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Extraction of nonperturbative parameters for D*) mesons from lattice data
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Recent data for the masses of D and D* mesons determined using methods of lattice QCD for several
values of the charm quark mass different from its physical mass are analyzed in heavy quark effective
theory. Nonperturbative parameters are extracted that arise at order O(1/m,) in the heavy quark mass
expansion of a heavy-light meson mass. The determined parameters are used to establish the charm quark
masses corresponding to the employed lattice sets.
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I. INTRODUCTION

Hadronic physics of heavy quark flavors is a promising
test ground for various studies in nonperturbative QCD.
In such studies, heavy-light D*) and B*) mesons play an
essential role since these are the simplest strongly interact-
ing systems with a well-justified separation of the dynamics
related to the heavy and light degrees of freedom. This
separation is the essence of heavy quark effective theory
(HQET)—see, for example, book [1] and references
therein. In particular, since only the hyperfine interaction
is relevant for a S-wave heavy-light meson then, in the limit
mg — oo (with Q for the heavy quark flavor and m,, for its
mass), the meson mass can be expanded in the inverse
powers of mg as

- 1
Mo
Here, the coefficient dy describes the hyperfine splitting,
3

with §,, Sy, and § = 8§, + S for the spins of the quarks
and the total spin, respectively, so
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+3, for P states with J* = 0~
an={ ()

—1, for P*states withJ? = 1=~

The universal parameters A, A, and 4, are m indepen-
dent and absorb all details of the nonperturbative dynamics
in the studied heavy-light meson—they are subject to
theoretical or phenomenological determination. The param-
eter A is associated with the contribution of the light quarks
and gluons, 4, is related to the kinetic energy of the heavy
quark (1; < 0), and the parameter 1, parametrizes the heavy
quark spin interaction with the chromomagnetic field in the
meson. These nonperturbative parameters appear in the
theoretical expressions for the inclusive decay spectra of
heavy-light mesons [2-9] and thus can be extracted directly
from experimental data [10—13]; they can also be related to
the Cabibbo-Kobayashi-Maskawa matrix elements [ 14—18].
The most commonly adopted and proven successful meth-
ods to determine these nonperturbative parameters of HQET
are a theoretical approach based on the QCD sum rules (see,
for example, review [19] and references therein), lattice
calculations (see, for example, Refs. [20-22]), and studies of
the weak B-meson decays (see, for example, experimental
works [23-25] as well as review [26] and book [1] and
references therein; for a recent study see Ref. [27]). The
problem of the HQET parameters determination can also be
tackled using other nonperturbative theoretical methods
such as Dyson—Schwinger equations [28,29], quark model
approach [30], and so on. It also needs to be mentioned that,
unlike A and A,, the parameter A, depends on the renorm-
alization scale . Hereinafter, charmed mesons are studied,
so, if not stated explicitly, 4, is considered at the scale that
corresponds to the charm quark mass m,.. In this work, we
aim at extracting the values of the parameters A, A;, and
A,(m,.) from the recent lattice data in Ref. [31].
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II. SIMPLE ESTIMATES
OF THE HQET PARAMETERS

The three intrinsically nonperturbative parameters
of HQET admit a straightforward order-of-magnitude
estimate,

Ml' ~ 12 ~ AZQCD ~0.1 GeVz,
A~ Agep ~0.3 GeV, (4)

where here and in what follows the standard nonperturba-
tive scale of QCD is adopted as Agcp =~ 0.3 GeV.

Another simple but more accurate estimate of the
parameter 4, often discussed in the literature is gained
by taking the masses of the pseudoscalar and vector mesons
following from Egs. (1) and (3),

- A 432
T
Qo
- A=A
mp ®mg + A — 12m 2, (5)
Q

and considering the combination
A A?
mfm—m%z%(l +) +O(2>. (6)

mo

A2 /2
Therefore, up to the terms suppressed as A°/mp,

iatm) = ) (1= ). )

mo

Then, for the average physical D*)-meson masses [32],

1
mpDh = E(mDO +mp:) = 1.867 GeV,

1
mhh = 5 (mpa + mpyc) = 2.009 GeV. (8)

A~ Aqcp, and the c-quark “running” mass evaluated in

two loops in the MS scheme for the renormalization scale
u=m, [32],

ml = 1.27 +0.02 GeV, (9)
one arrives at
Ar(m,) =~0.1 GeV?, (10)
that agrees well with the order-of-magnitude estimate in
Eq. (4) above.
It also proves convenient to employ Egs. (1) and (3) for

the masses of the D and D* mesons to define their spin-
averaged mass and mass splitting as

il

2m,

1 -
ﬁ’lzz(mD‘i‘.ng‘)NmC"’A—

’

22
Am = mp —mp ~ —=. (11)

The latter relation above allows one to determine
1 h,,,ph
Ao(m,) = EAmp my, (12)

that, for m2" from Eq. (9) and
AmPt = mP? — b = 0.142 GeV, (13)
gives
Jo(m,) ~0.09 GeV2, (14)

also in agreement with the previous estimates in Eqs. (4)
and (10).

For B™*) mesons, Eq. (7) gives A,(m,,) ~0.11 GeV? that
translates to 4,(m,) ~0.09 GeV? [33,34], in good agree-
ment with all estimates above. It is also relevant to mention
that studies of heavy-light mesons performed in the
framework of Bethe-Salpeter equations revealed relativistic
corrections to relation (7) to slightly damp the extracted
value of 4, [29].

There is no practical way to reliably estimate the values
of the parameters A, and A separately from the spectrum of
hadrons with the charm and bottom quarks. Despite differ-
ent my scaling of the corresponding terms in the HQET
Hamiltonian, in realistic systems, these two parameters
enter entangled, and more sophisticated calculations are
required to disentangle them.

III. EXTRACTING NONPERTURBATIVE
PARAMETERS FROM LATTICE DATA

Recently, new lattice data have become available [31] for
the DD* phase shifts relevant for the extraction of the pole
position of the exotic state T, [35,36]. Compared with the
lattice data previously provided in Ref. [37], the new data
contain additional points that correspond to the masses of
the charm quark different from its physical mass. This
made it possible to study the trajectory of the T/, pole in the
energy complex plane as m, grows [31]. In addition, the
new data allow one to investigate the m,. dependence of
the D and D* masses and extract the nonperturbative
parameters of HQET in Eq. (1).

It is important to notice that the lattice data in
Ref. [31] correspond to an unphysically large pion mass
mi2 2 0.28 GeV. Then, in order to proceed to the physical
point in m,, one is to employ chiral extrapolation and apply
to the lattice D*)-meson masses a correction factor derived
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TABLE I.  Upper panel: masses of the D and D* mesons for the
five lattice sets in Ref. [31]. Middle panel: spin-averaged masses
and splittings defined in Eq. (11) and evaluated for the lattice
masses from the upper panel. Lower panel: the charm quark
masses obtained as explained in the text that correspond to the
five lattice sets.

Set 1 Set 2 Set 3 Set 4 Set 5
mlgt, GeV 1.762(1) 1.927(1) 2.064(2) 2.191(2) 2.415(2)
mlgi, GeV  1.898(2) 2.049(2) 2.176(2) 2.294(2) 2.506(2)
ma, GeV 1.864(2) 2.019(2) 2.148(2) 2.269(2) 2.484(2)
AmP MeV  136(2)  122(2) 112(2)  104(2) 91(2)
m,, GeV 1.313) 1.46(3) 1.604) 1.72(4) 1.96(4)

in chiral perturbation theory [38],

ph \ 2 lat\ 2
My m;
nem=1+h1<ph> |:<ph> —1}%1.007, (15)
m

D) Mz

where h; = 0.42 while mE" and m};’(*) are the physical

masses of the pion and D) meson, respectively. The
deviation of this factor from unity lies within 1%, so it is
included into the overall uncertainty of the results.

It has to be noticed that the evolution of the m{i and m!3
in Ref. [31] is provided in terms of the hopping parameter
k.—an auxiliary lattice parameter related to the bare charm
quark mass—which makes investigations of m,. depend-
ence of physical parameters not straightforward.
Nevertheless, one can proceed by simultaneously consid-
ering the D- and D*-meson masses from a given lattice set
in Table I that correspond to the same (though yet
unknown) charm quark mass. This way, a lattice depend-
ence MY (Am'*) can be established that consists of five
points. These points can be fitted with the theoretical curve,

i Y 2,
Am) = A—2LAm+ 22, 16
(am) 42, " Am (16)

derived from the two relations in Eq. (11).

TABLE II.

Let us start from a qualitative analysis of relation (16).
Using the estimates from Eq. (4), one can observe that the
three terms on the right-hand side of Eq. (16) are expected
to take utterly different values: the major contribution is
provided by the last term while the first and second terms
contribute about 15% and 1%, respectively. It implies that
one cannot expect to accurately extract the parameter 4,
using relation (16). Meanwhile, once the A,- and A-
dependent terms in Eq. (16) provide the dominant and
sizeable subdominant contributions to the dependence
m(Am), respectively, it should be possible to reliably
extract the parameter A, and obtain a fairly accurate
estimate for A.

If all three quantities, {A,4;,4,}, are simultaneously
treated as fitting parameters, the fit to the five lattice points
returns an unphysical value of 1; > 0 (that implies a
negative kinetic energy of the heavy quark) while the fit
constrained by the condition 4; < O naturally hits the
boundary and returns 4, = 0. Meanwhile, as explained
above, although we anticipate a strong correlation between
the parameters A and /,, the parameter 4, is expected to be
only weakly dependent on ;. Then, in order to proceed, we
consider a representative set for the values of the parameter
A1 found in the literature and obtained employing different
methods—see Table II. Averaging these results (that con-
sists in minimizing 2(4;) = 32, (4 — A2/ (842, with
n enumerating the values quoted in Table II), we find

A = =0.17 £ 0.03 GeV?, (17)

that we treat as the central value A{°™ and allow 4, to deviate
sufficiently strongly from it, with 2, = S — Ain = 7,
with A" = ( consistent with the result of the three-
parameter fit above. Therefore, in fits I, II, and III, we
preset A; =0, A; = A;, and A, = 2/,, respectively. After
that, A and 4, are fitted to the lattice data. The results are
quoted in Table III and shown in Fig. 1. One can conclude
that all three fits describe the lattice data equally well and
return similar values for the parameter 4,, as quoted in

The values of the parameter 4, found in the literature and used in the calculation of its mean value

quoted in Eq. (17). If several uncertainties of A, are provided separately in a cited paper, they are summed in
quadratures. The value quoted in the last column is extracted in Ref. [19] from the results reported in Ref. [39]. Since
the parameter 4, is scale independent, its values obtained for different systems with heavy quarks can be treated on
equal footing. Meanwhile, the value 1, = —0.5 4 0.1 GeV? obtained in the sum rules framework in Ref. [40] is
criticized in Ref. [41]. Also, the result A, = —0.24 GeV? obtained from semileptonic inclusive B-meson decays in
Ref. [27] does not contain an uncertainty. Thus, these two results are not included in the overall fit.

Ref. [20] [23] [24] [42] [19] [10] [39] [43]

Method Lattice Experiment Experiment Experiment Theory  Theory Theory Theory Theory
—A1, GeV?  0.09(14) 0.25(15) 0.24(11)  0.45(12) 0.25(20) 0.19(10) 0.18(6) 0.14(3)
A, GeV 0.35(13) 0.39(14) 0.68790 0.57(7) 0.39(11) 0.50(5) 0.28(4)
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TABLE III.  The values of the HQET parameters for fits [-VI.
As explained in the text, either 4, (fits I-III) or 4, (fits IV-VI) is
preset to take the value marked with asterisk and quoted in the
second or third column, respectively.

Fit A, GeV? Ay, GeV? A, GeV
Fit 1 0* 0.087(2) 0.595(25)
Fit 11 —0.17* 0.090(2) 0.485(27)
Fit 111 —0.34* 0.093(2) 0.382(28)
Fit IV —0.05(8) 0.088* 0.556(28)
Fit V -0.16(9) 0.090* 0.487(31)
Fit VI -0.27(10) 0.092* 0.417(34)

Table III. Then, averaging the values obtained for the latter
in fits I, II, and III, we arrive at the final result,

Aa(m,) = 0.090 £ 0.002 GeV?, (18)

where the uncertainty is obtained as a sum in quadratures of
52t = 1.8 x 107 GeV? coming from averaging over the
fitted values of A, in Table III, including correlations, and
SIS = Do (Hexr — 1) # 0.6 x 1073 GeV?  for the chiral
extrapolation, with 7, introduced in Eq. (15).

The result (18) complies well with the simple estimates
in Egs. (4), (10), and (14) above and supersedes them.
It is also compatible with the value 1,(2A) =0.12 +
0.02 GeV? obtained in the QCD sum rules technique
and quoted in the review [19]. Since the scale-dependent
parameter A, is evaluated here for p~m,, its direct
comparison with the results obtained in the literature from
B mesons using the methods of lattice QCD [20,21] is not
straightforward.

As anticipated, the parameter A is much more sensitive
to the value of 4. Its variation between fits I and II as well
as between fits II and III in Table III, that constitutes about
25%, complies well with a simple estimate following from
the first relation in Eq. (11). Indeed, in the combination
A —1,/(2m,.), a change in A, at the level of 0.2 GeV? can
be recast in the shift in A of the order 0.1 GeV. With the
value of 4, fixed as given in Eq. (18), we can perform extra
fits to the lattice sets to disentangle the parameters A and 4, .
The results obtained for the three preset values of A,
consistent with Eq. (18) are quoted in Table III (fits IV—
VI). Treating the spreads in the central values of A and A,
between fits [IV-VI as model errors and summing them in
quadratures with the corresponding statistical uncertainties
quoted in parentheses in Table III, we find

A =0.49 £0.08 GeV,
A = —0.16 £ 0.15 GeV>. (19)
The central value of 4, above agrees with the central value

of A, in Eq. (17), and the uncertainty is compatible with the
deviations of 1, from 4, in fits I and III in Table IIL. It can be

——r— 77—

25f
24}
— 23f
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£ 21}
20}

19}
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FIG. 1. The theoretical dependence m(Am) from Eq. (16) fitted
to the lattice points (black filled dots) from Table I. The
(indistinguishable by eye) blue, red, and green dashed lines
are for fits I, II, and III, respectively. The big orange dot
corresponds to the spin-averaged mass evaluated for the physical
D and D* masses [32].

regarded as a self-consistency check of the approach. Then,
the obtained value of A in Eq. (19) complies well with the
values found in the literature and quoted in Table II. Its
uncertainty ~16% should not come as a surprise given the
discussion after Eq. (16). Therefore, additional data are
needed to more reliably disentangle the parameters A and 1, .

With the fitted value of 4, provided in Eq. (18), we are in
a position to employ the second relation in Eq. (11) (that is
free of the problem with the entangled parameters A and 1,)
and evaluate the charm quark masses that correspond to the
five lattice sets provided in Table I; the result is presented in
the lower row of the same table.

We notice that the lattice data in Ref. [31] demonstrate a
tension between the values of the spin-averaged mass and
splitting in Table I. It is evidenced by Fig. 1 where the big
orange dot, representing the physical D*)-meson masses,
hits neither the fitting curves nor their continuation. The
situation is likely to improve in future lattice updates,
if the lattice action is taken to higher orders in the lattice
spacing [44]. It can also potentially facilitate more accurate
determination of the parameters A and A, from the lattice
data. Meanwhile, it would be natural to expect the
corresponding corrections to the D and D* masses to be
similar in magnitude and weakly m,. dependent (applying
such corrections would result in the overall shift of the
black points and fitting curves in Fig. 1 by 6m ~ 0.15 GeV
upward). Then, they should cancel to a large extent in
the mass splitting Am and leave intact the determined
parameter A, in Eq. (18) and the extracted charmed quark
masses in Table L.

IV. CONCLUSIONS

In this short paper, we analyzed the recent lattice data on
the D*-meson masses obtained for several unphysical
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values of the charm quark mass using the methods of
lattice QCD. We extracted the nonperturbative parameters
that appear in the HQET expansion of a heavy-light meson
mass to quantify the contribution of the light quarks and
gluons, the kinetic energy of the heavy quark, and the
heavy quark spin interaction with the chromomagnetic
field in the meson. The extracted values of the non-
perturbative parameters comply well with both simple
quantitative estimates and other results found in the
literature. However, two of them, A and A,, are strongly
entangled and as a result are determined with large
uncertainties. The situation is likely to improve with
further lattice updates. The parameter 1, is determined
more accurately. It is most difficult for theoretical deter-
mination, so establishing its value is an important task for

nonperturbative QCD. Employing the extracted value of
Ay, the charmed quark masses corresponding to the five
lattice sets are determined. They can be employed in
various quark model calculations.
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