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In this work, we calculate the magnetic moment and axial charge of the octet hidden-charm molecular
pentaquark family in quark model. The Coleman-Glashow sum rule for the magnetic moments of
pentaquark family is always fulfilled independently of SU(3) symmetry breaking. In the 8, flavor
representation, the magnetic moments of hidden-charm molecular pentaquark states with spin configu-
ration J* = %‘ (%* ® 07) are all equal to . = 0.38uy. The axial charges of octet hidden-charm molecular
pentaquark states are quite small compared to the axial charge of nucleon. The axial charges of the

pentaquark states with the spin configuration J* = %‘(%* ® 07) in 8, flavor representation are all zero.
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I. INTRODUCTION

In order to classify hadrons constantly discovered in
experiments, Gell-Mann [1] proposed a set of correct and
effective classification in 1964, called the quark model. The
model divides hadrons into singlet, octet, and decuplets
under SU(3) symmetry. Theorists predicted the existence
of multiquark states after the establishment of the quark
model. So far, many multiquark states including pentaquark
and tetraquark states have been observed in different
experiments [2—10]. We use the new naming scheme for
the representation of pentaquarks in this paper [11].

In 2015, the hidden-charm pentaquark state was firstly
observed by LHCb Collaboration in the A) — J/wK™p
decay. Two candidates of the hidden-charm pentaquark
states were announced as P}/ (4380)" and P}/ (4450)" [6].
In 2019, three new pentaquark states P{),f (4312)%,
PJJ(4440)*, and P}y (4457)", were reported in the updated
analyses of the LHCb Collaboration [7]. The PJ)(4450)"
reported earlier is split into two peaks corresponding to the
P}J(4440)* and the P} (4457)". In 2020, the LHCb Colla-
boration observed the hidden-charm strange pentaquark
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state Pl(4459)° in the J/wA mass spectrum through an
amplitude analysis of the Z; — J/wAK~ decay [8]. In
2021, a new pentaquark structure Piy (4337)" was observed

by the LHCb Collaboration in the BY — J/y pp decay [9].
Recently, the LHCb collaboration observed a new structure
P} (4338)% in the B~ — J/wAp decay [10].

With the discovery of the hidden-charm pentaquark
states in the experiments, many theorists have predicted
the spin-parity quantum numbers of the hidden-charm
pentaquark states [12-21], although the reliable informa-
tion about their spin-parity has been unavailable until now.
The near-threshold behaviors of these states in Table I
indicate that those candidates of the hidden-charm penta-
quark states can be explained as the molecular state
belonging to the octet in the quark model. It is reasonable
to speculate that the remaining hidden-charm pentaquark
states will be observed in the coming future.

In hadron physics, it is interesting and important to
investigate the properties of the hidden-charm pentaquark
family in molecular models, which provides useful clues
about the internal structure of the pentaquark states. The
electromagnetic properties of hadrons are crucial for under-
standing their strong interactions and structure, which
help to gain insight into QCD in the low-energy regime.
The magnetic moment of hadrons encodes important
details about the internal charge and magnetization dis-
tributions. In Refs. [22-24], the authors calculated the
magnetic moments of hidden-charm pentaquark states with
JP = 1% 3% 3% ‘and 7" in quark model. In Refs. [21,25,26],
within the framework of QCD light cone sum rules,
the authors extracted the magnetic dipole moment of
the PJ(4312)", PJ(4440)", PJ(4457)%, Py (4380)7,
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TABLE I. Properties of the hidden-charm pentaquark states.
Pentaquarks ~ Masses (MeV) Widths (MeV) Near thresholds
PY(4380)*  4380+£8+29 205+ 18486 =D
Py(4312)Y  4311.94£0.775% 9.8 +£2.77}] =D
P)(4440)" 44403 £ 1.3 20.6 £4.955, z.D*

Py (4457)" 44573 £0.6117 6.4 +2.077 x.D*
PY(4337)* 4337371122 29420414 A.D*

P} (4459)°  4458.8 £2.971] 173 +£6.5159 E.D*
P(4338)° 43382+0.7+04 70+12+1.3 E.D

and PJ(4459)° pentaquark states in the molecular and
diquark-diquark-antiquark models. In Ref. [27], the authors
obtained the ground state of hidden-charm pentaquark
states with J¥ = %‘ quantum numbers as well as the related
magnetic dipole moment and electromagnetic coupling
constant, which is significant for quark-model-driven
pentaquark photoproduction experiments.

The axial charge g, of baryons is a fundamental quantity
for understanding the electroweak and strong interactions
in standard model [28,29]. It not only controls weak
interaction processes, such as f decay, but also intertwines
weak and strong interactions. The Goldberger-Treiman
relation [30], g4 = f.9.nvn/Mpy, reflects this most clearly.
When the 7 decay constant f, and nucleon mass My are
given, the ZNN coupling constant g,y 1S proportional to
ga- Therefore, the correlation between z degrees of freedom
and axial charges is closely related to hadron physics. g4
also represent an indicator of nonperturbative QCD chiral
symmetry breaking, thus, the axial charge is an important
parameter in low-energy effective theories. Therefore,
investigating the axial charge of the octet hidden-charm
pentaquark family can serve as another effective approach
independent of the magnetic moment.

Studying the magnetic moment and axial charge of
pentaquark hadrons is so important that they provide
insight into the internal structure and the interactions
between constituent quarks, which help to understand
the fundamental strong force that binds quarks together
to hadrons. With the continuous advancement of the
experimental process in the future, discoveries of the octet
hidden-charm molecular pentaquark family are no longer
far away; researchers will be more eager to explore
information about internal structure of the pentaquark
states, and research on magnetic moment and axial charge
can provide a large amount of data reference for this.
Therefore, in this paper, we calculate the magnetic moment
and axial charge of the octet hidden-charm molecular
pentaquark states with quark model.

The remainder of this paper is organized as follows. In
Sec. II, we introduce the wave function in molecular model,
while in Sec. III, we calculate the magnetic moment of octet
hidden-charm molecular pentaquark family. In Sec. IV, we

calculate the axial charge of octet hidden-charm molecular
pentaquark family. Section V summarizes this work.

II. WAVE FUNCTIONS

The wave function ¥ of the hadron state is a prerequisite
for exploring its electromagnetic properties. The overall
wave function of the hadron state is composed of the flavor
wave function y,yor, Spin wave function yp,, color wave
function &0, and space wave function 7y, composition.
The specific representation is

Y= Y flavor ® Zspin ® écolor ® nspace- (1)

The Fermi statistic requires the overall wave function to
be antisymmetric. Due to the color wave function &, 1S
antisymmetric and the space wave function 7. 18
symmetric in the ground state, we need to consider the
symmetry requirement of the flavor-spin wave function
when calculating the magnetic moment.

The hidden-charm pentaquark family in the molecular
model is composed of the corresponding singly charmed
baryons and anticharmed mesons. Singly charmed baryons
can be obtained from light baryons under SU(3) symmetry
by substituting a light quark for a charm quark. The two
light quarks in the singly charmed baryons can be sym-
metrical or antisymmetrical. In the former case, the flavor
of the singly charmed baryons belongs to 6, and it can
form 10, and 8,; with the anticharmed meson(3y). In the
latter case, the flavor of the singly charmed baryons
belongs to 3f, which can form 8,; and 1, with anticharm
meson (3 f). We obtain the direct product 3® 3 ® 3 =
1@ 8, @ 8, d 10. The hidden-charm pentaquark states
which have been observed so far are likely to belong to the
octet states. Therefore, it is very meaningful to study the
properties of the octet hidden-charm molecular penta-
quark states. These octet hidden-charm molecular penta-

quark states have three spin configurations J* (J 1};” QRJ 5{”):
F©07), (4 ® 1), and (1 @ 1), where /7 s

FIG. 1. The octet baryons with J* = 1 under SU(3) symmetry
become singly charmed baryons by replacing a light quark with a
charmed quark.
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FIG. 2. The anticharmed mesons are composed of a anticharm
quark and a light quark.

the total spin of pentaquark states, and szvb Q® Jhr are
corresponding to the angular momentum and parity of
baryon and meson, respectively.

In Fig. 1, we show that the octet baryons with J* =1
become singly charmed baryons by replacing a light quark
with a charmed quark. In Fig. 2, anticharmed mesons are
composed of a anticharm quark and a light quark. In
Table II, we show that the flavor wave functions ., and
the spin wave functions y, of the S-wave singly charmed
baryons. In Table III, we show that the flavor wave

TABLE II.  The flavor wave functions yg,,., and the spin wave
functions y i, of the S-wave singly charmed baryon. Here, S and
S5 are the spin and its third component, while the arrow denotes
the third component of the quark spin.

TABLEIII.  The flavor wave functions y,,., and the spin wave
functions y i, of the S-wave anticharmed mesons. Here, S and S3
are the spin and its third component, while the arrow denotes the
third component of the quark spin.

Mesons > Y flavor ® X spin
DO 0,0) cu® (M =11
D~ 0,0) td® (1 —11)
Dy 10.0) &s® 5t —11)
D0 [1,1) cu®TT
|1.0) cu® 5 (t+11)
[1,-1) cu®¢l,
D~ [1,1) Ed®TT
|1.0) ed® (1t +11)
[1,-1) cd®i,¢
Dy~ |1,1) Z’S®TT
|1.0) & ® 75 (M +11)
[1,-1) cs®i,$

TABLE IV. The expressions for different flavor wave function
of the octet hidden-charm molecular pentaquark states under
SU(3) symmetry in the molecular model.

Baryons |S, S3) Whtavor & Xspin States Flavor Wave functions

ras 33 uuc ® (M) = 11 = 11) Py 8is _\/%2C+D(*>0+\/%2;r+p(*)—
3= wue ® L (M) + 11 —2401) 8, AFDEO

7 330 5lude +duc) ® = (2111 — It = 111) Py 8,/ \/zﬂ) \/Zom
5.=%) J5(ude+duc) ® (ML + 11 —2011) - A D)

= LY dde® (2110 - 111 =111 pEt g .
Lo dde® (4 + 1L -2001) ) VED _ﬂ% el

2f

B LY Lwsetsue) @ LML -1, . )

h-h lwsctsue) @ (ML +irL =200 Vo REED gDt - izl
8 3 — *)— =0 D (x

2 b et sdo) @ HEML - I - 1) ” VEEEDO D
5= B(dsc+sde) ® LML+ 1L -2041)  p 81/ D \ﬂ:fob(*)o

Q) LD sse® 2110 = 11 = 111) 8 izt pl - 100 - fins Dl
L-d) sse® <m+m 2041) - . Vi Ve {

S 1Y leemsw @ 51—t y ﬁEQ"D(:‘(fz?DJ
L2 L (use —sue) ® 1 (1)) — 1) Bos =D

NO = %)

=0 LY d(dse - sde) ® L (111 - 111) Pow By ViEor” / Qe
5.-1) J5(dsc—sde) @ (1l - 1) 82 Sl

ALY b(ude - due) ® (111 - 411) Py B ViEDY” — fiop-
5.=2) 5 (ude —duc) @ 5 (11— 1)) 85y 20D~
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functions i, and the spin wave functions ypy, of the
S-wave anticharmed mesons. We list the expression for the
flavor wave function of the hidden-charm molecular
pentaquark under SU(3) symmetry in Table IV.

III. MAGNETIC MOMENTS OF THE OCTET
HIDDEN-CHARM MOLECULAR
PENTAQUARK FAMILY

In this section, we adopt the constituent quark model to
obtain the magnetic moment of hadrons. The constituent
quark model was extensively applied to study various pro-
perties of the hadronic states in the past decades [31-33],
while the magnetic moments of the hadronic molecular states
are focused [34—41]. Magnetic moments of the hadron states
are composed of two parts; the spin magnetic moment pp,
and the orbital magnetic moment p ;a1

M = Hspin + Horbital - (2)

In this work, we focus on the S-wave pentaquark states
composed of a singly charmed baryon and an anticharmed
meson in the molecular model. Thence, the orbital magnetic
moment {4 between baryons and mesons will not be
considered in the following calculations.

At the quark level, the operators of the magnetic
moments are

. Qi .
Hspin = 22_A/Ii6i’ (3)

i

where Q;, M;, and 6; denote charge, mass, and Pauli’s spin
matrix of the ith quark, respectively.

The magnetic moments of the hidden-charm molecular
pentaquark states are closely related to the mag-
netic moments of the singly charmed baryons and the
magnetic moments of the anticharmed mesons. The mag-
netic moment of the S-wave molecular pentaquark states
include the sum of the baryon spin magnetic moment and
the meson spin magnetic moment,

ﬂ = :aB + i’zM’ (4)
where the subscripts B and M represent baryon and meson

respectively. At quark level, the magnetic moment of quark
can be obtained by the following matrix elements:

(atlalat) = o 5
q

(allilgl) = oot (©
q

the arrow stands for the third component of the quark spin.
As an example, we derive the magnetic moment of the X+
baryon as follows:

TABLE V. The magnetic moments of the singly charmed
baryons and anticharmed mesons, in unit of the nuclear magnetic
moment py.

Flavor Hadrons Expressions Results
6y ey S =, 2.36
b $Hu 3 Ha — S He 0.49
=0 %Iu —%luc -1.37
E“/cjL %ﬂu + %/’tr - %ﬂc 0.73
=0 2 42, -1 -1.13
—c 3Hd 3Hs —3Hc
Q(C) %/‘\ - %ﬂc -0.90
§f Ef He 0.38
=0 He 0.38
Af He 0.38
3; D0 My + Uz 1.48
D~ Ha + Uz —-1.31
D;~ s + e —0.96
(e ® @114 = 411 = 141)
Hstt = uuc —= - -
P \/6
. 1
X |fispin|uuc @ 76(2TN -t - NT)>
4 1
= g/‘u - g,uc- (7)

In Table V, we collect the magnetic moment expressions
and numerical results for singly charmed baryons and
anticharmed mesons, which are expressed as the combi-
nation of the magnetic moments of their constituent quarks.
In the numerical analysis, we take the constituent quark
masses as input [42],

m, = my = 0.336 GeV,
m, = 0.540 GeV,
m, = 1.660 GeV.

Based on the magnetic moments of the singly
charmed baryons and anticharmed mesons, we obtain
the magnetic moments of the octet hidden-charm
molecular pentaquark states. In Table VI, we present
the expressions and numerical results of the magnetic
moments of the S-wave octet hidden-charm molecular
pentaquark states.

The magnetic moment expressions of the hidden-
charm molecular pentaquark family are composed of the
magnetic moments of singly charmed baryons and
anticharmed mesons. Different angular momentum cou-
plings have different Clebsch-Gordan coefficients to
distinguish them. The magnetic moment corresponding
to the same S-wave molecular pentaquark states in the
8,y flavor representation and 8, flavor representation is

094027-4
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TABLE VI. The magnetic moments of the S-wave octet hidden-charm pentaquark family. The J,” ® Jhn are corresponding to the
angular momentum and parity of baryon and meson, respectively. The magnetic moment is in unit of the nuclear magnetic moment yy .
States J, P @ Jh 1(J7) Expressions (8;) Results Expressions (8,) Results
%+ ®1- %(%)_ _%:“Eﬁ —%ﬂzr +%/‘D*’ —|—%ybm -0.83 _%”A; +%/’£D*” 0.86

LG I VSt Ve Vo Tt 1.36 Har F Hp 1.86

Py’ Pe0 56T Shso + Shzs =075 Mt 0.38
el 3G)° —5Hs0 = sHs: T 5Hpo +5HDp- 0.62 —3Har +5HD- —1.00

LG R VS B VIS VI VI —~0.19 Ha: +HD- —0.93

Py, 3heo0” 1) Sy +sHey 1.81 He: 0.38
%+ ®1- 1(%)_ _%ﬂzz"* _éﬂiﬁ +%”D§’ +%ﬂ[_)*0 -0.70 —%/,{E:r +%/’£D*° 0.86

13)” Tusts iz +Fup- +Supo 1.67 p=s + i 1.86

PVZI(; %+ ® 0~ 1(%)_ %ﬂEL— =+ %/43:() + %ﬂzr 0.26 % =+ =+ 2/1~<> 0.38
;eI 1(3)” —3Hsr — fghzr — Tghan —0.49 —§Hzr — gH=0 +3Hp- +FHpo —0.07

+5HD:- +gHpo + gHD-
163)” Shs: k= +ghan +3up; —0.35 JHz: + =0 + 3Hp- 3 ppo 0.47
+HDo + M-

P 3T ®0° 1(3)" ks + 3z -1.29 Mzt 0.38
;e 137 —5Hs —§H=p +3Hp- +5HD- -0.29 —SH=0 + 50D -1.00

1(3)° SHso +5pz0 + 3 Hp +3pp- ~2.36 pzo + pp- -0.93

P, 0" 0()” Mz + 3 pzo —0.20 GHzr T ehzo +3HA 0.38
;e 0)"  —§H= —gHey +3Hp- +3Hpo 013 —3upr —ygHz: —gh= +pp-  —0.53

3 i +5Hpo + éﬂn*—z
0(3)~ Thgr +3pzo +Jup— + Sppo —0.11 THar + ez + gz + 3Hp -0.23
+gHDo + §HD-

Py, 7T®0T () T 036 = 0.38
el 10T —Sue —duz +3 kD +2 S 0.57 —tuze +2up- -0.76

%(%)_ 3'[,{9() + 3/,{—/+ + 3MD <0 + 3”D*_ 0.32 Her + KD~ —0.58

Py 3 0 3()” SHay +3Hzp -0.98 H=o 0.38
el 7(3)” ~ 3 Hop = §Hz0 + g Hp- + 5 Hp;- —0.47 —3Hzo + 3 Hp;- —0.76

207 Fpertapmo t3pp- tsupe 7207 #er b —0-58

completely different. In the 8, flavor representation,
the magnetic moments of pentaquark states with spin
configuration J¥ =1"(3" ® 07) are all equal to
. = 0.38uy. We also notice that the smaller the number
of charges, the smaller magnetic moments of octet
hidden-charm molecular pentaquark states with the same
strangeness number. For a more intuitive expression, we
have shown the magnetic moments of the S-wave
molecular pentaquark states with 8, flavor representa-
tion and 8,; flavor representation in Figs. 3 and 4,
respectively.

The 8, and 8, states can be coupled by strong
interaction and electromagnetic interaction. Considering
the coupled channel effect with two channels 8, and 8,

states, the magnetic moments of pentaquark state can be
derived by

Zﬂl,—»lj (1,191,) + Zﬂzi—»z,-<¢2j|¢2,->
i i

+ Zﬂzi->1,<¢1j|¢2,-> + Zﬂli->2j<¢2j|¢1,->’ (8)
i i

where 1 and 2 represent 8, and 8,; pentaquark states,
while ¢; represents the spatial wave function of the
corresponding ith channel. The magnetic moments of
the pentaquark states depend on the relevant mixing
channel components (¢, [¢,,) and (¢, |¢;,) during the

81y and 8,; mixing analysis. These components are
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P o | Ps . ® PZ+ \ > >
. v : N+ ! : s !
e Py S :
1 - : | E |
: ! . 1
. | : |
. 1 . 1
1 : ' v ! o
E PX.:: . E . Pzpss
0 — \ | 1
® _P]VO ! : 50 | AP0
. v Y : ® P¢s : P¢SS [ J
1 N 1
Py ® I : : .
1T : _ v : Pwss hd
: P’t/)s b d :
] : :
1 1
2 : : : o
1 ] P
1 = 1 ss
: ! ® Pus
! 1
; ! :
T T T t r 1
S=0 S = —1 S — —92 strangeness

FIG. 3. The magnetic moments of the S-wave hidden-charm molecular pentaquark states with the 8, s flavor representation. Here, the
blue arrow points to the lower magnetic moment in the hidden-charm molecular pentaquark states with quantum number
J = %‘ (%+ ® 07), and the red arrow points to the lower magnetic moment in the hidden-charm molecular pentaquark states with
quantum number J =3~ (3" @ 17).

associated with the binding energies of 8, and 8,  channel effects. We will study pentaquark states more
pentaquark states. Since these pentaquark states have  comprehensively by considering coupling effects in the
yet to be observed experimentally, we are temporally  following work when enough experimental data is
unable to calculate the magnetic moment with coupled  delivered.

KN 1,1+
| | cJ=3 (5 ®17)
1 1
1 1
2 — ! 1 3~ 1+ B
e pY e p=t | cJ=5 (3 ®17)
- r ; ;
| l
1 1
1 N - | S . :
B : | Py : |
. \ v ,
i 50
s S rE
1 1
0 — ! 0 v |
P e :
| : '
4 1 : 1
! : 1
| . |
o B B A
14 P} e © P . PI e ®PL
| |
- ! 1
1 1
| |
! 1
-2 v t T i T LS
S=0 S = —1 strangeness

FIG. 4. The magnetic moments of the S-wave hidden-charm molecular pentaquark states with the 8, flavor representation. Here, the
blue arrow points to the lower magnetic moment in the hidden-charm molecular pentaquark states with quantum number
J = %‘ (%* ® 17), and the red arrow points to the lower magnetic moment in the hidden-charm molecular pentaquark states with
quantum number J =3~(3* @ 17).
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In this work, we calculate the magnetic moments of pure
81 and 8, states and find the Coleman-Glashow sum rule
for the magnetic moments of the same spin flavor con-
figuration pentaquark states. Coleman-Glashow sum rule
was initially applied to express the magnetic moments of all
the octet baryons in terms of those of the neutron and
proton in the limit of SU(3) flavor symmetry [43-45]. The
Coleman-Glashow sum rule for the magnetic moments of
the octet baryons turns out to hold also for the magnetic
moments of the same spin flavor configuration pentaquark
states,

Hpy+ — Hpyo + Hprs — Hpxt + Hpyo — Hpyo = 0.

The rules that the magnetic moments satisfy provide us
with new directions for exploring the inner structures of
hidden-charm pentaquark states. Our prediction without
the coupled channel effects will be valuable for exploring
the inner structures of hidden-charm pentaquark states
and serves as a reference for subsequent works.

IV. THE AXIAL CHARGE OF THE OCTET
HIDDEN-CHARM MOLECULAR
PENTAQUARK FAMILY

The axial charge plays a fundamental role in both the
electroweak and strong interactions within the standard
model. Moreover, it serves as an essential indicator of the
spontaneous breaking of chiral symmetry in nonperturba-
tive QCD. The exploration of axial charges has remained
continuous endeavor [46—52]. Examining the axial charges
of the newly discovered hidden-charm pentaquark states
presents an effective approach to gain a deeper under-
standing of these phenomena.

At the quark level, the pion-quark interaction reads,

I
Loy = 2 9a¥ gV Vs0uPW g 9)

considering only the z-component, the above equation can
be written as

I _
ﬁquark = _gql//qdzazqsl//q

2
1 -
= 5% (i16.0.mou — do.0.myd)
2 -
+§% (ﬁazaz”+d+ dazaz”_u>’ (10)

where g, is the coupling constant at the quark level, o, is
the Pauli matrix. The pion decay constant f, = 92 MeV. ¢
is the pseudoscalar meson field,

3
)= 27i¢i = (\/7;;_

i=1

ﬂ’ﬁ). (11)

-1

The nucleon-pion Lagrangian at hadron level reads
LY = ! Nytyso, N 12
E — EgA 7'Ys ,445 , ( )

considering only the z-component, the above equation can
be written as

9a 5 ZN
=9 g2
eff fyr 2

0,7y, (13)
where g, is the axial charge of the nucleon,

o1 o1 lq,
<N,J3 = §;ﬂ0|£g‘f|N,J3 = §> = Ef_;gA’ (14)
where ¢, is the external momentum of zy. At the quark
level,

) 1 . 1
<N,]3 = +§;ﬂ0|£quark|Nv.]3 = +5> =—-7"94- (15)

From Eq. (14) and Eq. (15), we obtain g, = %gA under the
quark-hadron duality space.

The SU(3) invariant Lagrangian of pentaquark state for
JP =1(3" ® 07) in 8, flavor representation reads,

L} =Tr(g Pr,r’{d'®. P} + f1 Py,y’[0"@. P]),  (16)

where g; and f; are independent axial coupling constants
of pentaquark state for J” =1(1* ® 07) in 8, flavor
representation. @ represents the pseudoscalar meson field
in SU(3) flavor symmetry,

) Ty +%7’] \/§ﬂ+ \/§K+

®=> "10,=| V2 -m+ 5 V2K°
a=1 -

V2K~ V2K =2

(17)

P represents the octet hidden-charm molecular pentaquark
states,

1 px° 1L pA° =+ N+
L PE + Pl PE; PY
3= 1 px0 1L pA° NO
P = P(//s _7§P1//x+EPy/x Pl[/
- 0
Py Py Py,

(18)

After bringing the matrix representation of @ and P into
Eq. (16) and keep 7, meson term, we obtain
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*:%waizza P+ PYEOAPE)
_]Tﬂ(fl +91)PY'%,0,2°P}°
flﬂ (g1 + f1)PY'2.0.2°P)"
13,,< —f1)PY 0.7 P
+ fiﬂ( f1=91) P Z.0.2°PYy + fiﬂzfliﬂfgz %.0.7°P3,

—f—2f1 ,"X.0.7P%,. (19)

We can obtain the axial coupling constant of the octet
hidden-charm molecular pentaquark state with the coupling
constants g; and f;. While Eq. (19) solely presents the
components associated with the decay of the 7, meson, the
axial coupling constants for decays involving other mesons
can also be derived from the constants g; and f.

To determine the coupling constants g; and f, similar to

the procedure employed for the nucleon, we consider the 7z,
meson decay of P)" and Py, i
for the 7z, decay of P/~ with the spin configuration J” =

%‘ (%* ® 07) at the hadron level reads,

in Eq. (19). The Lagrangian

—o0, OP«// . (20)

The Lagrangian for PN with the spin configuration J =

(3" ® 07) reads,

yss

C% _fi—o pN z
pv f y/ss
wss pa

5 0.mP) (21)

wss»

where 22 is the spin operator of the hidden-charm penta-

quark states. At the hadron level, the axial charges read,

+/1 a+fiq
PY g D U pye Ze v pyry =220k
(7' f 2 %Py 1Py 2
(22)
PNO — 1 PNO za P > :f — 9 qZ
< yss» 0| f]z yss [ y/ss' wss B f;z
(23)
At the quark level, the axial charge of P and Pl/",’” with
the spin configuration J* =1-(3* ® 0~ ) read,
L1 .1\ 4gq
<P{/\/I 7+§;”0‘£quark P{/\/I 7+§> 9fz (24)

1 1IN 1gq
<P]y\/](s)w +5;”O|£quark|P{/\;€.¥v +> = 7729{1' (25)

Compare this with the axial charge of the nucleon,

1 ¢ i
294 _ 2 2 (26)

We obtain f} =3 Lgyand g, = s L g4. Similarly, we can obtain
the axial charge of the pentaquark states with other flavor-
spin configurations.

The Lagrangian of pentaquark state for J* =
in 8, flavor representation reads,

2 ' ®1)

(ST

L5 = Tr(goPy,y°{0"®. P} + foPy,r*[0"®@. P]).  (27)
The Lagrangian of pentaquark state for J* =3-(1 ® 17)
in 8; f flavor representation reads,

3 — —
Ly =Tr(g: Py, {0 @. P} + 3P, r°[0"®. P,]).  (28)
The Lagrangian of pentaquark state for J* =1~(" ® 07)
in 8,, flavor representation reads,

Ly = Tr(g4Py,y°{0"®, P} + f4Py,r°[0®, P]).  (29)

The Lagrangian of pentaquark state for J* =1-(3" ® 17)

in 8, flavor representation reads,
1 - -
L% = Tr(gsPyy*{0"®. P} + f5Py,r°[0"®. P]).  (30)

The Lagrangian of pentaquark state for J* =3-(3" ® 17)

in 8, flavor representation reads,

L: = Tr(gePYy, {0 ®, P} + f6P*1,7°[0"®, P,)). (31)

The numerical results for the coupling constants f; and
g; of pentaquark states with different flavor-spin configu-
rations are presented in Table VII. The axial charge of the
octet hidden-charm molecular family in 8, and 8, flavor

TABLE VII. Coupling constants f; and g; of the pentaquark
states with different flavor-spin configurations.

Constants Values Constants Values
fi % ga 91 % ga
/2 - % ga 92 - % ga
/3 % 9ga 93 - % ga
Sa 0 94 0
fs é 9ga 9s % 9a
f6 % 9ga 96 IL 9a
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TABLE VIII.  The axial charges of the octet hidden-charm pentaquark family in 8, flavor representation. The

JZ)” Q® Jhr are corresponding to the angular momentum and parity of baryon and meson, respectively.

Couplings  Coefficients Wave functions I @b I(JP)  Results
Py PN m, fi+a pNt. \/isz(*)() + \/szJrD(*)— 3 %0 1) 1594
frt o ! o o Fhxas 367 —hy
’ %(%) 145 !
f3+9s 23 994
PYPYm o=/ Py': \[iEDO - fix0pt0 30T 56T 5o
—9— /2 ! ’ ’ Fhxas 33 59
? %(%) 451 !
-9~ /3 2 T59a
PP 20 Piv: |l D0 -\ Dl P0G 3o
2f> . . 3x1T1G)T s
2f 107 #
PZ” PA” 2 0 = (%)= I+ w0 1(1)— 2V3
wsLysTo \/§gl PVEH: \/%E/CJrD(*)_ + \/%E/COD(*)O — \/%ZjDs 2 2 15 9a
2 1 — 1\—
592 7 x1 137 88,
% 93 1 (%)_ - 4\/75§ ga
A9 P -\ [ErDO- 4\ [iEeDer 3Tx0T 0G24,
2 1+ - 1\
\?92 7 X 1 0%) —%ggA
VL 0() - 4‘/—§gA
Py Py —2f pr \/EE/Q D- _ \/gzo_ DL~ Fxom 1) -2g
—2f eV e 1 1y
: 2 2 1594
—2f3 13 -3
P{,YE;P%:HO fi—a Py’)’?si \@E/CJrDE*)— _ \/%Q(C)[)(*)O %* x 0~ %(%)_ %QA
a9 7 x - 5(3)” 594
fa—9 56 Lo
PPy 9 —fi PN \AE/CODFY*)‘ — \/%QE‘)D(*)_ ?— x 07 %(%)_ %QA
9 = f2 §+X 1~ 5(5)_ —59a
93— f3 187 —-Zau

TABLE IX. The axial charges of the octet hidden-charm pentaquark family in 8,/ flavor representation. The

J,}:b Q Jhr are corresponding to the angular momentum and parity of baryon and meson, respectively.

Couplings Constants Wave functions JZ” Q Jhr I1(J?)  Results
Py PN, ot 9 PN AfDOO 3 x0” 0N 0
Sfs+gs %+ x 17 %(%)_ %QA
Se+ s 16)” 194
PN'PN'my 94— [ PN’ s AFDW- 3Tx0T 1) 0
95~ s Fx1m 33T —3m
—9 — f6 363)° ~30
PL PEim, 2f4 PL.: BFDMO Hx0- 13)” 0
2fs S SR 1C) R 1
2fe 160”3
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TABLE IX. (Continued)

Couplings Constants Wave functions JUr@Jhr I(JP)  Results
Py Py 7304 PE: \@EjD(*)’ + \/AE0D 0 YTx0m 1) 0
2 1 — 1\—
595 §+ x1 1(5) zl\sf ga
2 3\ —
596 1(5) %QA
9 PN \/ =+ D)~ \/ 20D (0 \/ AT 2T x0T 00)° 0
%gs Shxs 0(3)" Zl‘é_gA
\%96 0(3)” T\ggA
PPy —2f4 Py, EXDY)- 77X 07 1) 0
-2/ P il -ty
—2fs 1(3)” =504
PV’Y?\PV",’?‘ Sa—0a Pvf)’gs; EC+D§*>‘ I x0- 1 0
/- Fxr dde o
f6— 96 16)- 0
Pl//ssPy/m”O 94 — f4 Pgs_x: E(C)D(Y*)_ %+ x 0~ %(%)_ 0
—fs §+ x 17 z(g)_ 0
e 19 0

representations are listed in Table VIII and Table IX,
respectively.

As presented in Table VIII and Table IX, the axial
charges of the octet hidden-charm pentaquark family are
generally lower compared to that of the nucleon. In
Table IX, the axial charges of the pentaquark states with
the spin configuration J” =1~(3* ® 07) in 8,, flavor
representation are all zero, because both f, and g, are
all zero in Table VII. Due to f5 = g5 and fg =g In
Table VII, the axial charges of both PV,M and P), in 8y,
flavor representation are all zero as shown in Table VII.

The axial charges at the hadron level exhibits a high
sensitivity to the flavor-spin configurations of the penta-
quark states. This sensitivity results in numerical dis-
crepancies within the quark-hadron dual space, which
proves advantageous for distinguishing the strong decay
processes of the pentaquark states with different structures
in the future. Moreover, the axial charges of the pentaquark
states in Table VIII and Table IX will be very beneficial
for the theorical calculation of the pentaquark states in
chiral perturbation theory (details in our another work
in Ref. [53]).

V. SUMMARY

With the discovery of more and more exotic hadron
states comprising multiple quarks in experiments, signifi-
cant progress has been made in the theoretical study of
these exotic hadrons. Magnetic moments and axial charges
of these exotic hadrons are intrinsic properties that offer
valuable insights into their quark constituents.

In this work, we investigate the magnetic moment of the
octet hidden-charm molecular pentaquark family with
quark model. Our numerical results show that the magnetic
moments of the S-wave molecular pentaquark states in the
8,y flavor representation and 8, flavor representation are
completely different. In the 8, flavor representation, the
magnetic moments of pentaquark states with spin configu-
ration J© = 1~ (37 ® 07) are all equal to y, = 0.38yy. We
notice an 1nterest1ng phenomenon that the smaller the
number of charges, the smaller magnetic moments of octet
hidden-charm molecular pentaquark states with the same
strangeness number. The Coleman-Glashow sum rule turns
out to hold for the magnetic moments of pentaquark family.
The improvement of the Coleman-Glashow sum rule
requires the inclusion of a realistic SU(3)-breaking mecha-
nism, we improve the Coleman-Glashow sum rule for the
magnetic moments of the pentaquark states with chiral
perturbation theory in Ref. [53].

We also calculate the axial charge of the octet hidden-
charm molecular pentaquark family. Numerical results
show that the axial charges of the octet hidden-charm
pentaquark family are generally lower compared to that of
the nucleon. The axial charges of the pentaquark states
with the spin configuration J* = 1~(3* ® 07) in 8, flavor
representation are all zero. Our calculation of the penta-
quark axial charges will greatly contribute to the theoretical
calculation of the pentaquark states in chiral perturbation
theory.

Magnetic moments and axial charges are important
physical quantities. As the lifetime of pentaquark state
is very short, experimenters can measure the magnetic
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moment of pentaquark state by using the Thomas preces-
sion of particles with magnetic moment in a uniform
magnetic field. The measurement of the axial coupling
of the pentaquark state is relatively simple, we can extract
the axial coupling from the decay width of the strong decay
of the pentaquark state. We hope our present study would
enhance our understanding of the mechanism of hadronic
molecules.

ACKNOWLEDGMENTS

This project is supported by the National Natural Science
Foundation of China under Grant No. 11905171. This work
is also supported by the Natural Science Basic Research
Plan in Shaanxi Province of China (Grant No. 2022JQ-025)
and Shaanxi Fundamental Science Research Project for
Mathematics and Physics (Grant No. 22JSQO016).

[1] M. Gell-Mann, A schematic model of baryons and mesons,
Phys. Lett. 8, 214 (1964).

[2] S.K. Choi et al. (Belle Collaboration), Observation of a
narrow charmonium-like state in exclusive B —
K*n*tn~J/y decays, Phys. Rev. Lett. 91, 262001 (2003).

[3] R. Aaij et al. (LHCb Collaboration), Observation of J/y¢
structures consistent with exotic states from amplitude
analysis of BT — J/w¢K™ decays, Phys. Rev. Lett. 118,
022003 (2017).

[4] M. Ablikim et al. (BESIII Collaboration), Evidence of two
resonant structures in ete” — ztx~h,, Phys. Rev. Lett.
118, 092002 (2017).

[5] R. Aaij et al. (LHCb Collaboration), Evidence for an
1n.(18)7~ resonance in B° — 5,(1S)K*z~ decays, Eur
Phys. J. C 78, 1019 (2018).

[6] R. Aaij et al. (LHCb Collaboration), Observation of J/wp
resonances consistent with pentaquark states in Ag —
J/wK~p decays, Phys. Rev. Lett. 115, 072001 (2015).

[7]1 R. Aaij et al. (LHCb Collaboration), Observation of a
narrow pentaquark state, P.(4312)", and of two-peak
structure of the P.(4450)", Phys. Rev. Lett. 122, 222001
(2019).

[8] R. Aaij ef al. (LHCb Collaboration), Evidence of a J/ywA
structure and observation of excited E~ states in the E; —
J/wAK~ decay, Sci. Bull. 66, 1278 (2021).

[9] R. Aaij et al. (LHCb Collaboration), Evidence for a new
structure in the J/wp and J/yp systems in BY — J/wpp
decays, Phys. Rev. Lett. 128, 062001 (2022).

[10] R. Aaij et al. (LHCb Collaboration), Observation of a J /ywA
resonance consistent with a strange pentaquark candidate in
B~ — J/wAp~ decays, Phys. Rev. Lett. 131, 031901
(2023).

[11] T. Gershon (LHCb Collaboration), Exotic hadron naming
convention, Reports No. CERN-LHCb-PUB-2022-013,
No. LHCb-PUB-2022-013, 2022, 10.17181/CERN.7X-
ZO.HPH7.

[12] C.R. Deng, Compact hidden charm pentaquark states and
QCD isomers, Phys. Rev. D 105, 116021 (2022).

[13] B. Wang, L. Meng, and S. L. Zhu, Spectrum of the strange
hidden charm molecular pentaquarks in chiral effective field
theory, Phys. Rev. D 101, 034018 (2020).

[14] C. W. Xiao, J. Nieves, and E. Oset, Prediction of hidden
charm strange molecular baryon states with heavy quark
spin symmetry, Phys. Lett. B 799, 135051 (2019).

[15] M.Z. Liu, Y. W. Pan, and L.S. Geng, Can discovery of
hidden charm strange pentaquark states help determine the
spins of P.(4440) and P.(4457)?, Phys. Rev. D 103,
034003 (2021).

[16] F.Z. Peng, M.J. Yan, M. Sédnchez Sanchez, and M.P.
Valderrama, The P (4459) pentaquark from a combined
effective field theory and phenomenological perspective,
Eur. Phys. J. C 81, 666 (2021).

[17] J.T. Zhu, L.Q. Song, and J. He, P.(4459) and other

possible molecular states from =D® and 2/ D™ inter-
actions, Phys. Rev. D 103, 074007 (2021).

[18] M. L. Du, Z. H. Guo, and J. A. Oller, Insights into the nature
of the Pcs(4459), Phys. Rev. D 104, 114034 (2021).

[19] R. Chen, Strong decays of the newly P, (4459) as a strange
hidden-charm ECD* molecule, Eur. Phys. J. C 81, 122
(2021).

[20] F. Yang, Y. Huang, and H. Q. Zhu, Strong decays of the
P.,(4459) as a Z.D* molecule, Sci. China Phys. Mech.
Astron. 64, 121011 (2021).

[21] U. Ozdem, Electromagnetic properties of the P, (4312)
pentaquark state, Chin. Phys. C 45, 023119 (2021).

[22] F. Gao and H. S. Li, Magnetic moments of hidden-charm
strange pentaquark states, Chin. Phys. C 46, 123111 (2022).

[23] F. Guo and H. S. Li, Analysis of the hidden-charm penta-
quark states Py",’(J based on magnetic moment and transition
magnetic moment, Eur. Phys. J. C 84, 392 (2024).

[24] G.J. Wang, R. Chen, L. Ma, X. Liu, and S.L. Zhu,
Magnetic moments of the hidden-charm pentaquark states,
Phys. Rev. D 94, 094018 (2016).

[25] U. Ozdem and K. Azizi, Electromagnetic multipole mo-
ments of the P, (4380) pentaquark in light-cone QCD, Eur.
Phys. J. C 78, 379 (2018).

[26] U. Ozdem, Magnetic dipole moments of the hidden-charm
pentaquark states: P.(4440), P.(4457) and P ,(4459), Eur.
Phys. J. C 81, 277 (2021).

[27] E. Ortiz-Pacheco, R. Bijker, and C. Fernandez-Ramirez,
Hidden charm pentaquarks: Mass spectrum, magnetic mo-
ments, and photocouplings, J. Phys. G 46, 065104 (2019).

[28] M. P. Mendenhall er al. (UCNA Collaboration), Precision
measurement of the neutron f-decay asymmetry, Phys. Rev.
C 87, 032501 (2013).

[29] D. Mund, B. Maerkisch, M. Deissenroth, J. Krempel, M.
Schumann, H. Abele, A. Petoukhov, and T. Soldner,
Determination of the weak axial vector coupling from a

094027-11


https://doi.org/10.1016/S0031-9163(64)92001-3
https://doi.org/10.1103/PhysRevLett.91.262001
https://doi.org/10.1103/PhysRevLett.118.022003
https://doi.org/10.1103/PhysRevLett.118.022003
https://doi.org/10.1103/PhysRevLett.118.092002
https://doi.org/10.1103/PhysRevLett.118.092002
https://doi.org/10.1140/epjc/s10052-018-6447-z
https://doi.org/10.1140/epjc/s10052-018-6447-z
https://doi.org/10.1103/PhysRevLett.115.072001
https://doi.org/10.1103/PhysRevLett.122.222001
https://doi.org/10.1103/PhysRevLett.122.222001
https://doi.org/10.1016/j.scib.2021.02.030
https://doi.org/10.1103/PhysRevLett.128.062001
https://doi.org/10.1103/PhysRevLett.131.031901
https://doi.org/10.1103/PhysRevLett.131.031901
https://doi.org/10.17181/CERN.7XZO.HPH7
https://doi.org/10.17181/CERN.7XZO.HPH7
https://doi.org/10.1103/PhysRevD.105.116021
https://doi.org/10.1103/PhysRevD.101.034018
https://doi.org/10.1016/j.physletb.2019.135051
https://doi.org/10.1103/PhysRevD.103.034003
https://doi.org/10.1103/PhysRevD.103.034003
https://doi.org/10.1140/epjc/s10052-021-09416-x
https://doi.org/10.1103/PhysRevD.103.074007
https://doi.org/10.1103/PhysRevD.104.114034
https://doi.org/10.1140/epjc/s10052-021-08904-4
https://doi.org/10.1140/epjc/s10052-021-08904-4
https://doi.org/10.1007/s11433-021-1796-0
https://doi.org/10.1007/s11433-021-1796-0
https://doi.org/10.1088/1674-1137/abd01c
https://doi.org/10.1088/1674-1137/ac8651
https://doi.org/10.1140/epjc/s10052-024-12699-5
https://doi.org/10.1103/PhysRevD.94.094018
https://doi.org/10.1140/epjc/s10052-018-5873-2
https://doi.org/10.1140/epjc/s10052-018-5873-2
https://doi.org/10.1140/epjc/s10052-021-09070-3
https://doi.org/10.1140/epjc/s10052-021-09070-3
https://doi.org/10.1088/1361-6471/ab096d
https://doi.org/10.1103/PhysRevC.87.032501
https://doi.org/10.1103/PhysRevC.87.032501

LI, GUO, LEI and GAO

PHYS. REV. D 109, 094027 (2024)

measurement of the beta-asymmetry parameter A in neutron
beta decay, Phys. Rev. Lett. 110, 172502 (2013).

[30] M. L. Goldberger and S. B. Treiman, Decay of the pi meson,
Phys. Rev. 110, 1178 (1958).

[31] Y.R. Liu and Z.Y. Zhang, X(3872) and the bound state
problem of D°D*0 (D°D*0) in a chiral quark model, Phys.
Rev. C 79, 035206 (2009).

[32] J. Vijande, F. Fernandez, and A. Valcarce, Constituent quark
model study of the meson spectra, J. Phys. G 31, 481
(2005).

[33] A. Valcarce, H. Garcilazo, F. Fernandez, and P. Gonzalez,
Quark-model study of few-baryon systems, Rep. Prog.
Phys. 68, 965 (2005).

[34] J. He, Study of P.(4457), P.(4440), and P,(4312) in a
quasipotential Bethe-Salpeter equation approach, Eur. Phys.
J.C 179, 393 (2019).

[35] M. Karliner and J. L. Rosner, New exotic meson and baryon
resonances from doubly-heavy hadronic molecules, Phys.
Rev. Lett. 115, 122001 (2015).

[36] T.J. Burns, Phenomenology of P,.(4380)", P.(4450)" and
related states, Eur. Phys. J. A 51, 152 (2015).

[37] M. Monemzadeh, N. Tazimiand, and S. Babaghodrat,
Calculating masses of pentaquarks composed of baryons
and mesons, Adv. High Energy Phys. 2016, 6480926
(2016).

[38] G. Yang and J. Ping, The structure of pentaquarks P/ in the
chiral quark model, Phys. Rev. D 95, 014010 (2017).

[39] R. Chen, X. Liu, and S. L. Zhu, Hidden-charm molecular
pentaquarks and their charm-strange partners, Nucl. Phys.
A954, 406 (2016).

[40] S.X. Nakamura, A. Hosaka, and Y. Yamaguchi, P.(4312)"
and P.(4337)% as interfering £.D and A.D* threshold
cusps, Phys. Rev. D 104, L091503 (2021).

[41] X.Z. Ling, J.X. Lu, M.Z. Liu, and L.S. Geng,
P.(4457) — P.(4312) x/y in the molecular picture, Phys.
Rev. D 104, 074022 (2021).

[42] G.J. Wang, L. Meng, H.S. Li, Z. W. Liu, and S.L. Zhu,
Magnetic moments of the spin-% singly charmed baryons
in chiral perturbation theory, Phys. Rev. D 98, 054026
(2018).

[43] S.R. Coleman and S. L. Glashow, Electrodynamic proper-
ties of baryons in the unitary symmetry scheme, Phys. Rev.
Lett. 6, 423 (1961).

[44] T.P. Cheng and L. F. Li, Why naive quark model can yield a
good account of the baryon magnetic moments, Phys. Rev.
Lett. 80, 2789 (1998).

[45] H. Dahiya and M. Gupta, Octet magnetic moments and the
Coleman-Glashow sum rule violation in the chiral quark
model, Phys. Rev. D 66, 051501 (2002).

[46] J. Bijnens, H. Sonoda, and M. B. Wise, On the validity of
chiral perturbation theory for K° — K° mixing, Phys. Rev.
Lett. 53, 2367 (1984).

[47] E.E. Jenkins and A. V. Manohar, Chiral corrections to the
baryon axial currents, Phys. Lett. B 259, 353 (1991).

[48] S.L.Zhu, S. Puglia, and M. J. Ramsey-Musolf, Recoil order
chiral corrections to baryon octet axial currents, Phys. Rev.
D 63, 034002 (2001).

[49] S.L. Zhu, G. Sacco, and M. J. Ramsey-Musolf, Recoil order
chiral corrections to baryon octet axial currents and large N
QCD, Phys. Rev. D 66, 034021 (2002).

[50] K.S. Choi, W. Plessas, and R.F. Wagenbrunn, Axial
charges of octet and decuplet baryons, Phys. Rev. D 82,
014007 (2010).

[51] C. Deng and S. L. Zhu, Tcc+ and its partners, Phys. Rev. D
105, 054015 (2022).

[52] H. Dahiya, S. Dutt, A. Kumar, and M. Randhawa, Axial-

vector charges of the spin %J“ and spin %+ light and charmed
baryons in the SU(4) chiral quark constituent model, Eur.
Phys. J. Plus 138, 441 (2023).

[53] H.S. Li, Ab initio calculation of molecular pentaquark
magnetic moments in heavy pentaquark chiral perturbation
theory, arXiv:2401.14759.

094027-12


https://doi.org/10.1103/PhysRevLett.110.172502
https://doi.org/10.1103/PhysRev.110.1178
https://doi.org/10.1103/PhysRevC.79.035206
https://doi.org/10.1103/PhysRevC.79.035206
https://doi.org/10.1088/0954-3899/31/5/017
https://doi.org/10.1088/0954-3899/31/5/017
https://doi.org/10.1088/0034-4885/68/5/R01
https://doi.org/10.1088/0034-4885/68/5/R01
https://doi.org/10.1140/epjc/s10052-019-6906-1
https://doi.org/10.1140/epjc/s10052-019-6906-1
https://doi.org/10.1103/PhysRevLett.115.122001
https://doi.org/10.1103/PhysRevLett.115.122001
https://doi.org/10.1140/epja/i2015-15152-6
https://doi.org/10.1103/PhysRevD.95.014010
https://doi.org/10.1016/j.nuclphysa.2016.04.012
https://doi.org/10.1016/j.nuclphysa.2016.04.012
https://doi.org/10.1103/PhysRevD.104.L091503
https://doi.org/10.1103/PhysRevD.104.074022
https://doi.org/10.1103/PhysRevD.104.074022
https://doi.org/10.1103/PhysRevD.98.054026
https://doi.org/10.1103/PhysRevD.98.054026
https://doi.org/10.1103/PhysRevLett.6.423
https://doi.org/10.1103/PhysRevLett.6.423
https://doi.org/10.1103/PhysRevLett.80.2789
https://doi.org/10.1103/PhysRevLett.80.2789
https://doi.org/10.1103/PhysRevD.66.051501
https://doi.org/10.1103/PhysRevLett.53.2367
https://doi.org/10.1103/PhysRevLett.53.2367
https://doi.org/10.1016/0370-2693(91)90840-M
https://doi.org/10.1103/PhysRevD.63.034002
https://doi.org/10.1103/PhysRevD.63.034002
https://doi.org/10.1103/PhysRevD.66.034021
https://doi.org/10.1103/PhysRevD.82.014007
https://doi.org/10.1103/PhysRevD.82.014007
https://doi.org/10.1103/PhysRevD.105.054015
https://doi.org/10.1103/PhysRevD.105.054015
https://doi.org/10.1140/epjp/s13360-023-04058-2
https://doi.org/10.1140/epjp/s13360-023-04058-2
https://arXiv.org/abs/2401.14759

