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We explore the consequences of imposing robust thermodynamic constraints arising from perturbative
quantum chromodynamics (QCD) when inferring the dense-matter equation-of-state (EOS). We find that
the termination density, up to which the EOS modeling is performed in an inference setup, strongly affects
the constraining power of the QCD input. This sensitivity in the constraining power arises from EOSs that
have a specific form, with drastic softening immediately above the termination density followed by a strong
stiffening. We also perform explicit modeling of the EOS down from perturbative-QCD densities to
construct a new QCD likelihood function that incorporates additional perturbative-QCD calculations of the
sound speed and is insensitive to the termination density, which we make publicly available.
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I. INTRODUCTION

Studying the impact of perturbative quantum chromo-
dynamics (pQCD) calculations on the inference of the
equation of state (EOS) of neutron stars (NSs) has recently
become a promising area of research. The fundamental
theory of the strong interaction, quantum chromodynamics
(QCD) is nonperturbative at low energies but becomes
perturbative at asymptotically high energies, which are
reached either at high temperatures or at high densities, at
about 20-40ng, in baryon number density [1-5]. Here,
g ~ 0.16 fm™ is the nuclear saturation density.

The cores of stable NSs explore densities that are most
likely limited to about 5-8ng,, depending on the EOS
which is realized in their cores [6]. This implies that the
theoretical description of dense matter in stable NSs
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requires the solution of QCD in a nonperturbative regime.
At low densities, up to 1—2ng,, effective-field-theory
(EFT) approaches, such as chiral EFT [7,8], are commonly
employed to study the NS EOS [9-11]. Such calculations
are typically extended to higher densities using model-
agnostic extrapolations [9,12-30], conditioned with vari-
ous astrophysical inputs. Some of these analyses have also
included input from the fundamental QCD Lagrangian in
the perturbative regime (henceforth referred to as “QCD
input”) in the form of pQCD calculations at high densities
[16-18,22,25,27-31]. These works have reported results
that differ from those that do not account for this QCD
input. In particular, the works including the QCD input
have reported softening of the EOS at energy densities
above 750 MeV/fm3, for which there seems to be no
evidence without this input.

The connection between the perturbative regime of
QCD and NSs was first investigated in Ref. [16], by
extending model-agnostic extrapolation functions of the
EOS up to the densities where pQCD calculations become
reliable and imposing the pQCD values as boundary con-
ditions for these extrapolations. More recently, Komoltsev
and Kurkela [32] have suggested a new method to link both
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density regimes, allowing them to “integrate backward,”
i.e., to propagate the pQCD constraints to lower densities in
a completely general, analytical, and model-independent
manner using only the thermodynamic potential and the
conditions of causality and mechanical stability. In practice,
the method provides a necessary condition for an extrapo-
lated EOS that has to be fulfilled at all densities below the
validity range of pQCD calculations. This condition asserts
that all the points of the EOS can be connected to the pQCD
values by some causal and stable interpolation. The QCD
input was shown to constrain the EOS down to densities of
~2.2-2.5ng,, if otherwise only causality and mechanical
stability are considered beyond chiral EFT. Within this
construction, the only uncertainty in the constraints arises
from the truncation error of the pQCD computation of the
EOS at perturbative densities (for a comprehensive study
on the pQCD truncation errors, see Ref. [33]). However, at
these densities, astrophysical observations of NSs are
naturally more informative.

While the construction suggested in Ref. [32] fully
bypasses the need for modeling NSs (as the input to these
constraints derives from high-energy particle physics, not
from NSs), in order to interface the QCD input with these
astrophysical observations several assumptions must be
made. These include extrapolations involved in nuclear
theory, assumptions involved when extracting NS proper-
ties from observational data, the prior assumptions of how
EOS models are constructed, and up to what terminating
number density 7., such modeling is performed. These
assumptions and their interplay with the pQCD calculations
are an important subject in discussions about the con-
straining power of astrophysical and QCD inputs.

The constraining power of pQCD calculations was
studied in detail in two recent publications [29,34], and
was later also investigated by Refs. [30,35—41]. These
works have employed astrophysical input in the form of
gravitational-wave data constraining the tidal deformability
of NSs in binary mergers [42—-44], radio measurements of
NS masses [45-47], as well as simultaneous mass-radius
measurements using x-ray observations [48-54]. They
discussed whether the QCD input reduces the uncertainties
of the inferred EOS when imposed on top of astrophysical
inputs or whether the QCD and astrophysical inputs
disfavor similar behaviors. In the latter case, the two inputs
would corroborate one another, strengthening the conclu-
sion that would have been obtained using only one.

In this work, we compare the analyses conducted in
Refs. [29] and [34]. These studies arrived at different
conclusions but used the same pQCD calculations and the
same way of constraining the EOS [32], see Fig. 1. While
both of these studies agreed that the QCD input impacted
the EOS at the densities reached in massive NSs, Ref. [29]
found that QCD input provides considerable additional
information on top of other sources of data whereas
Ref. [34] found this additional impact to be marginal.
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FIG. 1. The construction of the pQCD constraint of Ref. [32].

The explicit form of the EOS is specified until n = ny,. At this
point, the pQCD constraint considers all possibilities for con-
necting the EOS from nieqy, to npgcp, where pQCD calculations
become reliable. The blue and red solid lines show EOSs that are
compatible with pQCD at nym,, having a pQCD likelihood
function of 1. However, for the blue EOS, the parameter space
for the EOS at higher densities is large (indicated by the blue
dashed lines) while the EOS above n,, are extremely con-
strained for the red EOS (indicated by red dashed lines). Finally,
the black line corresponds to an EOS which cannot be connected
to pQCD at n,, without violating causality or thermodynamic
stability. For this EOS, the pQCD likelihood function is 0.

The conclusions of these two studies seem to be in
contradiction, and the aim of this work is to investigate
the origin of this apparent discrepancy.

In addition to this direct comparison between
Refs. [29,34], we also investigate the EOS behavior beyond
Nerm that is required in order for the EOS to remain
consistent with the QCD input to higher densities. We
do so by generating ensembles of extensions of a given
EOS beyond 7, which we condition with the QCD input
at 15ng,. In this context, we also introduce a concept of a
pQCD tension index, which quantifies the degree to which
a given EOS is in tension with the high-density pQCD
constraint within the construction of Ref. [32], before being
fully excluded.

Finally, we also introduce a method for modifying the
QCD input itself by marginalizing over a prior model of
high density EOSs constructed by extrapolating down from
n < npoep- Such marginalization has so far only been
performed within parametric models [28,30,31] (cf. the
discussion in Ref. [36]). Importantly, such a construction
also permits us to condition the model with further pQCD
information not used in the original construction. In
particular, the speed of sound exhibits very small pertur-
bative corrections to the free result down to densities as low
as ~25ng,.. By conditioning the high-density prior with the
speed of sound gives us a novel, more theory-informed
QCD input at the price of increased model dependence.
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The paper is organized as follows. In Sec. II, we review
the construction of Ref. [32] and define the QCD input. We
also introduce the pQCD tension index. In Sec. III, we
discuss our computational setup, including the prior EOS
models used below 7, and the astrophysical constraints
that we use within our Bayesian analysis. In Sec. IV, we
discuss our results. Finally, in Sec. V, we discuss our
findings and limitations of our work.

II. REVIEW OF THE QCD INPUT

Following Refs. [29] and [32], we implement the QCD
input as follows. Given the EOS at two different points, at a
low density p; = (n;,pr,pr) and at a high density
Pu = (ny, pu,pw), we may ask whether these two points
can be connected by any stable and causal EOS. Here 7 is
the baryon density, p is the pressure, and y is the baryon
chemical potential. This question can be answered by
exploring the bounds for EOS behavior between f; and fy.

The range of possible pressure differences between
(ur,ny) and (uy,ny) are limited by the following two
EOSs in this interval

7
npmin(:u) =nLr—, Hp S p < pp (1)
ML
_ H
npmax(/’l) =ng—, HL < H < HH (2)

HH

namely those which have one segment of ¢ = 1 followed
by a phase transition or vice versa, respectively. These
EOSs bound the range of possible pressure differences
to be

2
n )2
Appax = TH (ﬂH - /T:) (4)
Given values for f; and fy, the pressure difference

between these two points is fixed. Therefore the simple
check (for detailed derivation see Refs. [29,32])

Ap =Pu—PLE [Apmin’ Apmax} (5)

determines whether the two points can be connected by a
causal and stable EOS. This condition does not make use of
any specific form of the EOS between the low- and high-
density points but rather implies the existence of at least
one EOS connecting the two limits. The condition on the
pressure difference can be rewritten as

Ap - Apmin

— <1, 6
Apmax - Apmin ( )

O S IpQCD =

where we introduce a new quantity /,ocp, the pQCD
tension index. If the index I,qcp & [0.1] the EOS is
excluded because there is no possible causal and stable
interpolation. If the index obtains the values I,ocp =
O(Ipgcp = 1), then the EOS is forced to follow
Nomin (Mpmax )» Tespectively. In particular, if /,ocp = 1, the
EOS must contain a phase transition of size

An:nHﬂ—L—nL. (7)
Hu

For typical values of n; = nm = nrov, we obtain that the
strength of phase transition reaches An ~ 20n,,, followed
by a ¢2 = 1 segment of ~10n,. Note that if Iqcp is not
exactly Ipgep = 0 or Iocp = 1, then both extreme EOSs
of Egs. (1) and (2) are excluded. For 0 < I,ocp < 1, the
EOS is bounded in the n—u—p -space by a nontrivial
envelope whose projection in the plane of energy-density
e and pressure p is shown in Fig. 1 (for an explicit
expression, see Ref. [32]).

Following Ref. [29], we adopt the scale-averaging
interpretation of the pQCD uncertainties for . We use
a log-uniform distribution for the dimensionless renorm-
alization scale X = A/[2(upqcp/3)] in the range [1/2,2],
which can be written as w(log X) = 1j(1/2).10g(2)] (10g X).
Here A is the renormalization scale in the modified minimal
subtraction scheme [1].1 The (in)sensitivity to the in-
principle arbitrary range of the variation of X has been
studied in detail in [33].

The QCD likelihood function then reads

P(QCD|EOS) = / d(logX)w(logX) 1)y 1| (Iyocn (X. EOS))
(8)

where T jj(/pocp(X, EOS)) is an indicator function
discarding EOSs with I,ocp € [0.1] for a fixed value
of X. In general, the index I,ocp depends on all six
quantities (ny, py,pu;) and (ng, py,py), which for
fixed values of uy = pgep reduces to Ioep(X, EOS) =
IpQCD(X’ nr, vaﬂL)'

We note that the convergence of the pQCD series
depends on the unphysical renormalization scale. In par-
ticular, the convergence is slowest for the smaller values of
X ~1/2. This slow convergence renders the X = 1/2
results, which differ quantitatively from the higher values

'Note that the factor 2 /3 in the definition of the dimensionless
renormalization scale arises from the requirement that logarithmi-
cally enhanced terms in the perturbative expansion vanish at low
orders. The 3 arises because the natural scale in pQCD is the
quark number chemical potential yq = u/3 and the factor 2 is
related to the coefficient of & when regulating the integrals in
4 — 2 dimensions in the minimal subtraction scheme.
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of X, less trustworthy; see Ref. [33] for a detailed analysis
of the convergence of the pQCD results.

In the following sections we apply the QCD likelihood
function at different termination densities, meaning that
(nL’ pL’.uL> COI‘l‘CSpOIldS to (nterm’ ptemﬁ/"tenﬂ)' For the
high density input, Sy = (n,qcp. Ppocps Hpocp)s WeE use
the partial next-to-next-to-next-to-leading order pQCD
computation of Ref. [4].

Note that in terms of the sound speed, the QCD input
constrains the density ny.,, which is given by a (loga-
rithmic) integral of ¢;?(u) and the pressure piem, Which is
the integral of this integral n(u). Hence for a given NS
EOS, the input is more sensitive to individual features in the
speed of sound at lower densities and is less sensitive to
those near 7,

III. COMPUTATIONAL SETUP

In order to study the dependence of our results on the
differences in the analyses between Refs. [29,34], we use
two different models to generate our EOS sets: the para-
metric sound-speed model of Ref. [34] and the Gaussian-
process (GP) model of the speed of sound of Ref. [29].
Note that similar models have also been employed by
Refs. [10,20,27,39].

A. Prior Set 1: The sound-speed model

To generate the CSM set, we follow Ref. [34]. At the
lowest densities, we fix the EOS to the crust model of
Ref. [55] and do not explore uncertainties in the crust
modeling. The crust EOS is then matched with the EOS of
the core via a cubic spline in the ¢2 versus n plane. For the
core EOS, below a certain breakdown density n;,, we
assume that the EOS can be accounted for by nucleonic
degrees of freedom, which in this work is described by the
meta-model of Refs. [56,57]. The meta-model is a density-
functional approach, similar to the Skyrme approach, that
allows one to incorporate nuclear-physics knowledge
directly encoded in terms of the nuclear empirical param-
eters (NEPs). We vary the NEPs in a rather broad range in
order to explore a wide range of nuclear density functionals
that describe matter up to n;,. The parameter n, is varied
uniformly in the range 1-2n,. Furthermore, we discard all
models that do not satisfy constraints provided by the chiral
EFT calculations of Ref. [58] up to nuclear saturation
density.

Above n;,, we use the CSM and create a nonuniform grid
in density between n,;, and 25n, with 9 grid points, where
the 9th point is fixed at 25n, and the other 8 points are
drawn from a uniform probability distribution in density. At
each grid point, the squared sound-speed is uniformly
sampled between 0 and 1 in units of the speed of light.
Then, the sound speeds at each grid point are connected by
linear segments, generating a sound-speed profile ¢2(n) for
the EOS. The density-dependent speed of sound c¢2(n) can

then be integrated to give the EOS, i.e., the pressure p(n),
the energy density &(n), and the baryon chemical potential
u(n), see Ref. [27] for more details. The CSM set used here
consists of ~16,000 EOSs generated this way.

B. Prior Set 2: Gaussian-Process model

In the GP model, for densities below n = 0.57n, we use
the crust model by Baym, Pethick, and Sutherland [59].
Above the crust-core transition density, we perform a GP
regression in an auxiliary variable ¢p(n) = —In(1/c2(n) - 1),
choosing the prior on this variable from the multivariate
Gaussian distribution,

¢(n) ~N(=In(1/2 = 1).K(n,n")), ©)

with a Gaussian kernel K(n,n') = nexp(—(n —n')?/2¢?)
[29]. In our hierarchical model the hyperparameters of
the GP 5, ¢, and ¢ are themselves drawn from normal
distributions,

n~N(1.25,022),
£ ~ N (1.0ng. (0.25n4)%).
22 ~ N(0.5,0.25%). (10)

For n < 1.1ngy,, this prior is then conditioned on the chiral
EFT results from Ref. [9], with the average and difference
between the “soft” and “stiff” EOSs in that work taken
to be the mean and 90% credible interval for the con-
ditioning [29]. The final EOSs are then once again obtained
by integrating ¢2(n). The GP used in this work consists of
120,000 EOSs generated in this manner.

C. Astrophysical input

The astrophysical inputs that we consider in our analysis

are the following:

(1) Radio-astronomy constraints: We consider the mass-
measurements of PSR J0348 + 0432 with M =
2.01 £0.04M [45] and PSR J1624 — 2230 with
M =1.928 £0.017M [60]. We approximate these
uncertainties as normal distributions, which is valid
to good accuracy.

(2) Gravitational-wave data from binary NS mergers:
We consider the two-dimensional PDF for the tidal
deformability and mass ratio at fixed chirp mass
extracted from GW170817 by the LIGO-Virgo

collaboration [44], wusing the PhenomPNRT
waveform model with low-spin priors (see Fig. 12
of [44]).

(3) NICER observations: We consider the simultaneous
mass and radius measurement of PSR J0740 + 6620
using the NICER + XMM-Newton data. We have
employed here the PDF from Ref. [53] (see their
Fig. 1, right panel).
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After conditioning our priors with the astrophysical
input, we obtain a posterior sample of 4,000 EOSs for
CSM and 46,000 EOSs for the GP model. These inputs
are identical to those used in Ref. [29] (referred to as
“Pulsars + A””) with one exception. We choose not to use
the additional “Occam” factor related to the prior mass
distribution of NSs, (mrgy — Mmin)™* (one power per mass
integral), which penalizes high-mass EOSs that are com-
pletely consistent with astrophysical data; see Ref. [61,62]
for a discussion of this point. These inputs are the same as
used in Ref. [34] with the exception of the NICER
measurement of PSR J0030 + 0451. We have not included
the latter in the present analysis as we found its impact on
estimating the pQCD constraining power to be small.

Reference [29] analyzed the astrophysical as well as the
QCD inputs using a Bayesian approach whereas Ref. [34]
performed a hard cut analysis. We have checked that, as far
as the treatment of the astrophysical data is concerned, this
difference does not alter the conclusions of our paper
regarding the impact of the QCD input. The role played by
the different treatments of the QCD input is discussed in the
next section.

IV. RESULTS

Next, we focus on the impact of the differences in
methodology between Refs. [29] and [34]. The three major
differences between the setups in these works can be
summarized as follows:

D1: Ref. [29] used a fully Bayesian approach and the
predictions are analyzed in terms of posterior prob-
ability distributions whereas Ref. [34] performed a
hard cut analysis and focused on the envelope asso-
ciated with all EOS models for all studied quantities.

D2: The functional basis of the EOS modeling in the two
works was different: Ref. [29] employed the non-
parametric GP model (Prior set 2), while Ref. [34]
employed the parametric CSM (Prior set 1).

D3: The two works made different choices for nyy,:
Ref. [29] chose nmm = 10ng, whereas Ref. [34] chose
Nerm = HTOV & 5—8ng,, Which is different for each
EOS. Hence, the works inferred the EOS in different
density ranges.

To investigate point D3, we will discuss results for varying
Nerm €Xpressed either in terms of multiples of the saturation
density ng, or in terms of the EOS-dependent central
density of the maximum-mass neutron star, nrqy-.

A. Impact of the QCD input on the EOS

We show the QCD likelihood of Eq. (8) for the two EOS
models, GP and CSM, in the upper panels of Fig. 2, where
both models terminate at n., = nrgy. In particular, we
show the sorted QCD likelihood for a large sample of EOSs
drawn from the posterior distributions of the CSM and GP
models after they have been conditioned on the astrophysi-
cal data. EOSs for which the likelihood is 1 are accepted for

all values of the pQCD renormalization scale X whereas
EOSs that have a likelihood of O cannot be connected to
pQCD with a causal and stable interpolation for any value
of X€[1/2,2]. EOSs with likelihoods between the two
limits can be connected to pQCD for some but not all
values of X, see Fig. 3 for more details. Figure 2 clearly
shows that the choice of EOS model has a weak impact on
the QCD likelihood, illustrating that the difference D2
plays a minor role in the following analysis.

We observe that for ny., = ntoy and py = 2.6 GeV
(uy = 2.4 GeV) roughly 20% (~40%) of the EOSs cannot
be connected to pQCD for all values of X and are therefore
affected by the QCD input. For a very small fraction of
EOS, the QCD likelihood drops below 20% but no EOS has
a vanishing QCD likelihood for this choice of ny,. In
contrast, the results are very different for n,, = 10ny,,
which was chosen in Ref. [29]. Now, roughly 50-60% of
EOS have a vanishing QCD likelihood. This shows the
strong impact of the choice of ny, on the pQCD
constraining power and explains a large part of the differ-
ence in the conclusions of Refs. [29,34]. The strong
differences between the two cases arise from the behavior
the EOS must adopt beyond ntgy to remain consistent with
the QCD input at 10ng,. This is discussed further in
Sec. IV C.

We quantify the impact of the QCD likelihood function
as a function of n.,, by computing the fraction of the
marginalized likelihood (evidence) excluded by the QCD
input

CD
iw?stro . le

- iw?stro ’ ( 11 )

where the index i denotes the EOS, and the summation is
performed over all EOSs in the ensemble. The symbols
w and wCP correspond to the likelihood arising from
the astrophysical and QCD inputs, respectively. In Ref. [63]
this quantity was called the average consistency (see also
Eq. (25) of Ref. [29]), and corresponds to one minus the
average QCD likelihood in the posterior ensemble con-
ditioned with only the astrophysical input, which is
indicated by the hatched area. This quantity takes values
between zero and one, with larger values indicating a larger
impact of the QCD input.

This quantity is shown as the function of the termination
density for the two EOS models in multiples of ng, in the
middle panels and relative to ntgy in the bottom panels of
Fig. 2. As the models are extended to higher n,,, the
fraction of the astrophysical evidence cut by QCD increases
rapidly; if the models are extended to n = 1.2ntgy this
fraction increases to 0.4 (0.5 for ugep = 2.4 GeV). At a
fixed density of n.,, = 6.5ny,, roughly corresponding to
the approximate 68%-credible upper limit for the nqy, the
average consistency is 0.4. However, we stress that the
stiffest EOSs, i.e., those with the lowest QCD likelihoods,
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FIG. 2. Top: the values of the QCD likelihood function computed for a set of EOS draw from the posterior distribution. The posterior
distributions for p,ocp = 2.4 GeV (left panels) and pyqcp = 2.6 GeV (right panels) have been conditioned on astrophysical data. The
EOSs are ordered in increasing value of their QCD likelihood. The blue lines correspond to the GP, whereas the red lines correspond to
the CSM. The likelihood function is displayed for two different termination densities, 7y, = ntoy and ne., = 10ng,, labeled in the
figure. Middle: fraction of the astrophysical evidence (see Eq. (11) that is cut by the QCD input as a function of the termination density.
The dashed blue distribution shows the posterior for the TOV densities for the GP whereas the dashed red lines show the same for the
CSM. Bottom: fraction of the astrophysical evidence (see Eq. (11) that is cut by the QCD input as a function of the termination density in

units of the TOV density.
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FIG. 3. The values of the QCD likelihood function at ny, =

ntoy for a posterior sample of the GP model conditioned on
astrophysical data. The EOSs are ordered according to their QCD
likelihood. The blue line corresponds to ppocp = 2.4 GeV and a
scale-averaged prescription for X in the range [1/2,2], whereas the
red line corresponds to ppoep = 2.6 GeV. The colored ticks and
dotted lines correspond to the likelihood function for fixed values
of X (X =1/2, 1 and 2), taking the form of a step function.

are in the lower percentile of the nyqy range, and hence, for
these EOS ntgy < 6.5n¢,. These EOS are more strongly
disfavored for larger n,,, when the EOS branch beyond
ntoy 1s probed. For higher termination densities, the
average consistency levels out and takes values of ~0.8
at Mg = 10ng.

We, hence, find that the constraining power of the QCD
input depends largely on the choice of the termination
density n.m, (D3). In fact, we find that a value of ny,, ~
0.8n10y (Mem = 41y, When applied at a fixed density)

constitutes a critical value, in the sense that it is at this
point that the QCD input begins to show any effect at all
beyond the astrophysical input. We note that the fact that
this critical value of ng,, is so close to npoy is a
coincidence, in the sense that this critical value of n,
is set by a combination of many factors, including the value
of nyocp at which pQCD is well converged and the
constraining power of the astrophysical input (the latter
applying only below nqgy). In particular, if n,ocp were
significantly lower, then it is possible that this critical value
of Ny, would also be lower.

In order to investigate the impact of point D1 above, we
show in Fig. 3 the detailed impact of X on the QCD
likelihood. For different values of X, we indicate where the
likelihood function becomes 1, i.e., all EOS to the right of
these lines are accepted by the QCD input at 1y, = B0V,
while those on the left side are ruled out. Considering
Hpoep = 2.6 GeV as in Refs. [29,34], we find that nearly
all EOS are accepted by X = 1/2, recovering the results of
Ref. [34]. In contrast, roughly 25% of EOSs are rejected
for X =1 and 60% for X = 2. If pyqcp is decreased to
Hpacp = 2.4 GeV, about 10% of EOS are rejected already
at X = 1/2. A Bayesian treatment of the scale parameter X
as performed in Ref. [29] averages the impact of X = 1/2
leading to the findings of Ref. [29]. Hence we conclude that
different statistical treatment of including pQCD calcula-
tions (D1) plays a secondary role in the differing con-
clusions of the two studies.

B. Impact of the QCD input on the é—p values

We now analyze the effect of the QCD input on the
allowed values of energy density and pressure. Figure 4
shows posterior credible regions of energy density ¢ and

-------- Astro —— QCD input at nterm

1.25; 11.25
- GP CSM
§ 1.00/ 6505 11.00
¢ 5.5n
075 = 10.75
o 4.5ngt . 4.5ng,t A~
5 0.501 ¢ 10.50
n /
& 0.25] 10.25

0007578 1.0 1.2 1.4 16 0.8 1.0 1.2 1.4 16 000

Energy density £ [GeV/fm?3]

Energy density £ [GeV/fm?3]

FIG. 4. Posterior probability density at fixed n, = 4.5,5.5, 6.5n, of the energy density vs. pressure. The QCD input is enforced at
Nem- The average TOV density for the GP posterior after enforcing astrophysical information is approximately 5.5n,, while the
maximum TOV density reaches approximately 8ng, for the softest EOS. The areas correspond to 68% credible regions when
considering only astrophysical information (dotted gray) and when also including the QCD input at n,, (solid blue). A value of

Hpacp = 2.6 GeV is used in this figure.
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FIG. 5. Posterior probability density of the energy density vs. pressure at nygy for different termination densities. Each contour

corresponds to 68% credible regions for the prior (black solid), considering only astrophysical input (dotted gray) and when also
including QCD input (different colors correspond to different termination densities). The left plot shows results using the GP approach,
while the right one shows results for the CSM approach. A value of p,ocp = 2.6 GeV is used in this figure.

pressure p at various fixed densities in units of saturation
density, incorporating either the astrophysical input alone
or additionally also the QCD input. The EOS models are
terminated at different densities n, € {4.5,5.5,6.5}ng,
which correspond roughly to the range of nrgy shown
above in Fig. 2. We note that taking the termination density
to be the density we are studying represents the maximally
conservative approach to applying QCD constraint at a
fixed density, as the QCD input is completely independent
of the prior beyond n,,. As discussed in Ref. [29], the
main effect of the QCD input is to disfavor the stiffest
EOSs, visible in the figure. The effect of the input depends
on the density; consistent with Fig. 2, at densities ~6.5n
(corresponding to the 68%-credible upper limit on nrgy)
there is a significant reduction of allowed e—p values,
particularly at the highest p and e. At lower densities the
constraint is weaker as expected; at 5.5n,, corresponding
to the mean of ntgy, the reduction is still significant, while
taking 1, = 4.5n, only shifts the posterior slightly at
the highest pressures. This is in line with the prediction of
Ref. [32] stating that QCD input ceases to give any
constraint at n < 2.2-2.5ng,.. From Fig. 4, we can also
clearly see a difference between the two NS EOS models,
namely that the GP model gives more weight to EOSs
with larger values of p and ¢ than the CSM, visible in the
posterior for the astrophysical input. This explains the
slightly larger effect of the QCD input within the GP for
the same n,., (point D2 above). However, after the QCD
input is applied, the two models give quite similar posteriors.

We now move from studying the EOS at fixed densities
to varying the termination density in terms of npgy. In
Fig. 5, we show the posterior distribution of energy density

e(ntoy) and pressure p(nroy) for nem € {1,1.2,1.4} nroy-
The figure shows the 68%-credible regions for the prior
distribution before introducing the astrophysical constraints
as well as the regions after the EOSs have been conditioned
on the astrophysical inputs but before the QCD input has
been imposed. For both EOS models, the upper (left) edge
of the credible region contour is nearly unchanged by the
astrophysical input. This demonstrates that there is a region
in the e(nrov)-p(nrov)-plane that is only marginally
constrained by the present astrophysical input.

Similar to the e—p—distribution at fixed density, the effect
of the QCD input s to soften the EOS, disfavoring the highest
pressures. We observe that for ne,, €{1.2,1.4}nrgy the
QCD input sets the upper left edge of the posterior distri-
bution. This is also the case for ny,, = nrgy in the GP
model, while for the CSM at ny, = npoy the impact is
marginal. Consistent with Fig. 2, the quantitative impact is
smallest for n,,, = noy but the impact grows rapidly when
N 18 increased and is qualitative similar to setting 7., to
fixed density 10ng,, shown in Fig. 5. From both of these two
figures, we observe that the choice of EOS prior (either GP or
CSM) has only a minor impact on the effect of the QCD
constraint. Finally, we also show contours corresponding to a
fixed nem € {10, 15,20} ny,, where we show only CSM
contours for the latter two values. We note that applying the
QCD input for np, € {10, 15, 20} ng, yields very consistent
credible regions.

C. Implications for the EOS beyond n¢my

So far, we have discussed the impact the QCD input has
on the EOS for n < ng,. In this subsection, we discuss
how the QCD constraint affects the behavior of the EOS at
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FIG. 6. Left: the QCD constraint shown in Fig. 1 for 3 different EOS with representative values of the pQCD tension index [see
Eq. (6)]. Each EOS is terminated at n,,, = ntoy. The blue, dashed green, and dotted red areas envelop the region of EOS extensions
that are consistent with the QCD input for a fixed X = 1 and ppocp = 2.6 GeV. The arrows illustrate the phase transition and the
subsequent ¢2 = 1 segment, which an EOS is forced to have when the pQCD tension index is close to 1. Right: the distribution of the
pQCD tension index for EOSs that are accepted at 1.2nqy and, therefore, also at nygy (purple) as well as for EOS that are accepted at
ntoy, but rejected somewhere between ntgy and 1.2npgy (blue). These distributions are normalized to the number of EOSs in each
distribution. Most of the EOSs from the latter ensemble have a large pQCD tension index.

densities n > ny,. As shown in Fig. 1, the QCD input
affects the available parameter space for the EOS in the p—¢
plane beyond nm, Mem < 1 < ny. Some EOS have a
large available parameter space while others are tightly
constrained. One possible measure to gauge this freedom is
the pQCD tension index Iyocp defined before. The left
panel of Fig. 6 shows the allowed space in the e—p plane
beyond 7, for three EOSs with Igcp(nrov) = 0.75,
0.85, and 0.98. The EOS with the highest /,ocp must
undergo a rapid phase-transition-like softening with
An ~20n,, followed by a segment of ¢~ 1 to remain
consistent with pQCD calculations. For [I,qcp =1,
this discontinuous behavior would be be completely
determined—see Fig. 7. Note that this phase transition is
not responsible for the onset of the unstable NS branch,
which instead is determined by general relativity within the
density range modeled by the EOS. Instead, this phase
transition takes place right above n > nrqy. Therefore, the
onset of this phase transition coinciding with ntgy is
accidental. If one wants to study the possibility of a phase
transition determining the onset of the unstable branch,
phase transitions must be included in the EOS models to a
significant fraction, as in Ref. [64]. For I,ocp =0.75 a
qualitatively similar softening is required but there is more
freedom in the EOSs for n > n,. By contrast, an EOS
with /ocp = 0.5 is largely unconstrained above n > nqgy.

In order to visualize the behavior above n,,, explicitly,
we have chosen representative EOSs that fulfill the QCD
constraint at n.., = npoy but not necessarily above. For
each of these EOSs, we generate 5000 extensions between
ntoy < n < 15ng, using the GP approach. The extensions

are then conditioned with the QCD constraint at 157, so
that the behavior between ntgy < n < 15ng, remains
consistent with the QCD input. These extensions show
how the EOS must evolve beyond nrqy given its behavior
below nrgy. Figure 8 shows the extensions for repre-
sentative EOSs with I,ocp = 0.5, 0.75 and 0.85 (for
Iocp = 0.98, our prior does not contain any valid sam-
ples). We have checked that these EOSs are indeed
representative of EOSs with these pQCD tension indices.
We find a difference in behavior above npoy based on the

1.0
0.81
0.6 1 B
v S5 Gev | 24Gev
[
e S
0.21 matching with QCD
at Haqcp = 2.6 GeV
0.01
0 10 20 30 40 50
Number density n [Ngat]
FIG. 7. The behavior an EOS with tension index I,ocp = 1

at nyoy (blue line) has to follow above the termination density
n > Ny, to match with pQCD for X =1 (black line). The
purple band corresponds to pQCD calculations of the speed of
sound starting from uyocp = 2.2 GeV, with X varying in the
range [1/2,2].
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Ensembles of possible extensions for three representative EOSs that are allowed at n., = nroy. The EOSs correspond to

different values for the pQCD tension index IpQCD(”Tov)- The extensions are conditioned to fulfill the QCD constraint at 15n,. In this
figure, the coloring of each EOS is given by the value of I,qcp (157y).

value of the pQCD tension index at the TOV point
Iyqep(nrov). For the highest index of Igep(ntov) =
0.85 shown in Fig. 8, we observe that the EOS must
soften drastically above nrgy, with ¢2(n) <0.1 all
the way to n = 15ng,. Furthermore, for this EOS, the
value of the index at 15ny, remains in the range
Iyocp(15ng,) €[0.9, 1], indicating that the EOSs needs
to remain very soft. For the smaller value of the pQCD
tension index I,gcp(nrov) = 0.75, we similarly observe
that the index at 15n, remains close to its value at nrqy
and the EOS must continue to remain soft. Finally, for the
lowest I,ocp(ntov) = 0.5 shown, the EOS extensions can

obtain significantly different values of the pQCD tension
index at 15ng,.

We quantify the degree of softening as a function of
pQCD tension index in Fig. 9, where for 100 EOSs in our
posterior with fixed values of the pQCD tension index
Iyocp (Toy ), we show the distribution of the average speed
of sound of the extensions on the interval n € [8, 15]n.
From this figure we see that the average c¢? for the
extensions of EOSs with I,ocp = 0.85, 0.75 are strongly
skewed to small values, below ¢ <0.03 and ¢? <0.11,
respectively (95% credence). By contrast, the extensions of
EOSs with I,ocp = 0.5 have a very large spread in the
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FIG. 9. The distributions of the averaged sound speed in the
density interval [8, 15]ng, for the possible EOS extensions of 100
different EOSs up to n.m, = nroy. For each EOS, we generate
1000 extensions. This distribution is shown for fixed values of the
pQCD tension index /yqcp (nrov) = 0.85, 0.75, 0.6, 0.5.

average ¢, with a shape that follows the prior distribution,
indicating that there is no forced behavior in this case.

In the previous sections, we have seen that the con-
straining power of the QCD input increases as function of
the termination density when going from 7, = ntoy to
Nem = 1.2n10v; see, e.g., Fig. 2. In Fig. 6 we show the
distribution of the pQCD tension indices I,ocp (nrov) for
EOSs that are allowed at ny., = 1.2npgy and for EOS
that are allowed at ny.,, = nyoy but rejected before
Nierm = 1.2n70y. The majority of the EOS that are excluded
at higher ny,, are EOSs which have large indices
Iqcp (tov ), forcing the EOS to undergo a rapid softening
beyond nrtgy. This behavior cannot be excluded by the
rigorous physics principles behind our implementation
of the QCD constraint, but it would be interesting to
understand what microphysical behavior could lead to
such behavior.

D. Marginalization over EOS extensions beyond 7.,

The termination of the explicit EOS models at 7, puts
the EOS below and above n,, in an asymmetric role;
below the termination density our prior contains a large
number of nonextreme EOSs by construction. Above 7,
even the most extreme EOS extension of Fig. 7 is realized
without any penalty. This has been criticized in Ref. [36],
in which the authors point out that the construction of
Ref. [32] is similar to performing a maximization, rather
than a marginalization over the likelihoods of different
possible extensions. As our final point in this work, we
address the marginalization over a set of extensions of the
EOS beyond n,,- We do so by constructing a model of
possible high-density EOSs down from the pQCD EOS at
Hpoep = 2.6 GeV, distinct from the prior model of NS
EOSs below n.,. Having an explicit model for EOSs also
above ny,, allows us to incorporate further theoretical

inputs. Since the pQCD speed of sound is well converged at
high densities, see Fig. 7, we can further condition this
model with the pQCD speed of sound. We may do so either
only at the pQCD matching point n,qcp & 40ng, (referred
to below as “prior”), or over a larger range of densities
where the speed of sound is under good theoretical control,
[25,40]ng, (“conditioned”).

For modeling the EOS above n,.,, we define another
hierarchical GP model anchored to the (scale-averaged)
pQCD EOS defined with the following hyperparameters:

£~ U(lnsm, zonsat)’
n~N(1.25,0.25%),
&2 ~N(03,0.3?), (12)

see Fig. 10 (left). Negative values of 1 and &2 are removed.
Because of the large interval in density between the typical
Nierm aNd ngep ~ 40ng,, we choose a more general prior
for the correlation length # here than was done in Ref. [29].
We also choose the prior on ¢2 to have a mean centered near
the conformal value of 1/3, but allow it to vary broadly
within the model. To be conservative with the conditioned
GP, we take the standard deviation of the GP at a given
n € [25,40]ng, to equal twice of that of the scale-averaged
pQCD calculation.

The procedure for applying this high-density prior as a
model for EOS extensions is as follows. First, we use either
the low-density GP or CSM to model the NS EOS up to a
specified termination density n.,. Then, for this n,, we
calculate a QCD likelihood function by constructing the
posterior distribution for different e—p values that arise
from marginalizing over the new high-density GP model
above ny,,. Concretely, we calculate the distribution by
performing a kernel-density estimation of the e—p values of
the high-density GP model at n,. This posterior distri-
bution is then reinterpreted as a new QCD likelihood
function within the NS EOS inference at 7., that margin-
alizes over the hierarchical model above, as opposed to
the construction from Ref. [32], which instead returns a
weight of 1 for any e—p point within the allowed region at
Nerm for a fixed X. More details of this procedure are given
in Appendix.

In Fig. 10 we show in the left panel a small sample of
EOSs drawn from these models of EOS extensions,
showing a broad range of possible behaviors. The con-
ditioning of the magenta GP is clearly visible. In the middle
panel we show the QCD likelihood function resulting from
the conditioned GP as applied at n.,,,, = 5.5n¢,, compared
to the constraints arising from Ref. [32] for the chiral EFT
and pQCD constraints. This value of n, approximately
corresponds to the mean of the npgy for our ensembles
using only the astrophysical input (see Fig. 2). We see that
the likelihood function is mostly peaked in the interior of
the X = 1 pQCD region. As has been pointed out already
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FIG. 10. Left: a sample of EOSs drawn from the hierarchical models of EOS extensions of the perturbative EOS to lower densities. The
dashed prior GP is anchored to the pQCD EOS at y,qcp = 2.6 GeV, while the solid magenta GP is conditioned with the pQCD speed of
sound on the interval n € [25,40]ny, (see main text). Middle: the resulting QCD likelihood function at n, = 5.5ng, for the GP
conditioned on the pQCD ¢2(n) for n € [25, 40]ny,. This termination density corresponds approximately to the mean value of nyqy for
our ensembles after applying the astrophysical input. Shown in blue and green are the constraints arising from the chiral EFT calculation
of Ref. [9] and the X = 1 pQCD calculations of Ref. [4] alone, using the construction of Ref. [32]. Right: the posterior e—p regions at
ntoy after marginalizing over the EOS extensions between n,, and 40n,.

in Ref. [64], the impact of the QCD input within the inference
of the NS EOS occurs primarily along the upper boundary of
the pQCD region in Fig. 10, since the astrophysical con-
straints already reduce the allowed e—p region in the
neighborhood of the other extreme boundaries (cf. also
the discussion of the upper edge of the e—p regions in Fig. 5).

Turning to the rightmost panel of Fig. 10, we see the
effect of the marginalization over the GP model of EOS
extensions directly as the change in the allowed e—p region
at npgy. As expected from our observations of the central
panel, we see a shift toward smaller p values in this figure.
The prior GP shows a similar shift to the effect of using a
termination density that is about 20%—40% larger without
the marginalization (cf. the middle and right columns of
Fig. 5), while the conditioned GP shows a much more
pronounced softening, more comparable to the effect of the
QCD input applied at n.,, = 10ngy (cf. Fig. 5). In both
cases, the quantitative effect is to shift the posterior pressure
distribution within the most massive NSs to smaller values,
with the conditioned GP shifted more strongly. That the
upper limit for the conditioned GP is significantly below
that of the prior demonstrates that the additional constraint
is indeed due to the conditioning and not the assumed prior.
This decreased upper bound is natural, as the pQCD sound
speed used in the conditioning is inconsistent with the stiff
high-density segment seen in Fig. 7, thus affecting the EOS
at lower densities as well.

Lastly, we observe that the credible regions of e—p are
almost indistinguishable between n, = ntoy and 10n,,
demonstrating independence of this parameter when using
the conditioned GP extension.

V. DISCUSSION AND CONCLUSIONS

In this paper, we have studied the impact of the high-
density QCD input on the modeling of the dense-matter

EOS, and explained the different findings presented in the
literature. In particular, using the most general QCD input
we found that the constraining power of the QCD input
depends sensitively on the chosen termination density 72e,.
For the conservative choice of n,, = ntoy, the impact of
the QCD input is largely removed, while the constraining
power rises fast with 7. This difference in constraining
power just beyond nrqgy arises from EOSs that undergo a
change in behavior that is qualitatively different from the
assumed priors. In particular, we have shown that most
EOSs that are removed for ., > nroy have a large pQCD
tension index, leading to an abrupt softening above nrgy
that is disfavored when the EOS priors employed here are
constructed to higher densities. Hence, to remain in agree-
ment with the QCD input, the EOS needs either to soften
below npgy or it has to exhibit a drastic softening
immediately above ntgy that persists for an extended
density range before stiffening again dramatically, see also
Ref. [22]. This behavior is seen in the EOS extensions
depicted in Fig. 8. We reiterate that the strong softening
coinciding with nrqy is accidental, as nyqgy is already set by
the behavior of the EOS at lower densities. While it cannot
be excluded by the generic thermodynamic considerations
we employ, it would be interesting to see what micro-
physical behavior would be necessary to realize such
behavior within dense matter. Note, however, that high
speeds of sound above n 2 25n, are inconsistent with
pQCD calculations.

We note that different choices for nem, Perm = POV
and My, > Ny, have their merits and answer slightly
different questions: the choice of the termination
density eventually reflects the phenomenological question
at hand. On the one hand, the EOS is a fundamental
prediction of QCD and exists independently of NSs at
densities above ntgy. The EOS above nrqgy is required
in modeling the postmerger phase of binary NS mergers
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The impact of QCD input at the densities reached in the cores of maximally massive NS using different prescription for the

EOS extension. Left: pressure as a function of energy density. For those prescriptions with n,,, = ntoy the 68% credible intervals for
the pressure are extended only up to lower bound of the 95% credible interval of the TOV energy densities. Above this point we cannot
access the posterior distribution P(p|e) but have access only to the conditional distribution P(p|e, &€ < epgy). Right: the corresponding

posterior 68% credible region of e—p at nrqgy.

(see Refs. [65,66]%) and sets a prediction for the quantity
that may be verified in the future using, e.g., lattice field
theory.3 In order to address these questions, the EOS must
be modeled beyond the densities reached in stable NSs, and
Nerm > Rrov 18 required. On the other hand, one can be
more conservative and use n,, = ntgy if one chooses to
infer only the EOS along the stable NS branch. This choice
avoids prior-dependent modeling of the unstable branch,
allowing for more robust conclusions. Similarly, for an
even more conservative modeling of NSs, one could
imagine terminating the EOS model at ny., = n(2.1Mg)
which is the mass of the heaviest observed neutron star.
Whatever application one has in mind, it is crucial that the
QCD input in the form of Ref. [29] be applied at the highest
density that will be studied. It is inconsistent to apply the
QCD input at n,, and then consider the model for even
higher densities n > nyy,-

Since the pQCD speed of sound is well converged to
even lower densities than the pressure [4,5], we have
additionally constructed a QCD likelihood function that
incorporates this additional information. We have done so
by constructing a further GP model down from the pQCD
EOS calculation and conditioning it with the pQCD
calculation of ¢2. This also addresses the points raised in
Ref. [36], as this new likelihood function involves mar-
ginalizing over the new GP above n,. We find that the
conditioned GP gives results that are independent of 7, >
ntoy (see Fig. 10) and agrees with results obtained for
Nierm = 10ng,, see Fig. 11. The conditioned likelihood

’Note that Ref. [65] found that multimessenger signals from
binary NS merges are not effective at constraining the EOS above
ntovy, rendering the QCD input the only source of information in
this density range in the near future.

On this point, see in particular two recent works in
Refs. [67,68].

function is made publicly available in Ref. [69]. We also
see in Fig. 11 that the unconditioned GP leads to similar
results as choosing 7, = 1.2npgy or by restricting the
pQCD tension index /yocp(nroy) < 0.75.

Finally, we discuss the limitations of our study. An
important finding of this work is that the QCD input
removes EOS that are very stiff around ntqy. However, we
allow for extreme stiffening of the EOS at low densities,
around 1-2ng,, where EFT approaches can otherwise
provide constraints on the EOS and typically suggest the
EOS to be soft [10,70]. In this work, we have not varied the
maximal density up to which we consider EFT input, which
might bias our EOS sets to be stiffer than if we margin-
alized over the maximal EFT density [24,71]. We also have
not marginalized over the scale p,ocp Where we evaluate
the pQCD values; marginalizing over lower values than
used here would provide a more restrictive QCD input [33].
Furthermore, we only considered two EOS priors that
model the EOS in terms of the speed of sound and are,
hence, rather similar. We have also not considered astro-
physical data from other x-ray sources such as quiescent
low-mass x-ray binaries or photospheric-radius—expansion
burst, which decrease the upper bound on the radii with
respect to the NICER x-ray data [72]. Finally, for the
purpose of marginalizing over EOS extensions above 7.,
it would be interesting to investigate other prior choices
for the EOS model, such as GP models with a density
dependent correlation length.
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APPENDIX: MARGINALIZATION ABOVE nygy

In this appendix we present some details related to the
marginalization procedure discussed in Sec. IVD and
elaborate on why using the likelihood function discussed
in the section corresponds to marginalization over the EOS
prior above nrgy.

We start by having an EOS prior in the whole density
region between the low density and pQCD limits, described
by some prior probability distribution P(n;,n,) where
the collective variables #; and 5, correspond to the EOS

(or more specifically speed of sound) below and above an
arbitrary density 7.

In computing a posterior distribution of a physical
quantity Q depending on the EOS, we are to marginalize
over the EOS prior

P(Q) = / dnidnyP(Qlm. n)P(mm) (A1)

Now lets make a simplifying assumption that the prior
below and above n,, is not correlated (or is weakly
correlated) such that

Py i) = P(ni)P(ny) (A2)
This is a good approximation beyond the correlation length
of the GP.

Now, if the quantity Q does not depend on the high-
density EOS 7, in any other way than through the end point
pr and g; at Ny,

P(Qlni.ny) = P(Qlnis pr.er), (A3)
as is the case in stable NSs if ngy, = nroy, We may

perform the integral over the #;, independent of the
observable Q by marginalizing over p; and ¢

P(Q) = [ dnanP( @b n) PP () (A4)
= / dndnydpde P(Qlny; pr. e, )P(m) (AS)
XP(pp.eplnn)P(n) (A6)

- / dndpyder POl pr ) Pinw(pr. e1).
(A7)

where

w(pre) = / dnP(pu.erli)Pn)  (AS)

is the QCD likelihood function plotted in the center panel
of Fig. 10.
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