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We propose new cross section ratios in ultraperipheral Aþ A and pþ A collisions (UPCs) as a potential
experimental signal of saturation physics. We consider the ratio R1 of elastic vector meson photoproduction
cross section to the inclusive hadron or jet photoproduction cross section. The ratio can be measured in the
γ þ A and γ þ p collisions taking place in the UPCs. We label the ratios R1ðAÞ and R1ðpÞ, respectively.
Constructing the double ratio RUPCðAÞ ¼ R1ðAÞ=R1ðpÞ, and performing a small-x calculation both in the
quasiclassical approximation and by including small-x evolution, we observe that RUPCðAÞ exhibits a
markedly different dependence on the nuclear atomic number inside and outside the saturation region. This
result indicates that RUPCðAÞ and R1ðAÞ measurements in UPCs may help in the experimental searches for
the evidence of saturation physics.
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I. INTRODUCTION

A. Saturation physics

Understanding Quantum Chromodynamics (QCD) in
high-energy scattering is one of the open problems in
physics. An interesting phenomenon one expects to find at
very high energy is the saturation of gluon and quark
densities in the small Bjorken x region of the hadronic and
nuclear wave functions [1]. (Small values of Bjorken x are
probed in high-energy collisions.) The quark and gluon
parton distribution functions (PDFs) are known to grow
with decreasing x. However, this rise of PDFs cannot
continue indefinitely: a larger number of partons leads to
higher parton densities in the hadronic or nuclear wave
functions, which, in turn, lead to parton mergers becoming
important, slowing down the growth of the PDF with
decreasing x. The regime where the parton mergers
compensate for the parton splittings is known as the parton
saturation (see Refs. [1–8] for reviews). Unambiguously
identifying saturation signatures in the experimental data is
one of the main challenges of the modern hadronic physics,
comprising a large part of the experimental program for the
future Electron-Ion Collider (EIC) [9–12].

The theoretical description of parton saturation usually
involves the linear Balitsky–Fadin–Kuraev–Lipatov (BFKL)
[13,14] and nonlinear Balitsky–Kovchegov (BK) [15–18]
and Jalilian-Marian–Iancu–McLerran–Weigert–Leonidov–
Kovner (JIMWLK) [19–24] evolution equations in x.
While the linear BFKL evolution predicts the rise of PDFs
at small x, it does not contain saturation effects, and leads to
cross sections growing as a power of the center-of-mass
energy, violating unitarity at very high energies. Unitarity (in
the sense of adhering to the black disk limit) is restoredwhen
nonlinear (parton merger) effects are taken into account: this
is accomplished by using the BK/JIMWLK evolution equa-
tions. The initial conditions for the nonlinear evolution
equations are given by the quasiclassical Glauber–Gribov–
Mueller (GGM)/McLerran–Venugopalan (MV) model
[25–28], which includes all orders of multiple scatterings
of the projectile in the target. The above description is valid
for the scattering of a compact projectile on a large target, as
seen in deep inelastic scattering (DIS) experiments on nuclei
(and, possibly, on protons) and proton-nucleus (pþ A)
collisions at high energies. The saturation formalism is also
referred to as the color glass condensate (CGC).
The nonlinear small-x evolution combined with the

GGM-MV initial conditions dynamically generates a
momentum scale intrinsic to the hadronic and nuclear
wave functions at small x—the saturation scale Qs. This
scale designates the transition from the low-density regime
(with momentum scales Q > Qs) to the saturated high-
density regime (for Q≲Qs). The saturation scale grows
with the atomic number A of the nucleus and with
decreasing x, approximately as Q2

s ∝ A1=3ð1=xÞλ with the
power λ ≈ 0.3. This means that, in high-energy collisions
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(corresponding to low values of x) and/or for collisions
involving sufficiently large nuclei (with large A), the
saturation scale should get large. When it gets sufficiently
above the QCD confinement scale, Qs ≫ ΛQCD, the cor-
responding strong coupling constant becomes small,
αsðQ2

sÞ ≪ 1, allowing for a weak-coupling description of
the small-x hadronic and nuclear wave functions and,
therefore, justifying the application of perturbative tech-
niques to the problem.
Tantalizing evidence for the observation of the saturation

regime has been collected by accelerators around the world
(see e.g. [9] for a summary of the experimental results
pertaining to saturation physics, along with the more recent
data [29–32]). It is widely anticipated that the future EIC,
due to its reach in x and Q2, its unprecedented high
luminosity, and a variety of nuclear targets, would be able
to seal the discovery of the saturation phenomenon.
However, with the EIC completion being projected for
the early 2030s, in the meantime, the hadronic physics
community must make every effort to study potential
saturation signals at the existing high-energy accelerators,
such as the Relativistic Heavy-Ion Collider (RHIC) and the
Large Hadron Collider (LHC). In this respect, a particularly
promising channel appears to be the ultraperipheral colli-
sions (UPCs) [33–37]. As we describe below, in the UPCs
one usually collides two large nuclei (Aþ A) or a proton
and a nucleus (pþ A) at very large impact parameters,
much larger than the sum of the radii for the scattering
particles. The interaction happens due to an almost-real
photon coming from one of the nuclei in Aþ A or from the
nucleus in pþ A collisions (the projectile) interacting with
the other nucleus or the proton (the target) by fluctuating
into a quark-antiquark (qq̄) dipole, which then scatters on
the target predominantly via t-channel gluon exchanges (at
high energy). Thus, the UPCs provide one an opportunity
to perform a small-x DIS-type of experiment, either on the
proton (in pþ A) or nuclear (in Aþ A) targets, except with
an almost real photon (Q2 ≈ 0). The UPCs thus allow us to
study the scattering amplitude of a qq̄ dipole on a target,
searching for the signals of saturation. The qq̄ dipole
scattering amplitude is an essential component of saturation
physics, directly entering the BK evolution equation. The
aim of this work is to propose a new saturation signal that
can be studied in the UPCs at RHIC and LHC.

B. Double ratio in DIS

One of the proposed key saturation signals at the EIC is
the fraction of diffractive DIS with respect to the total DIS
cross section in electron-nucleus (eþ A) collisions [9]. As
this ratio is found to be ∼13% at HERA in electron-proton
(eþ p) collisions [38], saturation calculations predict that
this ratio will be enhanced (larger than 13%) in eþ A
collisions. To quantify this enhancement, a double ratio
observable was introduced between eþ A and eþ p
collisions, and saturation models predict it to be above 1.

The general idea behind this observable is that in the black
disk limit the elastic cross section comprises 50% of the
total cross section. Indeed, for a qq̄ dipole scattering on a
target the total and elastic scattering cross sections can be
written as

σtot ¼ 2

Z
d2b⊥Nðr;b; YÞ; ð1aÞ

σel ¼
Z

d2b⊥ ½Nðr;b; YÞ�2; ð1bÞ

where Nðr;b; YÞ is the (imaginary part of the) forward
scattering amplitude for the dipole of transverse separation r
interacting with the target at the impact parameter bwith the
dependence on the center-of-mass energy squared s entering
through the rapidity variable Y ¼ lnðsr2⊥Þ ≈ lnð1=xÞ [17].
(In our notation, two-dimensional transverse vectors are
labeled v ¼ ðvx; vyÞ, their magnitude is v⊥ ¼ jvj, while the
two-dimensional integration measure is d2v⊥. For the trans-
verse momenta pT ¼ jpj and the integration measure is
d2pT .) In the black disk limitN ¼ 1, such thatσel=σtot ¼ 1=2
(see e.g. [7] for details). Away from the black disk limit,
whereN ≪ 1, the elastic to total cross sections ratio is small,
σel=σtot ≪ 1. Saturation physics is responsible for the
approach to and the onset of the black disk limit, leading
to the anticipated increase of diffractive (elastic) cross section
σdiff as a fraction of the total cross section σtot, both with
increasing nuclear size (A) and with decreasing x.
The relevant double ratio is [9]

REIC ¼ ½ðdσdiff=dM2
XÞ=σtot�eþA

½ðdσdiff=dM2
XÞ=σtot�eþp

; ð2Þ

where M2
X is the invariant mass of the diffractively

produced hadrons. Saturation calculations generally predict
REIC > 1.
Another reason this double ratio will likely be one of the

key measurements at the EIC is that it may provide
maximum distinguishing power between the saturation
calculations [39–44] and other theoretical approaches,
e.g., the leading-twist nuclear shadowing (LTS) model
[45–48]. Nuclear shadowing, as considered in [47,48], is
expected to cause the fraction of diffractive over total DIS
cross sections to decrease in eþ A with respect to the eþ
p case, leading to a smaller than one double ratio,REIC < 1.
This is qualitatively different from the prediction of
saturation models. The two theoretical predictions for
the double ratio to be measured at EIC, coming from
saturation physics and the leading-twist shadowing model,
are shown in Fig. 1 [9], where the double ratio REIC is
plotted versus the invariant mass of the diffractively
produced hadrons M2

X for fixed values of x and Q2, as
indicated in the plot legend.
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This is a truly unique measurement that cannot be done
at any facility other than the EIC. It requires both eþ p and
eþ A DIS measurements at the same center-of-mass
energy (or in the same kinematics) and with a large rapidity
gap. In addition, most of the systematic uncertainty related
to the detector will cancel in this ratio.

C. A new double ratio in UPCs

In UPCs, although the same double ratio REIC as
proposed above at the EIC cannot be measured, a similar
double ratio is possible. First, the ratio between observ-
ables related to a proton and a heavy nucleus is possible,
because UPC measurements can be done in both Aþ A
and pþ A collisions. In pþ A collisions, due to the large
charge difference between the proton and heavy ion, the
dominant process is γ þ p scattering, where photons are
emitted by the heavy ion. Second, the ratio between
diffractive DIS and total cross section cannot directly
transform into a UPC measurement. Experimentally,
rapidity gap events in UPCs are very difficult to measure
and the event kinematics cannot be determined due to
limited acceptance. From a theory perspective, all UPC
processes are in the photoproduction limit (Q2 ≈ 0) where
no hard scale is available for a reliable calculation, unless,
at small x and for large nuclei, the saturation scale Qs
becomes large enough.

While it is hard to replicate the ratio between diffractive
DIS and total DIS cross section in UPCs, we propose to
replace it with a ratio between the diffractive vector-meson
(VM) photoproduction and inclusive particle or jet photo-
production. The idea is similar to the above: as we will
show below, the elastic vector meson production cross
section is quadratic in the dipole amplitude N, while the
inclusive particle production is linear in N [49], such that
their ratio should be sensitive to the approach to the black
disk limit. Here the hard scale of the diffractive probe
comes from the mass of the VM, e.g., the J=ψ meson, and
from the transverse momentum of the jet or charged particle
in inclusive photoproduction, in addition to the saturation
scale Qs. The new double ratio is defined as

RUPC ¼ ½σVMel =ðdσ jet
inclusive=d

2pTÞ�AþA

½σVMel =ðdσ jet
inclusive=d

2pTÞ�pþA

: ð3Þ

Indeed, the ratio RUPC is not quite the same as REIC. In
particular, one may argue that σinclusive ¼ hniσinel with hni
the averagemultiplicity of the produced hadrons and σinel the
total inelastic cross section. In a (perhaps hypothetical) case
when both the nucleus and the proton are scattering near the
black disk limit, where σinel ≈ ð1=2Þσtot and REIC ≈ 1, one
can approximate RUPC ≈ REIChniγþp=hniγþA ≈ hniγþp=
hniγþA. Since the particle multiplicities are different in
γ þ p and γ þ A collisions, hniγþp=hniγþA < 1, we see that
RUPC < 1 in this example. Therefore, we cannot expect that
RUPC is necessarily always greater than 1 in the saturation
picture, making this ratio different from REIC.
However, what we will show below is that the A scaling

of RUPC is different inside and outside the saturation region.
That is, we will demonstrate that the A dependence of RUPC
changes depending on whether the produced vector meson
is relatively small (J=ψ) or large (ρ), and also depending on
the transverse momentum pT of the produced hadron or jet
in the inclusive cross section being larger than or smaller
than the saturation scale Qs. We, therefore, expect that the
A dependence of RUPC would be of great interest in UPCs,
especially since the center-of-mass energy reach can be
much higher in the UPCs than that at the EIC. In fact, RUPC
measurements may lay the groundwork for the future REIC
at the EIC, possibly providing necessary complimentary
information needed to seal the saturation discovery at
the EIC.

D. Outline

The paper is structured as follows. After giving a brief
introduction to UPCs in Sec. II, we will rederive the
leading-order (LO) expressions for the elastic vector meson
production and the total hadron/jet production cross section
in the saturation/small-x formalism in Secs. III A and III B,
respectively. While a next-to-leading order (NLO) calcu-
lation for elastic vector meson production exists [50], and

Mx
2 

(GeV2)

Q2 = 5 GeV2

x = 1�10-3
Ldt = 1 fb-1/A 

R
a

ti
o

 o
f 
d

if
fr

a
c
ti
v
e

-t
o

-t
o

ta
l 
c
ro

s
s

s
e

c
ti
o

n
 f
o

r 
e

A
u

 o
v
e

r 
th

a
t 
in

 e
p

1 10
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

shadowing model (LTS)

saturation model

FIG. 1. The ratio of diffractive over total cross section for DIS
on gold normalized to DIS on the proton plotted for different
values of M2

X, the mass squared of hadrons produced in the
collisions, for models assuming saturation and nonsaturation. The
statistical error bars are too small to depict, and the projected
systematic uncertainty for the measurements is shown by the
orange bar. The theoretical uncertainty for the predictions of the
LTS model is shown by the gray band. Reprinted from [9].
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will need to be utilized in the future more detailed
phenomenological studies, our goal is to explore the
double ratio RUPC at the more qualitative level, trying to
identify the difference between its A dependence inside and
outside the saturation region. For such a goal, the LO
expression for the cross sections should be sufficient.
In Sec. IVAwe evaluate the double ratio RUPC using the

GGM-MV approximation for the dipole amplitude N,
obtaining different A dependence for RUPC inside and
outside the saturation region for the ρ and J=ψ meson
production (in the numerator of the ratio). We repeat the
calculation in Sec. IV B for the dipole amplitude given by
the geometric scaling solution of the LO BK equation
[1,51–54], reaching similar conclusions as in the quasi-
classical case. Based on our calculations, we discuss the
future opportunities to measure RUPC in Sec. V, before
summarizing our results in Sec. VI.

II. ULTRAPERIPHERAL COLLISIONS

UPCs represent a fascinating experimental opportunity
at heavy-ion collider facilities, offering a captivating
avenue for scientific exploration of the fundamental struc-
ture of nucleon and nuclei. In these collisions, heavy ions
such as gold (Au) or lead (Pb) approach each other with
impact parameters far exceeding the size of the ions
themselves, e.g., b > 2RA. See Fig. 2 for an illustration.
This results in an electromagnetic interaction dominated by
the exchange of virtual photons, where the photon probe
interacts with the other nucleus. Therefore, the UPCs are
similar to the electron-ion scattering experiments with
quasireal photon beams. Here we list a few of the important
features of UPCs:
(1) Virtuality. Due to the heavy nuclei, photons are

emitted with small transverse momentum that has a
typical value of ∼20–40 MeV=c; the virtuality, Q2,

is around 10−4–10−3 GeV2. The hard scale of the
process is usually determined by the final-state
particles, e.g., their mass or transverse momentum.

(2) Rates. For QED processes, e.g., two-photon scatter-
ings cross section, the rate of the Aþ A reaction
scales with the nuclear electric charge as ∼Z4. (Here
Z is the charge of the nucleus, in the units of elec-
tron charge jej.) For QCD processes, e.g., photon-
Pomeron interactions, the rate scales as ∼Z2.

(3) Energy reach. The center-of-mass energy between
the photon and per nucleon in the nucleus, Wγ�N ,
ranges from less than 10 GeV (RHIC) to ∼1 TeV
(LHC). This corresponds to momentum fraction x in
the range from 10−1 to 10−5. Note that, since the
saturation scale grows as Q2

s ∼ ðA=xÞ1=3, the UPCs
at LHC can probe larger Q2

s values than those to be
probed in the collisions at the future EIC.

(4) Observables. Most UPC measurements are for
the exclusive and diffractive VM photoproduction.
Event kinematics and topology are easy to recon-
struct. Recent measurements show that semi-
inclusive processes, e.g., inclusive and diffractive
jets [55], and inclusive processes of measuring
charged particles only [56], are feasible.

There are two major heavy-ion collider facilities cur-
rently studying UPCs, RHIC and the LHC. With the heavy-
ion runs scheduled between 2023 and 2025 both at RHIC
and the LHC, there are a couple of experimental oppor-
tunities for the UPCs. For example, forward detectors have
been added to the STAR experiment, where particle
acceptance between 2.5 and 4 in pseudorapidity η became
available. Typically, the forward rapidity corresponds to the
high-x kinematic region. In order to unambiguously dis-
cover saturation, the high-x region where we do not expect
saturation should also be studied on the same footing as the

FIG. 2. Illustration of UPC Vector Meson (VM) photoproduction (left) and jet photoproduction (right) in heavy-ion Aþ A collisions.
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low-x region. In addition, exploration of the large-x region
may shine new light on the antishadowing region of nuclear
PDFs. Currently, resolving the photon energy ambiguity
using the forward neutron emissions has been shown to be
possible, extending the kinematic reach at low-x by 2
orders of magnitude at the LHC.

III. DOUBLE RATIO IN UPCS COMING FROM
SATURATION PHYSICS

A. Elastic vector meson production in UPCs

As described above, UPCs (in Aþ A or pþ A) involve
the interaction of a photon of a very small virtuality
originating from one nucleus with the other nucleus or
proton. At high energy (small x), the dominating process
involves the photon fluctuating into a qq̄ pair that interacts
with the nucleus. One of the possible outcomes of this
interaction is the exclusive production of vector meson. The
scattering amplitude for exclusive vector meson production

in UPCs at leading order is given by the diagram shown in
Fig. 3, where the oval on the upper right represents the
vector meson light-cone wave function [57], the ovals on
the lower left and lower right represent the target proton or
nucleus which remains intact in the interaction, and the
vertical rectangle denotes the (mainly gluon) shock wave
responsible for the interaction. For the target to remain
intact, the shock wave should transfer no color away from
the target, i.e., the exchange needs to be color singlet. To
obtain the cross section, we need to square the scattering
amplitude and integrate over the phase space of the final
state particles. For the convenience of our later calculation,
we should Fourier transform the amplitude into transverse
coordinate space. The result for the elastic vector meson
production cross section at leading order is [58,59] (see [7]
for a pedagogical derivation in the transverse coordi-
nate space):

σγ
�A→VA
el ¼ 1

2

X
λ

X
λ0

Z
d2b⊥

����
Z

d2r⊥
4π

Z
1

0

dz
zð1 − zÞΨ

γ�→qq̄
T ðr; zÞNðr;b; YÞΨV

T ðr; zÞ�
����2: ð4Þ

Here Ψγ�→qq̄
T ðr; zÞ is the light-cone wave function for a

transversely polarized photon splitting into a qq̄ pair of the
transverse separation r with the quark carrying a fraction z
of the photon’s longitudinal momentum, ΨV

T is the trans-
versely polarized vector meson wave function, and
Nðr;b; YÞ is the dipole amplitude for a qq̄ pair interacting
with the nucleus at impact parameter b and rapidity Y ¼
lnðsr2⊥Þ ≈ lnð1=xÞ introduced above. We use the definition
of the light-cone wave functions normalized as in [7]. As
shown in Fig. 3, the photon comes in with polarization λ,
while the vector meson is produced with the polarization λ0.
The former is averaged over, assuming that the photon in

UPCs is real, due to its very low Q2: therefore, we keep
only the transverse polarizations for the photon. This, in
turn, implies that the outgoing vector meson has to be
transversely polarized as well. We sum over the vector
meson’s transverse polarizations in Eq. (4). In addition, a
sum over quark polarizations σ; σ0 (as denoted in Fig. 3)
and quark colors is implied inside the absolute value
brackets in Eq. (4).
In the saturation/CGC framework, the dipole amplitude

N is found by using the BK/JIMWLK nonlinear evolution
equations [15–24] with the GGM/MV quasiclassical initial
conditions [25–28]. Below, we will consider the

FIG. 3. Exclusive vector meson production amplitude in DIS and UPCs at high energy.
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quasiclassical and small-x evolution regimes separately,
analyzing RUPC from Eq. (3) in each case. To proceed with
the calculation, we need to delve into a discussion about the
photon and vector meson wave functions.
The virtual photon wave function at the leading order is

well known [60,61]. The corresponding diagram for a
photon splitting into a quark-antiquark pair is shown below
in Fig. 4. In the case of UPCs, the photon has a very small

Q2, so the longitudinally polarized photon wave function is
small compared to the transversely polarized one: as
already mentioned above, we will ignore the former in
our calculation. The transverse coordinate space trans-
versely polarized photon wave function that appears in
Eq. (4) is

Ψγ�→qq̄
T ðr; zÞ ¼ eZf

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1 − zÞ

p
δij

�
−iδσ;−σ0 ð1 − 2z − σλÞ ϵ

λ · r
r⊥

∂r⊥ þ δσσ0
mfffiffiffi
2

p ð1þ σλÞ
�
K0ðr⊥afÞ; ð5Þ

where σ; σ0 are the polarizations and i, j are the colors of the
quark and antiquark, respectively. We have defined a2f ≡
zð1 − zÞQ2 þm2

f withmf the mass of quarks with flavor f.
The magnitude of the electron charge is labeled by e, while
Zf is the fractional charge of the quark. In addition,
∂r⊥ ¼ ∂=∂r⊥. As above, the photon has polarization λ,
and z is the longitudinal fraction of the photon’s momentum
carried by the quark.
The vector meson wave function, on the other hand, is

more complicated because of its nonperturbative nature.
We could, however, obtain a reasonable form of the vector
meson function if we are willing to make a few

assumptions. For our purposes we will follow the approach
put forth in [62–67]. The starting point of this approach is
the assumption that the vector meson is predominantly a
quark–antiquark state that has the same polarization struc-
ture as a virtual photon. By making the replacement

eZf

2π
zð1 − zÞK0ðr⊥afÞ → ϕTðr⊥; zÞ; ð6Þ

for the scalar part of the wave function, we can write down
the transversely polarized vector meson wave function as

ΨV
T ðr; zÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1 − zÞp δij

�
−iδσ;−σ0 ð1 − 2z − σλÞ ϵ

λ · r
r⊥

∂r⊥ þ δσσ0
mfffiffiffi
2

p ð1þ σλÞ
�
ϕTðr⊥; zÞ: ð7Þ

Note again that the transversely polarized photon produces
only a transversely polarized vector meson; therefore, in
UPCs transverse vector mesons production is dominant
(with the longitudinal vector meson production being
suppressed by a factor of Q2=Q2

s ≪ 1). We will employ
only the transversely polarized vector meson wave func-
tion.
The scalar part of the vector meson wave function can be

reasonably described using a “boosted Gaussian” form

[63,64,66,68]. We start by assuming that in the rest frame of
the vector meson, the wave function is Gaussian in the
three-momentum of the quark and antiquark, so that

ϕ̃Tðp⃗; zÞ ∝ exp

�
−
R2

2
p⃗2

�
; ð8Þ

where p⃗ is the three-momentum of the quark (or antiquark)
and R is the typical radius of a vector meson. The
momentum p⃗ is related to the invariant mass through

M2 ¼ 4E2 ¼ 4ðp⃗2 þm2
fÞ: ð9Þ

In the boosted frame, we have a fast moving vector meson
with its quark and antiquark having longitudinal momen-
tum fractions z and 1 − z, respectively. The four momenta
of the on-mass-shell quark and antiquark areFIG. 4. Virtual photon wave function at leading order.
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p0
1 ¼

�
zPþ;

k2T þm2
f

zPþ ;k

�
;

p0
2 ¼

�
ð1 − zÞPþ;

k2T þm2
f

ð1 − zÞPþ ;−k
�
; ð10Þ

where k is the transverse momentum of the quark (or
antiquark) in the boosted frame and we use the spacetime
metric gþ− ¼ g−þ ¼ 1

2
, g11 ¼ g22 ¼ −1. We assume that

the meson is moving in the light-cone plus direction with a
large momentum Pþ. The invariant mass is

M2 ¼ ðp0
1 þ p0

2Þ2 ¼
k2T þm2

f

zð1 − zÞ ð11Þ

with kT ¼ jkj. Equating the invariant masses in two frames,
Eqs. (9) and (11), we can relate p⃗2 and k2T ,

p⃗2 ¼ k2T þm2
f

4zð1 − zÞ −m2
f: ð12Þ

Further, if we assume that the wave function is boost
invariant (i.e., the scalar part of the wave function takes on
the same value after a Lorentz transformation), then in the
boosted frame the wave function has the form [cf. Eq. (8)]

ϕ̃TðkT; zÞ ∝ exp

�
−
R2

8

�
k2T þm2

f

zð1 − zÞ − 4m2
f

��
: ð13Þ

Fourier transforming the wave function into the trans-
verse coordinate space, we have

ϕTðr⊥; zÞ ∝ zð1 − zÞ exp
�
−
2zð1 − zÞr2⊥

R2

−
m2

fR
2

8zð1 − zÞ þ
m2

fR
2

2

�
: ð14Þ

Substituting the result (14) into Eq. (7), along with the
normalization factor N T, we obtain an expression for the
transversely polarized vector meson wave function [62–66],

ΨV
T ðr⊥; zÞ ¼ N T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1 − zÞ

p
δij

�
iδσ;−σ0 ð1 − 2z − σλÞ 4zð1 − zÞ

R2
ϵλ · r

þ δσσ0
mfffiffiffi
2

p ð1þ σλÞ� exp
�
−
2zð1 − zÞr2⊥

R2
−

m2
fR

2

8zð1 − zÞ þ
m2

fR
2

2

�
: ð15Þ

The wave function (15) is normalized such that

X
σ;σ0;i;j

Z
1

0

dz
zð1 − zÞ

Z
d2r⊥
4π

jΨV
T ðr⊥; zÞj2 ¼ 1; ð16Þ

resulting from the assumption that the vector meson is
predominantly a quark-antiquark pair (in all frames). The
relation (16) can be used to findN T once the vector meson
radius R is found. The procedure for finding R is described
in [67] and involves fitting the coupling of the vector
meson to the electromagnetic current fV . Since the
Particle Data Group (PDG) [69] value of the charm quark
mass along with the values of the ρmeson mass and fV for
J=ψ are somewhat different now compared to the numbers
used in [67], we had to reevaluateN T and R for both ρ and
J=ψ mesons. The resulting parameters for the wave

function (15) for the ρ and J=ψ mesons are listed in
Table I below.
Before we proceed, we note here that vector meson

light-cone wave functions are, indeed, model dependent.
It would therefore be hard to estimate the accuracy of a
specific numerical prediction based on those wave func-
tions. However, our goal in this work is more qualitative
than quantitative. For our purposes, we need the J=ψ wave
function to be dominated by smaller qq̄ pairs, while
the ρ-meson wave function needs to favor larger dipole
sizes. The wave function (15) certainly satisfies these
properties.
For future calculations, it is easier to simplify Eq. (4) a

little. Substituting Eqs. (5) and (15) into Eq. (4), summing
over polarizations λ; λ0; σ; σ0 and quark colors, and inte-
grating over the angles of r while assuming the dipole
amplitude to be independent of the r direction, we arrive at

TABLE I. Parameters for J=ψ and ρ meson wave functions
given in Eq. (15) calculated using the prescription outlined in [67]
for the current PDG [69] values of the quark and meson masses
and the coupling fV .

Meson MV=GeV fV=GeV mf=GeV N T R2=GeV−2

J=ψ 3.097 0.277 1.27 0.602 2.3
ρ 0.775 0.156 0.14 0.909 12.9
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σγ
�A→VA
el ¼ αEMZ2

f

π
N2

cN 2
Te

m2
fR

2

Z
1

0

dzdz0
Z

∞

0

dr⊥dr0⊥r⊥r0⊥

×

�
4

R2
zð1 − zÞ½z2 þ ð1 − zÞ2�r⊥afK1ðr⊥afÞ þm2

fK0ðr⊥afÞ
	
exp

�
−
2zð1 − zÞr2⊥

R2
−

m2
fR

2

8zð1 − zÞ
�

×

�
4

R2
z0ð1 − z0Þ½z02 þ ð1 − z0Þ2�r0⊥a0fK1ðr0⊥a0fÞ þm2

fK0ðr0⊥a0fÞ
	
exp

�
−
2z0ð1 − z0Þr02⊥

R2
−

m2
fR

2

8z0ð1 − z0Þ
�

×
Z

d2b⊥Nðr⊥; b⊥; YÞNðr0⊥; b⊥; YÞ: ð17Þ

Here a02f ≡ z0ð1 − z0ÞQ2 þm2
f and αEM ¼ e2=ð4πÞ. The

assumption of Nðr;b; YÞ ¼ Nðr⊥; b⊥; YÞ that we employ
here is valid in the quasiclassical approximation for a large
nucleus [25–28] and for the leading contribution to high-
energy scattering (see, e.g., [7]). Diagrammatically,
Eq. (17) can be represented by the graph in Fig. 5, where
we separately integrate over the transverse sizes r⊥; r0⊥ of
the dipole in the amplitude and in the complex conjugate
amplitude, and over the impact parameter b, common to
both amplitudes.

B. Inclusive hadron or jet production

The ratio RUPC in Eq. (3) also contains the inclusive
hadron or jet production cross section. Our goal here is to
assess the behavior of RUPC with varying nuclear atomic
number A. We will assume that at small-x fragmentation
and jet showering happen mainly outside the cold nuclear
medium of the target nucleus and are, therefore, A
independent. Hence, we will omit such final-state inter-
actions from our analysis and concentrate on calculating the
quark production cross section, which we will then use to
derive the A dependence of the double ratio RUPC.
To calculate the inclusive quark production cross section,

we again consider the dipole picture of the photon-nucleus
scattering, which is the dominant contribution at high
energy (small x). A typical contributing diagram is shown
in Fig. 6, constructed by analogy to Fig. 3. The difference
now is that the target proton or nucleus can break up, which
means the interaction is no longer color singlet. Moreover,
the qq̄ pair resulting from the virtual photon’s splitting does

not recombine into a vector meson. Both the quark and
antiquark in the pair can fragment into independent hadrons
or jets. We will calculate the quark production cross section
(with the produced quark denoted by the cross in Fig. 6): in
the eikonal approximation employed here, the antiquark
production cross section is exactly the same.
The scattering amplitude in Fig. 6 can be factorized into

a convolution of the photon light-cone wave function with
the dipole amplitude for the qq̄ pair scattering on the
nucleus. In a light-cone perturbation theory calculation
[57], to the diagram in Fig. 6 one has to add the

FIG. 5. A diagrammatic representation of Eq. (17). Vertical rectangles denote the shock waves in the amplitude and in the complex
conjugate amplitude, while the solid vertical line denotes the final state cut.

FIG. 6. A diagram contributing to the scattering amplitude for
the inclusive single quark production in the virtual photon-target
proton (nucleus) scattering. The measured quark is marked by
a cross.
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noninteracting contribution where the γ → qq̄ splitting
takes place to the right of the shock wave. The result for
the differential cross section dσ

d2pT
was first derived in [70]

and is also given by Eq. (85) of [71] in terms of the dipole S
matrix. Recalling that this S matrix is S ¼ 1 − N for the
dipole amplitude N, we write

dσ
d2pT

¼ 1

2ð2πÞ3
Z

1

0

dz
zð1 − zÞ

Z
d2x⊥d2x0⊥d2y⊥e−ip·ðx−x

0Þ 1
2

X
λ

Ψγ→qq̄
T ðx − y; zÞ½Ψγ→qq̄

T ðx0 − y; zÞ��

×

�
N

�
x − y;

xþ y
2

; Y

�
þ N

�
x0 − y;

x0 þ y
2

; Y

�
− N

�
x − x0;

xþ x0

2
; Y

��
; ð18Þ

where the sum over the final-state quark polarizations and
colors is implied in the product of light-conewave functions.
Aswehavementioned earlier, inUPCs thevirtual photon has
a very small virtuality (Q2 ≈ 400–900 MeV2). Thereforewe
only need to consider transversely polarized photons, with
Eq. (18) including the averaging over the virtual photon
polarizations. Also, note that we are continuing to use the
Nðr;b; YÞ notation for the dipole amplitudes, resulting in a

slightly more complicated than usual argument of the dipole
amplitudes in Eq. (18).
The expression (18) can also be further simplified.

Substituting the virtual photon light-cone wave function
from Eq. (5) into Eq. (18), averaging over photon polar-
izations and summing over final-state quark and antiquark
polarizations, we obtain

dσ
d2pT

¼ 2NcαEMZ2
f

ð2πÞ4
Z

d2x⊥d2x0⊥d2y⊥e−ip·ðx−x
0Þ
Z

1

0

dz

×

�
½z2 þ ð1 − zÞ2�a2f

ðx − yÞ · ðx0 − yÞ
jx − yjjx0 − yj K1ðjx − yjafÞK1ðjx0 − yjafÞ þm2

fK0ðjx − yjafÞK0ðjx0 − yjafÞ
	

×

�
N

�
x − y;

xþ y
2

; Y

�
þ N

�
x0 − y;

x0 þ y
2

; Y

�
− N

�
x − x0;

xþ x0

2
; Y

��
: ð19Þ

Some of the integrals in Eq. (19) can be carried out explicitly. This is done in the Appendix, resulting in

dσ
d2pT

¼ NcαEMZ2
f

ð2πÞ3
Z

1

0

dz
Z

d2r⊥d2b⊥e−ip·r
�
½z2 þ ð1 − zÞ2�

�
4iafK1ðr⊥afÞ

p · r
ðp2⊥ þ a2fÞr⊥

− 2K0ðr⊥afÞ

þr⊥afK1ðr⊥afÞ
�
þ 4m2

f

p2⊥ þ a2f
K0ðr⊥afÞ −

m2
fr⊥
af

K1ðr⊥afÞ
	
Nðr;b; YÞ: ð20Þ

In arriving at Eq. (20), we have employed the fact thatZ
d2b⊥Nðr;b; YÞ ¼

Z
d2b⊥Nð−r;b; YÞ; ð21Þ

which is valid due to N being a scalar quantity and our
unpolarized proton or nuclear target having no preferred
transverse direction.

IV. ESTIMATES OF THE DOUBLE RATIO IN UPCS

Our next goal is to study the dependence of the double
ratio RUPC from Eq. (3) on the atomic number A for
different vector mesons. We will pick the ρ meson as an
example of a vector meson whose wave function is

dominated by “large” dipole sizes, and J=ψ meson as an
example of a small-dipole-size meson. Below we evaluate
the A dependence of RUPC for these two mesons analyti-
cally and numerically. We will first work in the quasiclass-
ical GGM/MVapproximation [25–28], then wewill include
LO small-x BK/JIMWLK evolution [15–24].

A. Double ratio in the quasiclassical approximation

1. Elastic J=ψ and ρ production: Heuristic
estimates and numerical integration

In Eq. (4) [or Eq. (17)], the dipole amplitude Nðr; b; YÞ
describes the interaction of the quark-antiquark pair with
the target nucleus. In processes where saturation effects are
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taken into account, one has to include multiple gluon
exchanges between the qq̄ pair and the nucleus. Including
t-channel gluon exchanges to all orders in the GGM/MV
model leads to the dipole amplitude [25]

Nðr;b; YÞ ¼ 1 − exp

�
−
r2⊥Q2

sðbÞ
4

ln
1

r⊥Λ

	
ð22Þ

with the saturation scale Qs given by

Q2
sðbÞ ¼ 4πα2s

CF

Nc
TðbÞ: ð23Þ

Here TðbÞ is the nuclear profile (thickness) function,

TðbÞ≡
Z

∞

−∞
dz ρðb; zÞ; ð24Þ

where ρðb; zÞ is the nucleon number density in the nucleus,
Λ is the infrared (IR) cutoff, and CF is the fundamental
Casimir operator of SU(Nc). We should point out that the
dipole amplitude given in Eq. (22) does not include small-x
evolution: this is whyQ2

sðbÞ here is independent of energy/
rapidity Y, leading to similarly energy-independent dipole
amplitude Nðr;b; YÞ in Eq. (22).
Our goal now is to determine the dependence of the

elastic VM production cross section on the atomic number
A. After a closer inspection of Eq. (17), we see that the A
dependence is contained entirely in the b integral

Z
d2b⊥Nðr⊥; b⊥; YÞNðr0⊥; b⊥; YÞ ð25Þ

over the transverse area of the nucleus. This integral is hard
to evaluate exactly analytically. Therefore, we have to make
approximations for the dipole amplitude Nðr;b; YÞ based
on whether r⊥ and r0⊥ are larger or smaller than 1=QsðbÞ,
which corresponds to the dipole r⊥ and/or the dipole r0⊥
being inside or outside the saturation regime (see Fig. 5).
Since the integrations over r⊥ and r0⊥ range over all positive
values between 0 and ∞, we have three cases to consider:
(i) r⊥; r0⊥ ≪ 1=Qs, (ii) r⊥; r0⊥ ≳ 1=Qs, and (iii) r⊥ ≪
1=Qs; r0⊥ ≳ 1=Qs. The case when r0⊥ ≪ 1=Qs; r⊥ ≳ 1=Qs
gives the same contribution as the case (iii), due to the
r ↔ r0 symmetry of Eq. (17). As follows from Eq. (17), the
dipole sized r⊥ and r0⊥ are controlled by the convolutions of
the virtual photon and vector meson wave functions with
the dipole size dependence of the amplitude N.
In these three regions we obtain different A scaling, using

the following arguments:
(i) r⊥; r0⊥ ≪ 1=Qs: We approximate the dipole ampli-

tude (22) outside the saturation region by expanding
it to the lowest order in r⊥QsðbÞ, such that

Nðr;b; YÞjr⊥QsðbÞ≪1 ≈
r2⊥Q2

sðbÞ
4

ln
1

r⊥Λ
∝ A1=3;

ð26aÞ

Nðr0;b; YÞjr0⊥QsðbÞ≪1 ≈
r02⊥Q2

sðbÞ
4

ln
1

r0⊥Λ
∝ A1=3;

ð26bÞ

where the last proportionality follows from
Q2

sðbÞ ∝ TðbÞ ∝ A1=3. Since the area integral scales
as

R
d2b⊥ ∼ A2=3, we conclude thatZ

d2b⊥Nðr;b; YÞNðr0;b; YÞjr⊥;r0⊥≪1=Qs
∝ A4=3:

ð27Þ
(ii) r⊥; r0⊥ ≳ 1=Qs: Inside the saturation region we

approximate

Nðr;b;YÞjr⊥QsðbÞ≳1≈Nðr0;b;YÞjr0⊥QsðbÞ≳1≈1; ð28Þ

such thatZ
d2b⊥Nðr;b; YÞNðr0;b; YÞjr⊥;r0⊥≳1=Qs

∝ A2=3:

ð29Þ

(iii) r⊥ ≪ 1=Qs;r0⊥≳1=Qs (or r0⊥ ≪ 1=Qs; r⊥ ≳ 1=Qs):
With one dipole being outside the saturation region,
and another one being inside, we have

Nðr;b; YÞjr⊥QsðbÞ≪1 ≈
r2⊥Q2

s

4
ln

1

r⊥Λ
; ð30aÞ

Nðr0;b; YÞjr0⊥QsðbÞ≳1 ≈ 1: ð30bÞ

This leads toZ
d2b⊥Nðr;b; YÞNðr0;b; YÞjr⊥≪1=Qs;r0⊥≳1=Qs

∝ A:

ð31Þ

Hence, we conclude that the elastic vector meson produc-
tion cross section scales with A as a power of A,

σγ
�A→VA
el ∝ Aα; ð32Þ

with α between 2=3 and 4=3. The precise power of the
scaling depends on the size of the vector meson: if the size
of the vector meson is small (e.g., J=ψ), then the integral
contribution would be dominated by region (i), and
σγ

�A→J=ψA
el ∝ A4=3; if the size of the vector meson is large
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(e.g., ρ), then the integral contribution would be dominated
by region (iii), and σγ

�A→ρA
el ∝ A2=3. Therefore, a transition

from outside the saturation region into the saturation region
should lead to the decrease of the (effective) power α
defined in Eq. (32).
Notice that in Eq. (17) the integrand as a function of the

dipole sizes r⊥ and r0⊥ is dominated by the Gaussian and the
modified Bessel functions (which decrease exponentially at
large r⊥ and r0⊥), so that the main contribution comes from
the regions where r⊥; r0⊥ < 1

af
; R. For J=ψ production in

UPCs, where Q2 ≈ 0 and af ≈mc ≈ 1.27 GeV, this corre-
sponds to r⊥; r0⊥ < 1

mc
≈ 0.79 GeV−1. At relatively low x (x

between 10−3 and 10−4), the typical saturation scale for a
gold nucleus (A ¼ 197) is about Qs ≈ 1 GeV (see, e.g.,
Fig. 3.14 in [9]). We see that the r⊥; r0⊥ integrals in Eq. (17)
are dominated by the nonsaturated region (i), so that
σγ

�A→J=ψA ∝ A4=3. However, these integrals do include con-
tributions from larger r⊥; r0⊥, coming from the saturation
region. Therefore, in an exact evaluation of Eq. (17), onemay
expect to see an A scaling that is slightly slower than A4=3,
especially at the largest A when 1=Qs starts to become
comparable to the size of J=ψ and saturation effects start to
settle in.
The results of our analysis above are supported by

numerical calculations. To evaluate Eq. (17) numerically
for the case of UPCs, we put Q2 ¼ 900 MeV2. The
parameters of the vector meson wave functions, N T and
R, which are used in Eq. (15) are listed here in Table I.
We use the quasiclassical dipole amplitude that is given

by (see, e.g., [72])

Nðr;b; YÞ ¼ 1 − exp

�
−
r2⊥Q2

sðbÞ
4

ln

�
1

r⊥Λ
þ e

�	
; ð33Þ

to be able to integrate over r⊥ > 1=Λ without having
an unphysical negative N in that region [cf. Eq. (22)].
For forward kinematics at RHIC we use the value of the
saturation scale for Au nuclei at x ≈ 2 × 10−3 and b⊥ ¼ 0
from Fig. 3.9 of [9] to write

Q2
sðbÞ ¼ ð1 GeV2Þ TðbÞ

2RAρ

�
A
197

�
1=3

θðRA − b⊥Þ

¼ ð1 GeV2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

b2⊥
R2
A

s �
A
197

�
1=3

θðRA − b⊥Þ; ð34Þ

where, for simplicity, we consider the nucleus to be
a sphere of radius RA with a uniform nucleon number
density ρ ¼ 0.40 fm−3 ¼ 0.0031 GeV3, such that TðbÞ ¼
2ρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
A − b2⊥

p
. We approximate RA ≈ 1.2A1=3 fm ¼

6A1=3 GeV−1 and choose Λ ¼ 0.2 GeV for the IR cutoff.
We also use αEM ¼ 1=137, αs ¼ 1=3, Nc ¼ 3, and Zf ¼
2=3 for J=ψ.

In Fig. 7 we present a log-log plot of the J=ψ elastic
production cross section versus A. The slope between the
two adjacent data points starts at about α ¼ 1.26 at A ¼ 1,
and then gradually decreases to about α ¼ 1.12 at A ¼ 208
(Pb). [The power α is defined in Eq. (32) above.] We see
that the A-scaling power α of the elastic J=ψ production in
UPCs is smaller than the (analytical) nonsaturated value of
4=3, indicating that there are some saturation effects
present in the process. The decrease of the slope with
increasing A is indeed what we expected, since saturation is
more manifest in a larger nucleus. Note also that the
magnitude of the cross section σγ

�A→J=ψA
el for Au nuclei,

A ¼ 197, appears to be somewhat above the data recently
reported by the STAR Collaboration at RHIC [73,74], but is
closer to the experimental values measured by the ALICE
Collaboration at the LHC (see Fig. 4 in [31]) for scattering
on a similarly sized Pb nucleus despite the relative
crudeness of the approximations we have made here.
Similarly, we perform a numerical evaluation of Eq. (17)

for the ρ meson using the same quasiclassical dipole
amplitude (33). The ρ-meson wave function parameters
are also given in Table I. For the ρ meson one uses an
effective value of Zf ¼ 1=

ffiffiffi
2

p
[67]. In Fig. 8 we show the

log-log plot of the elastic ρ production cross section in
UPCs versus A. The slope between the adjacent data points
starts at about α ¼ 0.90 at A ¼ 1, and gradually decreases
to about α ¼ 0.75 at A ¼ 208. We see that the A-scaling
power α is smaller than that for J=ψ, as we expected, since
ρ is a larger meson which is more affected by saturation
effects, which tend to reduce α. Moreover, extrapolating the
plot in Fig. 8 to the unrealistically high A ¼ 300, we see
that the power α approaches the “ideal” value of 2=3 for a
fully saturated process in the regime (ii) considered above,
thus agreeing with our analytic estimate.
To summarize our observations here, we see that

saturation effects tend to reduce the effective power α

1 5 10 50 100
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10
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100

production cross section as a function of A

FIG. 7. A log-log plot of the elastic J=ψ production cross
section versus the atomic number A of the target nucleus. The
quasiclassical dipole amplitude used here is given in Eq. (33).
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from Eq. (32). A transition to the saturation regime can
happen in two ways. We can increase the atomic number A
of the nucleus, while considering the elastic production
cross section for the same vector meson. Saturation would
lead to the decrease of the slope α with A, as observed
separately in Fig. 7 and in Fig. 8. Alternatively, saturation
can be reached by increasing the size of the vector meson.
Hence, in going from J=ψ to the ρ meson, by comparing
Fig. 7 to Fig. 8, we see that α decreases as well between
these two figures due to saturation effects.

2. Inclusive production cross section

Now let us use the above estimates to evaluate the A
scaling of the double ratio RUPC from Eq. (3). Since the
elastic cross section has been found above, we also need the
A scaling of the inelastic hadron/jet production cross
section. To obtain that we will use Eq. (20), in which
the r⊥ integral is restricted to r⊥ < minf1=pT; 1=afg by
the Fourier exponential and by the modified Bessel
functions coming from the virtual photon wave function.
Since the typical jet or net hadron production cross section
is dominated by light flavors, we see that in UPCs af for
Eq. (20) would be rather small, of the order of several tens
of MeV, such that af ≪ pT : hence, we only have the r⊥ <
1=pT constraint on the range of r⊥, before we account for
the dipole amplitude N.
For pT ≫ Qs we have r⊥ ≪ 1=Qs in Eq. (20), placing us

outside the saturation region. Using the approximation
from Eqs. (26) for the dipole amplitude, we see that
N ∝ A1=3, such that

dσ
d2pT

����
pT≫Qs

∝ A ð35Þ

after we integrate over the impact parameters b between the
dipole and the nucleus.

For low momenta, pT ≲Qs (while still pT ≫ ΛQCD with
ΛQCD the QCD confinement scale), we have the typical
r⊥ ∼ 1=pT ≳ 1=Qs, such that the r⊥ integral in Eq. (20) is
largely inside the saturation region. We then apply the
approximation N ≈ 1 in Eq. (20) [see (28)] to obtain

dσ
d2pT

����
pT≲Qs

∝ A2=3 ð36Þ

after integration over b. The results in Eqs. (35) and (36) are
consistent with the expectations of saturation physics for
particle production in dilute-dense scattering, like the
proton-nucleus collisions considered in [49]. Similar to
the elastic vector meson production process considered
above, saturation effects tend to reduce the power of A for
the inclusive production cross section as well.

3. A-scaling for the double ratio for J=ψ and ρ production

Let us first summarize our results for the elastic vector
meson production and the inelastic hadron/jet production,
before constructing cross section ratios. The elastic vector
production cross section scales approximately as

σγ
�A→VA
el ∝

�
A4=3; outside the saturation region;

A2=3; inside the saturation region:
ð37Þ

Here transition in or out of the saturation region is obtained
by varying A and/or the typical dipole size r⊥. The latter is
varied in UPCs by choosing different-size vector mesons,
with J=ψ being smaller than ρ. The inelastic cross section
has an A scaling that is dependent on the transverse
momentum pT of the produced quark:

dσ
d2pT

∝
�
A; pT ≫ Qs;

A2=3; pT ≪ Qs:
ð38Þ

The transition into the saturation regime depends on the
value of pT compared toQs, with the latter depending on A
as well.
Taking the ratio of the elastic vector meson production

cross section to the inelastic hadron/jet production cross
section, we have the following results. For J=ψ production,
assuming that J=ψ is small enough for the process to be
outside the saturation region, we first define and calculate
the single ratio

RJ=ψ
1 ðAÞ≡ σγ

�A→J=ψA
el

dσ
d2pT

∝
�
A

1
3; pT ≫ Qs;

A
2
3; pT ≪ Qs:

ð39Þ

If we take the double ratio proposed in Eq. (3), the
prefactors which depend on pT only would mostly drop
out (given that we evaluate the inelastic cross sections at the
same pT), and we obtain the following A scaling for RUPC,

1 5 10 50 100
A1000

5000

1 104

5 104

1 105

production cross section as a function of A

FIG. 8. A log-log plot of the elastic ρ production cross section
versus the atomic number A of the target nucleus. The quasi-
classical dipole amplitude used here is given in Eq. (33).
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RJ=ψ
UPC ≡ RJ=ψ

1 ðAÞ
RJ=ψ
1 ðpÞ

¼
�
A

1
3; pT ≫ Qs;

A
2
3; pT ≪ Qs:

ð40Þ

We see that inside the saturation region for the inclusive
cross section (pT ≪ Qs), the A scaling of RJ=ψ

UPC comes
with a higher power of A than outside the saturation
region (pT ≫ Qs).
For the ρ meson production, assuming it is large enough

for its elastic production cross section to mainly probe the
saturation region, we have the following double ratio due to
a different A scaling in the elastic process:

Rρ
UPC ¼

�
A−1

3; pT ≫ Qs;

A0 ¼ 1; pT ≪ Qs:
ð41Þ

Again, we see that the power of A is lower outside the
saturation region, by the same amount of 1=3 as in Eq. (40).
Note also, that in going from J=ψ to the larger ρ meson,

the powers of A decreased in RUPC. So the double ratio
appears to be sensitive to how one approaches the satu-
ration region: while lowering pT leads to the double ratio
having a higher power of A, increasing the dipole (meson)
size leads to a decrease of the double ratio for the same A
and pT .
A plot of our result for RUPC in Eqs. (40) and (41) is

shown in Fig. 9, demonstrating different A dependence of
the double ratio for J=ψ and ρ mesons. Note that a more
careful numerical evaluation of the double ratio, akin to that
done in Figs. 7 and 8, is left for future work: for the realistic
inelastic hadron production cross section one would need to
augment Eq. (20) by the fragmentation functions. In RHIC
kinematics, large-x effects may need to be included as well,
for the higher pT values. Additionally, small-x evolution
has to be included into the dipole amplitude N for very
small x values, as reached in the forward direction at RHIC

and LHC. This is what we will do next, to test the validity
of our conclusions here.

B. Double ratio with small-x evolution

1. Elastic vector meson production

The results of Sec. IVA, given by Eqs. (40) and (41),
were obtained using the quasiclassical dipole scattering
amplitude (22). However, in practice, radiative corrections
need to be incorporated if one wants to obtain a more
realistic result, especially at small x. In the dipole picture,
where the color dipole collides with the target nucleus, the
dipole radiates gluons during the process if there is a
sufficient scattering energy available. These gluon emis-
sions/absorptions result in corrections to the dipole ampli-
tude Nðr;b; YÞ that are described by the BK/JIMWLK
evolution equations [15–24], making Nðr;b; YÞ depend on
the rapidity interval Y between the dipole and the target
nucleus. One consequence of the BK evolution is the
extended geometric scaling behavior outside the saturation
region (see [51,52,75,76]) and the geometric scaling
behavior inside the saturation region (see [77]). Outside
the saturation region in the extended geometric region the
dipole amplitude takes the form [53]

Nðr;b; YÞ ∝ ½r2⊥Q2
sðb; YÞ�γcr ; ð42Þ

where γcr ≈ 0.6275 is the solution of

χðγcrÞ ¼ γcr
dχðγcrÞ
dγcr

ð43Þ

with χðγÞ being the eigenvalue of the LO BFKL kernel
given by

50 100 150 200
A

0.5

1

5

10

RUPC

FIG. 9. A plot of our approximate estimates for the double ratio RUPC as a function of A, with RUPC given by Eqs. (40) and (41) in the
quasiclassical approximation.
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χðγÞ ¼ 2ψð1Þ − ψðγÞ − ψð1 − γÞ; where ψðγÞ ¼ Γ0ðγÞ
ΓðγÞ :

ð44Þ

With the small-x evolution included, the saturation scaleQs
is now a function of rapidity Y given by

Qsðb; YÞ ¼ QsðbÞ exp
�
αsNc

π

χðγcrÞ
2γcr

Y

�

≈QsðbÞ exp
�
2.44

αsNc

π
Y

�
; ð45Þ

where QsðbÞ is the quasiclassical saturation scale from
Eq. (34) in Sec. IVA. Note that we still have Qsðb; YÞ2 ∝
A1=3. We see that Nðr;b; YÞ in Eq. (42) depends only on the
combined quantity r⊥Qsðb; YÞ, instead of depending on two
variables r⊥ andY separately, a behavior knownas geometric
scaling [51–53,75–78]. Note that our treatment of the impact
parameter b dependence of the saturation scale is approxi-
mate [79–84], but should suffice in the spirit of our mainly
qualitative arguments here.
Deep inside the saturation region, the dipole amplitude is

given by the Levin-Tuchin (LT) formula [77],

Nðr;b; YÞ ¼ 1 − S0 exp

�
−

γcr
2χðγcrÞ

ln2½r2⊥Q2
sðb; YÞ�

	
;

ð46Þ

where S0 is a constant specified along the saturation
boundary curve r⊥ ¼ 1=Qsðb; YÞ. Again, we see the geo-
metric scaling behavior: Nðr;b; YÞ depends only on the
combined quantity r⊥Qsðb; YÞ. For a detailed discussion
and derivation of these scaling results see Chapter 4.5
in [7].

Let us now examine theA dependence of the elastic vector
meson production in UPCs, if we use the dipole amplitude in
the scaling region, given by either Eq. (42) or Eq. (46), in
Eq. (17). Going back to Eq. (17), with the dipole amplitude
now depending on Y, we apply the same arguments as in
Sec. IVA. We divide the integration over r⊥ and r0⊥ into
three regions: (i) r⊥; r0⊥ ≪ 1=Qs, (ii) r⊥; r0⊥ ≳ 1=Qs,
(iii) r⊥ ≪ 1=Qs; r0⊥ ≳ 1=Qs or vice versa. For J=ψ produc-
tion, assuming it is small enough to be entirely outside the
saturation region, the integral in Eq. (17) is dominated by
region (i), so we use Eq. (42) to approximate the dipole
amplitude Nðr;b; YÞ. Since Q2

sðb; YÞ ∝ A1=3, we have
N ∼ Aγcr=3, such that σγ

�A→J=ψA
el ∝ A

2
3
ð1þγcrÞ. For ρ produc-

tion, assuming the dipole is large enough to be inside the
saturation region, the integral in Eq. (17) is dominated by
region (ii), so we use the approximation that Nðr;b; YÞ ≈ 1
(instead of the LT formula) for convenience. We would then
have σγ

�A→ρA
el ∝ A

2
3, the same as in the quasiclassical regime

of Sec. IVA.
Since the r⊥; r0⊥ integrals in Eq. (17) run over the entire

range of r⊥; r0⊥ ∈ ½0;∞�, we would like to perform a
numerical integration to obtain a more precise estimate
of the A scaling for the elastic cross sections. This time, we
use a dipole amplitude that is a solution of the BK evolution
equation. Unfortunately, the exact analytic solution to the
BK equation is not known, so we have to either solve the
BK equation numerically, or resort to an approximation. In
our present exploratory study, we choose the latter, and
approximate the dipole scattering amplitude by piecing
together the extended geometric scaling behavior for-
mula (42) outside the saturation region (r⊥ ≲ 1=Qs) with
the LT formula (46) inside the saturated regime
(r⊥ ≳ 1=Qs). In addition, we require the dipole amplitude
to be continuous at r⊥ ¼ 1=Qs. We thus write

Nðr;b; YÞ ¼ ð1 − S0Þ½r2⊥Q2
sðb; YÞ�γcrθð1 − r⊥Qsðb; YÞÞ

þ
�
1 − S0 exp

�
−

γcr
2χðγcrÞ

ln2½r2⊥Q2
sðb; YÞ�

	�
θðr⊥Qsðb; YÞ − 1Þ: ð47Þ

Here S0 is some constant determined by the initial con-
dition for the forward scattering amplitude. Since the curve
QsðYÞ which describes the rapidity dependence of the
saturation scale Qs is determined by requiring the dipole
amplitude Nð1=QsðYÞ; YÞ to be constant along this curve,
we have the freedom to choose what this constant value is
as long as it is of the order of 1. This, in turn, leads to the
freedom in S0. A typical choice of S0 motivated by the
GGM/MV model [cf. Eq. (22)] is to take S0 ¼ e−

1
4. Using

this S0 in Eq. (47) and employing the resulting dipole
amplitude to perform the numerical integrations in Eq. (17)
lead to the log-log plot of J=ψ elastic production cross

section versus A depicted in Fig. 10 for a sample of small x
values, x ¼ f10−2; 10−3; 10−4; 10−5g. The saturation scale
is given by Eq. (45) with QsðbÞ from Eq. (34). We
put αs ¼ 0.12 in Eq. (45) to account for the effects of
higher-order corrections on the x dependence of the
saturation scale in our leading-order formalism. [Note that
here Y ¼ lnðx0=xÞ with x0 ¼ 2 × 10−3.]
In Fig. 10 we see the expected trend of the scattering

cross section increasing with increasing scattering energy
(with decreasing x). The slopes α from Eq. (32), calculated
again using pairs of adjacent data points in Fig. 10, are
summarized in Table II. We observe that the slope at larger
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values of x, x ¼ 10−2 or x ¼ 10−3, is very close to the
estimated value of 2

3
ð1þ γcrÞ ≈ 1.085 in region (i) consid-

ered above (outside of the saturation region), indicating that
the elastic J=ψ production process for larger x is indeed
nonsaturated in our picture, but is still inside the geometric
scaling region. However, as we go to lower x, the scaling
power α decreases significantly, becoming much smaller
than in the quasiclassical case, while still remaining
significantly above the fully saturated value of 2=3. This
implies that the increase of Qs at small x moves the J=ψ
production process more into the saturated region.
Performing a similar numerical integration by using the

amplitude (47) in Eq. (17), but now for the elastic ρ meson
production yields the log-log plot shown in Fig. 11. The
slope of the data points is summarized in Table III. The
scaling powers α are smaller than those for J=ψ production,
which is expected since saturation effects are stronger for
the larger mesons like ρ. For small x values such as
x ¼ 10−5, the slope is very close to the 2=3 scaling power
for a fully saturated process [region (ii) above]. However
for larger x, even for x ¼ 10−3, it deviates quite noticeably
from the above estimate of α ¼ 2=3 for a perfectly saturated

process, and α is larger than that extracted from Fig. 8 for
the quasiclassical case. This is because Nðr;b; YÞ
approaches 1 more slowly in the LT formula [cf. Eq. (46)]
than in the quasiclassical case [cf. Eq. (33)]: in the latter case,
N approaches 1 exponentially in r2⊥ instead of the exponen-
tial of ln2½r2⊥Q2

s � in the former case (the LT formula). Hence,
the saturation effects in terms of A scaling manifest them-
selves less when evolution corrections are included.
Still, the overall pattern for the elastic vector meson

production remains the same after inclusion of small-x
evolution corrections: the effect of saturation is to reduce
the power of A in the cross section. Again, this reduction
can be achieved by either increasing A or by increasing the
dipole size (in going from J=ψ to ρ). Additionally, with
small-x evolution included, the reduction of the power of A
can be achieved by going to smaller x.

2. Inclusive production cross section

Similar to what we did for the elastic vector meson
production, we can include small-x evolution in the
inclusive production cross section (20) by using the dipole
amplitude Nðr;b; YÞ given by the solution of the BK
equation. Again, we separately consider the pT ≫ Qs and
ΛQCD ≪ pT ≪ Qs cases.
Outside the saturation region, when pT ≫ Qs, the

contribution to the r⊥ integral in Eq. (20) mainly comes
from the region where r⊥ ≪ 1=pT ≪ 1=Qs, so we are in
the extended geometric scaling region. Hence we approxi-
mate Nðr;b; YÞ by Eq. (42), which leads to N ∝ A

1
3
γcr , and

consequently

dσ
d2pT

����
pT≫Qs

∝ A
2
3
þ1

3
γcr : ð48Þ
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FIG. 10. A log-log plot of the elastic J=ψ production cross section versus the atomic number A of the target nucleus for four different x
values, x ¼ f10−2; 10−3; 10−4; 10−5g. The dipole amplitude used here includes small-x evolution and is given in Eq. (47).

TABLE II. The effective scaling power α of A for the J=ψ
elastic production cross section (the slopes in Fig. 10) for
different x values: σγ

�A→J=ψA
el ∝ Aα.

x Slope at A ¼ 1 Slope at A ¼ 208

10−2 1.08 1.06
10−3 1.06 1.04
10−4 1.05 0.96
10−5 0.98 0.85
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Inside the saturation region, when ΛQCD ≪ pT ≪ Qs,
the contribution to the integral in Eq. (20) mainly comes
from the region where 1=Qs ≲ r⊥ ≲ 1=pT , so we are
probing the saturation region. Hence we approximate
Nðr;b; YÞ ≈ 1, and consequently

dσ
d2pT

����
pT≲Qs

∝ A2=3; ð49Þ

the same as in the quasiclassical case.

3. A scaling for the double ratio for J=ψ and ρ production

Let us combine the results above for the elastic vector
meson production and the inclusive hadron/jet production.
The analytic results of Sec. IV B 1 can be summarized as

σγ
�A→VA
el ∝

�
A

2
3
ð1þγcrÞ; outside the saturation region;

A
2
3; inside the saturation region:

ð50Þ

Similarly, the results of Sec. IV B 2 are

dσ
d2pT

∝
�
A

2
3
þ1

3
γcr ; pT ≫ Qs;

A
2
3; pT ≪ Qs:

ð51Þ

We see that when the small-x evolution is taken into
account, we have the following single ratio of the elastic
J=ψ production cross section to the inelastic jet/hadron
production cross section:

RJ=ψ
1 ðAÞ ¼ σγ

�A→J=ψA
el

dσ
d2pT

∝
�
A

1
3
γcr ; pT ≫ Qs;

A
2
3
γcr ; pT ≪ Qs:

ð52Þ

Taking the double ratio gives

RJ=ψ
UPC ¼

�
A

1
3
γcr ; pT ≫ Qs;

A
2
3
γcr ; pT ≪ Qs:

ð53Þ

For the ρ meson, the double ratio now is

Rρ
UPC ¼

�
A−1

3
γcr ; pT ≫ Qs;

A0 ¼ 1; pT ≪ Qs:
ð54Þ

Using γcr ¼ 0.6275, we plot our results from Eqs. (53)
and (54) for RUPC versus A in Fig. 12. Figure 12 is
qualitatively similar to Fig. 9, with the somewhat lower
powers of A for some of the curves in Fig. 12. Further
phenomenological analysis of the double ratio, which may
involve solving the evolution equations at next-to-leading
(NLO) order [85–88], along with constructing NLO
expressions for the corresponding elastic and inclusive
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production cross section as a function of A
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FIG. 11. A log-log plot of the elastic ρ meson production cross section as a function of the atomic number A of the target nucleus for
four different x values, x ¼ f10−2; 10−3; 10−4; 10−5g. The dipole amplitude used here includes small-x evolution and is given
in Eq. (47).

TABLE III. The effective scaling power α of A for the ρ meson
elastic production cross section (the slopes in Fig. 11) for
different x values: σγ

�A→ρA
el ∝ Aα.

x Slope at A ¼ 1 Slope at A ¼ 208

10−2 1.03 0.90
10−3 0.92 0.79
10−4 0.80 0.72
10−5 0.73 0.69
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cross sections (see, e.g., [89]), is left for the future work
improving on our present exploratory study.

V. FUTURE OPPORTUNITIES AT RHIC AND LHC

In the near term at RHIC, there are two running
experiments, sPHENIX and STAR, taking high-luminosity
Auþ Au and pþ p data at 200 GeV center-of-mass energy
for Run 2024 and Run 2025. There is a possibility of a
pþ Au run in 2024, if conditions allow, which will be
valuable for the baseline measurement of scattering on the
proton. (Note that STAR performed a dþ Au UPC J=ψ
measurement [90], but the data do not have a dedicated jet
trigger.) These two runs will provide the highest-statistics
UPC samples for the entire RHIC era.
Specifically, the sPHENIX experiment is a brand new

detector with the capability of performing UPC measure-
ments, while the STAR experiment has a well-established
UPC program, and the newly installed forward detector
system will provide a large extension in the kinematic
phase space for UPCs. The advantage of UPC measure-
ments at RHIC is the unique kinematics that transitions
from high x to low x, where saturation physics is expected
to start playing a role (x < 0.01). Furthermore, with the
extension of the STAR forward rapidity coverage, meas-
urement of the UPC jet or semi-inclusive hadron photo-
production events may become possible with dedicated
triggers. Together with VM production, e.g., ρ and J=ψ , the
single and double ratio observables we proposed here can
be measured experimentally. Due to the excellent tracking
system in STAR, it is possible to measure the photo-
production of ϕ meson with soft kaon decays for the first
time (average momentum for the kaon daughter is around
100 MeV=c), which will provide an extra handle on the
mass or dipole size dependence of our proposed
observables.
At the LHC, the Run 3 has just started with three heavy-

ion runs scheduled. All four LHC experiments have been

participating in UPC measurements [31,91–99]. Due to the
higher center-of-mass energy, the kinematic phase space for
most experiments is expected to be deep into the saturation
regime. There is even a hint of saturation phenomenon
recently reported by the CMS experiment [29], although
the interpretation is not entirely clear. The ATLAS experi-
ment, although it has not yet reported any VM photo-
production measurement, has pioneered UPC jets study in
the past years based on the data from Run 2. There is a good
experimental opportunity for the ATLAS experiment to
simultaneously measure elastic VM and inclusive jet
productions in UPCs to study the single and double ratios
proposed in this paper. In addition, an oxygen-oxygen
collision run is possible at the LHC in Run 3, which would
provide an extra point in the A-dependent (A ¼ 16) UPC
measurement. In the longer term, when the LHC Run-4
data will become available, there will be still a few years
before the operation of the EIC. At Run-4, the ALICE
experiment may have a forward calorimeter upgrade [100]
that will be able to probe x down to x ∼ 10−6. This will be
another great opportunity for testing our proposed mea-
surements quantitatively.

VI. SUMMARY AND OUTLOOK

In this paper, inspired by the double ratio of the
diffractive to total cross section in DIS to be measured
at the EIC [9], we have proposed a novel double ratio,
RUPCðAÞ in Eq. (3), that is also sensitive to saturation
effects and can be measured in the UPCs at RHIC and
LHC. More precisely, we have performed a calculation of
RUPCðAÞ for J=ψ and ρ meson production in the saturation
framework. Within this framework, we have considered the
quasiclassical approximation first, and included the small-x
evolution later. Our results for the double ratios are given in
Eqs. (40) and (41) in the quasiclassical case and by
Eqs. (53) and (54) for the small-x evolution case. In both
calculations, we observe a different dependence of

50 100 150 200
A

0.5

1

5

10

RUPC

FIG. 12. The double ratio RUPC plotted versus A for the case where we include LO small-x evolution into the elastic and inclusive cross
sections. The figure illustrates the results in Eqs. (53) and (54).
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RUPCðAÞ on the atomic number A inside and outside the
saturation region.
Whether we are probing the physics inside or outside the

saturation region is determined by the transverse momen-
tum pT of the hadron or jet: for pT ≲Qs the inclusive
production cross section in the denominator of the single
ratio R1 [defined in Eq. (39)] is largely probing the physics
inside the saturation region, while for pT ≫ Qs it is
probing the physics outside the saturation region. The size
of the produced meson in the elastic cross section also
affects whether saturation region is probed or not in the
elastic cross section in the numerator of R1. In the case of a
relatively compact meson production, for J=ψ, the double
ratio RUPCðAÞ grows faster with A inside the saturation
region (pT ≲Qs) than outside (pT > Qs), as follows from
Eqs. (40) and (53). For a larger meson, like ρ, the double
ratio RUPCðAÞ decreases with A outside the saturation
region (pT > Qs), and remains relatively flat in A inside
the saturation region (pT ≲Qs), as per Eqs. (41) and (54).
If our, admittedly preliminary, estimates are confirmed

by the future more detailed calculations, possibly involving
NLO corrections to the cross sections and evolution
equations, then one may be able to conclude that the A
dependence of RUPCðAÞ would be a novel signal of
saturation physics, to be explored in the current and future
UPC measurements at RHIC and LHC.
To prepare for the future experiments and to make sure

the behavior predicted here is unique to saturation physics,
one has to compare the saturation predictions for RUPC to
those coming from other calculations. In particular, similar
to [9], one may consider the LTS model [45–48]. While our
RUPCðAÞ has not been calculated in the LTS model yet, a
similar (single) ratio of the diffractive to inclusive dijet
production cross sections in UPCs was studied recently in
[101]. The conclusion of [101] appears to indicate that the
diffractive to inclusive dijet ratio in the LTS picture
decreases with the atomic number A when comparing
ultraperipheral pþ p and Aþ A collisions. This means

that the corresponding double ratio, if constructed, would
be smaller than 1 and decreasing with A. This appears to be
different from the A dependence we obtained above for
RUPC in most (though not all) regimes considered, making
us cautiously optimistic that an LTS-based calculation for
RUPC would lead to a significantly different A dependence
from that in the saturation picture, potentially allowing one
to distinguish between the two approaches using the future
UPCs data.

ACKNOWLEDGMENTS

The authors would like to thank Peter Steinberg for
information about the UPC program in the ATLAS experi-
ment. We would like to thank the Brookhaven EIC group
for general discussion on UPCs and saturation physics.
This material is based upon work supported by the U.S.
Department of Energy, Office of Science, Office of Nuclear
Physics under Award No. DE-SC0004286 and the work
performed within the framework of the Saturated Glue
(SURGE) Topical Theory Collaboration (Y. K. and H. S.).
The work of Z. T. is supported by the U.S. Department of
Energy under Award No. DE-SC0012704 and the
Laboratory Directed Research LDRD-23-050 project.

APPENDIX: CALCULATIONAL DETAILS

Using the following integral formulas,

Z
d2q⊥

q2⊥ þ a2f
eiq·x ¼ 2πK0ðafx⊥Þ; ðA1aÞ

Z
d2q⊥

q
q2⊥ þ a2f

eiq·x ¼ 2πiafK1ðafx⊥Þ
x
x⊥

; ðA1bÞ

we can perform some of the integrals in Eq. (19) term by
term:

Z
d2x0⊥d2y⊥eip·ðx

0−yÞ
Z

d2x⊥e−ip·ðx−yÞ
�
½z2 þ ð1 − zÞ2�a2fK1ðjx0 − yjafÞ

x0 − y
jx0 − yj ·

1

2πiaf

×
Z

d2q⊥
q

q2⊥ þ a2f
eiq·ðx−yÞ þm2

fK0ðjx0 − yjafÞ
1

2π

Z
d2q⊥

q2⊥ þ a2f
eiq·ðx−yÞ

	
N

�
x0 − y;

x0 þ y
2

; Y

�

¼
Z

d2x0⊥d2y⊥eip·ðx
0−yÞ

�
½z2 þ ð1 − zÞ2�afK1ðjx0 − yjafÞð−2πiÞ

p · ðx0 − yÞ
ðp2⊥ þ a2fÞjx0 − yj

þ 2πm2
f

p2⊥ þ a2f
K0ðjx0 − yjafÞ

	
N

�
x0 − y;

x0 þ y
2

; Y

�

¼ 2π

Z
d2x⊥d2x0⊥e−ip·ðx−x

0Þ
�
½z2 þ ð1 − zÞ2�afK1ðjx − x0jafÞi

p · ðx − x0Þ
ðp2⊥ þ a2fÞjx − x0j þ

m2
f

p2⊥ þ a2f
K0ðjx − x0jafÞ

	

× N

�
x0 − x;

xþ x0

2
; Y

�
; ðA2aÞ
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Z
d2x⊥d2y⊥e−ip·ðx−yÞ

Z
d2x0⊥eip·ðx

0−yÞ
�
½z2 þ ð1 − zÞ2�a2fK1ðjx − yjafÞ

x − y
jx − yj ·

1

2πiaf

×
Z

d2q⊥
q

q2⊥ þ a2f
eiq·ðx0−yÞ þm2

fK0ðjx − yjafÞ
1

2π

Z
d2q⊥

q2⊥ þ a2f
eiq·ðx0−yÞ

	
N

�
x − y;

xþ y
2

; Y

�

¼
Z

d2x⊥d2y⊥e−ip·ðx−yÞ
�
½z2 þ ð1 − zÞ2�afK1ðjx − yjafÞð2πiÞ

p · ðx − yÞ
ðp2⊥ þ a2fÞjx − yj þ

2πm2
f

p2⊥ þ a2f
K0ðjx − yjafÞ

	

× N

�
x − y;

xþ y
2

; Y

�

¼ 2π

Z
d2x0d2x0⊥e−ip·ðx−x

0Þ
�
½z2 þ ð1 − zÞ2�afK1ðjx − x0jafÞi

p · ðx − x0Þ
ðp2⊥ þ a2fÞjx − x0j þ

m2
f

p2⊥ þ a2f
K0ðjx − x0jafÞ

	

× N

�
x − x0;

xþ x0

2
; Y

�
; ðA2bÞ

Z
d2x⊥d2x0⊥e−ip·ðx−x

0Þ
Z

d2y⊥
�
½z2 þ ð1 − zÞ2�a2f

�
1

2πiaf

�
2
Z

d2q⊥
q

q2⊥ þ a2f
eiq·ðx−yÞ

×
Z

d2q0⊥
q0

q02⊥ þ a2f
eiq

0·ðx0−yÞþm2
f

�
1

2π

�
2
Z

d2q⊥
q2⊥ þ a2f

eiq·ðx−yÞ
Z

d2q0⊥
q02⊥ þ a2f

eiq
0·ðx0−yÞ

	
N

�
x − x0;

xþ x0

2
; Y

�

¼
Z

d2x⊥d2x0⊥e−ip·ðx−x
0Þ
�
½z2 þ ð1 − zÞ2�

Z
d2q⊥

q2⊥
ðq2⊥ þ a2fÞ2

eiq·ðx−x0Þ þm2
f

Z
d2q⊥

ðq2⊥ þ a2fÞ2
eiq·ðx−x0Þ

	

× N

�
x − x0;

xþ x0

2
; Y

�

¼
Z

d2x⊥d2x0⊥e−ip·ðx−x
0Þf½z2 þ ð1 − zÞ2�π½2K0ðjx − x0jafÞ − jx − x0jafK1ðjx − x0jafÞ�

þm2
f
πjx − x0j

af
K1ðjx − x0jafÞ

	
N

�
x − x0;

xþ x0

2
; Y

�
: ðA2cÞ

Substituting Eqs. (A2) into Eq. (19), relabeling variables appropriately, and employing Eq. (21) leads to Eq. (20).
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