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Hidden-heavy hadrons can decay into pairs of heavy hadrons through transitions from confining Born-
Oppenheimer potentials to hadron-pair potentials with the same Born-Oppenheimer quantum numbers.
The transitions are also constrained by conservation of angular momentum and parity. From these
constraints, we derive model-independent selection rules for decays of hidden-heavy hadrons into pairs of
heavy hadrons. The coupling potentials are expressed as sums of products of Born-Oppenheimer transition
amplitudes and angular-momentum coefficients. If there is a single dominant Born-Oppenheimer transition
amplitude, it factors out of the coupling potentials between hidden-heavy hadrons in the same Born-
Oppenheimer multiplet and pairs of heavy hadrons in specific heavy-quark-spin-symmetry doublets. If
furthermore the kinetic energies of the heavy hadrons are much larger than their spin splittings, we obtain
analytic expressions for the relative partial decay rates in terms of Wigner 6j and 9j symbols. We consider
in detail the decays of quarkonia and quarkonium hybrids into the lightest heavy-meson pairs. For
quarkonia, our model-independent selection rules and relative partial decay rates agree with previous
results from quark-pair-creation models in simple cases and give stronger results in other cases. For
quarkonium hybrids, we find disagreement even in simple cases.

DOI: 10.1103/PhysRevD.109.094051

I. INTRODUCTION

The field of hidden-heavy-hadron spectroscopy began
in 1974 with the discovery of the hidden-charm meson
J=ψ [1,2]. By the end of the century, dozens of hidden-
charm and hidden-bottom mesons had been discovered, all
of which matched the pattern of quarkonium energy levels
predicted by quark models. The spectrum of hidden-heavy
hadrons was generally believed to be well-understood. But
all this changed in 2003 with the discovery of the Xð3872Þ
meson [3]. Its observed decays revealed that it is a hidden-
charmmeson whose constituents include an additional light
quark-antiquark pair. Since then, dozens of exotic hidden-
charm and hidden-bottom hadrons have been discovered,
inaugurating a renaissance of hidden-heavy-hadron spec-
troscopy; see, for instance, the reviews in Refs. [4,5].
In this paper, we focus on decays of hidden-heavy

hadrons into pairs of heavy hadrons. These strong decays
are subject to the low energy, nonperturbative regime of
QCD, which is notoriously difficult to access from first

principles. Hadron resonances with two-body (and some
three-body) strongdecaychannels canbe calculatedab initio
using lattice QCD and the Lüscher formalism; see Ref. [6]
for a review. But hidden-heavy hadrons that are above the
threshold for a heavy-hadron pair have many multibody
strong decay channels, including lower-energy hidden-
heavy hadrons plus light hadrons. So, first-principles cal-
culations of hidden-heavy hadron resonances using the
Lüscher formalism might be impractical.
An alternative approach to the study of hidden-heavy

hadrons from first principles is the Born-Oppenheimer
approximation for QCD [7]. The Born-Oppenheimer (B-O)
approximation is based on the assumption that gluons and
light quarks respond almost instantaneously to the motion
of the heavy quark and antiquark, since the latter have a
mass mQ that is much larger than the nonperturbative
energy scale of QCD ΛQCD. In this approximation, the
energy levels of the gluon and light-quark fields in the
presence of static quark and antiquark sources, which can
be calculated using lattice QCD, play the role of B-O
potentials that determine the motion of the heavy quark-
antiquark pair through a Schrödinger equation. It has been
shown that the B-O approximation can be formulated as a
rigorous effective theory of QCD [8–11].
There are two qualitatively different kinds of B-O

potentials in QCD. The first kind consists of confining
potentials that increase linearly at large distances [12]. The
solutions to the Schrödinger equation in these potentials
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are bound states associated with compact hidden-heavy
hadrons. The second kind consists of potentials that at large
distances approach the scattering threshold of a pair of
heavy hadrons [13]. The solutions to the Schrödinger
equation in these potentials include scattering states of
heavy-hadron pairs. They might also include bound states
associated with heavy-hadron molecules.
The B-O potentials for hidden-heavy hadrons and for

heavy-hadron pairs mix with each other [13,14]. Hence,
any hidden-heavy hadron is associated with a pole of the
S-matrix for heavy-hadron pairs. For hidden-heavy hadrons
that are stable against decays into heavy-hadron pairs, the
imaginary part of the pole is proportional to the total decay
width into lower-energy hidden-heavy hadrons plus light
hadrons. For hidden-heavy hadrons associated with heavy-
hadron-pair scattering resonances, the imaginary part of the
pole has additional contributions from decays into heavy-
hadron pairs.
Oneway to calculate partial decaywidths of hidden-heavy

hadrons into heavy-hadron pairs using the B-O approxima-
tion for QCD is to calculate self-energy corrections to “bare”
hidden-heavy-hadron states by resummation of heavy-
hadron loop diagrams, as was done in Refs. [15,16]. But
it should be noted that this approach can lead to inconsistent
results for hidden-heavy hadrons that are strongly coupled to
a nearby heavy-hadron-pair threshold [15].Anotherway is to
calculate resonances directly from the Schrödinger equation
with coupled hidden-heavy-hadron and heavy-hadron-pair
channels, as was done in Refs. [17–19]. This approach
should be preferred as it respects unitarity and it yields
consistent results for resonances that are close to a heavy-
hadron-pair threshold [18].
In general, calculating partial decay widths in the B-O

approximation requires solving a Schrödinger equation
where the potentials and the transition amplitudes between
them are determined using inputs from lattice QCD and/or
models [15–20]. However, it is possible to derive model-
independent results using only B-O symmetries and angu-
lar-momentum algebra, which is the main objective of
this study.
The remainder of this paper is organized as follows. In

Sec. II, we define static hadrons and heavy hadrons. We
then construct heavy-hadron-pair states and discuss their
symmetries. In Sec. III, we derive general expressions for
the coupling potentials between hidden-heavy hadrons and
heavy-hadron pairs as sums of products of B-O transition
amplitudes and angular-momentum coefficients. From
these expressions, we derive model-independent selection
rules for decays of hidden-heavy hadrons. In some cases,
we also obtain analytic predictions for relative partial decay
rates. In Sec. IV, we discuss in detail the decays of
quarkonia and quarkonium hybrids into pairs of heavy
mesons. In Sec. V, we compare our results with previous
ones from quark-pair-creation models. Finally, we sum-
marize these results in Sec. VI.

II. STATIC AND HEAVY HADRONS

In this section, we introduce notation for the angular-
momentum/parity states of a heavy hadron, a pair of static
hadrons, and a pair of heavy hadrons. We also describe the
symmetries of these states.

A. Single heavy hadron

QCD is a quantum field theory with gluon fields and
quark fields. The symmetries of QCD include rotations
generated by the total-angular-momentum vector J, parity
P, and charge conjugation C. The quark fields relevant to
hadrons are those for the three light flavors u, d, and s and
the two heavy flavors c and b. We refer to the field theory
with only the gluon fields and the light quark fields as light
QCD. We denote the angular-momentum vector that
generates rotations of the light-QCD fields by Jlight.
A heavy hadron is one that contains a single heavy quark

(Q) or antiquark (Q̄). The heavy hadron also has light-QCD
fields that combine with the Q or Q̄ to produce a color
singlet. A heavy hadron that contains Q (or Q̄) can be a
heavy meson, with the light-QCD fields having the flavor of
a single light antiquark q̄ (or a single light quark q). It can
also be a heavy baryon (or a heavy antibaryon), with the
light-QCD fields having the flavor of two light quarks q1q2
(or two light antiquarks q̄1q̄2).
A heavy quarkQ (or antiquark Q̄) has spin 1

2
and intrinsic

parity even (or odd). Its spin/parity states are denoted by a

ket j1
2
�; mi in the text and by a ket j 12�mi in equations, where

m ¼ þ 1
2
;− 1

2
and the two choices for the parity superscript

� correspond to Q or Q̄. The doublet corresponding to the
two values of m will be labeled more concisely as 1

2
�. The

transformations under P and C of the spin/parity state 1
2
� of

a heavy quark or antiquark are

P

���� 12�m
�

¼ �
���� 12�m

�
; ð1aÞ

C

���� 12�m
�

¼
���� 12∓m

�
: ð1bÞ

In the heavy-quark limit, the spin of the heavy quark Q
(or antiquark Q̄) decouples from the light-QCD fields. As
far as the light-QCD fields are concerned, the Q (or Q̄)
reduces to a static color-triplet (3) [or color-antitriplet (3�)]
source. The light-QCD fields bound to the static color
source form a color singlet. We refer to the light-QCD
fields together with the static color source as a static
hadron. If the light-QCD fields have flavor q̄ (or q), it is a
static meson. If the light-QCD fields have flavor q1q2 (or
q̄1q̄2), it is a static baryon (or a static antibaryon).
A static hadron can be labeled by its light-QCD angular-

momentum quantum numbers ðj; mÞ and by its parity
eigenvalue π. We denote the angular-momentum/parity
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state of the static hadron by a ket jjπ; mi in the text and by a
ket j jπmi in equations. The multiplet corresponding to the
2jþ 1 values of m will be labeled more concisely as jπ .
The transformations under P and C of the angular-
momentum/parity state jπ of a static hadron are

P

���� jπm
�

¼ π

���� jπm
�
; ð2aÞ

C

���� jπm
�

¼
���� jπð−1Þ

2j

m

�
: ð2bÞ

Note that a static hadron and its charge conjugate have the
same (opposite) parity if j is an integer (half-integer), hence
the multiplicative factor ð−1Þ2j in the parity superscript on
the right side of Eq. (2b).
A heavy-hadron state can be obtained by taking the

direct product of the spin/parity state 1
2
� of a heavy quark or

antiquark and the angular-momentum/parity state jπ of a
static hadron. The total-angular-momentum vector is the
sum of Jlight and the spin of the heavy quark or antiquark.
The heavy-hadron state with spin J is

����
�
1

2

�
;jπ

�
J

M

�
¼
X
m;m0

� 1
2

j

m m0

���� JM
�����12�m

����� jπm0

�
; ð3Þ

where j can be J þ 1
2
or jJ − 1

2
j and h j1m1

j2
m2
j j3m3

i is a
Clebsch-Gordan coefficient. The hadron is a meson if J
is an integer and a baryon if J is a half-integer. We have
adopted the standard order of writing the spin/parity of the
heavy quark or antiquark first and the angular-momentum/
parity of the light-QCD fields second. From Eqs. (1)–(2),
the transformations under P and C of the heavy-hadron
state in Eq. (3) are

P

����
�
1

2

�
; jπ

�
J

M

�
¼ �π

����
�
1

2

�
; jπ

�
J

M

�
; ð4aÞ

C

����
�
1

2

�
; jπ

�
J

M

�
¼
����
�
1

2

∓
; jπð−1Þ2j

�
J

M

�
: ð4bÞ

The parity of the heavy hadron is the product of the
parity of Q or Q̄ and the parity of the static hadron;
P ¼ �π. Note that the charge conjugate of the heavy
hadron has parity ∓ πð−1Þ2j ¼ Pð−1Þ2J, where we have
used the fact that ð−1Þ2j ¼ −ð−1Þ2J. Since J is an integer
for a meson, its charge conjugate has the same parity. Since
J is a half-integer for a baryon, its charge conjugate has
opposite parity.
Since the spin of a heavy quark or antiquark is conserved

up to corrections suppressed by 1=mQ, the mass difference
between two heavy hadrons corresponding to the same
static hadron jπ but with different spins J ¼ jj − 1

2
j and

J ¼ jþ 1
2
must also be suppressed by 1=mQ. Therefore,

heavy hadrons form approximately degenerate doublets of
heavy-quark spin symmetry (HQSS) labeled by the light-
QCD angular-momentum/parity jπ and other quantum
numbers.

B. Pair of static hadrons

Let us now consider a pair of static hadrons at the
positions þ 1

2
r and − 1

2
r with light-QCD quantum numbers

jπ11 and jπ22 , respectively. We take the first static hadron to
contain the 3 source and the second to contain the 3�

source. Since the angular-momentum/parity quantum num-
bers correspond to rotations and reflections around differ-
ent points in space, we specify the position � 1

2
r by an

argument (�). The static-hadron-pair states are therefore
labeled by ðjπ11 ðþÞ; jπ22 ð−ÞÞ.
Light QCD in the presence of static 3 and 3� sources at

þ 1
2
r and − 1

2
r has cylindrical symmetries consisting of

rotations around the r̂ axis and reflections through planes
containing r̂. We denote the reflection corresponding to a
specific plane (which need not be specified) by R. It also
has a discrete symmetry under CP, the combination of
charge-conjugation and parity. We refer to the group
formed by the cylindrical symmetries and the CP symmetry
as the B-O symmetry group.
The B-O symmetries imply that the eigenstates of the

light-QCDHamiltonian can be chosen to be simultaneously
eigenstates of Jlight · r̂, that is, the projection of the light-
QCD angular momentum onto the axis passing through the
sources. We denote its eigenvalues by λ. They can be also
chosen to be simultaneously eigenstates of CP. We denote
its eigenvalues by η. In the sector with λ ¼ 0, the reflection
operator R can also be diagonalized. We denote its
eigenvalues by ϵ. We refer to λ and η and also ϵ if λ¼ 0

as B-O quantum numbers. Alternatively, the light-QCD
Hamiltonian, jJlight · r̂j, CP, and R can be simultaneously
diagonalized. Thus, an alternative choice for the B-O
quantum numbers is jλj, η, and ϵ. It is customary to denote
these B-O quantum numbers using the notation Λϵ

η, where
Λ ¼ jλj, the subscript η is g or u if the CP eigenvalue η is
þ1 or −1, and the superscript ϵ is þ or − if the reflection
eigenvalue ϵ isþ1 or −1. If Λ > 0, the superscript ϵ is often
omitted because cylindrical symmetry requires the Λþ

η and
Λ−
η states to be degenerate in energy. It is commonplace to

specify integer values of Λ with an uppercase Greek letter
instead of a number, according to the code Λ → Σ;Π;Δ for
Λ ¼ 0, 1, 2 and so on.
Static-hadron-pair states can be obtained by taking

direct products of the static-hadron states jπ11 ðþÞ and
jπ22 ð−Þ. The direct product can be decomposed into states
with light-QCD angular-momentum quantum numbers
ðj0; λÞ:
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�����jπ11 ðþÞ; jπ22 ð−Þ� j0
λ

�

¼
X
m1;m2

�
j1 j2
m1 m2

���� j0λ
����� j

π1
1

m1

ðþÞ
����� j

π2
2

m2

ð−Þ
�
: ð5Þ

We have adopted the standard order of writing the (þ)
state first and the (−) state second. Reversal of this order
produces a sign:

�����jπ22 ð−Þ; jπ11 ðþÞ� j0
λ

�

¼ ð−1Þ4j1j2þj1þj2−j0
�����jπ11 ðþÞ; jπ22 ð−Þ� j0

λ

�
: ð6Þ

The sign is the product of a factor ð−1Þj1þj2−j0 from the
symmetries of Clebsch-Gordan coefficients and a factor
ð−1Þ4j1j2 from changing the order of the light-QCD
operators.1 From Eqs. (2), the transformations under P
and C of the static-hadron-pair state in Eq. (5) are

P

�����jπ11 ðþÞ;jπ22 ð−Þ�j0
λ

�
¼π1π2

�����jπ11 ð−Þ;jπ22 ðþÞ�j0
λ

�
; ð7aÞ

C

�����jπ11 ðþÞ;jπ22 ð−Þ�j0
λ

�
¼
�����jπ1ð−1Þ2j11 ðþÞ;jπ2ð−1Þ2j22 ð−Þ�j0

λ

�
:

ð7bÞ

On the right side of Eq. (7a), the position labels (−) and
(þ) can be put into the standard order by using Eq. (6).
The static-hadron-pair state in Eq. (5) is a simultaneous

eigenstate of CP when the two static hadrons are charge

conjugates, which requires jπ22 ¼ jπ1ð−1Þ
2j1

1 . After reordering
the (−) and (þ) states using Eq. (6), the CP eigenvalue is
the product of π21ð−1Þ2j1 ¼ ð−1Þ2j1 and ð−1Þ4j21þ2j1−j0 .
Since 2j1ð2j1 þ 1Þ is even, the CP eigenvalue reduces to

η ¼ ð−1Þj0þ2j1 ; ð8Þ

where we have used the fact that j0 is an integer since
j1 ¼ j2. Outside of this special case, the static-hadron-pair
state in Eq. (5) is an equal-amplitude superposition of
η ¼ þ1 and η ¼ −1. The normalized projection onto each
value of η is

�����jπ11 ðþÞ;jπ22 ð−Þ�j0
λ
;η

�
≡ ffiffiffi

2
p

Πη

�����jπ11 ðþÞ;jπ22 ð−Þ�j0
λ

�
; ð9Þ

where

Πη ¼
1þ ηCP

2
ð10Þ

is the projector onto CP-parity η.
The reflection through a plane containing r̂ can be

expressed as the product of a parity transform P and a
rotation by the angle π around the axis perpendicular to the
reflection plane. Without loss of generality, we can identify
the arbitrary axis ẑ with r̂ and consider the operator R for
reflections through the zx plane,

R ¼ e−iπJyP; ð11Þ
with Jy the generator of rotations around ŷ. The action ofR
on the static-hadron-pair state in Eq. (5) can be obtained by
applying the rotation operatore−iπJy to both sides of Eq. (7a).
The state on the right side of Eq. (7a) transforms as

e−iπJy
�����jπ11 ð−Þ; jπ22 ðþÞ� j0

λ

�

¼ ð−1Þj0−λ
�����jπ11 ðþÞ; jπ22 ð−Þ� j0

−λ

�
: ð12Þ

Therefore, the static-hadron-pair state in Eq. (5) has the
following transformation under R:

R

�����jπ11 ðþÞ; jπ22 ð−Þ� j0
λ

�

¼ π1π2ð−1Þj0−λ
�����jπ11 ðþÞ; jπ22 ð−Þ� j0

−λ

�
: ð13Þ

C. Pair of heavy hadrons

Let us now consider a pair of heavy hadrons at the
positions þ 1

2
r and − 1

2
r. We take the first heavy hadron to

contain the heavy quark Q and the second to contain the
heavy antiquark Q̄.
The heavy-hadron state in Eq. (3) is expressed in terms of

the direct product of a spin/parity state 1
2
þ for a heavy quark

Q (or 1
2
− for a heavy antiquark Q̄) and an angular-momen-

tum/parity state jπ for a static hadron. A heavy-hadron-pair
state can be expressed in terms of the direct product of two
spin/parity states for Q and Q̄ and a static-hadron-pair state
of the form in Eq. (5). The angular-momentum operator that
generates rotations of the light-QCD fields and the heavy-
quark and heavy-antiquark spins is the static-angular-
momentum vector

Jstatic ≡ SQ þ Jlight; ð14Þ

where SQ is the sum of the two spin vectors forQ and Q̄. We
denote the quantum numbers for the total-heavy-spin vector
SQ by ðSQ;mÞ. For a heavy-hadron pair, the static-angular-
momentumvector coincideswith the sum of the spinvectors

1The factor ð−1Þ4j1j2 is −1 if both static hadrons are static
mesons and þ1 otherwise.
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for the two heavy hadrons, Jstatic ¼ J1 þ J2. Therefore,
we denote the quantum numbers for the static-angular-
momentum vector Jstatic by ðS;mSÞ.
The spin/parity state corresponding to Q at the position

þ 1
2
r is 1

2
þðþÞ. The spin/parity state corresponding to Q̄ at

the position − 1
2
r is 1

2
−ð−Þ. Their direct product can be

decomposed into states with total-heavy-spin quantum
numbers ðSQ;mÞ:����

�
1

2

þðþÞ; 1
2

−ð−Þ
�
SQ
m

�

¼
X
m0;m00

� 1
2

1
2

m0 m00

���� SQm
����� 12þm0 ðþÞ

����� 1
2
−

m00 ð−Þ
�
: ð15Þ

We have adopted the standard order of writing the (þ) state
first and the (−) state second. Reversal of this order
produces a sign:����
�
1

2

−ð−Þ;1
2

þðþÞ
�
SQ
m

�
¼ð−1ÞSQ

����
�
1

2

þðþÞ;1
2

−ð−Þ
�
SQ
m

�
:

ð16Þ
The sign is the product of a factor ð−1ÞSQ−1 from the
symmetries of Clebsch-Gordan coefficients and a factor −1
from changing the order of the fermionic operators for the
heavy quark and antiquark. From Eqs. (1), the trans-
formations under P and C of the total-heavy-spin state
in Eq. (15) are

P

����
�
1

2

þðþÞ;1
2

−ð−Þ
�
SQ
m

�
¼−

����
�
1

2

þð−Þ;1
2

−ðþÞ
�
SQ
m

�
;

ð17aÞ

C

����
�
1

2

þðþÞ;1
2

−ð−Þ
�
SQ
m

�
¼
����
�
1

2

−ðþÞ;1
2

þð−Þ
�
SQ
m

�
: ð17bÞ

On the right side of Eq. (17a), the position labels (−) and
(þ) can be put into the standard order by using Eq. (16).
Thus, Eqs. (16) and (17) imply that the state in Eq. (15) is
an eigenstate of CP with eigenvalue ð−1ÞSQþ1.
The direct product of the total-heavy-spin state in

Eq. (15) and the static-hadron-pair state in Eq. (5) can
be decomposed into states with static-angular-momentum
quantum numbers ðS;mSÞ:����

�

1

2

þðþÞ; 1
2

−ð−Þ
�
SQ;

�
jπ11 ðþÞ; jπ22 ð−Þ�j0� S

mS

�

¼
X
m;λ

�
SQ j0

m λ

���� S

mS

�

×

����
�
1

2

þðþÞ; 1
2

−ð−Þ
�
SQ
m

������jπ11 ðþÞ; jπ22 ð−Þ� j0
λ

�
: ð18Þ

An alternative basis for heavy-hadron-pair states that is
often more convenient can be obtained by starting from
direct products of a heavy-hadron state ð1

2
þ; jπ11 ÞJ1ðþÞ at

the positionþ 1
2
r and a heavy-hadron state ð1

2
−; jπ22 ÞJ2ð−Þ at

the position − 1
2
r, with the heavy-hadron states defined in

Eq. (3). The direct product can be decomposed into states
with static-angular-momentum quantum numbers ðS;mSÞ:

����

�

1

2

þ
; jπ11

�
J1ðþÞ;

�
1

2

−
; jπ22

�
J2ð−Þ

�
S

mS

�

¼
X
M1;M2

�
J1 J2
M1 M2

���� S

mS

�

×

����
�
1

2

þ
; jπ11

�
J1
M1

ðþÞ
�����

�
1

2

−
; jπ22

�
J2
M2

ð−Þ
�
; ð19Þ

where we have adopted the standard order of writing the
(þ) state first and the (−) state second. Reversal of this
order produces a sign:

����

�

1

2

−
; jπ22

�
J2ð−Þ;

�
1

2

þ
; jπ11

�
J1ðþÞ

�
S

mS

�

¼ ð−1Þ4J1J2þJ1þJ2−S

×

����

�

1

2

þ
; jπ11

�
J1ðþÞ;

�
1

2

−
; jπ22

�
J2ð−Þ

�
S

mS

�
: ð20Þ

The sign is the product of a factor ð−1ÞJ1þJ2−S from the
symmetries of Clebsch-Gordan coefficients and a factor
ð−1Þ4J1J2 from changing the order of the operators for the
heavy hadrons ð1

2
þ; jπ11 ÞJ1 and ð1

2
−; jπ22 ÞJ2.2

From Eqs. (4), the transformation properties under P and
C of the hadron-pair state in Eq. (19) are

P

����

�

1

2

þ
; jπ11

�
J1ðþÞ;

�
1

2

−
; jπ22

�
J2ð−Þ

�
S

mS

�

¼ −π1π2

����

�

1

2

þ
; jπ11

�
J1ð−Þ;

�
1

2

−
; jπ22

�
J2ðþÞ

�
S

mS

�
;

ð21aÞ

C

����

�

1

2

þ
;jπ11

�
J1ðþÞ;

�
1

2

−
;jπ22

�
J2ð−Þ

�
S

mS

�

¼
����

�

1

2

−
;jπ1ð−1Þ

2j1

1

�
J1ðþÞ;

�
1

2

þ
;jπ2ð−1Þ

2j2

2

�
J2ð−Þ

�
S

mS

�
:

ð21bÞ

2The factor ð−1Þ4J1J2 is −1 if both heavy hadrons are baryons
and þ1 otherwise.
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On the right side of Eq. (21a), the position labels (−) and
(þ) can be put into the standard order by using Eq. (20).
The hadron-pair state in Eq. (19) is a simultaneous

eigenstate of CP when the two heavy hadrons are charge

conjugates, which requires J2 ¼ J1 and jπ22 ¼ jπ1ð−1Þ
2j1

1 .
After reordering the (−) and (þ) states using Eq. (20), the
sign is the product of −π21ð−1Þ2j1 ¼ ð−1Þ2J1 and
ð−1Þ4J21þ2J1−S. Since 2J1ð2J1 þ 1Þ is even, the CP eigen-
value reduces to

η0 ¼ ð−1ÞSþ2J1 ; ð22Þ

where we have used the fact that S is an integer since
J1 ¼ J2. Outside of this special case, the hadron-pair state
in Eq. (19) is an equal-amplitude superposition of η0 ¼ þ1
and η0 ¼ −1. In this case, the normalized projection onto
each value of η0 is

����

�

1

2

þ
;jπ11

�
J1ðþÞ;

�
1

2

−
;jπ22

�
J2ð−Þ

�
S

mS
;η0

�

≡ ffiffiffi
2

p
Πη0

����

�

1

2

þ
;jπ11

�
J1ðþÞ;

�
1

2

−
;jπ22

�
J2ð−Þ

�
S

mS

�
; ð23Þ

with Πη0 the projector defined in Eq. (10).
The hadron-pair states in Eq. (19) can be expanded in

terms of the hadron-pair states defined in Eq. (18):

����

�

1

2

þ
;jπ11

�
J1ðþÞ;

�
1

2

−
;jπ22

�
J2ð−Þ

�
S

mS

�

¼ð−1Þ2j1
ffiffiffiffiffiffiffiffiffi
J̃1J̃2

q X
j0;SQ

ffiffiffiffiffiffiffiffiffi
|̃0S̃Q

q 8><
>:

1
2

1
2

SQ
j1 j2 j0

J1 J2 S

9>=
>;

×

����

�

1

2

þðþÞ;1
2

−ð−Þ
�
SQ;

�
jπ11 ðþÞ;jπ22 ð−Þ�j0� S

mS

�
; ð24Þ

where J̃ ¼ 2J þ 1 and

8><
>:

j1 j2 j3
j4 j5 j6
j7 j8 j9

9>=
>;

is a Wigner 9j symbol. The sign ð−1Þ2j1 is due to changing
the order of the light-QCD operator for the static hadron jπ11
and the fermionic operator for the heavy antiquark state 1

2
−.

III. DECAYS OF A HIDDEN-HEAVY HADRON

In this section, we determine the general form of the
coupling potential between a confining B-O potential and a
hadron-pair potential. We use it to derive selection rules for

decays of a hidden-heavy hadron and analytic results for
relative partial decay rates.

A. Coupling potentials

In the B-O approximation, a hidden-heavy hadron state
can be expanded in terms of light-QCD states in the
presence of static 3 and 3� sources at the positions þ 1

2
r

and − 1
2
r. The light-QCD state can be chosen to have B-O

quantum numbers λ and η. In the r → 0 limit, the light-
QCD state is dominated by light-QCD angular-momentum/
parity jπ. We denote the state by a ket jðþ;−Þjπ; λ; ηi in the
text and by a ket jðþ;−Þ jπλ ; ηi in equations. The multiplet
corresponding to the 2jþ 1 values of λ will be labeled
more concisely as ðþ;−Þjπ . The hidden-heavy hadron state
can be expressed in terms of integrals over r of these
r-dependent kets multiplied by wave functions.
The decay of a hidden-heavy hadron into a pair of heavy

hadrons can proceed through the transition of a light-QCD
state of the hidden-heavy hadron into a light-QCD state of a
static-hadron pair with the same B-O quantum numbers. Up
to an appropriate normalization coefficient, the B-O tran-
sition amplitude as a function of r can be defined as the
time derivative of the transition amplitude between the
light-QCD state jðþ;−Þjπ; λ; ηi of the hidden-heavy hadron
and the light-QCD state jðjπ11 ðþÞ; jπ22 ð−ÞÞj0; λ; ηi of a pair
of static hadrons,

gλ;η
�
jπ → ðjπ11 ; jπ22 Þj0�

∝
d
dt

��
jπ11 ðþÞ; jπ22 ð−Þ� j0

λ
; η

����T t;t0

����ðþ;−Þ j
π

λ
; η

�
; ð25Þ

with T t;t0 the evolution operator from time t0 to time t. The
bra and the ket on the right side are functions of r. The
rotational symmetry of QCD implies that the transition
amplitude in Eq. (25) is a function of the distance r ¼ jrj
only. The subscripts on g are quantum numbers λ and η that
are conserved in light QCD with static 3 and 3� sources.
The B-O transition amplitude in Eq. (25) induces decays

of a hidden-heavy hadron into pairs of heavy hadrons. The
decay widths can be calculated by solving a Schrödinger
equation with coupled hidden-heavy-hadron and heavy-
hadron-pair channels. The total angular momentum of the
hidden-heavy system is

J ¼ SQ þ Jlight þ LQ; ð26Þ

with LQ the orbital-angular-momentum vector of Q and Q̄.
As shown in Ref. [21] using the diabatic B-O framework,
including all the appropriate coupled channels automati-
cally ensures conservation of total angular momentum and
parity. The heavy (anti)quark spins are conserved up to
corrections suppressed by 1=mQ. Since the total-heavy-spin
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vector SQ is conserved in the heavy-quark limit, the Born-
Oppenheimer angular-momentum vector

L≡ Jlight þ LQ ð27Þ

is also conserved in the heavy-quark limit. We denote the
quantum numbers for the B-O angular-momentum vector L
by ðL;mLÞ. Hidden-heavy hadrons form approximately
degenerate B-O multiplets labeled by the angular-momen-
tum/parity LP and other quantum numbers. We denote the
quantum number for the orbital-angular-momentum vector
LQ by LQ. In general, the orbital angular momentum is not
conserved in the heavy-quark limit.
The hadron-pair states on both sides of Eq. (24) depend

on the vector r. They can be expanded in terms of orbital-
angular-momentum states jL0

Q;m
0i and then projected onto

total-angular-momentum states jJ;mJi. Furthermore, the
states on the right side of the equation can be decomposed
into states with B-O angular momentum L using the
angular-momentum recoupling identity,

����½ðSQ; j0ÞS; L0
Q�

J

mJ

�

¼ ð−1ÞSQþj0þL0
QþJ

ffiffiffĩ
S

p X
L

ffiffiffiffĩ
L

p � SQ j0 S

L0
Q J L




×

�����SQ; ðj0; L0
QÞL

� J

mJ

�
; ð28Þ

where fj1j4
j2
j5

j3
j6
g is a Wigner 6j symbol. Finally, the states

can be projected onto states with definite CP-parity η0:
����
�
�

1

2

þ
;jπ11

�
J1;

�
1

2

−
;jπ22

�
J2

�
S;L0

Q



J

mJ
;η0

�

¼Nð−1Þ2j1þL0
QþJ

ffiffiffiffiffiffiffiffiffiffiffiffi
J̃1J̃2S̃

q

×
X
j0;SQ;L

ð−1Þj0þSQ

ffiffiffiffiffiffiffiffiffiffiffiffi
|̃0S̃QL̃

q �SQ j0 S

L0
Q J L


8><
>:

1
2

1
2

SQ
j1 j2 j0

J1 J2 S

9>=
>;

×

����
��

1

2

þ
;
1

2

−
�
SQ; ½ðjπ11 ;jπ22 Þj0;L0

Q�L



J

mJ
;η0

�
; ð29Þ

where the normalization coefficient N is 1 unless the two
static hadrons jπ11 and jπ22 are charge conjugates. Even in
this case, N differs from 1 only if J1 ≠ J2, in which case
N ¼ ffiffiffi

2
p

. This dependence of N on the quantum numbers
has been suppressed in Eq. (29). Note that we have dropped
the arguments (þ) and (−) since we have expanded the state
of two heavy hadrons at the positions þ 1

2
r and − 1

2
r into

states with orbital angular momentum L0
Q and distance r.

In Ref. [21], the diabatic B-O approximation was used to
derive a simple expression for the coupling potentials with

total angular momentum J in terms of the light-QCD
transition amplitudes. Using the techniques of Ref. [21], it
is possible to derive a similar expression for the transition
amplitudes with B-O angular momentum L in terms of the
light-QCD transition amplitudes:

GP
L;η

�
jπ; LQ → ðjπ11 ; jπ22 Þj0; L0

Q

�
¼ ð−1ÞLQþL0

Q

X
λ

�
j L

λ −λ

����LQ

0

��
j0 L

λ −λ

����L0
Q

0

�

× gλ;η
�
jπ → ðjπ11 ; jπ22 Þj0�; ð30Þ

with LQ and L0
Q the orbital angular momenta for the

hidden-heavy hadron and the heavy-hadron pair, respec-
tively. The superscript on G is the quantum number P that
is exactly conserved. The subscripts on G are quantum
numbers L and η that are conserved in the heavy-quark
limit. Note that the quantum numbers P, π, and LQ are
constrained according to

P ¼ πð−1ÞLQþ1: ð31Þ

The right side is the product of the parity quantum
numbers for the light-QCD state and the QQ̄ total-
angular-momentum state.
In contrast to the coupling potentials in Ref. [21],

the transition amplitudes in Eq. (30) do not take into
account the heavy (anti)quark spins but they have the
advantage that they allow the conservation of L to be
exploited. The corresponding transition operator can be
obtained by multiplying Eq. (30) on the left by the ket
j½ðjπ11 ; jπ22 Þj0; L0

Q�L;mL; ηi and on the right by the bra
hðjπ; LQÞL;mL; ηj and then summing over j0, L0

Q, LQ, L,
mL, and η. Note that we have dropped the argument ðþ;−Þ
of jπ since we have expanded the state of Q and Q̄ at the
positions þ 1

2
r and − 1

2
r into states with orbital angular

momentum LQ and distance r.
The transition operator with the heavy (anti)quark spins

included can be obtained by multiplying the transition
operator corresponding to the transition amplitudes in
Eq. (30) by the identity operator for the heavy (anti)quark
spins, which can be expressed as a sum of projectors
jSQ;mihSQ;mj over the quantum numbers SQ and m. The
coupling potentials are obtained by taking the matrix
element between the bra corresponding to the heavy-
hadron-pair state in Eq. (29) and the hidden-heavy-hadron
state j½ð1

2
þ; 1

2
−ÞSQ; ðjπ; LQÞL�J;mJ; η0i. Note that the state

in Eq. (29) contains a sum over the quantum numbers j0,
SQ, and L. The matrix element simplifies in the heavy-
quark limit, since SQ and L are conserved in this limit.
Thus, only the sum over j0 survives in the heavy-quark limit
of the matrix element. The resulting coupling potentials
reduce to
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VJ;P;η0
SQ;L;η

�
jπ; LQ →


�
1

2

þ
; jπ11

�
J1;

�
1

2

−
; jπ22

�
J2

�
S; L0

Q

�

¼ Nð−1Þ2j1þSQþL0
QþJ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J̃1J̃2S̃S̃QL̃

q

×
X
j0
ð−1Þj0

ffiffiffiffi
|̃0

p � SQ j0 S

L0
Q J L


8><
>:

1
2

1
2

SQ
j1 j2 j0

J1 J2 S

9>=
>;

×GP
L;η

�
jπ; LQ → ðjπ11 ; jπ22 Þj0; L0

Q

�
: ð32Þ

The superscripts on V are quantum numbers J, P, and η0
that are exactly conserved. The subscripts on V are
quantum numbers SQ, L, and η that are conserved in the
heavy-quark limit. Note that the quantum numbers η0, η,
and SQ are constrained according to

η0 ¼ ηð−1ÞSQþ1: ð33Þ

The right side is the product of the CP quantum numbers
for the light-QCD state and the QQ̄ total-heavy-spin state.

B. Selection rules

The transition of the light-QCD state ðþ;−Þjπ of a
hidden-heavy hadron into the state of a pair of static
hadrons jπ11 ðþÞ and jπ22 ð−Þ is forbidden if the B-O quantum
numbers of the former, λ and η (and ϵ), cannot be obtained
from any of the static-hadron-pair states ðjπ11 ; jπ22 Þj0 with j0

ranging from jj1 − j2j to j1 þ j2. This implies model-
independent Born-Oppenheimer selection rules.

1. Selection rules for λ

There is a B-O selection rule that follows from con-
servation of λ. It states that the value of jλj cannot exceed
the maximum value of j0 for a static-hadron-pair with
quantum numbers jπ11 and jπ22 ,

jλj ≤ j1 þ j2: ð34Þ

If the two static hadrons are charge conjugates, this B-O
selection rule becomes more restrictive upon taking into
account conservation of η in accordance with Eq. (8). In
this case, which requires j2 ¼ j1, the range of j0 is from 0
to 2j1. The largest value j0 ¼ 2j1 is possible only if
η ¼ þ1 since 4j1 is always even. If η ¼ −1, the largest
value of j0 is 2j1 − 1 and the selection rule for λ in
Eq. (34) is replaced by3

jλj ≤ 2j1 − 1: ð35Þ

2. Selection rules for ϵ

In the special case λ ¼ 0, the B-O quantum numbers are
Σϵ
η and there is a B-O selection rule associated with

conservation of ϵ. Following Eq. (13), the static-hadron-
pair states with integer j0 and λ ¼ 0 are eigenstates of
reflectionsRwith eigenvalue π1π2ð−1Þj0 . Thus, if the light-
QCD state of the hidden-heavy hadron is Σϵ

η, ϵ must satisfy

ϵ ¼ π1π2ð−1Þj0 : ð36Þ

If the two static hadrons are charge conjugates, the
selection rule for ϵ in Eq. (36) implies a selection rule for η.
Conservation of η, Eq. (8), and conservation of ϵ, Eq. (36)
with π2 ¼ π1ð−1Þ2j1 , together imply

η ¼ ϵ: ð37Þ

Concretely, Eq. (37) states that a hidden-heavy hadron with
B-O quantum numbers Σ−

g or Σþ
u cannot decay into a pair of

charge-conjugate static hadrons.

3. Selection rules for orbital
angular momentum and spin

There are selection rules associated with conservation of
parity and angular momentum. For a hidden-heavy hadron
with parity P, conservation of parity implies

P ¼ P1P2ð−1ÞL
0
Q; ð38Þ

with P1 and P2 the parities of the two heavy hadrons.
Conservation of angular momentum implies triangle con-
ditions that can be read from the Wigner 6j and 9j symbols
in Eq. (32). The most interesting selection rules of this kind
are triangle conditions for the triads of quantum numbers
ðSQ; j0; SÞ and ðL0

Q; j
0; LÞ. They can be expressed as a

selection rule on S:

jSQ − j0j ≤ S ≤ SQ þ j0; ð39Þ

and a selection rule on L0
Q:

jL − j0j ≤ L0
Q ≤ Lþ j0: ð40Þ

C. Relative partial decay rates

The coupling potentials defined by inserting Eq. (30)
into Eq. (32) depend on theQQ̄ distance r only through the
B-O transition amplitudes gλ;η introduced in Eq. (25). In
general, calculating the decay width of a hidden-heavy
hadron into a pair of heavy hadrons requires the solution of
a coupled-channel Schrödinger equation. However, in some
simple cases one can derive analytic expressions for the

3Note that if j1 ¼ j2 ¼ 0, Eq. (34) becomes λ ¼ 0 and Eq. (35)
does not apply.
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relative partial decay rates without solving any Schrödinger
equation.
Let us consider the decays of two hidden-heavy

hadrons ΨðLP;SQαÞJα and ΨðLP;SQβÞJβ into heavy-hadron pairs
Φj

π1
1
;J1α

;Φj
π2
2
;J2α

and Φj
π1
1
;J1β

;Φj
π2
2
;J2β

, respectively. The hid-

den-heavy hadrons ΨðLP;SQαÞJα and ΨðLP;SQβÞJβ belong to the

same B-O multiplet with angular-momentum/parity LP and
they have total heavy spins SQα and SQβ and total hadron
spins Jα and Jβ. The heavy hadrons Φj

π1
1
;J1α

and Φj
π1
1
;J1β

belong to the same HQSS doublet with light-QCD quantum
numbers jπ11 and they have spins J1α and J1β. The heavy
hadrons Φj

π2
2
;J2α

and Φj
π2
2
;J2β

belong to the same HQSS

doublet with light-QCD quantum numbers jπ22 and they
have spins J2α and J2β.
We consider decays into heavy-hadron pairs Φj

π1
1
;J1α

;

Φj
π2
2
;J2α

and Φj
π1
1
;J1β

;Φj
π2
2
;J2β

with the same orbital angular

momentum L0
Q. Their coupling potentials with the hidden-

heavy hadrons ΨðLP;SQαÞJα and ΨðLP;SQβÞJβ are obtained by
inserting Eq. (30) into Eq. (32). Note that, in addition to the
orbital angular momentum L0

Q, the coupling potentials also
depend on the static angular momentum S, which for the
heavy-hadron pairs Φj

π1
1
;J1α

;Φj
π2
2
;J2α

or Φj
π1
1
;J1β

;Φj
π2
2
;J2β

is

just the total heavy-hadron spin Sα or Sβ. We will assume
here that the angular distributions of the heavy-hadron pairs
Φj

π1
1
;J1α

;Φj
π2
2
;J2α

and Φj
π1
1
;J1β

;Φj
π2
2
;J2β

are not measured. We

therefore consider decay rates summed over all possible
values of Sα and Sβ.
The phase space for a pair of heavy hadrons Φj

π1
1
;J1α

;

Φj
π2
2
;J2α

with orbital angular momentum L0
Q is proportional

to v
2L0

Qþ1
α , where vα is the velocity of either heavy hadron in

the center-of-momentum frame. The velocity vα is deter-
mined by the mass of ΨðLP;SQαÞJα and the masses of Φj

π1
1
;J1α

and Φj
π2
2
;J2α

.

If a single B-O transition amplitude gλ;η dominates the
coupling potentials, then the sum over λ in Eq. (30) and the
sum over j0 in Eq. (32) both reduce to one single term. In
this case, the radial dependence factors out of the coupling
potentials between ΨðLP;SQαÞJα and Φj

π1
1
;J1α

;Φj
π2
2
;J2α

and

between ΨðLP;SQβÞJβ and Φj
π1
1
;J1β

;Φj
π2
2
;J2β

. The ratio of the

coupling potentials can then be expressed in terms of
Wigner 6j and 9j symbols.
The simple ratio of coupling potentials implies a simple

ratio of partial decay rates if in addition the kinetic energies
of the heavy hadrons Φj

π1
1
;J1α

, Φj
π2
2
;J2α

and Φj
π1
1
;J1β

, Φj
π2
2
;J2β

are much larger than their spin splittings, that is, if the
masses of the hidden-heavy hadrons ΨðLP;SQαÞJα and
ΨðLP;SQβÞJβ are both well above the corresponding hadron-
pair thresholds. In this case, the ratio of the partial decay

rates normalized by the phase-space factors v
2L0

Qþ1
α and

v
2L0

Qþ1

β can be approximated by the square of the ratio of the
coupling potentials, which is a rational number:

dΓðΨðLP;SQαÞJα →
�
Φj

π1
1
;J1α

;Φj
π2
2
;J2α

ÞL0
Q

�
=v

2L0
Qþ1

α

dΓðΨðLP;SQβÞJβ →
�
Φj

π1
1
;J1β

;Φj
π2
2
;J2β

ÞL0
Q

�
=v

2L0
Qþ1

β

≈
N2

αS̃QαJ̃1αJ̃2α
N2

βS̃QβJ̃1βJ̃2β

P
Sα S̃α

(
SQα j0 Sα
L0
Q Jα L

)
2

8><
>:

1
2

1
2

SQ
j1 j2 j0

J1α J2α Sα

9>=
>;

2

P
Sβ S̃β

(
SQβ j0 Sβ
L0
Q Jβ L

)
2

8><
>:

1
2

1
2

SQ
j1 j2 j0

J1β J2β Sβ

9>=
>;

2
;

ð41Þ

where Nα and Nβ are normalization coefficients defined
after Eq. (32). The factor N2

α is 1 unless the two static
hadrons jπ11 and jπ22 are charge conjugates. Even in this case,
N2

α differs from 1 only if J1α ≠ J2α, in which case N2
α ¼ 2.

If the two hidden-heavy hadrons are bothΨðLP;SQαÞJα , which
requires SQβ ¼ SQα and Jβ ¼ Jα, the ratio in Eq. (41) gives
a branching ratio for the hidden-heavy hadron.
Note that the relative partial decay rates in Eq. (41) are

independent of the orbital angular momentum LQ of the
QQ̄ pair inside the hidden-heavy hadrons ΨðLP;SQαÞJα and
ΨðLP;SQβÞJβ . The dependence of the coupling potential

VJ;P;η0
SQ;L;η

in Eq. (32) on LQ enters only through the GP
L;η

factor defined in Eq. (30). If only a single gλ;η factor
contributes to the decay, then only a single GP

L;η contributes
and it cancels in the relative partial decay rates. Not
depending on LQ is an essential condition for the relative
partial decay rates to be predictable without knowing the
radial dependence of the B-O potentials. In fact, a hidden-
heavy-hadron state may contain several components with
different values of LQ since it is in general not conserved.
The relative partial decay rates in Eq. (41) do depend on the
B-O angular-momentum L, which is conserved in the
heavy-quark limit.
Heavy-quark spin symmetry can be applied to heavy-

hadron pairs with equal velocities, vα ¼ vβ. Note that,
because of spin splittings, the predictions of heavy-quark
spin symmetry are good approximations only when the
difference between the velocities vα and vβ is small.
The relative partial decay rates in Eq. (41) apply to

decays in which there is one single B-O transition ampli-
tude gλ;η. In instances where there is a dominant B-O
transition amplitude gλ;η but there are also subdominant
B-O transition amplitudes, the relative partial decay rates in
Eq. (41) correspond to the leading-order approximation in
which the subdominant B-O transition amplitudes are taken
to zero. Ideally, small corrections to this approximation
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could be implemented using perturbation theory. But these
corrections would spoil the factorization of the radial
dependence that is necessary to predict the relative partial
decay rates without solving a Schrödinger equation, mak-
ing such a perturbative expansion of little practical utility.

IV. QUARKONIA AND
QUARKONIUM HYBRIDS

In this section, we explicitly point out selection rules and
relative partial decay rates for decays of quarkonia and
quarkonium hybrids into pairs of heavy mesons. We focus
on the three lightest HQSS doublets of heavy mesons, that
is, S-wave, P−-wave, and Pþ-wave mesons. The light-
QCD quantum numbers of an S-wave meson are 1

2
− if it has

the flavor of a light antiquark and 1
2
þ if it has the flavor of a

light quark. The corresponding light-QCD quantum num-
bers are 1

2
þ and 1

2
− for a P−-wave meson and 3

2
þ and 3

2
− for a

Pþ-wave meson. The JP quantum numbers of an S-wave
meson are 0− or 1−. They are 0þ or 1þ for a P−-wave
meson and 1þ or 2þ for a Pþ-wave meson.
We will only consider decays into the three lightest pairs

of heavy mesons; Sþ S, Sþ P−, and Sþ Pþ. For the sake
of simplicity, we choose the first heavy meson (S-wave) to
have the flavor of a light antiquark and the second heavy
meson (S-, P−-, or Pþ-wave) to have the flavor of a light
quark. The CP eigenvalue η0 of the meson pair is deter-
mined by Eq. (33) in terms of the B-O quantum number η
of the hidden-heavy hadron and the total heavy spin SQ.

A. Quarkonium decays

Quarkonia are associated with bound states in the lowest
confining Σþ

g potential, with B-O quantum numbers λ ¼ 0,
η ¼ þ1, and ϵ ¼ þ1. Their light-QCD state at short
distances is dominated by angular-momentum/parity
jπ ¼ 0þ. The B-O angular momentum is therefore equal
to the orbital angular momentum, L ¼ LQ. A quarkonium
multiplet consists of several quarkonia with same orbital
angular momentum LQ and parity P ¼ ð−1ÞLQþ1 but
different quantum numbers SQ and J. The C-parity is
determined by the orbital angular momentum LQ and
the total heavy spin SQ as C ¼ ð−1ÞLQþSQ .

1. Selection rules

An Sþ Smeson pair corresponds to light-QCD quantum
numbers ð1

2
−; 1

2
þÞj0 with j0 ¼ 0 or 1. The selection rule for ϵ

in Eq. (36) requires j0 ¼ 1. The parities of the mesons are
P1 ¼ P2 ¼ −1. Conservation of parity in Eq. (38) requires
ð−1ÞLQþ1 ¼ ð−1ÞL0

Q . The selection rule for L0
Q in Eq. (40)

then requires

L0
Q ¼

�
LQ − 1; LQ þ 1 if LQ ≥ 1;

1 if LQ ¼ 0:
ð42Þ

This selection rule was derived long ago using quark-pair-
creation models; see, for instance, Refs. [22,23] and
references therein. It implies that Sþ S meson pairs in a
relative S-wave (L0

Q ¼ 0) can only be produced by the
decay of quarkonia in multiplets with LQ ¼ 1.
An Sþ P− meson pair corresponds to light-QCD quan-

tum numbers ð1
2
−; 1

2
−Þj0 with j0 ¼ 0 or 1. The selection rule

for ϵ in Eq. (36) requires j0 ¼ 0. The selection rule for S in
Eq. (39) then requires

S ¼ SQ: ð43Þ

The selection rule for L0
Q in Eq. (40) requires

L0
Q ¼ LQ: ð44Þ

This selection rule implies that Sþ P− meson pairs in a
relative S-wave can only be produced by the decay of
quarkonia in multiplets with LQ ¼ 0.
An Sþ Pþ meson pair corresponds to light-QCD

quantum numbers ð1
2
−; 3

2
−Þj0 with j0 ¼ 1 or 2. The selection

rule for ϵ in Eq. (36) requires j0 ¼ 2. The parities of the
mesons are P1 ¼ −1, P2 ¼ þ1. Conservation of parity in
Eq. (38) requires ð−1ÞLQþ1 ¼ ð−1ÞL0

Qþ1. The selection rule
for L0

Q in Eq. (40) then requires

L0
Q ¼

8><
>:

LQ − 2; LQ; LQ þ 2 if LQ ≥ 2;

1; 3 if LQ ¼ 1;

2 if LQ ¼ 0:

ð45Þ

This selection rule implies that Sþ Pþ meson pairs in a
relative S-wave can only be produced by the decay of
quarkonia in multiplets with LQ ¼ 2. Conversely, for the
decays of S-wave quarkonia (LQ ¼ 0), whose JPC quantum
numbers are either 0−þ or 1−−, this selection rule requires
L0
Q ¼ 2. This selection rule for the 1−− case was previously

derived by Li and Voloshin, who pointed out that the
S-wave production in eþe− annihilation of an Sþ Pþ
meson pair is suppressed [24].

2. Relative partial decay rates

For heavy-meson-pair decays of quarkonia, which are
associated with bound states in the Σþ

g potential, conser-
vation of λ requires λ ¼ 0. Therefore, the relative partial
decay rates for quarkonia in the same B-O multiplet into
pairs of heavy mesons in specific HQSS doublets are
predictable without solving any Schrödinger equation if
one value of j0 dominates the transition. As shown before
Eqs. (42), (43), and (45), this condition is fulfilled by Sþ S,
Sþ P−, and Sþ Pþ meson pairs. The dominant values of
j0 are 1, 0, and 2, respectively. Here we will limit ourselves
to quarkonium multiplets with LQ ¼ 0 and 1, which are the
quantum numbers of the lowest two quarkoniummultiplets.
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A quarkonium multiplet with orbital angular momentum
LQ ¼ 0 (S-wave) has angular-momentum/parity LP ¼ 0−.
A multiplet with these quantum numbers consists of one
SQ ¼ 0 state with JPC ¼ 0−þ and one SQ ¼ 1 state with
JPC ¼ 1−−. Our predictions for the relative partial decay
rates into Sþ S, Sþ P−, and Sþ Pþ meson pairs are
reported in Table I in the form of ratios of integers.
A quarkonium multiplet with orbital angular momentum

LQ ¼ 1 (P-wave) has angular-momentum/parity LP ¼ 1þ.
A multiplet with these quantum numbers consists of one
SQ ¼ 0 state with JPC ¼ 1þ− and three SQ ¼ 1 states with
JPC ¼ 0þþ, 1þþ, and 2þþ. Our predictions for the relative
partial decay rates into Sþ S, Sþ P−, and Sþ Pþ meson
pairs are reported in Table II in the form of ratios of
integers.
Under the narrow-resonance approximation, the ratios of

the cross-sections for eþe− annihilation into pairs of heavy
mesons with the same orbital angular momentum L0

Q at the
center-of-mass energy of a JPC ¼ 1−− QQ̄ resonance are
given by Eq. (41) by replacing ΨðLP;SQαÞJα and ΨðLP;SQβÞJβ
with the QQ̄ state with SQ ¼ 1, L ¼ LQ ¼ 0, and J ¼ 1.
The eþe− production cross sections for BB̄, BB̄� þ B�B̄,
and B�B̄� are in the proportion 1∶4∶7, as can be seen from
the entries for JPC ¼ 1−− in the first rows of Table I. This
result was derived long ago using heavy-quark spin
symmetry [25]. In the B�B̄� cross section, the factor of
7 can be decomposed into the contributions 1=3 and 20=3
from the sum over total-heavy-meson spins S ¼ 0 and
S ¼ 2 [26].

B. Quarkonium hybrid decays

The lowest-energy quarkonium hybrids are associated
with bound states in confining Πu and Σ−

u potentials. Their
light-QCD state at short distances is dominated by angular-
momentum/parity jπ ¼ 1þ. A hybrid multiplet consists of

several quarkonium hybrids with the same B-O angular
momentum L and parity P but different quantum numbers
SQ and J. The C-parity is determined by the parityP and the
total heavy spin SQ as C ¼ Pð−1ÞSQ . There are three
different types of hybrid multiplets:

(i) Multiplets with L ≥ 1 and P ¼ þð−1ÞL consisting
of bound states in coupled Πu and Σ−

u potentials;
(ii) Multiplets with L ≥ 1 and P ¼ −ð−1ÞL consisting

of bound states in the Πu potential;
(iii) Multiplets with L ¼ 0 and P ¼ þ1 consisting of

bound states in the Σ−
u potential.

1. Selection rules

An Sþ Smeson pair corresponds to light-QCD quantum
numbers ð1

2
−; 1

2
þÞj0 with j0 ¼ 0 or 1. Since the Πu and Σ−

u

potentials have CP quantum number η ¼ −1, conservation
of CP, Eq. (8), requires j0 ¼ 0 and therefore λ ¼ 0. This
implies that quarkonium hybrids associated with bound
states in the Πu potential are forbidden to decay into Sþ S
meson pairs. On the other hand, quarkonium hybrids
associated with bound states in the Σ−

u potential or bound
states in the coupled Πu and Σ−

u potentials are allowed to
decay into Sþ S meson pairs. This model-independent
result, which was first pointed out in Ref. [27], contradicts
the conventional wisdom for the last 40 years based on
quark-pair-creation models that hybrid mesons are forbid-
den to decay into pairs of heavy-mesons with identical

TABLE I. Relative partial decay rates for S-wave quarkonia
(LQ ¼ 0) with JPC¼0−þ and 1−− into SþS, Sþ P−, and Sþ Pþ

meson pairs.

0−þ 1−−

Sþ S (P-wave) BB̄ 0 1
BB̄� þ B�B̄ 6 4

B�B̄� 6 7

Sþ P− (S-wave) B�
0B̄þ BB̄�

0
1 0

B�
0B̄

� þ B�B̄�
0

0 1
B1B̄þ BB̄1 0 1
B1B̄� þ B�B̄1 3 2

Sþ Pþ (D-wave) B1B̄þ BB̄1 0 1
B1B̄� þ B�B̄1 3 2
B�
2B̄þ BB̄�

2
2 1

B�
2B̄

� þ B�B̄�
2

3 4

TABLE II. Relative partial decay rates for P-wave quarkonia
(LQ ¼ 1) with JPC ¼ 1þ−, 0þþ, 1þþ, and 2þþ into Sþ S,
Sþ P−, and Sþ Pþ meson pairs.

1þ− 0þþ 1þþ 2þþ

Sþ S (S-wave) BB̄ 0 3 0 0
BB̄� þ B�B̄ 2 0 4 0

B�B̄� 2 1 0 4

Sþ S (D-wave) BB̄ 0 0 0 3
BB̄� þ B�B̄ 10 0 5 9

B�B̄� 10 20 15 8

Sþ P− (P-wave) B�
0B̄þ BB̄�

0
1 0 0 0

B�
0B̄

� þ B�B̄�
0

0 1 1 1
B1B̄þ BB̄1 0 1 1 1
B1B̄� þ B�B̄1 3 2 2 2

Sþ Pþ (P-wave) B1B̄þ BB̄1 0 100 25 1
B1B̄� þ B�B̄1 60 50 80 14
B�
2B̄þ BB̄�

2
40 0 45 9

B�
2B̄

� þ B�B̄�
2

60 10 10 136

Sþ Pþ (F-wave) B1B̄þ BB̄1 0 0 0 18
B1B̄� þ B�B̄1 30 0 15 27
B�
2B̄þ BB̄�

2
20 0 10 12

B�
2B̄

� þ B�B̄�
2

30 80 55 23
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spatial structure [28–36]. The selection rule for S in
Eq. (39) then requires

S ¼ SQ; ð46Þ

which was first derived in Ref. [27]. The spin selection rule
in Eq. (46) implies that quarkonium hybrids may decay into
either BB̄, which has S ¼ 0, or BB̄� and B�B̄, which have
S ¼ 1, but never both. The selection rule for L0

Q in Eq. (40)
requires

L0
Q ¼ L; ð47Þ

which was first derived in Ref. [37]. This selection rule
implies that Sþ S meson pairs in a relative S-wave
(L0

Q ¼ 0) can only be produced by the decays of quarko-
nium hybrids in multiplets with LP ¼ 0þ.
An Sþ P− meson pair corresponds to light-QCD quan-

tum numbers ð1
2
−; 1

2
−Þj0 with j0 ¼ 0 or 1. By conservation of

λ, the Πu potential couples only to j0 ¼ 1. For the Σ−
u

potential, the selection rule for ϵ in Eq. (36) requires
j0 ¼1 as well. Therefore, the decay of a quarkonium hybrid
into anSþ P−mesonpair proceeds only through j0 ¼ 1. The
parities of the mesons areP1 ¼ −1, P2 ¼ þ1. Conservation
of parity in Eq. (38) requires P ¼ ð−1ÞL0

Qþ1. The selection
rule for L0

Q in Eq. (40) then requires

L0
Q ¼

8><
>:
L−1;Lþ1 if L≥ 1 and P¼þð−1ÞL;
L if L≥ 1 and P¼−ð−1ÞL;
1 if L¼ 0 andP¼þ1:

ð48Þ

This selection rule implies that Sþ P− meson pairs in a
relative S-wave can only be produced by the decays of
quarkonium hybrids in multiplets with LP ¼ 1−.
An Sþ Pþ meson pair corresponds to light-QCD

quantum numbers ð1
2
−; 3

2
−Þj0 with j0 ¼ 1 or 2. The Πu

potential can couple to both j0 ¼ 1 and 2. For the Σ−
u

potential, the selection rule for ϵ in Eq. (36) requires j0 ¼ 1.
For decays of a quarkonium hybrid with L ¼ 0, which is a
bound state in the Σ−

u potential, one has j0 ¼ 1. For decays
of a quarkonium hybrid with L ≥ 1, which is a bound state
either in the Πu potential or in coupled Πu and Σ−

u
potentials, one has j0 ¼ 1 or 2. The parities of the mesons
are P1 ¼ −1, P2 ¼ þ1. Conservation of parity in Eq. (38)
requires P ¼ ð−1ÞL0

Qþ1. The selection rule for L0
Q in

Eq. (40) then requires

L0
Q ¼

8>>>><
>>>>:

L−2;L;Lþ2 if L≥ 2 and P¼−ð−1ÞL;
L−1;Lþ1 if L≥ 1 and P¼þð−1ÞL;
1;3 if L¼ 1 andP¼þ1;

1 if L¼ 0 andP¼þ1:

ð49Þ

This selection rule implies that Sþ Pþ meson pairs in a
relative S-wave can only be produced by the decays of
quarkonium hybrids in multiplets with LP ¼ 1− and 2−.

2. Relative partial decay rates

Whether the relative partial decay rates for quarkonium
hybrids into pairs of heavy mesons are predictable without
solving any Schrödinger equation depends on the hybrid
B-O multiplet as well as the heavy-meson HQSS doublets.
Here we will limit ourselves to hybrid multiplets with the
same angular-momentum/parity LP as the lowest three
hybrid multiplets.
The lowest hybrid multiplet has angular-momentum/

parity LP ¼ 1−. A multiplet with these quantum numbers
consists of one SQ ¼ 0 state with JPC ¼ 1−− and three
SQ ¼ 1 states with JPC ¼ 0−þ, 1−þ, and 2−þ. Since they
are associated with a bound state in coupled Πu and Σ−

u
potentials, the value of λ can be either 0 or 1. Therefore, the
relative partial decay rates are predictable only if j0 ¼ 0
dominates the transition. As shown before Eqs. (46), (48),
and (49), this condition is fulfilled by Sþ S meson pairs
but not by Sþ P− or Sþ Pþ meson pairs. Our predictions
for the relative partial decay rates into Sþ S meson pairs
are reported in Table III in the form of ratios of integers.
Note that these nonzero decay rates contradict the conven-
tional wisdom on decays of hybrid mesons, as first pointed
out in Ref. [27].
The second lowest hybrid multiplet has angular-momen-

tum/parity LP ¼ 1þ. A multiplet with these quantum
numbers consists of one SQ ¼ 0 state with JPC ¼ 1þþ

and three SQ ¼ 1 states with JPC ¼ 0þ−, 1þ−, and 2þ−.
Since they are associated with a bound state in the Πu
potential, one necessarily has λ ¼ 1. Therefore, the relative
partial decay rates are predictable if one value of j0
dominates the transition. As shown before Eq. (48), this
condition is fulfilled by Sþ P− meson pairs since the
dominant value of j0 is 1. As shown before Eq. (49), this
condition is generally not satisfied by Sþ Pþ meson pairs
since there are two dominant values of j0, that is, 1 and 2.
Incidentally, the condition is satisfied by Sþ Pþ meson
pairs in a relative F-wave (L0

Q ¼ 3) since a single dominant
value j0 ¼ 2 is required by the selection rule in Eq. (40)

TABLE III. Relative partial decay rates for LP ¼ 1− quarko-
nium hybrids with JPC ¼ 1−−, 0−þ, 1−þ, and 2−þ into Sþ S
meson pairs. Decays into Sþ P− and Sþ Pþ meson pairs are not
listed, because the relative partial decay rates are not completely
determined by B-O symmetries.

1−− 0−þ 1−þ 2−þ

Sþ S (P-wave) BB̄ 1 0 0 0
BB̄� þ B�B̄ 0 2 2 2

B�B̄� 3 2 2 2
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with L0
Q ¼ 3 and L ¼ 1, which forbids j0 ¼ 1. Decays into

Sþ S meson pairs are forbidden, since these hybrid
multiplets have no component associated with the Σ−

u
potential. Our predictions for the relative partial decay
rates into Sþ P− and Sþ Pþ (F-wave) meson pairs are
reported in Table IV in the form of ratios of integers.
The third lowest hybridmultiplet has angular-momentum/

parity LP ¼ 0þ. A multiplet with these quantum numbers
consists of one SQ ¼ 0 state with JPC ¼ 0þþ and one SQ ¼
1 statewith JPC ¼ 1þ−. Since they are associatedwith bound
states in the Σ−

u potential, one necessarily has λ ¼ 0.
Therefore, the relative partial decay rates are predictable if
one j0 dominates the transition. As shown before Eqs. (46),
(48), and (49), this condition is fulfilled by Sþ S, Sþ P−,
and Sþ Pþ meson pairs. The dominant values of j0 are 0, 1,
and 1, respectively. Our predictions for the relative partial
decay rates into Sþ S, Sþ P−, and Sþ Pþ meson pairs are

reported in Table V in the form of ratios of integers. Note that
the nonzero decay rates intoSþ Smeson pairs contradict the
conventional wisdom on decays of hybrid mesons, as first
pointed out in Ref. [27].

V. COMPARISON WITH QUARK-PAIR-
CREATION MODELS

In constituent-quark models, the strong decay of a quark-
antiquark meson or a 3-quark baryon requires the creation
of light quark-antiquark pairs. Strong decays of a hadron
into pairs of hadrons have been calculated using quark-pair-
creation models; see Refs. [22,23] and references therein.
The most popular models fall under the category of nonflip
triplet decay models, which assume the transition operator
has a vector structure both in coordinate space and in spin
space. The dependence of the transition amplitude on
angular-momentum quantum numbers is identical in all
nonflip triplet decay models. The angular-momentum
coefficients and selection rules for the decays of a meson
into pairs of mesons have been derived in the most general
form in Ref. [23]. In this section, we briefly review these
results and compare them with the B-O predictions.

A. Transition amplitudes

In constituent-quark models, a meson is labeled by a
“principal” quantum number n (n ¼ 1 for the ground state
and n ¼ 2; 3;… for excited states) and by quantum numbers
for the total constituent-quark spin vector S, the (internal)
orbital-angular-momentum vector L, and the total-angular-
momentum vector J ¼ Sþ L. The corresponding quantum
numbers of the decaying meson are n, SQ, LQ, and J. The
corresponding quantum numbers of each final-state meson
i ¼ 1, 2 are ni, Si, Li, and Ji. We label the total spin of the
two heavy mesons by S and the (relative) orbital angular
momentum between them by L0

Q. In Ref. [23], the transition
amplitude M is generally expressed as4

MS;L0
Q

2
64
n SQ LQ J

n1 S1 L1 J1
n2 S2 L2 J2

3
75
�

¼
X
L0;L00

ξL
0;L00

S;L0
Q

2
64
SQ LQ J

S1 L1 J1
S2 L2 J2

3
75
�

AL0;L00
L0
Q

2
64
n LQ

n1 L1

n2 L2

3
75
�

; ð50Þ

where the ξ’s are angular-momentumcoefficients that are the
same for all nonflip triplet decay models and the A’s are
matrix elements involving the spatial overlap of quark-
model wave functions that depend on the specific model.
Their dependence on the quantum numbers associated with

TABLE IV. Relative partial decay rates for LP ¼ 1þ quarko-
nium hybrids with JPC ¼ 1þþ, 0þ−, 1þ−, and 2þ− into Sþ P−

and Sþ Pþ (F-wave) meson pairs. Decays into Sþ S meson
pairs are not listed, because they are forbidden by B-O sym-
metries. Decays into Sþ Pþ (P-wave) meson pairs are not listed,
because the relative partial decay rates are not completely
determined by B-O symmetries.

1þþ 0þ− 1þ− 2þ−

Sþ P− (P-wave) B�
0B̄þ BB̄�

0
0 0 2 0

B�
0B̄

� þ B�B̄�
0

2 4 1 1
B1B̄þ BB̄1 2 4 1 1
B1B̄� þ B�B̄1 4 0 4 6

Sþ Pþ (F-wave) B1B̄þ BB̄1 0 0 0 18
B1B̄� þ B�B̄1 30 0 15 27
B�
2B̄þ BB̄�

2
20 0 10 12

B�
2B̄

� þ B�B̄�
2

30 80 55 23

TABLE V. Relative partial decay rates for LP ¼ 0þ quarko-
nium hybrids with JPC ¼ 0þþ and 1þ− into Sþ S, Sþ P−, and
Sþ Pþ meson pairs.

0þþ 1þ−

Sþ S (S-wave) BB̄ 1 0
BB̄� þ B�B̄ 0 2

B�B̄� 3 2

Sþ P− (P-wave) B�
0B̄þ BB̄�

0
0 1

B�
0B̄

� þ B�B̄�
0

3 2
B1B̄þ BB̄1 3 2
B1B̄� þ B�B̄1 6 7

Sþ Pþ (P-wave) B1B̄þ BB̄1 6 1
B1B̄� þ B�B̄1 3 8
B�
2B̄þ BB̄�

2
0 5

B�
2B̄

� þ B�B̄�
2

15 10

4The following expressions are taken from Ref. [23] with the
substitutions S → SQ, L → LQ, j → S, l → L0

Q, l0 → L00 to
facilitate comparison with the results of this paper.
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the initial and final mesons is denoted by arrays of numbers
in square brackets. The sums in Eq. (50) are over quantum
numbers L0 and L00 associated with the orbital-angular-
momentum vectors L0 ≡ L1 þ L2 and L00 ≡ L0 þ L0

Q. The
subscripts� in Eq. (50) stand for two different “topologies”
of the decay. The interference between the (þ) and (−)
topologies ensures conservation of C-parity. The angular-
momentum coefficients can be written explicitly in terms of
Wigner 6j and 9j symbols as [38]

ξL
0;L00

S;L0
Q

2
64
SQ LQ J

S1 L1 J1
S2 L2 J2

3
75
�

¼ ð�1ÞSQþS1þS2þ1ð−1ÞL0
QþL0þL00þSQþS2þ1

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3S̃QS̃1S̃2S̃L̃QL̃0L̃00J̃1J̃2

q X
S0
ð−1ÞS0S0

�
S0 L0 S

L0
Q J L00




×

�
SQ LQ J

L00 S0 1


8><
>:
S1 L1 J1
S2 L2 J2
S0 L0 S

9>=
>;
8><
>:

1
2

1
2

S1
1
2

1
2

S2
SQ 1 S0

9>=
>;; ð51Þ

where the sum is over the quantum number S0 for the spin
vector S0 ≡ S1 þ S2. The assumed vector structure of the
transition operator in coordinate space enters through an
entry 1 in one of the 6j symbols, which implies a triangle
condition on the quantum numbers L00, LQ, and 1. The
assumed vector structure of the transition operator in spin
space enters through an entry 1 in one of the 9j symbols,
which implies a triangle condition on the quantum numbers
S0, SQ, and 1.
The transition amplitude in Eq. (50) applies to ordinary

quark-antiquark mesons. There is a simple generalization
that applies also to hybrid mesons in some but not all
nonflip triplet decay models; see Ref. [23] and references
therein. In flux-tube models, the same angular-momentum
coefficients ξ in Eq. (51) apply to the decays of hybrid
mesons into meson pairs, with the substitution of LQ by an
angular momentum L associated with the sum of the quark
and flux-tube angular momenta. In constituent-gluon mod-
els, the angular-momentum coefficients are generally
different but they coincide with Eq. (51) in simple cases.

B. Selection rules

The transition amplitudes for the decays of a meson into
pairs of mesons are obtained by inserting Eq. (51) into
Eq. (50). Zeros of the transition amplitude correspond to
selection rules. Zeros of the angular-momentum coeffi-
cients ξ correspond to selection rules associated with
conservation of angular momentum. Zeros of the spatial
matrix elements A correspond to selection rules associated
with conservation of parity. These selection rules are
described in Ref. [23].

For decays into meson pairs with identical spatial wave
functions, there is an additional selection rule that corre-
sponds to a cancellation in the sum of the two topologies
(þ) and (−) in Eq. (50). It was derived in its most general
form in Ref. [34] using the symmetries of the matrix
elements A for nonrelativistic quark models. The rule states
that a quark-antiquark meson is allowed to decay into pairs
of mesons with identical spatial wave functions only if the
CP-parity of the decaying meson and its total constituent-
quark spin SQ stand in the relation CP ¼ ð−1ÞSQþSq , where
Sq is the total spin of the light-quark pair that is created.
Since for nonflip triplet decay models one has Sq ¼ 1, the
selection rule becomes CP ¼ ð−1ÞSQþ1. According to this
selection rule, decays into pairs of mesons with identical
spatial wave functions are allowed for quarkonia, which
have CP ¼ ð−1ÞSQþ1, and forbidden for quarkonium
hybrids, which have CP ¼ ð−1ÞSQ .
Quarkonium hybrids in B-O multiplets associated with

bound states in the Πu potential, the Σ−
u potential, or

coupled Πu and Σ−
u potentials have CP ¼ ð−1ÞSQ . The

B-O equivalent of two quark-model mesons with identical
spatial wave functions is two heavy mesons in charge-
conjugate HQSS doublets, e.g., two S-wave mesons, two
P−-wave mesons, or two Pþ-wave mesons. Our finding
that quarkonium hybrids in B-O multiplets with a Σ−

u
component may have nonzero decay rates into pairs of
S-wave mesons therefore contradicts the selection rule
CP ¼ ð−1ÞSQþ1, as first pointed out in Ref. [27]. This
observation can be generalized to meson pairs other than
Sþ S by applying the selection rules in Sec. III B. Bound
states in the Σ−

u potential or coupled Πu and Σ−
u potentials

can have nonzero decay rates into pairs of heavy mesons in
charge-conjugate HQSS doublets with j1 ¼ j2 ≥ 1

2
, such as

Sþ S, P− þ P−, or Pþ þ Pþ. Bound states in the Πu
potential can have nonzero decay rates into pairs of heavy
mesons in charge-conjugate HQSS doublets with
j1 ¼ j2 ≥ 3

2
, such as Pþ þ Pþ. These results support the

assignment Sq ¼ 0 for quark-pair creation models of
quarkonium-hybrid decays. In fact, contrarily to the widely
used nonflip-triplet decay models with Sq ¼ 1, spin-singlet
decay models with Sq ¼ 0 allow decays of quarkonium
hybrids into meson pairs with identical spatial wave
functions [39].

C. Relative partial decay rates

The transition amplitudes in Eq. (50) depend on the
spatial overlap of the quark-model wave functions only
through the matrix elements A. The sums in Eq. (50) run
over the two orbital-angular-momentum quantum numbers
L0 and L00. If the sums reduce to a single term, there is only
one dominant spatial matrix element A so it factors out of
transition amplitudes of quarkonium states with the same
quantum numbers n, LQ, and all possible values of SQ, J
into pairs of mesons with the same quantum numbers
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n1, n2, L1, L2, L0
Q, and all possible values of S1, S2, J1, J2.

In this case, nonflip triplet decay models can be used to
predict the corresponding relative partial decay rates under
the conditions outlined in Sec. III C.
Conservation of parity and angular momentum, which

require ð−1ÞLQþ1 ¼ ð−1ÞL0
QþL1þL2 and triangle conditions

for ðL0; L1; L2Þ, ðL00; L0; L0
QÞ, and ðL00; LQ; 1Þ, respectively,

imply that the sums over L0 and L00 in Eq. (50) reduce to a
single term if either:
(a) jLQ − L0

Qj ¼ L1 þ L2 þ 1,
(b) jL1 − L2j ¼ LQ þ L0

Q þ 1.
Case (a) corresponds to the difference jLQ − L0

Qj being the
maximum allowed by conservation of angular momentum
for given values of L1 and L2. Case (b) corresponds to the
difference jL1 − L2j being the maximum allowed by
conservation of angular momentum for given values of
LQ and L0

Q.
Outside of the two cases (a) and (b), the transition

amplitude M in Eq. (50) is a linear combination of spatial
transition matrix elements A. Then the relative partial decay
rates are not completely determined by symmetries. This
bears some resemblance to the situation in the B-O
approximation when there is more than one relevant radial
transition amplitude gλ;η.
It is possible to compare relative partial decay rates that

are completely determined by symmetries both in nonflip
triplet models and in the B-O approximation using recou-
pling of angular momentum. The angular-momentum
coefficients in Eq. (51) are defined in terms of final-state
mesons with total constituent-quark spins S1 and S2. The
angular-momentum coefficients for decays into pairs of
mesons with light-QCD angular momenta j1 and j2 can be
defined by recoupling the angular momenta of the final-
state mesons using Wigner 6j symbols:

ξL
0;L00

S;L0
Q

2
64
SQ LQ J

j1 L1 J1
j2 L2 J2

3
75
�

≡ ð−1ÞL1þL2þJ1þJ2
ffiffiffiffiffiffiffiffi
|̃1|̃2

p X
S1;S2

ffiffiffiffiffiffiffiffiffiffi
S̃1S̃2

q � 1
2

1
2

S1
L1 J1 j1




×

� 1
2

1
2

S2
L2 J2 j2



ξL

0;L00
S;L0

Q

2
64
SQ LQ J

S1 L1 J1
S2 L2 J2

3
75
�

: ð52Þ

The square of the ratios of these angular-momentum
coefficients give analytical approximations for the relative
partial decay rates which can be directly compared with the
B-O predictions. The relative partial decay rates for S-wave
quarkonia into Sþ S (P-wave), Sþ P− (S-wave), and
Sþ Pþ (D-wave) meson pairs in Table I and those for
P-wave quarkonia into Sþ S (S-wave), Sþ S (D-wave),
and Sþ Pþ (F-wave) meson pairs in Table II can also be

predicted using nonflip triplet decay models. In these cases,
it can be verified that nonflip triplet decay models and the
B-O approximation yield the same predictions for the same
relative partial decay rates.
In general instances of cases (a) and (b), the angular-

momentum coefficients of nonflip triplet decay models
obtained by inserting Eq. (51) into Eq. (52) and those of the
B-O approxiation obtained by inserting Eq. (30) into
Eq. (32) differ by multiplicative factors. The squares of
these factors, however, do not depend on the quantum
numbers SQ and J of the initial quarkonium state nor the
quantum numbers J1, J2, and S of the final meson-pair
state. Therefore, they factor out of relative partial decay
rates that are completely determined by symmetries. The
angular-momentum coefficients of nonflip triplet decay
models actually agree (up to signs) with those of the B-O
approximation only in simple instances involving two
S-wave mesons in the final state or, alternatively, one
S-wave meson in the final state and either LQ ¼ 0

or L0
Q ¼ 0.

Note that the B-O approximation is generally more
predictive than nonflip triplet decay models because it
incorporates cylindrical symmetries. That is exemplified by
the decays of P-wave quarkonia into one S-wave meson
and one P-wave meson in a relative P-wave. In nonflip
triplet decay models, the relative partial decay rates are not
completely determined by symmetries since these decays
do not fall into either case (a) or (b). The B-O symmetries,
on the other hand, fully constrain the relative partial decay
rates for P-wave quarkonia into Sþ P− (P-wave) and
Sþ Pþ (P-wave) to the values listed in Table II.
While the B-O approximation reproduces relative partial

decay rates from nonflip-triplet models of quarkonium
decays, we find no support for such models of quarkonium
hybrid decays. For quarkonium hybrids, the B-O angular-
momentum coefficients and relative partial decay rates
differ from those of nonflip-triplet decay models even in
simple cases. This disagreement is in addition to the already
mentioned violation of the quark-pair-creation-model
selection rule that prohibits decays of quarkonium hybrids
into pairs of mesons with identical spatial wave functions.

VI. OVERVIEW

In this work, we have derived model-independent results
for the decays of hidden-heavy hadrons into pairs of heavy
hadrons using the diabaticB-O approximation forQCD.Our
general expressions for the coupling potentials between a
hidden-heavy hadron and heavy-hadron pairs in Eq. (30) are
sums of products of B-O transition amplitudes and angular-
momentum coefficients. The B-O transition amplitudes gλ;η
can be calculated using latticeQCDwith static3 and 3� color
sources. The angular-momentum coefficients in Eq. (32) are
determined by products of Clebsch-Gordan coefficients,
Wigner 6j symbols, and Wigner 9j symbols.
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We have used these expressions to derive selection rules
for the decays of hidden-heavy hadrons into pairs of heavy
hadrons. The selection rules are given in Sec. III B. We also
obtained analytic approximations for relative partial decay
rates between hidden-heavy hadrons in the same B-O
multiplet and pairs of heavy hadrons in specific heavy-
quark-spin-symmetry doublets. The relative partial decay
rates are given in Eq. (41). Our results reproduce and extend
previous ones obtained for quarkonium decays using heavy-
quark spin symmetry alone in Refs. [24–26]. Model-
independent results have been obtained previously for exotic
hidden-heavy mesons under the assumption that they are
heavy-meson molecules [40–44]. Our methods can be used
to extend those results.
We have discussed in detail the selection rules and relative

partial decay rates for decays of quarkonia and quarkonium
hybrids into Sþ S, Sþ P−, and Sþ Pþ meson pairs. For
decays ofS-wavequarkonia intoSþ S,Sþ P−, andSþ Pþ
meson pairs and for decays of P-wave quarkonia into Sþ S
meson pairs and into Sþ Pþ meson pairs in a relative
F-wave, our results reproduce previous results obtained
using quark-pair-creation models [22,23]. For decays of
P-wave quarkonia into Sþ P− meson pairs in a relative
P-wave and into Sþ Pþ meson pairs in a relative P-wave
and for decays of quarkonium hybrids into Sþ S, Sþ P−,
and Sþ Pþ meson pairs, our results differ from those of
quark-pair-creation models. The prediction of nonvanishing
partial decay rates for some quarkonium hybrids into Sþ S
meson pairs, which was first pointed out in Ref. [27],
contradicts the conventional wisdom for the last 40 years
from quark-pair-creation models [28–36]. There is some
evidence from lattice QCD that the conventional selection
rule is violated by decays of the 1−þ charmonium hybrid
state [45].
It is important to emphasize that the results of this paper

do not apply exclusively to the decays of quarkonia and
quarkonium hybrids into pairs of heavy mesons. They can
be equally well applied to their decays into a pair of heavy
baryons. They can also be applied to the decays of other
exotic hidden-heavy hadrons, including hidden-heavy tet-
raquark mesons and hidden-heavy pentaquark baryons. All

it takes is to identify the B-O quantum numbers of the
decaying hidden-heavy hadron and to specify the light-
QCD quantum numbers of the two heavy hadrons in the
final state. One can derive the corresponding selection rules
by applying our general expressions in Sec. III B. If the
decays are dominated by a single B-O transition amplitude,
the ratio of partial decay rates is given by our general
analytic expression in Eq. (41).
Similar methods can be applied to the decays of double-

heavy hadrons into pairs of heavy hadrons. A double-heavy
hadron contains two heavy quarks with the same flavor.
The B-O transition amplitude for its decays into pairs of
heavy hadrons can be calculated using lattice QCD with
two static 3 color sources. The selection rules and relative
partial decay rates for decays of double-heavy hadrons are
more intricate than those for decays of hidden-heavy
hadrons, because light flavor symmetries play a more
significant role [46].
The expressions for the coupling potentials obtained by

inserting Eq. (30) into Eq. (32) can be combined with the
techniques pioneered in Ref. [21] to include spin splittings
of heavy hadrons in the diabatic B-O framework for
hidden-heavy hadrons coupled with heavy-hadron pairs.
That is extremely important for exotic hidden-heavy
hadrons, since being able to resolve heavy-hadron spin
splittings grants access to the near-threshold dynamics that
characterizes many exotic states. Using the techniques of
Ref. [21] together with those of this paper, calculating the
spectrum of both conventional and exotic hidden-heavy
hadrons boils down to calculating just a handful of B-O
potentials and transition amplitudes using lattice QCD with
static 3 and 3� color sources. We strongly encourage
theoretical efforts in this direction.
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