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Fourier calculus from intersection theory
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Building on recent advances in studying the cohomological properties of Feynman integrals, we
apply intersection theory to the computation of Fourier integrals. We discuss applications pertinent to
gravitational bremsstrahlung and deep inelastic scattering in the saturation regime. After identifying the
bases of master integrals, the latter are evaluated by means of the differential equation method. Finally, new
results with exact dependence on the spacetime dimension D are presented.
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I. INTRODUCTION

In recent years, monumental efforts have been invested
in developing tools for evaluating Feynman integrals in
particle physics. Modern state-of-the-art computations face
the challenge of applying integration-by-parts (IBP)
decompositions [1,2] in the most efficient way possible.
IBP identities are relations among Feynman integrals
sharing a common set of denominators, appearing with
different propagator powers (irreducible scalar products in
the numerator can be dealt with as denominators with
negative powers). These allow for the decomposition of any
Feynman integral in terms of a finite spanning set of
simpler and linearly independent integrals, often referred to
as master integrals. The decomposition into master inte-
grals is fundamentally a matter of linear algebra, and
several publicly available computer programs can effi-
ciently execute it [3—11].

When recognized as twisted periods, Feynman integrals
can alternatively be decomposed into master bases by
making use of concepts and computing tools of de
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Rham twisted cohomology theory [12—15], as first proposed
in [16-19].

Within this framework, integrals are considered as
pairings of regulated integration domains and differential
n-forms, known as twisted cycles and cocycles respec-
tively, which are elements of isomorphic vector spaces,
equipped with inner products, called the intersection
numbers. The intersection number can be used to derive
the decomposition of Feynman integrals in terms of master
integrals by projections, as an alternative to the system-
solving procedure underpinning IBP decompositions.

Although the most recent applications of intersection
theory have dealt with Feynman integrals [17-31], the
method is rather general, and the range of its applications
can be extended to a much wider class of cases, relevant for
physical and mathematical studies (see, e.g., [32-35]).

In this paper, we propose an intersection theory—based
approach to the evaluation of dimensionally regularized
Fourier transforms, herein referred to as Fourier integrals.

Indeed, as is the case for any Feynman integral, express-
ing any Fourier integral in Baikov representation [36]
enables its identification as a twisted period. Thus, relations
between Fourier integrals and, in particular, their decom-
positions into a common master integral basis, can be
obtained directly from intersection numbers. Moreover,
intersection theory can be used to derive the system of
differential equations satisfied by the master Fourier inte-
grals, which can be solved analytically (when possible)
similarly to Feynman integrals. [37-40].

To illustrate our method, we identify three cases of
physical interest, requiring the evaluation of certain types
of dimensionally regulated Fourier integrals: (A) the scalar
(Feynman) propagator in position space, (B) the tree-level

Published by the American Physical Society


https://orcid.org/0009-0004-4788-738X
https://orcid.org/0009-0009-3053-2394
https://orcid.org/0000-0002-2672-634X
https://orcid.org/0009-0007-7799-0136
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.094047&domain=pdf&date_stamp=2024-05-30
https://doi.org/10.1103/PhysRevD.109.094047
https://doi.org/10.1103/PhysRevD.109.094047
https://doi.org/10.1103/PhysRevD.109.094047
https://doi.org/10.1103/PhysRevD.109.094047
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

GIACOMO BRUNELLO et al.

PHYS. REV. D 109, 094047 (2024)

gravitational spectral waveform, and Sec. III C color dipole
scattering in high-energy QCD. In each of the considered
cases, intersection numbers are used to build linear rela-
tions and differential equations for the associated master
integrals in Baikov representation. Once the systems of
differential equations are obtained, the solutions are sys-
tematically derived, provided there is an appropriate set of
boundary conditions. Using this approach, we present new,
closed-form formulas for D-dimensional Fourier integrals
relevant to cases (B) and (C).

From a mathematical point of view, our results offer a
generalization of the studies carried out on confluent
hypergeometric integrals [14,15], involving intersection
numbers between 1-forms, to cases where the evaluation
of intersection numbers for n-forms is required.

This paper is organized as follows. In Sec. II we provide
the necessary background on intersection theory and out-
line its application to Fourier integrals. The method is then
applied in Sec. 111, using the three cases of study [(A), (B)
and (C)] mentioned above. For (B) and (C), a minimal
physics background is provided for the reader’s conven-
ience. In Sec. IV, we present our conclusions and an
outlook. The four Appendices contain the derivation of
the Baikov representation for Fourier integrals, and aux-
iliary formulas recalled in the text.

II. FOURIER INTEGRALS AND
INTERSECTION THEORY

In this section, we provide some background material on
intersection theory and describe how it can be applied to
dimensionally regularized Fourier integrals [16—19].

Twisted cohomology We consider instances of twisted
period integrals, which generically take the form

1= / u(u(a) (1)

where the twist u(z) is a multivalued function, ¢, (z) is an
algebraic differential n-form and Cp is a contour of
integration." The latter is defined such that u(z) vanishes
on its boundary: u(z) = 0 for any z € dCy. This condition
on u together with Eq. (1) give an equivalence relation
between differential forms

PL~PL + Vwé’ (2)
where £ is a differential (n — 1)-form and

V,=d+wo A with o=dlogu. (3)

"It is assumed that the causality conditions have already been
incorporated into the definition of Cp, which means the ie
prescription is accounted for there, and not in the integrand.

The collection of all the equivalence classes forms the
twisted cohomology group Hg.z This group is always
finite-dimensional and forms a vector space [17]. We
denote an element by

<¢L| € Hm (4)

As for any other finite-dimensional vector space, there
exists a dual vector space H",, denoted by

H", > |§0R> (5)

Using these definitions, we write the (dual) integrals in
Eq. (1) as a pairing between a (dual) cycle and a (dual)
cocycle

_ / u(2)g, (z) = (91|Crl. (6a)

- / u(t)op(x) = [CLlog).  (6b)

Basis of master integrals We can formally define bases for
H}, and its dual H" , as

(e} = Hi, (7a)

span{[éy).....[é¢,)} = HZ,, (7b)

span{{e|, ...

respectively. Both H], and H", have the same dimen-
sion [18,41], which can be computed as

v = {# of solutions to @ = 0}. (8)

Any elements (@;|€ H” and |pg)€H", can then be
decomposed with respect to the choice of (dual) bases

14 v

(el = cile;] and |pg) =D &le).  (9)

i=1 i=1

By pairing the linear combinations in Eq. (9) with the
appropriate contours, we obtain the decompositions of the
corresponding twisted periods with respect to the basis of
master integrals J; = (e;|Cg] and J; = [C,|¢;)

v

I = <¢L|CR} = Z |CR Zc Jl’ (103)
i=1

1_ [CLlpr) = Z (CLlé) Zéiji (10b)
i=1 i=1

2Setting =0 in Eq. (2), one obtains the standard
(nontwisted) de Rham equivalence class.
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Integral decompositions Following [13,16], we can intro-
duce a scalar product (¢, *) between elements of H”, and
H",, called the intersection number. With this additional
structure, the coefficients ¢; can be extracted using the
master decomposition formula [16,17]

12

;= (g ;)(C7Y); with Cj= (e ). (11)

=1

The computation of intersection numbers in Eq. (11) has
been the primary focus of recent work in intersection
theory, with significant progress made over the past few
years [19,29,42-45].

In the univariate case (n = 1), a compact formula for the
intersection number is known and given by

(pr.or) = ZReSz:p(lI/(/’R)’ (12)
pPeEP

where P is the set of w’s poles, and y satisfies the
differential equation

V. =g (13)

The calculation of multivariate intersection numbers
requires more effort and there are several strategies
[13,18,20,25,27,29,45-47]. In this paper, we adopt the
ones introduced in [18,25,26,29,31].

The computation of intersection numbers allows us to
build the differential equation Q, satisfied by the basis of
master integrals in any external variable x

Ouli = [/ (14)

i
To see this, we note that in the language of twisted
cohomology, Eq. (14) translates to

ax<ei| = <ax<uei)/u| = [Qx}ij<ej|’ (15)

which implies

Q] = <ax(uei)/“7ék>[c_l]kj' (16)

We reiterate that the derivations of Eqs. (11) and (16) do not
involve solving (potentially large) systems of linear equa-
tions but instead exclusively rely on the computation of
intersection numbers.

Fourier integrals in Baikov representation We consider
a generic D-dimensional Fourier integral, which takes the
form

L
b= [ e [Jevsde. (7
=1

D
with measure: dPq; = (2dﬂ;])j/2. (17b)

Equation (17) is the Fourier transform of the function/
distribution f performed over L internal vectors {g;}. The
result is a function of E > L external vectors {x;}. We
denote the set of n=%(L+ 1)+ LE internal scalar
products as

S= {(]%7(]1 *q2, -~-7CI%7Q1 X141 X2, - 4L ‘XE}- (18)

To reinterpret the Fourier transform in Eq. (17) as a twisted
period, we propose to change variables to the Baikov
variables [36,48]: the procedure involves a first change
of variables from the internal vectors ¢; to the internal
scalar products, followed by a second change of variables,
where A is an n X n matrix, B is an n-dimensional vector
and §; is the jth element of S. Both operations only depend

on the external scalar products. Once the dust settles, the
result reads

= / (i (2). (20)

where

det Gy, e
Cr= 1 { iy 1) >o}, (21)
)

----- qrLX1s---XE

is the contour of integration. The differential form ¢, (z) =
f(z)d"z contains the function/distribution f we would like
to Fourier transform and

D-L-E-1

u(z) = ke®B(z)" 1, (22)

is the twist. Here, g(z) is always linear in z and we define

G({x}) = detlx; - x;], (23a)

B(z):G(QI""’quxh---,xE), (23b)
L(1-L-2E) D4

7 G(xy, ...,xE)E 7 (230)

K= —.
2% det [TL, (255

Note that B > 0 on Cg. Complementary details regarding
the derivation of Eq. (20) can be found in Appendix A.

Representing a Fourier integral as the twisted period in
Eq. (20) enables the use of intersection theory for the
construction of differential equations [cf., Eq. (14)]. Thus,
the master Fourier integrals J; can be evaluated by solving
the system of differential equations, analogously to
Feynman integrals.
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III. APPLICATIONS

In this section, we apply the formalism described above
to three families of Fourier integrals arising in various
corners of particle physics. An ancillary Mathematica file
(ancillary.m) containing complementary details for
each example is given as Supplemental Material [49].

Below, M = R!P~! denotes the Minkowski spacetime
manifold. Unless specified otherwise, we work in the
mostly plus Lorentzian signature (—, +,+, -+, +).

A. Fourier transform of a scalar propagator

As a first example, we consider the Fourier transform of
a massive scalar Feynman propagator,

eiq~x
I, = ¢g————. 24
n //;/[ q (q2 + m2 _ l&')n ( )
We work with dimensionless integrals K, defined by
eik-v
In = mD_Z"K,,, Kn —/ deZ—" (25)
M (K+1—ie)"

where v =mx and k= ¢g/m are both dimensionless
vectors. For K,, we have L = 1 internal vector {k} and
E = 1 external vector {v}. We define the n = 2 integration
variables as 7, = k> + 1 and z, = k - v. Thus, in the Baikov
representation, this integral takes the form

ko= [Srut (26)

n
<]

where the twist is given by

T
A (0-12)

and 7 = v%. From Eq. (8), the number of master integrals is
found to be v = 2. We choose them as K; and K, and form
the basis vector K = (K, K,) . From intersection decom-
positions, we find that K obeys the differential equation

u(z1,2,) = (m-Dr=22)=.  (27)

(D-2) 1

0, K=Q K, with Q, =— 21 ). (28)
Lo
4

We can decouple this system of equations into second- and
first-order differential equations for K| and K, respectively,
by first changing the variable 7 in favor of the intermediate
variable 1t = \/—7. We find

0=1t3?K,(t) + (D —1)0,K,(t) + tK, (), (29a)

D-2

0 = K,(1) +%t0tK1(t) +TK1(I). (29b)

Solving Eq. (29a) first, followed by Eq. (29b), results in
(after changing the variable back to 7)

T R R
=S

where J,(z) and Y, (z) are the Bessel functions of the first
and second kind respectively.

To fix the boundary constants c¢; and ¢, for K, we
consider its boundary values at 7 = oo and 7 = 0.

In terms of the four-vector », the boundary point at
7 = oo is approached with constant and finite spacelike
component v and piecewise timelike component

’UO—)

—ico for kK9 >0,
(31)

jco  for kY < 0.

In this limit, the integrand in Eq. (25) is exponentially
suppressed

eikv — ei(—k0v0+k<v)
~e Rl 1@ (ko) 4+ ehollO(—ko) (|00 >> 1),  (32)

where ©(z) denotes the Heaviside step function. Thus, K,
vanishes in this limit for any n € Z. At the level of Eq. (30),
this condition enforces

Cy = iC]. (33)

Within dimensional regularization, the integral in Eq. (25)
can also be explicitly evaluated at 7 = 0 (approached with
v* = 0). To do so, one can first perform a Wick rotation on
K,(v* = 0) and then use Eq. (7.85) of [50] to find

/ P _i(n-Y)
M (B+1—ie)"  25T(n)

When comparing the result of this calculation at n = 1 or
n = 2 with Eq. (30) in the vicinity of 7 = 0, one finds that

(34)

(D < 2). (35)

¢ = g oinD/2

Putting everything together and substituting back
2 2.2

T = v* = m*“x~, we find

(36a)

inD 2\ 4D
I, = _re (—%) ) H,(ji;l(m —xz), (36b)
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where H\")(z) = J,(z) + i, (z) is the Hankel function of
the first kind.’

Despite the dimensionality condition in Eq. (35), we find
the D — 4 limit of Eq. (36a) to be smooth, and for timelike,
spacelike and lightlike x, respectively, to reduce to the
known results in Egs. (2.84)-(2.86) of [51], once factors
coming from different normalizations and metric signatures
are taken into account (see also [52]).

Moreover, taking the m — 0 limit, we also verify that 7,
and I, agree with the result for the massless integral

ig-x (2 "—%F D _
/ qu 26 = \n = l(x )4n7D (2 n) > (37)
M (q° —ie) 27T (n)

which can be obtained directly from the result in
Appendix B, after Wick rotating the left-hand side
of Eq. (37).

B. Spectral gravitational waveform

With the prospect of future space-based gravitational-
wave observatories such as LISA [53], a pressing theo-
retical problem is to streamline the path to higher-precision
computations as much as possible. There is a growing
interest in obtaining, from amplitude methods, the one-loop
correction to the gravitational waveform [54—-61], as well as
the spin corrections [62—-64] which could potentially be
measured by such observatories.

A standard dictionary used to link waveforms and
scattering amplitudes is the observable-based Kosower-
Maybee-O’Connell (KMOC) formalism [58]. In this frame-
work, the gravitational waveform is characterized as the
expectation value Exp; of measuring asymptotically in the
future a graviton field in the background of two black holes
(modeled here as heavy scalars) scattering off each other,
from and back to the far past (see Fig. 1).

To establish the connection with scattering amplitudes
more precisely, it is useful to first introduce the generators
a,a’, b and b' for the algebra of asymptotic measurements.
Its existence is physically motivated by the naive expect-
ation that finite energy excitations in the “bulk” should
decay into a set of stable and free particles at asymptotic
times. This means that the asymptotic states are assumed to
be free of any external forces/fields, so that they do not
radiate or decay.4

*We note that since our original integral is manifestly spheri-
cally symmetric after performing a Wick rotation, it is not
surprising that its closed form involves Bessel functions, inde-
pendently of spacetime dimension.

In the context of collider physics, particles encountered near
the detectors are, of course, generally not free (their motion is
most likely affected by background fields). In such cases, it is
essential to also consider the scattering of unstable particles
(which can decay and radiate). Recent literature on this subtle
subject includes [65-67].

3
BH1 —7 \— 1 BH

(s ) x( -
BH 2 S

Exp; = in(2'1'|STa35]12)i,

FIG. 1. The KMOC momentum space waveform as the expect-
ation value of measuring a graviton (labeled by 3) in the
background of two Schwarzschild black holes/heavy scalars
(labeled by 1 and 2). The prime decorations on 1’ and 2’
emphasize that the scattering is nonforward (no in and out states
are exactly collinear). To obtain, e.g., the spectral waveform, one
needs to Fourier transform this observable to impact parameter.

The annihilation and creation operators in the far past are
denoted, respectively, by a and a't, while those in the far
future are similarly denoted by b and b*. In what follows,
the key property is that a and b are conjugated to each other
with respect to unitary time evolution: b = STa$S (and,
similarly, 5" = S7a’S), where SST = 1. We refer the reader
to [60] for complementary details.

The background in which the scattering occurs is defined
by perturbations of the time-invariant vacuum |0) in the
far past

112) = aaj|0) and [12') = alal|0).  (38)

As these two-particle states evolve over time, they can
interact nontrivially with each other (i.e., create and absorb
particles). Then, Exps is defined as

Exp; = i, (2'1|b3|12)sy. (39)

The connection between Exp; and amplitudes is made
manifest in two steps. First, using the relation b = S*aS
and inserting a complete basis of states’ 1 = Yy X)(X| in
Eq. (39), we obtain

Exp; =, (2'1'|STa;8(12);,

mn

= Y n(2VISTIX)(X3[S[12)s,. (40)

Next, plugging the decomposition formula S = 1 + iT of
the four-point S-matrix (where 7 is the connected part) into
Eq. (40), we obtain

The symbol Y, formally denotes an integral-sum over
the on-shell phase space of the inserted state |X) [see
Eq. (3.5) of [60]].

094047-5
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Exp; = in<32/1,|iT|12>in

+Im<2'1'|T"“|x><x3|T|12>m. (41)

X

The first term is a (conventional) time-ordered 3 « 2
amplitude, while the second term is a product of two
time-ordered amplitudes glued together by a sy =
—(py + p»)?* channel cut. In practice, we can therefore
compute Exp; perturbatively, directly from conventional
time-ordered Feynman rules. (Alternatively, it was recently
explained in [68] how to obtain such observables from
analytic continuations of time-ordered scattering amplitudes.)

To eventually streamline comparison with experimental
data, one may opt to work with waveforms expressed as
functions of variables other than momenta. Such quantities
can be derived from Exp; after performing additional
Fourier transforms. For example, obtaining the spectral
waveform requires Fourier transforming Exp; to impact
parameter space. Similarly, to obtain the time domain
waveform, an additional Fourier transform in the frequency
of the outgoing graviton is needed.

It was recently demonstrated in [56] (see also [54]) that
to obtain the leading-order (tree-level) spectral waveform in
pure general relativity and N = 8 supergravity from the
KMOC formalism, (similar integrals appear also in the
effective field theory approach [69,70], in the context of
worldline quantum field theory [71,72] and in the eikonal
approach [73]) one must perform Fourier transforms of the
form

T _ / a0 2t @)3(ua - (g = k)g"...q"me "
PP [qZ _ ig]ﬂl [(q _ k)2 — l'g}ﬂz

(42)

where the u;’s denote the (dimensionless) classical veloc-
ities of the heavy external objects, k is the (on-shell:
k*> = 0) graviton momentum and b is the impact parameter.

In what follows, we showcase how our method can be
applied to obtain new D-dimensional closed-form formulas
for Eq. (42) in the case where 5, = 0. [Given that the
ultrasoft graviton limits of the results presented below are
not smooth, a separate evaluation of Eq. (42) for k¥* = 0 is
provided for completeness in Appendix C.]

Evaluation of IZT’(; The tensor reduction of Eq. (42) is

simple to perform. We find
Tyt = NTpm: (43)
where we define

®Note that the exponential has the nonstandard sign. This
is due to our use of a signature convention opposite to that
in [54,56].

_ b (1 - q)(uy - (q = k))e a?
Ta= /M ¢ > — ie]® 8
(=1)" [p®m]tan)

A= 7 (D+2( - 1)

(44b)

Above, 7®" denotes m occurrences of the metric tensor,
and [...]""} stands for the sum over all possible shufflings
of the 2m Lorentz indices v; in the tensor [...].

Defining the kinematics as

u}=-1, uj-uy=-y, u;-b=0,
kb:O, k-ulz—wl, k'uzz—Wz, (45)
and denominators
L=ui-q. n=U-q+wy, 23=q°, z4=-—ib-q.
(46)
the integral in Baikov representation reads
d*z
o= [ S u@t)a). (47)
M 23

Treating the delta functions appearing as cut propagators,
we can rewrite the integrals by taking the residues at z; = 0
and z, =0 as

d?z
Ia = //\/lz_gu(zﬂzl:zz:o? (48)
where the twist on the cut is defined as
(=0’ - 1))
22 (B32)
D-5

x(B*w3 - (= 1)(b*z3+23)) 2. (49

M(Z) |21122:0 = _ieZA

Rescaling with respect to |b| allows us to work with
dimensionless integrals /C, defined as

T, = |b*%PK,. (50)

We find v =2 master integrals, which we define
as IC = {IC],ICQ}.

Next, defining the dimensionless parameter s = w3b?,
intersection decompositions yield the system of differential
equations

0 =L
,K=Q, K, Q = y , (51a)
_1 D=6
4s  2s
2_y1 (‘22“‘}1)2
K=0, K, Q=" g (51b)

094047-6
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In terms of the dimensionful master integrals, the solution
to Eq. (51a) reads

I, =(0/wy) T (P - 1%

\/b_2W \/b_ZW
o) e (22,

and similarly for Z,. In this expression, 7,(z) denotes the
modified Bessel function of the first kind.

We now fix the boundary conditions. Similarly to what
happened in Eq. (31), in the neighborhood of b? = co
approached from

bo_){loo for ¢ > 0,
—ico for ¢° <0,

the integrand in Eq. (44a) is exponentially suppressed [see
Eq. (32)] and thus vanishes. This condition fixes

and fixed b,  (53)

Cr = Cyp, (54)

in Eq. (52).

To fix ¢y, we evaluate Eq. (44a) at zero impact parameter.
In doing so, it is convenient to commit to the rest frame of
uy, where

u = (1,0,01_) and U, = (y, y2 - 1,01_), (55)

such that u; - u, = —y. In this frame, the integral at b* = 0
becomes

S 0 S 0 _ 2_1 1 _
Ia|b:0:/ 0, MO0 = VY = 1g —w)) (56)
M

[—(°)* + (¢')* + (q.)* — ie]*

Integrating out the two delta functions gives the ath mass
derivative of the Euclidean (D — 2)-dimensional tadpole of

mass m = w,/+/y*> — 1
Lolp—o = I 0\%) / 461) 0
N =1 ™ Jro2 (qu)? + m?

[(a+1-D/2) [yz - 1] a+1-D/2

P2 (a) /P =1L W

Using these results, and by computing the » — 0 limit of
Eq. (52), c; is fixed to

1 D
c :4csc<”2>. (58)

Putting everything together, the final expressions for the
dimensionful master integrals read

(57)

_ )T Ve

_ (bz/wg)% oD @ (59b)
: 4ﬂ(y2—1)¥ B v =1 ’

where K, (z) stands for the modified Bessel function of the
second kind. The D — 4 limit of Eq. (59a) is smooth and
agrees with Eq. (C16) of [54], once convention differences
are taken into account. The D-dimensional analytic expres-
sions in Eq. (59) are new and constitute one of the main
results of this work.

C. QCD color dipole scattering

A central objective of future electron-ion collision
experiments [74] is to gather data on how the density of
partons inside hadrons changes as a function of energy. It is
theorized that, as energy increases, this density becomes
larger and larger until it reaches the so-called saturation
regime of QCD, where nonlinear effects from gluon
recombination (gg — g) take over soft bremsstrahlung.
This prediction arises in the color glass condensate
interpretation of deep inelastic scattering (DIS) [75,76].
In this framework, the incoming lepton emits a high-energy
virtual photon scattering from the color potential of the
proton. This interaction is then modeled in the frame where
the virtual photon fluctuates into a color dipole (quarkonia)
that scatters eikonally from the color potential (see Fig. 2).

At leading order, the total cross section for the photon
polarization states is obtained by applying the optical
theorem to the color dipole forward amplitude 7 [77]

o0 =2 / d%b, b, dzly (A 2)PT (b, by Y).  (60)

Here, y = y,+4,5 denotes the light-cone wave function of
the virtual photon of momentum ¢ in the frame where it
decays into a quarkonia dipole of transverse size A| =
|b, — by| carrying a fraction z of the photon’s longitudinal
momentum. The forward amplitude 7 is related to the

correlator of Wilson lines

FIG. 2. The bare color dipole cross-section discussed in the
main text. The eikonal quark and anti-quark are represented by
(red pill-shaped) Wilson lines. The color potential, which appears
as a static two-dimensional pancake in the laboratory rest frame,
models the highly boosted target nucleus (and is represented by
the filled blue oval region).

1
]"/ 1
< 1

1

1

C 1
1 1

bg ! !
1 1

b
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U(b,.b,.Y) = Nitr[U(bq, Y)U'(bg. V)],  (61)

C

via7 = 1 — U. Here, N, denotes the number of colors and
each Wilson line U(b,,, Y) represents a parton p traversing
the target at transverse position/impact parameter b, and
rapidity Y = Y(z) (see Fig. 2).

The rapidity evolution of the target color field is descri-
bed by the Jalilian-Marian—lancu—McLerran—Weigert—
Leonidov—Kovner equation [78]. An approximate, yet more
tractable, large-N /mean-field description is given by the
Balitsky-Kovchegov (BK) equation [79-81], which is to
leading-order accuracy given by

oU(b,.b,.Y)

%: /deglclﬁg(bq,bq,bg)
x [U(by, b, Y)U(b,, by, Y)
—U(b,.by.Y)]. (62)

N (bg=b,) .
where KE2(b,.b;.b,) = %W and o is the

strong coupling constant.”

The solution to the BK equation predicts an interesting
feature of the DIS total cross section known as geometrical
scaling [85]. This scaling is indicative of gluon saturation
within the hadron in the Regge limit.

Over the past decade, significant efforts have been made
to refine the BK equation by including next-to-leading-order
(NLO) corrections and beyond (see, e.g., [82,86—88]). These
refinements involve calculating higher-order corrections in
the strong coupling constant, which can be quite cumber-
some. In particular, as intermediate steps, it is often
necessary to trade the transverse-momentum dependence
in expressions in favor of transverse position. This step
necessarily leads to complicated Fourier integrals.

As illustrative examples, we consider two D-dimensional
families of integrals relevant to deep inelastic scattering in
the saturation regime

Ny(Q1 , qz)ei(%'xl+flz'x2)

& :/ dPq,dPq ,  (63a)
o @@t +4d)
.. Nij , i(q1x1+q2x2)
G = / qulquz G(ql QZ)ze . — (63b)
R (q1 + 92)*(q17 + q3)

where the ¢; = q;’s are Euclidean, 1 > 7 > 0 and

"When considering high-energy QCD in situations involving
dilute targets and projectiles, the partonic Wilson lines in Eq. (62)
tend to stay close to unity such that U — 17 [82]. In such
scenarios, 7 is a small parameter and the relevant physics is
governed by the linearized version of Eq. (62) known as the one-
loop Balitsky-Fadin-Kuraev-Lipatov equation (see [77,83,84] for
a recent review).

FIG. 3. A small sample of NLO diagrams relevant to the
rapidity evolution of a color dipole in light-cone coordinates (the
transverse direction is left implicit). The first diagram exemplifies
a cut self-energy correction, while the subsequent ones illustrate
cut vertices. The Fourier integrals discussed in the main text
emerge as intermediate steps in the computation of NLO BK
observables in D dimensions.

NY =495,

2(q,+92)'q)5
+ (Q1 612) 42'
u urt

NG = 1(g} - qf) D9 (64)
In particular, in D = 2, Eqgs. (63a) and (63b) appear in the
derivation of the NLO BK equation [Eq. (42) of [86]]. A
small subset of diagrams leading to their appearance is
shown in Fig. 3.

In the following, we present new closed-form formulas
for Egs. (63a) and (63b) in D dimensions. We anticipate
these results to be useful considering that the O(e)
correction to the NLO BK equation yields nontrivial
contributions to the next-to-NLO (NNLO) BK equation
in the critical dimension.®

Tensor decomposition We first perform the tensor
decomposition of 7/ and G/, namely

5
1= "1,t
a=1

5
and GV=Y "Gl  (65)

a=1
with basis
ij i ij _ iy ij _ i
1 = xx|, 1y = xjx. 1y = x3x7,
=i, =g, (66)

Here, 1, and G, are respectively given by

*More precisely, as prescribed by the “spacelike-timelike
correspondence” [88-90], at any fixed order in «y, the nonglobal
log Hamiltonian is independent of ¢ in dimensional regularization
and equals the BK Hamiltonian in the critical dimension (recall
that nonglobal observables (e.g., jet shapes) involve incomplete/
“nonglobal” integrals over final states phase space. These phase-
space cuts lead soft radiation to not be integrated over all angles,
resulting in ‘“nonglobal” large logarithms that need to be
resummed). Concretely,

2.0)

it HS) = HGY +eHG) + ... then HG) — HY) = HEY.

This situation bears similarity to the relation between the soft
anomalous dimension y,, which is independent of €, and the
rapidity anomalous dimension, as mentioned in Eq. (6.21) of [91].
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(1,G,} = i(rmh{Ké’l Ky, (67)
b=1

where we have defined

KO =diri, KO =41 T,=dd  (68)
Therefore, in order to find the tensor decomposition of
these integrals, our first task is to compute the scalar
integrals KEII) and KEIG) fora=1,...,5.

Change of variables For K (al), we make the change of
variables

Ky

K
g =—— and ¢, =-—, 69
"= el 2= 1| (€9)
while for K (aG), we instead consider
\/— Ko VK K
q and ¢, = 70
= o] 2=yl 7
From there, we define the dimensionless vectors
X1 X2
=— == 71
& Vel & (71a)
X + X Xy — X3
O=—F7"7, OH=r—7—, (71b)
e M e A
such that both integrals take the universal form
Y = (Vix3)*PI (51, 52;/\/51[)), (72a)
(G) (1 + T)D 3 (
K9 = LN, (720)
(el —xp2)P2 7Pl =2
where
./\/'ei(Kl'ﬂlJer'Vlz)
I(ny.nyuN) = dPx,dPx,——————, (73
(’71 M ) AZD K1d Ky K%(K%-l—l(%) ( )

and 73 = 1. The numerators are respectively given by

() ijnrij K1 K>
a — taN NI E 74
N =i (i) (742)
(G) _ ij ﬁKZ \/%K] + K
=1t/N . 74b
N G(\/_|x2—x1| | — x| (740)

Master integrals of 7 In Baikov representation, the family
of integrals defined in Eq. (73) reads

le,lh;N)_/c d7ZM, (75)

2122

where 1 = K%, = K'% +K%, 73 = K1 Ky, 24 =K1 Wy,
Z5 =Ky M2, 26 = K2 " N1, 27 = K - 1], and only z; and z,
can appear as denominators. The twist is given by

—D

@D — (- mp)?)' D=s
P (D -3tz W (70

u(z) = -

where B(z) is given in the Supplemental Material [49] and
f(z(ki,k2,11,12)) = N. In this case, there are two master

integrals
u(z
Ji(ni.m) = Z(n1.mix7) :/ d'z u(z) ) (77a)
Cr 22
Jo(n1.1m2) / ;. u(z)
—= =T(n;,m;1 d'z—=, 77b
(D 2) (’11 ) ) Ce 212 ( )

where the factor (D—2)? is introduced for Ilater
convenience.
Using intersection decompositions, the differential equa-

tions for the basis J = (J;,J,)T read

1=-D 0
L+
Opd =Qp -1, Qp = DO-2)(1+2) 2.p |’
417% 2_1ﬁ
a'71"72'] = 0 (78)

The solutions to this system of differential equations are

Ji(m) (79a)

= Jyo(1+m)' ",

2\2z2 JIO (I

Jo(m1) = Jao (1) +7JT ; (79b)
with FO = ,F, (232, D 2.2, —n}).

To fix the constants J;, and J,), we examine the

boundary conditions at 77; = 0. For J, the limits evaluate to

J,(0) = 2°-21(D — 1), (80a)

J,(0) =2Pr(D-1), (80Db)
as shown in Appendix D. Thus, since Eq. (79) yields
J1(0) = Jy9, we immediately see that

Jio = 2P2I(D - 1). (81)

To fix J,y we use the fact that J,(0) is finite. This
necessarily requires J,5 = 0.

Computing 1"/ For I/, we have that 1,
Thus, the master integrals are

=& andn, = &.
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() _ AD=2 _ X1 P
A =202 —1)( 1+ . (82a)

J$) = 2P=37(D - 1) F ),

with F0) = ,F, (252, D —2,0, - ),

b 2 ’ TXZ
We can then decompose the 7 integrals in Eq. (73) in
terms of these master integrals to find

0 _ Vond %) J

g = Vs g J g3
D yme K T O

2

(1) Vixh,J (1) xJ

Ky =——"5— K,/ =—F7FF5+-, (83b)
P (V)P (e
o Vd

Ky’ == —5p> (83c)
> (V)P

2_,2
where x;, = x; - x, and J = (r);zrx;ﬁ ng) _ ng)).
2

Applying the transformation described earlier in
Eq. (67), we find

V3T
11213214215:0 and 12:7_. (84)
xq (vexg)P !
The final answer is then
g VAT
I =——->-==. (85)
xi(v/ex3)P!
In D = 2, we find
i
= —— 1% (86)

X3 (xf +7x3)”

in agreement with the known result given in Eq. (42)
of [86]. (Subleading terms in the D =2 — 2¢ expansion
are provided in Appendix E for “QCD practitioners”
convenience.)

Computing G' For G, we have instead that ; = ¢, and
1y = {,. Thus, the master integrals are

/O = 021D - 1) ((1 +(T) i +)§x%)> . )
T(Xy — X4

J{O = 2030(D - 1)FO), (87b)

220 1(x-x))?
We again decompose our integrals and transform back to
our tensor decomposition in Eq. (67) to find

(1+7)P-! (Y1J<1G) + 27(x, — xl)zng))
G, = ,
l MTI+%(XI +rx2)2((x2 —xl)z)D

G2 = (T— 1)G1,G3 = 0, G4 = —TGI,
(1+7)P-2 (Y2J§G) + Y3J<2G)>

G = T%(xl + sz)z((xz - XI)Z)D ’ (88)
where
Y, =doxp + (= 1) (x5 — x3), (89a)
Yy = (14+2)2((r = 1)x}x3 + (7 —2x3)x12),  (89b)
Yy =21(xy —x1)((z = D)xyp + x3 — ). (89c¢)
The final result is then given by Eq. (65) and reads
5
GU = "G,ti. (90)
a=1

In D = 2, we find that

_ 22(x —x)'0 + 2x) (x) = x)/ + wr(x3 — x7)67

ut(xy — x1)3(x3 + 7x3)

Gii

o1

which is also in agreement with [86]. (Once again,
subleading terms in the e-expansion are provided in
Appendix E.)

Let us close this application by noting that for both
Egs. (85) and (90), the € expansions (see Appendix E)
involve only polylogarithms with rational coefficients in
the kinematics. This observation resonates with the fact that
the known results for NNLO BK in A/ = 4 super Yang-
Mills involve only (weight three) polylogarithms with
similar coefficients [82]. Therefore, one might naively
expect the full QCD result to be constructed from similar
functions.

The differential equation matrices evaluated in applica-
tions (A), (B), and (C) by means of intersection numbers,
have also been verified by computing IBP identities in
momentum space.

IV. CONCLUSIONS

In this paper, we applied intersection theory to dimen-
sionally regularized Fourier integrals, extending the range
of applicability of this technique in particle physics beyond
Feynman integrals.

We showed how to express Fourier integrals as twisted
periods by deriving their Baikov representation. From
there, we explained how to derive relations between
Fourier integrals within a given family and how to obtain
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the system of differential equations they satisfy using
intersection numbers. This offered a fresh perspective on
Fourier calculus, inspired by recent advances in Feynman
calculus.

We showcased our method by computing explicitly
relevant instances of Fourier integrals appearing in the
tree-level spectral waveform within pure general relativity
and N =8 supergravity, as well as in color dipole
scattering at NLO in QCD. Each time, we were able to
verify our new (dimensionally regularized) results with
existing data from the literature in specific limits, high-
lighting the method’s accuracy and potential. We hope that
these developments open up a number of new directions,
some of which are outlined below.

It would be interesting to see to what extent the method
described in this paper proves efficient in tackling the
remaining integrals relevant to the tree-level spectral wave-
form [i.e., those with f, #0 in Eq. (42)], and more
ambitiously, those pertinent to the one-loop spectral wave-
form (these come with an additional loop integration on top
of the impact parameter Fourier transform). To the authors’
knowledge, none of these has been analytically computed
in D dimensions.

Similarly, it would also be interesting to investigate the
extent to which our approach can be adapted to address
the remaining steps in calculating the full NLO evolution
of color dipoles within dimensional regularization (with
or without the incorporation of running coupling correc-
tions [86,92], the latter requiring the computation of
Fourier transforms involving additional logarithms [92]).
As stressed in the main text, such NLO results would
contain valuable nontrivial information about higher-order
corrections to the rapidity evolution equation in the
critical dimension, which is relevant for the phenomenol-
ogy of high-energy hadronic and nuclear content.

From the mathematical point of view, the study of the
cohomology of Fourier integrals, poses interesting ques-
tions on the type of systems of differential equations they
obey, as well as on the type of functions that are expected to
appear in their solutions, possibly involving new types of
transcendental leading singularities/maximal cuts. Finally,
it would be interesting to explore the extent to which
tropical geometry [93-97] could be used in the context of
Fourier integrals, offering new directions for their analytic
and numerical evaluation.
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APPENDIX A: DERIVATION OF THE BAIKOV
REPRESENTATION FOR FOURIER INTEGRALS

Let us consider the generic Fourier integral given
by Eq. (17). To derive the Baikov representation, we
first split each momentum g¢; into components per-
pendicular and parallel to the subspace spanned by

{@j41----.qr.x1.....xg}. The effect on the measure is
quj — dE—L—jqu A dD—E+L+jqu_' (Al)
The parallel component gives
) L d(g.- ANd(g: -
dE_L_jqu o /\k71+l (q] qk) (q] yE) . (AZ)

- Gl/z(Qj+l’ e dqr, Xy, ...,XE)

while the perpendicular component gives (in spherical
coordinates)

dVq jL = flﬁ-vf 'dQy_, A dg L
1
= quj%QN—z A d(‘]?ﬁ

1/ G(gj....xg) \'T
:—<’— 4y, A d(g2),

A3
2 G(‘]j{»l?"'?xE) ( )

where N=D—-E+ L+ j and dQy_, is the measure
accounting for the N —2 angular degrees of freedom.
Substituting Eqs. (A2) and (A3) into Eq. (A1), we observe
that the Gram determinants simplify, leading to

_L(L-1) —D+E+1

L _LE
/ Hqu':ﬂ' T 2G(xy, .., xg)” 2
RLD = J 2% HJL:] F(D—L;E+j)

X / G(qy....xg) T[] dS;. (A4)
j=1

We then conveniently redefine our propagators such that
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which introduces a Jacobian for the change of variables,
given by detA. Thus, we find

L
ALD r[lquj = K/” d"zB(z)P~L-E-1/2 (A6)
o

where « and B(z) are defined in Eqs. (23b) and (23c),
respectively.

APPENDIX B: FOURIER TRANSFORM
OF A POWER LAW

From the generalized Schwinger trick, we have

eiq-x 27‘["/2 )
dD — /dD elqx
o TA@" Tw/2) Je "7

% /oo dé«é:n—le—zzsz(q)z.
0

(B1)

For A(q) = ¢, and after swapping the order of integration
on the right-hand side, the inner integral becomes much
easier to perform. This is because the Fourier transform of a
Gaussian is itself a Gaussian

2
D02
que_ﬂfzqzequ = g X
RD (27[)D/2

Plugging this into Eq. (B1), we find (for 0 < n < D)

(B2)

o0 a2
(B1)|A=q = N/ dgfl’l—D—le 472
0

= N/m dgg(D—w—le—%
0

I((D-n)/2)

= W(xz)%v (B3)

where N = —22 jand { = 1/£. After a trivial change

(27)P?1(n/2
of variables, Eq. (B3) is seen to agree with Eq. (A1) of [98].

APPENDIX C: ULTRASOFT GRAVITON
SPECTRAL WAVEFORM

As complementary material to the results presented in
Sec. III B, we examine the integral in Eq. (42) in the
ultrasoft graviton (k* = 0) regime

e—iq<bqﬂ
(qZ)(l ’

using intersection theory and differential equations. This
integral, while solvable through more conventional meth-
ods such as Schwinger parameters, remains a simple
enough example to showcase the application of the

I/t;://\/thqé(ul'Q)(s(MZ'Q) (C1)

techniques used to address the more challenging calcula-
tions discussed in the main text.

Evaluation of I, We have L = 1 internal vector {¢} and
E =13 external vectors {b,u;,u,}, with kinematics
w=us=-1, u-uy=-y, u-b=u-b=0. We
define the n = 4 integration variables such that z; = ¢2,
=-iq-b,zz=u-qand zg = uy - q.

By performing a tensor decomposition, the integral takes
the form

=1+ 19w+ 190 (C2)

It is easy to see from Eq. (C1) that contractions with u; or
u, vanish due to the delta functions. Moreover, u; and u,
are, by definition, transverse to the impact parameter b. Put
together, these conditions give

0=1 +y15) = y1¥ +19, (C3)
and thus I,(lz) = I(@ = 0. This implies
b I
I =10 = =5 b, (C4)

such that only Ifxl) needs to be computed. Its Baikov

representation takes the form

| .
1 == [ 222 u(2)8(23)8(z4), (C5)
b Zf
where the twist reads
(=b2(y? 1))
u(z) = —i -
PR
x (B2(=(y* = 1)z —2yz423 + 23 + 23)
- (-7 (C6)

We can then integrate out z3 and z, using the delta functions
to find

| .
1) —/dZ]dzleZ—(fl/t(Zl,Zz,O, 0). (C7)

= :

There is only one master integral (v = 1), defined as

b e—iq~b
1= [ ®atur a9 . (C8)
I((Il> can then be decomposed onto this basis as
i(4—-D
- é=-D), (C9)

a b2
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The master integral J obeys the differential equations

4-D -y
asz = 2—b2J and 0)1 = y2 —

. (C10)

The solution to these equations is easily seen to be

(b2>(4—D)/2
0 éyz—l .

To fix the boundary constant J,, a direct evaluation of J in
Eq. (C8) is performed at b*> = 1: first, the two delta
functions in the rest frame of u, are integrated over. Up
to a normalization factor, this gives a Euclidean (D — 2)-
dimensional tadpole integral with numerator e~/4"*. After
mapping this result back to Schwinger parameter space, the
integral can be easily evaluated for b> = 1, similarly to the
computation outlined in Appendix B. This allows us to fix

J=1J (C11)

2
Jo = —’—F(D/z 2). (C12)
Putting everything together, we obtain
(bZ)(Z—D)/z
=i(4-D)Jy——=¢q". (C13)
=1

APPENDIX D: BOUNDARY CONDITIONS
FOR APPLICATION (C)

We examine the 7; = 0 limit of the master integrals in
Sec. I C
=Z(n.ms1),

J2(m) (D1)

Ji(m) =Z(ny.n25x7),

with Z (5,1, N') being the family of integrals defined in
Eq. (73). If we set #; =0, we have for the first master
integral

dDKl

— D iK1
J1(0) ADG KZCZZADK%—FK%

r(1-2 iKy°1a
= (DZ)/ dPx, 67])
7 o

= 20-21(D - 1).

(D2)

For the second master integral we have

D
_TeNT / dDKzeiKz'ﬂz / &
(D-2)>  Jer ro K7 (K7 + K3)
dDKl

. 1
= [ dPryeiem / de [
/R{D 0 ro (K7 + K3x)?

r'(2-2 Ky 1 b
= M/ dPx, ¢ = X (/ dxx7—2>
22 R (k3)*2 0

2)2-D
2DSP(D - 1)
- (D-2y

(D3)

In order to find these boundary conditions, we have used
the result from Eq. (7.85) of [50], the result from
Appendix B as well as the, Feynman parameter represen-
tation of the integrals discussed in this section.

APPENDIX E: ¢ EXPANSIONS
FOR APPLICATION (C)

In this appendix, we provide explicit formulas for the ¢
expansions of Egs. (85) and (90) up to O(e?), namely

2
{1, G} = Z;e'z{lgg), G} +0().  (El)
The coefficients I'(; ) are recorded explicitly in the text
below, as well as in a computer-friendly form in the
ancillary file ancillary.m [49]. The coefficients GZ1 )

are much larger and, therefore, are only recorded in
ancillary.m.
For the former, setting 7)) = x{x}/(,), we have

1) = (86), (E2a)

A_log [TAX } —2x3 <log [‘/—xz} + 7E>

2
A x3x3

- 2 )

a2 o e 5] gt

+x%<n2+6<yg—logz>2>}/<3A+x%x%>, (E2¢)

— 52 2
where AL = x7 & 7x3.
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