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Recently, the BESIII collaboration performed a precise measurement of the e e~ — 5/ /y cross section.
It is puzzling that the resonance parameters of the reported Y (4230) show a substantial divergence from the
previously measured results in both the open-charmed and hidden-charmed decay channels, and the line
shape asymmetry of the data approaching 4.2 GeV also suggests that it might be difficult to characterize the
details of the structure around 4.2 GeV by a single resonance. This has motivated our great curiosity about
how the charmonium states are distributed in the measured energy range and how they shape the puzzling
data of the et e™ — 5J /y cross section. In this work, we use five theoretically constructed charmonia in the
range of 4.0-4.5 GeV, i.e., w(4040), w(4160), w(4220), y(4380), and y(4415), to apply a combined fit to
the data, in which their calculated decay ratios into #J/y via hadronic loop mechanism are taken as input.
The fit results can reproduce the measured cross section data well, especially for the subtle line shape
around 4.2 GeV, showing that the structure around 4.2 GeV is possible from the contribution of both

w(4160) and y(4220).

DOI: 10.1103/PhysRevD.109.094048

I. INTRODUCTION

With the continuous accumulation of data, an increasing
number of charmoniumlike XYZ states have been docu-
mented in various experimental endeavors, such as Belle,
BESIII, LHCb, and CMS. This surge in reported states has
invigorated the field of hadron spectroscopy, giving it a
remarkable level of activity and importance (see review
articles [1-9] for more details). This research landscape has
led to significant advances in our construction of hadron
spectroscopy. In particular, it has advanced our under-
standing of the intricate nonperturbative dynamics
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associated with the strong interactions, which is a central
frontier of contemporary physics research.

Recently, the BESIII collaboration measured the e e~ —
nJ /w cross section over a center-of-mass energy range of
/s = 3.808-4.951 GeV [10]. This measurement was made
by analyzing a data sample with an integrated luminosity of
22.42 fb~! [10]. To depict this data, BESIII introduced three
resonant structures, i.e., the charmonium state y(4040) and
two charmoniumlike states, namely Y (4230) and Y (4360).
The resonance parameters of these introduced states were
determined. For the Y (4230) state, the resonance mass was
found to be my430) = 4219.7 £2.5 + 4.5 MeV, and the
corresponding width was measured to be I'yynz0) =
80.7 + 4.4 + 1.4 MeV. Similarly, the ¥ (4360) state showed
a mass of my 4360 = 4386 £ 13 &+ 17 MeV, accompanied
by a width of I'yy3e0) = 177 £32 4 13 MeV [10]. It is
worth noting that the observed width of the ¥ (4230) state, as
reported, exceeds those found in other hidden-charm and
open-charm decay channels. These include processes such as
ete” = ntaJ)w[11,12], 2°72°0 Jw [13], w(2S)n 7~ [14],
at a7y (3686) [15], hoxtn™ [16], y.ow [17], KYK~J/w
[18], and DYD*~z*+ [19]. This difference in width hints at
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some distinct nature of this reported ¥ (4230) structure in
ete™ — nJ/y [10].

As collected by the Particle Data Group [20], the family
of charmonium encompasses two well-established entities,
namely w(4160) and y(4415), in addition to y(4040).
However, upon meticulous examination of the experimen-
tal data reported by BESIII, a conspicuous absence is
observed within the cross section distribution of
eTe™ = nJ/y, pertaining specifically to the aforemen-
tioned charmonium states, w(4160) and (4415).
Remarkably, the established charmonium y(4160) pos-
sesses sizable decay fractions into the #J/w channel
according to the theoretical calculation [21]. Moreover,
if carefully checking the BESIII’s data, we may find an
asymmetric line shape, associated with the resonance
structure denoted as Y(4230). Confronted by this puzzling
phenomenon existing in the cross section data of e*e™ —
nJ /w [10], it is necessary to come up with a convincing
solution to this problem. We should mention the distinct
characterized energy level structure of higher charmonia
within the framework of the unquenched picture, a con-
tribution credited to the diligent efforts of the Lanzhou
group [22-24]. In the newly constructed J/y family, there
are six vector charmonium states in the energy range of
4-4.5 GeV, i.e., w(4040), w(4160), w(4220), w(4380),
w(4415), and w(4500) [22]. In this work, we reveal how
these higher charmonia shape the puzzling data of the
ete™ — nJ/y cross section.

This paper is organized as follows. After the
Introduction, we briefly review the status of these higher
charmonia in the range of 4.0-4.5 GeV, which are used to
solve the puzzles appearing in the cross section data of the
ete™ — J/yn in Sec. 1. We then illustrate the calculation
details of these charmonium decays into nJ/y via the
hadronic loop mechanism in Sec. I A. Based on these
results, we perform a combined fit to show how these
higher charmonia shape the puzzling data of the e*e™ —
nJ /w cross section in Sec. II B. The paper ends with a short
summary in Sec. IIL

IL. AN ANALYSIS TO THE CROSS
SECTION OF e*e™ — nJ /v

The continued accumulation of the experimental data in
the range of 4.0-4.5 GeV has deepened our understanding of
the spectrum of higher vector charmonium above 4.0 GeV.
Recently, the BESIII collaboration performed a precise
measurement of the ete™ — nJ/y cross section over a
center-of-mass energy range of /s = 3.808-4.951 GeV,
and obtained the charmonium state y(4040) and the other
two charmoniumlike states named Y (4230) and Y (4360)
from a Breit-Wigner fit, but the extracted resonance param-
eters of the observed Y(4230) state differ from other
measurements of the open-charmed and hidden-charmed

decay channels [11-19], so we can conclude that the
w(4230) resonance parameters can be influenced by the
contribution of the nearby y(4160) state. The line shape of
the observed Y (4230) looks asymmetric and irregular, and
could not be formed by the contribution of just one
resonance. It seems that the structure around 4.2 GeV from
the measured cross section data of e™e™ — 5J/y may have
some substructures, which is also endorsed in a recent
theoretical study conducting a global coupled-channel analy-
sis for the BESIII’s data [25].

In order to fully understand these puzzling data, the
theoretical inputs of the vector charmonia located in the
range of 4.0-4.5 GeV are crucial. Besides the well con-
structed charmonia, i.e., y(4040), w(4160), and w(4415)
in the range of 4.0-4.5 GeV, the Lanzhou group indicated
that there should exist a narrow charmonium y(4220)
corresponding to Y(4220) reported in the processes of
ete” > J/yntn, ete” - hatn, ete” - y.ow, and
ete™ - w(3686)r" 7~ [26-29]. In Ref. [22], the Lanzhou
group used an unquenched potential model with y(4220)
as the scaling point and predicted another two more
charmonium states named y(4380) and w(4500). The
information of these charmonia is summarized in
Table I. It is worth mentioning that the BESIII experiment
recently indeed found a new structure around 4.5 GeV in
the measurement of eTe™ — KTK~J/y [18], which just
can relate to our predicted charmonium w(4500). With
these six vector charmonia, theoretically established in the
range of 4.04.5, ie., w(4040), w(4160), w(4220),
w(4380), w(4415), and w(4500), they have shown that
the experimental cross section measurements of ete™ —
w(2S)ntx™ [22], ete” - KTKJ/y [23], and ete” —
a7 D°D*~ [24] can be explained under a unified charmo-
nium spectroscopy. In this work, we aim to show that the
newly measured eTe™ — nJ /y cross section data can also
be understood by the contributions of the same energy level
structures, and how they shape the puzzling ete™ — nJ /y
cross section data.

The contribution of genuine intermediate charmonium to
eTe™ — nJ/y can be described by a phase space corrected
Breit-Wigner function, i.e.,

q)z—»2<5)
‘Dzﬁz(mi)’

122 ¢ B(y —nJ /y)T
o) 12 ;

2 .
§=my, + lm,,,l",/,

(1)

where my, Fl,,, and ij"_ are the mass, total width, and the
dielectron width of the intermediate charmonium, respec-
tively. @,_,, is the phase space and s donates the center-of-
mass energy. The only remaining unknown term BR(y —
nJ /) is the branching ratio of the associated charmonium
decay into nJ/y; we will present the details of the
calculation for the w — nJ/y decay next.
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TABLE L

The theoretical mixing angles, assignments, masses, total widths, and dielectron widths of higher

charmonia in the range of 4.0-4.5 GeV, which are obtained from the theoretical predictions [22-24] and some
experimental values which are close to the theoretical predictions.

States 0 Assignment Mass (MeV) I' MeV) Iy ¢ (keV)
w(4040) 20° Whs_ap 4039 £ 1 [20] 80 4+ 10 [20] 0.830 [30]
w(4160) 20° Wis_op 4159 £ 20 [31] 78 £ 20 [31] 0.480 [30]
w (4220) 34° Wis_ap 4222 44 0.290
w(4380) 34° Wi an 4389 80 0.257
w(4415) 30° Wis ap 4414 33 0.230
w(4500) 30° Wis_ap 4509 50 0.113
A. Calculating the branching ratios of higher form factor is taken as
charmonium decays into nJ/y
.. 2 2
In Ref. [22], an S-D mixing scheme was proposed to Flg* md) = A" —mg (4)
construct the energy level structure of vector charmonia in ' A —q*’

the range of 4.0-4.5 GeV, as shown below:

lw') cosf  sinf lw (nS)) 5
<|w”>> (oo aono) (|w<<n - 1>D>>>’ @
where 6 denotes the mixing angle.

In this scheme, y(4220) was assigned to a 4S-3D mixing
state while its partner y(4380) was predicted. The well-
established w(4415) was assigned into a 55-4D mixing
state while its partner w(4500) was predicted and was
found to exist in the BESIII measurement of ete™ —
K*™K~J/y [23]. The assignment of y(4040) and w(4160)
with a 35-2D mixing scheme has also been proposed in
Ref. [23] to match the experimental dielectron width of
w(4160) [30]. The mixing angles are listed in Table I. Next,
we will utilize the hadronic loop mechanism to calculate the
branching ratios of the hidden-charm decays of w — nJ/y
for the above charmonia.

The hadronic loop mechanism has been widely used to
study the hidden-flavor decays of heavy quarkonia above
the open-flavor thresholds [32-53] and the calculated
branching ratios are usually comparable to the experimental
measurements. In the framework of the hadronic loop
mechanism, the higher charmonium vy’/y” within an
S-D mixture first decay into a pair of charmed mesons
D™ D™ and reach the 5 /y final states by exchanging a D
or D* meson as shown in Fig. 1. The general expression for
the amplitude mediated by the charmed meson loop is

d*q V),V
- [ o

where V; (i = 1, 2, 3) are interaction vertices, and P;(i =
1,2, E) denote the corresponding propagators of intermedi-
ate charmed mesons. The form factor F (g2, m%) is intro-
duced to compensate for the off-shell effect of the
exchanged D*) meson and to depict the structure effect
of the interaction vertices. In our calculation, the monopole

where mg and ¢ are the mass and four momentum of the
exchanged intermediate meson, respectively. The cutoff A
can be parametrized as A = mg + aAgcp, With Agep =
220 MeV [32-34], a is usually of order of 1 and depends
on the specific processes [53].

The effective Lagrangian approach is used to give the
concrete expressions for the decay amplitudes defined in
Eq. (3). The Lagrangians of the concrete interactions
involved in Fig. 1 are listed below [49]:

£!I/(S>D(*)D<*) = l.gy,mpplllﬂ (0”1)-;-1) - D"'aﬂD)

P <p
+ gw(sjpp*eﬂyaﬂa“w”(l)*m 0 D- DT 0 D*a)
+ gy o0y (9, D D — D10, D,
+D"9,D;), (5)

Ly DDt = Gy, DDYH (0,D'D —D"9,D)

v *m‘eﬂ Teﬂ *Q
+ gl//(D)D'D*gywHaMl// (D 0 D-D'o D )
+4D19,D;), (6)

FIG. 1. The schematic diagrams illustrate the hidden-charm
decay of higher charmonium into nJ/y via the hadronic loop
mechanism, and six sub-diagrams [(a)—(f)] represent different
D) meson loop processes.
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Ly = igppy(Di' D = DI D)oy
- gD*D*ngyvaﬂaﬂD*-I-yaaD*ﬂn (7)

with DX = (DO D)) and D) = (DO, DHI=)T,

With the above preparations, we can write down the
amplitudes of y(4040) and y(4160) decays into nJ/w
within the 3S5-2D mixing scheme defined in Eq. (2), as
shown in Fig. 1,

f
i)
My, =43 My, (®)
1=a
~ 0
Mpoal = 4 Z My 9)

where the fourfold factor comes from the charge conjuga-
tion transformation (D) <> D)) and the isospin trans-
formations (D™*)° <> D®+ and D™ «» D) of the
bridged D) mesons. The concrete expressions of

()
M w(4040)

amplitudes of the others are similar to the group of y(4040)
and y(4160) with different coupling constants and mixing
angles.

Finally, the branching ratio of the charmonium decay
into nJ/y can be obtained by

and MW s160) ArC given in Appendix A, the

38|p122|M Total Z/F (10)

lI/ spin

BRIy — J/yn] =

where m,, and I', are the mass and total width of the initial
charmonium listed in Table I, and p, is the three-momen-
tum of the # meson in the rest frame of the initial state. The
coefficient 1/3 and the sum ), come from the averaging
over the polarizations of the initial state and summing up
the polarizations of the final state.

Below is a brief description of the method for determin-
ing the relevant coupling constants, as they appear in the
concrete amplitudes outlined in Appendix A.

The coupling constants of g -, are given in Ref. [49],

M:!JD*D* :@aa (11)
\/Mphp- 1 Sx ’

= %cos (=19.1°) and f, = 131 MeV, and g =
0.569 is determined by the measured decay width of D** —
Doﬂ,’+ [44] g]/l//DD = 744, g.//l//DD* =3.84 GCV_I and
9syp-p- = 8.00 are obtained by the vector meson domi-
nance model [54,55].

When taking the 3S-2D mixing charmonia w(4040)

and w(4160) as examples, the coupling constants of
and Gy (4160)p)p) Are defined by

within a

y(4040)D*) D)

TABLEII. The coupling constants of the 9ypt D) and S values
recommended in Table III of Ref. [23], where Gy (4040) D) D) and

Gy (a160)p¢) pt) ArE determmed by the theoretical partial widths of
w(4040) /1//(4160) — DYDM listed in Table III.

Charmonia 6 g,np  Yyop-(GeV™') g ppr S

w(4040)  20° 0378 0.462 8.607  1.140
w(4160) 20° -2.730 -0.070 —1.881 —-0.762
w(4220) 34°  0.760 0.054 1.220 1.471
w(4380) 34°  0.570 -0.150 -0.410 -1.077
y(4415) 30°  0.680 0.003 0.430 1.705
w(4500) 30°  0.440 -0.076 —-0.015 —33.989

9y (4040)D¥ D) = Fy(3s)p) ) €08 O + g2y pe p) SIN G

. cos g,

(12)

Gy (4160) D DX = ~Gy(35)DH D) sin ¢ + 9y (2D)D) D

The values are determined by the theoretical partial widths of
w(4040)/y(4160) - DD calculated by the QPC
model [56-58], in which the mixing angle 6 =20° is
considered [23]. The other parameters required by the model
are in agreement with Ref. [22], and the calculated partial
widths associated with y(4040) and y(4160) are listed in
Table III. Other coupling constants of g, (42:0)pe)pc)

Gy (4380)D D) > Jy(4415)p pt=)» AN Gy 4s00)pe pr) have been
calculated in Table III of Ref. [23], which were determlned by
the corresponding experimental or theoretical partial widths

of yw — DD Both of them are listed in Table II. In
addition, for convenience, the S factors in the decay
amplitudes of Appendix A are defined as

9y (35)p*D* €08 0 + 49y, (2p)p+p- SN O
9y(35)p*D* €08 0 + Gyy(2p)p p* SINO
—9y(35)p*p* SN0 + 4Gy, (2p)p+p- COs 0
—9y(35)D*D* sin @ + 9y (2D)D* D+ COS 6

Sy/ (4040) —

(13)

31/1(4160) =

With the determined coupling constants discussed above,
we calculate the branching ratios of the six theoretically
constructed charmonia, i.e., w(4040), y(4160), w(4220),
y(4380), yw(4415), and w(4500) decays into #J/y, which
depend on the cutoff parameter « introduced by the form
factor of Eq. (4) in therange of [1, 5], as shown in Fig. 2. Itcan

TABLE Il The partial width of y/(4040)/y(4160) —

D® DM calculated by the quark pair creation (QPC) model,
the parameters are in agreement with Ref. [22].

Charmonia DD (MeV) DD* +c.c. MeV) D*D* (MeV)
y(4040) 0.433 17.187 40.893
w(4160) 35.620 0.919 51.223
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10-2 L
S 10
—~
=
Ts 104k
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Q 105 L~ = == ¥(4040)
. —— y(4160)
% - — = y(4220)
109k == y{(4380)
...... w(4415)
— - Y(4500)
1077 1 1 1
1 2 3 4 5
o

FIG. 2. The a parameter dependence of the predicted branching
ratios, including BR (y(4040) —»nJ /w), BR(w(4160) — nJ/w),
BR(w(4220)—nJ /y), BR(w(4380)—nJ/y), BR(w(4415)—n
J/y), and BR(y(4500) — nJ /).

be seen that the branching ratios associated with y(4040),
w(4160), w(4220) and y(4380), y(4415) can reach the
order of 107#-1072 and 107*-1073, respectively, while
BR(y(4500) — nJ/y) is only of order of 1070-1075.

B. A combined fit to the cross section
data of e*e™ — nJ/y

With the input of the branching ratios BR(y — nJ/w)
predicted by the hadronic loop mechanism as shown in
Fig. 2, we can now obtain the contribution of each vector
charmonium to the cross section of ete™ — nJ/y from
Eq. (1), and apply a combined fit to the experimental data.

60
----- ¥(4040)
— = = —y(4160)
sop F  seee-- ¥(4220)
_ w(4380)
—& 40F — — —y(4415)
3 30f e BESIII @2023
=
‘T — Fit|
+§ 20 — Background
¥
10
0
3.8 4.0 4.2 4.4 46 4.8 5.0
\s (GeV)

FIG. 3. Our fit to the higher vector charmonium contribution in
the cross section distribution of e*e™ — #J/y within scheme T.
Here, the data points are from BESIII measurement [10], the five
dashed lines represent the contributions of the higher charmonium
states, the blue line represents the background, and the red line with
a band represents the total contribution and uncertainties.

80

----- ¥(4040) ° e )
R ‘ =r
_ 60 i w(4380) s | v4415)|
..& — — —y(4415) . o
s
S 40 \
5
| 1 2 3 4 5
[N o
@/ ® BESIIl @2023
5 20 —— Background
= Solution A
0 L WOV SO %
1 1
4.6 4.8 5.0
80
----- W(4040) 5 o )
e ‘ =r
60F V4380) | . e
—~ - k N
@ yaals)) .
s
= 40
g
| 2 3 4 5
(V) o
*o e BESIIl @2023
5 20 —— Background
= Solution B
0
4.6 4.8 5.0
\s (GeV)
_____ ¢(4040) “l‘ 5 [Solution C
1200 n e
______ pe i ‘ =r
100} Y4380) ' . e
= — T T4ls) o *
= 8o} ol 2
2> oy ;
~ '
s 6of i \
i 0
| 0 1 2 3 4 5
v ! o
s 40F . ® BESIIl @2023
b ! — Background
201 — Solution C
O.f'.j-.|.._:;:_...|...|...|...
3.8 4.0 4.2 4.4 4.6 4.8 5.0
\s (GeV)

FIG. 4. Our fit to the cross section of the et e~ — nJ /y process
between E;, = 3.808 to 4.600 GeV by scheme II. Here, the five
dashed lines represent the contributions of the higher charmo-
nium states, the blue line represents the background, and the red
line with a band represents the total contribution and uncertain-
ties. The insets show the branching ratios for each state with the
central values and uncertainties in the fit as shown in Table IV and
are represented by the corresponding a values in the hadronic
loop mechanism [in Eq. (4)] as shown in Fig. 2, where the central
values and the errors are represented by the solid black lines and
the colored bands, respectively.

Since the branching ratio of y(4500) — 5J/y is at least
2 orders of magnitude smaller than the others, and there is
indeed no signal of structures around 4.5 GeV in the
measured data of ete™ — nJ/y, we believe that the
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TABLE IV. The fitting parameters in scheme I, and the solutions A, B, and C in scheme II. The g and a are parameters for the
background, and BR; and ¢;(rad) are decay branching ratios into J/w# and phases for five y states [successively y(4040), w(4160),

w(4220), w(4380), and y(4415)], respectively.

Scheme 1 Scheme 11
Parameters Fit I Solution A Solution B Solution C
g(GeV‘3) (2.877 £ 0.093) x 1073 (5.774 £ 0.294) x 10~ (5.502 £0.278) x 10~ (5.208 £ 0.295) x 10~
a(GeV~2) 6.421 £+ 0.091 3.676 = 0.075 3.686 + 0.082 3.628 + 0.089
BR, 5.086 x 10 (2.637 £0.213) x 1073 (6.798 4+ 0.333) x 1073 (3.336 + 0.229) x 1073
BR, 1.516 x 1073 (2.621 +0.154) x 1073 (7.017 +£0.275) x 1073 (9.837 4+ 0.426) x 1073
BR4 1.970 x 1073 (4.336 £ 0.181) x 1073 (5.409 +£0.214) x 1073 (2.344 4+ 0.053) x 1072
BR, 4.063 x 1074 (1.357 £0.121) x 1073 (1.620 £ 0.158) x 1073 (2.074 £0.188) x 1073
BRs 1.746 x 1073 (2.979 £ 0.560) x 10~ (3.038 £ 0.638) x 10~ (3.143 £ 0.620) x 10~
¢y (rad) 2.346 +0.103 3.087 + 0.050 3.899 + 0.030 3.539 4+ 0.045
¢, (rad) 0.666 £ 0.067 2.710 + 0.050 1.737 + 0.026 3.879 +0.018
¢5 (rad) 2.413 £ 0.060 4.404 +0.057 3.750 + 0.056 1.475 +0.016
¢4 (rad) 5.107 + 0.080 0.298 + 0.069 0.190 £ 0.060 6.212 +0.054
¢s (rad) 4.263 £+ 0.081 0.243 £0.230 0.161 +£0.223 6.217 £0.217
y?/d.of. 1.492 0.938 0.935 0.931

contribution of y(4500) to the cross section of ete™ —
nJ /w can be safely dropped. In the following, we will use
the left five theoretically constructed charmonia, i.e.,
w(4040), w(4160), w(4220), w(4380), and y(4415), as
well as their theoretical branching ratios of decays into
nJ/w, dependent on the a parameter, to perform a com-
bined fit to the cross section data of eTe™ — nJ /y.

The total amplitude of eTe™ — nJ/y can be written as

MTotal(s) = MO(S) + Zei{/)iMw,- (S), (14)

with an  exponentially  parametrized background
formulated as

Mo(s) = g(V/s = my, = my, PeVimmmmn - (15)

where ¢; is the phase angle between the resonance amplitude
M, (s) and the background M(s), g and a are two free
parameters.

The total cross section can be represented by

o(s) = [Mrow(s) . (16)

Here, we employ two fitting schemes. In the first
scheme, we assume a same « parameter for all charmonium
states. The best fitting result in scheme I, represented by a
red curve, is shown in Fig. 3, with xz/d.o.f. = 1.49. The
relevant fitting parameters in scheme I are listed in Table I'V.

A direct observation in Fig. 3 shows that the line shape
around 4.0 GeV is not well reproduced in scheme I. This is
mainly due to the scarcity of cross section data points
around 4.0 GeV, which puzzles us in determining the
contribution of the resonance state y(4040). Our analysis

suggests two resonance contributions from y(4160) and
w(4220) around 4.2 GeV. With the same a parameter, the
branching ratio of y(4415) is significantly larger than that
of w(4380) (see Fig. 2), thus the peak around 4.4 GeV is
dominated by the contribution of y(4415), which affects
the quality of the fit and is one of the largest contributions
to the y?/d.o.f. Therefore, it should be a focus of future
BESIII and Belle II experiments to have a more clear
understanding around 4.4 GeV in this reaction process. In
particular, we found that the interference effect plays a
crucial role in broadening the distribution of the resonance
signal associated with Y (4230), explaining its large width
of 80.4 £4.4 £ 1.4 MeV in the experimental fit and the
line shape puzzle around 4.2 GeV in the ete™ — nJ/w
cross section.

In scheme II, we consider a range of « parameters [1, 5]
for the five charmonium states without extra limit. The
three solutions A, B, and C in scheme II, represented by the
red curve, are shown in Fig. 4 with y?/d.o.f. around 0.93,
which is obviously improved compared to that of scheme I.
The relevant fitting parameters in scheme II are listed in
Table IV.

Similar to scheme I, our analysis in scheme II shows the
significant role of the interference effects in broadening the
distribution of the resonance signal associated with
w(4160) and w(4220), which naturally explains the asym-
metric line shape associated with the resonance structure
denoted as Y (4230). Of the three solutions, y(4040) gives
different contributions to the cross section, and we hope
that the experiment will complement the data points around
in this part and clarify the contribution of y(4040). Around
4.4 GeV, each solution in scheme II shows an unremarkable
resonance signal of w(4415) in ete™ — nJ/w. Further
investigation in future BESIII and Belle II experiments is

094048-6



HOW HIGHER CHARMONIA SHAPE THE PUZZLING DATA OF ...

PHYS. REV. D 109, 094048 (2024)

indeed necessary to solve the broad width puzzle associated
with the resonance structure denoted as Y (4360).

II1. SUMMARY

Recently, the BESIII collaboration measured the cross
section of eTe™ — nJ/y from 3.808 to 4.951 GeV, and
reported three structures, the charmonium y(4040) and two
other charmoniumlike states, named Y (4230) and Y (4360)
[10]. Tt is curious that the measured width of ¥(4230) is so
large and has a large difference from the other open-charm
and hidden-charm measurements, and the more subtle
details of the line shape around 4.2 GeV with asymmetry
suggest that the structure of the observed Y (4230) may not
be formed by a single resonance.

In order to understand the puzzles arising in the measured
data, the energy level structures of the charmonia from
theoretical inputs are crucial. In this work, we focus on the six
charmonia constructed by an unquenched potential model in
the range of 4.0-4.5 GeV, i.e., w(4040), y(4160), w(4220),
w(4380), yw(4415), and w(4500). Using the hadronic loop
mechanism, we are able to quantitatively calculate the
branching ratios of the higher charmonium state decays into
nJ /w. The results indicate that the contribution of y(4500) to
the cross section of e™e™ — 5J /y is too small and is ignored
in our later fitting analysis, which is in agreement with the
measured data, while others have sizable contributions. We
then perform a combined fit with the left five charmonia to
the newly measured cross section data of ete™ — 5J/y, the
corresponding branching ratios of these charmonia decaying
into nJ/y are constrained within a reasonable range,
suggested by the hadronic loop mechanism. We have made
two attempts with different cutoff parameter constraint

schemes. Both fitting results show that the newly measured
cross section of ete™ — 1J /y can be reproduced by the five
charmonia from the theoretical inputs, the puzzling large
width and asymmetric line shape of the 4.2 GeV structure can
be naturally explained by the contributions of the neighbor-
ing charmonia y(4160) and y(4220). Moreover, the intro-
duction of y(4380) predicted by the theory in the combined
fit is compatible with the experimental data, which together
with y(4415) can reproduce the third broad enhancement
structure around 4.4 GeV reported by BESIII. More impor-
tantly, the results support the characterized energy level
construction of higher vector charmonia in the range of
4.0-4.5 GeV.

With the increasing accumulation of experimental data
on the varieties of final states in this particular charmonium
energy range, as well as the continuing attention of
experimentalists and theorists, our understanding of the
inner nature of higher charmonium states is becoming more
mature and profound.
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APPENDIX A: THE DECAY AMPLITUDES OF THE HADRONIC LOOP MECHANISM

d4q * D
Mgf()4o4o) = /(2”)491//(4040)DD X ell;/(qQﬂ - QIu)(_gD*Dn)p?ng/y/DD*glly/}/Ipéez/l,,(qlz - 61’))

F2(q? mi.)
X (~o + quq” | my ) ———E=
q* — m3,.

X (g% + 43495 /mp ) (=g} + 4,q4"/mp.)

‘7_—2(612’ mg.)

d4q B *
w(4040) — / WQV/(4040)DD*5W11/5€5/(61£ - C]?)(—QD*Dn)Pq (gJ/y/D*D*)eJ;/W [gﬂ/)qZﬂ — 9916+ gen(qp - Clzp)]

2

5 (A2)

q- — mp:

c d*q \
Mf,,(>4040> = /Wgw(4O4O)DD*8wa/}€Il:/pb(qlzj - Qf)(gD*Dn)p}I (QJ/WDD)G/J)/V,(% - Q2p)

Fq* m3.)

x (=g + qtq)/mp) —

q- —mp

, (A3)
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d d*q X
Mf,,(>4040) (2n )4 Gy (4040)DD* l/ﬂaﬁell;’( —q 1)(_90*0*;7)8,;7,/196]” CI% (gJ/y/DD*)géeryeg/,,,pg(qy - qé)
F (g m3.)
X (=g + q1q]/mp ) (=9 + 47 ¢° /mp. ) ——F=, (A4)

q° — mp.

d*q %
M,(,,e()4040) = / Wgyl(mm)mm‘?mgﬂﬂ%a = Y915 + S- g{lﬂ(qlﬂ - qZu)](gD*Dr/)pJI(gl/y/DD*)gﬂnn/)ez/y,p%(qp - 61’2))

F*(g* m3.
< (=gf + afaqr,/mp ) (=9 + 4" q° /m}y.) q2(_4mz”, (AS)
2

4
f d*q
M'(I/24040) = / ( )4 Gy ( 4040)D*D*€{/l/[gﬂ/4‘ha a1 + S- gaﬂ(‘]lﬂ Q2;4)](_gD*D*n)‘E‘paﬂnq/llqp(gj/y/D*D*)
X €j/1,/ [91#120 - g&yqlr + grﬂ(qy - QZy)]
F* (g%, mp.)

Ny T 3 O O
X (=g + 414 /mp ) (=97 + g5/ mpy. ) (=" + q°¢° /m3,.) o (A6)
2

d*q *
M.Sf()meo) = /(27)491//(4160)DD X elvl/(CIzﬂ - QIM)(_gD*Dn)p?[gj/y/DD*giyﬂppéez/y,(qz - qp>

F? qz,mz*
(—0n + 4uq” /m3.) —2< ~ sz ) , (A7)
q D*

d4
b *
Ml([/(>4]60) = / (2 )4 gy/(416())DD* vuaﬁeﬂ( —q )(_gD*Dr])p}{ (gJ/WD*D*)eg/xy [gopQZW - gr/p‘]la + g&n(qp - qZp)]

F*(q* mi.)
X (=g*° + 4593 /mpy-) (=g} + 4,4"/mp.) e Pt (A8)
2

d*q "
Mf,,c()4160) :/( )4gy/(4160)DD*€u;mﬂ€Ill4/p (QZ qf)(gD*Dr/)p}l,(gJ/wDD)eg/V/(Qp_Q2/))

2r
F2(q?, m3,.
x (g7 +qiqi/ m%»«)%’ (A9)
q-—mp

d4
d %
Ml(//()4160) :/(2 )4911/(4160)DD* vuaﬁeﬂ( ‘11)(—gD*D*q)t‘f’pwqﬂCIi{(QJ/V/DD*)Saezy€§/,,,Pg(Qy—Clg)

F(g? m%.)
X (=g™ + qiq}/mp) (g™ + q7q° /m}y.) ol .t (A10)
2]

d4q * 2
Mt(//e()4160) = /Wgy/(meowm*emgﬂﬂ%a ~ Yo q1p + S- gaﬂ<q]ﬂ - q2ﬂ)]<gD*Dn)p]l/ (gJ/wDD*)gﬂnap€Z/yfp/21(qp - qu)

F2(q?, m3.
X (=gf + iy /1y )~ + P i) q<_—m) (Al1)
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f d4(1
Ml(//()4160) = /WQW(MG;O)D*D*e{;/[gﬂﬂQZa — a1 + S- gaﬂ(%ﬂ - ‘Dﬂ)](_QD*D*n)gpa/mq/llqp(gj/y/D*D*)

X €)1, 9y @20 = 90,910 + 9e0(dy — G2)]
FA (g my)

x (=™ + q3q1/mb ) (—g7 + giqh/mb ) (—g7 + g7 /m}.) Pk, (A12)
2.

APPENDIX B: THE CORRELATION MATRICES BETWEEN
THE PARAMETERS LISTED IN TABLE IV

The correlation matrix presents the correlation between each pair of fit parameters being estimated, is defined as

T -1
% [59]. The J matrix is defined as J;; = ﬁiw where 6(s;, @) is the fitting function
. L i J
ii ji

defined in Eq. (16), s; and o, are the square of the center-of-mass energy and standard error of the ith point from the
measured cross section data [10], and q; is jth parameter as shown in Table IV.
For scheme I, the order of the fit parameters is {g, a, ¢, P>, 3, P4, Ps}, and the correlation matrix is below:

cross-correlation;; =

1.000 0.728 -0.304 -0.505 -0.460 0.112 -0.001

0.728 1.000 -0.796 -0.417 -0.386 0.527 —-0.348
-0.304 -0.796 1.000 0502 —0.001 -0.449 0.394
-0.505 -0417 0502 1.000 0.092 0.150 0.297
-0.460 -0.386 —0.001 0.092 1.000 -0.331 0.128

0.112 0527 -0.449 0.150 -0.331 1.000 -0.515
-0.001 -0.348 0394 0297 0.128 -0.515 1.000

For scheme II, the order of the fit parameters is {g, a, BR|, BR,, BR3, BR4, BRs, ¢\, ¢, 3, P4, s }. The correlation
matrix of solution A is

1.000 0943 -0988 -0.936 -0.695 0.653 0.644 -0.938 -0.968 -0.982 -0.612 -0.394
0943 1.000 -0912 -0.795 -0.438 0.864 0.8600 -0991 -0.979 -0.951 -0.330 -0.079
-0.988 -0912 1.000 0969 0.757 -0.607 -0.598 0.929 0967 0991 0.675 0.462
-0936 -0.795 0969 1.000 0.891 -0.405 -0395 0.820 0.884 0937 0.830  0.658
-0.695 -0.438 0.757 0.891 1.000  0.049 0.059 0475 0580 0.681 0991  0.925
0.653 0.864 -0.607 -0.405 0.049 1.000 0.996 -0.855 -0.785 -0.697 0.172  0.420
0.644  0.860 -0.598 -0.395 0.059 099 1.000 -0.847 -0.776 -0.688 0.182  0.429
-0.938 -0.991 0929 0.820 0475 -0.855 -0.847 1.000 0.992 0968 0.363 0.110
-0.968 -0979 0.967 0.884 0580 -0.785 -0.776 0.992 1.000 0.991 0476  0.232
-0982 -0951 0991 0937 0.681 -0.697 -0.688 0.968  0.991 1.000  0.586  0.357
-0.612 -0.330 0.675 0.830 0991 0.172 0.182 0363 0476 0.586 1.000  0.966
-0.394 -0.079 0462 0.658 0925 0420 0429 0.110 0.232 0357 0966  1.000

the correlation matrix of solution B is
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1.000  0.948 -0.987 -0.934 -0.717 0.604
0.948 1.000 -0.920 -0.781 -0.487 0.821
—-0.987 -0.920 1.000 0.957 0.780 —0.553
-0.934 -0.781 0.957 1.000 0911 -0.300
-0.717 -0.487 0.780  0.911 1.000  0.065
0.604  0.821 —-0.553 -0.300 0.065 1.000
0.548 0.779 -0492 -0.234 0.120 0.964
—-0.942 -0.994 0928 0.789 0.512 -0.819
—-0.973 -0.985 0966 0.860 0.614 —0.739
—0.986 —-0.964 0.986 0.909 0.694 —0.665
-0.722 -0.480 0.775 0919 0990  0.090
-0.565 -0.286 0.623  0.815 0.957  0.300
and the correlation matrix of solution C is
1.000 0929 -0.986 -0.929 -0.662 0.512
0.929 1.000 -0.886 —0.785 -0.354 0.788
—-0.986 -0.886 1.000 0.946 0.724 —0.430
—-0.929 -0.785 0.946 1.000  0.839 -0.267
—-0.662 -0.354 0.724  0.839 1.000  0.285
0.512  0.788 —-0.430 -0.267 0.285 1.000
0.439  0.727 -0.354 -0.199 0337 0941
-0.924 -0.995 0.885  0.801 0.367 -0.785
—-0.956 -0.988 0.925 0.854 0462 -0.715
—-0.980 -0.966 0.960 0911 0570 —-0.623
—-0.785 -0.517 0.834 0917 0982 0.106
—-0.654 -0.340 0.715 0.823 0997 0.230

0.548 -0942 -0973 -0.986 -0.722 -0.565
0.779  -0994 -0.985 -0.964 —0.480 —0.286
—-0.492 0928 0966 0986 0.775  0.623
-0.234 0.789 0.860 0909 0919 03815
0.120  0.512 0.614  0.694 0990 0.957
0964 -0.819 -0.739 -0.665 0.090 0.300
1.000  —-0.766 —0.684 —0.605 0.146 0347 |’
-0.766  1.000 0992 0973 0496  0.298
-0.684 0992 1.000 0994 0.602 0417
-0.605 0973 0994 1.000 0.683  0.510
0.146 0496 0.602  0.683 1.000  0.975
0.347 0298 0417 0510 0975  1.000
0439 -0924 -0956 -0.980 -0.785 -—0.654
0.727 -0.995 -0.988 -0.966 -0.517 -0.340
-0.354 0.885 0925 0960 0.834 0.715
-0.199 0.801 0.854 0911 0917 0.823
0.337 0367 0462 0570 0982  0.997
0941 -0.785 -0.715 -0.623 0.106  0.230
1.000 -0.713 -0.638 -0.545 0.171  0.352
-0.713 1.000 0994 0973 0530 0.349
-0.638 0994 1.000 0992 0.618 0.447
-0.545 0973 0992 1.000 0.711  0.554
0.171  0.530 0.618  0.711 1.000  0.977
0.352 0349 0447 0554 0977  1.000
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