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We analyze the confinement/deconfinement transition of pure Yang-Mills theories within the framework
of the center-symmetric Landau gauge supplemented by a Curci-Ferrari mass term that models the effect of
the associated Gribov copies in the infrared. In addition to providing details for earlier one-loop
calculations in that framework, we explore how the results depend on the renormalization scale and/or on
the renormalization scheme. We find that the predicted values for the transition temperatures of SU(2) and
SU(3) Yang-Mills theories are similar in both schemes and are little sensitive to the renormalization scale u
over a wide range of values including the standard range u € [zT, 4z T]. These values are also close both to
those obtained from a minimal sensitivity principle and to those of lattice simulations, especially in the
SU(3) case. These results further confirm the good behavior of perturbative calculations within the Curci-
Ferrari model and support the adequacy of the latter as an effective description of Yang-Mills theories in the
infrared. We perform a similar analysis for the spinodal temperatures in the SU(3) case and for the
Polyakov loop, the order parameter associated with the breaking of center symmetry.
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I. INTRODUCTION

The Landau gauge is a very popular choice within the
corpus of functional approaches to non-Abelian gauge
theories [1-14]. In particular, this gauge can be imple-
mented within the framework of Monte Carlo importance
sampling techniques and has thus opened the way to an
active and fruitful cooperation between continuum and
discrete approaches.

The practical implementation of the Landau gauge is
hindered, however, by the Gribov ambiguity [15] which,
although not relevant at high energies, is believed to play a
role in the study of the infrared properties of non-Abelian
gauge theories. There exist various ways by which one can
try to take into account the ambiguity [16—18]. Among them,
the one based on the Curci-Ferrari (CF) action [19] is a
phenomenological approach [20] that capitalizes on the
results of Landau gauge-fixed lattice simulations obtained
over the past decades [21-29]. Most notably, in the zero-
momentum limit, the lattice gluon propagator saturates to a
finite nonzero value. This mass scale is accommodated within
the CF model by adding a gluon mass term to the usual, but
incomplete,1 Landau-gauge Faddeev-Popov (FP) action. The

'Given that it disregards the Gribov copies.
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same lattice simulations also show that, in the pure glue sector,
the coupling never becomes too large,2 which points to the
idea that, at least for applications to pure Yang-Mills (YM)
theories, the CF model can be considered at a perturbative
level. This approach has been quite successful in describing
YM correlation functions in the vacuum, in good agreement
with the lattice data [30-34].°

When extending these considerations to the finite
temperature case, one needs to pay special attention to
the center symmetry which controls the confinement/
deconfinement transition in the case of pure Yang-Mills
theories. Unfortunately, the Landau gauge is not very
efficient in this respect, in particular, in the presence of
approximations [37]. A better choice consists in upgrading
the Landau gauge to the class of background Landau
gauges [38,39] and to consider the associated background
field effective action [40,41]. As the latter is center-
symmetric, its absolute minima allow one to distinguish
between the Wigner-Weyl and Nambu-Goldstone realiza-
tions of the symmetry.

“By coupling, we here mean the rescaled coupling ¢?N/(1672)
which is the actual expansion parameter of perturbative calcu-
lations in the vacuum.

*In the QCD case, the infrared coupling that can be extracted
from the vertex functions in the matter sector is larger than the
one that can be extracted from the vertex functions in the glue
sector. This calls for the use of nonperturbative methods.
Interestingly enough, however, this hierarchy in the infrared
couplings allows one to devise a nonperturbative expansion with
good control on the error [35,36].

Published by the American Physical Society


https://orcid.org/0009-0000-7876-325X
https://orcid.org/0000-0002-0840-9770
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.094033&domain=pdf&date_stamp=2024-05-22
https://doi.org/10.1103/PhysRevD.109.094033
https://doi.org/10.1103/PhysRevD.109.094033
https://doi.org/10.1103/PhysRevD.109.094033
https://doi.org/10.1103/PhysRevD.109.094033
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

VICTOR TOMAS MARI SURKAU and URKO REINOSA

PHYS. REV. D 109, 094033 (2024)

The background field effective action is not a Legendre
transform, however, and the very rationale for extracting
physical information from its absolute minima relies on one
additional property [37] which is only approximately
satisfied in practice, thus introducing a potential bias in
the results. Recently, to cope with this limitation, we have
proposed a different approach. It is also set up within the
class of background Landau gauges but it uses a genuine
Legendre transform, computed for a particular class of
backgrounds known as center-symmetric. Within these
“center-symmetric Landau gauges,” the effective action
is center-symmetric and its minima allow again for the
identification of explicitly realized or broken symmetry
phases, the major difference being that the very use of the
minima does not rely in this case on any extra assumption.

As in the case of the standard Landau gauge, however,
the center-symmetric Landau gauges suffer from the
Gribov ambiguity, and it is necessary to try to take the
latter into account in one way or another. One possibility is
to extend the CF model in the presence of a center-
symmetric background [37]. In Ref. [42], the confine-
ment/deconfinement transition has been studied using this
extension to one-loop accuracy, with predictions for the
SU(2) and SU(3) transition temperatures in pretty good
agreement with the results of lattice simulations, especially
in the SU(3) case.

It should be stressed, however, that those results have
been obtained within one specific renormalization scheme
and for a fixed value of the renormalization scale, the same
one that was used to determine the parameters of the CF
model from the fits of Landau gauge lattice propagators. A
more complete analysis requires assessing how much the
results depend on the renormalization scale and/or on the
choice of the renormalization scheme.

In this paper, we combine the results of Ref. [42] with a
renormalization group analysis, following the lines of
Ref. [30] to test the renormalization scale dependence of
the results in two different renormalization schemes. While
the analysis of the renormalization scale dependence in a
given scheme will allow us to test the internal consistency
of perturbative calculations within the CF model, the
analysis of the scheme dependence will allow us to explore
the adequacy of that model for describing Yang-Mills
theories in the infrared. This is because the initializations
of the renormalization group (RG) flows will be taken from
fits to the Landau gauge correlators as simulated on the
lattice, that is, input external to the CF model itself. We
stress that our analysis will apply to the strict one-loop
calculation performed in Ref. [42]. Of course, one could
also use the RG to improve this calculation in various ways.
We leave this task, however, for a subsequent analysis.

The paper is organized as follows. In Sec. II, we briefly
review the framework that will be used in this work,
including the class of background Landau gauges, the
particular instances known as center-symmetric Landau

gauges, and the associated Curci-Ferrari model. In Sec. III,
we provide some details on the derivation of the formula for
the one-loop effective potential and discuss the symmetries
of the latter. Section IV is devoted to the renormalization of
the potential while Sec. V discusses its practical evaluation.
Finally, Sec. VI reviews the two renormalization schemes
and the associated RG flows that will be used in the results
section, Sec. VII. The appendixes gather further technical
details. Appendix A describes the steps that lead to the
one-loop expression for the effective potential while
Appendix B provides an alternative practical evaluation
of the latter, complementing the one presented in Sec. V.
Similarly, Appendix C discusses the evaluation of
Matsubara sum-integrals, especially in those cases not
adapted to the standard contour integration technique,
while Appendix D deals with the specific question of
interchanging the order between the Matsubara summation
and the continuum limit in dimensional regularization.

II. THE FRAMEWORK
A. Background Landau gauges

We consider the class of background Landau gauges
defined by the condition

D'”(A;j—A;) =0, (1)

where Aﬁ is a given background gauge-field configuration
and D¢ = 0,6 + gfPA? is the adjoint covariant deriva-
tive for that background. The associated Euclidean, FP
gauge-fixed action is

1 _ _ -
SilA] = / [ZFZUFZV + D,¢"D,c” + ih“D, (A — Ay) |,

(2)

where Fj, = 0,A] — 0,A;, + gf“bCAZAﬁ is the non-Abelian
field-strength tensor while ¢¢, ¢, and h“ denote the ghost,
anti-ghost, and Nakanishi-Lautrup fields. Note the presence
of D,c% = 0d,c* + gf**“Abc¢ which does not involve the
background.

Here and in the following, we adopt a Euclidean setup
adapted to the finite temperature case, and we recall that the
gauge fields are periodic along the Euclidean time direction
with a period equal to the inverse temperature = 1/T:

Al(z + B, %) = AY(r, 5). (3)

Equivalently, they are defined over the compact time
interval [0, ] and obey periodic boundary conditions.
The very choice of the class of gauges (1) relies on the
fact that the gauge-fixed action (2) is invariant under the
simultaneous “gauge” transformation of A% and A%, that is,*

Tt is implicitly understood that the other fields ¢ need to be
color-rotated as pY = UpUT, where ¢ = ¢1°.
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Sav[AY] = S5lAl, (4)
with
i
AY =UA, U + P Uo,U", (5)
. _ i
Al =UA, U+ ; Ua,U", (6)

and where we have defined A, = A4r* and A, = A¢1*. The
identity (4) is known as background “gauge” symmetry
and plays a pivotal role in the following. We stress that this
relation does not reflect any gauge-invariance property of
SilA] since the gauge is anyway fixed by the choice (1).
Rather, Eq. (4) connects two background gauges with
respective backgrounds A and AY.

B. Center-symmetric Landau gauges

It is important to stress that only those transformations U
in Egs. (5) and (6) that are themselves periodic in time
ought to be considered as genuine gauge transformations,
that is, transformations that do not alter the state of the
system. They are generically written as U, and form a
group denoted G,.

There is, however, a larger group G of transformations
that preserve the periodicity condition (3), namely those
transformations U that are periodic modulo an element of
the center of SU(N), that is

U(t + B,X) = 2Ny (1, %), (7)

with k =0, 1, ..., N — 1. The transformations correspond-
ing to k # 0 need to be interpreted as genuine physical
transformations that alter the state of the system.’ They
change at least one observable characterizing this state, the
Polyakov loop, which measures the free-energy of a heavy
test color charge in the thermal bath of gluons. Because the
Polyakov loop is invariant under the action of G, the actual
physical symmetry group is the quotient group G/G,. This
group is isomorphic to the center of SU(N) and is, there-
fore, naturally dubbed as the center-symmetry group.

As long as this symmetry is explicitly realized in the
system, the Polyakov loop needs to vanish, which makes
the free energy of the heavy test quark infinite and which, in
turn, is interpreted as the confining phase of the thermal

>One could of course question this interpretation by stating that
all transformations within G are actual gauge transformations.
However, this would have annoying consequences at an inter-
pretation level. In particular, the Polyakov loop (see below) would
not be an observable. Let us also mention that, within QCD, the
only transformations that are symmetries of the Euclidean func-
tional integral representation of the partition function are those
within G,. Then, it makes sense once again to interpret G, as the
group of genuine gauge transformations, the other, physical
symmetries being explicitly broken by the presence of dynamical
quarks in this case.

bath of gluons. In contrast, the spontaneous breaking of
the symmetry allows the Polyakov loop to acquire a non-
zero value, corresponding to a finite free energy and thus to
a deconfined phase. This shows that the Polyakov loop
plays the role of an order parameter for center symmetry
and, as such, allows one to identify the confinement/
deconfinement transition within the pure Yang-Mills sys-
tem. This order parameter is gauge-invariant, that is,
invariant under the action of G,.

In the continuum, however, the Polyakov loop is not the
simplest quantity to evaluate, and it might be useful to
identify simpler order parameters that probe the same
symmetry. This can be done, in particular, by choosing a
background A, such that

A=A, (8)

for a certain transformation U, obeying the condition (7)
with 1 < k < N.° We refer to these types of backgrounds as
center-invariant and to the associated gauges as center-
invariant Landau gauges. Now, because of Egs. (4) and (8),
the transformation U, is a symmetry of the gauge-fixed
action in the corresponding gauge':

S5, [AY] = S5 [A]. 9)

This simple observation allows one to define alternative
order parameters for the confinement/deconfinement tran-
sition in terms of the n-point functions [43,44]. The
simplest example, on which we shall focus in the present
work, is that of the one-point function (A); . This proposal
differs from the popular choice based on the use of self-
consistent backgrounds A, = (A) 4, and the associated
background effective action. We shall compare the two
approaches in Sec. VII D.

C. Constant, temporal, and Abelian backgrounds

In practice, it is not necessary to determine all possible
center-invariant backgrounds. In this respect, it is conven-
ient to first restrict to constant, temporal, and Abelian
backgrounds, that is,

T_. .
AM()C) = E;'Jﬂ(sﬂo, (10)

where the #/ span the diagonal part of the algebra and
the 7/ are the components of a constant, dimensionless®

%In what follows, we shall work essentially with k = 1.

"This identity substantially differs from the more general one (4).
Indeed, the latter reflects a connection between two distinct gauges
characterized by A and AV # A, while the former is a symmetry
constraint within a particular gauge characterized by A...

The factor T/g has dimension (d —2)/2 in dimensional
regularization that is precisely the dimension of A. We stress
that, so far, g denotes the bare coupling which has dimension
(4 —d)/2. The dimensionless, renormalized coupling will be
introduced later when dealing with renormalization.
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vector 7 within RV, The particular values 7 = 7, that
correspond to center-invariant backgrounds can then be
determined using the notion of Weyl chambers; see below
as well as Refs. [44,45] for details. In the SU(2) case,
one can for instance take 7, = 7, with ¥ = ¢3/2, while in
the SU(3) case, one can take F.= (47/3,0), with
te{i)2,23/2}.

Moreover, with the choice of background (10), it can be
shown that the one-point function acquires a similar form

T ..
<Aﬂ>A :E}’jtjéﬂo, (11)

and that within the gauge 7 = 7., and as long as center
symmetry is not spontaneously broken, r should also be
center-symmetric. Any deviation from this allows one to
identify the confinement/deconfinement transition. It is the
purpose of this paper to analyze how this happens and how
this depends on the renormalization scheme and renorm-
alization scale, complementing the results of Ref. [42].

D. The Curci-Ferrari model

Before doing so, however, an important remark is in
order. The point is that the FP action (2) is not a bona fide
gauge fixing due to the existence of Gribov copies in the
class of gauges (1). Even though these copies are expected
not to play a role at high energies and the use of the FP
action is sensible in this case, this is not necessarily so at
low energies, in particular regarding the low-temperature
phase of the system. It is usually accepted that the FP action
needs to be modified in that case.

Here we do not aim at implementing this modification
exactly. Rather, we consider a phenomenological take on
that question, based on the Curci-Ferrari model which has
shown a surprising ability to capture many infrared proper-
ties of Landau gauge YM theory from simple perturbative
calculations; see [20] for a thorough review.

In the background Landau gauges, the CF extension of
the FP gauge-fixing (2) is provided by

S4lA] +[%m2(A,‘j—AZ)2, (12)

where m is the CF mass parameter whose value can be fixed
by fitting the zero-temperature9 Landau gauge correlators
determined in lattice simulations. The mass term in Eq. (12)
is tailor-made such that the symmetry identity (4) is
preserved, and we can still rigorously construct order
parameters based on the relation (9). For other approaches
that phenomenologically include massive gluons, see for
instance [46,47]. In these approaches, the modeling is

°In this limit, and due to the explicit factor of 7 in Eq. (10), the
center-symmetric background vanishes and the background
Landau gauge coincides with the Landau gauge.

usually done at the level of the thermodynamical potential.
One benefit of the Curci-Ferrari approach is that it is
formulated, instead, at the level of the classical action, thus
allowing for the evaluation of higher order corrections.

III. THE ONE-LOOP EFFECTIVE POTENTIAL

In what follows, we determine the one-point function
(A,) 4, within the Curci-Ferrari model in the presence of a

center-invariant background A.. To take into account the
possibility of spontaneous center-symmetry breaking, one
needs to perform the calculation in the presence of an
external source J,, coupled to A, that breaks explicitly the
symmetry (9), and, only then, to analyze what happens as
the external source is sent to 0. An efficient way to do so is
to evaluate the effective action' ['; [A] which takes its
minimal value when A = (A); . We have already men-
tioned that this quantity plays the role of an order parameter
for the confinement/deconfinement transition. The argu-
ment in terms of the effective action goes as follows.

First, for an arbitrary background A, the effective action
I';[A] obeys the identity [48]

VUEg, FAU[AU] ZFA[A]. (13)

In general, AV # A, and therefore, this identity connects the
effective actions in two distinct gauges, characterized by
the backgrounds A and AY, respectively. In particular, upon
the action of U, the absolute minima of I';[A] are trans-
formed into absolute minima of I'jv [A], so there is no actual
constraint on the location of the minima,"" just a connection
between these minima in two different gauges.

In contrast, within the center-symmetric Landau gauge,
corresponding to a choice of background A, we have

[ [AY] =T [A], (14)

c c

for any transformation U, complying with Eq. (8), i.e. that
is not just a genuine gauge transformation. In this case, the
absolute minima of I'; [A] are transformed into absolute

In principle, one should introduce external sources coupled
to the auxiliary fields ¢, ¢, and &, which then leads to an effective
action I';[A, ¢, ¢, h] whose arguments represent the expectation
values of these auxiliary fields in the presence of the sources.
In the limit of zero sources, however, the ghost expectation values
vanish which means that one can restrict from the beginning
to ['4[A, h] =T;[A, 0,0, h]. Moreover, it can be shown that the
h-dependent part of I';[A, k] is the one already present in the
classical action: I'4[A, h] = T'4[A.0] + [, ih®Dé(A% — A%). The
extremization with respect to h“ leads simply to the gauge
condition (1). Thus, in practice, one can assume that D, [A](A, —

A,) =0 and, thus, effectively, h = 0.
"Such a constraint would make the minima play the role of
order parameters for the symmetry at hand.
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minima of the same functional. Within the explicit, Wigner-
Weyl realization of the symmetry, the minimum is unique,
and, therefore, it needs to be invariant under U, and thus to
correspond to a center-invariant configuration. In contrast,
within the broken, Nambu-Goldstone realization of the
symmetry, the absolute minima become degenerate, there is
no such constraint, and the transformation U, simply
transforms the possible minima into one another.

A. Effective potential

In the case where the background is taken constant,
temporal, and Abelian, and because (A,); obeys the same
properties, it is enough to minimize the effective action
within the subspace of configurations (11). Up to a trivial
spacetime volume factor, this amounts to minimizing an
effective potential V; (r), a function of the N —1 real
variables /.

In practice, it is convenient to first evaluate the potential
V:(r) associated with a generic background of the form (10)
and only then to restrict to confining backgrounds. At one-
loop order, this potential is easily computed since it only
requires the evaluation of the determinant of the quadratic
part of the gauge-fixed action (2) as the fields are varied
around configurations that represent the arguments of the
effective action. The result of this calculation has already
been presented in Refs. [42,49]. The calculation is pretty
standard once one introduces the appropriate color basis. For
the sake of simplicity, we shall gather the associated details in
Appendix A and just recall here the choice of color basis.

In the presence of backgrounds of the form (10), it is
convenient to switch from the usual, Cartesian bases {7}
of the color algebra, to Cartan-Weyl bases {7} such that

[¢/, ] = K/ 1~. (15)

The labels « are real-valued vectors of R¥~! known as
adjoint weights. They can be of two types. If they are
nonzero, they are called roots and denoted by the first
letters of the Greek alphabet: a, f, .... We stress that roots
appear always in pairs; that is, if a is a root, then so is —a. In
the case where the label « vanishes, one needs to add one
extra label to indicate that it can correspond to any of the

Abelian #/: k = 0) such that ' = #/. We refer to 01) as a
zero. In the SU(2) case for instance, we have one zero and
two roots, =1, while in the SU(3) case, we have two zeros
and six roots £(1,0), +(1/2,1/3/2), and £(1/2, —/3/2).

In terms of the adjoint weights x, the one-loop potential
V;(r) reads (see Appendix A)

Vilr) = (7 4525 [ nigi
32, ooy (16)

where the last line includes the ghost contribution
—(1/2)In(Q - O,)*> which rewrites —1In|Q,-Q,| or,
equivalently, —Re In(Q, - Q,). The absolute value or the
real part is important since the sign of Q, - O, can vary as
one varies r and 7. In the examples treated below, however,
we shall see that, when 7 is chosen in a given Weyl
chamber, the value of r that minimizes V;(r) lies in the
same Weyl chamber in such a way that Q, - O, remains
positive [43,44] and one may remove the absolute value/
real part; we shall keep it for completeness.
The notation |, QT stands for a Matsubara sum-integral

/Q ‘ro=T

with Q = (w,.q) and w,=22Tq the associated
Matsubara frequency.12 We mention that, within dimen-
sional regularization, the potential is d = 4 — 2e dimen-
sional, which goes together with the fact that the bare
coupling ¢*> has dimension 2e. It is then convenient to
multiply the potential by A%, with A an arbitrary scale, so
that it becomes four-dimensional. The effective way to do
so is to redefine the Matsubara sum-integral (17) to include
a factor A** and to view the bare coupling appearing in the
tree-level term of Eq. (16) as a dimensionless bare coupling
obtained from the dimensional one after applying the
rescaling ¢ — ¢>A’¢. Of course, physical results should
not depend on the scale A.'

As for the other notations in Eq. (16), (r — 7)? designates
the square of the vector r — 7, that is, >_;(r; — 7;)?, while

ddl
/ G f@ed. ()
qEZ

Q2 and Q? are the squares of the four-momenta
05 = 0, +T(r-x)d,0. (18)
05 = 0, + T(F-K)8,0. (19)

which we refer to as shifted or generalized momenta. Note
that the shifts affect only the frequency components and
play, therefore, the role of (imaginary) chemical potentials.
Aside from the tree-level term in Eq. (16), these shifts are
the only source of r- and r-dependence in the one-loop
effective potential (16). In fact, only those color labels
corresponding to roots carry this dependence. To minimize
the potential, we can then restrict the sum over color labels

""We use the same letter ¢ to denote the integer labeling the
Matsubara frequencies w, and the associated spatial momentum
q w1th norm ¢. This should always be clear from the context.

PThis scale is sometimes mistaken with the renormalization
scale. This is because, within the minimal subtraction scheme, it
coincides with it. But, in general, this scale has to be viewed as a
regulating scale, akin to the cutoff in momentum regularizations
[50]. It differs in general from the renormalization scale u that
enters the renormalization conditions, and it is actually replaced
by the latter in the renormalized expressions (see below).
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k in Eq. (16) to a sum over the roots a. Moreover, since a
given root a and the associated root —a contribute the
same,'* one can just sum over half the roots and omit the
factors of 1/2 in the last two terms of Eq. (16).

B. Symmetries

Let us now review some of the symmetries of the
effective potential V;(r).

1. Gauge transformations

With each root a, one can associate two particular
transformations within G, with the additional property that
they leave the particular form of the background (10)
invariant [44,45], with possibly a different value of 7. The
first of these transformations is a color rotation, known as a
Weyl transformation, that acts on (10) as a reflection with
respect to a hyperplane orthogonal to a:

FoF-2—a. (20)

The other transformation corresponds to a translation by a
vector 4za:

7 — 7+ 4na. (21)

As a consequence of the identity (4), the effective potential
should then obey

r-a
Vi(r) = Vi 2iga (’"— 27"‘)
= V?+4m1(r + 4ﬂa)' (22)

We can readily check these properties on the one-loop
expression (16) given above. For instance, under the
transformation (21), we have

Q) = O + T(4rna - k)5, (23)

and similarly for Q,. Now, it can be shown that the only
possible values taken by a -k are —1,—1/2,0,+1/2,+1
(see for instance Ref. [44]). Therefore, for each «, the
frequency shift in Eq. (23) is either zero or corresponds
exactly to one or two Matsubara frequencies. This means
that, in each term of Eq. (16), the shift can be reabsorbed
through a change of variables in the corresponding
Matsubara sum, which leads then to the second identity
in Eq. (22). In the SU(2) case for instance, this identity
writes V;(r) = V4, (r + 4n).

"“This is easily shown by making the change of variables W, =
—w, under the Matsubara sum.

Similarly, under the transformation (20), we have

r-oaa-kK k—2a
T%o =0u 7. (24)

K-a

Q) — Oy —2T

It can also be shown that k — 2(k - a/a?)a is either O (when
K is a zero) or spans all possible roots as k spans the roots
(see [44]). This means that the terms in Eq. (16) are simply
reshuffled into one another by the considered transforma-
tion, which leads to the first identity in Eq. (22). In the
SU(2) case, this identity becomes V;(r) = V_;(-r).

2. Center transformations

So far, we considered transformations within G,
that is, transformations corresponding to k = 0 in Eq. (7).
There are also transformations with k # 0. They are all
generated by

F— T+ 4np, (25)

corresponding to k = 1. Here, the p’s denote the defining
weights of SU(N), obtained after diagonalizing the defining
action of the algebra, #/|p) = p/|p). We should again have

V;(}") = V?+47zp(r + 47Tp)7 (26)
which is readily checked using the same argument as
above, combined with the fact that the only possible values
for k- p are —1/2,0,+1/2. In the SU(2) case in particular,
we should have V;(r) = Vi, (r + 2n).

3. Charge conjugation

Charge conjugation acts on (r, 7) as (—r, —F). It follows
that
Vi(r) = V_i(=r). (27)
This can be explicitly verified on Eq. (16) since the tree-
level term is quadratic in » — 7 and the one-loop contribu-
tion associated with a mode x depends on r and 7 via the
combinations k - r and x - 7 in such a way that the trans-
formation (r,7) — (—r, —F) relates the contributions from
the modes k and —«. It is even simpler than that because, as
we have seen, the contributions from the modes « and —k
are identical and, thus, each mode contribution is invariant
under (r,7) = (—r,—F).

4. Weyl chambers

The transformations (20) and (21) are also intimately
related to the Weyl chambers alluded to above and which,
among other things, allow one to identify center-invariant
configurations as defined in Eq. (8). More precisely, by
combining these transformations, one generates reflections
orthogonal to a given root a and displaced with respect to
the origin by any multiple of 2z times that root. The Weyl
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chambers appear as the regions delimited by the hyper-
planes associated with all these reflections for all the roots
of the algebra [44,45].

Now, under a center transformation (25), a given Weyl
chamber is transformed into a different one. However,
upon using the gauge transformations that connect the
Weyl chambers into one another, one can bring the
transformed Weyl chamber back on top of the original
one. In doing so, one obtains a transformation of a Weyl
chamber into itself whose fixed points are center-invariant
configurations in the sense of Eq. (8). In the SU(2) case
for instance, the Weyl chambers are the intervals
[27zn,2n(n + 1)] and the action of a center transformation
with £k = 1 on a given Weyl chamber is a reflection about
its center 2z(n + 1/2).

Turning back to the effective potential V;(r), we have
seen that, when choosing 7 = 7. center-invariant and as
long as center symmetry is not spontaneously broken, the
minimum of V; (r) needs to be center-invariant as well.
More precisely it needs to be invariant under the same
transformation U, that leaves 7, invariant. Now, since this
transformation has usually only one fixed point [44], it
follows that, as long as center symmetry is not broken, the
minimum of V; (r) needs to be r = 7,.

Similar considerations, allow one to identify charge-
conjugation invariant configurations (modulo gauge trans-
formations). In the SU(2) case, it is found that any
configuration is invariant in this sense under charge
conjugation. In the SU(3) case, in contrast, not all con-
figurations are compatible with charge conjugation. Among
the configurations of the form (10), one example is
provided by those with 7 = 0 which are invariant under
7 — —73. For backgrounds of this form, and because
charge conjugation is not expected to break spontaneously,
the one-point function needs also to be invariant under
r® — —r® and thus r® = 0. We shall use this remark below
to simplify the discussion in the SU(3) case.

IV. RENORMALIZATION

Before considering the practical evaluation of the poten-
tial, we analyze its divergences and their renormalization.

A. General considerations

Let us start by emphasizing that the analysis of diver-
gences in the presence of a background slightly differs from
the corresponding analysis in the absence of a background.
Yet, in the case of backgrounds of the form (10), the two
can be easily connected.

One first notices that, in deriving Eq. (13), one usually
assumes that the gauge fields are periodic, and, conse-
quently, the considered transformations U need to belong
to G for the periodicity to be preserved. It is possible,
however, to consider transformations with other boundary
conditions, the only change in Eq. (13) being that the

transformed gauge fields are periodic up to the considered
transformation':

T5[A] = T5,[AY]. (28)

In particular, for backgrounds of the form (10), one can take
the transformation U = ¢~(*//)”" such that

=7 i T oz b iz o gz
AV = 7" =5 0 e + Lot 9,7 =0. (29)
g g
Then, from Eq. (28), we find
[z[A] = I[A"]. (30)

We can also rewrite AV as

AU = (A+A-A)Y
=AU+ UA-ATT
= UaU", (31)

with @ = A — A. We have thus shown that
[i[A] = TY[Ual"). (32)

Since the boundary conditions should not affect the UV
divergences, it follows, as announced, that the analysis
of the UV divergences of I'; boils down to that of the
UV divergences of I';_,. In particular, the elimination of
UV divergences requires the multiplicative renormalization
of a,

a—\/Z,a, (33)

rather than A (see below for further remarks).

Also, since U plays a spectator role with regard to the
UV divergences in Eq. (32), it remains finite upon
renormalization, and because it depends only on the
combination 7 « gA, we deduce that the renormalization
of the coupling and the renormalization of the background
are intimately related. More precisely, the corresponding
renormalization factors Z, and Zj are such that their
product Z»Z; is finite. As a consequence, one can choose
to work within renormalization schemes where

Z; = Z_zl. (34)

In the following, we restrict ourselves to using these
schemes, and hence the combination gA (and therefore

Not only are the background AV and the argument AV of the
effective action periodic up to the transformation U, but also the
gauge-fields over which one integrates to evaluate the various
contributions to the effective action, hence the notation T'V.
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7) does not renormalize. We stress that, in contrast, the
renormalization of a cannot be entirely encoded in that of ¢
since the second derivative of the effective action with
respect to a is nothing but the inverse propagator, and it is
well known that the latter renormalizes differently than the
coupling. In other words, the combination ga (and therefore
r —7) does get renormalized.

Still, one could wonder why it is not possible to assume
that A and A renormalize both multiplicatively, that is, A —
VZ;A and A — \/Z,A, with Z; # Z,. This choice is too
naive, however, because this implies that the effective
action for the rescaled fields would obey (13) with

A (x) = U(x)Aﬂ(x)UT(x) +§U(x)0ﬂU*(x), (35)

A, (x) = U(x)A,(x)U'(x) + \/5:2!—’} U(x)o,U'(x), (36)

where we have used Eq. (34) and g is now the renormalized
coupling. This is problematic, however, because the pres-
ence of Z;/Z, makes the transformation of A ill-defined.
On the other hand, assuming that the fields that renor-
malize multiplicatively are not A and A but rather A and
a=A-A:

A = \/Z;A,

a—\/Za, (37)

and defining I";[a] = I';[A], one finds

f‘Au[UaUT] :f‘g[a}, (38)

which remains unchanged upon rescaling A and a accord-
ing to Eq. (37).

B. Divergences

The above considerations lead naturally to the conclu-
sion that the effective action should be more conveniently
seen as a functional of A and a. The UV divergences are
entirely contained in the first terms of the Taylor expansion
of I ila] around a = 0 and relate to the zero-, two-, three-,
and four-gluon vertex functions. In the case of the one-loop
potential V;(r), since the field and the background are
taken in the commuting part of the algebra, the divergences
associated with three- and four-gluon functions should not
be present since there would be no tree-level term to absorb
them. To capture all the UV divergences, it is then enough
to determine the Taylor expansion up to second order.

To do so, it is convenient to first express the potential in
terms of renormalized variables defined by the rescalings

m? — Zmzmz, g2 - Zgzgz, ror, Ar-— Z(IJZ/ZZ,I/ZA;",

(39)

where we have used that 7 « gA does not renormalize, as
well as Ar « g(A — A). Then, the Taylor expansion of the
effective potential around the background to second order
in the renormalized Ar reads'®

V()] Pt Z()V #(r)

Z drfar

r=r

A AP, (40)

with

V,(7) :Z{%/QTIH[Q,%-FWZ]—%/QTIHQ%], (41)

K

av_ . T K T —K
O 5 {@,_1)/ %_/ w_z]
or! r=F P 0 Ox+m 0 O
(42)
and
*V; ) m* . [T (@5)?

—Z(d—l)/T%—k(d 2)

/QK+m /Q2 Q2+m )] (43)

The above expressions involve one-loop Matsubara sum-
integrals which can here all be split into a vacuum
contribution, defined as the 7 — 0 limit of the correspond-
ing expressions with 77 kept fixed, and a thermal con-
tribution (see Appendix C for more details).'” We can
denote this splitting formally as

/Q "1(0) = /Q £(0) + /Q "fo. @

where the last term should actually be seen as a g-integral
(obtained after performing the Matsubara sums) but it is
convenient to denote it formally as a Q-sum-integral (see
below). The UV divergences are entirely contained within
the vacuum contributions, so we can ignore the thermal
contributions for now. We shall evaluate them later.

The vacuum contributions are simply obtained by
replacing the discrete Matsubara summations by

'“To this order of accuracy in perturbation theory, renormal-
ization factors appear only in the tree-level contributions, when
any, They are set to 1 within the one-loop contributions.

There, we also discuss one example where the splitting is not
possible.
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continuous frequency integrals. In this case, the color-
dependent frequency shifts can be absorbed via a change of
variables, and, therefore, the sums become independent of
7. For instance, the vacuum contribution to (41) is

%(Nz—l) /Q In[Q? + m?], (45)

where we used Y, 1=N>—1 and [,InQ*=0. In
principle, the corresponding divergence needs to be
absorbed in a shift of the potential. However, because
we are only interested in extremizing with respect to r, we
can ignore this contribution. As for the vacuum contribu-
tion in Eq. (42), it is seen to vanish trivially. This comes
either from [, w,/(Q*+m?) =0 or from Y x/ = 0.
There is thus no divergence within (42), in line with the
fact that there is no tree-level term to absorb it.

We are then left with the vacuum contribution in
Eq. (43). It can be given in a simple form by using

Jowi/0* = (1/d) [,1/Q* =0 as well as

a)é 1 0?
éuﬁ+ﬁﬁ_34uf+MV

il o
CdJo QP+ m? (QF+mP)?

B 1/ 1 ! r2-4d/2)
dJo Q* + m? I'(1-4d/2)
1 1
== | —— 46
Zé¢+w (46)
and
47
/Q2Q2+m /Q2+m ag
Altogether, the vacuum contribution to the square

bracket in the right-hand side (RHS) of Eq. (43) reads
(M7_y/9%)8 1 with

d-—1 1
2 _ 2 2
MT:O = ZaZmzm _Tg N/;m

3-2¢ ¢’N 1 A?
=Z,Z m+——"—m?|-+In—+1
M e 162" [€+ e
3¢°N (1 A* 5
zZ,Z, -+Ih—+- 2, 48
{ 2+64ﬂ <€+nm2+6>]m (48)
where A = 4zA%¢™" and we have used Y, kK/kF = N§j;.

The notation M7_, is not innocent. This is because, as it
can easily be argued, within the gauge 7 = 7. and as long
as the system is in the symmetric phase for which r = 7.,
the quantity (g?/T?)d*V;(r)/or/or*|,_. is nothing but the

zero-temperature, zero-momentum mass as obtained from
the inverse gluon propagator in this limit.

As a check of Eq. (48), we notice that, writing the
renormalization factors as Z = 1 + 6Z, we deduce that

3¢°N 1

82, + 62, = — -
a T 0% 6472 €

(49)

This is in agreement with the known divergent contribu-
tions for Z, and Z,,» obtained from the vacuum propagator
at one-loop order [30,51]. Thus the divergent contribution
to the potential is correctly renormalized at one-loop order.
In the next section, we explain how to evaluate the
corresponding finite contribution. Of course, part of this
contribution has to do with fixing the finite parts of the
renormalization factors. This we do in Sec. VI where we
review various possible renormalization schemes together
with the associated renormalization group flow.

V. EVALUATION OF THE POTENTIAL

Let us now detail the evaluation of the potential. Since
we have already gone through the extraction of the UV
divergences, it is actually simpler to organize the calcu-
lation as

Vi(r) = [Vi(r)], + 6Vi(r), (50)
with

~ Vo), (51)

The divergences are entirely contained within the vacuum
contribution to [V;(r)], which we have computed in the
previous section, and which is given by

V= (7) +%M% o(ArP, (52)

where we recall that the first term can be ignored for it does
not depend on r. We are thus left with the determination of
both the thermal contribution to [V;:(r)], and the UV-finite
difference 6V;(r).

A. Thermal contribution to [V:(r)],

As before, we can ignore the thermal contribution to
V:(7) since it does not depend on r. This function,
however, will reenter our discussion below for it is at
the basis of a popular approach to which we shall compare
our results.

The first derivative of the potential appearing in Eq. (40)
is purely thermal as we have seen. Performing the
Matsubara sums (see Appendix C), one finds
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oVi(r)
orl

T S
= 2—”221('//0 dq ¢*Im[3ng — ngl, (53)

where we have set d = 4 (since this contribution is UV
finite) and we have defined the Bose-Einstein distribution
ne=1/(ef*—1) as well as & =¢,—iTF -« and ¢, =

q
vV +m?

The second derivative of the potential appearing in
Eq. (40) rewrites as M7 ,T%/g%, where M7 ; is the
zero-momentum mass whose vacuum contribution was
determined above. To evaluate the thermal contribution,

we usels
{(@2)2 (@5)? ]

1
/Q2Q2+m) /W 0 0i+m
1

th + 2
N / Bz +,:1 g_i] 549

and

th (d)’;)z _ th [ 1
/Q (Q,%erz)z_/g 10 +m®

_/th_ 1 +q2—|—m2d 1 ]
o Oi+m* 2q dqQi+m’

th 1 1 m? 1

- A2 1.2 o 3+_2 A2 L 2
Q _Qx+m 2 q Qk+m
1 [t m? 1

= —— 14— ) =——. 55
2/Q ( +6172>Q%+mz (33)

Because we focused on the thermal contributions only, we
could set d = 4 from the start and we could safely neglect
the boundary terms in the integration by parts used in the
last steps of (55)." Putting all the pieces together, one finds
the thermal contribution

5 2 q2 1
— E J 6
thjk =g KK[/ ( q2+ + )Q2+m

)l
- =+ =5 56
| Ge)a o
to which we should of course add the expression for M7._5

obtained above [see Eq. (48)]. In this form, the Matsubara
sums can be simply performed (see Appendix C), and we find

C]2 +m2
(0 +m?)?

"®Here it is important to stress that the notation f ! introduced
in Eq. (44) is actually a formal proxy for a g-integral rather than
an actual Q-sum-integral. However, as long as the considered
manipulations do not involve frequencies, we can perform these
manipulations at the level of the formal notation f h

PWith some effort, it is possible to show that, in dlmemlonal
regularization, the same manipulations hold for the vacuum
contributions.

647> 6

PN [
+=) Kk / dq g’Re
22

2 2N\ 7 A
x [<3m—2+6+q—2> s <l+q—2> nq]. (57)

q m-) g, 2 m q
This curvature mass matrix is intimately related to the
confinement/deconfinement transition. In the SU(2) case
for instance, its vanishing (in the gauge 7 = x) allows one to
extract the transition temperature, whereas in the SU(3) case,
it gives access to the higher spinodal temperature; see

Sec. VII for more details. For completeness, we mention
that the curvature can be put in the following form:

Z.Z,» 3¢ (1 A* 5
= S (P g () )
+

3N /1 A2 5
M%,jk |:Z 7 2+ (Z+IHW+_ mzéjk

2 2 2\ 7.
+g—/ dq q*Re 3m 6+q—2> %
q* m?) e

27% Jo p
(oo ({5)) - (05
(58)
where
By(x) = x> —x —|—é (59)
and
By(x) = x* = 2x3 + 2 — % (60)

are the Bernouilli polynomials of degree 2 and 4, respectively,
and {x} is the real number between 0Oand 1 obtained from x by
adding the appropriate 1nteger 0 (see Appendix C).

B. The UV finite 6V;(r)

By construction, §V;(r) is UV finite. In the present case,
it is a pure one-loop contribution which we write for
convenience as

(r) = Z{:/QT {L(Ar) — L(0) — AF/L}(0)

Arl Ark
-2 L0, (61)

This definition is ambiguous if x is already an integer.
However, « - 7/(2z) will not be chosen to be an integer, and
k- r/(2z) will turn out not to be an integer either.
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with
L(AF) = +In [1 L ] + 922002, (62)
T2 (0c- 0,)? 2 ‘ ’

as well as

L(0) = d; lln[QE + m?] —%m 02, (63)

L)(0) = T/ {(d - 1)# - %] . (64)

" i ((DK)Z (@K)z
L1 (0) = TPkt {Q—‘a —2(d-1) (Qanﬂ)z
d-2 (@5)?
5o G (62)

In principle, we could apply the strategy followed in the
previous subsection, based on performing the Matsubara
sums analytically and the resulting momentum integrals
numerically. However, some of the Matsubara sums are
cumbersome to evaluate using contour integration tech-
niques due to the presence of quartic polynomials in the
Matsubara frequencies with no obvious roots. For this
reason, we adopt a different strategy based, instead, on
performing the momentum integrals analytically and the
resulting Matsubara sums numerically.

The first step is to rewrite the momentum integrals as
vacuum D = d — 1 integrals. To this purpose, we notice
that

0z = q* + Mg, (66)
Qc- O = ¢* + M3, (67)
Oz +m* = ¢* + Mg, (68)
Oz +m* = ¢* + Mg, (69)

where we have defined the frequency-dependent masses

(70)
|

Similarly,

<Ql< : QK)2 + sz% - q4 + qz(mz + 2&)2&);)
+ (@) (m* + (a)?)

= (¢* + M%) (q> + M2,),

with

m2  m? \/ &)K(wk — o
M2 =@ +— 4+ —4/1+494"9 7497
= OqWy F 2 + m

’l; q 2 2
Then,
1 24 M) (g + M2,
2 (C] +M0,K)
D -1
and

D _ 1 _
L(0) = In(g? + 02) = 5 In(q + ¥13,).

L0 :TKJ[D ___ - ]
710 ¢+ M2 g+ M3,
. &)K 2 &)K 2
L7 (0) = TZK]K]{ 2( q-)z ;2D z( q)— 2)2
(q° + Mj,) (q° + M3)
L D-1 (@5 .
@+ M (¢ + MG, (q* + MF)

Putting all the pieces together, we arrive at

(q* + M3 ) (q* + M%) (q* + M} ) (q* + MZ)P~!

Vi =T>. Y / (;l:;i,) B In

 jez (¢* + M5, )*(¢* + Mp)P
a_)K (;)K
T(k-A 4 _ 4_
Tl r)<qz+M%.K q2+M%>
| 2 (@) (@) (@5)? D-1
—5T(k- Ar) 2 2 2 2 i 2 52D ==+ 2
2 (@*+ Mz, (¢°+ M5, )(q> + M) (" + M) q* + My
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Then, using the basic D-dimensional integrals

_ (M) (a - D/2)

dPq 1
[ Gp i~ G

dq B
| Gagpnta’ ) =

we find*!

Ia)

2\D/2
- 4((24”))0 5 T(=D/2), (82)

VA1) = o 0 3 |5 (CReME ) + DUTRIPP = (15,0 = (D = 1))

(4ﬂ)D/2 Kk qeZ

= (M3 )P = (MZ_)PP)D(=D/2) + Tk - Ar)@f (M5 )P/~ = D(MZ)P>~1)I(1 = D/2)

3Tk ArP(@)2 DM = (W3, )P)1(2 - D/2)

+ L2 arpan)

, ()P = (i, )P

2 — 2
2 M — My,

I'(1-D/2)

—%W(K- AFR(I2)P1 (D = 1)T(1 = DJ2)). (83)

C. Taking the ¢ — 0 limit

We have argued above that 6V;:(r) is UV-finite so we
can, in principle, take the ¢ — 0 limit without encountering
any divergence. The latter limit is tricky, however, because,
in the present case, it does not commute with the Matsubara
summation; see Ref. [43] for a thorough discussion
including additional examples.

To see where the problem originates from, let us study
the behavior of the dimensionally regularized summand in
Eq. (83) for large values of |w,|. One finds

T(k - Ar)?
 3(4n)P2

A (T L

(D-1)’C(2-D/2)|w,|”

From the point of view of power counting, both terms
contribute a divergence to the corresponding Matsubara
sum which, of course, seems contradictory with the fact
that 6V;(r) is finite. However, the contribution from the
first term of the expansion (84) cancels when one considers
both limits w, — +oco and w, — —oco. Second, the next
term in the expansion includes a factor D —3 = —2¢
which turns the divergent sum ), - 1/]w, | ~ 1/e x
1/(22T)'*?¢ into a finite result. It follows that 5V:(r) is
indeed finite but that one could miss a finite contribution if
the ¢ — 0 limit was taken too early, that is before the
Matsubara summation.

*!The real part originates from the remark below Eq. (16). The
other terms do not require an explicit real part.

One way to proceed is to take the limit of the summand
anyway, while introducing the finite contribution by hand.
This method was applied for instance in Ref. [43] for the
evaluation of the gluon propagator in the center-symmetric
Landau gauge. Here, we shall proceed in a slightly different
(but equivalent) way that allows one to avoid some
subtleties that were not discussed in Ref. [43].22

First, noticing that the summand is actually a function
of @y and Ar, we consider the first two terms of the
asymptotic expansion as |@j| — oo:

K- Ar)?
- %(D — 12T (@ - D/2)|a |
73 k-Ar T*
S =

and subtract them from the summand, which allows one to
safely take the limit € — O because the corresponding sum
is now absolutely convergent.

The subtracted contributions are finally added back in
the form of additional series which can be expressed in
terms of the Hurwitz zeta function

(s)=Y — (86)

lg+2)

More specifically, the needed series are (the power of 22T
is introduced for convenience)

“In Appendix D, for completeness, we shall apply the method
of Ref. [43] to the evaluation of the potential and discuss these
subtleties in more detail.
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ni2e |3 2 lq + 5 |3 2 For n = 0, we use
(2ﬂT) ” Z ( 3+n Z (C] + KT 3+n ’ (87)
e 1€ {(2e.2) = =Bi(z) + O(e). (89)
with n = 0 orn = 1. Given x # Z, let us denote by {x} the

unique real number between 0 and 1 such that x — {x} is an
integer. We then have

2aTy 2y g~ 1—2{%;}. (90)

= (wq)3+n

where B, (z) = z — 1/2 denotes the Bernoulli polynomial
of order 1. The sum (88) then gives

For n = 1, we use

0 1 (_ {K_? )3—2€
= —_ R 1
2 T 2 G (14262 =5 —w(@) +0().  (9)
_ i 1 —(=1)" . 1 where y(z) is the digamma function. The sum (88) gives in
=0 (q+ {52}) > =0 (q+ 1 — {55}t this case
{2 D) -

(88) Putting all the pieces together, we arrive at

5V.(r) = 222@ Ar)? (2{"2—;} —1+K;‘.:r)

+—= Z Z Lz ZRG:(M2 )32 4 3(M2)3? - (M2 )3/2 = 2(M2)3/2 — (M%‘+)3/2 _ (Mﬁ,_)3/2)

K q€Z
- L - anas, )12 = 3(5)2) + L - ar20082) 2+ 2 (- Arpsn(ag)
T 6 1 2
e 2700 (G ) .

We mention that both the sum and the correction terms in the first line obey the various symmetry identities discussed in
Sec. I1I B. This is one advantage with respect to the result that one obtains using the method of Ref. [43] in which case, some of
the symmetries reemerge only after one has added all contributions (see Appendix D). We also mention that we could further
improve the evaluation of the Matsubara sum by subtracting and adding back higher terms of the asymptotic expansion. The
subtracte;i3 sum would converge faster and faster while the added terms can all be expressed in terms of the Hurwitz zeta
function.

D. Final expression
At the end of the day, the final result for the potential is

_ T o T2 . T K-T K- Ar
VAP = Vi) S0 ) [ d il =) 5 b+ 25 (e s (25T 1+ )

T 1 _ _
2 3 | (REMR)Y2 + (R = ()7 = 2022 — (2 (12 2)
K q€

2 3
— 5 A (3,02 = 32 2) + (- ArV(M)2 4 (- Arsen(@)
72 ,( 6 1 2
*ote- 8076 (G~ G g ) | oY

“For the present application, such type of improvement is not really needed as we find that a few Matsubara sums (|g| < 3) give
already a pretty accurate account of the potential in the relevant range of temperatures.
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Let us mention that the noncommutation of the ¢ — 0
limit and the Matsubara summation, which leads to the
modification of the summand and the correction term in
Eq. (94), can be traced back to the second term in Eq. (16).
Since this term is very easily evaluated using the contour
deformation technique, another possibility is to apply our
strategy only to the other terms. In this case, there is no
correction term to be added when permuting the ¢ — 0
limit and the Matsubara sums. We collect the details in
Appendix B.*

For completeness, we also provide expressions for the
first and second derivatives of the potential. Those are
|

ov
0

;T LI (N N
7—2—72:221(‘ o d(]quBngg—nqx]—f—?MT,JkAr +a;l€ (K‘Ar) 6 g —3

useful when studying the transition. Introducing a slightly
more compact notation X, = (M?2,)'/? and using that

0X?2 .

a—r;’ = kI Tak, (95)

0x? .

W = 2K]TCUZ, (96)
0x2 . ( m? >
U (0 [ = — (97)
or/ a X3 -x2

we find

K-Ar)
+
T

2

T2 j =K Y Y m 2 2 =K
+§;K]qezz |:a)q <2RGXO —2X0 —4X+6X—X+ - X_ —m) +4T (K' Ar) Sgn(a)q)
+4T (k- Ar)(X = X) + T(x - Ar)(@5)? 6 1. 2 (98)
\Z% R %))

We note that, for r =7, the RHS should be given only by the first term (see the discussion above). Using
that Xo=Xo=X_€R and X =X =X, in this limit, and X> =X} + m?, we find that the remaining terms

combine into

Similarly, after some algebra, one finds

*V, T2

T . K- 7
— T M2 4+ Tick (i - —
ok MT’Jk+6zr EK K/ K~ (K Ar)(lZ{ 5

A
}—6+3K r)
T

T3 , 1 6 2 X, +X_ m? 2
. J 1k )2 Re— 4+ — — — — — __+*
+8”;KK Z[(wq) < eX0+X Xo Xo+X 2X.X_ < (X +X—)2) )

qEZ

(@)’

+4(X - X) — 4+ ST(K-Ar)sgn(a)g)]. (99)

Once again, we can check that, when r = 7, all terms
cancel except for the first one. This is because the
remaining terms combine into

2 2 X+X, m? 0
X X+X, 2XX, (X +X0)?)

We mention that the integral in Egs. (94) and (98) vanishes
for 7 = 7. (see Appendix C).

*This is actually the way the potential was originally
computed in Ref. [42]. We have checked numerically that the
two formulas lead to the same results.

[
VI. RENORMALIZATION GROUP

To finalize the evaluation of the potential, we need
to fix the finite parts of the renormalization factors.
This is done by specifying a renormalization scheme
which, in turn, provides a specification of the renor-
malized parameters m and g at a given renormalization
scale u.

In what follows, we compare two popular schemes in the
framework of the CF model, the vanishing momentum
scheme (VM for short) that was used in Ref. [42] as well
as the infrared safe scheme (IR-safe for short) introduced
in Ref. [30].
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A. Renormalization schemes

The CF model exhibits a nonrenormalization theorem
that derives from the anti-ghost shift symmetry ¢ — & + A.
As a consequence, the combination ZgzZazf of renormal-
ization factors is UV finite, and one can take the renorm-
alization of the coupling as®

This will be a common feature of the two schemes
considered in this work. In both of them, we shall also
fix the ghost renormalization Z,. from the condition

D7lo(q = psp) = 12, (101)

on the renormalized, vacuum ghost two-point function

— 7172
Zp=2,2;". (100) Dr_o(q. ). At one-loop order, this leads to
|
2 A2 2 2 4 2)3 2
gN (1, A pow Wt m?) p
Zo=l+ {3( +1n—>+5+ el i e Ll G | (102)

Next, we notice that the one-loop potential involves the
renormalization factors Z, and Z,. in the particular
combination Z,Z,.. In the IR-safe scheme, this product
is determined by exploiting yet another nonrenormalization
theorem related to a modified Becchi-Rouet-Stora-Tyutin
symmetry present within the CF model which implies that
the combination Z,.Z,Z. of renormalization factors is
finite. One can then set

Z,Z,» =77\, (103)

In contrast, in the VM scheme, the same combination is
determined, instead, from the condition

Grly(q = 0sp) = m* (), (104)

on the renormalized, vacuum gluon two-point function

Gr—o(q; ). Notice that G7L,(¢ =0;u) is nothing but

M3._,. Therefore, in this scheme, the RHS of Eq. (48) is

|

TN

Z,=1-
6472

26_’_3m2
3 u?

(i) (-

[

nothing but the squared renormalized mass m?(u), without
having to evaluate Z,Z, .. For later use, we note nonethe-

less that
1+1 [_\2—&-5
— n_ —
€ m? 6|

where we have expanded in ¢* to one-loop accuracy.

Finally, in order to fully fix the parameters and also to
implement the renormalization group flow (see the next
section), we need to determine Z, and Z,. separately. In
both schemes, one uses the condition

3¢°N

Z.Z,
647>

2 =1-

(105)

GrLo(q = psp) = W + m? (), (106)

which allows one to determine Z, knowing Z,Z, ., and
then, to also deduce Z,.. At one-loop order, one finds

121+21 m
9 W
142

1 A2\ 3/2 2\ 2 2 1
+—(1+ﬂ2> ((“—2> —20”—2+12> Y
A m m e

1 m2 3 ﬂ2 2
Bl O Ll
=3 (+5) (%)

ZRecall that we have also chosen our scheme such that
Z; = Z!‘r}. Therefore, Z; = Z,72.

2 2

H H

—10at ) ( +W)
1 ﬂ2 2 ﬂZ m2 2

2
m—2 (107)

B. Renormalization group flow

The renormalization procedure introduces a scale u at
which the renormalization conditions are imposed and
which eventually replaces the regulating scale A introduced
earlier. The dependence on y is spurious of course because
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physical observables should not depend on it. In practice,
however, observables are evaluated to a certain degree of
approximation, which typically introduces a spurious
dependence on y, thus potentially hindering predictability.

Interestingly, this a priori annoying feature can be turned
into a test of the quality of the approximation. Indeed, the
better the approximation, the less scale dependence should
be present in the results. In this work, we shall test our one-
loop calculation of the potential by studying the scale
dependence of various physical observables related to the
confinement/deconfinement transition, such as the transi-
tion temperature, the spinodal temperatures (in the case of a
first-order transition), or various order parameters for center
symmetry; see Sec. VII for more details.

For the test to make sense, as the scale y is varied, the
renormalized parameters x = ¢g> or m? should be varied
along a renormalization group trajectory or “line of con-
stant physics.” This variation is encoded within the beta
functions

(108)

where it is implicitly understood that the u-derivative needs
to be taken at fixed bare parameters.

The beta functions can themselves be extracted from the
knowledge of the corresponding renormalization factors
Z.. Indeed, since the bare parameters Z,x know nothing
about the scale y, one has

dInZ,
du

p— (110)

X = —XYy,

with y, the anomalous dimension associated with the
parameter x.

Similarly, one associates anomalous dimensions y, with
the various field renormalization factors Zy, with y = a or
c. In both schemes considered in this work, the y,’s and
thus the f,’s can be expressed solely in terms of the y,’s.
First, owing to the condition (100), one has y = —y, —
2y. from which one deduces that

Bp = Va+2r.) (111)

Moreover, in the IR-safe scheme, the condition (103)
implies y,2 = —y, — Y., from which one deduces that

Pz =m*(va+ 7). (112)
In contrast, in the VM scheme, from Eq. (105) and
neglecting higher-order contributions in the flow, one
obtains y,» = —y, and thus

ﬂm2 :mzyav (113)

which does not involve y, in this case.
The anomalous dimensions y,. and y, can be determined

dzZ, dx from the expressions for the renormalization constants Z,.

H du X+ Zu du 0, (109) and Z, given above. The ghost renormalization is fixed

equally in both schemes resulting in the same anomalous
and thus dimension
__ PN 3 2

Ye = 2t +2t—Int+ (t+ 1)*(t —2) In(r + 1)], (114)

< 30227

where for brevity we have defined the dimensionless ratio t = u?/m?. As for the gluon anomalous dimension, its expression
depends on the considered scheme, as seen from the differently defined product Z,Z,» which enters the expression (107)

for Z,. In the IR-safe scheme, it reads [30]

N

96728

Vo= {17t3 =742 + 12t =P lnt+ (1 +1)*(1 = 2)2(2t = 3) In(r + 1)

+ BV +4(F = 97 + 201 - 36) ln(

while in the VM scheme, one finds [30]

__gN
Ta = 962283

+ BV + 4(8 — 97 + 201 — 36) ln<

ViTA— /i
m)]’ (113)

175
[17;3 _7[2 +3t=Int+ (t+1)2(28 = 112 +20t = 3) In(t + 1)

Vita- i
m)] (116)
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C. Initial conditions

From the above expressions for the field anomalous
dimensions, one can access the beta functions which, upon
integration, give the runnings of the renormalized param-
eters in the considered scheme.

Of course, the beta functions need to be integrated from a
set of initial conditions specifying the values m and g, of
the renormalized parameters at a given scale y,. Here, since
the CF model is meant to be a phenomenological model
for the Landau gauge-fixing in the infrared, we shall use the
values obtained in Refs. [30,52] by fitting the one-loop CF
gluon and ghost vacuum two-point functions to the
corresponding YM Landau gauge propagators as computed
on the lattice.”

In the IR-safe scheme, the fits are performed by setting
the renormalization scale in the propagator expressions to
u = p where p is the momentum variable entering the
propagators.27 This leads to the following values of the
renormalized parameters at the scale py = 1 GeV:

SU(2): my =450 MeV,
SU(3): my = 390 MeV,

gdo = 52,
gdo = 3.7.

In the VM scheme, due to the presence of a Landau pole,

the same fits were performed using y = \/p* + am§ with
a = 1 or a = 2. One obtains two sets of initial conditions.”®
For a = 1, one has

SU(2): my = 600 MeV, go = 5.6,

SU(3): my =500 MeV, go = 4.3,
whereas for o = 2, one has?’

SU(2): my = 600 MeV, go = 5.9,

SU(3) my = 500 MCV, 9o = 4.7.

Some other fits were performed in the VM scheme by
fixing the renormalization scale in the propagator expres-
sions to 4 = py = 1 GeV. The values of the parameters are
in this case

SU(2): my = 680 MeV,
SU(3): my = 540 MeV,

gdo = 75,
go = 49

We have performed the now following analyses for this last
choice as well, but noting that the results are essentially

%Since the renormalization is done at T = 0, we can switch off
the background for the present discussion.

"This is done to prevent the appearance of large logarithms in
the UV tails.

If no approximations were present, these two sets should

correspond to the same renormalization group trajectory.

*Some typos in Tables 5.5 and 5.6 of Ref. [52] were pointed
out to us by the author.

2.0 - : : :
|
| IR safe
150 ]
\ VM a=1
\ - — " VMa=2
SU(2)
SU(3)

20 25 30 35 40
U [GeV]

FIG. 1. Running of the expansion parameter 1 = g>N /1627 in
the considered renormalization schemes for SU(2) (transparent)
and SU(3) (dark). The thin vertical lines mark the values of the
renormalization scale at which this parameter goes above 1.

equal to those obtained using the other two VM scheme
options and would only clutter up the figures, we omit them
from this work.

Upon integrating the beta functions from the initial
conditions given above, we obtain the running coupling
and the running gluon mass. Figure 1 shows the running of
the expansion parameter 1= ¢g’N/16x> which tells us
about the range where our perturbative calculation is
expected to be valid. In both schemes, 4 is perturbative
(4 < 1) for intermediate to large values of the renormal-
ization scale, as it should, and becomes larger than 1 at the
values marked with vertical lines in Fig. 1. As we will see
in the next section, the region of interest always lies above
this threshold, but we may also consider certain values
around the region A ~ 1. For lower scales, the VM scheme
exhibits an infrared Landau pole at which A diverges. In
contrast, A remains finite in the IR-safe scheme, vanishing
for 4 — 0. Note that the dropoff from the Landau pole to
perturbative values happens quickly, meaning we can have
a valid perturbative expansion not too far from the
Landau pole.

VII. RESULTS

In this section, we present our results in the center-
symmetric Landau gauge 7 = 7.

A. SU(2) transition

In the SU(2) case, the transition is continuous [53]. This
means that the transition temperature can be extracted from
the vanishing of the curvature of the potential at the center-
symmetric point r = 7. = z. The latter is nothing but the
squared mass M2 introduced in Eq. (56), which is just a
number in the present case. Since there are only two roots
a = =1 that contribute identically, and because n,_;,7 =
—f, with f, =1/(e’* + 1) the Fermi-Dirac distribution,
the condition determining the transition temperature reads
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FIG. 2. SU(2) transition temperature as a function of the
renormalization scale u in both the IR-safe and VM renormal-
ization schemes. The conic band represents the region
u € [T, 4xT], with the dashed line representing the central value
u = 2xT. The black dots correspond to the values obtained from
a “minimum sensitivity” principle d7./du = 0.

272 2

7T 2T

0= M2 1+——
T < 3 m2)

2 e 2\ f,
_g_z/ dqq2<3m—2+6+q—2>—".
7 Jo q m*) e,

Solving this equation for 7 as a function of u, we obtain the
curves T.(u) shown in Fig. 2.

Of course, the transition temperature is an observable
and, as such, should not depend on the renormalization
scale /4.30 As already mentioned, however, approximations
introduce a spurious scale dependence which can be used to
test the quality of the approximation. For the test to make
sense, it should be performed over a finite interval of values
of u to avoid a too-large separation between u and the
relevant scales of the problem that would invalidate the use
of perturbation theory.

Here, we use the conventional range u€ [zT,4xT],
centered around y = w; = 2z7T, a value corresponding
to the typical frequency scale associated with the temper-
ature, the first Matsubara frequency. In Fig. 2, this interval
corresponds to the highlighted, conic area. Similarly, the
considered range should lie far away from possible Landau
poles which can appear in certain renormalization schemes,
of which the VM scheme is an example. The Landau pole is
represented in Fig. 2 by a vertical line.

We collect the corresponding temperature and renorm-
alization scale ranges in physical units in Table I

(117)

*This can be easily seen from the fact that a change of scheme
leads to a multiplicative and temperature-independent, finite
renormalization of the curvature mass, which thus does not
affect the temperature at which the curvature mass vanishes. Of
course, in practice, the multiplicative renormalization is not
exactly satisfied, which introduces a spurious renormalization
scale dependence to the transition temperature.

TABLE L. The intervals for 7. and x with edge points satisfying
u=nT.(u) and pu = 47T .(u) in the SU(2) case. Note that in the
IR-safe scheme T.(u) decreases over this interval.

IR-safe VM a =1 VM a =2
T. [MeV] e [243, 222] [270, 289] [264, 280]
u [GeV] e [0.76, 2.80]  [0.85,3.63]  [0.83, 3.52]

We observe that in both of the considered schemes, the
scale dependence of T, is very mild,*" with a variation of
9% and 6%—7% in the IR-safe and VM schemes, respec-
tively. These numbers are already quite good given the
relatively simple one-loop approximation considered at this
point. An even more stringent test would involve assessing
whether and how much the renormalization scale depend-
ence gets reduced as one includes the two-loop corrections.
We leave this question for a future investigation.

Let us mention that, were we to take arbitrarily large
values of y, we could obtain arbitrarily large values of 7.
To see this it is convenient to rescale all mass scales by m.
The equation fixing 7. = T./m becomes

272
. g T % .
0 = M? 2 (14 =177
=0t 24 ( + 5 >

) -
g [ 3 Iz,

——2/ d61612<—2+6+612>~—,
= Jo q

&q
with f,=1/(e?/T+1) and &,=
M?%_, =1 in the VM scheme, and

(118)

V¢>+ 1, and where

2
1— g

3272
(W +m?)’ W

H

2
W
_21_

M3_, =
T=0 2

[5
ot
(119)

in the IR-safe scheme. Since ¢*> ~ (12/11)x?/ In(u/ o) and
M%zo goes to a constant in both schemes (either to 1 or to
53/44), we deduce that 7 has to diverge. To see how it
diverges, it is more convenient to rescale all masses by T
instead, in which case the equation reads

P T
0=T2_y+L <1+1T2>

24 5
L [Fag (Lo g )
&
with f, = 1/(e + 1) and &, = \/¢* + T7%. At large T, it
is found that the equation becomes T2M3_, ~ ¢*/3 and

3!This observation extends even further away from u = 4zT.
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thus 72 o m?/g*. Since m*> « (¢*)*/* [30,32], we deduce
that 7% « (1/¢?)%** and thus diverges as u — co.

A similar behavior is observed when approaching the
Landau pole (present in the VM scheme). Indeed, the
coupling diverges in this limit which requires T to approach
one of the values that make the prefactor of g in Eq. (118)
vanish. There are two such values 7 =0 and 7 =T, ~0.235.
We have checked numerically that this second option is
chosen, leading to T ~ Tym. Since m diverges in the vicinity
of the Landau pole,32 we deduce that the transition temper-
ature diverges in this limit as well.

Finally, in the IR-safe scheme, we can consider the limit
u — 0. Since the coupling goes to zero in this limit as well,
and because M?%_, approaches 1, we deduce, once again
that 7 diverges like 1/g, and thus T ~ v/3m/g. Now, in this
scheme, m/g goes to a constant [32], and thus there is a
limit to 7', () as u — 0. In fact, since m?(u—0)/g*(u—0)
can be directly related to the zero-momentum gluon
propagator G(0) in this scheme [30]

4

m?(u m
2() =G(p=0)—2. (121)
g (/,t) n—0 9
one finds
2
T,(u — 0) = /3G(0) 2 (122)
90

We stress once again that, even though we can analytically
understand these limiting cases, the corresponding values
of the renormalization scale should not be considered too
seriously since they probably lie beyond the range of
validity of a strict perturbative expansion.

Another popular choice of y is the one that relies on the
principle of minimal sensitivity. Since 7', should be u-
independent in the absence of approximations, one can
define an optimal value u* of the renormalization scale, and
thus an optimal value T of the transition temperature, by
enforcing the condition d7T./du=0. We find T} =
253 MeV in the IR-safe scheme, corresponding to
u* /Ty ~0.50x, and T} = 269 or 263 MeV (correspond-
ing to a =1 or 2) in the VM scheme, corresponding to
u*/T* ~0.737 or 0.92z. In the case of the IR-safe scheme,
we note that there is a second optimal value for 7. but the
renormalization scale (u*/T* ~7.3x) lies way above the
interval [zT, 4xT]. Note that the lower, minimally sensitive
u for the IR-safe scheme is in the region where the coupling
is not perturbative A(u*) = 1.16, even though close to
A = 1. Thus, this value should be taken with some care.

32We mention that, in the IR-safe, there also exist trajectories
(not the ones considered here) that possess a Landau pole. But,
for these trajectories, the mass vanishes at the Landau pole rather
than diverging.

Importantly, the range u = nT,. — 4xT, lies well within
the perturbative region for all schemes.

So far our remarks concerned the internal consistency of
the perturbative expansion within the CF model. One can
also wonder to which extent this model allows one to
capture nontrivial features of Yang-Mills theories. To this
respect, let us note that the values obtained from the
principle of minimal sensitivity in both schemes are quite
close to each other, as they lie only 3%—6% apart. This is
quite remarkable if one takes into consideration the fact that
the initialization of the corresponding RG flows are
external to the Curci-Ferrari model itself, since they are
taken from fits to the Landau gauge correlators as com-
puted on the lattice. Let us also stress that the predictions
for T, within the CF are only 2%-25% below the value
predicted by the simulations, 7' =295 MeV for the
SU(2) deconfinement transition. This observation will
improve even further in the SU(3) case.

B. SU(3) transition

In the SU(3) case, the curvature is a matrix with
components corresponding to the color directions 3 and
8. Within the center-symmetric gauge r = 7. = (47/3,0)
and using charge conjugation invariance, one can argue
that the transition occurs along the rg =0 direction.
Consequently, the relevant quantity is the curvature
along the color direction 3, that is, M7 4;, evaluated
for r =7,.

It can again be argued that all roots contribute identically
to M7 4, and the condition for its vanishing eventually

writes
|22 5272 T2
45 m?
3¢ [ q elea 2

2 m q2
4]7: d 7(3?4‘64‘ >1+eﬁgq+62ﬂ€q

(123)

0= M%0+

Because the transition is first order in the SU(3) case,
this condition does not determine the transition temper-
ature but, rather, the higher spinodal temperature
Ty, > T.. However, this quantity should be renormal-
ization scale independent as well in the absence of
approximations, so studying its residual scale depend-
ence is again a good way to test the quality of the one-
loop approximation.

Our results are collected in Fig. 3. We observe similar
features as for the transition temperature in the SU(2) case,
with the actual values falling between 259 MeV < Ty, <
304 MeV across all the schemes. The lower value corre-
sponds to the minimum 77, in the IR-safe scheme and the
higher value to the y = 47T}, (1) edge of the interval in the
VM scheme with @ = 1. A similar analysis has been
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FIG. 3. SU(3) spinodal temperatures as a function of the

renormalization scale y in both the IR-safe and VM renormal-
ization schemes. For each, the colored band represents the
temperature interval between the two spinodals. The conic band
represents the region y € [zT,4xT], with the dashed line repre-
senting the central value y = 2zT. The black dots correspond to
the values obtained from a “minimum sensitivity” principle
dTy/du = 0.

performed for the lower spinodal,™ with again very similar
observations. Additionally, we observe that the spinodal
temperatures lie rather close to the transition temperatures
and could thus be used as a simpler alternative for it.

To perform a faithful comparison with the SU(2) case,
we should access the actual transition temperature in the
SU(3) case. To do so, we need to locate the temperature (in-
between the two spinodals) at which the two minima of the
effective potential become degenerate. Once again, this
quantity does not depend on the renormalization scheme
since a change of scheme corresponds to a mere rescaling
of the field variables that enter the effective potential. In
practice, however, the transition temperature features a
spurious scale dependence which we can use as a test of the
quality of the one-loop approximation. Our results are
presented in Fig. 4. The main features are similar to the
ones in the previous plots, we highlight again the [zT, 47T
interval as well as the extrema suggested by the principle of
minimal sensitivity. We collect the temperature and renorm-
alization scale ranges in Table II.

As in the SU(2) case the scale dependence of T, over this
interval is rather small, 4% or 8%—9% in the IR-safe or VM
schemes, respectively. One could again analyze whether
these variations improve further when performing a two-
loop calculation, which we leave for future investigation.
Note that since the absolute values of 7', went up/down and
the length of the intervals down/up in the IR/VM scheme,

3The lower spinodal does not occur at r = 7., so the condition
determining its location requires one to cancel both aV;, / or® and
0*V; /0(r?)? [see Egs. (98) and (99)]. This leads to a system of
equations determining both the value of the lower spinodal
temperature and the value of r at which it occurs.

0.6 : : : : :
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FIG. 4. SU(3) transition temperature as a function of the
renormalization scale u in both the IR-safe and VM renormal-
ization schemes. The conic band represents the region
u € [xT,4xT], with the dashed line representing the central value
u = 2xT. The black dots correspond to the values obtained from
a “minimum sensitivity” principle d7./du = 0.

the corresponding relative variation across the interval went
down/up. This can partly be traced to the different initial
conditions used for the renormalized parameters, e.g. the
IR-safe coupling g decreased more from SU(2) to SU(3)
compared to the VM schemes. We can again conclude that
our perturbative expansion within the CF model seems
reliable at one-loop order, since we obtained consistent
results from different schemes.

Similar predictions arise using the principle of minimum
sensitivity. In the IR-safe scheme, both optimal values are
now closer to the [zT,4xT] range, giving T} =261 or
246 MeV with u* /T} ~0.537x or 4.74x. In the VM scheme
the optimal temperatures are 77 = 260 or 252 MeV with
u*/T* ~0.637 or 0.89x (corresponding to @ =1 or 2).
Note that while all of these optimal points lie outside the
respective 7T, 4zT] interval, due to the small dependence
on the renormalization scale the “optimal” temperatures do
not differ greatly from the predictions given by the previous
prescription. As for SU(2), there is one case where T is in
the nonperturbative region, here for the VM a = 1 scheme,
with A(u*) ~ 1.18. But again, the range y = #T. — 4xT.
lies well within the perturbative region for all schemes.

We can also consider the variation with respect to the
simulated value obtained from the lattice, 7" = 270 MeV.
Our predictions for 7', are now only 3%—-9% below it in the
IR scheme, or up to 6% around it, including it in the

TABLE II. The intervals for 7. and u with edge points
satisfying u = 7T .(u) and p = 4xT () in the SU(3) case. Note
that in the IR-safe scheme T.(u) decreases over this interval.

IR-safe VM a=1 VM a=2
T. [MeV]e [256, 246] [264, 287] [252, 273]
u [GeV] e [0.80, 3.09] [0.83, 3.61] [0.79, 3.43]
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interval, in both cases of the VM scheme. This is a
significant improvement over the SU(2) case, where all
schemes showed at least up to a 10% deviation (see above).
We presume that this improved behavior can mostly be
traced back to the fact that the fitted coupling constants are
smaller in SU(3), rendering the loop expansion more
accurate.

C. Order parameters
The Polyakov loop [54-56]

‘= % <trPexp (ig Aﬂ dr Ad(z, x)t“>> (124)

is the most commonly used order parameter for the
confinement/deconfinement transition and has been com-
puted on the lattice, allowing for comparisons with con-
tinuum evaluations [42,57]. In this work, we have focused
on an alternative quantity, the one-point function (A); in
the center-symmetric Landau gauge, as introduced in
Sec. II, or, equivalently, on the simpler quantity r, the
argument of the effective potential. We can connect these
quantities by noticing that r appears implicitly in the
definition of the Polyakov loop as it is contained in Af.
As discussed in Ref. [42], at one-loop order, we can
formally approximate the expression for the Polyakov loop
by its tree-level form, while plugging in the minimum of
the potential r,y;, as found from the one-loop calculation.*
We thus have
|

‘= U emt” + O(g*), (125)
which plugging in the relevant generators and using only
the * component for SU(3) gives

SU2): € = cos(rmin/2), (126)

SU3): ¢ == (1 4+2cos(rpin/2)). (127)

(USRI

Note that plugging in the center-symmetric point z or 47/3,
respectively, indeed gives zero.

The Polyakov loop usually gets renormalized which
means that its renormalized version depends a priori on the
renormalization scale. If the renormalization scheme is
considered at zero temperature, however, the ratio of the
Polyakov loop to the corresponding value at some reference
temperature should be p-independent, again, up to trunca-
tion errors. In the present, one-loop, dimensionally regu-
larized, continuum calculation, it turns out that the

34Expanding the expression of the Polyakov loop to one-loop
order and plugging in the minimum as found from the one-loop
calculation would give a higher order correction.

1.0 T
0.8
c
5 oel
N
S L IR safe
— 0.4
= SU@R) VM a=1
0.2 ’ - — - VMa=2| |
l
00 . F— J Il L 1 Il
0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
T/T,
FIG. 5. SU(2) and SU(3) Polyakov loops as a function of the

rescaled temperature 7/T, and the renormalization scale
U € [xT,4xT]. The regions spanned by taking u between zT
and 4zT are shaded in.

Polyakov loop does not require renormalization, and thus,
we expect the Polyakov loop itself to be quite independent
of u, within the appropriate range.

One should bear in mind, however, that the transition
temperature depends on y, as we saw in previous sections.
Although small, this noticeable dependence affects the
setting of the scale in physical units, and a faithful
comparison of the Polyakov loop for various values of u
requires a rescaling of 7' by T',.. In Fig. 5 we show the SU(2)
and SU(3) Polyakov loops as a function of this rescaled
temperature and in the range between y = #T and y = 4nT
for each scheme.

Since the SU(2) transition is second-order, the Polyakov
loop is continuous, while in the first-order SU(3) transition
it has a discontinuity at the transition temperature. In both
cases, after rescaling the temperature, only a very small
dependence on the scheme and renormalization scale
remains visible. The difference between the two versions
of the VM scheme is negligible, while the IR-safe scheme
lies slightly above the others. Varying the renormalization
scale in the range #T — 4xT results in very small changes
to the order parameter, which could be visualized only by
using thinner lines for the edges of the interval and shading
the inside; otherwise, the variation is contained completely
in the line thickness. We can conclude that most of the
dependence on the renormalization scale is encoded in the
transition temperatures, rather than in the order parameters.

Another way to verify the (small) effect of varying
the renormalization scale y is by instead evaluating the
Polyakov loop at a fixed temperature and varying the
renormalization scale. Looking at the SU(3) case in Fig. 5
we see that the variation due to the scale seems to be larger
close to the transition temperature with the bands thinning
as the temperature increases past ~1.57.. In Fig. 6 the
results are shown for the fixed temperatures T = aT¥, with
ae{l1.1,1.2,1.5} (bottom to top) and for renormalization
scales in the range [zT,4xT]. In the IR-safe scheme, the
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1.0 T T T T
0.8k !
__06F ---"'--.____ _______ 4
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A S A A A Rt CE
= 04 .
— T=15T,* - = VMa=2
°Te SuU(@3)
0.2+ T=1.2T;" ---- VMa-= d
— T=11T¢" | |—  IRsafe
00 I I T I I 1 1

FIG. 6. SU(3) Polyakov loops as a function of the renormal-
ization scale p in the region pu/(2zT)€[0.5,2] for various
temperatures, which are given in terms of the respective schemes
minimally sensitive transition temperature T%.

lower value of T} was chosen to match the fact that it lies
below the range, not above, as is the case for the VM
schemes.

Using the optimal temperatures 7 found using the
minimum sensitivity principle for each scheme allows one
in a sense to minimize the scheme dependence in the plot
and focus on p-dependence, in contrast to taking the ratio
with the p-dependent transition temperature as seen in
Fig. 5. This is confirmed by the fact that the values for the
different schemes lie fairly close together for each temper-
ature, even though the absolute temperatures 7 used are
different. While the lines are not completely flat, it is clear
that across all schemes the dependence on the renormal-
ization scale is small, and decreases further with increasing
temperatures. We omit the analogous figure for SU(2), as
the conclusions are the same, with the results showing a
slightly stronger dependence on the scale u especially for
the IR-safe scheme and low temperatures.

From the above analyses we conclude that the main
source of the spurious dependencies on the renormalization
scheme and scale originate from the transition temper-
atures’ dependencies, with the order parameters showing
only very little additional variations after factoring this in.
Thus to improve the results, an improvement of the
calculation of the transition temperature is necessary,
whether through higher loop orders, RG methods, or
others, and we expect the results for the Polyakov loop
to follow suit.

D. Background effective potential

We end this section by comparing our approach based on
the center-symmetric Landau gauge to the one based on
the minimization of the background effective potential
V(7) = V;(r = 7). Although the latter is not a Legendre
transform, it can be argued that, in the exact theory, mini-
mizing V(F) is equivalent to minimizing V; (r) [37].

However, this is not necessarily true anymore in the
presence of approximations (such as the one-loop approxi-
mation) and/or modeling (such as the modeling of the
gauge-fixing procedure considered in this paper), thus
introducing a possible bias in the results. Our approach,
being a true Legendre transform, should therefore be an
improvement over the background effective potential.
At one-loop order, V(7) is given by [58]

L od-1 T ] T
V(r):TzK:/Q 1n[QK+m]—§§K:/Q In Q2.
(128)

Except for a vacuum piece that we can disregard, there are
no other divergences. The thermal piece can be evaluated
using standard techniques to get

~ 3 ©
V0= 2> [ dag e —2ebcos(ron) + 1)

1 00
— WXK:A dq q2 11‘1(62/}" — 2P COS(?‘- K') 4 1)
(129)

One can also evaluate the first derivatives

oV T

. T of
=T -0 [Tt g oo
and
PV o] [T 2@)?

oo T zK:K]K [_/Q <Q_%_ (Q%)z)

+(d-1) /QT (Qg Jlrmz - (Q?%(i);frz)z)]'
(131)

Notice that the first derivative is the same as in Eq. (42)
or in Eq. (53) but with 7 replaced by . Moreover, it is easily
checked using Egs. (46) and (47) that the vacuum piece of
the second derivative vanishes identically, in line with the
fact that the vacuum piece of the potential (128) does not
depend on 7. The second derivative is then just given by its
thermal piece which can be computed using Egs. (54) and
(55). We find

A% . T m2 1 2
— =723 k/ £] ) R
orior 1 2NN, M +q2> o1 Q%]

. T m2 1 gk n x
:T2§ Tk 24— | —L-2-%]. (132
KKK/Q[3<+2>€ q](3)

q q

Solving for the transition temperature can be done in
analogy to the center-symmetric potential. In the SU(2)
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FIG. 7. SU(3) transition temperature found using the back-

ground effective potential as a function of the renormalization
scale y in both the IR-safe and VM renormalization schemes. The
conic band represents the region u € [zT, 4zT], with the dashed
line representing the central value y = 2zT.

case it suffices to find the temperature at which the
curvature at the center-symmetric point vanishes, whereas
this will again only give the upper spinodal temperature in
the SU(3) case. There is an advantage over the center-
symmetric potential though. Since there is no explicit
dependence on the coupling in the potential and the only
scale is given by the mass, everything can be solved in
terms of 7 =T/m, independent of the scheme. The
running is implicit in m(u), and thus the variations of
T. with scale and scheme will come directly from the
variations of the mass. We find that for SU(2) TC ~0.336
and for SUB3) T, ~0.363 with rpy, (T, + €) ~2.41. For
completeness, the higher and lower spinodal temperatures
are Thsp ~ (.38 and Tlsp ~0.361 at ry,, ~ 2.85. At one-loop
order, there appears also an artifact where the r,;,’s vanish
exactly from a certain temperature on, corresponding to a
maximal Polyakov loop or reaching a zero free energy
requirement. This happens at 7'~ 0.50 in both cases: the
defining equations for this temperature are equivalent in
SU(2) and SU(3).

In Fig. 7 we illustrate the type of scheme and scale
dependence that we find using the background field
effective potential. The transition temperatures vary much
stronger with the scale compared to the ones computed
using the center-symmetric potential, and are also generally
further away from the lattice values. The variations across
the [#T,4xT)] interval are up to 53% and the distance from
the lattice value of 19%—44%. The absolute values range
between 119 MeV and 220 MeV. Additionally, the behavior
for large p is also different, with the transition temperatures
vanishing logarithmically, just as the mass.

VIII. CONCLUSIONS

We have studied the confinement/deconfinement tran-
sition of pure Yang-Mills theories using perturbative

methods. For this, we worked in the recently introduced
center-symmetric Landau gauge with a Curci-Ferrari mass
term modeling the effect of Gribov copies in the infrared.
Extending previous work in this setup [42], we present a
comprehensive overview of the methods used to evaluate
the one-loop potential for the one-point function, one
of the possible order parameters for the confinement/
deconfinement transition in this gauge. In this work, par-
ticular focus was placed on studying the renormalization
scale and scheme dependence of various observables, this
in view of both further testing the inner consistency of
perturbative calculations within the CF model and checking
the adequacy of the model as an effective and efficient
description of background Landau-gauge YM theories in
the infrared.

We have shown that the present one-loop order calcu-
lation is already precise, with small dependencies on the
renormalization scale and scheme in both the SU(2) and
SU(3) cases. The transition temperature shows variations
with the scale of under 9%. Additionally, the results are
accurate to the temperature found in lattice computation
within 25% for SU(2) and 9% for SU(3), where the loop
expansion is better behaved. In the SU(3) case we have also
computed the lower and higher spinodal temperatures
around the transition temperature and checked that they
follow the same behavior considering the residual scale
dependence. These results hold across the diverse renorm-
alization schemes, further suggesting that the center-
symmetric Curci-Ferrari model is a valid way of describing
finite temperature Yang-Mills theory. While there is some
visible variation with scale and scheme in the transition
temperature, the order parameter shows barely any addi-
tional variations that cannot be traced back to the transition
temperature. We have compared the current approach to
previous methods involving a background effective poten-
tial and see a clear improvement in both the accuracy and
precision of the transition temperatures.

A natural continuation of this analysis is to compute
the two-loop potential with the corresponding renormali-
zation and check whether the results improve. Another
extension is the application to QCD. In this case, it is well
known that perturbative methods are inefficient, even
within the Curci-Ferrari model. However, in this latter
context, the good control of the pure gauge sector has
allowed for the setup of a controlled nonperturbative
expansion scheme which we plan to investigate in the
future. In this case as well, renormalization group effects
need to be taken into account.
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APPENDIX A: DETERMINANT

As already explained, the one-loop effective potential
is obtained from the determinant of the quadratic part
of the action (2) expanded around a classical configu-
ration of the fields. Recall that the classical ghost, anti-
ghost, and Nakanishi-Lautrup fields can be taken equal
to zero. For simplicity, the classical gauge field con-
figuration is denoted A,. This means that we have to
expand the action S;[A +a] in powers of the fluc-
tuation a.

From now on, we take both A and A constant, temporal,
and Abelian, see Eqs. (10) and (11).

1. Quadratic part
In the ghost sector, the quadratic part is simply

- / & (x)Dab Dbece (x), (A1)

X

where we have integrated by parts. In order to identify the
quadratic part in the gluon sector, we note that

F4[A+ a] = F4,[A] + D3t ab — D¢bal, + gf**“abag,
(A2)

where the first term in the RHS vanishes in the present case.
The quadratic part in the gluon sector then reads

1
/ 5 (Diay(x)Dyfag(x) — Dy ay(x)Dyf aj,(x)
X

+ m?*(ag(x))?) +/ ih®(x)DaPab(x). (A3)

X
One should not forget the last term coupling a, to h
since it is also quadratic. After an integration by parts, we
arrive at

1 > C ac C a
| 36D =3, (DD = w5l (v

+%[ ih®(x)Dgbab (x) _%l ay(x) Dy (ih (x)).
(A4)

2. Color structure

The index structure in Eq. (A4) is intricate since it is
diagonal in neither the Lorentz indices nor the color
indices. Let us first deal with the color structure.

Because both A and A are constant, temporal, and
Abelian, it is convenient to switch to a Cartan-Weyl color
basis. Indeed, in such a basis, the action of the covariant
derivative writes

D, (X<t) = 0,(X*1%) — iglA,, X*£]
= (0,X%)1% — iT8,orX" [% , fﬂ

= (0,X%)* — iT8,rkX 1"
= (0, — iT8,orc)X*t* = (D X*)1*,  (AS)
and similarly of course for D, (X*#*) with r replaced by 7.

Altogether, the quadratic part within a Cartan-Weyl color
basis reads then

1
[ a0 DiD; = 5, (D505 = s

- %/x ih™ (x)D¥af(x) _%K &, (x) D (ih*(x)). (A6)

The presence of the labels —« relates to the fact that trr<t*
54 rather than trt“s® « §%° for the usual Cartesian bases.
This will make even more sense in the next section.

3. Lorentz structure

It is more convenient to evaluate the determinant of the
quadratic form in Fourier space. With the convention
dﬂ - —iQﬂ, we find

1
| 56 (=0)0.(0505 + ) - 0105)a5(0)

N /Q e (~0)0ka (Q) — /Q G (~Q) 0 (Q). (A7)

where 0}, and Ql’j are the generalized momenta introduced
in the main text and which combine additively the
momentum and the charge, which are both conserved.
From this perspective, it seems natural that —k appears in
those Fourier components of momentum —Q.

In matrix form, the quadratic form in the gluon sector
writes

<5ﬂv<Q;Q; + m2) - QZQf _QZ

0 . > (A8)

To evaluate its determinant, we use the Schur decompo-
sition of a square matrix made of four square blocks A, B,
C, and D, with A invertible:

A™'B

(e 5)=(c DG »lein) @

From this decomposition, it follows that
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det (2 (A10)

where D — CA™'B is known as Schur’s complement.
In the present case, the block A writes

B
D> = detA x det(D — CA™'B),

= 5;!U(Ql% + m2) - QZQg

= (QF +m)Pi(Q) + m*Puu(Qo).  (AlD)
where we have introduced the usual orthogonal projectors

QZ %Qﬁ and P/JJ_D(QK) = 5;41/ - QégQﬁ

PL(Q,) = . (A12)

but with respect to the generalized momentum Qj. The
block A is clearly invertible, with inverse A~! given by

PJ_ . P”I/
A_l _ gzx(Q )2 12 (ZQK) (A13)
O:+m m
and determinant
det A = m*(Q2 + m?)4-1, (A14)

the power of d —1 coming from the fact that P+(Q,)
corresponds to an eigenspace of dimension d — 1. Finally,
the Schur complement is just a number in this case and is
computed to be

K 0~ I
D— CA_lB _ Q/lP}Jt_I/(QK) v P ( K)
02 +m? m?
O +<QK Q) [1 1
o +m? S U R
=~ (QK : QK)2
=7 [£+ —. (A15)
Here, we have introduced the notation X*-Y*= XY}

where a summation over y is implied. Putting all the
pieces together, the determinant of the quadratic form (A8)
writes

(Q_K : QK)Z]'

(QF + m*)*2[m* Oz + (A16)

4. Final result

The logarithm of the determinant (A16) contributes to
the effective potential with a factor 1/2. Similarly, the
quadratic part in the ghost sector gives the determinant
[T Ik O« - O« whose logarithm contributes to the effec-
tive potential with a factor —1. We mention that, if Q = 0 or
x =0, then Q, - Q, is positive. Moreover, if Q # 0 and
k # 0, with each pair (Q,«), we can associate a pair

(—Q,—«) such that the combined contribution of these
two modes to the determinant is positive

(Qc - 0Q)((=Q) - (=Q)-) = (O 0. (AlT)

All in all, this means that the ghost contribution writes
—(1/2) In(Qy - O,)?. Combining this result with (A16), we
arrive at the formula given in the main text.

APPENDIX B: ALTERNATIVE APPROACH

As suggested in the main text, an alternative approach to
evaluate the potential is to rewrite it as

Vi(r) = Vi(r) +%Z/QTIH[Q,% +m?,  (Bl)
with
A . m2T2 _ r 2QK
A Y E:/} { QcQJ]
(B2)

and to apply the strategy presented in the main text to V;(r)
only, the explicit sum-integral in Eq. (B1) being computed
as usual, via the analytic evaluation of the Matsubara sum
and the numerical evaluation of the resulting momentum
integral. Then, we have to compute

A

‘77(7) = [‘A/;(r)]z + 6Vi(r), (B3)
with
8Vi(r) = Vi(r) = [V(r)], (B4)
We find
[Va(r)], = Vi(7) + Za‘;,rgr) Ari
2 % I3 .
"2 ZZQQ ArfAR, - (BS)
with

and
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V.
orior|,_.

2
— 72 [ZaZmz %&'k + ikt
K

: UJ@“Z/ for

/ 0x( Q2+m )]

As before, we can ignore V(7). The first derivative is
purely thermal and given by

T . ©
=53 ZKJ A dq ¢*Im[n,s — ng).
K

As for the second derivative, it contains both a vacuum and
a thermal part. Interestingly enough, the vacuum contribu-
tion is the same as before® [see Eq. (48)]. As for the
thermal contribution, it reads M7 ;T%/¢, with

(B8)

aV;(r)
or/

(B9)

with
1 m? Q0>
L(Ar) ==1 X B13
(r) 2n|:+(QKQK):| ( )
as well as
" 1. - |
L(0) =5 1n[QF +m?| = 51n 0. (B14)
6)1(‘
(0) = Tx/ [QK qmz—Q—‘é], (B15)
and

‘al j (&)K)z (&)K)Z (&)K)z
L]k(O)—TZKJKk|: qu —2(Q%_:m2)2+Q%(Ql%q+ 2):|

2
A q 1 B16
Tjk_QZZK]K V ( +2+ >Q2 (B16)
T /1 2 1 Then,
LED
o\ /e (¢* + M2 ) (¢* + M2,)
. : L(Ar)==In ok —<2 (B17)
to which we should of course add the expression for (¢*> + M%)
M2T:05jk obtained above [see Eq. (48)]. Combining the
results, we find and
M 7 7 3¢°N 1 I A* 5 2
re et T oa e T Te ) |0 L(0) = SIn(q? + MZ) -5 In(g> + M3,), (B18)
g ik 2
£(0) = Tx/ _ ,
(LY (L ] o= [‘12+M2 612+M3K]
2 ) £ ) 2
~Kk\2 K\2
Moreover, we write " (0) = T/ Kk{ (wq_) (a)q)_
’ (¢*+M5,)* (¢ + M)
T , N =K
57,1 =3 / IL(Ar) — 2(0) — AFE(0) @) ] (B20)
< e (¢ + M5,)(q* + M3)
AP AP,
by YAV} (B12) _ . :
2 J Putting all the pieces together, we arrive at
|
- d’q [1 (4" + M )(q° +M2,)(q° + M,) @ o
5V;(r):TZZ/(2 )P [Eln M2 V(R LR ' T(k-Ar)| — ?‘—42 ) qu
— ) Q2 (¢° + M5, )" (q° + My) q + M5, g+ M
1 ~K\2 =K\2 =K\2
__T2<K.Ar>z< ) ) N W G )l )} (B21)
2 (¢° +Mz,)"  (¢° + Mg, )(q" + M) (q° + M)

*This is because, the vacuum contribution to the explicit sum-integral in Eq. (B1) is background independent, owing to the

background symmetry.
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Performing the D-dimensional integrals, one arrives this time at

57, (r > [ (Re(M3 )P + (W2)PP% = (W13,)P/% — (M2.)PP2 — (M2_ )P\ (~D/2)

47[)D/2 K g€Z

+ Tk - Ar)afy((MG,)P1*7" =
1 . _

5T A2 (@ P (I -

1 (M%)Dﬁ—l

(2P

- (M(%‘K)D/Z—l

+=T%(k - Ar)*(@5)? -
2 1 M% _M(2),K

r(1-D/2)|.

—-D/2)

(M§,)P*)T(2 - D/2)

(B22)

It can now be checked that the summand decreases at least as 1/ a)é as |w,| — oo. It follows that the g-summation and the
€ — 0 limit can be permuted without missing any finite parts. One finally arrives at

. ™ .,
V.r) =V 27722 K- Ar) / dqqzlm[nez—nqx]+ﬁMT

KA AR

22[12 (2Re(M3)3/% + (M2)3? — (M3 ,)¥? — (M2, )% = (M2 _)¥/?)

Kk q€Z

T
—Z(K-Ar)(b

We have checked that this formula gives the same results as
the formula (94) obtained in the main text.

APPENDIX C: MATSUBARA SUM-INTEGRALS

Let us here discuss the evaluation of the Matsubara sum-
integrals.

1. Contour deformation

In the simplest cases, one can perform the Matsubara
sum first, using the contour deformation technique. Indeed,
consider a sum

F=TY f(iw,),

with w,, = 2znT and f(z) a complex function with simple
poles z; (distinct from the iw, for the sum to make
sense) and such that f(|z|) — O fast enough as |z| — oo.
Introducing the complex version of the Bose-Einstein
distribution function n(z) = 1/(e#* — 1), one can consider
the contour integral

y= [ Seren),

with Cy a circle centered around 0 with radius @y, ».
Since n(z) has simple poles located precisely at the iw,,’s
and because the corresponding residues are all equal to 1/,
one finds from the residue theorem

(C1)

(C2)

72 \1/2 v72\1/2 T2 2(=Kk\2
G0 = (52)') + (- arP(ag

1
(M3,)'?

2 2
(Ml%)l/z_ _(M(Z)J()I/Z-F(M,%)l/z)]' (B23)

N
Iy=TY" flio,) +

n=—N

S Resf|.n(z).

Z,‘EDn

(C3)

where Dy denotes the disk delimited by Cy. In the limit
N -0, Iy = 0 due to the rapid vanishing of f(z) as
|z| = 0. It follows that

F = —ZResﬂzin(z )

which is tractable so long as one can easily identify the
poles z; of f(z).

In the main text, we need to evaluate sum-integrals of the
form

(C4)

T X(q)
. (C5)
0 Qi+ m
Since
1 B 1
O} +m* () + €
1 1 1
:_[_,K | (ce)
2eq oy —¢e, lwg+e,

the searched-after poles are +e, — iTr-x with residues
F 1/(2¢,). According to the general formula derived
above, it follows that

T X(Q) _ / dDC] X(q) Mg, —iTrx = N—e ~iTrx
o 0} +m? (2z)P 2e ’

(C7)
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Using n_, = —1 — n,, this formula becomes

T X(q) [ d°q X(q) /qu Ren,
0 Q%+m2_/(2n')0 2e, + (Zﬂ)DX(q) g

(C8)

where we have introduced &f = ¢, — iTr - k.

In Eq. (C8), we have split the result into a UV finite
thermal piece which approaches 0 as 7 — 0 and a vacuum
piece which contains the potential UV divergences depend-
ing on the asymptotic behavior of X(g). This vacuum piece
can actually be given a more covariant form. For instance,
in the case X(g) = 1, one has

Reng(;

O Y dPq
/Q Q2+m2_/(2n)dQ2+m2+/(2ﬂ)D €

This is also possible in the case where X (¢) is a polynomial in
g* since each power of g? can, in the vacuum piece, be
replaced by the same power of Q2 times an appropriate
d-dependent factor. This type of rewriting allows one to easily
extract the UV divergent pieces from well-known formulas for
Feynman integrals in the vacuum. As for the thermal pieces,
because they are finite, they can be evaluated numerically
directly in D = 3 dimensions. We shall see other examples
below where the vacuum/thermal splitting is more subtle.
Another type of sum-integral is

(©9)

T X(q)oj

VAt By 1
o 0F+m? (C10)

To make the Matsubara sum absolutely convergent, it is
convenient to add 0 as

T o) 0]
X 1 _ el . Cl1
[ x| tal e
Then, we write
y w, 1 1 n 1
02+m?> Q*+m? 2ilin,—¢, iw,+e,
1 1
- -— ] (C12)
lw, —¢&; 1wy + &y

/T 1 T
0 Q%—l—mZ

(47[)0/2

-D/2)
477.'  (4n)P?

qeZ

qEZ

Ty lof|P= ~

The general formula (C4) can now be applied and one finds

T X(q)wg
o 07+ m?
_ qu ( ) ngq_iTr.K + n—é‘q—iTr~K - I’lsq - n_é‘q
~ ) enp ™M 2

qu Mg _iTrx T n—eq—iTr« +1
- / ompX@)— 2i

dPq Mg —iTrx ~ Me,—iTrx
- / 2np ) 2i

dPq
- / (2z)P

Notice that there is no vacuum contribution in this case.

X(Q)Imneq—iTr‘K- (C13)

2. Momentum integration

As we have discussed in the main text, another possible
strategy is to perform the D-momentum integrals analyti-
cally and the resulting Matsubara sums numerically (after
dealing with possible UV divergences). This is quite useful
in cases where it is not simple to identify the poles z; in the
contour deformation technique. Let us here illustrate this
alternative technique on a simple example that can actually
be treated with both approaches.

Consider the tadpole sum-integral in the left-hand side
(LHS) of Eq. (C9). The corresponding D-momentum
integral is a vacuum tadpole integral of mass M?> = m?> +
(w§)?. Then

/ Q2+m

It may seem that one can take the limit D — 3 safely since
I'(—1/2) is finite. However, the resulting Matsubara sum is
divergent because the summand grows like |w,|. This
simply means that D plays the role of a regulator for the
sum, and before evaluating the latter numerically, one needs
to extract the corresponding divergent part. This amounts to
adding and subtracting the asymptotic contributions of the
summand that either grow or do not decrease fast enough:

)P/t

I_D/Z)TZ (m —l—(a)

D/2
(4r) pr=y

(C14)

2

i T [ 4 w7 = o = (1 o

2 D/2
D/2 2TZ|%|D -

qEZ

(C15)
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In the subtracted sum (first line), one can safely take the
limit D — 3 since it decreases as 1/|w§|*. On the other
hand, the added terms (second line) are all of the form
> gez lwg|™ which can be expressed in terms of the
Hurwitz zeta function:

(C16)

Indeed, after multiplying by the appropriate factors of 2z 7,
we have

(C17)

Z z|q+

qEZ ‘I qEZ

Since we can shift the summation variable ¢ by any
integer k, we can assume to replace k-r/2z by {k-
r/2z} defined as the real number between O and 1
such that «-r/2z—{x-r/2z} is an integer. We
then have

T 1 T

e X |+ )

qEZ

oo o({) - ()]

where we have used that y(1/2) = —21n2 —y, as well as
B, (1 — x) = B,(x). We have checked numerically that the
right-hand sides of Egs. (C9) and (C21) coincide.

3. The case of massless integrals

By taking the limitm — 0 in the formula above, we obtain

TI_TZB r-K
0 02 212z [/

which provides an analytical expression for (C9) in the limit
m — 0. We notice that there is no vacuum contribution in
Eq. (C22), and, therefore, no divergence. This is in line with
the fact that, in the limit m — 0, the vacuum contribution to
(C9) becomes a scaleless integral which vanishes in dimen-
sional regularization.

Similarly, by acting on Eq. (C21) with the operator
—d/dm? and then taking the limit m — 0, one obtains

T ] 1

1 A?
P v B et by
o Qi l67° (€ (4nT)

MG

(C22)

S (22T)° & 1 ! 1
Z |y |* _Z(qu ”})S+ Z (g - ’%;})S

qEZ q q=0 o7 g=—
= S+
qz;<q+ 27[ qZ; q+ 1 ﬂ})s

I
Ty
7 N
[

i) -5 o

Going back to Eq. (C15), we need this formula for s =
2—-D=—-14+2co0ors=4—D =1+ 2¢, with e - 0. We
can use

Bn-‘rl(z)
n+1

where B, (z) denotes the Bernoulli polynomial of order n,
and

{(-n,z) =— , (C19)

(C20)

1
(1 +2¢,7) = %~ w(z),

where y(z) =T"(z)/T'(z) denotes the digamma function.
Putting all the pieces together, we finally arrive at

o m? +TZB reK
“a ol T2 2\ 2e

(C21)

where Q¢ is a shorthand notation for (Q2)2. We notice that
there is a pole in 1/¢ in this case. This seems in contra-
diction with the thermal splitting that one would derive
from Eq. (C9),

/ / d°q g 1d1 / d?q 1 d Reng_irr,
7)P2qdq2q (2z)P2qdq q

(C24)

and that seems to feature once more a vanishing scaleless
integral in the vacuum contribution. The problem here is
that the thermal splitting does not make any sense due to the
presence of an IR divergence d”q/ q3Renq_,»Tr,K. In fact,
after noticing that

1
Ren_imex = Re ==
eir~1</2
=Re e—ir'K/Z _ eir~K/2
1 irk/2
— __Re— % "
2 isin(r-x/2)
1 eir-K/Z 1
e s
2 msin(r-K/Z) 2 (C25)
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one can rewrite the “vacuum contribution as”

[La Ll [ Ld R,
(27)P2qdq2q (2m)P2q9dq q

which upon combination with the “thermal piece” gives

/T / qu 1 d RC( n,_ lTrK_n—iTr'K)
0 27)P 2q dg q ’

which is now IR-safe. In conclusion, the vacuum piece
cannot be separated from the thermal piece in this case
since it contributes to rendering the original integral
IR-safe.

Last, we note that we can also use Eq. (C15) in order to

/ Q K /Q wQK)
.

Indeed, the only modification to be made in the RHS of
Eq. (C15) is an overall minus sign and an extra factor of
(@%)* in all the summands. In the limit m — 0, only the
second sum survives, as in the case of [J1/0F. One
eventually finds

Tq_2 _ 27 K-r
/QQz ”TB<{2n}>'

We have used both Egs. (C22) and (C29) in Eq. (58).

(C26)

(C27)

(C28)

(C29)

4. Some final remarks

Let us go back to the general definition (C1) and suppose
we choose the summand to be f(z) = f(z+ iTk - r), so
that the sum is now

F(T) =T f(iw, +iTx - r).

nez

(C30)

Suppose also that we are actually interested in the sum
>« F(T) in the case r = F.. As we now show, the result
can be easily expressed in terms of F,_o(T).

First of all, we note that one possible choice of 7, is

_ 4 Y
Fo = (N—k+ Lpi

N k=1

(C31)

see for instance Ref. [44]. Second, we note that « is either O,
in which case k- 7, = 0, or a difference p; — p;, in which
case k- 7. = (2x/N)(j — i). It follows that

ZFK(T) = (N - I)FK:0(T)
+TZZf(127z— Nn+j—l)) (C32)

i#j neZ

It is convenient to split the sum as

N —1)F,o(T)

+

N -1

Tzzéf<lzﬂ Nn+j—i))

i=1 j=1
(lZﬂN(Nn —|—j—i)>.

Y
(C33)

+

i=1 j=i+lne

In the second line, we thendon - n+1and j — j— N.
Then

D Fd(T) =

—1)F(T)

N N+i-1

#1303 S (e Va-0).

i=1 j=i+lnezZ

(C34)

We can now do j — j+ i and then

D Fu(T) = (N = 1)F,o(T)
+ TNZ > f(zZﬂ (Nn + ])) (C35)

j=lnez

ZFK(T) = —Fo(T)

Z > f(zZﬂ (Nn + ])) (C36)

] =0nez

This is nothing but
ZFK(T) -

which relates the looked-after sum of the various F,(T)’s
to F K:()(T).

Using the same type of manipulations, let us show that
> «kF(T) =0 when 7 = 7.. All the information in this
sum is contained in the projections along the weights p,

> (pi-K)Fi(T)

K

_Tzzpk

i#j nezZ

:—Z Zf<z2ﬂ— Nn+]—k)>

j#k nezZ

—ZZf(lZﬂ: (Nn +k — ]))

j#k nez

—F—o(T) + N*°F,(T/N),  (C37)

<lzn;(zvn . i))

(C38)
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Splitting the sums, we find

> () ZZf(Q;r (Nn+j— k))

K j=lnez
+= Z Zf(lZﬂ' (Nn+j— k))
j =k+1lnez
——ZZf(Qn (Nn+ k- ]))
j=lnez
-= Z Zf(zZﬂ Nn—l—k—j)).
, k+lnez
(C39)

Using the same trick as above, this rewrites

> (pi-®)F Z Zf(ﬂﬂ— Nn+J)>

K / 1nez

——Z Zf(zzn Nn—j)),

j=lnez
(C40)
|

V() = 5 D Ar)r (? +

Ar
4

T 1 _
155 9) DA REFE I
Kk qeZ

which is seen to vanish upon the change of variables n —
n+1and j - N —j in the second sum.

APPENDIX D: MATSUBARA SUMS
AND e-EXPANSION

We have already mentioned that, even though 6V;(r)
admits a finite € — 0 limit, taking the limit in Eq. (83)
is tricky because it does not commute with the
Matsubara summation. The culprit is the presence of
a contribution € x 1/|w,|'*% in the asymptotic expan-
sion of the summand at large |w,|. This contribution
vanishes if the limit is taken before the sum, but gives
a finite nonzero contribution if the limit is taken after
the sum.

In the main text, we have subtracted the problematic
terms from the summand, and we have added them back
in the form of a series that can be expressed in terms of
the Hurwitz zeta function. Another possible strategy is to
take the naive limit of the summand anyway and add the
finite contribution by hand. This strategy was used in
Ref. [43] when evaluating the gluon propagator in the
center-symmetric Landau gauge. In the present case, it
leads to

(M) = 2(MQ)Y2 = (M7 )2 = (MR _)*?)

(- A2 (122)/2

r = 72 \1/2 72\1/2 T2
- 5 (ke ANG((1,)1 2 = 303) ') +
T2 6 1
(k- Ar)* (@ )2( - ——
6 Py g )

where the correction terms in the first line come from the
second term of Eq. (84) which has precisely the form
€ x 1/|w,|"". We should stress, however, that Eq. (D1)
hides a subtle point which we now discuss.

Indeed, let us write Eq. (83) as

ZZ(K Ar)? (2{%}_“25)
)Y

Kk q€eZ

SV, (r) =
{s +— (k- Ar)3sgn((b;;)] (D2)

The sum in this case is absolutely convergent which
means that it should not depend on the way it is computed.

- <M3,K>1/22+ <M%>1/2>} ’

(D1)

[
Suppose for instance that we evaluate it as limy_ o, > V" PREYS

where n has been introduced for convenience but should
not affect the final result. Then we have

T4 KT K- Ar
N+n

§Vi(r) =

T
+ lim

N—oo

{sqﬁs (k- Ar)dsgn(@ )].

(D3)

We now use
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N+n k-7
Z sgn<q +g)

q=-N

N4n+5I-{51} 7
R Ct)
q=-N+5-{5

_n+z(%_{%})+1, (D4)
and then
4
_ 3 K-7 K-Ar
8V (r) aZK:(K Ar) (n+22— 7 )
N+n
+—>» lim s (D5)
T N_)mqZN q

We recognize Eq. (D1) provided we choose n = 0. This
means that Eq. (D1) is actually valid only provided one
chooses the symmetric summation limy_q > g=—N" 36
For nonsymmetric summations, the correction term needs
to be modified according to Eq. (DS5). This subtlety
originates in the fact that, unlike the sum in Eq. (83),
the sum in Eq. (D1), although convergent, is not absolutely
convergent.

A related aspect is that, in the case of the formula (D5),
some of the symmetries discussed in Sec. III B are only
manifest once one adds all the terms. This is for instance
the case of the symmetry (r,7) — (r+ 4zna, 7+ 4zna).
Under such a transformation, the first term of Eq. (D5) is
shifted by

%This is the summation that was used in Ref. [43].

214
Z(K‘ Ar)? (D6)
On the other hand, the second term becomes
N+n
— A}l_l;rolo Z Sg+2ka (D7)

where we have used the fact that s, depends on r and 7 only
via @j; and @y, and we recall that 21< a is always an integer.
This rewntes

T N+n+2k-a
=S iim Y s, (D8)
T N=eo g=—N+2k-a

which represents a shift of the corresponding term in
Eq. (D5) by

T N+n+2k-a —=N—=1+2k-a
— lim E S, — g sl (D9)
T N—oo 4 4

K q=N-+n+1 q=—N

For large enough N, s, in each sum can be replaced by the
constant F T*(k - Ar)?/(6x) that originates from the first
term of (84) for D = 3. Since each sum counts 2« - « terms,
the total shift is

2T4(k - Ar)?

D1
3r ’ (D10)

which cancels identically the one [see Eq. (D6)] from the first
term of Eq. (D5). In the case of Eq. (D2), in contrast, each
term is symmetric, due to the presence of {x - 7} in the first
term and the fact that the sum in the second term is absolutely
convergent.
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