panel (d) of Fig. 5.

Considering the questionable applicability of the effec-
tive range expansion below the DD* threshold in our setup,

0 .
o v v v

=10}

|
u

-15}

EP — Es, [MeV]

=20}

—-25+

-30

18 20 22 24 26 28
Mp [GeV]

FIG. 6. The position of the DD* scattering amplitude pole as a
function of the spin-averaged mass mp extracted using the
effective range expansion approach—see Table I. The poles
presented here are extracted ignoring non-negligble left-hand-
cut-related effects and hence should only be taken in the spirit of a
consistency check with results from the previous work presented
in Ref. [19]. The position of the left-hand cut is indicated by
triangles.

we emphasize that the fits involved only three levels above
the threshold, shown with darker shades of green and blue
colors in Figs. 3 and 4, for each heavy-quark mass consid-
ered. We find that the fit results for the scattering length and
effective range following this procedure are consistent with
the results one obtains using all five levels, including the
levels below threshold shown in lighter shades of green and
blue in Figs. 3 and 4. Note that an extrapolation of the
resulting estimates for p cotd, below the DD* threshold,
where the left-hand cut effects could be dominant, is not
justified for the same reasons as for including the two
subthreshold lattice levels. Hence the results for the pole
positions arising out of extrapolation of the effective-range-
expansion-based energy dependence of the amplitude below
the threshold are naturally questionable.

As the heavy-quark mass increases, the positive inverse
scattering length ay' decreases, and this virtual pole ap-
proaches the threshold. For our setup with m, ~ 280 MeV,
the extrapolated inverse scattering length changes sign at the
charm quark mass that corresponds to the critical values,

MY ERE) = 2.71(13¢) GeV,

mS(ERE) = 1.35(*]) GeV. (16)
This is fairly close to the values for Set 5 in Table I which
corresponds to the heaviest c-quark mass in our study. At this
critical mass, the virtual state is expected to turn into a real
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FIG. 7. Sketch of the quark mass dependence of the binding
energy and inverse scattering length [see Eq. (13)] for a (virtual)
bound state in S wave based on a purely attractive DD*
interaction potential that is roughly m-independent and gets
stronger with decreasing m,, /4 [19]. The quark mass dependence
presented ignores left-hand-cut-related effects.

bound state. The observed pattern of the heavy-quark mass
dependence is sketched in Fig. 7. This dependence is
qualitatively consistent with a purely attractive and roughly
mgp-independent DD* potential and a kinetic term that
decreases with mg. It implies the existence of a strongly
bound state at m ~ m,, in line with the theoretical expect-
ations of a deeply bound doubly bottomed tetraquark 77, .

In addition to the cautionary remarks concerning the
validity of the effective range expansion, we emphasize
the qualitative nature of the inferences from this analysis.
Cutoff and other unaccounted effects can quantitatively
influence this picture. However, the investigation of these
effects lies beyond the scope of the present work.

B. Light-quark mass dependence

The results presented in this work are generated at a fixed
light quark mass m, , corresponding to m, ~280 MeV.
Considering also Refs. [18-20], previous lattice studies
have explored the pion mass dependence of the T, state in
the range 350 > m, > 146 MeV. When utilizing the effec-
tive range expansion, all these simulations lead to a virtual
state and a positive ag I which increases with decreasing
m, 4 (see Fig. 1 of Ref. [18]). This is in agreement with the
expectations discussed in Ref. [19] and the quark mass
dependence illustrated in Fig. 7, which suggests that the

barely bound physical T observed by LHCb becomes a

) h
virtual state at m2 > mb".

V. EFFECTIVE FIELD THEORY APPROACH

The wave function of the DD* system in the isoscalar
channel takes the form

DD1 = 0) = (D) = DD ). (17)

and the DD* scattering amplitude 7 in this system
is described as illustrated in Fig. 2 and detailed below.

In particular, the potential for off-shell one-pion exchange,
as depicted in Fig. 1, is provided in Eq. (2), and its S-wave
projection is given in Eq. (8). To proceed, it is also pertinent
to express the pion propagator 1/(u —m2) in Eq. (8) as a
sum of the two contributions in time-ordered perturbation
theory (see, for example, Ref. [15]). It gives

2 1 1 1
9gc
Vi(p.p') = / dc039< + )
( ) 812 Dpp:(p.p") Dpp-(p.P')
x (p*+ p'* =2pp'cosh), (18)

where

Dpp(p-p')==2E,(q)x(Ep(p) +Ep(p') + E,(q) = V5).
DD*D‘::(P’P/) = _2E7r(q)
< (Ep (p)+Ep-(p') +Ex(q)—Vs),

with E,(q) = (¢* +m3)"/2, Ep (p) = (p* + m2 )"/ and
Vs = Eq +p*/(2m,).

In the effective field theory framework, all additional
S-wave interactions in the DD* system (mediated by
heavy-particle exchanges) can be effectively parametrized
in the form’

Ver(p.p') = 2¢o + 2¢2(p* + p?) + O(p*, p*).  (19)

where ¢\ and ¢, are unknown low-energy constants and the
terms up to order O(p?, p'?) were explicitly retained in the
low-energy expansion of the potential.8 We note that a fit to
the lattice data renders an attractive potential at short
distance.

Then the total S-wave interaction potential in the DD*
system is a sum of the short-range part from Eq. (19) and
the pion exchange term in Eq. (18),

Vip.p') = Ver(p. ') + Valp. p). (20)

as illustrated in Fig. 2. This potential does not have a
straightforward representation as a single-argument func-
tion in coordinate space and needs to be regularized at short
range. In Appendix A we discuss its simplified form to
pinpoint some general features relevant for understanding
the motion of the DD* scattering amplitude pole. In
particular, a typical V(r) extracted from our data has an
attractive short-range part and a small barrier at larger
distances as sketched in Fig. 8 (see also Fig. 14 below).
Note also that, in the total potential in Eq. (20), the short-
range part of the pion exchange potential [first term in

"We work in the strict heavy-quark spin symmetry (HQSS)
limit and take HQSS-breaking effects into account explicitly
through the D* — D mass splitting.

8We use the convention of Ref. [15] that differs from the
convention of Ref. [21] by an overall factor of 2.
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Vmin

FIG. 8. A simplified sketch of the central part of the total DD*
potential for T4, (see also Fig. 14), where the recoil terms are
neglected and the mass parameter defined in Eq. (4) is positive,
uz > 0. A suitable regularization is assumed at short range as
introduced in Eq. (A3) and explained in the text around it. This
simplified presentation of the DD* interaction potential should
only be regarded as qualitative and indicative.

parentheses in Eq. (7)] can be kept in V% or absorbed by ¢,
in Ver; we choose the former option. This ambiguity
emphasizes the fact that the short-range interaction from the
contact terms and pion exchange cannot be disentangled in
a scheme-independent way—see Ref. [49] for a detailed
discussion.

With the total potential in Eq. (20) at hand we formulate
the Lippmann-Schwinger equation for the off-shell DD*
scattering amplitude,

T(p.p"E) = V(p,p/>—/%V(p,q)G(q;E)T(q,p’;E),
(21)

where the DD* loop function is taken in the form
Glg:E) : (22)

T En+4q/2m,)—E+i0

A graphical representation of the Lippmann-Schwinger
equation in Eq. (21) with the potential in Eq. (20) is
depicted in Fig. 2. This equation is solved numerically,
as detailed in Appendix B.

Finally, we determine and study the on-shell DD*
scattering amplitude T(E) = T(p,p; E), where the energy
and momentum are connected via the nonrelativistic
dispersion relation E = Ey, + p?/(2m,). To facilitate com-
parison with previous works as well as with the analysis
performed using the effective range expansion, we re-
present 7(E) in the form in Eq. (12) and in what follows
refer to the quantity p coté,.

VI. RESULTS BASED ON EFFECTIVE
FIELD THEORY

In this section, we present the lattice-extracted S-wave
amplitudes following the effective field theory approach

0.2 I—r +’
/
0.1 i\ | e
- »—~;_‘ mp = (mpi+ 3mp-)/4
0.0 5\}
o1 i mp ~1.864GeV
0.2 i

0.1

1
1
i
- Is-
0.0 —dr—
—01 q mp ~2.019GeV

] I
m*’ 0.2 T
= i -
~—~ 0.1 i '
o —
S | e
= 0.0}=
8 —0.1 ﬂL mp ~2.148GeV
S 02 :‘ ——
1
0.1 ! ,#/
= —4 —
0.0 = < -
—0.1 \“L mp ~2.269GeV
02 / 5 NL:'24 i
0.1 ® N, =32 |
A gt

0.0 —‘-’TL °
(] _
—01 It mp ~2.484GeV

—0.002 0.000 0.002 0.004 0.006 0.008 0.010 0.012
5
(p/Ew)

FIG.9. The fits to p cot § for five different values of the heavy-
quark mass from the effective field theory approach. The
resulting values for the fitting parameters are quoted in Table 1.

described in Sec. V, where some technical aspects are
detailed in Appendix B. The analysis is similar in spirit to
that in Ref. [21].

A. Heavy-quark mass dependence

The lattice data for the S-wave scattering p cotd, for
each of the five heavy-quark masses are fitted with the
solution of the Lippmann-Schwinger equation in Eq. (21),
see Fig. 9. The two fit parameters are the contact terms c
and ¢, introduced in Eq. (19). Only the three data points
lying above the left-hand cut branch point (indicated by the
green dashed vertical line in Fig. 9) are included in the fit.”

The Lippmann-Schwinger equation also depends on the
values of the pion decay constant f, and the DD*z
coupling ¢, evaluated at m, ~ 280 MeV as provided in
Ref. [21]. The pion mass dependence of these quantities
was taken from the one-loop chiral perturbation theory [50]
result of Ref. [51] and the lattice value of the D*Dx
coupling from Ref. [52] was used as input. The regulari-
zation scheme employed consists of imposing a sharp

’The fit minimizes y? = r;(Cov™'),;r;, where Cov is the
covariance matrix and the residual for the ith level is
ri = (pcotdy)dt — (pcotdy)FrT.

i i
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FIG. 10. The dependence of the fitted parameters of the short
range potential ¢, (lower panel) and ¢, (upper panel) on the spin-
averaged mass mp (see Table I).

cut-off A = 0.5 GeV in the loop 3-momentum. The results
of the fits are collected in Table I and visualized in Fig. 9.
These best fit estimates lead to a potential consistent with
the form discussed above and sketched in Fig. 8. The fitted
values of the counterterms shown in Fig. 10 support strong
attraction at short distances while the long-range part of the
one-pion exchange with u2 > 0 [see Egs. (4) and (7)]
provides weak repulsion at large distances. See also
Appendix A for further discussion of the form of the
potential.

Having solved the Lippmann-Schwinger equation in
Eq. (21), for each heavy-quark mass we obtain a scattering
amplitude with the fitted values of the counterterms quoted
in Table 1."° Next we search for the poles of the on-shell
scattering amplitude 7'(E) defined in Eq. (12) across the
complex energy plane E (see Appendix B for technical
details). All poles are found to reside on the second
Riemann sheet—we list them in Table I. The pole trajectory
with varying heavy-quark mass is visualized in Figs. 11
and 12. In particular,

(1) for smaller values of mp, the physical amplitude
possesses a pair of symmetric (complex conjugated)
subthreshold resonance poles (see Appendix A for a
qualitative discussion).

(i1) With increasing mp, these subthreshold resonance
poles move towards one another and finally collide
on the real axis below the DD* threshold. Then they
turn back to back to each other and move towards the

"The analysis in Ref. [22] reaffirms the scattering amplitude
for our Set 2 also below the left-hand cut. The approach is based
on a Hamiltonian formalism employed to extract finite-volume
energies in the plane wave basis [53] that is free of the issues
related to left-hand cuts. Meanwhile, to stay on a safe ground, in
the present analysis, we exclude the lattice points below the left-
hand cut until they are independently confirmed using the
Liischer formalism adapted to the presence of the left-hand cuts,
for example, as outlined in Refs. [31-34].

101 >
S
— o
> 5]
(V)
=
— 0 4<<4——o= —
Q
u
E -51
i )
e
_10<
-10 -8 -6 -4 =2 0 2
Re(EP) — Ew, [MeV]

o~

5

Q

~0.002 0.000 0.002 0.004 0.006 0.008

(PIEwh)?
FIG. 11. The pole trajectories and scattering rate for five heavy-

quark masses. Top: the poles of the DD* scattering amplitude
(circles with ellipses for 1o uncertainties) and the branch point of
the left-hand cut (triangles) quoted in Table I. Bottom: scattering
rate  p|To|? in arbitrary units and the location of two virtual
poles on the real axes. The heavy-quark mass increases going
from the violet to red data points.

left-hand cut branch point and the DD* threshold,
respectively. In this way, the poles’ trajectories
demonstrate a clear pattern of a subthreshold reso-
nance state (two complex conjugated poles) turning
to a pair of virtual states (two “independent” poles
on the real axis below the threshold) with increasing
heavy-quark mass. We always conventionally iden-
tify the physical state with the pole closest to the
DD threshold.

(iii) The near-threshold poles render an enhancement of
the scattering rate o p|Ty|?> just above the DD*
threshold, as shown in Fig. 11.

(iv) The observed evolution of the poles with increasing
heavy-quark mass demonstrates a clear pattern of a
stronger bound system for heavier constituents. This
pattern can be qualitatively explained by a weak
heavy-quark mass dependence of the total interac-
tion potential. Although, as claimed above, the full
potential V(p,p’) from Eq. (20) does not have a
straightforward representation in the coordinate
space, its simplified version studied in Appendix A
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indeed demonstrates a weak dependence on m,.
Under these circumstances, the main dependence of
the eigenenergies on the heavy-quark mass stems
from the kinetic term of the DD* pair that scales
inversely proportional to m.. We, therefore, con-
clude that it is this interplay of the kinetic energy
(decreasing with increasing m,) and (nearly m,.-
independent) interaction potential in the system that
renders the motion of the poles of the DD* scattering
amplitude discussed above.

An important remark is in order here. All the calculations
above are performed for the same value of the regulator A
(introduced as a sharp cutoff in the loop 3-momentum). As
our aim is to determine the mass dependence of the contact
terms ¢, and ¢, and extract the pole positions we do not
investigate the dependence of the results on A. However,
the A-dependence of these unrenormalized contact terms is
implicitly understood and a naive use of the numerical
values of the ¢, and ¢, provided in this work in a different
regularization scheme without refitting the lattice data
would lead to uncontrolled results.

B. Light-quark mass dependence

Our present and previous [19] results correspond to m,, ~
280 MeV while the lattice DD* scattering amplitude was
also extracted in Refs. [18,20] for pion masses m, ~ 146
and 348 MeV, respectively, at the physical charm quark
mass. We reanalysed these lattice data also using the
effective field theory approach, following the same strategy
as for our data. However, the available lattice data corre-
spond to significantly different energy ranges around the
threshold and several relevant cautionary remarks are in
order. Thus, since no direct comparison with our results is
possible, we present these analyses in Appendix C. The
general conclusion we deduce from this study is a more
attractive interaction between D and D* for lighter pions
and, as a consequence, a stronger bound DD* system that is
expected to reproduce the experimentally observed T}, in
the physical limit.

VII. CONCLUSIONS

In this work, we studied the subthreshold pole locations
in the DD* scattering amplitude using lattice QCD data
with a pion mass m, ~ 280 MeV and several values of the
heavy-quark mass, which lie both below and above the
physical charm quark mass. In all cases, for kinematical
reasons, the D™ is stable with respect to its strong decay to
Dr, and the radiative mode D* — Dy is absent.

We employ two types of analysis. The first procedure
utilizes an effective range expansion for the energy
dependence of the DD* scattering amplitude in the elastic
region above threshold. Ignoring potentially non-negligible
left-hand cut effects and naively extrapolating the resultant
energy dependence below the threshold renders a virtual

state along the real axis below threshold for all the heavy-
quark masses (corresponding to DD* reduced masses in the
range m, ~0.9-1.2 GeV). The observed quark mass
dependence of the effective range parameters and the
resultant pole are summarized in Figs. 5-7. The virtual
pole approaches the threshold as the heavy-quark mass is
increased and is expected to become a bound state, related
to Tf,, at m&™ = 1.35(117) GeV.

The second analysis is based on the effective field theory
framework and the DD* scattering amplitude is obtained
from the numerical solution of the Lippmann-Schwinger
equation. The interaction potential includes two contact
terms parametrizing the short-range part of the potential to
order O(p?) and the pion exchange term, which is
parameter free and incorporates the effects arising from
the left-hand cut. The dependence of the two contact terms
fitted to the lattice data is shown in Fig. 10. Their resulting
values imply significant attraction at small distances for all
heavy-quark masses. At the same time, for our kinematics
with m, > mp + mp-, the pion exchange implies a slight
repulsion at larger distances. As the heavy-quark mass
increases, the pole representing the “physical” state evolves
from a subthreshold resonance in the complex energy plane
to a virtual state. It is expected to turn into a bound state for
heavier constituents. We summarize the pictures of the
pole’s motion obtained in both approaches employed in this
work in Fig. 12.

Our analysis favors weak overall dependence of the
D — D* interaction on the heavy-quark mass and stronger
bound systems for heavier constituents. This is in agree-
ment with general expectations that the binding energy of a
doubly-heavy system mainly scales with the kinetic term
that is inversely proportional to the heavy mass. The
estimated value of the critical reduced mass from
Eq. (16), when the virtual state converts to a bound state,
is very close to the reduced mass of the physical B*D

system m‘,’h(B*D) ~ 1.38 GeV relevant for the T, state
with J = 1. This observation hints towards the existence
of the T,. pole (bound or virtual) very near the B*D
threshold. However, this insight needs to be taken with
caution since our study explicitly considers two heavy
quarks of the same flavor and relies on the effective range
expansion, which is not justified in the presence of a near-
by left-hand cut. A similar estimate based on the effective
theory approach is ambiguous. On the one hand, the
dependence of ¢, and ¢, on the spin average D meson
mass in Fig. 10 is consistent (in the sense of a y? fit) with
1/mp and 1/m3, respectively.'' On the other hand, in both

""We note that, for the X (3872), the 1/, mass scaling of the
leading-order contact term was proposed in Ref. [54] based on
demanding a proper power counting for a heavy-heavy system.
However, according to the claim of Ref. [55], such a dependence
(as well as any other) cannot be derived directly from effective
field theory.
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FIG. 12. Summary of the poles’ trajectories (only the central values of the pole positions are shown) in the complex momentum (left)

and energy (right) plane for the effective range expansion (upper panel) and effective field theory approach (lower panel). The heavy-
quark mass increases from Set 1 to Set 5 as listed in Table I. The resonance and virtual poles are shown as red and magenta points,
respectively. The position of the left-hand cut branch point is shown by green triangles. The complex conjugated poles are marked with
an asterisk. The dashed lines guide the eye for the poles’ motion between the lattice points (they do not represent a fit or interpolation),
with the arrows showing the direction of the motion of the pole as the heavy-quark mass increases.

plots, the most right point corresponding to the largest
heavy-quark mass has a large uncertainty and is basically
ignored by the fit. Under these circumstances, the behav-
ior of the contact terms cannot be reliably extrapolated to
larger values of mp consistent with the 7', case. Thus, at
the present stage we cannot make a definite quantitative
conclusion concerning the nature of the 7,.. Direct lattice
studies of this state have not reached complete consensus
yet as to whether it would be a shallow bound state [25,26]
or not [27,28], although the more recent and extensive
investigations [25,26] suggest that a shallow bound state
is more likely. Meanwhile, we notice that our qualitative
inference of T, as a possible shallow bound state within
the effective range approximation complies well with the
findings of Refs. [25,26]. This intriguing tetraquark is
being experimentally searched for by LHCb.

We conclude that, while the results obtained the employ-
ing effective range expansion and effective field theory
qualitatively demonstrate similar patterns, the latter
approach is generally more rigorous and provides deeper

insight into the properties of the system under study. For
completeness, we perform a similar analysis of the lattice
data from Refs. [18,20] obtained at different pion masses
and arrive at analogous conclusions as those based on our

me me

ph ph
mp mp

FIG. 13. Sketch of the motion of the DD* scattering amplitude
pole in the (m,, m.) plane for the effective range expansion (left
plot) and effective field theory (right plot) approaches. The filled
and open circles indicate, respectively, the position of the bound
state pole in the physical limit and that anticipated on the lattice
for a sufficiently large heavy-quark mass.
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lattice data. We leave a more detailed comparison of these
results to future studies.

In Fig. 13 we provide a sketch that summarizes our
understanding of the T/, pole motion as a function of the
pion mass and the heavy-quark mass in both approaches
based on effective range expansion and effective field
theory employed above. Meanwhile, the results already
obtained allow us to conclude that a specific location of the
physical T/, in the spectrum must stem from a very delicate
fine tuning between the masses of the light quarks and
charm quark that takes place in nature. The origins and
further implications of this fine tuning still remain to be
understood.
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APPENDIX A: DISCUSSION OF THE DD*
INTERACTION POTENTIAL

In this appendix we qualitatively discuss the interaction
in the DD* system that, as stated in Sec. V, in general, does
not reduce to a simple potential in the coordinate space.
Meanwhile, a simplified approach to this interaction
adopted here allows us to pick up its most general features
relevant for understanding the pole’s motion.

We start from the central part of the one-pion exchange
potential in the momentum space given in Eq. (7) and move
to coordinate space,

g

V() = 42

<_ 5O (r) + ﬁe—uﬂr), (A1)

drr

where the first term in parentheses on the right-hand side
contributes to the short-range interaction in the DD* system
while the second term describes the long-range tail. As
discussed in Sec. V, we notice that the sign of the long-
range contribution depends on the sign of the effective
parameter y2—in the current lattice settings, u2 > 0, so the
long-range pion exchange is repulsive.

Augmenting the pion exchange interaction (A1) with the
contact term from Eq. (19), the total potential reads

2,2
ebn_ \pr

A2
16zf2r ’ (A2)

where, for the sake of simplicity, the O(p?) contact terms
were omitted. It is instructive to notice that, in the current
lattice settings with a large p,, the dimensionless coupling
parameter g2u2/f2, that defines the strength of the pion
exchange at large distances [35], several time exceeds its
value in the physical world, so the pion exchange inter-
action is effectively stronger on the lattice.

We would also like to note that, in the settings of this work,
the two contributions to the short-range potential in Eq. (A2)
appear to be comparable in size, 2|co| ~ g2/(4f2)~
10 GeV~2. We emphasize, however, that, according to
general principles of effective field theories, these two
contributions cannot be disentangled in a scheme-indepen-
dent way [49].

For the discussion of the pole motion in the complex
energy plane we also find it useful to perform a study of the
interaction potential at realistic values of the parameters
and, in particular, observe the potential dependence on the
charm quark mass. To this end we study the regularized
potential,

dq .
VFEg(r) = / (2”)3 elqr(vg(q) + VCT)freg(q2>’ (A3)
with the large-momentum regulator12
A2 — 2 2
2) = = A4
freg(q ) |:A2 _ (mD* _ mD)z +q2 ( )

and A = 0.5 GeV. In the regularized potential (A3) the
delta function is smeared and the behavior of the last term,
driven by the pion exchange, is tamed in the limit r — 0.
A detailed discussion of such a regularization can be
found, for example, in Refs. [37,40,41]. The pion exchange
potential V3(q) corresponds to that from Eq. (18) with the

12Although this regulator, which is more convenient for the
semianalytical studies performed in this appendix, differs from
the sharp cut-off employed in the numerical studies of the
Lippmann—Schwinger equation (21), this difference is irrelevant
for the qualitative discussion here.
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FIG. 14. The shape of the potential (A3) between D and D* as a
function of their separation r for five different heavy-quark
masses (the color coding corresponds to Fig. 5). The short-range
(left) and long-range (right) parts of the potentials have
very different scales, so they are separated to improve the
presentation. The plots correspond to V-t = 2¢ (top) and Vo =
2¢q + 4cy(3A)? (bottom) as discussed in the text. The plotted
curves have the shape sketched in Fig. 8 and demonstrate a weak
dependence on the heavy-quark mass.

D™)-meson recoil terms neglected, and the contact inter-
action Ver from Eq. (19) is considered for the following
two cases: (i) p=p' =0 and (ii) p=p' = A/2. The
results shown in Fig. 14 demonstrate that all the curves
corresponding to the five different charm quark masses
very weakly deviate from one another. This weak depend-
ence must provide a natural explanation for the poles
motion with the increasing m,., depicted in Fig. 11, that is
mainly driven by the kinetic DD* energy that scales as
1/m,. Also, all the potentials depicted in Fig. 14 have the
shape qualitatively sketched in Fig. 8. In particular, we
emphasize a finite (however, regulator-dependent) value of
Vmin = V(r = 0) and the existence of a hump at moderate
separations needed to smoothly interpolate between the
decreasing repulsive long-range one-pion exchange and the
attractive interaction at short distances. It is expected,
therefore, that such a potential may support not only bound
or virtual states but also resonances that correspond to
pairs of complex conjugated poles in the complex energy
plane—see, for example, Ref. [65] for details. The exist-
ence of such resonance poles for the T, on the lattice was
previously discussed in Ref. [21].

APPENDIX B: APPROACH TO SOLVING
LIPPMANN-SCHWINGER EQUATION (21)

In this appendix, we provide some details of the
approach to solving the Lippmann-Schwinger equa-
tion (21), along the lines of Ref. [21]. Since one-pion
exchange does not contain any free parameters (which
would need to be determined by fitting to the lattice data),
we first solve the Lippmann-Schwinger equation for the
one-pion exchange potential alone,

= Vﬂ_(p P/)
/(33)3‘/ (p.9)G(g; E)Tx(q.p" E),
(B1)

T,p.pE)

to obtain the amplitude 7,(p,p’; E).
To proceed, the contact potential in Eq. (19) can be
conveniently written in a separable matrix form as

Verlp.p') = T (p)Cr(p), (B2)
where C is a constant matrix,
. 2 2
o= < “ Cz), (B3)
2C2 0

and f(p) and f7(p) is a momentum-dependent vector and
its transpose, respectively,

fo) = (pl) Fp)=(1pY).  (B4)

The solution of the full Lippmann-Schwinger equation in
Eq. (21) can be then constructed as follows [66]:

T(p.p":E) = T,(p.p" E) + X" (p: E)i(E)X(p":E).  (BS)
where
X(p; E) /(d% SE)T(q.p3E),
X'(p: E) LE)G(q:E)f'(q).
and

3

P =+ [ S e ),

Since the unknown low-energy constants ¢, and c,, treated
as fitting parameters, enter relation in Eq. (B6) only, all
integrals contained in the expressions above can be
precalculated, and the fitting procedure becomes particu-
larly simple.

To search for the poles of the amplitude (B5) in the
complex energy plane E, we set p = p’ such that E =
Ey + p?/(2m,) and resort to the standard definition of the
Riemann sheets. Namely, we define the momentum on the
physical Riemann sheet as

(B6)

1

11/2
2 (

p— iy, (B7)
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with A for the Kollen triangle function,
Ax,y,2) = x> +y* + 22 = 2xy — 2xz — 2yz.

Then we find (with the subscripts ; and ; for the first and
second Riemann sheet, respectively) that, across the unitary
cut,

G;(E +i0) — G;(E — i0) = 2iImG;(E + i0) = 2ip (BS8)
and
G (E—i0) = G;(E +i0) = G;,(E —i0) 4+ 2ip. (B9)

Since the potential does not have a discontinuity on the real
axis above the two-body cut branch point then Eq. (B9)
implies the relation

T (E - i0) = T7Y(E + i0) = T7'(E — i0) + i L |
T

(B10)

which we employ in the pole search on the second Riemann
sheet of the complex energy plane.

APPENDIX C: COMMENT ON THE
LIGHT-QUARK MASS DEPENDENCE

In this appendix, we analyze the lattice data on the T,
state at the physical charm quark mass and m, ~ 146 [18]
and 348 MeV [20]. We employ the same effective-field-
theory-based approach as that used in Sec. VI on our lattice
data at m, ~ 280 MeV. For the reasons explained below,
we perform two types of fits for the counterterms:

(1) fit (1): two fitting parameters, ¢, and c¢,;

(ii) fit (ii): one fitting parameter, cq, with fixed ¢, = 0.

1. Our lattice data at m, ~ 280 MeV

For the sake of comparison, in Table III and Fig. 15, we
provide the fits to our lattice data for Set 2 that corresponds
to the heavy-quark mass closest to the physical charm

TABLE III.

quark mass. For fit (i) the results are identical to that
presented in Table I and shown in Fig. 9.

2. Lattice data at m, ~ 348 MeV

The data from the CLQCD Collaboration [20] corre-
spond to

m, = 0.348 GeV,
mp = 1.882 GeV,

ip = 1.986 GeV,

mp- = 2.021 GeV. (C1)
Only two data points of the four presented in Ref. [20] meet
the criteria to lie above the left-hand cut and correspond to
the momenta p < A = 0.5 GeV. Thus, strictly speaking,
only these two points can be used in the present analysis.
This motivates us to employ two different fitting strategies:
(i) Fit the two data points directly: the results are shown
in the first row of Fig. 15 and Table IIL
Generate and then fit pseudodata: we use the values
of the I = 0 scattering length and effective range
from Ref. [20],

(i)

ag = 0.538(33) fim, ro =0.99(11) fm, (C2)
to generate three pseudolattice data points in the
momentum range consistent with Set 2 of our lattice
data. The results are given in the second row of
Fig. 15 and Table III (marked with an asterisk).
The amplitudes at both m, ~ 348 and 280 MeV possess
a pair of complex conjugated poles listed in Table III that
represent a resonance in the complex energy plane. It is in
line with the discussion of the pole motion presented in
Sec. VI. We refrain from a more detailed comparison of our
results with those from Ref. [20] because the energy ranges
covered by the data are different.

3. Lattice data at m, ~ 146 MeV

We now turn to the data from the HALQCD
Collaboration [18] that correspond to

The contact terms ¢, and the pole locations extracted using the effective field theory approach from the fits to the lattice

data from Refs. [18-20]. The corresponding plots are presented in Fig. 15 in the same order. Fit (i) has ¢, and ¢, as free parameters while
in fit (ii) only ¢, is varied with ¢, = 0. The asterisk indicates the results of the fit to the generated pseudodata as explained around
Eq. (C2). To facilitate the discussion in the text, for fit (i) we also provide the pole position EP — E,. Since, in view of the caveats
explained in the text, the uncertainties of the pole positions for the alternative lattice data sets cannot be reliably determined, they are not
quoted. The virtual pole based on the data from Ref. [18] remains within ~1 MeV below the DD* threshold.

m, (GeV) ¢y (GeV™2) ¢y (GeV™) E? — Ey, (MeV) co (GeV7?) c; (GeV™)
Ref. Fit (i) Fit (ii)
[20] 0.348 -4.60 6.90 ~—10+£12i -3.86 £ 0.99 0
[20]* 0.348 -3.23£0.39 6.37 +1.48 ~—15£19i -2.00 £0.47 0
[19] 0.280 -4.66 £0.21 6.38 £0.63 ~—69+83i -3.21 £0.69 0
[18] 0.146 —11.63 £0.14 41.15+£0.63 e[-1,0] -5.89 £0.02 0
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FIG. 15. Behavior of the function p cotd, based on the lattice

data at m, ~ 348 MeV [20], 280 MeV [19], and 146 MeV [18].
All the data are analyzed using the effective field theory approach
described in Sec. VI. Left panel: fit (i) with both parameters ¢,
and ¢, fitted to the data. Right panel: fit (ii) with one fitting
parameter ¢y and ¢, = 0. See Table III for the fitted values of the
counterterms and the poles presented in the same order. The
asterisk in the second row indicates the fit to the generated
pseudodata from Ref. [20] as explained around Eq. (C2).

m, = 0.146 GeV,
mp = 1.878 GeV,

ip = 1.983 GeV,

mp: = 2.018 GeV. (C3)
The HALQCD technique is employed in this work, so a
disclaimer is in order concerning our reanalysis of the
lattice data. Unlike the direct determination of p cotd, via
the Liischer’s method, the HALQCD approach relies on
extraction of the DD* interaction potential from lattice
data. The latter is approximated by a suitable analytic form
and then a Schrodinger equation is solved. Such an
approach involves a certain built-in regularization of the
potential at short distance, which may not be consistent
with the sharp cutoff regularization of the loop integrals
(with A = 0.5 GeV) employed in this work. Also, the
interaction potential in Eq. (20) derived in the effective field
theory framework does not have a straightforward repre-
sentation as a single-argument function in coordinate space,
so reducing the Lippmann-Schwinger equation in Eq. (21)

o ]
My = 0.348 GeV__ aome=™" ]
-5r -‘-‘-‘_‘_‘..-“" P ]
2 -10p"""T my = 0.280 GeV ]
O, ]
g -5 ]
© 1
=20, ().146 GeV ]
—— 4

0.0 0.1 0.2 0.3 0.4

Pryp [GeV]

FIG. 16. The behavior of the effective contact term defined in
Eq. (C4) for the 3 different pion masses: the blue dotted-dashed
line is for m, = 0.348 GeV (the second row in Table III), the red
dashed line is for m, = 0.280 GeV (the third row in Table III),
and the magenta solid line is for m, = 0.146 GeV (the last row in
Table I1I). For each curve, the range for pyy, is limited from above
by the point from the corresponding lattice data set with the
largest momentum p <A = 0.5 GeV.

with such a potential to a Schrodinger equation in coor-
dinate space requires additional approximations. Finally,
the data for p cotd, provided in Ref. [18] correspond to a
very limited energy range near the DD* threshold com-
pared with that spanned by our data (see the magenta solid
curve in Fig. 16).

Nevertheless, for completeness, we perform fits to the
HALQCD data for pcotd, based on the effective field
theory technique from Sec. V. As given above, we either fit
both ¢, and ¢, or fix ¢, = 0 and fit only c(. The results are
presented in the last rows of Fig. 15 and Table III. One can
conclude that both fits provide a similarly good description
of the data within the uncertainties and predict T}, to be a
very shallow virtual state, in agreement with the claim
of Ref. [18].

The shape of the potential V(r) from Eq. (A3) between
D and D* based on our fit to the HALQCD lattice data is
shown in Fig. 17. This potential is attractive for r < 2 fm as
observed also by HALQCD. At larger distances our
effective field theory approach predicts a slight repulsion
that seems to be possibly visible also in the HALQCD

0.01 V()

E r[fm]  0.00004
~0.01 0 0.00002
-0.02 r [fm
-0.03 -o.oooozi2 i56 7 8
-0.04 ~0.00004
~0.05

FIG. 17. The shape of the regularized potential from Eq. (A3)
between D and D* based on our fit of the HALQCD lattice data at
m, ~ 146 MeV. This fit for p cot§, employed one free parameter
¢ (see fit (ii) in Table III). The one-pion exchange contribution
x e " /r at large distances (with p,~43 MeV for the
HALQCD dataset) is responsible for a slight repulsion.
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potential. This may present a signature of a one-pion
exchange contribution with V(r) < e™/r at large
distances.

4. Comparing the results with different pion masses

The short-range potential parametrized by the single
counterterm c( stays negative and, as a general pattern,
increases as the pion mass decreases, as quoted in Table III
for fit (ii). This supports a stronger attraction in the DD*
system with a decreasing pion mass.

To facilitate the comparison for the two-parameter fits
(i) with both ¢y and ¢, present, we define an effective
contact term (cf. Eq. (19) with p = p" = py,) as

ceff(ptyp) = 2CO + 402pt2yp (C4)
and plot this function in Fig. 16 for the three sets of
parameters {cg, ¢,} quoted in Table III. One can see from

this figure that the pattern of a stronger attraction in the
DD* system for smaller m,’s observed in fit (ii) above
persists in fit (i), too.

Thus, the binding in T}, is expected to be stronger for
lighter pions. It is consistent with the nature of the physical
T/., which is found to be a shallow bound state (see, for
example, Refs. [14,15,67]).

However, we refrain from a direct comparison of our
results obtained in this work with those, for example, from
Ref. [15] where only the contact term ¢, was fitted to the
experimental data for the physical T}, line shape in the
channel D°D°z* provided in Ref. [10]. Indeed, although
the lattice data studied in this work demonstrate the
anticipated pattern of the T/, pole converging to a shallow
bound state with the pion mass approaching its physical
value, in this limit, the DD* system appears to be sensitive
to delicate details of the kinematics and the structure of
the cuts.
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