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The hadron mass can be obtained through the calculation of the trace of the energy-momentum tensor in
the hadron which includes the trace anomaly and sigma terms. The anomaly due to conformal symmetry
breaking is believed to be an important ingredient for hadron mass generation and confinement. In this
work, we will present the calculation of the glue part of the trace anomaly form factors of the pion up to
Q? ~ 4.3 GeV? and the nucleon up to Q? ~ 1 GeV?. The calculations are performed on a domain wall
fermion ensemble with overlap valence quarks at seven valence pion masses varying from ~250 to
~540 MeV, including the unitary point ~340 MeV. We calculate the radius of the glue trace anomaly for
the pion and the nucleon from the z expansion. By performing a two-dimensional Fourier transform on the
glue trace anomaly form factors in the infinite momentum frame with no energy transfer, we also obtain
their spatial distributions for several valence quark masses. The results are qualitatively extrapolated to the
physical valence pion mass with systematic errors from the unphysical sea quark mass, discretization
effects in the renormalization sum rule, and finite-volume effects to be addressed in the future. We find the
pion’s form factor changes sign, as does its spatial distribution, for light quark masses. This explains how
the trace anomaly contribution to the pion mass approaches zero toward the chiral limit.

DOI: 10.1103/PhysRevD.109.094504

I. INTRODUCTION

In classical physics, scale symmetry is broken by the
mass term. However, when quantum effects are considered,
this scale symmetry can be further broken, leading to the
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scale anomaly, corresponding to the anomaly which
appears in the trace of energy-momentum tensor (EMT).
The quantum chromodynamics (QCD) trace anomaly is
very important in understanding confinement since it
supplies a constant negative pressure which cancels the
positive pressure from the quarks and glue for the confined
hadron in equilibrium [1,2]. Also, the trace anomaly plays
an important role in hadron mass generation in a QCD
system. The hadron mass can be obtained through the trace
term of the EMT [3-6] and the sigma terms,
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where (O)y = (H| [d*xyO(x)|H)/(H[H) is the normal-
ized matrix element of the operator O in the rest frame,
where H denotes the hadron of interest and m is the quark
mass for the f flavor. The bracketed first term on the right-
hand side is the trace anomaly term, and the second is the
sigma term. They are separately renormalization group
invariant. One can obtain their contributions to the mass of
the different hadron states using the above equation [7]. For
the nucleon, the sigma term is small (i.e., ~8.5% of the
nucleon mass [1,2]), and thus the glue part of the trace
anomaly dominates. For the pion, the trace anomaly term
contributes about half of the pion mass and, since y,, ~ 0.2
is not large, the glue part dominates the trace anomaly term.
Since these are nonperturbative quantities, lattice QCD
calculation is indispensable for obtaining results with
controlled statistical and systematic errors.

The measurement of the trace anomaly form factor and
understanding its role in the hadron mass are of great
interest and are considered to be one of the major scientific
goals of the Electron-Ion Collider [8].

In addition to the nucleon trace anomaly form factor,
that of the pion might be more interesting and intriguing.
It is pointed out that, in view of the fact that the pion
sigma term in Eq. (1) gives half of the pion mass from
the Gellmann-Oakes-Renner relation and the Feynman-
Hellman theorem, the trace anomaly takes the other half
of the pion mass and, therefore, the glue part of the pion
trace anomaly will also be proportional to /m, just as are
the pion mass and its sigma term [2]. This poses a puzzle
as to why the trace anomaly, which is from the conformal
symmetry breaking, should have such a chiral-symmetry-
related behavior and what kind of structure change
can facilitate this attribute when approaching the chiral
limit [2]. In light of this puzzle, a lattice calculation has
been carried out to examine a spatial distribution in the
nucleon, the p, and the pion [9], where the spatial
coordinate is between the glue part of the trace anomaly
operator and the sink position of the interpolation field of
the hadron. It was found that the density distributions for
the nucleon and the p are monotonic as are the electric
and axial charge distributions. However, the distribution
for the pion is unusual. When the quark mass is small,
the distribution changes sign such that the integral of the
distribution vanishes at the chiral limit. This is achieved
by making the glue trace anomaly more negative than
that in the vacuum in the inner core of the pion and more
positive than that of the vacuum in the outer shell so that
it takes no energy to create a pion with massless quarks.
This finding has motivated the present work to study the
glue part of the trace anomaly form factor for the nucleon
and particularly the pion. It is predicted that the pion

trace anomaly form factor will change sign [2] as does
the spatial distribution in Ref. [9].

This paper is organized as follows: In Sec. II, we present
the numerical details of this calculation and a brief
description of grid source propagators and the low-mode
substitution method which enables us to obtain a fairly
large number of momentum transfer cases. Fits for the form
factors, z-expansion fits, and the corresponding glue trace
anomaly spatial distributions and mass radii for the hadrons
are discussed in Sec. III. A summary and outlook are given
in Sec. IV.

II. NUMERICAL SETUP

We use overlap fermions on one ensemble of (2 + 1)-
flavor domain-wall fermion configurations with Iwasaki
gauge action (labeled with letter I) [10] as listed in Table I.

The effective quark propagator of the massive overlap
fermions is the inverse of the operator (D, + m) [12,13],
where D, is chiral, i.e., {D.ys} =0 [14]. It can be
expressed in terms of the overlap Dirac operator D, as
Dc = /)Dov/(l - Dov/z)’ with P = _<1/(2K) - 4) and
k =0.2. A multimass inverter is used to calculate the
propagators with seven valence pion masses varying from
~250 to ~540 MeV, including the wunitary point
~340 MeV. On the 241 ensemble, hypercubic smearing
is applied to the gauge links in the overlap fermion and
Gaussian smearing [15] is applied with root mean square
(rms) radius 0.49 fm [16], respectively, for both the source
and sink.

Based on the normalization convention shown in the
Appendix, we define a dimensionless mass form factor
Fmn(Q?), where 0> = —(p’ — p)?. For a spin-} particle
like the nucleon, we have

(p'.8'|Thlp.s) = myFun(Q)a(p'.s")u(p.s). (2)

where T is the trace operator of the EMT

p _
Ty = quz + Z(l + V)M s,
f

(3)
and s (s') is the canonical polarization of the initial (final)
nucleon.

For a spin-0 particle like the pion, we have

(P'Tlp) = meF o (Q%). (4)

TABLE I. Details of the 241 ensemble used in this calculation.
We use the grid source with two sets of the Z; noise [11] for 64
smeared grids on each time slice.

Ensemble L3 xT
241

a (fm)
243 x 64 0.1105(3) 2.65

L(fm) my (MBV) Nconf Nsrc
340 788 64 x2

094504-2



TRACE ANOMALY FORM FACTORS FROM LATTICE QCD

PHYS. REV. D 109, 094504 (2024)

The trace anomaly operator 7' is composed of two parts
T = (Th)s + (T (5)

where (Ty), = >, mappwy and (T}), = [0, msy, x

(9w rw +/%Z)F 2]. And correspondingly the form factor

of the EMT trace of the hadron H, i.e., the mass form factor
Funu(Q?), is made up of two parts:

Fun(0?) = Fuu(0?) + F,u(0?). (6)

where F ; ; is the form factor of the sigma term and F, j; is
the form factor of the trace anomaly. In the forward limit
where 02 =0, Fou(0?>=0)=1. In this work, we
calculate the form factor of the glue part of the trace

=M

anomaly i.c., Gy =", (F?)y/my for the nucleon and

the pion.

To extract matrix elements and form factors, the three-
point function (3pt) C5(g; tr.7:1y) is computed from the
contraction of the two-point hadron propagator and the
glue operator F2, which is built from the “cloverleaf”
link operators with the hypercubic [17] smeared gauge
links [18]. Using the nucleon as an example, the contraction
is shown in Fig. 1.

We use the low-mode substitution method [16,18-23]
with grid-source propagators with Z5 noises [11]. The sink
momentum ﬁf is applied after the contraction, and the
source momentum p; is applied by multiplying phase
factors to the grid points together with the low modes in
the low-mode substitution and corrected with a point source
propagator for the high modes [18]. Compared to the
traditional method where the momentum projection for the
source is implemented before the inversion for propagators,
in this construction, the momentum projection for the
source and sink can both be implemented at the correlation
function level and can reduce the inversion cost by a factor
proportional to the number of source momenta. Therefore
we can enhance our data with various momentum transfers
in the above-mentioned scenarios, without a significant
increase in the computational cost.

N

B P
pi
% 1

FIG. 1. The contraction of three-point function from two-point
hadron propagators and glue operators. The different colors
represent different contributions from the grid points of the
source.

While we would like to get results with the magnitude of
momentum transfer Q> = —(p = p;)? as large as possible,
larger p; and p; usually lead to worse signals and larger
finite lattice spacing errors. Therefore following the choices
in Ref. [18], we choose three momentum transfer scenarios
where for a given Q% we can use as small |p;| and |p;| as
possible. The three momentum transfer scenarios are as
follows: (1) The source-at-rest case: |p;| = 0 with g = p.
This will cover the smallest Q2 values where a sign change
of the form factor may be found. (2) The back-to-back case:
pr = —p; with § = 2y, which will cover largest Q? values
and show the asymptotic behavior of the form factors.
(3) The near-back-to-back case: for a given ¢, py, and —p;
are close to g/2, which serves as a supplement to the data
obtained in the above-mentioned two cases.

As shown in Fig. 1, the diagram for the glue trace
anomaly form factors is disconnected and we also need to
subtract the vacuum expectation values from the 3pt. The
subtracted 3pt with various momentum transfers can be
written as

(C3(gstp.titg)) = (Co(Pin Pyr 1) X O(q. 7))
—(Cy(pis Py 1)) X (0(q, 7)),
= <C2.sub(1—5i’ ﬁf’ t) X Osub(é)’ T)>7 (7)

where we have the hadron propagator with vacuum expect-
ation value subtracted C, g (p;. py.t) = Co(Pi Pyot) =
(C2(pi. py. 1)), and the glue operator O = F? with momen-
tum § = p; — p; is defined as 0(g,7) = > - e*470(Z, 7),
and we use the glue operator with vacuum expectation
value subtracted Oy, (g,7) = [0(q,7) — (0(4,7))].

III. ANALYSIS AND RESULTS

A. Renormalization

On the lattice, it is shown that the trace anomaly emerges
with the lattice regulation after renormalization [24-26].
The usual renormalization procedure entails renormalizing
the F? operator on the lattice with the R/MOM scheme,
mixing with other dimension-four and dimension-three
operators [24] and matching it to the MS scheme at a
certain scale. The $/2¢g and y,, factors would then be
calculated on this lattice.

Instead of performing this renormalization procedure, we
shall take advantage of the mass sum rule and combine the
lattice #/2¢g and the renormalization constant of F? as an
effective fj/2g factor for the trace anomaly. Since the
effective f//2¢g and y,, are independent of the quark mass
and the hadron state for the lattice we work on, we shall fit
them to several quark masses and hadron states as has been
done in Ref. [9]. The only complication in the lattice
calculation is that the trace anomaly operators mentioned
above can mix with the lower-dimensional operator yy
with a 1/a power divergence. Several quark masses are
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needed to fit the 1/a term to see if the term is important.
In Ref. [9] on the same lattice ensemble, the effective f/2g
and y,, are calculated with the pseudoscalar and vector
meson mass relations based on the sum rule for a valence
quark mass. Note that the 1/a term has been implicitly
included in the sum rule equations. The fact that the sum
rule is also satisfied within errors at several valence quark
masses indicates that the signal from the 1/a term is too
weak to be isolated in this calculation [9].

In this work, on the same lattice ensemble used in
Ref. [9], we only calculate glue contributions. However, we
can still obtain % from the nucleon mass at one valence

mass and it can be used at other valence masses on the same
lattice. Based on the fact that the sigma term in the nucleon
is small, we can ignore the y,,-related term in the trace
anomaly

MN|mva = (1 + J/m)<Hm>N +[%:Z)<F2>N

mya’

~ (o) + 29 (2

- (8)

N|mva'

By using the RG invariant sigma term (H,,)y which was

previously calculated [27], we can obtain the bare % on the

24] ensemble

p9)
29 lma

- . 9)

Using the data at m,a = 0.016, we obtained the bare
value of ﬁé—i) to be —0.129(6) and we use this value in all
our plots of the glue part of the trace anomaly form factors.

The value here is more negative than —0.08(1) obtained in
Ref. [9] which uses the pseudoscalar and vector meson
Blo)
29
The tension here could be an O(m2a?) discretization error
and further investigation on the systematic uncertainty of

ﬂz(_z) will be conducted in the future.

masses with m, ~ 500 MeV to determine both and y,,.

B. Three-point function fit

By including the first excited states, the functional form
we used for fitting 3pt is
Cuspi(Pi- Py 1.7) = muGy(Q?)
X ICHﬁpt( i Pf) Zﬁf Zﬁf e—Eit—Ef(i=7)
+C, e—E}r—Ef(t—f) + Cze_EiT_E;‘(t_T)

+ C3€—E}1—E}(t—r)’ (10)

where ¢ is the source-sink time separation and 7 is the
current-source time separation. Ky 3y (p;. py) is the kin-
ematic factor which is listed in Table II.

TABLE II. The kinematic factors of the two- and three-point
functions for the pion and nucleon used in this work. Note the 3pt
kinematic factor for the nucleon is only valid for the case where
the source is at rest.

ICH T N

mg/E, 5 (my + Exj)/Enp
mz/(Ex 5 E (my + En,)/Exj,

2pt

3pt ”,ﬁf)

We fit the 2pt with zero momentum and use the
dispersion relation to calculate the energies. Z5, and Zj; ’
are overlap factors between the hadron states and the
interpolating operators. The E and E! are the ground state
and first excited state energies, respectively. In the 3pt-—2pt
joint fit, the parameters Zj3 Zj5 E;, Ej, E!, and E} are
constrained by the joint fit with the corresponding 2pt.

The associated 2pt is fitted with the functional form

Cﬂ.2pt(ﬁi’ ﬁf’ Z, T) = ]C,rqut(E>Zﬁ[Zﬁf [e_Et + e_E<T_’)]
+A1€_Elt,

Cnopt(Pis Pyat:7) = KN,2pt(E)Zﬁ,~Zﬁfe_Et + A F (1)

where T is the lattice size of the time dimension and A, is a
free fitting parameter for the excited-state contributions.

In addition to the 3pt—2pt joint fit method, we can also
obtain the glue trace anomaly form factor by calculating the
ratio of the 3pt and 2pt functions,

qun,H(tv 7 Pis ﬁf)
 Cuap (.75 Pis Py)
B Criope(: ﬁf)
5 \/CH,zptu—r; pi) Cuap (15 Py) Covo (73 By ) /
Crpi(t =7 Py) Craopi (s Pi) Craope (73 D)
[ my Ky sp(Pis Py)
\/ ICH,Zpt(pi),CH,Zpt(pf) ’

(12)

and performing fitting with multiple source-sink separation
¢ with the following functional form of the ratio Ry >

Rygrun ~ Gu(Q%) + Cle™Err  Chem 7
+ Cg/e—AE}r—AE}(t—r)

>0

— Gu(Q%). (13)
where the terms with CY/, C, and C% are the contributions
from the excited-state contamination and AE, = E'(p,) —
E(p,) is the energy difference between the nucleon or pion
energy E(p,) and that of the first excited state E'(p,) for
either the source (@ = i) or the sink (@ = f). These two
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Gn(Q2=1.747GeV?),p;= (-1, —1,0),pr=(1,1,0), 12 aved
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tr=11
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FIG. 2. Examples of the ratios of the pion for the special case
where |p;| = |ps| on 241 with various values of source-sink
separation 7, and current position 7 at the valence pion mass
m,, = 340 MeV. The data points agree well with the colored
bands predicted from the fit, and the gray band is for the ground
state form factor G,(Q?).

methods should yield consistent results. We fit our results
with both methods and they are consistent with each other
and our fits can describe the data well with y?/d.o.f ~ 1.

We show the pion results with three types of momentum
transfers in Fig. 2 (back to back), Fig. 3 (source at rest), and
Fig. 4 (near back to back). For illustrative purposes, the data
points on the panels are shown with ratio Ry and the
reconstructed ratios based on the functional form described
in Egs. (10), (11), and (13) are shown with colored bands.
The data points are fitted well (y?>/d.o.f. ~1) and the

Gr(Q?=0.370GeV?),p;=(0,0,0),pr=(1,1,1), 8 aved

-1.46(0.10) ¢ A
] ¢ =9
050 A tr=10
w t=11
-0.75 v tr=12
¢ =13 ¢ A oy
o -1.00 tr=14
g $
£ -1251
<
—1.50 A
-1.751
—2.00 1
-5 -4 -3 —I2 -1 0 1 2
T-t7/2
FIG. 3. Examples of the ratios of the pion on 24I with various

values of source-sink separation 7, and current position 7 at
the valence pion mass m,, = 340 MeV. The plots show the
|Pil # |P/| case with p; =0, g = p. The data points agree well
with the colored bands predicted from the fit, and the gray band is
for the ground state form factor G,(Q?).

Gn(Q2=1.947GeV2),p;= (0, =1, — 1), pr=(-1,1,1), 12 aved

¢ -2.15(0.08) ® A
® t=9
A tr=10
—0.31 W t=11
+ v t=12
)
& -1.04
S
i
o
& Thie
_15]
2.0
4 2 0 2 4
T-tf/z
Gn(Q2=1.947GeV?),p;= (-1, -1, —1),pr=(0,1,1), 12 aved
-2.06(0.08)
’ ® t=9
0.0 A tr=10
W =11
i Y t=12
_05 <
&
S
% -1.0 Y * *
g \
& \ \
-154 A NN
-2.0

4 ) 0
T-tf2
FIG. 4. Examples of the ratios of the pion on 241 with various
values of source-sink separation 77 and current position 7 at the
valence pion mass m,, = 340 MeV. The plots show the general
|Pi| # |P/| case with near-back-to-back momentum transfer. The
data points agree well with the colored bands predicted from the
fit, and the gray band is for the ground state form factor G,(Q?).

reconstructed ratios are consistent with the data. For the
back-to-back case, we find that the data points are sym-
metric about 7 = /2 within uncertainty. In addition, for the
near-back-to-back case, the data points are symmetrical
within uncertainty upon the exchange of source-sink
momentum. We can therefore confirm that the source
smearing with momentum applied by phase factors for
grid sources and sink smearing with momentum have the
same overlap with the pion states.

By combining the data from all the momentum transfer
scenarios, we obtain the final results for the form factors.
For the pion, we plot G,(Q?) for the unitary quark mass
in Fig. 5 and plot the results at all seven valence quark
masses in Fig. 6. Here are several important features we
find from the results. First, in the forward limit (i.e., at
0% = 0 GeV?), we get a positive value, which is consistent
with the glue contribution to the hadron mass [9]. We plot

the forward matrix element % (F?)(Q* = 0) with respect to
v/m; in Fig. 7 and find that the glue part of the pion trace
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° é® m@a=0.0160 Q*=0
0.0 ® ma=0.0160p;= — pr |
¢ ma=001605=0
-05{ o ¢ ma=0.0160 |5/ = |1
& 10 ¢
S 4
=
Ssl ¢t
-2.04 + ++
-2.51
0 1 2 3 4
Q%GeV?
FIG. 5. The glue trace anomaly form factor G,(Q?) with

mya = 0.016, which corresponds to m,, = 340 MeV. Different
momentum transfer scenarios are plotted with different colors.

anomaly is proportional to y/m for quark mass above and at
the unitary mass, just as are the pion mass and its sigma
term [2]. Second, as the Q? gets larger, the form factor
becomes negative and there is a sign change which is
predicted [2] based on the sign change observed in the
spatial distribution of the trace anomaly [9].

At small Q?, chiral perturbation theory (ChPT) is useful
in terms of predicting the trace anomaly form factors. The
derivation in Ref. [28] using the soft-pion theorem, the
chiral perturbation calculation of the trace anomaly matrix
element at tree level [29], and the calculation of the trace
anomaly form factor of pion using the gravitational form
factors [30] all yield

1

1
FAIT(0Y) ~ 5 =5

0> (14)

On the one hand, from Eq. (14), the form factor is
positive at Q% =0 with FG¥T(Q?> =0) =1 and on the

other hand, Eq. (14) predicts a sign change in the trace
anomaly form factor of the pion. Therefore our results are

o

4
>H
Cy
|
| ]
]
-

|
L
® ) B,
P.q.‘.'
%
> ER<O i
| BN ]
=

¥

N S

o
&
QO -3 " A
= May= 0253 GeV
G]

mp,y= 0.281 GeV
mp,y= 0.320 GeV
my,y= 0.347 GeV
mp,y= 0.388 GeV
my,y= 0.468 GeV
my,y= 0.539 GeV

> <R>O

0 1 2 3 4
Q?/GeV?

FIG. 6. The glue trace anomaly form factor G,(Q?) at seven
valence pion masses.

B log+linear fit
0.151 unitary mass
% 0.10
g o
p=3
o
Il 0.05
o~
1
& 0.00 A
L
'S
~0.05 1
0.60 0.65 0.|10 0.i5 0.|20 O.|25
Vm;/GeV12
FIG. 7. The glue trace anomaly matrix element of the pion,

£-(F?)(Q* = 0), in the forward limit (i.e., at 0* = 0 GeV?). The
data points agree well with the colored bands predicted from the
fit with the functional form 2% (F*)=a+b\/m;+c\/mIn(/m;).

consistent with the predictions from the chiral perturbation
theory at the small Q? region.

We also calculate Gy (Q?) for the nucleon. We show the
nucleon results with the source at rest in Fig. 8 and the
results for the seven valence pion masses are plotted in
Fig. 9. In contrast to the pion case, Gy(Q?) decreases
monotonically as Q7 increases and there is no sign change.
This is consistent with the expectation from the trace
anomaly density of the nucleon where no sign change is
found [9]. A recent perturbative QCD calculation of the
trace anomaly form factors at large Q® predicted the
asymptotic signs for the pion and nucleon [31]. Their
results agree with this work for the case of the pion but
disagree with this work for the case of the nucleon.

Gn(Q?=0.591GeV?),p;=(0,0,0), pr=(1,1,1), 8 aved

H

0.40 A

qurt(oz)

—

0.21(0.02)
tr=9
tr =10
tr=11
tr=12

0.25 1

< &> e

0.20 A

T- tf/ 2

FIG. 8. Examples of the ratios of the nucleon on 241 with
various values of source-sink separation 7, and current position 7
at the valence pion mass m,, = 340 MeV. The plots show the
|Pi| # |Py| case with p; = 0, ¢ = p. The data points agree well
with the colored bands predicted from the fit, and the gray band is
for the ground state form factor Gy (Q?).
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1.0 4
® mp.= 0253 GeV
‘ A mg,= 0281 GeV
081 § ® my,= 0.320 GeV
Y  mgy= 0.347 GeV
® my,= 0.388 GeV
06

Mpy= 0.468 GeV
Mnv= 0.539 GeV

Q
-

& 04 ¢
g
021 f f. ’.
0.0
0.0 02 04 06 08 1.0
Q%/GeV?

FIG. 9. The glue trace anomaly form factor G (Q?) at seven
valence pion masses.

C. z-expansion fit of pion and nucleon form factors

In order to obtain the trace anomaly radius and spatial
distribution, we perform a model-independent z-expansion
fit [32] with the ratio G;(Q?) = Gy(Q?)/Gy(Q* = 0) for
pion and nucleon separately using the following equation

kmax

Gu(0%) = Gul2) = Y ad, (15)

k=0

_ \/tcut_t_\/tcut_to’ (16)
\/tcut_t+\/tcut_t0

Z(t’ Leuts tO)

where t = —Q?, and f,, is set to be at the two-pion
threshold, i.e., f = 4m,2,’mix, with m, ., being the mass
of the mixed valence and sea pseudoscalar meson on this
ensemble as calculated in Ref. [33]; and ¢, is chosen to be
its “optimal” value 5" (Qmax) = feu(1 = /1 + O2ax/Teu)
to minimize the maximum value of |z|, with Q2,, the
maximum Q2 under consideration.

—-104

0.253 GeV
0.281 GeV
0.320 GeV
0.347 GeV
0.388 GeV
0.468 GeV
v= 0.539 GeV

* <R >O

3333333

—50 4

2

=)
-

3
Q?/GeV?

FIG. 10. G,(Q?) at seven valence pion masses. The results
from z-expansion fits are plotted in colored bands.

The model dependence of the fit can be significantly
suppressed by reaching to higher k., where the fitting
results are insensitive to the values of the choice of k.. In
order to achieve a higher k,,, we add constraints to the
parameters based on the asymptotic behaviors of the form
factors in the limit Q% — co.

Using Eq. (16), in the limit Q> — oo, we have 7 — 1 and

1-z= é and the form factor

60 =60+ 5| (1=

If we assume the form factors fall as powers of é at large

Q2, then we can write G(z — 1) « 1/Q', where [ is an
integer. Combining this with Eq. (17), we obtain the
constraints for the coefficients a;

G(l):iak:O, (18)
k=0

&g
dz"

© k!
= G =0 ne{l =1k (19
k=n :

z=1

In this work we take [ = 4 and set k,,, = 7 and k., = 6
for the pion and the nucleon, respectively, by using
{ag,ai,a,} as the free parameters and having the rest of
the coefficients {as,...,ag/a;} constrained according to
Eq. (18) and (19).

The z-expansion fitted pion form factors up to Q2 ~
4.3 GeV? for the seven valence quark masses on the 241
ensemble, are shown in Fig. 10 with y?/d.o.f. ~ 1. We also
fit the nucleon form factors and the fit results are shown in
Fig. 11 with y?/d.o.f. ~ 1.

1.01

v= 0.253 GeV
v= 0.281 GeV
v= 0.320 GeV
v= 0.347 GeV
v= 0.388 GeV
Mpg,v= 0.468 GeV
Mpv= 0.539 GeV

0.8 -

*<ER>o
3
[ I I I}

0.2

0.0 4
0.0 0:2 0:4 04'6 0j8 1?0 1:2
Q2?/GeV?

FIG. 11. Gy(Q?) at seven valence pion masses. The results
from z-expansion fits are plotted in colored bands.
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D. Chiral extrapolation of the glue trace anomaly radii
of the pion and nucleon

The average squared mass radius of a hadron can be
defined as

(20)
0’0

Since the sigma term is small in the nucleon and its
derivative with respect to Q? is expected to be negligible
in the pion as compared to the contribution from the glue
part of the trace anomaly, (r2),(H)=—6dGy(Q?)/
dQQIQz_)O should be good approximations to the nucleon
and pion mass radii and we can use the fitted form factors to
obtain (r7),(H). Based on the ChPT prediction shown in
Eq. (14), the pion mass radius is

3

(PR () = —. (21)

mﬂ
This suggests that the radius of the pion diverges at the
chiral limit quadratically in the pion mass and at the
physical pion mass, (r?)SPPT(z) ~6 fm?. This also sug-
gests that the radius of the pion should incorporate a term
inversely proportional to m2 in the chiral extrapolations.
Inspired by this observation, we adopt the following ansatz
to extrapolate the pion radius to the physical point,

2
mﬂ'
(1) (1) = ag/m2 + by + ¢ log( '
7,phy

) +d,m2, (22)

where the chiral-log term is from the prediction of a
ChPT calculation [29]. Our result for the square radius
of the pion at the physical point obtained from the fit
Ansatz is around 21.5(5.2) fm* with y?/d.o.f. about 1.2.
Alternatively, dropping the d,m2 term results in a radius at
the physical point of 9.8(2.1) fm? with »?/d.o.f. about 2. If
we take the difference of results obtained using the different
fit Ansatz as the systematic error, then our final result is

(r2)h (z) = 21.5(5.2)(11.7) fm. In addition to the sys-
tematic error from different Ansdtze, please note there are
three sources of systematic error which we need to take into
account and investigate in the future: (1) the unphysical sea
quark mass of the lattice ensemble: a direct calculation at
the physical point is necessary; (2) the finite-lattice-spacing
effects in the renormalization: the mixing with the lower-
dimensional operator and the validity of the sum rule
equation upon extrapolation to the continuum limit must be
examined; and (3) the finite-volume effects. These system-
atic errors should also be included in the results for the
nucleon in the following passages.

On the other hand, the square radius of the nucleon
increases with decreasing pion mass, as inferred from the

slope at small Q? region depicted in Fig. 11. To estimate the

0.15 0.20 0.25 0.30

m’/GeV?

0.05 0.10

[ with chiral log
[ without chiral log

0.15 0.20 0.25

m'f,/GeV2

0.05 0.10 0.30

FIG. 12. The valence pion mass dependence of the radius of the
glue trace anomaly in the pion (top panel) and nucleon (bottom
panel). The band in the top panel for the pion case represents the
result constructed using Eq. (22). The bands in the bottom panel
for the nucleon case are constructed using Eq. (23).

results at the physical pion mass, we use the following
Anscitze for chiral extrapolation

(r5)(N) = ay + byms,

my
(r})o(N) = ay + bymi + cym3 log< 5 > (23)
mﬂ,phy

The pion mass dependence of the radius is shown in the
bottom panel of Fig. 12. The extrapolated results for the
z-expansion fit are (r2);/>(N) = 0.89(10) and 0.82(05) fm
with and without the chiral log term, respectively. Our final
result is 0.89(10)(07) fm if the difference of results obtained
using different fit Ansdtze is taken as the systematic error.
The radius of the pion being larger than that of the nucleon
is consistent with the observation in a recent lattice
calculation performed by some of the authors within this
study [9].

The glue trace anomaly form factors can be extracted
from the differential cross sections of the J/¥ photo-
production [34-37] and leptoproduction at large photon
virtualities [38]. A recent direct dipole fit to the recent
GlueX collaboration data [39] results in a root-mean-square
radius of the nucleon of about 0.55(3) fm [40], which is
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substantially smaller than the present lattice result of 0.89
(10)(07) fm. Since the nucleon sigma term is neglected, this
radius is the mass radius of the nucleon.'

Another way to access the trace anomaly form factor is
through the gravitational form factors (GFFs) which are the
moments of generalized parton distribution [2,41]. As shown
in Eq. (6), the EMT trace form factor , is made up of two
parts. It is shown that the EMT trace form factor is related to
the GFF [2,41], and for the nucleon, one can write

2 Q2
Fa(0?) = |(A(Q?) - B(Q?) a2t 3D(Q2)m—2
N N

— F,(0%), (24)

where A(Q?), B(Q?), and D(Q?) are the sum of the quark
and glue GFF. This relation is due to the conservation of the
EMT, i.e., 9, 7" = 0 [2]. The square mass radius of the trace
anomaly can then be defined [41] as

dA(Q%) 3D(0) dF (0
(Pa=-6(“o+ 0P - ). )

where B(0) =0 has been used. For the nucleon, the
contribution from the sigma term is negligible and the last
term may be dropped in the calculations of the mass radius.
A lattice calculation has been carried out recently to calculate
the quark and glue GFF [42] of the nucleon. The mass rms
radius from Eq. (25) is obtained as 1.038(98) fm [43]. This is
consistent with our direct calculation of 0.89(10)(07) fm. The
holographic calculation [44] with lattice input results in
0.926 + 0.008 fm which is also consistent with our result.
Using some lattice input for the quark contributions in
Eq. (25) and the glue GFF from fitting the near-threshold
J/W¥ production at £ > 0, it is found the scalar radius to be
1.20(13) fm [45], which is slightly larger than the present
work. Attempts have also been made to extract it from the
gravitational form factors A and D from J/¥ photoproduc-
tion near the threshold [37]. So far, only the glue part of the A
and D are included. As we can see from Eq. (24), both the
glue and quark GFF are needed.

E. Spatial distributions of the glue trace anomaly
in the pion and nucleon

After obtaining the fitted form factors, we can calculate
the spatial distribution in the instant form of the mass,
especially the glue part of the trace anomaly, in a specific
frame where the energy transferred to the system A? = 0.

"The forward matrix element of the trace T% and that of 7%
give the same result and yet their radii differ. Since the forward
trace matrix element corresponds to the mass of the hadron and
that of T% corresponds to the energy, it is appropriate to call the
radius from the trace of the GFF the mass radius and that from the
GFF of T% the energy radius.

Traditionally, the spatial distributions are defined in the
Breit frame where there is no energy transfer, i.e., A° =0
and P=(p+ p')/2=0 and therefore Q= |A|>. For
example, the charge densities in the Breit frame can be
obtained from the electromagnetic form factors with
Fourier transforms. However, it has been pointed out that
such a Fourier transform relationship between form factors
and spatial distributions of the expectation values of local
operators is only valid for nonrelativistic systems and is not
accurate for systems whose size is of the order of its
Compton wavelength [46—48].

Alternatively, in the infinite momentum frame (IMF),
an elastic frame where P, - oo and P-A =0, a two-
dimensional (2D) Fourier transform of the trace anomaly
form factor in the transverse plane can be interpreted as the
spatial distribution [46,47] and such a Fourier transform
has been worked out for the EMT [49-51]. The spatial
distribution of the glue trace anomaly in the IMF is
obtained as

A, ~ L
AT = [ GO0 (0

—-10 4

Gr(Q?)

= 0.253 GeV
my,y = 0.281 GeV
Mp,v= 0.320 GeV
mpv= 0.347 GeV
Mg,y = 0.388 GeV
Mpv= 0.468 GeV
My = 0.539 GeV

—15 4

—20 4

6 é 1‘0 1‘5 2‘0 2‘5 3‘0
Q?/GeV?

(r)/GeV

IMF
n

Mgy = 0.253 GeV
Mpy= 0.281 GeV
mpg,y= 0.320 GeV
Mp,y= 0.347 GeV
my,y= 0.388 GeV
mpy= 0.468 GeV
Mpv= 0.539 GeV

2nrp

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
r/fm

FIG. 13. Top panel: the extrapolation of form factors of the pion

to the large Q® region. Bottom panel: the glue trace anomaly

spatial distribution 2zrp™F(r) at seven valence pion masses.
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1.0 . My, = 0.253 GeV
\ 0.281 GeV
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0.347 GeV
0.388 GeV
0.468 GeV
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=
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FIG. 14. Top panel: the extrapolation of form factors of the
nucleon to the large O region. Bottom panel: the glue trace
anomaly spatial distribution 2zrpMF(r) at seven valence pion

masses.

where r; and A, are defined on the two-dimensional
transverse space. In this work, for the pion and nucleon, we
use the 2D Fourier transform in the IMF to obtain the
spatial distributions.

To perform the Fourier transform, we extrapolate the
z-expansion fit for pion glue trace anomaly form factor to
large Q% where the form factors are suppressed as 1/Q* due
to the constraints in Eq. (19). The 2D spatial distributions of
the glue trace anomaly in the IMF with different quark
masses are shown in the bottom panel in Fig. 13. The sign
change of the spatial distribution is observed and the
intersection with the zero axis shifts to a smaller r region
with increasing quark mass. This is consistent with the
finding in Ref. [9].

The results for form factors and spatial distributions
of the glue trace anomaly in the nucleon are shown in
Fig. 14. In contrast to the pion case, the spatial distribution
of the trace anomaly in the nucleon is always positive and
the maximum value is larger with larger quark mass. The
spatial distribution for the pion has a longer tail than that for
the nucleon, which explains why the mass radius of the
pion is larger than that of the nucleon.

IV. CONCLUSION AND OUTLOOK

We have presented a calculation of the glue trace
anomaly form factors of EMT and mass spatial distribu-
tions for the pion and the nucleon using overlap fermions
with a range of valence pion masses on a RBC-UKQCD
domain-wall ensemble.

We find that for the pion the glue trace anomaly form
factor shows a sign change in the small Q? region, which
is consistent with predictions from chiral perturbation
theory [28-30], while for the nucleon the glue trace
anomaly form factor shows no sign change. The predictions
of asymptotic signs of the trace anomaly form factors from
a recent perturbative QCD calculation at large Q” [31]
agree with this work for the pion case but disagree for the
nucleon case. We perform Fourier transforms to the form
factors and obtain the spatial distribution of the glue trace
anomaly in the pion and nucleon. On the one hand, we find
that the spatial distribution in the pion is negative at short
distance and positive at long distance. This explains how
the trace anomaly contribution to the pion mass approaches
zero in the chiral limit [2] and reflects the sign change in the
form factor. Such a behavior in the form factor deserves to
be further investigated both experimentally and theoreti-
cally. On the other hand, the spatial distribution in the
nucleon is always positive and is suppressed in the large r
region. We also calculate the radius of the trace anomaly
form factor; the radius of the pion is much larger than that
of the nucleon. This observation aligns with our spatial
distribution findings, as the spatial distribution within the
pion exhibits an extended tail when compared to the
nucleon’s spatial distribution.

Thus this work shows that the glue trace anomaly form
factor can be studied accurately and efficiently with overlap
fermion which preserves chiral symmetry and reveals the
mass distribution within hadrons. In the future, we will
include the quark contribution and extend the calculation to
ensembles with physical quark masses and smaller lattice
spacings for the extrapolation to the continuum limit.
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APPENDIX: NORMALIZATION CONVENTION OF THE SINGLE-PARTICLE STATES

The completeness relation for the yQCD convention is

&p m |E
1= (27)3|P>Efp<l7|, lp) = ;"a,ﬂﬂ%

The one-particle state is defined as

s = 4T vam

—ipE
(27)? 2E, ¢ ).

p

(Qlo" (p)I1) = /d3xe‘i”"?<ﬁl¢T(X)ll> = &(p - 1)(27)V2m.

In this definition, |p)

(A1)
3 m

Q0 = [ AT, (A2)

(A3)

= | f?)/ V2m, where | p) is the single-particle state with the conventional normalization where

Pp - 1 -
1=/ P2 (P

Then we should have the relation between the matrix elements for these two conventions

(Pl0,4(0)[0) =

Therefore, the dimensionless form factor for pion is defined as

(Pl0,(q)|pi) = 2m} Gy (1),

7) = IEyat ). (Ad)
%H<13|0y<o>|6>. (AS)
(A6)

where t = (py — p:)?. The form factor can be extracted from the matrix element under the y QCD normalization convention:

(ps10,(@)\ps) = ﬁ (]

0,(q)lpi) = T

1

2m3G (1) = myGy(t). (A7)

1. Two-point correlation functions

The pion two-point correlation function with momentum p can be written as

= P (0 0.0)
- Ze_lpxz ZEn

ﬂPz 2”P1 Pi

Cﬂ 2pt t p

>0 My,
_

E,5 7 P

ZS 51« (e + e—E(T—r))’

1 Bala (3. 1), 1) (n, 1 |x4(0.0)|n'. ps)

(A8)

where S; and Sy denote the smearing settings of the source and sink.
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TABLE III. The kinematic factors of the two- and three-point functions for pion and nucleon.

b4 N
2pt %"’_} '"NEJ:iN.,‘;
Mg My 1 = .3 2
3pt Evpy Erg,y 2y, Evy, [=(Pi+ Py — Enj.Enp,) +my+my(Eyj + Enj,)
My My 4m
3pt back to back 5 i Np R2my + (Ep, +E,,)]
3pt source at rest E’f—]" my+Ey 5,
7 “Ev,
Using the projection operators,
1
I =51 £7a), (A9)

the nucleon two-point correlation function with momentum p and summed spin s can be written as

Crope(13 P) = Tt Gy o (13 P)]

>omy E“ZS Zsf Tr3 (1 + 74) (=i + m.)] _my+ Eyp ZS Z‘ife-EN.ﬁf, (A10)
E; 2m+ EN b
The general functional form of the 2pt functions can be written as
nde
CH,2pt(t;p) ’CH 2pt(p)Z 'Z fTZ t T + Z ZAnTZPUI( ) (All)

n=1 a,

where ¢ is the source-sink time separation and 7 is the current-source time separation. ’CH,Zpt( Pi. py) is the kinematic factor,
which can be derived from Eqgs. (A8) and (A10) and are shown in Table III. The energies appearing in these expressions can
be calculated using the dispersion relationship or using fitted parameters E; and E, etc. Zj; is the overlap factor between the

hadron state and the interpolating operator. 7, (¢,7,T) is the time dependence of the ground state and the second term
includes contributions from the first excited state up to the n,,,.th excited state, with @, terms summed up. T pr(t, 7,T)is
the corresponding time time dependence and Alls are the corresponding weights.

2. Three-point correlation functions and ratio
The pion three-point correlation function can be written as

Corap(t.7: 1 ) = Y_e™Pr¥el¥ (3. ) O(Z. 1)2x(0.0))
%2

>0 my; m;j;

< |O|”>ZPZﬁfE E

e~ Eit—E(1—1) , (A12)

where p; and p are the source momentum and sink momentum and g = p, — p; is the three-momentum injected by the
glue trace anomaly operator O.
Similarly, for the nucleon with positive parity, i.e., the proton, we have

Ce a7 P py) = Y e Prire T30, (ry+ (¥, ) O, )+ (0,0))]
ER:

>0

1 -
——my+Gn+Z5 25 ie_E"T_Ef(’_T) —5 [-4(p; - pr—E,, Epf) +4m3 +4m (E, + Epf)],

mym
"E, E,, 8m%
(A13)

where we have used p; = p; - v; + iE;ys.
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The general functional form of the 3pt can be written as

Mmax

Criapi(t:7) = myGulysp(pis pf)Zﬁ,»ZﬁfTSpt(t’ 7,T) + Z Z Cgfgpt,a(t’ 7,T),

n=1 a,

(A14)

where ¢ is the source-sink time separation and 7 is the current-source time separation. Ky 3,(p;, py) is the kinematic factor,
which can be calculated using the dispersion relationship or using fitted parameters E; and E, etc. The kinematic factors for
momentum transfer scenarios are listed in Table II. Z; and Zj; are overlap factors between the hadron state and the
interpolating operator. 7 5,(¢,7,T) is the time dependence of the ground state and the second term includes contributions
from the first excited state up to the n,,,th excited state, with «,, terms summed up. Tg’ma(r, 7, T) is the corresponding time
time dependence and Clis are the corresponding weights.

In this work, we include the first excited states and have

T4(t,7,T) = e FirEsli=1) (A15)
Thpa(rt.T) = BB, T (e T) = 57500 Tl (mnT) = 5750700 (Al6)

The functional form we used for fitting 3pt is
CH,3pt(t’ 7) = mHGH}CH.Spt(pi’ pf)ZﬁiZﬁfe—E,-r—Ef(t—z) +C, e~ Elt—Ej(1-7) + Cze—E,‘T—E}([—T) + CSe—E}r—E}(t—T). (A17)
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