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We investigate the photon emission in pion-pion and pion-proton scattering in the soft-photon limit
where the photon energy @ — 0. The expansions of the 7~ 7°

satisfying the energy-momentum relations, to the orders @~ and @° are derived. We show that these terms
0

— 7~ 7% and the 7 p — 7* py amplitudes,

can be expressed completely in terms of the on-shell amplitudes for 7~ 7z° — z72° and #tp — 2% p,
respectively, and their partial derivatives with respect to s and 7. The structure term which is nonsingular for
@ — 0 is determined to the order »° from the gauge-invariance constraint using the generalized Ward
identities for pions and the proton. For the reaction 7~z° — 7~ 7% we discuss in detail the soft-photon
theorems in the versions of both Low and Weinberg. We show that these two versions are different and must
not be confounded. Weinberg’s version gives the pole term of a Laurent expansion in @ of the amplitude for
7~ 7° = 7~ 7% around the phase-space point of zero radiation. Low’s version gives an approximate
expression for the above amplitude at a fixed phase-space point, corresponding to nonzero radiation.
Clearly, the leading and next-to-leading terms in theses two approaches must be, and are indeed, different.

We show their relation. We also discuss the expansions of differential cross sections for 7~ 7% — 7~z

with respect to  for @ — 0.

DOI: 10.1103/PhysRevD.109.094042

I. INTRODUCTION

In this article we shall discuss the production of soft
photons in zz and zp scattering. In particular, we shall
study the following reactions:

7= (pa) +2°(pp) = 7 (p1) + 7°(p2), (1.1)

7= (pa) +2°(py) = 7 (p}) + 2°(py) +y(k,e), (1.2)

and
7 (pa) + P(Pp &) = 75(p1) + p(P2. Aa), (1.3)

75 (pa) + P(Pop) = 7 (p)) + p(Ph.25) +r(k,e).  (1.4)
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Here p,. py. p1. P2, P}, P> and k are the momenta of the
particles, 4;, 4,, 2’2 are the spin indices of the protons, and ¢
is the polarization vector of the photon. Let @ = k° be the
photon energy in the overall c.m. system. We are interested
in soft-photon production, @ — 0.

In a seminal paper Low [1] derived the theorem that the
leading term for @ — 0 in the soft-photon-production
amplitudes comes from the emission of photons from
the external particles of the reaction. In [1] this was shown
explicitly for the scattering of a charged scalar on an
uncharged scalar particle, that is, for a reaction like (1.2),
and for the scattering of a charged spin 1/2 fermion on a
neutral scalar boson. In [2,3] a soft-photon theorem was
derived for general reactions with an arbitrary number of
external particles. In the following soft-photon production
was studied by many authors; see, e.g., [4-19].

In [1] also an expression for a next-to-leading term, of
order w°, is given for the scattering of scalars. In our study
of soft-photon production in z~z" scattering we recalculated
the next-to-leading term and found a different result [20]. In
the present paper, we reconsider the leading and next-to-
leading terms in the soft-photon expansion of (1.2). We shall
show that Low’s version [1] and Weinberg’s version [3] of
the soft-photon theorem are different and should not be
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confused. We also shall show how they are related. In this
way, we shall also give the clear reason why there must be a
difference between the formulas for the next-to-leading
terms in Low’s paper [1] and in our paper [20] and how the
two results are related. These results have already been
presented in a short form at a conference in October 2023;
see [21]. There, also our misunderstanding of the results
of [1] which led us to an error in [20] was corrected. This
will be discussed in detail below.

Our paper is organized as follows. In Sec. II we discuss
the phase space and the kinematics for the reactions (1.1)
and (1.2). Section III deals with the reactions (1.1) and (1.2)
from a general point of view. In Sec. IV we recall the
expansion of the amplitude for #~7° — zn~x"y around the
phase-space point pq, p,, k = 0 as presented in [20], where
the leading term is precisely given by the soft-photon
theorem of [3]. Section V deals with Low’s version of
the soft-photon theorem [1] and its relation to the results
of [3,20]. In Sec. VI we discuss cross sections for
77’ —» 772%. In Sec. VII we give an outline of the
calculation for the leading and next-to-leading terms of
the 7% p — n* py reactions (1.4). Section VIII contains a
summary and our conclusions. Some details of our analysis
are given in Appendixes A and B.

In our paper we use the following theoretical framework
for the calculations. We consider the reactions (1.1)—(1.4)
in QCD plus leading order in electromagnetism. We use
only exact quantum field theory (QFT) methods in this
framework:

(i) energy-momentum conservation,

(i) gauge invariance,

(iii) parity (P), charge conjugation (C), and time-reversal
(T) invariance,

(iv) the generalized Ward identity for the pion and the
proton fields, which in QCD are composite local
fields,

(v) analyticity properties of amplitudes, in particular the
Landau conditions.

It turned out that the evaluation of the @° term for the
amplitude of (1.4) involved a lengthy and complex analy-
sis. Therefore, we present in this paper only the basic
ingredients of the calculation and the results. All details can
be found in Ref. [22].

I1. KINEMATICS AND PHASE SPACE FOR zn — nix
AND znr — nxy

Let us start with the elastic reaction

7= (pa) +7°(pp) = 7= (p1) + 2°(p2),

Pa+ Py = p1+ P (2.1)

We set as usual

D1

Py Da

D2

0

FIG. 1. The reaction 7~ z° — 7z~ z° (2.1) in the c.m. system.

s = (pa+ Pp)* = (p1 + P2)*,

t=(pa— 1)’ = (pp—p2)* (2.2)
Let us look at the reaction (2.1) in the c.m. system and
consider a given value of the c.m. energy squared s. Then
the energies and absolute values of the momenta are fixed,

0 0_\/E
5=

po=p)=p)=p >

el = o] = o1l = lpal = (- m2. (23)

For a given initial configuration we can vary only
Pp1=p1/|p1], the unit vector in direction of py; see
Fig. 1. The phase space is the unit sphere.

Now we go to the reaction with photon radiation,

7= (pa) +7°(pp) = 7= (p}) + 2°(ph) + r(k.€),

Pat+ Py =D +p)+k (2.4)
Here we set
s = (pa+ pp)* = (P} + P+ k)%
= (pa—PY)?* = (pp — Ph— k)%
= (py—P5)? = (pa— Py — k)% (2.5)

We shall consider real and virtual photon emission and
require

(2.6)

and k small, say |k#| < /s —4m2 (u=0,...,3) in the
c.m. system. We consider a given value of s and ask what
are the free parameters of the reaction (2.4). In the c.m.
system (Fig. 2) a convenient set of such parameters is given
by the four-vector k plus the unit vector pj = p/|p}|:

Phase space of (2.4) = {(k.p}), k€ partof Ry, |p}|=1}.

(2.7)

We can easily see this by considering the reaction (2.4)
for given k in the rest system of the four-vector
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pi
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FIG. 2. The reaction 7~ z° — 7z~ 2% (2.4) in the c.m. system.

Pa + pp — k. In this system p| and p}, are back to back with
fixed |p}| and |p5|. The only freedom left is to vary p/ in any
direction. The same is then also true in the c.m. system if k
is small enough.

III. GENERAL ANALYSIS OF nzx — zzwx AND 7z —
Ty

We consider first the reaction

(3.1)

off shell and on shell. We have always energy-momentum
conservation

7~ (Pa) +2°(py) = 7 (p1) + 2°(p2)

Pa~+ Pp = P1+ P2 (32)
In relations which hold off shell and on shell we denote
momenta with a tilde. The diagram for (3.1) is shown
in Fig. 3.

As kinematic variables we have the masses of the, in
general off-shell, pions, an energy variable, and a ¢ variable:

U= Dy Pp+ P1- D2
= (p.—p1)* = (Pp—P2)*
m2=p2, mi=pi mi=p} mi=p} (3.3)

We use here, following Low, U as energy variable. For the
Mandelstam § variable we get

1
U+ = (m2 +mi + mi + m3).

> (3.4)

eeli

[
~
Q
+
=
&
e

I

The scattering amplitude for (3.1) can only depend on the
variables (3.3):
2 m2, m?, m2)

cmy,my,m3).  (3.5)

() (1)
o) =

FIG. 3. Diagram for the off-shell and on-shell reaction (3.1).

The on-shell amplitude is obtained setting

Pa = Pa> Db = P> D1 = Pis D2 = P2,
mi =mi; =m3 =mj=m3,
U, -1, (3.6)
and we get
T(p1- P2+ Pas Pb)lon shen = M (v, t.mz, mz, mz, mz)
= MO (v, 7). (3.7)

Next we come to the photon-emission reaction (1.2):

7 (pa) + 7°(py) = 7 (py) + 2°(p3) +v(k.e).  (3.8)
where energy-momentum conservation reads
Patpy=p1+pytk (3.9)

Note that for four-vector k # 0 we must have p| # py,
Ph # pp with py, p, from (2.1). The amplitude for (3.8) is

(7= (p)). 2°(ph). v (k. )| Tz~ (pa). 2°(py))

= (") Mu(P's Pho ks Pas Pb)- (3.10)
In the following we consider M for real and also for
virtual, timelike, photons, that is, for (2.6).

There are three diagrams for the reaction (3.8) as shown
in Fig. 4, two one-particle reducible ones, (a) and (b), and
one which is one-particle irreducible (c).

To calculate the diagrams (a) and (b) we need the off-
shell zz — zz amplitude which we have already intro-
duced, the pion propagator Ax(p?), and the pion-photon

vertex function f‘ﬁy””)( 7. p):
O
— (3.11)
b iAp(p?)
P, T
/;/
Y ’
AVAVAVA | (3.12)
*
1;\ ST A(ywm) g
ZGFA (p 7p) .
We denote by e = \/4za., > 0 the zT charge.
We get
M= MY + M+ M, (3.13)
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FIG. 4. Diagrams for the reaction 7~ 7" — z~2% (3.8). The
diagrams (a) and (b) describe the photon emission from the
external charged lines, the diagram (c) corresponds to the photon
emission from internal lines, the structure term. The blobs in (a)
and (b) stand for the full pion propagator, the full yzz vertex
function, and the off-shell zx scattering amplitude.

where

M = —e MDA [(p, = KPIET™ (p, = k. pa).
MWD =T (pl, phs Pa =k Pb)loft she
= M[(pq — k. py) + Pl - Ph.

(pb_pé)zﬂ(pa_k)z’mizz’mfznmizz]? (314)
MY = =l (ph, pl + K)AL[(P) + K)IMP),
M(h) = T(pll + kv plz’ Pas pb)|0ff shell
= M((pa - pp) + (P} + k. ph),
(P — Ph)* mz. m% (P} + k)2 m2]. (3.15)

We shall now use one of the best tools from QFT which
we have: gauge invariance. This gives us the generalized
Ward identity [23,24]

(¢ = pVTT™ (0. p) = AF (P?) - AF' (p?)  (3.16)
and the condition
KM, = MY + MP + M) =0, (3.17)
A A A A . .

From these two conditions we get an exact relation between

M, and M@, M®);

M) = —e M@ 4 e M), (3.18)

cf. (2.22) of [20]. These are the QFT relations which we
shall use in the following.

IV. SOFT PHOTON THEOREM I

In this section we shall give the expansion of the
amplitude M, around the phase-space point (k =0,
Py =P1). In a small neighborhood of this phase-space
point we set, assuming |l{,| = O(w),

Ly

A :ﬁl_w’ Ly -p1=0+0(?). (41)

This neighborhood has six dimensions, schematically we
represent it as shown in Fig. 5.

For (k=0,l;; =0) we have the kinematics of
a 7° = 7~ 2%, the reaction without radiation (2.1). For
(k,1y,) we have

Py=r1-1, Py =pr =1L, (4.2)

where in the c.m. frame we get after a simple calculation, up
to order w, the following result. We have in the overall c.m.
system of (2.1) and (2.4) with p; = p{/|p1|,

HY p(l) MY P(2)
(Pl) (IPl A1>, (Pz) <—|Pz|131>’
k0 R
= (kllﬁl +kJ_>’ fooh =0

where k” = w, and p!,, |py | are as in (2.3). We find then
[see (3.21) of [20]]

(4.3)

lio
(ka llJ.)

0 k

FIG. 5. Schematic representation of the six-dimensional neigh-
borhood of the phase-space point (k = 0,p} = py); see (4.1).
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p A (4.4)
k —W(Pz 29 20

We have written (4.4) in such a way that it holds, of course,
for zz scattering, inserting for s, pi,, |py|, and py =
p1/1p1| the expressions from (2.2), (2.3), and (4.3). We
shall see in Sec. VII that for the zp scattering case the
analogous quantities /; , are again given by (4.4) with the
appropriate expressions for s, p;,, |py|, and p; inserted;
see Eq. (7.11) and the discussion following it.

We illustrate the situation in the overall c.m. system
in Fig. 6.

We have the important relations (up to order w)

l]+l2:k,

pr-li=py- L =0. (4.5)
Now we come to the expansion of the amplitude M for
@ — 0. To be precise we set, in the c.m. system,

(k")zw(%), w>0, k<1 (46)

In this way we have always

k= a?(1 —k*) > 0. (4.7)

Furthermore we set

L = wiu, \iu| = O(l)- (4~8)

We keep k and il | fixed and consider the expansion of the
radiative amplitude for @ — 0. That is, we consider M on
a line starting from the origin in the phase space shown
schematically in Fig. 5. Of course, this will be a Laurent
expansion.

FIG. 6. The final states of (2.1) and (2.4) for |I;, | = O(w) in
the c.m. system.

Note that when constructing this expansion we have to
count k> = O(w?) due to (4.7). In theoretical consider-
ations we certainly can consider k* (4.6) and k* (4.7) for
fixed k and @ — 0. If we want to realize k> > 0 in nature by
virtual photon y* production with y* — e*e™ we have, of
course, the limit

w >2m,,

= w?(1—k*) > 4m2, (4.9)
where m, is the electron mass. But the electron mass is very
small on a hadronic scale. Thus, in y* production with the
decay y* — e*e™ we can reach very low values of @ and k?
where the soft-photon expansion has a good chance to
be valid.

Now we illustrate the construction of the Laurent
expansion for the term /\/lgu); see Fig. 4(a) and (3.14).
We have

M/(ma) = —eT (P}, PhPa = k. Pb)loft shen

X Apl(pa — kI ™ (pa = kopa). (4.10)

Note that our off-shell amplitude satisfies energy-
momentum conservation:

Pa—k+ py = pi + p) (4.11)

From the generalized Ward identity (3.16) we find for
o — 0 [see (3.13) of [20]]

Apl(pa = KE™ (py = k. pa)

— (2pa_k)/1
—2p, - k+ K +ie

O(). (4.12)

This shows that in order to get the expansion for /\/lga) to the
orders @' and " we have to calculate the expansion of

T(Pll > P'z’ Pa—k, pb)|off shell
= T(Pl =lL,pr—bL,p.—k, Pb)|off shell
= M([(pa =k, pp) + (1 = L1, p2 = 1),

(Pb —p2+ 12)2’ (Pa - k)z’ m% mzzr’ mizz] (4'13)

to the orders " and . Note that, of course, /, and /, have to
be taken into account. Treating in this way ./\/lfla) and Mﬁw
and determining /\/lff) to the required order in @ from the
gauge invariance condition (3.18) we get for the case of real

photon emission, k*> =0, the following [see (3.27)
of [20]], where we neglect gauge terms « k;:

094042-5
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Pax

Ml(p/l’p/Qakypa’pb) _e{ [Pa‘k p/1 -k
_ |:pai

Pa-k pr-k

v=s—2m2,

t=(pa—p1)* = (pp— P2)*

! -k 7}
_ plﬂ, :|M(On)(1/, t) _ 2|:ptM ?b k_ pbl:| _M(On)(y’ [)

ov

a”

- ﬂ} [(pa ~p1k) = pa- ll:| 2 M, I)} +0(w).

ot
(4.14)

Here J\/l("“)(y, t) is the on-shell z=z° — 7~ z° amplitude (3.7). We can, for consistency, still expand (cf. Appendix A)

P’u _ (171—11)1
p/lk (pl_llvk)
— Pu + ! pully-k)=1,(pr-k)| +O(w) (4.15)
ik (prk? [P TR ' '
In this way we get [see (Al) of [20]]
Pa P 1
M, (pY. Pk, pa.py) = 3{ [ z —i}M(On) wt)—— [Pu(h k) = 1,(py 'k)}M(on) (v,1)
Pa-k pi-k (p1-k)
Pk 0 Par P12
— 2| pu— - — MO (1) =2 - —p1k)=p-l
[p‘”pa-k sz} ayM (1) [Pa'k pl-k} [(Pa p1.k) = pq 1}
0
X &M("“)(l/, t)} + O(w). (4.16)

We leave it to the readers to insert in (4.16) /1, [/, and k from
(4.4)—(4.8) and to convince themselves that in this way we
have given the terms of order ™' and ° in the Laurent
expansion of the amplitude M, for the reaction (3.8)
for w — 0.

The first term on the rhs of Eq. (4.16) is the pole term
« o~ and this is exactly Weinberg’s soft-photon term. He
writes in [3]: “Hence the effect of attaching one soft-photon
line to an arbitrary diagram is simply to supply an extra
factor,

4

Zenr]n pn

_ (4.17)
7 Pn-q — €

the sum running over all external lines in the original
diagram.” Here ¢ is the photon four-momentum and
n, = +1 for an outgoing charged particle, n, = —1 for
an incoming charged particle. In our work, [20] and (4.16)
here, we have given the next-to-leading term to Weinberg’s
pole term for the reaction (3.8).

|

a Pa n
M (P, Py ks par py) = e—2 {M<° pa- P+ P

pa'k

P
—(py - k) =M [p, - p,+ P}

ov

=2(p, 'k)W

0
Mp, - py+ P}

V. SOFT PHOTON THEOREM II

Now we want to discuss Low’s version of soft-photon
theorem [1]. Of course, as a starting point he considers
again the diagrams (a), (b), and (c) of Fig. 4 for M. He also
uses the generalized Ward identity which gave us (4.12) for
A Ff“ff’m). Considering only real photon emission we have
then for the term Mff” [see Eq. (2.11) of [1] but note that a
different metric convention is used there]

M (DL, bk, pas po) = eMI(pa =k, py) + Py - Ph,
pa/l
Pa: k .

(5.1)

(po— Ph)* m% = (pa — k)* . m%, m2, m2]

Now Low expands M with respect to k keeping p} and p),
fixed. That is, he only expands with respect to k which is
explicit in the parametrization chosen. In this way we get

/

- phe (py = Ph)?]

- ph (py = Ph)?]

- Phy (P — Ph)* mig. mz, mz, mz]| e, } +0O(k). (5.2)

094042-6
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Note an important point: Whereas the expansion of the
scalar function M on the rhs of (5.1) with respect to k,
keeping p| and p) fixed, is completely standard, this is not

the case for /\/lﬁa). Keeping in /\/lﬁa) (P, Py ky pas Pu)Pas
P», P, and p), fixed and expanding in k, in the usual sense
with varying k, we go outside the physical region where we
must have p, + p, = p| + p5 + k (3.9). Thus, the rhs of
(5.2) should, in our opinion, be considered as giving an

approximate expression for /\/l;“) making sense only for the
physical value of k satisfying (3.9).
Now we can treat M, in a similar way and then

determine Mﬁc) approximately from the gauge-invariance

condition (3.18). The result is Low’s formula [see (1.7)
of [1]]

/
M,(p. ph. k. pa. ) = 6’{[ Pa: P ]M("“)(UL,ZQ)

Pa: k B p/l -k
_ Pp - k / p/2 ' k
[p“ﬂpa-kw”p’l -k
— Dby — P i/\/l(on)(l/b f)
24 aI/L
+O®k), (5.3)
where

vy =Dpa-Pp+ D) Py =v—(pa+ P k),
= (pp— ph)* = (pa — P — k)% (5.4)

Note that the amplitude M (©") is evaluated at values of the
momenta appropriate to the radiative process.

Again we emphasize that (5.3) is not the expansion of
M, around some phase-space point. The rhs of (5.3) gives
an approximate expression for M, at a given phase-space
point p, ph, k. Also, the leading approximation in (5.3)
does not give what is frequently called Low’s theorem, but
really is Weinberg’s version of the soft-photon theorem;
see (4.17). We see this best by considering the reactions

7 (pa) + 75 (py) = 77 (p1) + 77 (p2),  (5.5)
and
7= (pa) + 7" (pp) = 7 (p}) + 7 (ph) +7v(k.e).  (5.6)
The leading term according to Low for (5.6) is
M(P'. Py ks Pas Pb)
Pas pllﬁ (on)
= - t
e{ [pa ko p ~k]M (i)
b [- 2 e+ 0, (5)
Py-k pyk

where #; and 7, are defined in (2.5). According to
Weinberg, see (4.17), we have, on the other hand,

M&(Pﬁ’lfz’k, Pa> Pb)
Pai P Pbi P2
=e - - + M) (y, ¢ }
{L?u-k pi-k pyk Pz'k] (v.1)
+ O(a?).

(5.8)

In (5.7) we have an approximate expression for M valid at
the given phase-space point p, p5, k. In (5.8) we have the
pole term of the Laurent expansion of M, around the
phase-space point p| = py, p5 = p,, k=0.

Let us go back to the 777° — 772 case. In (5.3) we
have Low’s formula which gives us an approximate
expression for M, at a given phase-space point. We can
construct, as we did in Sec. IV, the corresponding expan-
sion of this approximate expression around the phase-space
point (k =0,p;). Inserting in (5.3) p| =p, =1, p)=
ps — I, from (4.2) we get

MO (v 1) = MOy — (p, + pp. k).
t=2((pa — P1.k) = pa - 11)] + O(0?)

0
= MO (v, 1) = (py + pp. k) EM(OM (v,1)

= 2((pa = p1oK) = P 1) S MOV 01
+ O(a?). (5.9)

Furthermore, we find

Par P 0
— | T ) — MOy ¢
Lk P+ k) MO0

py-k ph-k
_|:paib—+p/1,1 /2

0
bk Pk Pbi— P/zg] —— MO (v, 1))

aI/L

-k 0
=-2 [paipb— - p,ﬂ] — MO (1, 1) + O(w). (5.10)

Pak ov

From (5.3), (5.9), and (5.10) we get the result for M,
identical to our result (4.14). We can go on to (4.16) using
(4.15). In this way we have given the relation between
Low’s theorem (5.3) and the Laurent series (4.16) where
the pole term « w™' is given by Weinberg’s soft-photon
theorem and the next-to-leading term @ by our calcu-
lation, (3.27) and (A1) of [20].

VI. CROSS SECTION FOR 7~ 7" - -2’y

Here we consider the cross section for z~z° scattering
with real photon emission and summed over the photon
polarizations. We get
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do(n™(pa) +2°(py) = 7= () +2°(p3) + 1(k))
B 1 d3k d3p] d3ph
2/s(s — 4m2) (22)32k° (27)°2p (27)32pF
x (27)*W(pl + ph+k—pa— pp)
X (=) My (ph. phok. pa. pp) M*(PY. Ph. k. Pa. Pb)
6.1)

with M from (3.10). We are interested here in small w,
where we found that the phase space can be parametrized
by (k.p}); see (2.7). Here we have for real photons, of

course,
w IA{ s k .

We can, as well, choose (k,p’) as phase-space variables.
Below we shall discuss the following cross sections:

(6.2)

B wdo B wdo _ wdo
T dwdd, T 7P deddey,” P de
(6.3)

where dQ;, dQ s and dQ ), are the solid-angle elements to

k, P, and pj in the overall c.m. system, respectively. For
calculating the expansions in w of the cross sections (6.3) it
is important to choose the appropriate expansion of
M;(py. ph.k, pa. pp). For calculating the cross section
with respect to (k,p}), we shall use the expansion around
(k =0, P'y) keeping pj constant. Similarly, for the cross
section with respect to k and p) it will be convenient to use
the expansion where p), is kept constant. We illustrate this
in Fig. 7. We set

Py =D (6.4)

and get, after a simple calculation,

D2

FIG. 7. Sketch of the momentum configuration for the final
state of 7~ (p,)7°(py) = 7~ (p})7°(p5)r(k) with the definition

of the unit vectors py and p| = —p}.

Pr¢-—--- = >'(]fzpl)

FIG. 8. Sketch for the two expansions (6.6) of
M, (ph. Ph. k, pa, pp) in the phase space (k,p}).

VL

Py =Py 1] k(@7)* = (B7 - bpy| + O@@?). (6.5

The next point to realize is, that in expanding
M;(py. ph.k, pa. pp) we have the freedom to choose
the starting point of the expansion appropriately, of course,
always staying with (p;, p,) close to (p/, p5) as sketched
in Fig. 6. Referring always to the phase-space variables
(k,p}) we choose as a starting point for expanding ¢, from
(6.3) the point (k = 0,p}), for o, the point (k = 0,p7).
Then, o5 from (6.3) should be independent of these two
choices and this is indeed what we shall see below. We can,
therefore, write the following expansions:

oM, (p, Pk, pa. Py)
~ (0 . .~ L
:Ml(l)(S»Pmpll,k)—f—a)./\/lﬁ)(s,pa,p’l’k7p’1)+O(w2)
/

A

= M (5, pas B} K) + 0. (5, p 0 B K ) + O(a?).
(6.6)

Here we indicate by the last variable in Mﬁl) the starting
point of the expansion, (k = 0,p}) or (k = 0,p]), respec-
tively; see Fig. 8. The precise definitions of Mﬁo) and Mﬁ”
following from (4.16) are given below.

Now we come to the calculation of the expansion of
(] (63)

The cross section with respect to the phase-space
variables w, IAc, ﬁ’l reads (see Appendix B of [20])

0

do(z~n° - 7= 7%) =

1 1
/s(s — 4m2) 2*(2x)

X wda)dQ,;in,/IJ(s, ,p}. k)

X (= MM, (6.7)

Here J is a kinematic function given in (B7) of [20] and we
consider M, as a function of the independent initial
variables s, p, and the phase-space variables (2.7)

Mﬁ(pllvp/zvk’ Pa> ph) EMi(svﬁa’a)vié?ﬁ/l)‘ (68)
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We are interested in the cross section (6.7) for w — 0.

The expansion of the phase-space factor J is easily obtained
from (B3)-(B8) of [20]

J(s.0.p) %) =TV (5,09, J6) + O(a?),

A 1 dm:  w 2m? A
JO (5,05 k) =+ 1__”__(7”@' -k).
( vk) 2 s \/s s(s—4m2) !

(6.9)

The expansion in w of M (6.8) was the topic of Sec. IV.
Now we consider given values for k and Py and vary w.
Therefore, in the schematic diagrams of Figs. 5 and 8, we
move for fixed p| = py, that s, for fixed I;; = 0 [see (4.1)]

along the line k = (1,k)T. The expansion of M, (6.8) on
this line is given in (4.16), of course, inserting /; and [,

~ (1,1 ~ (1 A Al £ A
MY = N (s, pas By s )

~af P P (= k) = (o )] MO0}

Pa-k pi-k

from (4.4) with I;; = 0. We denote the corresponding
values of /; by I! (i = 1, 2) in the following. In this way we
obtain with p| = py [see (B12)—(B14) of [20]] for the first
line on the rhs of (6.6)

~ 1 - ~
My(s.Pa- 0.k p) =~ MM + M+ O(). (6.10)

where

~ (0, ~ (0 N n A
M = M (s.pa b1 )

Par P1a
= ew — MO (1), 6.11
[Pa ko p -’J (v.1) (6.1

ov

1 -k 0
= 6{—W {Pu(l/l ~k) = 11,(p ‘k)}M(On)(Vv 1) — Z[Paz% - sz} — MOV (v,1)

a

p (6.12)

Note that both M/({O,l) and /\;lﬁl'l) are independent of w and they are unambiguously defined inserting /; and 7, which are the

values of /; and I, from (4.4) withl;;, =O0andv = s —2m2,t =

(pa — p1)? from (3.4)—(3.6). Note also that the expansion

(4.15) which is used here is, for our case I;; = 0, alright for @ < |p;| and all values of p; and k; see (A3).

Now we define

1 4m2

NV 1 ~(0,1) 45(0.1)2
AOD (s 5 Bl k) = /1= 22 A OD 0D, 6.13
(S Pa-P1 ) m24(27t>5 D) s ( A ) ( )
. 1 11 dmi (o~ o ~(0.1) 4
AU (s, pg. Pl e ) = [_\/1 ——”(—M( DO _ (01 (1D
(-PaPrKebr) = e a0y |2 s ’ A
1 2m?2 A>< A (0.1) 45(0,1)2
_ T p ) O o) | 6.14
Vs (m m ﬂ (014
Inserting (6.9)—(6.12) in (6.7) and using (6.13) and (6.14) we get
-0 -0
wdo(n™n” > xny) _ ! < ! I (s, w,py. k)
dwdQ;dQ; /505 = 4m2) 2 (2x)
x(—l)(Mﬁo'l)er/\;lﬁl’l)) <M<°*1)ﬂ+a)/\>l(l’m) +O(w?)
= A (s, py. pi. k) + @AM (s, pg. i Jes py) + O(?). (6.15)

Integrating (6.15) over the solid angles of k and Py, we find the expansion of the cross section wds/dw for @ — 0,
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d
wﬁ(ﬂ'_ﬂ'o - %) =

/dQ,;dQﬁr]J(l)(s,a),ﬁ’l,lAc)

1 1
Vs(s —4m2) 2*(2x)°

x (1) (/\?lﬁo’” + co/\%f'”) (/\?l““” + co/\?l("‘”)* +O(a?)
:/dQ,;de,/lA ) (5, Par Py o) + w/dsz,;dszf,/]AW)(s,ﬁa,p;,ic;p;)+<’)(w2). (6.16)

Note that in the expansions (6.15) and (6.16) all terms are unambiguously defined. The expansion coefficients are
independent of @, as it should be.

Next we consider the cross section o, from (6. 3) that is, the cross section with respect to w, k, and p p5. For this we define
here [see (6.4)—(6.6)] the pion momenta p7 and p} of the now appropriate nonradiative starting point of the expansion (see
Figs. 7 and 8). We have

P =-p5 =pb1lp1| =P} ——m%,

n — 0 _ ﬁ
P P> 7
= (pa— PV (6.17)
We get then the following matrix elements for the second line on the rhs of (6.6) using (4.16):
0.2 g
MO = NP (5.pa B} k)
Par V4 on
:ea){pa.k—p,{l"lk}/\/l( (v, "), (6.18)
M = AV (s.pa. i s )
1
= e{‘(p/{.)z {pﬁ(l’{ k) = 13,(pY - k)] MO (v, 1")
Py k d
2 [Paa ﬁ - Pbx} O—VM(OH) (v.1")
Paj Pl g M (on)
-2 | - - p'k 4 1) 5. 6.19
et B o= ) = - )] s MO0} (6.19)

Here we have to set in (4.16) /; = I{ and [, = [J according to (4.4) but with the replacements

pPr— P/{, Pi —’ﬁ/f’ p2 = P/z/’
Ly — 1, =k@y)* - (k-py)py- (6.20)

We get then I3, =0, that is, p, = p5, as we require here.
For the cross section ¢, of (6.3) we obtain

-0 -0

wdo(z™ 7’ - 27 n'y) 1 1

dCOde(in)/z n A /s(s — 4m%) 24(27[)5

x (=1) (S0 + 0 (2) (O 4 0 1024) 1 O(w?)

JO(s, w, ply. k)

__ 1 ! [l | ﬂ( L P kﬂ
Vs(s —4m2) 2% (2x)° 2 s Vs \s(s —4m2) P
x (=) (MY + @ f!) (MO 4 0 1021) 4 O(?), (6.21)

and finally
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4m?

wdo(z~7° - 7~2) 1 1
doddQ; |\ /s(s — 4m2) 2*(2x)°
1 4m?2 ~
+w |:§ 1- Mz (—M

2
n

1
NG

2m

(<S

s —4m?>

t

7 (_ Mﬁo,z) M(o,z)z*)

N

(1.2)

| M(O.Z)i* _ MEOZ)M(LQ),{*)

MO )] } + O(?).

(0.2)

4 (6.22)

5 + P - l%) (—M

Now we turn to o3 in (6.3). In (6.16) we have obtained wdo/dw by integrating over the solid angles of k and Py We can,

however, also integrate (6.21) over the solid angles of k and p)

. Will we get the same result up to order w? From (6.21)

we get
49 0 ) 1 1
w—\nT T > =
dw 7= sl = an2) 2*(22)°
" (0,2
x (=1) (M

In Appendix B we give the result for the change of measure

under the variable transformation p} — py = —p5 from
(6.5) for fixed k. We find from (B9)

de,/lJ(l)(s,a),ﬁ’l,l})

= in,/I/J( )(S , ﬁ/ll, A) + O(wz)

= dQy, )V (s, 0. py. k) + O(a?). (6.24)

Inserting (6.24) in (6.23) and using (6.6), (6.10)—(6.12),
(6.18), and (6.19), we find, indeed, that the expansions of
the cross sections wdo/dw from (6.16) and (6.23) are the
same up to order @ which is the order up to which we
calculate here.

To conclude this chapter, we emphasize that for the
discussions of cross sections in (6.3) it was essential to have
at our disposal the general expansion of the radiative
amplitude M, around a phase-space point (k = 0,p,),
respectively (k = 0,l;;, = 0); see Fig. 5. The expansion
parameters were (k,I; ). We found that in calculating o,
and o, of (6.3) we had to use the general expansion (4.16)
of M, but with different starting points and different values
of Iy, respectively; see Fig. 8.

VII. OUTLINE OF THE CALCULATION
FOR 7np — mpy

We use the framework of QCD and treat electromag-
netism to lowest relevant order. In QCD we have the
symmetries: parity (P), charge conjugation (C), and time
reversal (7). These give us restrictions for the propagators,
vertices, and amplitudes. Furthermore, we use the gener-
alized Ward identities for pions and the proton [23,24] and
the Landau conditions for determining the singularities in
amplitudes [25,26]. All our results are derived using only
these rigorous methods.

/dg,;dgﬁ/zj(”(s,w,ﬁ;,ﬁ)

+ oMY (MO o MDY+ O(a?),
|

(6.23)

Consider now the reactions (1.3) where energy-
momentum conservation reads

Pa+ Py = p1+ Do (7.1)

Thus, there are only three independent momenta which we

choose as
Ps = DPa+ Pp = P1+ D2,
Pt = Pa— P1 = P2~ Pb>
Pu= Pa— D2 = P1~ Pp- (7.2)
We have
s=p;. t=p;.  u=p, (7.3)
The amplitude for (1.3) has the general structure
(7= (1) P(P2: )| T |75 (Pa)s P(Ps A))
_ 1
= (pa o) [ACV(5,0) 45 (B + P)BOV(5.1)
X u(pp, Ap), (7.4)

with invariant functions A©V* and B"+; see, e.g., [26]. In
the calculation of the amplitude for (1.4) we need, however,
the off-shell amplitude for zp — zp which is much more
complicated than (7.4). Writing for the on- or off-shell
momenta of the general reaction (1.3) p,, p,, P1, Po and
defining p,, p,, p,. 5, Tin analogy to (7.2) and (7.3) we find
for the off-shell amplitudes
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MOE (B, pa. o, Pp) = MF + BM5 + PMT + B, M
+ io_ﬂvﬁsﬂptyMgt + iaﬂyﬁsﬂpuyMg:
+ iaﬂyﬁtﬂﬁuyM7i

+ iyny‘eﬂypgﬁsvﬁtpi’uaMét' (75)

We use the convention &j,3 = 1. Here the invariant
amplitudes Mf (j=1,...,8) can only depend on 5, 7
and the invariant squared masses,

£ (R T 2 2 2 2
MG = M5 (3,1, mi, m3, mg, my),
2 _ =2 2 _ =2 2_ =2 2_ =2
my = Pa» my = Py my = py, my = p3. (76)

Specializing (7.5) for the on-shell case we get back (7.4)

withE—»s,?—w,mZ:m%:m,z,,mi:m%:m%,and

Alon)+ (S, l) _ M(lon):t + mpM(Zon):t _ mngon)i
+ (=s +m3 + mg)M§°“)*

+(s+1—m} - m2) MEE

—m,(2s +t—2m3 — 2m,2r)Mgon)i, (7.7)
B(On)i(s,t) _ Méon)i +M4(10n)i
+ 2mp./\/lgon)jE - 2m,,M§°“)i
+ (4m2 — HMPE (7.8)

On shell the amplitudes M3 and M are zero from C and
T invariance.

Next we consider the reactions (1.4). We have
five diagrams for 7~ p — z~ py as shown in Fig. 9. For
ztp — " py the diagrams are analogous.

Let M3 be the amplitude without spinors for (1.4). We
define a matrix amplitude A5 by

NFE(PL. ph. k. pas pp)

= (py + m,) M5 (ph. pho k. pa. pp) (B +mp).  (7.9)

The 7 matrix element for (1.4) is then

(7= (P): P(Py 25), 7 (k, )| T |7 (pa), P(Pis A))

1
— 8/1 *
_( ) (2mp)2

iw(ph, )NT (DY Ph ks Pas Do) (P A).-

(7.10)

(e) P () p(ps)

FIG. 9. Diagrams for the z7~p — 7~ py reaction. Photon emis-
sion from external particles is shown in (a)—(d), the structure term
(e) is nonsingular for k — 0. The blobs in (a)—(d) represent the
full propagators and vertices and the off-shell z7p — z7p
amplitude.

The advantage of working with N5 instead of M7,
sandwiched between spinors, is that we do not have to
specify any particular spin basis for the protons.

For real photon emission we have k> = 0 in (7.10) and
this is what we consider here. In [22] we treat the amplitude
NF (7.9) also for virtual photons, that is, for k> # 0. The
discussion of the kinematics of the reactions (1.3) and (1.4)
is analogous to the one for (1.1) and (1.2) in Sec. II. We
work again in the c.m. system where we have for (1.3)

094042-12



DIFFERENT VERSIONS OF SOFT-PHOTON THEOREMS ...

PHYS. REV. D 109, 094042 (2024)

P =} = 2f<s+m ).
P = P = 5= s =i+ ),

Pal = IPo| = lp1| = I

=\/(p2)2—m%=\/(p2 2 —mj,.

Given the initial state the phase space of the final state for
(1.3) is parametrized by p; = p;/|p| and for (1.4) by
(k,p}), where p| = p}/|p}|- For small w (w < |p1|) p; can
vary over the whole unit sphere.

We consider again a neighborhood of a phase-space
point (k=0,py) and set there pj =py —Iy,/|p;| with
11| = O(w); see (4.1). This neighborhood is then para-
metrized by (k,l;,); see Fig. 5. For the momenta of the
reaction (1.4) at this phase-space point we set again p| =
p1 — 1y and p, = p, — [, where [ ; are determined up to
order @ with the same result as in (4.4) but inserting for s,
P12, p1], and py = p1/|p1|. the appropriate values for zp
scattering; see (7.1)—(7.3) and (7.11).

Our aim is to derive the expansion of N5 (p; — I, py —
l, k, py, pp) from (7.9) for @ — 0 and to give the terms of
order w~! and w° explicitly. Note that /;, ,, and k are all of
order w; see (4.4). Thus, we have to expand N f with
respect to all these momenta. Setting [/, =/, =0 and
expanding then only in k£ makes no sense since this violates
energy-momentum conservation and leads outside the
physical region of the amplitude. In the following we shall
give the analog of the Laurent expansion for 7~ z° — 7~ 2y
as discussed in Sec. IV.

In Figs. 9(a)-9(d), the combinations of propagator times
photon vertex occur for pion and proton. Using the
generalized Ward identities we find for the pion (4.12),
see Fig. 9(a), and for the proton in Fig. 9(c)

(7.11)

Se(py — K)TPPR (py —k, py) (B + m,)

= sz+m,,;k. P = 0"k, F5(0)
—2p,-k+ k" +ie 2m

Here F,(0) = u,/uy — 1 with u,, the magnetic moment of
the proton and uy the nuclear magneton. Expressions
similar to (4.12) and (7.12) apply for the vertex times
propagator terms in Figs. 9(b) and 9(d), respectively.

We see from (4.12) and (7.12) that for the determination
of the amplitudes N5 to the orders ™! and »” we have
to know the off-shell amplitudes for z¥p — z¥p in
Figs. 9(a)-9(d) to the orders @’ and w'. Thus, we have
to use (7.5) and make this expansion for the terms 3, j,,
etc. as well as for the amplitudes M7, ..., Mg. This
expansion is different for the terms corresponding to the
diagrams of Fig. 9(a)-9(d). Finally, the structure term
corresponding to Fig. 9(e) can be determined from the
gauge-invariance constraint

KN, = WO+ N+ N0+ N+ M) =0
(7.13)

After a long and rather complicated calculation, we find
that the result for the amplitudes A f (7.9) for n¥p —
7% py to the orders ™! and @ can be expressed completely
in terms of the on-shell amplitudes A"*(s,7) and
BME (s, 1) for z*p — n¥p and their partial derivatives
with respect to s and ¢,

A lonE (5,1) = %A(on)i(s’ 1),

AV (5 1) = %A(on)i(s’ ).

B’gon)i (S, t) _ (%B(On)i(s, l‘),

B (5,1) = 3 BOw (s, ) (7.14)
We find for real photon emission

NE= éﬂ/ﬁ‘”i + N E 4L Ow),  (7.15)

where with j =0, 1

P
x (B +m,) + O(w). (7.12) NPE = flatbrelU)E o frlerdte)x (7 16)
|
R0 ey m) (A 5+ OB g P (7.17)
b 1
N/(m TrNE = Lo(p, + m,) {A (ﬁa + #1)B! } (#p + mp)m [Pu(ll k) =L (py - k)]
el [ 4Lt B [ 2y ]
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el ) 3 (B ) |-

Par P
+
Pa-k  pi- ’J

+e(pr+ mp>{ [A,.E"“)i +1<zfa + zfl)B,E‘“‘)i] [2<ps )P 2pﬂ}
+ [A,, VSt OB 2 [P - P
S LR [P
j\"/lgc—&-d—&-eZ)(O)i e(pr +m,) {A (ﬁa + 4,)Be }(m +m,,)a){— pib.ak %] (7.19)
/\Afﬁﬁdﬁz)m e(pr+m,) {A (Ida + p1)BY } (Bp +my) ﬁ [Pza(lz k) =Ly (ps - k)}
(=) |40 8+ OB ) |- L P2 ]
1
Felpatmy) L (<BD=(p, 1 m,) {— Doi g Pat ]
Fe(patmy) (A5 42 (5, + pB. } (#y +my) [2<ps ) 2pﬂ}
[ 1
+ el ) AL 45 (B + 1B }(m +my)2(p 1) {— Py ?*k]
+e(py +my) _A %(%‘FIH)B on) :|(kl_kyl)(ﬂb+mp)m
—eﬁmﬁm,})( -4 B+ OB ()
+e(py +my) {A (ﬂa + $1)B } my,(ky = ¥ya) + (Poikl — (py - k)n)} (P +mp)
F5(0 1 F5(0 1
;(p) (—2p, k) ¢ ;(P ) 2py - k) (#2 +m,) |:mp(k/1 — 1K) + (Pzzk— (P2 k)m)]
A2+ B ), (7.20)

When our calculations for the amplitudes for z5p —
a* py in the soft-photon limit were finished we learned
about Refs. [7,8,27-29]. There, as in our work, it is
emphasized that one has to make a consistent expansion of
all terms in the amplitude for @ — 0. But our results rely
on more general premisses. We consider, for instance, the
most general off-shell zp — zp amplitudes which contain
eight invariant amplitudes; see (7.5). In [28] only
two invariant off-shell amplitudes are considered. A
detailed comparison of our methods and results with
those of [27-29] shall be given in an update of [22].

For 7°p — 7°py we are left with the diagrams (c), (d),
and (e) of Fig. 9 with 7= — #°. Therefore, in our method,
the amplitude /Y for z°p — 7°py to the orders w™! and »°
for real photon emission can be expressed as

1 ~ R
N925N§°)°+N§”° Ow). (7.21)
with

(7.22)
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using expressions analogous to (7.19) and (7.20) replacing,
of course, the 7¥p by the z°p amplitudes. Again we
emphasize that Low’s formula, (3.16) of [I], for the
radiative amplitude for 7°p — 7°py gives an approximate
result valid at the fixed phase-space point (p), p}, k), while
our result (7.22) corresponds to the Laurent expansion in @
around the phase-space point (p;, p,, k = 0).

VIII. CONCLUSIONS

In this article we have first discussed z~z° elastic
scattering and soft-photon radiation in this reaction. We
have shown that the soft-photon theorems of Low [1] and
Weinberg [2,3] have a different meaning. In [1] an
approximate expression for the radiative amplitude at a
given phase-space point (p), p, k) is presented. In [3] the
pole term of the radiative amplitude in a Laurent expansion
in the photon energy @ around the phase-space point (p;,
P2, k = 0) is given, where p;, p, are the momenta of the
nonradiative reaction. We have recalled and discussed our
calculation of [20] where we presented the @ term in the
above Laurent expansion. We have discussed in detail that
the next-to-leading terms presented in [1] and [20],
respectively, must be different, since their meaning is
different. We have then constructed the Laurent expansion
of Low’s formula (5.3) around the phase-space point (py,
D2, k = 0) and found complete agreement with our results
of [20]. We emphasized that Low’s formula (5.3) for the
radiative amplitude M is only valid for the one physical
value of k = p, + p, — p} — p5. In contrast, in (4.16) we
give a Laurent expansion of M, around the phase-space
point (py, p,, k = 0) where, of course, we can vary the
expansion parameters (k,I;;) which are defined at the
beginning of Sec. IV.

In [20] we wrongly interpreted Low’s formula as an
expansion of M, around (p;, p,, k = 0). With this premiss
we came to the conclusion that Low’s formula violates
energy-momentum conservation. We have now discussed in
detail that the above premiss does not hold. Thus, also our
above conclusion does not hold. Therefore, the part of
Sec. Il of [20] after Eq. (3.29) is obsolete since it was based
on a wrong premiss. This was already explained in [21] and
will be subject of a forthcoming erratum to [20]. We were
confused by the fact that in the literature frequently
Weinberg’s formula (4.17) is referred to as Low’s formula.
But, as we hope to have demonstrated in the present paper,
these two formulas have a different meaning. This was the
subject of our Secs. IV and V.

In Sec. VI we discussed the expansions of different cross
sections of 7~ (p,) +7°(py) = 7~ (p}) + 2°(p) + (k)
for @ — 0. We found that for calculating these expansions
for wdo/(dwd;dQ; ) and wde/(dwdQ;dQ; ) it was
necessary to have at our disposal the expansion of the
radiative amplitude in all directions (k,p}) of the phase
space around the nonradiative point (k=0,p;). We

calculated then the expansion in @ for @ — 0 of the cross
section wdo/dw from the above two differential cross
sections. As it must be, we found the same result using
these two ways.

Finally, we have discussed in Sec. VII the soft-photon
expansion of the amplitudes for the reactions 7% p — 7% py.
We have presented a strict theorem of QCD. Given the
amplitudes for 7% p — 7% p scattering the amplitudes for
soft-photon production, 7% p — 77~ py, have been calculated
exactly to the orders w~! and @°. These two orders of the
expansion of the 7% p — 7z py amplitudes are completely
determined by the 7% p — 7 p on-shell amplitudes. For
real photon emission the result is given in (7.15)—(7.20).
The results for soft virtual photon emission and conse-
quences for cross sections are given in [22].

The derivation of our results, especially for the z75p —
7t py reaction, involved lengthy calculations. Thus, we
found it convenient to check our general results in a model
which satisfies the QFT constraints for these reactions as
listed at the end of Sec. I. Such a model is the tensor-
Pomeron model of [30] but improved for reactions
involving photons as shown in Sec. IVA of [20] for
77’ — 7~2% and in [31,32] for pp — ppy. Applying
this model as done in [20] to 7~ 2° — 7~ 2% and expanding
the resulting expressions [Eqgs. (4.19), (4.22)-(4.24)
from [20]] in @ for @ - 0 we get indeed the result
expected from (3.27), (3.28), and (Al), of [20] which,
for real photon emission, we reproduce in (4.14)—(4.16) of
the present paper. We also checked that this improved
tensor-Pomeron model gives amplitudes for 7 p — 7+ py
where the expansion in @ agrees with the general results
(7.14)—(7.20) in our present paper. The details for this will
be discussed elsewhere.

To summarize, we hope to have clarified the meaning of
the soft-photon expansions in the versions of Low [1] and
Weinberg [2,3]. These expansions must not be confounded,
as they have a different meaning. We have shown how these
two expansions are related. We have discussed the Laurent
expansions in the photon energy w for w — 0 for the
reactions 7~ 7" — 772 and 7¥p — ¥ py to the orders
™! (the pole term of [3]) and w°. Our results are strict
consequences of QCD. We hope that they will be helpful
also for experimentalists who are embarked to check soft-
photon theorems. For z*p — n¥py this could be done
perhaps at COMPASS and for 75 p — 7% py*(— e*e™) in
HADES at GSI [33]. For ALICE 3 [34] we would need the
corresponding theoretical calculations for pp — ppy. Our
methods are suited to calculate in a rigorous way the
expansion of the amplitude to the orders @~ and @°. These
calculations certainly will not be easy.

Note added. Recently, there appeared on the arXiv the
paper [35] where our work of [20] was criticized. Some of
this criticism is acceptable, but we have already discussed
our misinterpretation of the soft-photon theorem of [1] in
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Ref. [21]. In our present paper we again discuss extensively
this misinterpretation. But, in this connection, a main topic
of our paper is to show that the soft-photon theorems
of [2,3] (to which there is no reference in [35]) and of [1]
are different and should not be confounded. Of course, they
are related, as we have discussed in Sec. V.
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APPENDIX A: THE EXPANSION OF 1/p} -k

In this Appendix we discuss the region of validity
of the expansion (4.15). For this we have to consider
|l; - k|/|py - k|. Working in the c.m. system we have [see
(2.3), (4.4) and (4.8)]

k)

—prk) -1y, k}

) [_ m2(p% + py - klpy|)
2(pY + lpa) Plpal

From (Al) we get

|11 - k| { my P P
<—|———Q2—-p1 k) + 1-p, -k
p1 k1 = o] [+ ] BP0 =P
L m2 -1
+ I, -k + .
il &l | (=)
(A2)
For il 1 = 0 we have, therefore,
|1y - k| (a’)
=0— A3
ik~ O\l )

and the expansion (4.15) is valid for @ < |py| and all p - k.
For |l - k| #0and 1 —py -k = O(1) we still get (A3).
But for py - k =1 we find from (A2) only

|ll k| +P1+IP1
o1k = ol my

i #]. s

In this case we have to require for the expansion (4.15) to
be valid

01 p .k R B .
AREL Ipl'(l—ﬁl'k>—lu‘k]~ (A1)
2|py|
2
< n/t)ﬂlp1| _ (AS)
mz + |p1| (P} + lp1l)
which is very small for momenta |p;| > m,.
To conclude, for p| = p; — I, the expansion
1 1 I -k
= 1+ =+ O(w?)| (A6)

(pl_llvk) pi-k pi-k

and thus (4.15) is alright under the following conditions.

(i) For p) = py in the c.m. system we have to require
from (A3)

® < |pql. (A7)

(i) For py =py —111/|p1| and I, -k =0 the require-

ment is again (A7). For I, - k #0we get here from
(A2) the condition
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2 w
w << + [N ; A//l__|: Y/ A// _’\//k A//l:| Bl
V’1|[ 0+|p | py|(1 - ) phi = Pi P1l iP1jP1j — P1jKjP1 (B1)
bl gk Wen
% T (2—py-k)+ 1—p, -k e have
Py + lpal ! ! !
il | ag) B =00+ 0, (B2)
oph; ® [
b= 80 +— | Plike + P - ki — 2kipY, |, (B3)
Py, pal [ 1
For 1 —py - I}, # 0 and of order 1 we get again (A7). det oph; 4 2_a)ﬁ// g O(@?). (B4)
But for p; -k =1 (A8) gives (A5) which is very opY, Ip1l 1
small for |lu k| = O(1) and |py| > m,.
Now we consider an arbitrary function f(p}) setting
APPENDIX B: VARIABLE TRANSFORMATION F®Y) = £8))- (BS)
We consider here the variable transformation (6.5)  We are interested in the following integral and its variable
py — Py for fixed k and w: transformed:

[ 01005 001 6 =2 [ @807 - 1095 0.5 R )
=2 [ @i t( i’,‘,’) (59 = DI (s. 0.5} F(Y) + O(@?)
2w ~~
2/ dEpis((py)* —1) {1 —l—m )2 k] (s, w,p4. k) F(B]) + O(w?). (B6)
1
From (6.9) we find
{ 2 B k} (5, 0. 1) 1 ! dm?: o ( 2m2 L i{) +1 - 4m,2Z 2w 5+ O(?)
s, w, ) =3 - T = : ~
pil P ! 2 s Vs \s(s—dm2) ! 2 s Ipil P
1 4m: 2m?2 ® .
I 1_771'_7 3 +—”’k+(’)w2
2 s s \/s(s —4m2) 51 (@)
= 105,09} K) + O(0?)
=I5, 0,548 + O(@?) (B7)
where we use p; = —p/; see (6.4).
Inserting (B7) in (B6) we obtain
[ 9500508001 51) = [ 000 5.0, 0T B + O, (B8)

Since the function f(p}) was arbitrary, we get the following transformation of the measures:

dQ; J U (s, 0. p}. k) = dQp IV (s. 0, —p{. k) + O(?)

= dQ; I (s, @, ph. k) + O(w?). (B9)
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