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The Schwinger-Keldysh functional renormalization group developed by Y.-y. Tan et al. [Real-time
dynamics of the O(4) scalar theory within the fRG approach, SciPost Phys. 12, 026 (2022)] is employed to
investigate critical dynamics related to a second-order phase transition. The effective action of model A is

expanded to the order of O(d?) in the derivative expansion for the O(N) symmetry. By solving the fixed-
point equations of effective potential and wave function, we obtain static and dynamic critical exponents for
different values of the spatial dimension d and the field component number N. It is found that one has z > 2
in the whole range of 2 < d < 4 for the case of N = 1, while in the case of N = 4, the dynamic critical
exponent turns to z < 2 when the dimension approach towards d = 2.
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I. INTRODUCTION

Nonequilibrium critical dynamics might play a signifi-
cant role, when quark-gluon plasma (QGP) produced in
relativistic heavy ion collisions evolves into the critical
region of the critical end point (CEP) in the QCD phase
diagram [1-4], though recently, it has been found the
critical region of QCD is extremely small [S]. This is quite
relevant for the search of CEP in experiments under way
currently at, e.g., the Relativistic Heavy Ion Collider
(RHIC) [6,7] and other facilities. In the critical region,
dynamics are dominated by the massless modes, and the
significantly increased correlation length results in the well-
known critical slowing down [8,9]. On the other hand, the
dynamics in the critical region is simplified, since it does
not depend on the details of interactions of different
systems but is rather governed by some universal proper-
ties, which has been discussed in detail in the seminal
paper [10].

In early studies of critical dynamics, perturbation tech-
niques are usually adopted, for example the e-expansion
[11-13] or the 1/N expansion [14]. In recent years, many
nonperturbative methods have been utilized. Real-time
lattice simulations in classical-statistical field theory are
used to calculate spectral functions and critical dynamics
[15-20]. Real-time correlation functions, spectral functions,
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dynamic critical exponent, dissipation dynamics, etc., are
investigated within the real-time functional renormalization
group (FRG) approach [21-25] or based on analytically
continued FRG flows [26]. Moreover, spectral representa-
tions of correlation functions have recently been combined
with the FRG and Dyson-Schwinger equations (DSE),
which are now known as the spectral FRG [27,28] or spectral
DSE [29-32].

In our former work [21], we have developed the
formalism of FRG formulated on the Schwinger-Keldysh
closed time path [33,34]; see also, e.g., [35-38] for some
relevant reviews about the Schwinger-Keldysh path inte-
gral. By the use of the Keldysh rotation, one is able to
formulate the real-time effective action in terms of two
different fields: one is referred to as the “classical” field,
say ¢, and the other “quantum” field ¢,. The relevant
diagram techniques were also devised there [21].

In this work, we would like to employ the Schwinger-
Keldysh FRG in [21] to study the critical dynamics of a
dissipative relaxation model, that is classified as model A
in [10]. The formalism of Schwinger-Keldysh FRG in
terms of the physical classical and quantum fields, facil-
itates the description of real-time dynamics from the
microscopic level to, e.g., mesoscopic or macroscopic
levels. For instance, the effective action expanded up to
the order of (;,’72 is equivalent to Langevin-like equations
with white noises; see, e.g., [38] for more details. We will
employ the method of derivative expansion to make
truncation for the real-time effective action, which is
usually used in the studies of static critical properties,
cf. [39,40]. The action is expanded to the order of O(d?) for
the O(N) symmetry. Fixed-point equations will be utilized
to investigate the critical dynamics of the relaxation model.

Published by the American Physical Society
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Therefore, one is able to compute the dynamic critical
exponent directly by solving the fixed-point equations and
eigenperturbations near the fixed point, rather than calcu-
late it indirectly from, e.g., spectral functions [21].

This paper is organized as follows: In Sec. II, the
dynamic model and its representation in the Schwinger-
Keldysh FRG are presented. In Sec. III, we discuss the flow
equations of the effective potential, wave function, and the
kinetic coefficient. Numerical results are presented and
discussed in Sec. IV. In Sec. V, we show our summary and
conclusions. In Appendix A, we show the Feynman rules
for the propagators and vertices in the Schwinger-Keldysh
FRG. In Appendix B, the flow of effective potential in the
mesoscopic relaxation model and that in the microscopic
theory are compared.

II. DYNAMIC MODEL WITHIN THE
REAL-TIME FRG APPROACH

We begin with the dissipative relaxation model with no
conservation laws, which is classified as model A in the
seminal paper [10]. The equation of motion for the scalar

field of N components ¢, with a=0,1,...N—1 is
described by the Langevin equation, viz.,

op,(x,t OF

Weloo) - _pP )

ot o¢,

with a functional of fields for the free energy,

Fitl = [ atx (326000 4 V) - <o) @

where Z,(p) and V(p) are the field-dependent wave
function and effective potential, respectively. The notations
0; = 0/0x', p = ¢*/2 with ¢p*> = ¢, ¢, are used, and sum-
mation is assumed for repeated indices. Note that the O(N)
symmetry in Eq. (2) is explicitly broken by the last linear term
in 0 = ¢,_, with the breaking strength c. In Eq. (1), the
diffusion constant I" describes the relaxation rate and the last
term denotes the Gaussian white noises with vanishing mean
value, i.e., (7,(x,?)) = 0, and nonzero two-point correla-
tions, as follows:

{a(x, e (&, 1)) = 20TS(x = x)5(1 = 1')800, (3)

with the temperature 7.

In this work, we would like to study the critical dynamics
of model A within the functional renormalization group
formulated on the Schwinger-Keldysh closed time path.
The real-time FRG with the Schwinger-Keldysh path
integral and the relevant techniques thereof have been
discussed in detail in our former work [21]; see also
[41,42]. Following the approach there, one is able to arrive
at the renormalization group (RG) scale dependent effective
action corresponding to Eq. (1) with Eq. (2), that is,

1—‘k [¢07 ¢q]
= / dtddx{zt,kqbaﬁqi(atgba.c) + izqﬁ.k(pc)(ai¢a.q)(ai¢a.c)

+ %.Z;p,k (pc)¢a,q¢a,c(ai¢b,c) (ai¢b.c) + lV;{ (pc)¢a,q¢a,c

—V2ico,~2iZ, TH2, } (4)

with d, = d/dt, where ¢ and ¢, stand for the “classical”
and “quantum” fields, respectively. Note that in Eq. (4)
there are derivatives of the wave function and the effective
potential, i.e.,

Vi) =T )

0Z¢,k(/7c)

Z/qﬁk(pc) = apc

with p, = ¢2/4. The action here is expanded to the order of
O(0?) in the derivative expansion. The kinetic coefficient
Z,; in Eq. (4) is related to the relaxation rate in Eq. (1)
through Z, , ~ 1/T". Quantities with suffix & indicate their
dependence on the RG scale. From the effective action in
the Schwinger-Keldysh field theory in Eq. (4), one is able
to obtain the retarded, advanced, and Keldysh propagators,
three- and four-point vertices, etc., which are discussed in
detail in Appendix A.

III. FLOW EQUATIONS

The flow equation of effective potential can be obtained
from the flow of one-point function as shown in Fig. 1. By
employing the Feynman rules for the propagators and
vertices in Appendix A, one is able to obtain the flow
equation of effective potential (the first-order derivative
with respect to the field), to wit,

2.Vi(p)
:”"dea{/ldxx%—‘ 2=l =x) -
2 dp o (2p(p) = Dx+ 1+ ing

1 d_q 2_’1(1_x)
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] [
] ]
' ]
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FIG. 1. Diagrammatic representation of the flow equation for

the effective potential, obtained from the one-point correlation
function of the effective action with an external leg of ¢,. Here, 7
stands for the RG time 7 = In(k/A) with some reference scale A.
The partial derivative 5, hits the k dependence only through the
regulator in propagators. See Appendix A for more details about
the Feynman rules.
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where we have used p in replace of p, without ambiguity.
The RG time is 7 = In(k/A) with A being some reference
scale, e.g., an ultraviolet cutoff. The angular integral in d
dimension gives rise to a constant v; = 1/[(4x)%?T'(d/2)],
where I'(d/2) is the gamma function. In Eq. (6), one
also has

Zsk(p)
Z¢,k

z4(p) = : (7)

with Z, « = Z x(po). that is field independent, and p, is
usually chosen to be the position of the minimum of
potential, i.e., V} (pg) = 0. The anomalous dimension reads

The dimensionless renormalized meson masses in Eq. (6)
read

2= 2y R, = 75k,

my ©)
where the bare masses are shown in Eq. (A4). In Appendix B,
ithas been demonstrated that the flow of effective potential in
the mesoscopic relaxation model in Eq. (6) corresponds to
the high temperature limit of the flow of effective potential
in the microscopic Klein-Gordon theory [21].

In fact, in order to investigate scaling properties of
Eq. (6), it is more convenient to adopt dimensionless
renormalized variables, such as

0:Zy1 p= sz;,kT_lkz_dp, u(p) =Tk, (p). (10)
n=——" (8) _ _
¢k Then, one is left with
|
0./ (5) = (=2 +m'(p) + (=2 + d + m)pu® (p) - =
x {/d 2= (1 =)z (p)x +3u(B) +25u (P)](24(P) = Dx + 1+ 1 (p) +2pu® ()]
N-1) / doxr 12 = (1 = x)][2. L(p)x + u® ()] [(z4(p) — Dx + 1 + 4/ ()] 2}. (11)

The flows of the wave function renormalization Z,, x (p.)
and the kinetic coefficient Z,; in the effective action in
Eq. (4) can be extracted from the flow equation of the two-
point function, e.g., the inverse retarded propagator in
Eq. (Al). The flow of the inverse retarded propagator is
shown in Fig. 2. Inserting the different propagators, three-
and four-point vertices in Appendix A into the flow equation,
one is able to close the equations. The computation is
straightforward, though a bit tedious. It is obvious from
Eq. (A1) that the flow of the wave function renormalization
can be obtained by performing the projection as follows:

0 820, [@]

= lim(—i) $6¢a,q(_p)5¢a’c (p)

Po—0
p—0

(12)

aTZ¢k<p)

Dpom

P) = 124(p) + (<2-+d + mpZy(p) + p(al(p) P [ dnatsta) (

|

Note that there is no summation for the index of field
component a. In the same way, one finds for the kinetic
coefficient,

0 520, [@]
p)5¢a.c (p) Dpy .

lim—
70000 86y 4 (—

a‘rztﬁk = (13)

In this work, the projections in Egs. (12) and (16) are made on
the pion field, i.e., the field component a # 0. Then, one
arrives at

Lo )
Lo (x)L3(x)  Li(x)L,(x)

+ 4pzy(p)u vd/ doexi™ 17)()—4,0 )(5)) yd/ dx)cf'L2 > x)( )(5 ' La(x))
8 _ 5 1
#5p@)Ps [ @t (s s ) e
=GP Py [ et s <a§Lﬂ<x>>s<x> = &)+ 205 ) [ )
~ (V=D [ ant ), (14)

094044-3



YONG-RUI CHEN, YANG-YANG TAN, and WEI-JIE FU

PHYS. REV. D 109, 094044 (2024)

FIG. 2. Diagrammatic representation of the flow equation for
the inverse retarded propagator; see Eq. (Al) or Fig. 9.

with

s(x) = 2=n(1 =x)j6(1 - Xx),
La(x) = z4(p)x + (1 = x)O(1 = x) + ' (p),
Lo(x) = z4(p)x + (1 = x)O(1 —x) + u'(p)

+25u (p), (15)

where the flat regulator, cf. Eq. (A7), is used, and ©(x)
denotes the Heaviside step function.
The flow of the kinetic coefficient reads

1
002y =220 )Py [ ants()

L7(x) + 4L (x)Ly(x) + L3 (x)
Lz (x)L3(x)[L(x) + Lo(x)]*

(16)

which allows us to define the dynamic anomalous dimen-
sion as follows:

a‘L'Zf,k

Z. (17)

n =

The static anomalous dimension in Eq. (8) can be
obtained by evaluating Eq. (14) at the minimum of potential
Do, and one arrives at

n = =0:24(Po) + nzy(Po) — (9:P0)24(Po).  (18)
with
- aru/</_)0)
0.pp = — , 19
P0 u<2) (po) ( )

where the last equation follows from the requirement,

du'(py)
dr

= 0.1/ (Po) + (0:50)u® (Bp) = 0. (20)

Note that since the field dependence of the Kkinetic
coefficient is neglected, it is a natural choice to compute
its flow in Eq. (16) at the physical point p,. With the static
anomalous dimension 7 in Eq. (8) or (18) and dynamic
anomalous dimension 7, in Eq. (17), one is able to calculate
the dynamic critical exponent [10],

z2=2—-n+n,. (21)

It is interesting to find that the flows of the effective
potential in Eq. (11) and the wave function in Eq. (14) do
not receive contributions from the dynamical variable 7,,
indicating that the dynamics is decoupled from the static
properties in the truncation as shown in the effective action
in Eq. (4). In fact, in more sophisticated truncations, for
instance, when the momentum or frequency dependence of
the kinetic coefficient Z, ; is taken into account, there is no
decoupling any more. Moreover, if the field dependence of
the wave function is ignored, the truncation then is reduced
to the modified local potential approximation, usually
denoted by LPA’. Then the static anomalous dimension
reads

_ 8 1 Po(u® (py))?
d297921(d/2) (1 + 2pou® (py))?

n (22)

and the dynamic anomalous dimension is given by
42+d-n) 1 _ _
= (2) 2

un d(2 + d) 2dﬂd/zr(d/2)p0<u (,0()))

3 + 6pou'® () + 25 (u (py))?
(14 pou®(po))*(1 4 2pou (py) )

(23)

If the static anomalous dimension in Eq. (22) is assumed to
be vanishing, i.e., # = 0, the truncation then returns to the
local potential approximation (LPA).

Here, we end this section with a summary of relations
among the different truncations used in this work. As
mentioned above, the effective action in Eq. (4) is expanded
to the order of O(0?) in the derivative expansion, where the
wave function is field dependent as shown in Eq. (14). If
the field dependence of the wave function is neglected
while its RG scale dependence is kept, this is LPA’. When
the RG scale dependence is even ignored, one is left with
the LPA.

IV. NUMERICAL RESULTS

In this section, we solve fixed-point solutions of the
flow equations of the effective potential and wave function
numerically, that is 0,u'(p) = 0 and 0,2, (p) = 0. In this
work, we focus on the Wilson-Fisher fixed point, which is
characterized by just one relevant eigenvalue of eigenper-
turbations around the fixed point [43,44], and this rel-
evant eigenvalue is usually denoted by 1/v, where v is one
of two static critical exponents besides the anomalous
dimension 7.

In this work, we employ two different numerical
methods to solve the fixed-point equations. One is the
conventional grid method where the potential u'(p) and
wave function z,(p) are discretized on a grid of p.
The other one is the high-precision direct integral of the
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FIG. 3. Derivative of the effective potential #’(p) (left panel) and the wave function z,,(p) (right panel) at the Wilson-Fisher fixed point
as functions of p for the O(N) symmetry with N = 4. Three different values of dimension d are chosen.

fixed-point equation, that is recently proposed in [45], and
more details can be found there. We find that these two
different numerical methods produce identical results.

In Fig. 3, we show the fixed-point solutions of the global
potential and wave function. It is found that with the
decrease of dimension d, the zero crossing point p, of
u'(p), ie., u'(py) = 0, moves right towards the direction
of larger p. One can also find that with the decrease of
dimension d, the dependence of the wave function z,(p) on
the field p becomes stronger, which indicates that when the
dimension is small, say d < 3, the field dependence of the
wave function should be taken into account. In Fig. 4, we
show the critical exponent v as a function of the dimension
d. Obviously, results obtained from the three truncations
are convergent when the dimension is d 2 3. Deviations are
observed in the region of small d, in particular in the
vicinity of d =2. In fact, the numerical calculations
become more and more difficult as the dimension is
approaching d = 2. This is already indicated in the results
of the potential in the left panel of Fig. 3. The zero crossing

T
N=1,LPA
2.0 : —@-- N=1,LPA’ |]
b N=1, 0(d°)
¢ — expansion
15F B
A i 5
N
AN
@
1.0 v i
~pig
¥
s W |
I I I I
2.0 2.5 3.0 35 4.0

point p, is divergent when one has d =2 and N > 2.
Therefore, the calculation of derivative expansion ceases at
a value of d, where the computation is quite time con-
suming. In Fig. 4, we also show the ¢ = 4 — d expansion
result for comparison, which reads

1 N N+2 N N+2

= €

2 4N+8)  8(N+38)?

N+2

MY VAR
32(N +38)

+ 8640 — 192(5N + 22)(N + 8) x 0.60103]¢?

+ O(e*),

UV =

(N? + 23N + 60)¢?

[2N* + 89N + 1412N? + 5904N

(24)

up to the order of O(e?) [46]. It is found that the e expansion
is consistent with the FRG computation with d > 3.

The results of static anomalous dimension # are pre-
sented in Fig. 5. Since one has # = 0 in LPA, only two
truncations in FRG are compared. One finds that the static

T w N=4, LPA
\ — - N=4,LPA’
6F 1 —a— N=4,0(%
“ m— ¢ — expansion
5F
\®
ab
R n
3t \&
\
2+ \
1F ha
0 I I I I
2.0 2.5 3.0 3.5 4.0

FIG. 4. Critical exponent v as a function of the dimension d for the O(N) symmetry with N = 1 (left panel) and N = 4 (right panel).
Three different truncations, LPA, LPA’, and derivative expansion up to the order of 0(62) are used, and their results are also compared

with that of ¢ expansion in the order of O(e?).
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0.12 T T
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{é\ e N=4,00%) |-

€ — expansion

0.08

0.06

0.04

0.02

0.00

2.0 2.5 3.0 3.5 4.0

Static anomalous dimension # as a function of the dimension d for the O(N) symmetry with N = 1 (left panel) and N = 4

(right panel). Results are obtained in LPA/, the derivative expansion in the order of O(d?), and the ¢ expansion in the order of O(¢*).

anomalous dimension as a function of the dimension is
monotonic for N = 1, whereas there is a nonmonotonic
dependence in the case of N = 4. This is closely related to
the Mermin-Wagner-Hohenberg theorem [47-49]; i.e.,
there is no phase transition in d =2 dimension for the
O(N) symmetry with N > 2. The result of ¢ expansion for
the static anomalous dimension [46,50]; i.e.,

N+2 , N+2 [6(3N+14) 1],
pu— € —— €*
2(N +8)? 2(N+8)2| (N+8)?* 4
N+2

———— — [-5N* = 230N3 + 1124N? + 17920N
* 32(N +8)° [ + +
+ 46144 — 768(5N + 22)(N + 8) x 0.60103]¢*
+ 0(e), (25)

in the order of O(e*), is also presented in Fig. 5 for
comparison. One can see that it is better for the derivative
expansion in agreement between the FRG and the ¢

expansion in the region of large d. In Fig. 6, we show
the dynamic anomalous dimension #,. Similar with the
static one, the dependence of 5, on the dimension is
monotonic in N =1 but nonmonotonic for N > 2.
Moreover, one can see #, = 0 at d = 4, indicating there
is no critical fluctuation or critical slowing down at the
Gaussian fixed point.

With the static and dynamic anomalous dimensions, one
can obtain the dynamic critical exponent through Eq. (21).
The relevant results are presented in Fig. 7. In the same
way, we use three different truncations. Moreover, we also
compare with the result of ¢ = 4 — d expansion in the order
of three loops [11,51], which reads

z=2+cn, (26)

with the constant c,

¢ = 0.726(1 — 0.1885¢),

Mt

0.35F o,

0.30 |
i
0.25

0.20

0.05

0.00

2.0

™ 0.12 T
N=1,LPA N=4,LPA
—&- N=1,LPA’ [ | 0.10 b —@- N=4,LPA ||
= N=1, 0(d%) e N=4, 0(0%)
0.08 |-
.. 0.06
<
0.04} *
0.02
0.00 |-
Il Il Il Il
2.0 2.5 3.0 3.5 4.0
d

(27)

FIG. 6. Dynamic anomalous dimension 7, as a function of the dimension d for the O(N) symmetry with N = 1 (left panel) and N = 4
(right panel). Results obtained in three different truncations are compared.
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Dynamic critical exponent z as a function of the dimension d for the O(N) symmetry with N = 1 (left panel) and N = 4 (right

panel). Results are obtained in FRG with three different truncations, and they are also compared with the results of three-loop order ¢

expansion [52].

and the static anomalous dimension # in Eq. (25). One can
see that when the dimension is very close to d = 4, say
d z 3.5, where the ¢ expansion should work well, our
results obtained with the LPA’ or the derivative expansion
are comparable with the ¢ expansion. However, the LPA
computation overestimates the dynamic critical exponent
apparently, since the static anomalous dimension in LPA is
neglected. Furthermore, in the whole range of 2 < d <4,
our results prefer z > 2 for the case of N = 1. The case of
N = 4 is, however, more intricate, and one can see that the
dynamic critical exponent calculated with the derivative
expansion turns to z <2 when the dimension is below
d=25.

In Fig. 8, we also show the dynamic critical exponent
with N = 10. In comparison to the results of N =1 and
N = 4, one can see that the magnitude of z — 2 decreases
significantly, since both the static and dynamic anomalous
dimensions approach to zero in order of 1/N in the large
N limit.

2.05 T

N=10, LPA

—@#~— N=10,LPA’
2.04 —A— N=10,0(%) |

e ¢ — expansion
203 " :

N

2.02 i
2.01 i
2.00 s

1 1 1 1

2.0 2.5 3.0 3.5 4.0

d
FIG. 8. Dynamic critical exponent z as a function of the

dimension d for the O(N) symmetry with N = 10. Results of
the FRG and e expansion of three-loop order are presented.

V. SUMMARY AND CONCLUSIONS

In this work, we have used the Schwinger-Keldysh FRG
developed in [21] to study critical dynamics related to a
second-order phase transition. As a concrete example, a
dissipative relaxation model classified as model A is
employed. In the formalism of Schwinger-Keldysh FRG,
the RG scale dependent effective action is expressed in terms
of two different kinds of fields. One is similar with the
physical classical field, i.e., the “classical” field, and the
other plays the role of fluctuations, called the “quantum”
field. This formalism of double fields provides us with a very
powerful approach to study real-time critical dynamics by
employing systematic expansions for the truncation. For
example, the derivative expansion can be applied to the
sector of classical fields. For the sector of quantum fields,
one is able to study the transition from a microscopic theory
to a mesoscopic model, e.g., the semiclassical limit of a
quantum action; see, e.g., [38] for more relevant discussions.

We expand the effective action of O(N) symmetry to the
order of O(d?) in the derivative expansion, from which one
can readily obtain the truncations LPA’ and LPA by
neglecting the field dependence of the wave function
and the wave function itself, respectively. The flow equa-
tions of the effective potential, wave function, and the
kinetic coefficient are obtained. By solving the fixed-point
equations of the dimensionless renormalized potential and
wave function, one is able to find the solution of the
Wilson-Fisher fixed point and the relevant static and
dynamic critical exponents. It is found that both the static
anomalous dimension # and the dynamic anomalous
dimension 7, behave as monotonic functions of the spatial
dimension d in the range of 2 < d < 4 in the case of N = 1,
whereas they are both nonmonotonic when N > 2.

The dynamic critical exponent z is obtained as a function
of the spatial dimension d for different values of N. Our
results are also compared with those of ¢ expansion in the
order of three loops. It is found that results obtained from
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derivative expansion and LPA’ are consistent with that from
the ¢ expansion when the dimension is close to d = 4,
while LPA overestimates the dynamic critical exponent.
Furthermore, we find that z > 2 in the whole range of
2 < d < 4 forthe case of N = 1, while in the case of N = 4
the dynamic critical exponent turns to z < 2 when the
dimension approach towards d = 2.

Furthermore, it is very interesting to investigate the
convergence of different truncations in FRG. To that
end, one has to move on to higher orders of the derivative
expansion, e.g., the order of O(d*). The dependence of
regulators used also has to be studied, and the “principle of
minimal sensitivity” (PMS) procedure is usually adopted in
the literatures; see, e.g. [40]. We will report the relevant
progress in the future.

ACKNOWLEDGMENTS

We thank Gonzalo De Polsi and Jan M. Pawlowski for
discussions. This work is supported by the National Natural
Science Foundation of China under Grants No. 12175030,
No. 12147101.

APPENDIX A: PROPAGATORS AND VERTICES

In the functional renormalization group (FRG) approach,
quantum and thermal fluctuations of different scales are
integrated in successively with the evolution of RG scale
[53]. It is a nonperturbative continuum field theory; see,
e.g., [2,54] for reviews and [55-60] for recent progresses.

From the effective action in Eq. (4), one is able to obtain
various correlation functions, such as the two-point func-
tions,

B 5T (@]

B 6¢b.q(q/)6¢a,5(q) Dpomt

= (Zikqo + iZyi(p)q* + im} ;)
X 84 (22) 15 (g + ¢),

2)gc
roe(q q)

(A1)

which is depicted in Fig. 9. Here, ® denotes all the fields
involved in the theory and ®g,,; the fields on their
respective equations of motion (EoM), i.e., the expectation
value of fields. For the classical and quantum fields, one has

¢a,q|¢DEOM = 09 (AZ)

and

FIG. 9. Diagrammatic representation of the two-point function
in Eq. (Al).

¢0,c -
bodo = {0 089
which leads to p |, = #5./4. The subscript |q,  is
omitted for brevity, such as in the second line of (A1), if
there is no ambiguity. The squared mass in Eq. (A1) reads

2 2 / (2)
Mook = Moi = Vipe) +2p Vi (pe)
= { M~ e ()
Mook = Maie = Vilpe)
In the same way, one finds for the ¢ and # fields,
) =0
N . AS
¢6¢~,(1(C) {ﬂ-i’q@') a = l # 0 ( )
The relevant infrared regulator reads
7
R{,.(d' q) = iZyuq°rs <?> Sap(2) !
x 61 (g + 4, (A6)

where Z,, = Zy,(peo) is field independent, and p,, is
usually chosen to be the position of the minimum of
potential, i.e., V}(p.o) = 0. In this work, we use the flat
regulator [61,62], given by

rplx) = G— 1)@(1 _x), (A7)

with the Heaviside step function ®(x). Then, one arrives at
the inverse retarded propagator [21],

2 -
Prr =T (@) + R (q)
2
. . q .
= |:Zz.kQO+ iZy (P ) +iZy g% rp <ﬁ> —l—zmi.k] Oab>»
(AB)
where we do not show the delta function of momenta

explicitly. Following the same approach, one can also
readily obtain the inverse advanced propagator,

2)c c
Pra = Fl(cilaq(q> + R ()

2
. . q .
= |=Zixgo + iZpi(pe)q* +iZyrq*rp (P) + lmi,k:|

X 6ab'

For the gq component, one is led to
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57T (@]
5¢b,q(q/)5¢a~l] (C]) Dgom
= —~4iZ,  T6,(2m)" 16 (g + ¢').

2
Pk =Tl (q q) =

(A10)

Note that there is no regulator in the gg component as
discussed in [21].
Then, we obtain the matrix of inverse propagator,

0o P
Pk - ( k.A>, (All)
Prr Prx
and the propagator matrix immediately follows as
G G
G- = (%5 )
Gia O
with
Gir = (Per)™ Gia= (Pra)™',  (A13)
Girx = —GrrPrkGra- (Al4)

In short, the retarded, advanced and Keldysh propagators
read

iGllj,ah = <Tp¢a,c(x)¢b,q(y)>’ (AIS)
Gkab - < p¢a q( )¢b,c(y)>7 (A16)
iG yp = (Tpac(X)p.c (). (A17)

where T, denotes the time ordering in the closed time path
from the positive to negative branch [21]. In the momentum
space by means of Fourier transformation, one arrives at

le,ab(Q)
e ! 5gbs
Z1qo + iZy k(P )4+ iZy1q VB( ) + im?
(A18)
iGZI?,ab(q)
= : 5ab7
~Zisto + iZysp ) + iZysPrs () + im
(A19)
lGllc(,ah(q)
47, T
= 6ab'
(Zixq0)* + (Zpi(pe)d* +Zy1q rB( ) +m?,)?
(A20)

In fact, the retarded propagator is essentially the response
function as follows:

= iGp, (A21)

and the Keldysh propagator is also usually called as the
correlation function,

C = iGy. (A22)

From their expressions above, one can easily show

=iy, (A23)
90
which is the fluctuation-dissipation relation.
To proceed, we discuss the vertices in the Schwinger-
Keldysh field theory, that are relevant in our computation.
We begin with the three-point vertex, as follows:

(3
lFE{.C)t?ZZCa3 (91 92-93)

= ayic) A24
B 6¢a|q(ql)5¢a2c( 2)6¢a3,c(q3) <1>E(,M’ ( )

which is shown diagrammatically in Fig. 10. Substituting
the effective action in Eq. (4) into the equation above, one
obtains after a few calculations,

(3
le(c.Zf’Zfag (91592, q3)

= Z;ﬁ,k(Pc>Pi/2(Q1 ' q25a1a25030 +4q- q35a1a35a20
2v,(2
+q;- q35a2a35a1 ) ,Oi/ V](c )(pc)(501a25a30
=+ 5a1a35a20 + 5a2a3501 ) 2:03/2V )(pc>6a105a205a30’
(A25)

where the delta function of momenta is not shown
explicitly. In the same way, the four-point vertex reads

ZFI& ;cc (q17 q27 q3)

FIG. 10. Diagrammatic representation of the three-point vertex,
where “c” and “g” denote the classical and quantum fields,

respectively. The momenta ¢, g, and g3 are incoming.
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N\ 4
N\ 4
AN , . . T(l)
Q4\\\ //q:; : q =1 kg
\c\ ’(:, (4) :
' =il gece(q15 G2, 03, q4) '
17
7 N FIG. 12. Diagrammatic representation of the one-point vertex.
qll,, \r\\\qz
4 N\
‘ * which is shown in Fig. 11. The relevant result can be
FIG. 11. Diagrammatic representation of the four-point vertex.  divided into two parts,
(4 (4 (4
SR CTRACIN T osasa, (102003 05) = ) + T, (A27)
. 5T @]
=1 )
5¢a1,q(¢h)5¢a2,c(QZ)5¢a3,c(Q3>5¢a4,c(q4) Dpom
(A26) with
|
1
(4
lril) = Ezip,k(/)c)[(ql “qr + 43 'q4)5a1a25a3a4 + (ql g3+ q> - q4>5a1a35aza4 + (ql gy +qr- q3)5ala4502a3]
2
+ ch((;S}( (pc)<q1 : q25a1a25a305a40 +4q:- q35a1a35a205a40 +4q:- q45a1a45a205a30 +q> - q35a2a35a105a40
+ q> q45a2u45a105a30 + q3 q45u3a45a|06a20)’ (A28)
[
and 0:Vi(p)
1 2 n 1 1
@ __1yo = —TK>(1-% N-1 :
lrk,II - _Evk (pf)(5010250304 + 5a1a35a2a4 + 5“10450203) 472 3 ( 5) <1 + 1’71(2; + ( ) 14+ ﬁ’l,zt)
3
- pLV]({ )(pc><5a1a25a305a40 + 6a1a35a205a40 (Bl)

=+ 5a1a45a205a30 + 5a2a35a105a40 + 5a2a450105a30

4
+ 5a3a46a1051120) - ngvl(c )(pc)6a|05a206u305u40'
(A29)
Furthermore, in the flow equation of the effective

potential in Fig. 1, one also needs the one-point vertex
as shown in Fig. 12, which reads

L o1 [@]
lFi.Zq(q)Et&ﬁ"( )
aq q Deom

= (=2p¢*V}(p.) + V2¢)6a0. (A30)

Note that the explicit symmetry breaking c¢ is RG independent.

APPENDIX B: COMPARISON OF FLOWS
OF THE EFFECTIVE POTENTIAL IN THE
MESOSCOPIC RELAXATION MODEL
AND IN THE MICROSCOPIC THEORY

In Eq. (6), if the field-dependence of the wave function is
ignored, i.e., z4(p) = 1, one can easily simplify the flow.
Integrating the field p and considering the case of d = 3,
one is led to

In the microscopic Klein-Gordon theory of the O(N) scalar
fields, cf. [21], the relevant flow of the effective potential is
given by

2 n
0:Vilp) = Wk“g ( —§>
1
m

1 1
: {(1 +img)'? {5+6Xp(k(1 +mz)'?/T) — 1]

4 N-1 1 L 1
(1+m2)"2 (2 exp(k(1+m2)'/2/T)-1] )"
(B2)
In the limit of high temperature, one has
1 T
> 1. (B3)

exp(k(1 + M) 2)T) =1 k(1 + m2)/2

Then Eq. (B2) is reduced exactly to Eq. (B1).
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APPENDIX C: ¢ EXPANSION WITHIN THE
FRG APPROACH

In this section, we neglect the field dependence of the
wave function and use the truncation LPA’. Then, the flow
equation of the effective potential in Eq. (11) is reduced to

0u(p) = —du(p) + (=2 +d +mpu () + Ap).  (C1)
with
_ v 2 2 1
Ap) =7 [<2 Mgty 2} (1 +u'(p) + 2pu (p)
N-1
) )

where we have integrated out the field p on both sides of the
equation, such that one is left with the flow of u(p) rather
than «/(p) as shown in Eq. (11). Expanding the potential in
Taylor series around p = 0, i.e.,

u(p) = Z%ﬁ",

n=0

(C3)

and inserting Eq. (C3) into Eq. (C1), one finds for the flows
of expanding coefficients,

04, = —[2n—(n—1)d — nmyld, + — (C4)

Since we are interested in the leading-order results of the

€ = 4 — d expansion, expansion coefficient 4,,’s with n > 3

as well as the anomalous dimension can be ignored for the

moment. Thus, one is left with a set of flow equations for 4,
and /,,

0.4, = =21,

- %yd(N +2) (14 4y)72 (C5)

_ _ 4 - -
Oy = =(4 = d)Jy +Jva(N + 8)3(1+ 1) (Co)
From the flow equations above, one is able to find solutions
of fixed points by demanding 9,4} = 0. Obviously, besides
the Gaussian fixed point /1* = /12 01in Egs. (C5) and (C6),
there is another nonvamshmg Wilson-Fisher fixed point
with

N+2 - d

TaN+8)° RZEEDN 7

which are kept in the leading order O(e).
Next, we consider a linear perturbation around the
Wilson-Fisher fixed point, that is

A=A} + 8y, (C8)

do =25 + 6. (C9)

Inserting (C8) and (C9) into (C5) and (C6) and keeping
linear terms in 64, and 84,, one arrives at

52 52
ar( _1 ) - M( _] )’
51, 5,

with the matrix,

(C10)

e (e (e
0 €

(C11)

One can readily obtain the eigenvalue of the matrix M
related to the relevant parameter, which reads

N+2
A, =2 . Cl12
“ + N+8© (€12)
Then, we obtain the critical exponent v,
1 N+2
-1/, =—+—— C13
[a 2 + 4(N + 8) ( )

Substituting the Wilson-Fisher fixed point in Eq. (C7) into
Eq. (22), one finds for the static anomalous dimension,

N+2

me{ (C14)

]/[:

in the leading order O(e?). Comparing Eq. (C13) with
Egs. (24) and (C14) with Eq. (25), one can see we have
reproduced the static critical exponents in leading order in
the e expansion within the FRG approach.
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