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We have studied the mass spectra of doubly charmed pentaquark states in the Λð�Þ
c Dð�Þ and Σð�Þ

c Dð�Þ

channels with JP ¼ 1=2�, 3=2�, and 5=2� within the framework of quantum chromodynamics sum rules.
We use the parity projected sum rules to separate the contributions of negative and positive parities from the
two-point correlations induced by the pentaquark interpolating currents. Our results show that the bound
states of Pcc pentaquarks may exist in the ΛcDð1

2
−Þ, ΣcDð1

2
−Þ, ΣcD�ð3

2
−Þ, Λ�

cDð3
2
−Þ,Λ�

cD�ð5
2
−Þ channels with

negative-parity and ΣcDð1
2
þÞ, ΣcD�ð3

2
þÞ, Σ�

cDð3
2
þÞ channels with positive-parity, since their masses are

predicted to be lower than the corresponding meson-baryon thresholds. However, they are still allowed to

decay into the Ξð�Þ
cc π final states via strong interaction. The triply charged Pþþþ

cc ðccuud̄Þ and neutral
P0
ccðccddūÞ in the isospin quartet would definitely be pentaquark states due to their exotic charges. We

suggest searching for these characteristic doubly charmed pentaquark signals in the Pþþþ
cc →

Ξð�Þþþ
cc πþ=ρþ, Σð�Þþþ

c Dð�Þþ and P0
cc → Ξð�Þþ

cc π−=ρ−, Σð�Þ0
c Dð�Þ0 decays in the near future.

DOI: 10.1103/PhysRevD.109.094018

I. INTRODUCTION

Since the discovery of X(3872) in 2003, there have been
reported numerous new hadron states, including the XYZ
states, hidden-charm pentaquark states, doubly charmed
tetraquark Tcc state, fully-charm tetraquark states, doubly
charged Tcs̄ð2900Þþþ state and so on [1–6]. They are good
candidates of exotic hadron states. It is very important to
study their various properties for identifying and under-
standing the new hadron spectroscopy and nonperturbative
quantum chromodynamics (QCD).
In 2015, the LHCb Collaboration observed two hidden-

charm pentaquark states Pcð4380Þ and Pcð4450Þ in the
J=ψp invariant mass spectrum in the Λ0

b → J=ψK−p proc-
ess [7]. Combined with LHCb’s Run 2 data in 2019, they
discovered a new narrow pentaquark Pcð4312Þ in the same
process and final states [8]. They further claimed that

Pcð4450Þwas consisted of two narrow pentaquark structures
Pcð4440Þ and Pcð4457Þ with the statistical significance of
5.4σ [8]. In the B0

s → J=ψ p̄p decays, an evidence for a new
structure Pcð4337Þ was found in both the J=ψp and J=ψp̄
systems [9]. The story was ongoing with the observation of
Pcsð4459Þ, which is the candidate of hidden-charm penta-
quark state with strangeness reported in the J=ψΛ invariant
mass distribution in the Ξ−

b → J=ψK−Λ decays [10]. Very
recently, LHCb also reported a very narrow resonance
Pcsð4338Þ in the B− → J=ψΛp̄ process, with the preferred
spin-parity quantum numbers JP ¼ 1=2− at high confidence
level [11].
The observations of these Pc and Pcs structures have

attracted extensive theoretical studies in the hidden-charm
pentaquark states, including their inner structures, quantum
numbers, mass spectra, decay and production properties, etc.
On the other hand, one may wonder if there exist pentaquark
states other than in the hidden-charm channels, such as the
doubly charmed pentaquarks. Such expectations were
directly inspired by the observations of the doubly charmed
baryons and doubly charmed tetraquark state. In 2017, the
LHCb Collaboration discovered the doubly charmed baryon
Ξþþ
cc in theΛþ

c K−πþπþ mass spectrum [12] and confirmed it
later in theΞþþ

cc → Ξþ
c π

þ decaymode [13], shedding light on
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the long-standing puzzle in the Ξcc system after the previous
observations of the Ξþ

cc baryon by SELEX in the Λþ
c K−πþ

final states [14,15]. Recently in 2022, LHCb reported the
observation of the doubly charmed tetraquark state Tþ

cc in the
mass spectrum ofD0D0πþ just below theD�þD0 threshold,
with very narrow decay width and the quantum numbers
IðJPÞ ¼ 0ð1þÞ [16,17].
To date, there are some theoretical investigations on the

existence of doubly charmed pentaquark states [18–31]. In
Ref. [18], the authors explored the intermediate- and short-
range forces from σ=ω exchange in the one-boson-
exchange (OBE) model, and suggested that the interaction
in the S-wave ΛcD system be attractive to form a molecular

state. In Refs. [19,20], the doubly charmed Dð�ÞΣð�Þ
c

pentaquark systems were investigated in the OBE models
and the attractive interactions were found for all channels
with isospin I ¼ 1=2 so that the molecular bound states can
be formed. Such results were also supported by the
systematic studies within the framework of chiral effective
field theory [21], Bethe-Salpeter approach [22], and the
unitarized coupled-channel approach [23]. Using the res-
onating group method in the QDCSM framework [24], the

doubly charmed Λc=Σ
ð�Þ
c Dð�Þ, Ξð�Þ

cc π=η=ρ=ω pentaquark
systems were systematically investigated, in which a
possible bound state Ξ�

ccρ with IðJPÞ ¼ 3=2ð5=2−Þ and
five resonance states with various quantum numbers were
obtained. Another shallow bound state Ξ�

ccπ with IðJPÞ ¼
1=2ð3=2−Þ and several possible narrow Σð�Þ

c Dð�Þ resonances
were predicted within the chiral quark model [25]. In

Ref. [26], the coupled system of ΛcDð�Þ − Σð�Þ
c Dð�Þ in

IðJPÞ ¼ 1=2ð3=2−Þ channel was studied and a doubly
charmed pentaquark statewas found as a hadronic molecule.
Within the chiral effective field theory, the authors in
Ref. [27] studied the S-wave scatterings of doubly charmed
baryons and light pseudoscalar mesons, and they found one
bound state below the ΞccK̄ threshold with ðS; IÞ ¼ ð−1; 0Þ
and two resonant structures around the Ξccπ, Ξccη, ΩccK
thresholds with ðS; IÞ ¼ ð0; 1=2Þ. Besides, the doubly
charmed pentaquarks have been also investigated in the
compact configurations of diquark-diquark-antiquark model
[28–30] and triquark-diquark model [31], including their
masses, lifetimes,magneticmoments and so on. In thiswork,
we shall systematically study the possible doubly charmed

pentaquark states in theΛð�Þ
c Dð�Þ and Σð�Þ

c Dð�Þ channels with
JP ¼ 1=2�, 3=2�, and 5=2� using the QCD sum rule
method.

This paper is organized as follows. In Sec. II, we
construct the interpolating currents for Λð�Þ

c Dð�Þ and

Σð�Þ
c Dð�Þ meson-baryon Pcc states. In Sec. III, we establish

the parity projected sum rules for these pentaquark systems
and calculate the correlation functions and spectral den-
sities for all interpolating currents. We extract the masses
and coupling constants for these doubly charmed penta-
quark states by performing the QCD sum rule analyses in
Sec. IV. The last section is a brief summary.

II. QCD SUM RULES FOR DOUBLY CHARMED
PENTAQUARKS

In this section, we construct the interpolating currents for
the doubly charmed pentaquark states in the ½qcq�½q̄c�
baryon-meson molecular picture, where q ¼ ðu; dÞ is a
light quark and c is the charm quark. To investigate the

hadron molecules in the Λð�Þ
c Dð�Þ and Σð�Þ

c Dð�Þ channels, we
first collect the masses and spin-parity for the charmed

baryonsΛð�Þ
c ;Σð�Þ

c and charmed mesonsDð�Þ in Table I from
PDG [32]. For the negative-parity Σc=Σ�

c with 1
2
−=3

2
−, we

use the theoretical predicted masses in the relativized
potential quark model [33]. Replacing the s quark to c
quark in the well-known Ioffe currents [34], we construct

the interpolating currents for the Λð�Þ
c and Σð�Þ

c charmed
baryons

jΛc ¼ εabc½ðuTaCγνcbÞγ5γνdc − ðdTaCγνcbÞγ5γνuc�;
jΛ

�
c

ν ¼ εabc½ðuTaCγνcbÞdc − ðuTaCγνdbÞcc�;
jΣc ¼ εabc½ðuTaCγνcbÞγ5γνdc þ ðdTaCγνcbÞγ5γνuc�;
jΣ

�
c

ν ¼ εabc½2ðuTaCγνcbÞuc þ ðuTaCγνubÞcc�; ð1Þ

where the superscripts and subscripts a, b, c are the color
indices, the superscript T is the transposition operator, and
C is the charge conjugation matrix. The interpolating
current jΛ

�
c

ν in Eq. (1) for Λ�
c baryon can be obtained using

the SU(2) symmetry relations. These currents can couple to
both the positive and negative parity charmed baryons
corresponding to S-wave and P-wave states respectively.
For the charmed mesons, only the S-wave Dð�Þ fields are
considered

TABLE I. Masses and spin-parity quantum numbers for charmed baryons and charmed mesons.

State Λc Λcð2595Þ Λcð2860Þ=Λ�
c Λcð2625Þ=Λ�

c Σc Σc Σcð2520Þ=Σ�
c Σcð2800Þ=Σ�

c D D�

JP 1
2
þ 1

2
− 3

2
þ 3

2
− 1

2
þ 1

2
− 3

2
þ 3

2
− 0− 1−

Mass (MeV) 2286 2592 2860 2625 2455 2770 2520 2805 1869 2007
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jD ¼ d̄diγ5cd; jD
�

μ ¼ d̄dγμcd: ð2Þ

Using the above charmed baryon and meson operators, we construct the interpolating currents for the doubly charmed

Λð�Þ
c Dð�Þ and Σð�Þ

c Dð�Þ molecular pentaquarks as the following

JΛcD ¼ εabc½ðuTaCγμcbÞγ5γμdc − ðdTaCγμcbÞγ5γμuc�½d̄diγ5cd�;
JΛcD�
μ ¼ εabc½ðuTaCγνcbÞγ5γνdc − ðdTaCγνcbÞγ5γνuc�½d̄dγμcd�;
JΛ

�
cD

μ ¼ εabc½ðuTaCγμcbÞdc − ðuTaCγμdbÞcc�½d̄diγ5cd�;
JΛ

�
cD�

μν ¼ εabc½ðuTaCγνcbÞdc − ðuTaCγνdbÞcc�½d̄dγμcd� þ ðμ ↔ νÞ;
JΣcD ¼ εabc½ðuTaCγμcbÞγ5γμdc þ ðdTaCγμcbÞγ5γμuc�½d̄diγ5cd�;
JΣcD�
μ ¼ εabc½ðuTaCγνcbÞγ5γνdc þ ðdTaCγνcbÞγ5γνuc�½d̄dγμcd�;
JΣ

�
cD

μ ¼ εabc½2ðuTaCγμcbÞuc þ ðuTaCγμubÞcc�½d̄diγ5cd�;
JΣ

�
cD�

μν ¼ εabc½2ðuTaCγνcbÞuc þ ðuTaCγνubÞcc�½d̄dγμcd� þ ðμ ↔ νÞ: ð3Þ

These pentaquark interpolating currents J, Jμ, and Jμν carry
the spin-parity quantum numbers JP ¼ 1=2−, 3=2−, and
5=2−, respectively. Besides, the current Jμν should also
contain the J ¼ 1=2 and 3=2 components while Jμ contains
the J ¼ 1=2 component. Similar to the baryonic current, a
pentaquark operator with negative-parity can couple to both
the negative-parity and positive-parity pentaquark states via
different coupling relations [35–38]

h0jJ−jX1=2−i ¼ f−XuðpÞ;
h0jJ−jX1=2þi ¼ fþX γ5uðpÞ; ð4Þ

in which uðpÞ is the Dirac spinor and f∓X is the coupling
constant. The spin-parity for the current J− is JP ¼ 1=2−

under the non-γ5 coupling. It can also couple to the
positive-parity pentaquark via the above γ5 coupling
relation. These relations also suggest that the current Jþ ≡
iγ5J− with opposite parity can couple to the same penta-
quark states with J−, so that leading to the same sum rule
results. For the vector and tensor currents, the non-γ5
couplings to the hadron states are

h0jJμjX3
2
i ¼ fXuμðpÞ;

h0jJμνjX5
2
i ¼ fXuμνðpÞ; ð5Þ

where uμðpÞ and uμνðpÞ are the Rarita-Schwinger vector
and polarization tensor, respectively.
In QCD sum rules, the two-point correlation functions

ΠðpÞ, ΠμνðpÞ, and ΠμναβðpÞ can be written as [39–41],

Πðp2Þ ¼ i
Z

d4xeip·xh0jT½JðxÞJ̄ð0Þ�j0i

¼ Π1=2ðp2Þ; ð6Þ

Πμνðp2Þ ¼ i
Z

d4xeip·xh0jT½JμðxÞJ̄νð0Þ�j0i

¼
�
pμpν

p2
− gμν

�
Π3=2ðp2Þ þ � � � ; ð7Þ

Πμναβðp2Þ ¼ i
Z

d4xeip·xh0jT½JμνðxÞJ̄αβð0Þ�j0i

¼ ðgμαgνβ þ gμβgναÞΠ5=2ðp2Þ þ � � � ; ð8Þ

in which p̂ ¼ γμpμ. The Π1=2ðp2Þ, Π3=2ðp2Þ, and Π5=2ðp2Þ
are the invariant functions for the hadron states with spin-
1=2, 3=2, and 5=2 respectively. In Eqs. (7) and (8), there are
also some other contributions from the spin-1=2 and 3=2
components, as mentioned above. In this article, we choose
the tensor structures 1, gμν and gμαgνβ þ gμβgνα for the
correlation functions Πðp2Þ, Πμνðp2Þ, and Πμναβðp2Þ,
respectively to study the JP ¼ 1=2�, 3=2�, and 5=2�
doubly heavy pentaquark states.
We calculate the invariant function Π1=2ðp2Þ, Π3=2ðp2Þ,

and Π5=2ðp2Þ at both hadronic and quark-gluonic levels. At
the hadronic level, we use the dispersion relation to write
the invariant function as:

Πðp2Þ ¼ 1

π

Z
∞

4m2
c

ImΠðsÞ
s − p2 − iε

ds; ð9Þ

where 4m2
c is the physical threshold. The imaginary part of

the invariant function ImΠðsÞ is related to the spectral
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function ρðsÞ≡ ImΠðsÞ=π, which is estimated at the
phenomenological hadronic level by inserting intermediate
pentaquark states

P
n jnihnj [39–41]

ρphenðsÞ≡ ImΠðsÞ
π

¼
X
n

δðs −M2
nÞh0jJjnihnjJ̄j0i

¼ f−X
2ðp̂þM−

XÞδðs −M−
X
2Þ

þ fþX
2ðp̂ −Mþ

X Þδðs −Mþ
X
2Þ þ � � � : ð10Þ

In the last step, we use the “narrow resonance” approxi-
mation for the ground state, while “� � �” contains the
contributions from the continuum and excited states.

It is obvious that the invariant functions in Eqs. (6)–(8)
contain information of both negative-parity and positive-
parity pentaquarks

Πðp2Þ ¼ f−X
2
p̂þM−

X

M−
X
2 − p2

þ fþ2
X

p̂ −Mþ
X

Mþ
X
2 − p2

þ � � � ; ð11Þ

in which the first and second terms at the right side of
Eq. (11) correspond to the negative and positive-parity
lowest lying resonances, respectively. It is interesting to see
that the only difference of these two parts is the relative sign
between p̂ and M�

X . One can isolate the pole terms of the
lowest states and obtain the hadronic spectral densities in
the rest frame p⃗ ¼ 0 [37]

ImΠðp0Þ
π

¼ f−X
2ðγ0p0 þM−

XÞδðs −M−
X
2Þ þ fþ2

X ðγ0p0 −Mþ
X Þδðs −Mþ

X
2Þ

¼ γ0p0ρ
1
HðsÞ þ ρ0HðsÞ; ð12Þ

where

p0ρ
1
HðsÞ ¼ f−X

2M−
Xδðs −M−

X
2Þ þ fþ2

X Mþ
Xδðs −Mþ

X
2Þ;

ρ0HðsÞ ¼ f−X
2M−

Xδðs −M−
X
2Þ − fþ2

X Mþ
Xδðs −Mþ

X
2Þ; ð13Þ

so that the p0ρ
1
HðsÞ þ ρ0HðsÞ and p0ρ

1
HðsÞ − ρ0HðsÞ contain only the contribution from the negative-parity and positive-parity

pentaquark states, respectively. Now we can obtain two QCD sum rules at the hadronic side

Z
s0

4m2
c

½ ffiffiffi
s

p
ρ1j;HðsÞ þ ρ0j;HðsÞ� exp

�
−

s
M2

B

�
ds ¼ 2M−

Xf
−2
j;X exp

�
−
M−

X
2

M2
B

�
; ð14Þ

Z
s0

4m2
c

½ ffiffiffi
s

p
ρ1j;HðsÞ − ρ0j;HðsÞ� exp

�
−

s
M2

B

�
ds ¼ 2Mþ

Xf
þ2
j;X exp

�
−
Mþ

X
2

M2
B

�
; ð15Þ

where j ¼ 1=2; 3=2; 5=2 is the spin of the pentaquark state.
The parameters s0 andMB are the continuum threshold and
Borel mass, respectively. Equation (14) is the sum rule for
the negative-parity pentaquark while Eq. (15) for the
positive-parity one.
At the quark-gluonic level, the two-point correlation

function can be evaluated via the operator production

expansion (OPE) method. It is usually expressed as a
function of various QCD parameters, such as QCD con-
densates, quark masses and the strong coupling constant αs.
To calculate the Wilson coefficients, we adopt the coor-
dinate space expression for the light quark propagator while
the momentum space expression for the heavy quark
propagator

iSabq ðxÞ ¼ iδab

2π2x4
x̂ −

δab

12
hq̄qi þ i

32π2
λnab
2

gsGn
μν

1

x2
ðσμνx̂þ x̂σμνÞ

þ δabx2

192
hq̄gsσ ·Gqi − mδab

4π2x2
þ iδabmhq̄qi

48
x̂ −

imhq̄gsσ ·Gqiδabx2x̂
1152

; ð16Þ

iSabQ ðpÞ ¼ iδab

p̂ −mQ
þ i
4
gs
λnab
2

Gn
μν
σμνðp̂þmQÞ þ ðp̂þmQÞσμν

ðp2 −m2
QÞ2

þ iδab

12
hg2sGGimQ

p2 þmQp̂

ðp2 −m2
QÞ4

; ð17Þ
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where λn is the Gell-Mann matrix [42]. In this work, we
calculate correlation functions and spectral densities up to
dimension 10 condensates at the leading order of αs.
The OPE series contain the perturbative term, the quark
condensates hq̄qi, the gluon condensate hg2sGGi, the quark-
gluon mixed condensates hgsq̄σGqi, and the higher dimen-
sional condensates hq̄qi2, hq̄qihgsq̄σGqi, and hgsq̄σGqi2.
The results for the spectral densities ρ1DðsÞ and ρ0DðsÞ are
shown in the Appendix. We ignore the chiral suppressed
terms with the up and down quark masses, and adopt the
factorization assumption of vacuum saturation for higher
dimensional condensates.
By equating the invariant functions at two sides, one can

obtain the QCD sum rules for the pentaquark mass

M2
j;� ¼

R s0
4m2

c
½ ffiffiffi

s
p

ρ1j;QCDðsÞ ∓ ρ0j;QCDðsÞ� exp
�
− s

M2
B

�
sds

R s0
4m2

c
½ ffiffiffi

s
p

ρ1j;QCDðsÞ ∓ ρ0j;QCDðsÞ� exp
�
− s

M2
B

�
ds

;

ð18Þ

in which Mj;þ is the mass for the positive-parity penta-
quark, Mj;− for the negative-parity pentaquark.
Considering the isospin quantum number, the Λð�Þ

c Dð�Þ
pentaquarks form isospin doublet with I ¼ 1=2 while the

Σð�Þ
c Dð�Þ states can be doublet or quartet with I ¼ 3=2. We

denote the isospin doublet and quartet for the doubly
charmed pentaquarks as ðPþþ

cc ; Pþ
ccÞ and ðPþþþ

cc ; Pþþ
cc ;

Pþ
cc; P0

ccÞ, respectively. Since we do not differentiate the
up and down quarks in our calculations, the predicted
pentaquark masses with the same spin-parity quantum
numbers should be degenerate. One notes that the states
in the isospin quartet are definite exotic pentaquark states
since the ordinary doubly charmed baryons (ccu=ccd)
belong to an isospin doublet. Especially for the triply charged
Pþþþ
cc ðccuud̄Þ and neutral P0

ccðccddūÞ states, they shall be
the characteristic signals for searching for these doubly
charmed pentaquarks in the future.

III. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we perform the QCD sum rule numerical
analyses to predict the masses for the doubly charmed
pentaquark states. We use the following values for various
input parameters [34,43–51]:

mcðmcÞ ¼ 1.27þ0.03
−0.04 GeV;

hq̄qi ¼ −ð0.24� 0.01Þ3 GeV3;

hq̄gsσ ·Gqi ¼ −M2
0hq̄qi;

M2
0 ¼ ð0.8� 0.2Þ GeV2;

hg2sGGi ¼ ð0.48� 0.14Þ GeV4; ð19Þ

in which the running mass in the MS scheme is used for the
charm quark.
To constrain the working regions of the continuum

threshold s0 and Borel massMB, we consider the behaviors
of the OPE convergence (CVG) and pole contribution (PC)
as the following

CVG�≡
������
R∞
4m2

c
½ ffiffiffi

s
p

ρ1hq̄qi3ðsÞ ∓ ρ0hq̄qi3ðsÞ� exp
�
− s

M2
B

�
ds

R∞
4m2

c
½ ffiffiffi

s
p

ρ1ðsÞ ∓ ρ0ðsÞ� exp
�
− s

M2
B

�
ds

������;

ð20Þ

PC� ≡
R s0
4m2

c
½ ffiffiffi

s
p

ρ1ðsÞ ∓ ρ0ðsÞ� exp
�
− s

M2
B

�
ds

R∞
4m2

c
½ ffiffiffi

s
p

ρ1ðsÞ ∓ ρ0ðsÞ� exp
�
− s

M2
B

�
ds

: ð21Þ

The CVG is usually required to be small enough to ensure
the convergence of OPE series, which provides a lower
bound on Borel parameterMmin

B . The PC is required to be as
large as possible to ensure the validity of one-pole para-
metrization, which can determine the upper limitMmax

B . The
continuum threshold value s0 is chosen to minimize the
dependence of hadron mass on the Borel parameter MB.
Following these criteria, we plot the variation of hadron
mass to s0 for the interpolating current JΛcD with JP ¼ 1

2
−

(left) and JP ¼ 1
2
þ (right) in Fig. 1. One can find the optimal

working region of s0 around the intersection of the curves
with different values ofM2

B. The pentaquark mass is almost
independent on the Borel parameter M2

B in this working
region of s0. In Fig. 2, we show the Borel curves which are
very stable in the working regions of s0 andM2

B. We obtain
the hadron masses for the ΛcD pentaquarks as

mΛcD
1=2− ¼ 4.13þ0.10

−0.09 GeV; ð22Þ

mΛcD
1=2þ ¼ 4.97þ0.14

−0.13 GeV; ð23Þ

in which the errors come from the uncertainties of the Borel
massMB, the thresholdvalue s0 and various input parameters
listed in Eq. (19). One notes that the positive-parity penta-
quark is much heavier than the negative-parity state in the
same channel since the P-wave excitations.
In the left panel of Fig. 3, we show the variation of

hadron mass to s0 for the current JΣ
�
cD with JP ¼ 3

2
þ. It is

shown that there is no intersection for various values ofM2
B

due to the different behavior of the spectral density. To
determine the working region of s0 in this situation, we
define the following quantity χ2ðs0Þ to study the stability
behavior of hadron mass

χ2ðs0Þ ¼
XN

i;j¼1;i≠j
½mXðs0;M2

B;iÞ −mXðs0;M2
B;jÞ�2; ð24Þ
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in which MB;iði ¼ 1; 2;…; NÞ represents N definite Borel
parameter in its working region. The optimal value of s0
can be obtained by minimizing the quantity of χ2ðs0Þ, as
shown in the right panel of Fig. 3. The mass curves are
plotted in Fig. 4, and the corresponding pentaquark mass is
predicted as

mΣ�
cD

3=2þ ¼ 4.64þ0.21
−0.17 GeV: ð25Þ

After the numerical analyses, we collect the predicted
hadron masses and coupling constants for all negative-
parity and positive-parity doubly charmed pentaquarks in

FIG. 1. Variation of hadron mass to s0 for the current JΛcD with JP ¼ 1
2
− (left) and JP ¼ 1

2
þ (right).

FIG. 2. Mass curves for the current JΛcD with JP ¼ 1
2
− (left) and JP ¼ 1

2
þ (right).

FIG. 3. Hadron mass (left) and χ2 (right) curves for the current JΣ
�
cD with JP ¼ 3

2
þ.
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Tables II and III, respectively. We compare the predicted
pentaquark masses to the corresponding meson-baryon
mass thresholds. In Table II, the charmed baryons Λc=Σc

and Λ�
c=Σ�

c are JP ¼ 1
2
þ and 3

2
þ with positive-parity,

respectively. However, we use the P-wave Λcð2595Þ and
Λ�
cð2625Þ charmed baryons with negative-parity in

Table III to give the two-hadron mass thresholds. As shown

in Table I, we use the theoretical predicted masses of Σc=Σ�
c

with 1
2
−=3

2
− in the relativized potential quark model [33]. It

is shown that the obtained pentaquark masses for the
ΛcDð1

2
−Þ, ΣcDð1

2
−Þ, ΣcD�ð3

2
−Þ, Λ�

cDð3
2
−Þ, Λ�

cD�ð5
2
−Þ chan-

nels with negative-parity and ΣcDð1
2
þÞ, ΣcD�ð3

2
þÞ, Σ�

cDð3
2
þÞ

channels with positive-parity are lower than the corre-
sponding meson-baryon mass thresholds. The doubly
charmed Pcc pentaquarks in these channels are predicted
to form bound states.

IV. SUMMARY AND DISCUSSION

Motivated by the discoveries of the hidden-charm
Pc=Pcs pentaquarks, the doubly charmed Ξþþ

cc and Tþ
cc

states, we have investigated the existence of doubly

charmed pentaquark states in the Λð�Þ
c Dð�Þ and Σð�Þ

c Dð�Þ

channels with JP ¼ 1=2�, 3=2� and 5=2� using the QCD
sum rule method. We systematically construct the meson-
baryon type of interpolating currents for these doubly-
charmed pentaquark states and calculate their two-point
correlation functions up to dimension-10. We adopt the
parity projected sum rules to separate the contributions of
negative-parity and positive-parity states, and extract the

FIG. 4. Mass curves for the current JΣ
�
cD with JP ¼ 3

2
þ.

TABLE II. Masses and couplings of the Pcc doubly charmed pentaquark states with negative-parity.

Current JP s0½GeV2� M2
B½GeV2� Pole (%) CVG (%) Mass [GeV] Two-hadron threshold [GeV] fX½GeV6�

JΛcD 1
2
− 19.5ð�5%Þ 2.83–3.43 >16.9 <5 4.13þ0.10

−0.09 4.15 0.77þ0.16
−0.16 × 10−3

JΣcD 1
2
− 18.3ð�5%Þ 3.40–3.70 >5.9 <5 4.08þ0.18

−0.13 4.32 0.28þ0.08
−0.08 × 10−3

JΣcD� 3
2
− 20.3ð�5%Þ 3.17–3.47 >11.9 <10 4.14þ0.18

−0.15 4.46 0.27þ0.08
−0.08 × 10−3

JΣ
�
cD 3

2
− 22.8ð�5%Þ 3.82–4.22 >13.4 <2 4.47þ0.11

−0.10 4.39 1.43þ0.31
−0.30 × 10−3

JΛcD� 3
2
− 21.0ð�5%Þ 3.55–3.95 >12.6 <5 4.31þ0.11

−0.10 4.29 0.95þ0.21
−0.21 × 10−3

JΛ
�
cD 3

2
− 22.8ð�5%Þ 2.91–3.51 >25.0 <10 4.42þ0.13

−0.12 4.73 0.79þ0.16
−0.15 × 10−3

JΛ
�
cD� 5

2
− 22.1ð�5%Þ 3.09–3.69 >15.5 <10 4.41þ0.17

−0.14 4.86 0.86þ0.21
−0.19 × 10−3

JΣ
�
cD� 5

2
− 25.0ð�5%Þ 4.0–4.6 >12.5 <2 4.69þ0.12

−0.11 4.53 2.48þ0.56
−0.54 × 10−3

TABLE III. Masses and couplings of the Pcc doubly charmed pentaquark states with positive-parity.

Current JP s0½GeV2� M2
B½GeV2� Pole (%) CVG (%) Mass [GeV] Two-hadron threshold [GeV] fX½GeV6�

JΛcD 1
2
þ 27.4ð�5%Þ 4.11–4.51 >11.7 <2 4.97þ0.13

−0.14 4.46 1.87þ0.49
−0.47 × 10−3

JΣcD 1
2
þ 23.7ð�5%Þ 2.98–3.58 >14.8 <5 4.60þ0.11

−0.12 4.63 0.46þ0.12
−0.12 × 10−3

JΣcD� 3
2
þ 25.6ð�5%Þ 4.00–4.30 >11.2 <0.5 4.77þ0.09

−0.09 4.77 0.49þ0.12
−0.12 × 10−3

JΣ
�
cD 3

2
þ 24.9ð�5%Þ 3.61–4.01 >10.9 <3 4.64þ0.17

−0.21 4.64 0.80þ0.25
−0.24 × 10−3

JΛcD� 3
2
þ 35.0ð�5%Þ 4.24–4.84 >27.4 <2 5.52þ0.11

−0.11 4.60 5.32þ1.14
−1.08 × 10−3

JΛ
�
cD 3

2
þ 22.9ð�5%Þ 3.06–3.56 >11.4 <5 4.54þ0.15

−0.18 4.50 0.34þ0.10
−0.10 × 10−3

JΛ
�
cD� 5

2
þ 33.0ð�5%Þ 2.99–3.59 >46.4 <5 5.29þ0.14

−0.14 4.64 2.1þ0.44
−0.43 × 10−3

JΣ
�
cD� 5

2
þ 28.8ð�5%Þ 3.36–3.96 >17.4 <5 5.06þ0.24

−0.30 4.78 1.82þ0.67
−0.58 × 10−3
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mass spectra of these Λð�Þ
c Dð�Þ and Σð�Þ

c Dð�Þ doubly
charmed pentaquarks.
As shown in Tables II and III, the negative-parity

pentaquarks are much lighter than those with positive-
parity in the same channel, which is reasonable since the
orbital excitation in the latter systems. It is shown that the

doubly charmed pentaquarks in the ΛcDð1
2
−Þ, ΣcDð1

2
−Þ,

ΣcD�ð3
2
−Þ, Λ�

cDð3
2
−Þ, Λ�

cD�ð5
2
−Þ channels with negative-

parity and ΣcDð1
2
þÞ, ΣcD�ð3

2
þÞ, Σ�

cDð3
2
þÞ channels with

positive-parity lie below the corresponding meson-baryon
thresholds, which are predicted to form bound states.
However, these doubly charmed Pcc states can still decay

TABLE IV. Some possible two-hadron decay modes of Pcc states with negative parity. The notation “∅” denotes that there is no Pcc
state with such quantum numbers, and “� � �” means no allowed decay mode in the corresponding channel.

JP Current Partial wave I ¼ 1
2

I ¼ 3
2

1
2
−

JΛcD
S Ξccπ ∅
P Ξccσ ∅

JΣcD
S Ξccπ Ξccπ
P � � � � � �

3
2
−

JΣcD� S Ξ�
ccπ Ξ�

ccπ
P Ξccσ � � �

JΣ
�
cD

S ΛcD�;ΣcD�;Σ�
cD;Ξccρ=ω;Ξ�

ccπ=η ΣcD�;Σ�
cD;Ξccρ;Ξ�

ccπ
P Λcð2595ÞD;Ξð�Þ

cc σ � � �

JΛcD� S ΛcD�;Ξ�
ccπ=η ∅

P Ξð�Þ
cc σ ∅

JΛ
�
cD

S ΛcD�;Σ�
cD;Σð�Þ

c D�;Ξccω=ρ;Ξ�
ccπ=ω=ρ=η=η0 ∅

P Λcð2595ÞDð�Þ;ΛcD0=D1;Ξ
ð�Þ
cc σ=a0=f0ð980Þ ∅

5
2
−

JΛ
�
cD� S � � � ∅

P Ξ�
ccσ ∅

JΣ
�
cD� S Σ�

cD�;Ξ�
ccρ=ω Σ�

cD�;Ξ�
ccρ

P Λcð2595ÞD�;Ξ�
ccσ=f0ð980Þ=a0 Ξ�

cca0

TABLE V. Some possible two-hadron decay modes of Pcc states with positive parity. The notation “∅” denotes that there is no Pcc
state with such quantum numbers, and “� � �” means no allowed decay mode in the corresponding channel.

JP Current Partial wave I ¼ 1
2

I ¼ 3
2

1
2
þ

JΛcD
S ΛcD0=D1;Λcð2595ÞDð�Þ;ΣcD0=D1;Σ�

cD1;Ξccσ=f0ð980Þ=a0;Ξð�Þ
cc a1 ∅

P ΛcDð�Þ;Λcð2595ÞD0;Λ�
cDð�Þ;Σð�Þ

c Dð�Þ;Ξð�Þ
cc π=ρ=ω=η=η0 ∅

JΣcD
S ΛcD0;Λcð2595ÞDð�Þ;Ξccσ � � �
P ΛcDð�Þ;Σð�Þ

c Dð�Þ;Ξð�Þ
cc π=ρ=ω=η;Ξccη

0 Σð�Þ
c Dð�Þ;Ξð�Þ

cc π=ρ

3
2
þ

JΣcD� S ΛcD1;Λcð2595ÞD�;Ξ�
ccσ=f0ð980Þ=a0 � � �

P ΛcDð�Þ;Λ�
cD;Σð�Þ

c Dð�Þ;Ξð�Þ
cc π=ρ=ω=η=η0 Σð�Þ

c Dð�Þ;Ξð�Þ
cc π=ρ

JΣ
�
cD

S Λcð2595ÞD�;Ξ�
ccσ � � �

P ΛcDð�Þ;Σð�Þ
c Dð�Þ;Ξð�Þ

cc π=ρ=ω=η=η0 Σð�Þ
c Dð�Þ;Ξð�Þ

cc π=ρ

JΛcD� S ΛcD1;Λcð2595ÞD�;Σ�
cD0;Σ

ð�Þ
c D1;Ξ�

ccσ=f0ð980Þ=a0;Ξð�Þ
cc a1 ∅

P ΛcDð�Þ;Λ�
cDð�Þ;Λcð2595ÞD0=D1;Σ

ð�Þ
c Dð�Þ;Ξð�Þ

cc π=ρ=ω=η=η0 ∅

JΛ
�
cD

S Ξ�
ccσ ∅

P ΛcDð�Þ;Σð�Þ
c Dð�Þ;Ξð�Þ

cc π=ρ=ω=η ∅

5
2
þ

JΛ
�
cD� S ΛcD2;Σ�

cD1;Σ
ð�Þ
c D2;Ξ�

cca1 ∅
P ΛcD�;Λ�

cDð�Þ;Λcð2595ÞD1=D2;ΣcD�;Σ�
cDð�Þ;Ξð�Þ

cc ρ=ω;Ξ�
ccπ=η=η0 ∅

JΣ
�
cD� S ΛcD2;Σ�

cD1;Σ
ð�Þ
c D2;Ξ�

cca1 Σ�
cD1;Σ

ð�Þ
c D2;Ξ�

cca1
P ΛcD�;Λ�

cDð�Þ;Λcð2595ÞD1=D2;ΣcD�;Σ�
cDð�Þ;Ξð�Þ

cc ρ=ω;Ξ�
ccπ=η=η0 ΣcD�;Σ�

cDð�Þ;Ξð�Þ
cc ρ;Ξ�

ccπ
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into Ξð�Þ
cc plus a light meson via the strong interaction,

because all of them lie above the Ξπ and Ξ�π thresholds.
Considering the isospin symmetry, we list some possible
two-hadron decay modes for the negative-parity and
positive-parity Pcc states in Tables IV and V respectively,
in which the LQCD prediction of the Ξ�

cc mass is adopted

[52]. Besides the Ξð�Þ
cc π=ρ=ω=η=η0 modes, the possible

charmed baryon-meson final states are also considered.
It is especially interesting for triply charged Pþþþ

cc ðccuud̄Þ
and neutral P0

ccðccddūÞ states in the isospin quartet
since their exotic charges are different from the ordinary
doubly charmed baryons Ξþþ

cc =Ξþ
cc. They should be definite

pentaquark states if they do exist. One may search for
these characteristic signals for doubly charmed pentaquarks

in the Pþþþ
cc → Ξð�Þþþ

cc πþ=ρþ, Σð�Þþþ
c Dð�Þþ and P0

cc →

Ξð�Þþ
cc π−=ρ−, Σð�Þ0

c Dð�Þ0 decay processes so long as the
kinematics and IðJPÞ quantum numbers allow. For the Pcc

states in the isospin doublet, the ΛcDð�Þ final states are also
the important decay modes.
As shown in Fig. 5, the Pcc pentaquark states can be

produced via the weak decay of doubly heavy Ξbc baryon,
although it has not been discovered to date [53–55].
Recently, an inclusive decay channel Ξbc → Ξþþ

cc þ X
[56] and the hadronic production mechanisms at a

fixed-target experiment (AFTER@LHC) [57] at LHC have
been proposed to search for the Ξbc baryon. Besides, the
doubly charmed Pcc pentaquarks can also be produced by
the weak decays of triply charmed Ωccc baryon [31]. In the
near future, we hope that these doubly charmed pentaquark
states can be observed at facilities such as LHCb, BelleII,
CMS, and RHIC, where copious heavy quarks are
produced.
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APPENDIX: SPECTRAL DENSITIES

In this appendix, we list the spectral densities ρ1ðsÞ and
ρ0ðsÞ corresponding to the interpolating currents JΛ

ð�Þ
c Dð�Þ

and JΣ
ð�Þ
c Dð�Þ

μ separately. In these expressions, we use the
notations

F ðm2
cÞ ¼m2

c

�
1

xð1− yÞ þ
1

y

	
;

xmin ¼
m2

cy
ð1− yÞðsy−m2

cÞ
; xmax ¼ 1;

ymin ¼
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4m2

c=s
p

2
; ymax ¼

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4m2

c=s
p

2
:

ðA1Þ

The spectral densities ρ1;ΛcDðsÞ and ρ0;ΛcDðsÞ are as follows

ρ1;ΛcD
pert ðsÞ ¼

Z
xmax

xmin

dx
Z

ymax

ymin

dy
−1

ð3932160π8x4y4Þ fðx − 1Þ4ðy − 1Þðm2
cðxð−yÞ þ xþ yÞ þ sxðy − 1ÞyÞ3ðm4

cðxðy − 1Þ − yÞ

× ð3ðx − 1Þyð11C22 − 16xþ 20Þ − 33C22x − 5C22 þ 24x2 þ 24ðx − 1Þ2y2 − 60x − 10Þ −m2
csxðy − 1Þ

× yððx − 1Þyð121C22 − 256xþ 260Þ − 121C22x − 5C22 þ 128x2 þ 128ðx − 1Þ2y2 − 260x − 10Þ þ 8s2

× x2ðy − 1Þ2y2ð11C22 þ 6ð3ðx − 1Þy − 3xþ 5ÞÞÞg;

ρ1;ΛcD
hq̄qi ðsÞ ¼ hq̄qi

Z
xmax

xmin

dx
Z

ymax

ymin

dy
−1

12288π6x3y3
fðx − 1Þ2ðm2

cðxð−yÞ þ xþ yÞ þ sxðy − 1ÞyÞ2ðm3
cðxðy − 1Þ − yÞðð11

× C22 þ 10Þx2ðy − 1Þ2 − xðy − 1Þð10ðC22 þ 2Þy − 10C22 − 9Þ − yððC22 − 10Þyþ 10C22 þ 21ÞÞ −mcsxðy
− 1Þyð2ð11C22 þ 10Þx2ðy − 1Þ2 − xðy − 1Þð20ðC22 þ 2Þy − 21C22 − 19Þ − yð2ðC22 − 10Þyþ 9C22 þ 31ÞÞÞg;

FIG. 5. Pcc production from the weak decay of doubly heavy
Ξbc baryon.
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ρ1;ΛcD
hGGi ðsÞ ¼ hg2sGGi

Z
xmax

xmin

dx
Z

ymax

ymin

dy
1

23592960π8x4y4
fðx− 1Þ2ðy− 1Þðm6

cðxð−yÞþ xþ yÞ2ðx5ðy− 1Þ3ð165C22

− 212yþ 540Þ− x4ðy− 1Þ2ð5C22ð75y− 61Þþ 312y2þ 686y− 670Þþ x3ðy− 1Þð5C22ð38yð3y− 2Þþ 23Þ
þ 2yðyð644y− 601Þ− 258Þþ 200Þþ x2ð5C22ð3yð2yð5y− 22Þ−1Þ− 5Þ− 2ðyðyðyð636y− 1381Þþ 784Þ
þ 31Þþ 25ÞÞþ xyð−5C22ð69y2þ y− 2Þþ 2yðyð134y− 303Þ− 21Þþ 20Þ− 5y2ðC22ð33yþ 5Þþ 12ð5− 2yÞy
þ 10Þþ 120x6ðy− 1Þ4Þ− 10m4

csxðy− 1Þyðxðy− 1Þ− yÞð2x5ðy− 1Þ3ð22C22− 23yþ 84Þ− 2x4ðy− 1Þ2
× ðC22ð53y− 42Þþ 2yð54yþ 37Þ− 104Þþ x3ðy− 1ÞðC22ðyð206y− 105Þþ 36Þþ 2yð342y2− 338y− 53Þ
þ 72Þ− 2x2ðC22ðð132− 41yÞy2þ 2Þþ yð2yðyð174y− 349Þþ 180Þþ 3Þþ 4Þþ xyð−14ð13C22þ 27Þy2
þðC22− 4ÞyþC22þ 194y3þ 2Þ− 4y2ð11ðC22þ 2ÞyþC22− 10y2þ 2Þþ 40x6ðy− 1Þ4Þþ 5m2

cs2

× x2ðy− 1Þ2y2ðx5ðy− 1Þ3ð55C22þ 42yþ 240Þ− x4ðy− 1Þ2ðC22ð155y− 107Þþ 828y2− 66y− 294Þ
þ x3ðy− 1ÞðC22ð2yð230y− 73Þþ 49Þþ 2yð3yð362y−373Þþ 19Þþ 108Þþ x2ðC22ðyð20yð13y−33Þ
þ 9Þ− 3Þþ 2yðyð3ð713− 378yÞy− 1010Þþ 7Þ− 6Þþ xy2ð−565C22yþ 9C22þ 762y2− 1344y

þ 14Þþ y2ð−C22ð55yþ 3Þþ 60ðy− 2Þy− 6Þþ 60x6ðy− 1Þ4Þþ 2s3x4ðy− 1Þ3y4ð15C22ðxð3ðx− 8Þy
− 3xþ 2Þ− 45yþ 1Þ− 259x3ðy− 1Þ2þ x2ðy− 1Þð917y− 622Þþ xðð2224− 1757yÞy− 397Þþ y

× ð1099y− 1803Þþ 34ÞÞg;

ρ1;ΛcD
hq̄GqiðsÞ ¼ hgsq̄σGqi

Z
xmax

xmin

dx
Z

ymax

ymin

dy



1

16384π6x2y2
fðx− 1Þðxðy− 1Þðm2

c − syÞ−m2
cyÞðm3

cðxðy− 1Þ− yÞð3

× ð11C22þ 10Þx2ðy− 1Þ2 − xðy−1Þð30ðC22þ 2Þy− 31C22− 28Þ− yð3ðC22− 10Þyþ 19C22þ 52ÞÞ
−mcsxðy− 1Þyð5ð11C22þ 10Þx2ðy− 1Þ2− xðy− 1Þð50ðC22þ 2Þy− 53C22− 48Þ− yð5ðC22−10Þy

þ 17C22þ 72ÞÞÞgþ 1

147456π6x3y3
fðx− 1Þðm2

cðxð−yÞþ xþ yÞþ sxðy−1ÞyÞðmcsxðy− 1Þyð−x3ðy− 1Þ2

× ð2C22ð125y−9Þþ 325y− 78Þþ x2ðy− 1ÞðC22ðyð230y− 281Þþ 18Þ− yð40yþ 383Þþ 48Þþ xyðC22

× ð5yð4y− 41Þ− 7Þþ yð665y− 823Þ− 37Þþ 66y2ð3C22− 5yþ 8Þþ 30x4ðy− 1Þ3Þ− 3m3
cðxðy− 1Þ

− yÞð−x3ðy− 1Þ2ðC22ð50y− 6Þþ 65y− 18Þþ x2ðy− 1ÞðC22ðyð46y− 61Þþ 6Þ− yð8yþ 81Þþ 12Þþ xy

× ðC22ðyð4y− 65Þ− 3Þþ 7yð19y− 27Þ− 9Þþ 66y2ðC22− yþ 2Þþ 6x4ðy− 1Þ3ÞÞg
�
;

ρ1;ΛcD
hq̄qi2 ðsÞ ¼ hq̄qi2

Z
xmax

xmin

dx
Z

ymax

ymin

dy
1

3072π4xy
fðx− 1Þðy− 1Þðm2

cðxð−yÞþ xþ yÞþ sxðy−1ÞyÞðð13C22þ 2Þ

× xðy− 1Þð5sy− 3m2
cÞþm2

cðC22ð39yþ 46Þþ 6yþ 44ÞÞg;

ρ1;ΛcD
hq̄qihq̄GqiðsÞ ¼ hq̄qihg2s q̄σGqi

Z
xmax

xmin

dx
Z

ymax

ymin

dy



1

3072π4
fðy− 1Þðð13C22þ 2Þxðy− 1Þð4sy− 3m2

cÞþm2
cðC22ð39y

þ 23Þþ 6yþ 22ÞÞgþ −1
6144π4xy

fðy− 1Þðm2
cð−3ð12C22þ 1Þx3ðy− 1Þ2þ x2ðy− 1ÞðC22ð69y− 39Þþ 3y

− 7Þ− xðC22ðyð33y− 5Þþ 3Þþ 3yðyþ 8Þþ 4Þþ yð45C22þ 3yþ 44ÞÞþ 4sxðy− 1Þyðð12C22þ 1Þx2

× ðy− 1ÞþC22xð12− 11yÞþ xþ yÞÞg
�
;
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ρ1;ΛcD
hq̄Gqi2ðsÞ¼ hg2s q̄σGqi2

Z
xmax

xmin

dx
Z

ymax

ymin

dy



1

49152π4
fðy−1ÞðC22ð17xðy−1Þ−14yþ13Þþ17xðy−1Þ−17yþ12Þg

þ −1
8192π4

fðy−1Þðð12C22þ1Þxðy−1Þ−yÞg
�
þhg2s q̄σGqi2

Z
1

0

dx
Z

1

0

dy



1

147456π4xy
fm2

cðC22ð−17x2

× ðy−1Þ2þxð31yþ2Þðy−1Þþð145−14yÞyþ6Þ−17ðxð−yÞþxþyÞ2þ147yÞgþ 1

24576π4xy
fm2

cðð12

×C22þ1Þx2ðy−1Þ2−xðy−1Þð12C22yþ3C22þ2yþ4Þþyð−45C22þy−44ÞÞg
�
δðs−F ðm2

cÞÞ;

ρ1;ΛcD
hq̄qi3 ðsÞ¼ hq̄qi3

Z
xmax

xmin

dx
1

1152π2
fC22ðmc−12mcxÞg; ðA2Þ

ρ0;ΛcD
pert ðsÞ ¼

Z
xmax

xmin

dx
Z

ymax

ymin

dy
1

7864320π8x5y5
fC22mcðx− 1Þ4ð11xðy− 1Þ þ yÞðm2

cðxð−yÞ þ xþ yÞ þ sxðy− 1ÞyÞ4

× ð2m2
cðxð−yÞ þ xþ yÞ þ 7sxðy− 1ÞyÞg;

ρ0;ΛcD
hq̄qi ðsÞ ¼ hq̄qi

Z
xmax

xmin

dx
Z

ymax

ymin

dy
1

49152π6x3y3
fðx− 1Þ2ðm2

cðxð−yÞ þ xþ yÞ þ sxðy− 1ÞyÞ2ðm4
cyðyð−20ðC22 þ 1Þy

þ 23C22 þ 22Þ þ 26C22 þ 4Þ þ 2mcxðy− 1Þðm3
cð30ðC22 þ 1Þy2 − ð23C22 þ 22Þy− 13C22 − 2Þ þmcsy

× ð−60ðC22 þ 1Þy2 þ 66C22yþ 13C22 þ 64yþ 2ÞÞ þ 20ðC22 þ 1Þx3ðy− 1Þ3ðm4
c − 6m2

csyþ 7s2y2Þ þ x2

× ðy− 1Þ2ðm4
cð−60ðC22 þ 1Þyþ 23C22 þ 22Þ þ 4m2

csyð60ðC22 þ 1Þy− 33C22 − 32Þ
þ s2y2ð−140ðC22 þ 1Þyþ 149C22 þ 146ÞÞÞg;

ρ0;ΛcD
hGGi ðsÞ ¼ hg2sGGi

Z
xmax

xmin

dx
Z

ymax

ymin

dy
1

9437184π8x5y5
fC22ðx− 1Þ2ð2m7

cðxð−yÞ þ xþ yÞ3ð22x5ðy− 1Þ3 þ x4ðy− 1Þ2ð9y

þ 44Þ− 11x3ðð13y− 15Þy2 þ 2Þ þ x2ðy− 1Þyð23y− 13Þ þ xy2ð15y− 11Þ þ 2y3Þ þ 3m5
csxðy− 1Þyðxð−yÞ þ x

þ yÞ2ð55x5ðy− 1Þ3 þ x4ðy− 1Þ2ð37yþ 110Þ− x3ðy− 1Þð428y2 − 64y− 55Þ þ x2yð4yð20y− 27Þ þ 27Þ þ 7xy2

× ð5y− 3Þ þ 5y3Þ− 4m3
cs2x2ðy− 1Þ2y2ðxðy− 1Þ− yÞð44x5ðy− 1Þ3 þ x4ðy− 1Þ2ð47yþ 88Þ− x3ðy− 1Þðyð427y

− 62Þ− 44Þ þ x2yðyð91y− 108Þ þ 15Þ þ xy2ð25y− 9Þ þ 4y3Þ þ 5mcs3x3ðy− 1Þ3y3ð11x5ðy− 1Þ3 þ x4ðy− 1Þ2
× ð19yþ 22Þ− x3ðy− 1Þð2yð71y− 10Þ− 11Þ þ x2yð34y2 − 36yþ 1Þ þ xy2ð5yþ 1Þ þ y3ÞÞg;

ρ0;ΛcD
hq̄GqiðsÞ ¼ hgsq̄σGqi

Z
xmax

xmin

dx
Z

ymax

ymin

dy



−1

49152π6x2y2
fðx− 1Þðxðy− 1Þðm2

c − syÞ−m2
cyÞðm4

cyð2yð−30ðC22 þ 1Þy

þ 33C22 þ 32Þ þ 39C22 þ 6Þ þmcxðy− 1Þðm3
cð180ðC22 þ 1Þy2 − 4ð33C22 þ 32Þy− 39C22 − 6Þ

þmcsyð−300ðC22 þ 1Þy2 þ ð321C22 þ 314Þyþ 39C22 þ 6ÞÞ þ 60ðC22 þ 1Þx3ðy− 1Þ3ðm4
c − 5m2

csy

þ 5s2y2Þ þ x2ðy− 1Þ2ð2m4
cð−90ðC22 þ 1Þyþ 33C22 þ 32Þ þm2

csyð600ðC22 þ 1Þy− 321C22 − 314Þ

− 5s2y2ð60ðC22 þ 1Þy− 63C22 − 62ÞÞÞgþ 1

294912π6x3y3
fðx− 1Þðxðy− 1Þðm2

c − syÞ−m2
cyÞðm4

cð64ðC22

þ 1Þx5ðy− 1Þ4 − 2x4ðy− 1Þ3ð4C22ð7y− 17Þ þ 40y− 65Þ− x3ðy− 1Þ2ðC22ð4yð56yþ 51Þ− 81Þ þ 8yð19y
þ 25Þ− 57Þ þ x2ðy− 1Þð8ð46C22 þ 37Þy3 − 4ð2C22 þ 1Þy2 þ 27ðC22 − 5Þyþ 9ðC22 − 1ÞÞ þ xyðC22ðyð4
× ð21− 40yÞy− 315Þ þ 198Þ þ yð8ð11− 17yÞyþ 63Þ þ 18Þ þ y2ð8ðC22 þ 1Þy2 þ 207C22 − 6yþ 9ÞÞ
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þm2
csxðy− 1Þyð−320ðC22þ 1Þx4ðy− 1Þ3− x3ðy− 1Þ2ð40ðC22− 2Þyþ 668C22þ 647Þþ x2ðy− 1Þð120

× ð9C22þ 7Þy2þð310C22þ 353Þy− 357C22− 318Þþ xð−40ð19C22þ 16Þy3þð410C22þ 367Þy2
þ 156ðC22þ 2Þy− 9C22þ 9Þþ yð40ðC22þ 1Þy2 − 3ð4C22þ 11Þyþ 207C22þ 9ÞÞþ 5s2x2ðy− 1Þ2y2
× ð64ðC22þ 1Þx3ðy− 1Þ2þ 3x2ðy− 1Þð8ð3C22þ 2Þyþ 44C22þ 43Þþ xð−24ð6C22þ 5Þy2þ 74C22y

þ 68C22þ 58yþ 65Þþ yð8ðC22þ 1Þy− 4C22− 7ÞÞÞg
�
;

ρ0;ΛcD
hq̄qi2 ðsÞ ¼ hq̄qi2

Z
xmax

xmin

dx
Z

ymax

ymin

dy
−1

768π4x2y2
fmcðx− 1Þðð10C22þ 21Þxðy− 1Þ− ð10C22þ 9ÞyÞðm2

cðxð−yÞþ x

þ yÞþ sxðy− 1ÞyÞðm2
cðxð−yÞþ xþ yÞþ 2sxðy− 1ÞyÞg;

ρ0;ΛcD
hq̄qihq̄GqiðsÞ ¼ hq̄qihg2s q̄σGqi

Z
xmax

xmin

dx
Z

ymax

ymin

dy



1

1536π4xy
fðð10C22þ 21Þmcxðy−1Þ− ð10C22þ 9ÞmcyÞðxðy− 1Þð2m2

c

− 3syÞ− 2m2
cyÞgþ

1

6144π4x2y2
fmcðð5C22− 17Þx3ðy− 1Þ2þ x2ðy− 1ÞðC22ðyþ 5Þþ 22y− 17Þþ xyðC22ð6

− 37yÞ− 34yþ 4Þþ ð43C22þ 41Þy2Þð2m2
cðxðy− 1Þ− yÞ− 3sxðy− 1ÞyÞg

�
;

ρ0;ΛcD
hq̄Gqi2ðsÞ ¼ hg2s q̄σGqi2

Z
xmax

xmin

dx
Z

ymax

ymin

dy



−1

24576π4xy
fðC22þ 1Þmcð3x2ðy− 1Þ2þ xð37yþ 6Þðy− 1Þþ yð3yþ 43ÞÞg

þ 1

12288π4xy
fmcð−ð5C22−17Þx2ðy− 1Þ2 − 2ð3C22þ 2Þxyðy− 1Þþ ð43C22þ 41Þy2Þg

�
þhg2s q̄σGqi2

×
Z

1

0

dx
Z

1

0

dy



1

49152π4x2ðy− 1Þy2 fðC22þ 1Þm3
cðxðy− 1Þ− yÞð3x2ðy− 1Þ2þ xð37yþ 6Þðy− 1Þþ yð3y

þ 43ÞÞgþ 1

24576π4x2ðy− 1Þy2 fm
3
cðxðy− 1Þ− yÞðð5C22− 17Þx2ðy− 1Þ2þ 2ð3C22þ 2Þxyðy− 1Þ

− ð43C22þ 41Þy2Þg
�
δðs−F ðm2

cÞÞ;

ρ0;ΛcD
hq̄qi3 ðsÞ ¼ hq̄qi3

Z
xmax

xmin

dx
1

576π2
fðC22þ 2Þð13m2

c þ 3sðx− 1ÞxÞg; ðA3Þ

where the parameter C22 ¼ 1 and C22 ¼ −1 for the currents JΛcD and JΣcD, respectively. The spectral densities ρ1;ΛcD� ðsÞ
and ρ0;ΛcD� ðsÞ are as follows

ρ1;ΛcD�
pert ðsÞ ¼

Z
xmax

xmin

dx
Z

ymax

ymin

dy
−1

19660800π8x4y4
fC11ðx − 1Þ4ðy − 1Þðm2

cðxð−yÞ þ xþ yÞ þ sxðy − 1ÞyÞ3ðC21ðm4
cðx

× ðy − 1Þ − yÞð76x2ðy − 1Þ2 − xð152y − 211Þðy − 1Þ þ yð76y − 211Þ − 45Þ −m2
csxðy − 1Þyð497x2ðy − 1Þ2

− 2xð497y − 531Þðy − 1Þ þ yð497y − 1062Þ − 45Þ þ s2x2ðy − 1Þ2y2ð621xðy − 1Þ − 621yþ 1051ÞÞ þ 25C22

× ðm2
cððx − 1Þy − xÞ − sxðy − 1ÞyÞð5m2

cððx − 1Þy − xÞ − 17sxðy − 1ÞyÞÞg;
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ρ1;ΛcD�
hq̄qi ðsÞ¼hq̄qi

Z
xmax

xmin

dx
Z

ymax

ymin

dy
−1

36864π6x3y3
fC11mcðx−1Þ2ðm2

cðxð−yÞþxþyÞþsxðy−1ÞyÞ2ðx3ðy−1Þ3

×ðm2
cð19C21þ24C22Þ−syð49C21þ60C22ÞÞþx2ðy−1Þ2ðC21m2

cð16−69yÞþ2C21syð55y−23ÞþC22m2
c

×ð24−47yÞþC22syð59y−60ÞÞþxyðy−1ÞðC21m2
cð81y−80ÞþC21sð94−61yÞyþC22m2

cð22y−62Þ
þC22syðyþ38ÞÞþm2

cy2ðC21ð64−31yÞþC22ðyþ38ÞÞÞg;

ρ1;ΛcD�
hGGi ðsÞ¼hg2sGGi

Z
xmax

xmin

dx
Z

ymax

ymin

dy
1

283115520π8x4y4
fC11ðx−1Þ2ðy−1Þð5C22ðm2

cððx−1Þy−xÞ−sxðy−1ÞyÞ

×ðð3ðy−1Þ4ð3yþ100Þx6−ðy−1Þ3ðyð36yþ883Þ−600Þx5þðy−1Þ2ðyð54y2þ3340y−1195Þþ300Þx4
−3ðy−1Þyð2yð2yð3yþ524Þ−221Þþ93Þx3þyðyðyðyð9yþ4888Þ−2067Þ−66Þþ24Þx2þy2ðð279−1657yÞy
þ24Þxþ300y4Þm4

c−sxðy−1Þyð3ðy−1Þ3ð9yþ196Þx5−ðy−1Þ2ðyð81yþ1121Þ−1176Þx4þðy−1Þðyð9y
×ð9yþ959Þ−1157Þþ588Þx3þyðyð2059−3yð9yþ3593ÞÞþ15Þx2þyðyð3269yþ15Þ−24Þx−588y3Þm2

c

þ2s2x3ðy−1Þ2y3ð−668yþxð9x2ðy−1Þ2−xð18y−19Þðy−1Þþyð9yþ2812Þþ7Þþ3ÞÞþ2C21ðð−yxþx

þyÞ2ð456ðy−1Þ4x6−9ðy−1Þ3ð21y−242Þx5þ6ðy−1Þ2ðyð27y−212Þþ453Þx4−ðy−1Þðyð6yð628y
−901Þþ425Þ−726Þx3þ2ðyðyð3yð997y−2271Þþ32Þþ275Þ−135Þx2þyðyð−3099y2þ6393yþ658Þ
þ108Þxþ6y2ðyð76y−211Þ−45ÞÞm6

c−3sxðxðy−1Þ−yÞðy−1Þyð580ðy−1Þ4x6þðy−1Þ3ð405yþ2516Þx5
−4ðy−1Þ2ðyð165y−64Þ−787Þx4−ðy−1Þðyð5490y2−5992y−361Þ−1068Þx3þ2ðyðyð4510y2−9396y

þ251Þþ237Þ−72Þx2þyðyðð8109−4435yÞyþ510Þþ36Þxþ4y2ðyð145y−339Þ−36ÞÞm4
cþ3s2x2ðy−1Þ2

×y2ð468ðy−1Þ4x6þ5ðy−1Þ3ð395yþ382Þx5−2ðy−1Þ2ð31yð41y−68Þ−1181Þx4−ðy−1Þðyð7052y2−5202y

−2647Þ−866Þx3þ2ðyðyðyð5979y−11771Þþ426Þþ203Þ−27Þx2þy2ðð8849−5275yÞyþ406Þxþ2y2ðy
×ð234y−487Þ−27ÞÞm2

c−s3x4ðy−1Þ3y4ð4881ðy−1Þ2x3−3ðy−1Þð321y−3776Þx2þð3ð4668−3059yÞy
þ6793Þxþ5259y2−8253y−346ÞÞÞg;

ρ1;ΛcD�
hq̄Gqi ðsÞ¼hgsq̄σGqi

Z
xmax

xmin

dx
Z

ymax

ymin

dy



−1

589824π6x3y2
fC11mcðx−1Þðm2

cðxðy−1Þ−yÞ−sxðy−1ÞyÞð2C21x

×ðm2
cðxðy−1Þ−yÞð175x2ðy−1Þ2−xð134y−149Þðy−1Þþð67−41yÞy−32Þ−sxðy−1Þyð355x2ðy

−1Þ2−xð278y−317Þðy−1Þþð115−77yÞy−44ÞÞþC22ðm2
cðxðy−1Þ−yÞð440x3ðy−1Þ2−x2ðy

−1Þð448y−439Þþxðyð20yþ29Þ−1Þ−12yðyþ2ÞÞþsxyð−872x3ðy−1Þ3þx2ð880y−871Þðy−1Þ2

−xðyð20yþ29Þ−1Þðy−1Þþ12yðy2þy−2ÞÞÞÞgþ 1

16384π6x2y2
fC11mcðx−1Þðxðy−1Þðm2

c−syÞ

−m2
cyÞðx3ðy−1Þ3ðm2

cð19C21þ24C22Þ−3syð13C21þ16C22ÞÞþx2ðy−1Þ2ðC21m2
cð17−69yÞ

þC21syð90y−37ÞþC22m2
cð24−47yÞþC22syð47y−48ÞÞþxyðy−1ÞðC21m2

cð81y−70ÞþC21sð73

−51yÞyþC22m2
cð22y−49ÞþC22syðyþ25ÞÞþm2

cy2ðC21ð53−31yÞþC22ðyþ25ÞÞÞg
�
;
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ρ1;ΛcD�

hq̄qi2 ðsÞ ¼ hq̄qi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

1536π4xy
fC11ðx − 1Þðy − 1Þðm2

cðxð−yÞ þ xþ yÞ þ sxðy − 1ÞyÞðxðy − 1Þðsy

× ð5C21 þ 24C22Þ − 3m2
cðC21 þ 4C22ÞÞ þm2

cðC21ð3yþ 22Þ þ 12C22ðyþ 2ÞÞÞg;

ρ1;ΛcD�
hq̄qihq̄GqiðsÞ ¼ hq̄qihg2s q̄σGqi

Z
xmax

xmin

dx
Z

ymax

ymin

dy



1

1536π4
fC11ðy − 1Þðxðy − 1Þð2syð2C21 þ 9C22Þ − 3m2

cðC21

þ 4C22ÞÞ þm2
cðC21ð3yþ 11Þ þ 12C22ðyþ 1ÞÞÞg þ 1

36864π4xy
fC11ðy − 1Þð2C21m2

cð−11x3ðy − 1Þ2

þ x2ðy − 1Þð53y − 11Þ − xyð53yþ 8Þ þ 11y2Þ þ 4C21sxðy − 1Þyðxð8xðy − 1Þ − 29yþ 8Þ þ 8yÞ
þ C22m2

cð138x3ðy − 1Þ2 − 6x2ðy − 1Þð43y − 23Þ þ xyð108y − 199Þ þ 12y2Þ − C22sxðy − 1Þyðxð211

× xðy − 1Þ − 191yþ 211Þ − 14yÞÞg
�
;

ρ1;ΛcD�

hq̄Gqi2 ðsÞ ¼ hg2s q̄σGqi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

884736π4
fC11ðy − 1ÞðC21ð−86xðy − 1Þ þ 86y − 56Þ þ C22ð13xðy

− 1Þ þ 45yþ 2ÞÞg þ 1

73728π4
fC11ðy − 1Þðxðy − 1Þð11C21 − 69C22Þ − yð11C21 þ 6C22ÞÞg

�

þ hg2s q̄σGqi2
Z

1

0

dx
Z

1

0

dy



1

1769472π4xy
fC11m2

cð12C21ð7ðx − 1Þ2y2 þ 2ð8 − 7xÞxyþ xð7x − 2Þ

þ y − 2Þ þ C22ð−4x2ðy − 1Þ2 − xð39yþ 2Þðy − 1Þ þ yð43y − 12ÞÞÞg þ −1
147456π4xy

fC11m2
cðxðy − 1Þ

− yÞðxðy − 1Þð10C21 − 73C22Þ − 2yð5C21 þ C22ÞÞg
�
δðs − F ðm2

cÞÞ;

ρ1;ΛcD�

hq̄qi3 ðsÞ ¼ hq̄qi3
Z

xmax

xmin

dx
−1

576π2
5C11C22mcx; ðA4Þ

ρ0;ΛcD�
pert ðsÞ ¼

Z
xmax

xmin

dx
Z

ymax

ymin

dy
1

19660800π8x5y5
fC11C22ðx− 1Þ4ðy− 1Þðm2

cðxð−yÞþ xþ yÞþ sxðy− 1ÞyÞ4ðmcsxðy− 1Þ

× yð7ðx− 1Þ2yþð187− 7xÞxÞ− 2m3
cðxðy− 1Þ− yÞðxððx− 2Þy− xþ 16Þþ yÞÞg;

ρ0;ΛcD�
hq̄qi ðsÞ ¼ hq̄qi

Z
xmax

xmin

dx
Z

ymax

ymin

dy
1

147456π6x3y3
fC11ðx− 1Þ2ðm2

cðxð−yÞþ xþ yÞþ sxðy− 1ÞyÞ2ðm3
cyð2C21mcð2− 7

× ðy− 2ÞyÞþC22mcðð59− 56yÞyþ 72ÞÞþ 2m2
cxðy− 1ÞðC21m2

cð7yð3y− 4Þ− 2Þþ 2C21syðð63− 55yÞyþ 1Þ
þC22m2

cðyð84y− 59Þ− 36ÞþC22syðð187− 184yÞyþ 36ÞÞþ 2x3ðy− 1Þ3ð7m4
cðC21þ 4C22Þ− 2m2

csyð55
×C21þ 92C22Þþ s2y2ð163C21þ 228C22ÞÞ− x2ðy− 1Þ2ð2C21ð7m4

cð3y− 2Þþ 2m2
csð63− 110yÞyþ s2y2

× ð163y− 172ÞÞþC22ðm4
cð168y− 59Þþ 2m2

csð187− 368yÞyþ 3s2y2ð152y− 153ÞÞÞÞg;

ρ0;ΛcD�
hGGi ðsÞ ¼ hg2sGGi

Z
xmax

xmin

dx
Z

ymax

ymin

dy
1

141557760π8x5y5
fC11C22ðx− 1Þ2ðm7

cðxð−yÞþ xþ yÞ3ð24x6ðy− 1Þ4− 4x5ðy

− 1Þ3ð5y− 108Þþ x4ðy− 1Þ2ðyð138yþ 137Þþ 792Þ− 2x3ðy− 1Þðyð74y2þ 442y− 177Þ− 192Þþ x2yð2yðy
× ð3y− 499Þþ 280Þþ 197Þþ xy2ðð271− 24yÞy− 177Þþ 24ðy− 1Þy3Þþ 3m5

csxðy− 1Þyðxð−yÞþ xþ yÞ2ð30
× x6ðy− 1Þ4 − 6x5ðy− 1Þ3ð2y− 115Þþ 3x4ðy− 1Þ2ð9yð7yþ 17Þþ 430Þ− x3ðy− 1Þðyðyð210yþ 2239Þ− 734Þ
− 630Þþ x2yðyð775− yð9yþ 1264ÞÞþ 263Þ− 2xy2ðyð9y− 163Þþ 119Þþ 30ðy− 1Þy3Þ− 3m3

cs2x2ðy−1Þ2
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×y2ð32x7ðy−1Þ5−24x6ðy−34Þðy−1Þ4þx5ðy−1Þ3ðyð220yþ109Þþ1536Þ−x4ðy−1Þ2ðyðyð492yþ4531Þ
þ410Þ−752Þþx3ðy−1Þyð4yð57y2þ552y−34Þ−543Þþx2y2ðyð9yð4yþ183Þ−1418Þ−30Þþxy3ðyð32y
−313Þþ211Þ−32ðy−1Þy4Þþ5mcs3x3ðy−1Þ3y3ð6x6ðy−1Þ4þ2x5ðy−1Þ3ð4yþ81Þþx4ðy−1Þ2ðyð51y
þ307Þþ306Þ−x3ðy−1Þðyðyð62yþ997Þ−306Þ−150Þþx2yðyð241−5yð3yþ56ÞÞþ7Þþ2xy3ð3yþ4Þ
þ6ðy−1Þy3ÞÞg;

ρ0;ΛcD�
hq̄Gqi ðsÞ¼hgsq̄σGqi

Z
xmax

xmin

dx
Z

ymax

ymin

dy



−1

24576π6x2y2
fC11ðx−1Þðxðy−1Þðm2

c−syÞ−m2
cyÞðC21ðm4

cð7ðx−1Þy

−7xþ12Þðxð−yÞþxþyÞ2−2m2
csxðy−1Þyððx−1Þy−xÞð43ðx−1Þy−43xþ48Þþs2x2ðy−1Þ2y2ð109

×ðx−1Þy−109xþ114ÞÞþC22ðm4
cðxðy−1Þ−yÞð28x2ðy−1Þ2−xð56y−29Þðy−1Þþyð28y−29Þ−18Þ

−2m2
csxðy−1Þyð76x2ðy−1Þ2−xð152y−77Þðy−1Þþyð76y−77Þ−9Þþs2x2ðy−1Þ2y2ð160xðy−1Þ

−160yþ161ÞÞÞgþ 1

1769472π6x3y3
fC11ðx−1Þðxðy−1Þðm2

c−syÞ−m2
cyÞð6C21ðm4

cðxð−yÞþxþyÞ2

×ð20x3ðy−1Þ2þ16x2ðy−1Þðyþ3Þþxð8ð6−5yÞyþ25Þþ4yðyþ1Þþ3Þ−m2
csxðy−1Þyðxðy−1Þ−yÞ

×ð199x3ðy−1Þ2þx2ðy−1Þð155yþ411Þþxðð222−383yÞyþ209Þþyð29y−16Þþ3Þþs2x2ðy−1Þ2y2
×ð243x3ðy−1Þ2þx2ðy−1Þð187yþ491Þþxðð230−463yÞyþ248Þþyð33y−28ÞÞÞþC22ðm4

cð269x5ðy
−1Þ4−2x4ðy−1Þ3ð83y−278Þ−x3ðy−1Þ2ð2yð575yþ323Þ−287Þþ2x2ðy−1Þyðyð878y−219Þ−279Þ
þxyðyðð590−743yÞyþ237Þþ6Þþ2y2ðyð17y−14Þþ3ÞÞ−2m2

csxðy−1Þyð800x4ðy−1Þ3þ2x3ðy−1Þ2
×ð176yþ809Þ−x2ðy−1Þð3162y2þ351y−818Þþxyð2yð1034y−687Þ−775Þþyðð49−58yÞy−3ÞÞþs2

×x2ðy−1Þ2y2ð1763x3ðy−1Þ2þ4x2ðy−1Þð591yþ886Þþxðð2500−4209yÞyþ1781Þþ2yð41y−35ÞÞÞÞg
�
;

ρ0;ΛcD�

hq̄qi2 ðsÞ¼hq̄qi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy
−1

1536π4x2y2
fC11ðx−1Þðxðy−1Þðm2

c−syÞ−m2
cyÞðm3

cy2ð20C21þ23C22Þ

þ2mcx2ðy−1Þ2ð2m2
cð5C21þ3C22Þ−syð31C21þ18C22ÞÞþmcxðy−1Þyðsyð38C21þ47C22Þ

−5m2
cð8C21þ7C22ÞÞÞg;

ρ0;ΛcD�
hq̄qihq̄GqiðsÞ¼hq̄qihg2s q̄σGqi

Z
xmax

xmin

dx
Z

ymax

ymin

dy



1

1536π4xy
fC11ðm3

cy2ð20C21þ23C22Þþmcx2ðy−1Þ2ð4m2
cð5C21

þ3C22Þ−syð41C21þ24C22ÞÞþmcxðy−1Þyðsyð29C21þ35C22Þ−5m2
cð8C21þ7C22ÞÞÞg

þ −1
36864π4x2y2

fC11mcð4C21m2
cðxðy−1Þ−yÞð30x3ðy−1Þ2−5x2ðy−1Þð11y−6Þ−xyð17yþ24Þþ6y2Þ

−2C21sxðy−1Þyð123x3ðy−1Þ2−3x2ðy−1Þð68y−41Þ−4xyð12yþ19Þþ21y2ÞþC22ðsxðy−1Þyð2x3
×ðy−1Þ2þ2x2ðy−1Þð99yþ1Þþxyð23yþ201Þ−12y2Þ−m2

cðxðy−1Þ−yÞð4x3ðy−1Þ2þ4x2ðy−1Þð32y

þ1Þþ19xyðyþ7Þ−12y2ÞÞÞg
�
;
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ρ0;ΛcD�

hq̄Gqi2 ðsÞ¼ hg2s q̄σGqi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

1769472π4xy
fC11mcð24C21ð5x2ðy−1Þ2−xðy−3Þðy−1Þþ5y2ÞþC22

× ð50x2ðy−1Þ2þxð173yþ16Þðy−1Þþ4yð2yþ1ÞÞÞgþ 1

147456π4xy
fC11mcð4x2ðy−1Þ2ð30C21−C22Þ−xy

× ðy−1Þð96C21þ133C22Þ−12y2ð2C21þC22ÞÞg
�
þhg2s q̄σGqi2

Z
1

0

dx
Z

1

0

dy



1

442368π4x2ðy−1Þy2fC11

×m3
cðxðy−1Þ−yÞð3C21ðx2ðy−1Þ2þxðð7−9yÞyþ2Þþyðyþ5ÞÞþC22ðxðy−1Þðxðy−1Þþ25yÞþ6yÞÞg

þ −1
73728π4x2ðy−1Þy2fC11m3

cðxðy−1Þ−yÞðx2ðy−1Þ2ð63C21þC22Þ−2xyðy−1Þð14C21þ17C22Þ

−9C21y2Þg
�
δðs−F ðm2

cÞÞ;

ρ0;ΛcD�

hq̄qi3 ðsÞ¼ hq̄qi3
Z

xmax

xmin

dx
1

288π2
fC11ð13C21m2

cþ3C21sðx−1Þxþ7C22m2
cþC22sðx−1ÞxÞg; ðA5Þ

where the parameters C11 ¼ C21 ¼ C12 ¼ C22 ¼ 1 for the current JΛcD� ðsÞ and C11 ¼ C21 ¼ 1, C12 ¼ C22 ¼ −1 for the
current JΣcD� ðsÞ. The spectral densities for the interpolating currents JΛ

�
cD, JΛ

�
cD�

, JΣ
�
cD, and JΣ

�
cD�

are obtained as

ρ1;Λ
�
cD

pert ðsÞ ¼
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

39321600π8x4y4
fðx − 1Þ4ðy − 1Þðm2

cðxð−yÞ þ xþ yÞ þ sxðy − 1ÞyÞ3ðm4
cðxðy − 1Þ − yÞ

× ð259x2ðy − 1Þ2 − 2xð259y − 247Þðy − 1Þ þ yð259y − 494Þ − 110Þ −m2
csxðy − 1Þyð1843x2ðy − 1Þ2 − x

× ð3686y − 2673Þðy − 1Þ þ yð1843y − 2673Þ − 110Þ þ s2x2ðy − 1Þ2y2ð2384xðy − 1Þ − 2384yþ 2979ÞÞg;

ρ1;Λ
�
cD

hq̄qi ðsÞ ¼ hq̄qi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

73728π6x3y3
fmcðx − 1Þ2ðm2

cðxð−yÞ þ xþ yÞ þ sxðy − 1ÞyÞ2ðm2
cðxðy − 1Þ − yÞ

× ð125x2ðy − 1Þ2 − 2xð95y − 61Þðy − 1Þ þ yð65y − 98ÞÞ − sxðy − 1Þyð245x2ðy − 1Þ2 − 2xð215y
− 121Þðy − 1Þ þ yð185y − 218ÞÞÞg;

ρ1;Λ
�
cD

hGGi ðsÞ ¼ hg2sGGi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
−1

566231040π8x4y4
fðx − 1Þ2ðy − 1Þðm6

cðxð−yÞ þ xþ yÞ2ð3108x6ðy − 1Þ4

− 3x5ðy − 1Þ3ð6155y − 4068Þ þ 2x4ðy − 1Þ2ðyð9624y − 20407Þ þ 6882Þ þ x3ðy − 1Þðyð2yð9949y − 2299Þ
− 22301Þ þ 3348Þ − 4x2ðyðyðyð9028y − 16947Þ þ 4114Þ þ 120Þ þ 330Þ þ xyðyðyð9215y − 13161Þ − 132Þ
þ 528Þ þ 12y2ðyð259y − 499Þ − 110ÞÞ − 6m4

csxðy − 1Þyðxðy − 1Þ − yÞð2096x6ðy − 1Þ4 − 8x5ðy − 1Þ3
× ð1715y − 942Þ þ x4ðy − 1Þ2ðyð11756y − 28829Þ þ 8432Þ þ x3ðy − 1Þðyð25436y2 − 9238y − 14901Þ
þ 2640Þ − 2x2ðyðyð17yð1166y − 1937Þ þ 8661Þ − 60Þ þ 176Þ þ xyðyðyð11980y − 15811Þ þ 148Þ þ 88Þ
þ 16y2ðyð131y − 209Þ − 22ÞÞ þ 3m2

cs2x2ðy − 1Þ2y2ð3476x6ðy − 1Þ4 − 3x5ðy − 1Þ3ð10797y − 3988Þ
þ 2x4ðy − 1Þ2ðyð10900y − 32619Þ þ 6618Þ þ x3ðy − 1Þðyð96070y2 − 43066y − 31823Þ þ 4484Þ − 4x2ðyðy
× ðyð35470y − 54949Þ þ 14264Þ − 256Þ þ 66Þ þ xy2ð49449y2 − 62043yþ 964Þ þ 4y2ðyð869y − 1253Þ
− 66ÞÞ þ 2s3x4ðy − 1Þ3y4ð15219x3ðy − 1Þ2 þ 11x2ðy − 1Þð873yþ 2627Þ þ xð19ð3659 − 3637yÞyþ 12742Þ
þ yð44281y − 53652Þ þ 936ÞÞg;
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ρ1;Λ
�
cD

hq̄GqiðsÞ¼hgsq̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

1179648π6x3y3
fðx−1Þðm5

cðxð−yÞþxþyÞ2ð156x4ðy−1Þ3−2x3ðy−1Þ2

×ð289y−201Þ−x2ðy−1Þðyð1145yþ877Þ−246Þþxyð5yð683y−802Þ−221Þþ264ð10−7yÞy2Þ−2m3
c

×sxðy−1Þyðxðy−1Þ−yÞð248x4ðy−1Þ3−2x3ðy−1Þ2ð445y−293Þ−x2ðy−1Þðyð1853yþ1269Þ−338Þ
þxyðyð5399y−5914Þ−301Þþ264ð14−11yÞy2Þþmcs2x2ðy−1Þ2y2ð340x4ðy−1Þ3−2x3ðy−1Þ2
×ð601y−385Þ−x2ðy−1Þðyð2561yþ1661Þ−430Þþ3xyðyð2461y−2606Þ−127Þ−792y2ð5y−6ÞÞÞg

þ −1
32768π6x2y2

fðx−1Þðm5
cðxð−yÞþxþyÞ2ð125x2ðy−1Þ2−xð190y−123Þðy−1Þþyð65y−87ÞÞ−2m3

c

×sxðy−1Þyðxðy−1Þ−yÞð165x2ðy−1Þ2−xð270y−163Þðy−1Þþyð105y−127ÞÞþmcs2x2ðy−1Þ2y2

×ð205x2ðy−1Þ2−7xð50y−29Þðy−1Þþyð145y−167ÞÞÞg
�
;

ρ1;Λ
�
cD

hq̄qi2 ðsÞ¼hq̄qi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

3072π4xy
fðx−1Þðy−1Þðm2

cð−23xðy−1Þþ23y−86Þþ37sxðy−1ÞyÞ

ðm2
cðxð−yÞþxþyÞþsxðy−1ÞyÞg;

ρ1;Λ
�
cD

hq̄qihq̄GqiðsÞ¼hq̄qihg2s q̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

3072π4
fðy−1Þðm2

cð−23xðy−1Þþ23y−43Þþ30sxðy−1ÞyÞg

þ 1

73728π4xy
fðy−1Þðm2

cð−12x3ðy−1Þ2þx2ðy−1Þð123y−110Þ−xðyð227yþ832Þþ98Þþ4yð29yþ263ÞÞ

þsxðy−1Þyð2xð9xðy−1Þ−80yþ9Þþ157yÞÞg
�
;

ρ1;Λ
�
cD

hq̄Gqi2ðsÞ¼hg2s q̄σGqi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

3538944π4
fðy−1Þð295xðy−1Þ−339yþ277Þgþ 1

73728π4
fðy−1Þð3xðy−1Þ

−29yÞgþhg2s q̄σGqi2
Z

1

0

dx
Z

1

0

dy



1

3538944π4xy
fm2

cð193x2ðy−1Þ2−xð402y−223Þðy−1Þþyð209y

−227Þþ8Þgþ 1

294912π4xy
fm2

cð−6x2ðy−1Þ2þxð47yþ98Þðy−1Þþð1052−41yÞyÞg
�
δðs−F ðm2

cÞÞ
�
;

ρ1;Λ
�
cD

hq̄qi3 ðsÞ¼hq̄qi3
Z

xmax

xmin

dx
1

1152π2
fmc−12mcxg; ðA6Þ

ρ0;Λ
�
cD

pert ðsÞ¼
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

39321600π8x5y5
fðx−1Þ4ðm2

cðxðy−1Þ−yÞ−sxðy−1ÞyÞ4ðm3
cðxðy−1Þ−yÞ

×ð38x2ðy−1Þ2−xð36yþ77Þðy−1Þ−yð2yþ13ÞÞ−mcsxðy−1Þyð103x2ðy−1Þ2
−xð96yþ287Þðy−1Þ−yð7yþ33ÞÞÞg;

ρ0;Λ
�
cD

hq̄qi ðsÞ¼hq̄qi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
−1

147456π6x3y3
fðx−1Þ2ðm2

cðxð−yÞþxþyÞþsxðy−1ÞyÞ2ðm4
cðxðy−1Þ−yÞð21x2

×ðy−1Þ2−2xð21y−8Þðy−1Þþyð21y−16Þþ28Þ−2m2
csxðy−1Þyð196x2ðy−1Þ2−xð392y−207Þðy−1Þ

þyð196y−207Þþ14Þþs2x2ðy−1Þ2y2ð611xðy−1Þ−611yþ638ÞÞg;
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ρ0;Λ
�
cD

hGGi ðsÞ¼hg2sGGi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

283115520π8x5y5
fðx−1Þ2ðm7

cð−ðxð−yÞþxþyÞ3Þð456x6ðy−1Þ4−4x5ðy−1Þ3

×ð221y−12Þþ2x4ðy−1Þ2ðyð55y−122Þ−636Þþ2x3ðy−1Þðyðyð519yþ1423Þþ52Þ−432Þ−x2yðyðyð494y
þ155Þ−1545Þþ536Þ−2xy2ðyð101yþ122Þ−208Þ−24y3ðyþ4ÞÞ−3m5

csxðy−1Þyðxð−yÞþxþyÞ2ð510
×x6ðy−1Þ4−6x5ðy−1Þ3ð163yþ20Þþ2x4ðy−1Þ2ðyð23y−87Þ−885Þþx3ðy−1Þðyðyð1465yþ4414Þ
þ216Þ−1140Þ−x2yðyð11yð76yþ51Þ−2505Þþ588Þþxy2ð408−yð177yþ361ÞÞ−30y3ðyþ4ÞÞþ3m3

cs2x2

×ðy−1Þ2y2ð512x7ðy−1Þ5−28x6ðy−1Þ4ð53yþ8Þþ2x5ðy−1Þ3ðyð455yþ32Þ−992Þþ2x4ðy−1Þ2ðyðy
×ð1001yþ3067Þþ1170Þ−624Þ−x3ðy−1Þyðyðyð3218yþ7005Þ−3109Þ−792Þþx2y2ðyðyð1170yþ761Þ
−2871Þþ240Þþ2xy3ðyþ4Þð38y−11Þþ32y4ðyþ4ÞÞ−mcs3x3ðy−1Þ3y3ð462x6ðy−1Þ4−2x5ðy−1Þ3ð433y
þ132Þ−2x4ðy−1Þ2ðyð107yþ101Þþ957Þþx3ðy−1Þðyðyð2463yþ7526Þþ524Þ−1188Þ−5x2yðyðyð364y
þ313Þ−885Þþ28Þþ5xy2ððy−59Þy−32Þ−30y3ðyþ4ÞÞÞg;

ρ0;Λ
�
cD

hq̄GqiðsÞ¼hgsq̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

3538944π6x3y3
fðx−1Þðm6

cð−ðxð−yÞþxþyÞ2Þð34x4ðy−1Þ3−8x3ðy−1Þ2ð49y

−4Þþx2ðy−1Þðyð663y−1238Þþ178Þþxðyðð2029−286yÞyþ648Þþ180Þ−yðyð19yþ842Þþ1560ÞÞþ3m4
c

×sxðy−1Þyð32x5ðy−1Þ4−x4ðy−1Þ3ð487y−97Þþx3ðy−1Þ2ð4yð308y−323Þþ185Þ−2x2ðy−1Þðyðyð547y
−1428Þ−71Þ−60Þþxyðyð8yð35y−278Þ−767Þþ920Þþy2ðyð37yþ600Þþ1040ÞÞ−3m2

cs2x2ðy−1Þ2y2ð26x4
×ðy−1Þ3−22x3ðy−1Þ2ð23y−7Þþx2ðy−1Þðyð879y−1136Þþ188Þþxðyðð1285−344yÞyþ10Þþ60Þ−yðyð
×55yþ358Þþ520ÞÞþs3x3ðy−1Þ3y3ð16x3ðy−1Þ2−x2ðy−1Þð529y−203Þþ11xð40y2−78yþ17Þþyð73y

þ116ÞÞÞgþ 1

32768π6x2y2
fðx−1Þðm6

cðxð−yÞþxþyÞ2ð14x2ðy−1Þ2−xð28y−11Þðy−1Þþyð14y−11Þþ7Þ

−m4
csxðy−1Þyðxðy−1Þ−yÞð217x2ðy−1Þ2−xð434y−221Þðy−1Þþyð217y−221Þþ14Þþm2

cs2x2ðy−1Þ2

y2ð472x2ðy−1Þ2−xð944y−489Þðy−1Þþyð472y−489Þþ7Þ−s3x3ðy−1Þ3y3ð269xðy−1Þ−269yþ279ÞÞg
�
;

ρ0;Λ
�
cD

hq̄qi2 ðsÞ¼hq̄qi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

512π4x2y2
fðx−1Þð2m5

cð9xðy−1Þ−yÞðxð−yÞþxþyÞ2−m3
csxðy−1Þyð53xðy−1Þ

−17yÞðxðy−1Þ−yÞþ5mcs2x2ðy−1Þ2y2ð7xðy−1Þ−3yÞÞg;

ρ0;Λ
�
cD

hq̄qihq̄GqiðsÞ¼hq̄qihg2s q̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

1024π4xy
fmcsxðy−1Þyð53xðy−1Þ−17yÞ

−4m3
cðxðy−1Þ−yÞð9xðy−1Þ−yÞgþ 1

73728π4x2y2
2m3

cðxðy−1Þ−yÞ

×ð68x3ðy−1Þ2−x2ðy−1Þð33y−68Þþxyð203yþ31Þ−261y2Þ−mcsx

×ðy−1Þyð132x3ðy−1Þ2þx2ðy−1Þð35yþ132Þþxyð1363yþ144Þ−1574y2Þg
�
;
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ρ0;Λ
�
cD

hq̄Gqi2ðsÞ¼hg2s q̄σGqi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

3538944π4xy
fmcð−120x2ðy−1Þ2þxðð5−61yÞyþ56Þþ2yð668y−107ÞÞg

þ −1
147456π4xy

fmcð68x2ðy−1Þ2þ31xyðy−1Þþ261y2Þgþhg2s q̄σGqi2
Z

1

0

dx
Z

1

0

dy



1

1769472π4x2ðy−1Þy2

×fm3
cðxðy−1Þ−yÞð4x2ðy−1Þ2−xð16y−9Þðy−1Þ−2yðyþ5ÞÞgþ −1

147456π4x2ðy−1Þy2fm
3
cðxðy−1Þ−yÞ

×ð2x2ðy−1Þ2−41xyðy−1Þ−526y2Þg
�
δðs−F ðm2

cÞÞ
�
;

ρ0;Λ
�
cD

hq̄qi3 ðsÞ¼hq̄qi3
Z

xmax

xmin

dx
−1

1152π2
5ð13m2

cþ3sðx−1ÞxÞ
�
; ðA7Þ

ρ1;Λ
�
cD�

pert ðsÞ¼
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

9830400π8x4y4
fðx−1Þ4ðy−1Þðm2

cðxð−yÞþxþyÞþ sxðy−1ÞyÞ3ðm4
cðxðy−1Þ−yÞ

× ð77x2ðy−1Þ2−xð154y−197Þðy−1Þþyð77y−197Þ−80Þ−2m2
csxðy−1Þyð292x2ðy−1Þ2

−xð584y−527Þðy−1Þþyð292y−527Þ−40Þþ s2x2ðy−1Þ2y2ð827xðy−1Þ−827yþ1177ÞÞg;

ρ1;Λ
�
cD�

hq̄qi ðsÞ¼ hq̄qi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

9216π6x3y3
fmcðx−1Þ2ðm2

cðxð−yÞþxþyÞþ sxðy−1ÞyÞ2ðm2
cðxðy−1Þ−yÞ

× ð16x2ðy−1Þ2−xð29y−16Þðy−1Þþyð13y−22ÞÞ− sxðy−1Þyð40x2ðy−1Þ2−xð77y−40Þðy−1Þ
þyð37y−46ÞÞÞg;

ρ1;Λ
�
cD�

hGGi ðsÞ¼ hg2sGGi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
−1

283115520π8x4y4
fðx−1Þ2ðy−1Þðm6

cðxð−yÞþxþyÞ2ð1848x6ðy−1Þ4−8x5

× ðy−1Þ3ð694y−1053Þþx4ðy−1Þ2ðyð3611y−19060Þþ9384Þ−x3ðy−1Þðyðyð3229y−18970Þþ8452Þ
−888Þþx2ðyðyðyð10441y−30180Þþ2091Þþ4288Þ−1920Þþxyðyð3ð7101−2989yÞyþ5056Þþ768Þ
þ24y2ðyð77y−197Þ−80ÞÞ−3m4

csxðy−1Þyðxðy−1Þ−yÞð2608x6ðy−1Þ4−4x5ðy−1Þ3ð1899y−2620Þ
þx4ðy−1Þ2ðyð3967y−22828Þþ12112Þ−x3ðy−1Þðyðyð5033y−23714Þþ11824Þ−3216Þþx2ðyðyðy
× ð18117y−43444Þþ9519Þþ3152Þ−1024Þþxyðyðð27887−14671yÞyþ3408Þþ256Þþ16y2ðyð163y
−329Þ−64ÞÞþ3m2

cs2x2ðy−1Þ2y2ð2248x6ðy−1Þ4−8x5ðy−1Þ3ð769y−1055Þþx4ðy−1Þ2ðyð131y
−18020Þþ9752Þ−x3ðy−1Þðyð9yð461y−2650Þþ9724Þ−3176Þþx2ðyðyðyð23521y−54020Þþ17139Þ
þ2144Þ−384Þþxy2ðð30343−17847yÞyþ2144Þþ8y2ðyð281y−493Þ−48ÞÞ− s3x4ðy−1Þ3y4ð1084x3ðy
−1Þ2−x2ðy−1Þð9117yþ28Þþ2xðð8523−4079yÞyþ76Þþ3yð5397y−8789Þ−1264ÞÞg;

ρ1;Λ
�
cD�

hq̄Gqi ðsÞ¼ hgsq̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

3072π6x2y2
fmcðx−1Þ2ðy−1Þð2xðy−1Þ−2yþ1Þðm2

cðxð−yÞþxþyÞ

þ sxðy−1ÞyÞðm2
cðxð−yÞþxþyÞþ2sxðy−1ÞyÞgþ −1

4096π6x2y2
fðx−1Þðm5

cðxð−yÞþxþyÞ2ð16x2ðy−1Þ2

−xð29y−16Þðy−1Þþyð13y−19ÞÞ−6m3
csxðy−1Þyðxðy−1Þ−yÞð8x2ðy−1Þ2−xð15y−8Þðy−1Þ

þyð7y−9ÞÞþmcs2x2ðy−1Þ2y2ð32x2ðy−1Þ2−xð61y−32Þðy−1Þþyð29y−35ÞÞÞg
�
;
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ρ1;Λ
�
cD�

hq̄qi2 ðsÞ ¼ hq̄qi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

192π4xy
fðx − 1Þðy − 1Þðm2

cðxð−yÞ þ xþ y − 10Þ þ 2sxðy − 1ÞyÞðm2
cðxð−yÞ

þ xþ yÞ þ sxðy − 1ÞyÞg;

ρ1;Λ
�
cD�

hq̄qihq̄GqiðsÞ ¼ hq̄qihg2s q̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

384π4
fðy − 1Þð2m2

cðxð−yÞ þ xþ y − 5Þ þ 3sxðy − 1ÞyÞg

þ −1
3072π4xy

fðx − 1Þðy − 1Þð7xðy − 1Þ − 4yÞð2m2
cðxð−yÞ þ xþ yÞ þ 3sxðy − 1ÞyÞg

�
;

ρ1;Λ
�
cD�

hq̄Gqi2 ðsÞ ¼ hg2s q̄σGqi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

442368π4
fðy − 1Þð62xðy − 1Þ − 75yþ 65Þg

þ −1
6144π4

fðy − 1Þð7xðy − 1Þ − 4yÞg þ hg2s q̄σGqi2
Z

1

0

dx
Z

1

0

dy



1

221184π4xy
fm2

cð−16x2ðy − 1Þ2

þ 7xð5y − 4Þðy − 1Þ þ ð28 − 19yÞy − 12Þg

þ 1

12288π4xy
fm2

cð7xðy − 1Þ − 4yÞðxðy − 1Þ − yÞg
�
δðs − F ðm2

cÞÞ
�
;

ρ1;Λ
�
cD�

hq̄qi3 ðsÞ ¼ hq̄qi3
Z

xmax

xmin

dx
−1
48π2

fmcxg; ðA8Þ

ρ0;Λ
�
cD�

pert ðsÞ¼
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

9830400π8x4y5
fmcðx−1Þ4ðy−1Þðm2

cðxðy−1Þ−yÞ−sxðy−1ÞyÞ4ðm2
cð7xðy−1Þ−7y

−23Þðxðy−1Þ−yÞ− sxðy−1Þyð37xðy−1Þ−37y−143ÞÞg;

ρ0;Λ
�
cD�

hq̄qi ðsÞ¼ hq̄qi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
−1

73728π6x3y3
fðx−1Þ2ðm2

cðxð−yÞþxþyÞþ sxðy−1ÞyÞ2ðm4
cðxðy−1Þ−yÞð5x2

× ðy−1Þ2−2xð5y−3Þðy−1Þþyð5y−6Þþ16Þ−2m2
csxðy−1Þyð101x2ðy−1Þ2−2xð101y−65Þðy−1Þ

þyð101y−130Þþ8Þþ s2x2ðy−1Þ2y2ð389xðy−1Þ−389yþ446ÞÞg;

ρ0;Λ
�
cD�

hGGi ðsÞ¼ hg2sGGi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

141557760π8x4y5
fðx−1Þ2ðm7

cð−ðxð−yÞþxþyÞ3Þð168x5ðy−1Þ4−9x4ðy

−1Þ3ð43yþ24Þþx3ðy−1Þ2ðyð1155y−152Þ−936Þ−x2ðy−1Þðyð6yð278y−183Þþ43Þþ552Þþxyðyðy
× ð799yþ194Þ−795Þ−278Þþy2ð288−yð67yþ141ÞÞÞ−3m5

csxðy−1Þyðxð−yÞþxþyÞ2ð260x5ðy−1Þ4
−x4ðy−1Þ3ð583yþ420Þþx3ðy−1Þ2ðyð1631y−164Þ−1620Þ−x2ðy−1Þðyð2180y2−2034y−41Þþ940Þ
þxyðyðyð959yþ494Þ−1155Þ−378Þþy2ð388−yð87yþ221ÞÞÞþ3m3

cs2x2ðy−1Þ2y2ð304x6ðy−1Þ5−3x5

× ðy−1Þ4ð329yþ176Þþ2x4ðy−1Þ3ðyð1371yþ128Þ−984Þ−x3ðy−1Þ2ðyðyð4703y−3242Þ−2093Þþ1136Þ
þx2ðy−1Þyðyðyð3667y−2272Þ−1640Þþ850Þ−2xy2ðyðyð541yþ398Þ−984Þþ5Þþy3ðyð59yþ157Þ
−296ÞÞ−mcs3x3ðy−1Þ3y3ð300x5ðy−1Þ4−3x4ðy−1Þ3ð229yþ180Þþx3ðy−1Þ2ðyð2439y−476Þ−1980Þ
−x2ðy−1Þðyð18yð170y−217Þ−209Þþ1140Þþxyðyðyð991yþ806Þ−1875Þ−2Þþy2ð17yðyþ3Þþ12ÞÞÞg;

ρ0;Λ
�
cD�

hq̄Gqi ðsÞ¼ hgsq̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

442368π6x2y3
fðx−1Þ2ðy−1Þðsxðy−1Þyð16xðy−1Þ−202yþ13Þ−m2

cð7x

× ðy−1Þ−85yþ4Þðxðy−1Þ−yÞÞðm2
cðxð−yÞþxþyÞþ sxðy−1ÞyÞ2gþ 1

24576π6x2y2
fðx−1Þðm6

cðxð−yÞþx

þyÞ2ð5x2ðy−1Þ2−5xð2y−1Þðy−1Þþ5yðy−1Þþ6Þ−3m4
csxðy−1Þyðxðy−1Þ−yÞð53x2ðy−1Þ2−xð106y
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− 63Þðy − 1Þ þ yð53y − 63Þ þ 4Þ þ 3m2
cs2x2ðy − 1Þ2y2ð133x2ðy − 1Þ2 − xð266y − 153Þðy − 1Þ

þ yð133y − 153Þ þ 2Þ − 5s3x3ðy − 1Þ3y3ð49xðy − 1Þ − 49yþ 55ÞÞg
�
;

ρ0;Λ
�
cD�

hq̄qi2 ðsÞ ¼ hq̄qi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

384π4x2y2
fðx − 1Þðm5

cð11xðy − 1Þ − 2yÞðxð−yÞ þ xþ yÞ2 − 4m3
csxðy − 1Þy

× ð11xðy − 1Þ − 5yÞðxðy − 1Þ − yÞ þ 3mcs2x2ðy − 1Þ2y2ð11xðy − 1Þ − 6yÞÞg;

ρ0;Λ
�
cD�

hq̄qihq̄GqiðsÞ ¼ hq̄qihg2s q̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

384π4xy
2mcsxðy − 1Þyð11xðy − 1Þ − 5yÞ −m3

cð11xðy − 1Þ

− 2yÞðxðy − 1Þ − yÞ
�
þ 1

18432π4xy2
fm3

cðxðy − 1Þ − yÞð48x2ðy − 1Þ2 − xð103y − 48Þðy − 1Þ

þ yð31y − 40ÞÞ −mcsxðy − 1Þyð96x2ðy − 1Þ2 − xð215y − 96Þðy − 1Þ þ yð95y − 88ÞÞg
�
;

ρ0;Λ
�
cD�

hq̄Gqi2 ðsÞ ¼ hg2s q̄σGqi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

884736π4xy
fmcð8x2ðy − 1Þ2 þ 30xyðy − 1Þ þ ð19 − 13yÞyÞg

þ −1
9216π4y

fmcðy − 1Þð6xðy − 1Þ − 5yÞg þ hg2s q̄σGqi2
Z

1

0

dx
Z

1

0

dy



1

73728π4xy
fm3

cðxðy − 1Þ − yÞg

þ 1

1536π4xy2
fm3

cðxð−yÞ þ xþ yÞ2g
�
δðs − F ðm2

cÞÞ
�
;

ρ0;Λ
�
cD�

hq̄qi3 ðsÞ ¼ hq̄qi3
Z

xmax

xmin

dx
−1

288π2
31m2

c þ 9sðx − 1Þx
�
; ðA9Þ

ρ1;Σ
�
cD

pert ðsÞ ¼
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

19660800π8x4y4
fðx− 1Þ4ðy− 1Þðm2

cðxð−yÞ þ xþ yÞ þ sxðy− 1ÞyÞ3ðm4
cðxðy− 1Þ− yÞ

× ð104x2ðy− 1Þ2 − 2xð104y− 167Þðy− 1Þ þ 2yð52y− 167Þ− 45Þ−m2
csxðy− 1Þyð838x2ðy− 1Þ2 − xð1676y

− 1593Þðy− 1Þ þ yð838y− 1593Þ− 45Þ þ 21s2x2ðy− 1Þ2y2ð54xðy− 1Þ− 54yþ 79ÞÞg;

ρ1;Σ
�
cD

hq̄qi ðsÞ ¼ hq̄qi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

12288π6x3y3
fmcðx− 1Þ2ðxðy− 1Þ− yÞðm2

cðxðy− 1Þ− yÞ− sxðy− 1ÞyÞ2ðm2
cð21x

× ðy− 1Þ− 9yþ 20Þðxðy− 1Þ− yÞ− sxðy− 1Þyð41xðy− 1Þ− 29yþ 40ÞÞg;

ρ1;Σ
�
cD

hGGi ðsÞ ¼ hg2sGGi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
−1

283115520π8x4y4
fðx− 1Þ2ðy− 1Þðm6

cðxð−yÞ þ xþ yÞ2ð1248x6ðy− 1Þ4 − x5ðy

− 1Þ3ð8801y− 6444Þ þ x4ðy− 1Þ2ðyð11177y− 22920Þ þ 8604Þ þ x3ðy− 1Þðyðyð5707y− 2390Þ− 13783Þ
þ 2868Þ þ x2ðyðyðð37760− 14733yÞy− 9897Þ þ 120Þ− 540Þ þ 2xyðyðyð2077y− 4148Þ þ 258Þ þ 108Þ
þ 12y2ðyð104y− 329Þ− 45ÞÞ− 6m4

csxðy− 1Þyðxðy− 1Þ− yÞð920x6ðy− 1Þ4 − x5ðy− 1Þ3ð6775y− 3896Þ
þ x4ðy− 1Þ2ðyð7065y− 16064Þ þ 4888Þ þ x3ðy− 1Þðyðyð9875y− 4433Þ− 9079Þ þ 1768Þ þ x2ðyðyðð35328
− 17525yÞy− 9498Þ þ 174Þ− 144Þ þ xyðyðyð5520y− 9311Þ þ 270Þ þ 36Þ þ 8y2ðyð115y− 257Þ− 18ÞÞ
þ 3m2

cs2x2ðy− 1Þ2y2ð1584x6ðy− 1Þ4 − x5ðy− 1Þ3ð16443y− 6124Þ þ x4ðy− 1Þ2ðyð14251y− 36648Þ þ 7388Þ
þ x3ðy− 1Þðyðyð40801y− 20726Þ− 19597Þ þ 2740Þ þ x2ðyðyðð115656− 64919yÞy− 30207Þ þ 608Þ− 108Þ
þ 2xy2ð7yð1653y− 2510Þ þ 334Þ þ 4y2ðyð396y− 739Þ− 27ÞÞ þ 10s3x4ðy− 1Þ3y4ð1604x3ðy− 1Þ2 þ 6x2ðy
− 1Þð99yþ 560Þ þ xðð7301− 6388yÞyþ 1666Þ þ yð4190y− 5929Þ þ 90ÞÞg;
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ρ1;Σ
�
cD

hq̄GqiðsÞ¼hgsq̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

589824π6x3y3
fðx−1Þðm5

cðxð−yÞþxþyÞ2ð82x4ðy−1Þ3þx3ðy−1Þ2ð27y

þ218Þ−x2ðy−1Þðyð783yþ184Þ−136Þþxyðyð1466y−2089Þ−145Þ−792ðy−2Þy2Þ−2m3
csxðy−1Þyðx

×ðy−1Þ−yÞð134x4ðy−1Þ3−x3ðy−1Þ2ð33y−322Þ−x2ðy−1Þðyð1239yþ284Þ−188Þþxyðyð2458y−3041Þ
−185Þ−264y2ð5y−8ÞÞþ3mcs2x2ðy−1Þ2y2ð62x4ðy−1Þ3−x3ðy−1Þ2ð31y−142Þ−x2ðy−1Þðyð565y

þ128Þ−80Þþxyðyð1150y−1331Þ−75Þþ88ð10−7yÞy2ÞÞgþ −1
16384π6x2y2

fðx−1Þðm5
cðxð−yÞþxþyÞ2

×ð63x2ðy−1Þ2−xð90y−61Þðy−1Þþyð27y−49ÞÞ−2m3
csxðy−1Þyðxðy−1Þ−yÞð83x2ðy−1Þ2−xð130y

−81Þðy−1Þþyð47y−69ÞÞþmcs2x2ðy−1Þ2y2ð103x2ðy−1Þ2−xð170y−101Þðy−1Þþyð67y−89ÞÞÞg
�
;

ρ1;Σ
�
cD

hq̄qi2 ðsÞ¼hq̄qi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

1536π4xy
fðx−1Þðy−1Þðm2

cð−25xðy−1Þþ25y−42Þþ43sxðy−1ÞyÞ

×ðm2
cðxð−yÞþxþyÞþsxðy−1ÞyÞg;

ρ1;Σ
�
cD

hq̄qihq̄GqiðsÞ¼hq̄qihg2s q̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

1536π4
fðy−1Þðm2

cð−25xðy−1Þþ25y−21Þþ34sxðy−1ÞyÞg

þ 1

36864π4xy
fðy−1Þðm2

cð−192x3ðy−1Þ2þ2x2ðy−1Þð246y−119Þ−xðyð388yþ233Þþ46Þþ4yð22y

þ133ÞÞþsxðy−1Þyðxð246xðy−1Þ−371yþ246Þþ107yÞÞg
�
;

ρ1;Σ
�
cD

hq̄Gqi2ðsÞ¼hg2s q̄σGqi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

1769472π4
fðy−1Þð9xðy−1Þ−7y−101Þgþ 1

18432π4
fðy−1Þð24xðy−1Þ

−11yÞgþhg2s q̄σGqi2
Z

1

0

dx
Z

1

0

dy



1

1769472π4xy
fm2

cð95x2ðy−1Þ2−xð222y−221Þðy−1Þþyð127y

þ665Þþ16Þgþ −1
147456π4xy

fm2
cð54x2ðy−1Þ2−xð73yþ46Þðy−1Þþ19ðy−28ÞyÞg

�
δðs−F ðm2

cÞÞ
�
;

ρ1;Σ
�
cD

hq̄qi3 ðsÞ¼hq̄qi3
Z

xmax

xmin

dx
1

576π2
fmc−12mcxg; ðA10Þ

ρ0;Σ
�
cD

pert ðsÞ¼
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

19660800π8x5y5
fðx−1Þ4ðm2

cðxðy−1Þ−yÞ− sxðy−1ÞyÞ4ðm3
cðxðy−1Þ−yÞð32x2ðy

−1Þ2−xð28yþ73Þðy−1Þ−yð4yþ1ÞÞ−2mcsxðy−1Þyð41x2ðy−1Þ2−xð34yþ149Þðy−1Þ−yð7yþ8ÞÞÞg;

ρ0;Σ
�
cD

hq̄qi ðsÞ¼ hq̄qi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
−1

147456π6x3y3
fmcðx−1Þ2ðm2

cðxð−yÞþxþyÞþ sxðy−1ÞyÞ2ð3m4
cðxðy−1Þ−yÞ

× ð41x2ðy−1Þ2−xð82y−31Þðy−1Þþyð41y−31Þþ24Þ−2m2
csxðy−1Þyð365x2ðy−1Þ2−xð730y

−359Þðy−1Þþyð365y−359Þþ36Þþ s2x2ðy−1Þ2y2ð847xðy−1Þ−847yþ865ÞÞg;

ρ0;Σ
�
cD

hGGi ðsÞ¼ hg2sGGi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

283115520π8x5y5
fðx−1Þ2ð−2m7

cðxð−yÞþxþyÞ3ð384x6ðy−1Þ4−28x5ðy−1Þ3

× ð43yþ6Þþx4ðy−1Þ2ðyð857yþ800Þ−1488Þþ4x3ðy−1Þðyðyð199yþ504Þþ368Þ−234Þ−x2yðyðyð595y
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þ431Þ−1633Þþ532Þ−2xy2ðyð95yþ128Þ−238Þ−24y3ð2yþ3ÞÞ−3m5
csxyðxð−yÞþxþyÞ2ð840x6ðy

−1Þ5−4x5ðy−1Þ4ð722yþ195Þþx4ðy−1Þ3ðyð2165yþ3056Þ−4080Þþ2x3ðy−1Þ2ðyðyð1134yþ3163Þ
þ2398Þ−1230Þ−x2ðy−1Þyðyðyð1879yþ1800Þ−5257Þþ1148Þ−2xðy−1Þy2ðyð193yþ279Þ−482Þ−60y3

×ð2y2þy−3ÞÞþ6m3
cs2x2ðy−1Þ2y2ð416x7ðy−1Þ5−4x6ðy−1Þ4ð507yþ128Þþ8x5ðy−1Þ3ðyð362yþ333Þ

−284Þþ2x4ðy−1Þ2ðyðyð110yþ1081Þþ2806Þ−672Þ−x3ðy−1Þyðyðyð2860yþ5783Þ−284Þ−920Þþx2

×y2ðyðyð1184yþ1467Þ−3154Þþ128Þþ2xy3ðyð54yþ71Þ−100Þþ32y4ð2yþ3ÞÞ−mcs3x3ðy−1Þ3y3ð744x6
×ðy−1Þ4−4x5ðy−1Þ3ð854yþ267Þþx4ðy−1Þ2ðyð2923yþ5344Þ−4368Þþ2x3ðy−1Þðyðyð1906yþ5469Þ
þ4298Þ−1278Þ−x2yðyðyð3689yþ4276Þ−9239Þþ164Þ−2xy2ðyð127y−59Þþ82Þ−60y3ð2yþ3ÞÞÞg;

ρ0;Σ
�
cD

hq̄GqiðsÞ¼hgsq̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

1769472π6x3y3
fðx−1Þðm6

cðxð−yÞþxþyÞ2ð38x4ðy−1Þ3þx3ðy−1Þ2ð43y

þ112Þ−x2ðy−1Þð3yð75yþ271Þ−182Þþxðyðyð169yþ1506Þþ446Þþ108Þ−5yðyð5yþ166Þþ324ÞÞ
−9m4

csxðy−1Þyðxðy−1Þ−yÞð17x4ðy−1Þ3þx3ðy−1Þ2ð11yþ63Þ−2x2ðy−1Þð2yð21yþ59Þ−35Þþxðyð
×yð67yþ360Þþ56Þþ24Þ−yð11yðyþ18Þþ360ÞÞþ3m2

cs2x2ðy−1Þ2y2ð68x4ðy−1Þ3þx3ðy−1Þ2ð11y
þ274Þ−x2ðy−1Þðyð267yþ619Þ−242Þþxðyðyð229yþ662Þ−114Þþ36Þ−yðyð41yþ358Þþ540ÞÞ−s3x3ðy

−1Þ3y3ð89x3ðy−1Þ2þx2ðy−1Þð66yþ367Þþxð278−yð204yþ179ÞÞþyð49yþ122ÞÞÞgþ 1

49152π6x2y2
fðx

−1Þðm6
cðxð−yÞþxþyÞ2ð123x2ðy−1Þ2−2xð123y−50Þðy−1Þþyð123y−100Þþ27Þ−6m4

csxðy−1Þyðx
×ðy−1Þ−yÞð122x2ðy−1Þ2−4xð61y−29Þðy−1Þþ2yð61y−58Þþ9Þþ3m2

cs2x2ðy−1Þ2y2ð405x2ðy−1Þ2

−2xð405y−202Þðy−1Þþyð405y−404Þþ9Þ−2s3x3ðy−1Þ3y3ð303xðy−1Þ−303yþ308ÞÞg
�
;

ρ0;Σ
�
cD

hq̄qi2 ðsÞ¼hq̄qi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

768π4x2y2
fmcðx−1Þð31xðy−1Þ−19yÞðm2

cðxð−yÞþxþyÞþsxðy−1ÞyÞ

×ðm2
cðxð−yÞþxþyÞþ2sxðy−1ÞyÞg;

ρ0;Σ
�
cD

hq̄qihq̄GqiðsÞ¼hq̄qihg2s q̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

1536π4xy
fmcð31xðy−1Þ−19yÞð2m2

cðxð−yÞþxþyÞþ3sxðy−1ÞyÞg

þ 1

36864π4x2y2
2mcsxðy−1Þyð208x3ðy−1Þ2−2x2ðy−1Þð153y−104Þ−xyð717yþ80Þþ799y2Þ−m3

cðxðy

−1Þ−yÞð276x3ðy−1Þ2−x2ðy−1Þð425y−276Þ−xyð951yþ122Þþ1066y2Þg
�
;

ρ0;Σ
�
cD

hq̄Gqi2ðsÞ¼hg2s q̄σGqi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

1769472π4xy
fmcð−112x2ðy−1Þ2−xð599yþ188Þðy−1Þ−2yð33y

þ361ÞÞgþ 1

73728π4xy
fðy−1Þmcð138x2ðy−1Þ2−61xyðy−1Þ−533y2Þgþhg2s q̄σGqi2

Z
1

0

dx
Z

1

0

dy

×



1

1769472π4x2ðy−1Þy2fm
3
cðxðy−1Þ−yÞð8x2ðy−1Þ2−xð77y−30Þðy−1Þþ4yð5y−7ÞÞg

þ −1
73728π4x2ðy−1Þy2fm

3
cðxðy−1Þ−yÞð70x2ðy−1Þ2−19xyðy−1Þ−266y2Þg

�
δðs−F ðm2

cÞÞ
�
;

ρ0;Σ
�
cD

hq̄qi3 ðsÞ¼hq̄qi3
Z

xmax

xmin

dx
−1

192π2
13m2

cþ3sðx−1Þx
�
; ðA11Þ

DOUBLY CHARMED PENTAQUARK STATES IN QCD SUM RULES PHYS. REV. D 109, 094018 (2024)

094018-23



ρ1;Σ
�
cD�

pert ðsÞ¼
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

491520π8x4y4
fðx−1Þ4ðy−1Þðm2

cðxð−yÞþxþyÞþsxðy−1ÞyÞ3ðm4
cðxðy−1Þ−yÞ

×ð3x2ðy−1Þ2−6xðy−2Þðy−1Þþ3ðy−4Þy−4Þ−m2
csxðy−1Þyð26x2ðy−1Þ2−xð52y−63Þðy−1Þ

þyð26y−63Þ−4Þþs2x2ðy−1Þ2y2ð39xðy−1Þ−39yþ67ÞÞg;

ρ1;Σ
�
cD�

hq̄qi ðsÞ¼hq̄qi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

4608π6x3y3
fmcðx−1Þ2ðm2

cðxð−yÞþxþyÞþsxðy−1ÞyÞ2ðm2
cðxðy−1Þ−yÞð8x2

×ðy−1Þ2−xð13y−8Þðy−1Þþyð5y−14ÞÞ−sxðy−1Þyð20x2ðy−1Þ2−xð37y−20Þðy−1Þþyð17y−26ÞÞÞg;

ρ1;Σ
�
cD�

hGGi ðsÞ¼hg2sGGi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
−1

70778880π8x4y4
fðx−1Þ2ðy−1Þðm6

cðxð−yÞþxþyÞ2ð360x6ðy−1Þ4−5x5ðy

−1Þ3ð241y−432Þþx4ðy−1Þ2ð17yð10y−321Þþ2760Þþx3ðy−1Þðyðyð980yþ5021Þ−2981Þþ480Þ
þx2ðyðyðyð910y−7451Þþ1542Þþ1079Þ−480Þþxyðyð3ð2104−525yÞyþ1271Þþ192Þþ120y2ð3ðy−4Þy
−4ÞÞ−3m4

csxðy−1Þyðxðy−1Þ−yÞð560x6ðy−1Þ4−4x5ðy−1Þ3ð459y−676Þþx4ðy−1Þ2ðyð319y−6819Þ
þ3472Þþx3ðy−1Þðyðyð779yþ6537Þ−4124Þþ1072Þþx2ð3yðyðyð863y−3619Þþ1283Þþ265Þ−256Þ
þxyðyðð8168−2971yÞyþ859Þþ64Þþ16y2ðyð35y−99Þ−16ÞÞþ3m2

cs2x2ðy−1Þ2y2ð504x6ðy−1Þ4−x5ðy
−1Þ3ð1667y−2176Þ−x4ðy−1Þ2ðyð508yþ5941Þ−2744Þþx3ðy−1Þðyðyð1202yþ6853Þ−3731Þþ976Þ
þx2ðyðyðyð3772y−13543Þþ6204Þþ543Þ−96Þþxy2ðð8824−3807yÞyþ543Þþ8y2ðyð63y−146Þ
−12ÞÞþs3x4ðy−1Þ3y4ð122x3ðy−1Þ2þ3x2ðy−1Þð1003yþ557Þþ2xðyð188y−1861Þ
þ613Þ−3507y2þ7704yþ323ÞÞg;

ρ1;Σ
�
cD�

hq̄Gqi ðsÞ¼hgsq̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

12288π6x2y2
fmcðx−1Þ2ðy−1Þð17xðy−1Þ−8yþ4Þðm2

cðxð−yÞþxþyÞ

þsxðy−1ÞyÞðm2
cðxð−yÞþxþyÞþ2sxðy−1ÞyÞgþ −1

2048π6x2y2
fðx−1Þðm5

cðxð−yÞþxþyÞ2ð8x2ðy−1Þ2−x

×ð13y−8Þðy−1Þþyð5y−11ÞÞ−6m3
csxðy−1Þyðxðy−1Þ−yÞð4x2ðy−1Þ2−xð7y−4Þðy−1Þþyð3y−5ÞÞ

þmcs2x2ðy−1Þ2y2ð16x2ðy−1Þ2−xð29y−16Þðy−1Þþyð13y−19ÞÞÞg
�
;

ρ1;Σ
�
cD�

hq̄qi2 ðsÞ¼hq̄qi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

96π4xy
fðx−1Þðy−1Þðm2

cð−2xðy−1Þþ2y−5Þþ4sxðy−1ÞyÞðm2
cðxð−yÞ

þxþyÞþsxðy−1ÞyÞg;

ρ1;Σ
�
cD�

hq̄qihq̄GqiðsÞ¼hq̄qihg2s q̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

192π4
fðy−1Þðm2

cð−4xðy−1Þþ4y−5Þþ6sxðy−1ÞyÞgþ 1

1536π4xy

×fðy−1Þð3sðx−1Þxðy−1Þyðxðy−1Þþ2yÞ−m2
cð2x3ðy−1Þ2þ2x2ðy−1Þþxð5−6yÞyþ4y2ÞÞg

�
;

ρ1;Σ
�
cD�

hq̄Gqi2ðsÞ¼hg2s q̄σGqi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

221184π4
fðy−1Þð30xðy−1Þ−43yþ33Þgþ 1

3072π4
fðy−1Þðxðy−1Þþ2yÞg

þhg2s q̄σGqi2
Z

1

0

dx
Z

1

0

dy



−1

442368π4xy
fm2

cð8xðy−1Þ−11yþ8Þð4xðy−1Þ−4yþ3Þg

þ −1
6144π4xy

fm2
cðxðy−1Þ−yÞðxðy−1Þþ2yÞg

�
δðs−F ðm2

cÞÞ
�
;

ρ1;Σ
�
cD�

hq̄qi3 ðsÞ ¼ hq̄qi3
Z

xmax

xmin

dx
−1
24π2

fmcxg; ðA12Þ
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ρ0;Σ
�
cD�

pert ðsÞ¼
Z

xmax

xmin

dx
Z

ymax

ymin

dy
−1

819200π8x4y5
fmcðx−1Þ4ðy−1Þðxðy−1Þ−y−4Þðm2

cðxð−yÞþxþyÞþsxðy−1ÞyÞ4

×ðm2
cðxð−yÞþxþyÞþ6sxðy−1ÞyÞg;

ρ0;Σ
�
cD�

hq̄qi ðsÞ¼hq̄qi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
−1

36864π6x3y3
fðx−1Þ2ðm2

cðxð−yÞþxþyÞþsxðy−1ÞyÞ2ðm4
cðxðy−1Þ−yÞð39x2

×ðy−1Þ2−26xð3y−1Þðy−1Þþ13yð3y−2Þþ32Þ−2m2
csxðy−1Þyð123x2ðy−1Þ2−2xð123y−65Þ

×ðy−1Þþyð123y−130Þþ16Þþ3s2x2ðy−1Þ2y2ð101xðy−1Þ−101yþ110ÞÞgg;

ρ0;Σ
�
cD�

hGGi ðsÞ¼hg2sGGi
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

141557760π8x4y5
fðx−1Þ2ðm7

cð−ðxð−yÞþxþyÞ3Þð288x5ðy−1Þ4−2x4ðy−1Þ3

×ð355yþ288Þþx3ðy−1Þ2ðyð2059yþ1644Þ−2016Þ−2x2ðy−1Þðyð17yð83y−19Þ−889Þþ576Þþxyð13y
×ðyð99yþ70Þ−137Þ−576Þ−2y2ðyð51yþ163Þ−294ÞÞ−3m5

csxðy−1Þyðxð−yÞþxþyÞ2ð480x5ðy−1Þ4
−2x4ðy−1Þ3ð679yþ480Þþx3ðy−1Þ2ðyð3499yþ3036Þ−3360Þ−2x2ðy−1Þðyðyð2047y−719Þ−1813Þ
þ960Þþxyðyðyð1623yþ1486Þ−2501Þ−768Þ−10y2ð3yþ13Þð5y−6ÞÞþ3m3

cs2x2ðy−1Þ2y2ð576x6ðy−1Þ5
−2x5ðy−1Þ4ð1195yþ576Þþ3x4ðy−1Þ3ðyð2219yþ1796Þ−1344Þ−x3ðy−1Þ2ðyðyð10113yþ2006Þ
−9506Þþ2304Þþx2ðy−1Þyðyðyð7037y−360Þ−8695Þþ1728Þ−xy2ðyð3yð623yþ698Þ−4135Þþ12Þþ2y3

×ðyð51yþ163Þ−294ÞÞ−mcs3x3ðy−1Þ3y3ð576x5ðy−1Þ4−2x4ðy−1Þ3ð1039yþ576Þþx3ðy−1Þ2ðyð6091y
þ5244Þ−4032Þ−2x2ðy−1Þðyðyð3175y−1511Þ−3661Þþ1152Þþxy2ðyð1719yþ2062Þ
−3941Þþ2y2ðyð21yþ53Þþ6ÞÞÞg;

ρ0;Σ
�
cD�

hq̄Gqi ðsÞ¼hgsq̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

221184π6x2y3
fðx−1Þ2ðy−1Þðsxðy−1Þyð44xðy−1Þþ97yþ47Þ−m2

cðxðy

−1Þ−yÞð17xðy−1Þþ43yþ20ÞÞðm2
cðxð−yÞþxþyÞþsxðy−1ÞyÞ2gþ 1

12288π6x2y2
fðx−1Þðm6

cðxð−yÞ

þxþyÞ2ð39x2ðy−1Þ2−xð78y−29Þðy−1Þþyð39y−29Þþ12Þ−3m4
csxðy−1Þyðxðy−1Þ−yÞð81x2ðy−1Þ2

−xð162y−79Þðy−1Þþyð81y−79Þþ8Þþ3m2
cs2x2ðy−1Þ2y2ð139x2ðy−1Þ2−xð278y−145Þðy−1Þþy

×ð139y−145Þþ4Þ−s3x3ðy−1Þ3y3ð213xðy−1Þ−213yþ227ÞÞg
�
;

ρ0;Σ
�
cD�

hq̄qi2 ðsÞ¼hq̄qi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy
1

192π4x2y2
fðx−1Þðm5

cð7xðy−1Þ−10yÞðxð−yÞþxþyÞ2−28m3
csxðy−1Þyðxð

−yÞþxþyÞ2þ3mcs2x2ðy−1Þ2y2ð7xðy−1Þ−6yÞÞg;

ρ0;Σ
�
cD�

hq̄qihq̄GqiðsÞ¼hq̄qihg2s q̄σGqi
Z

xmax

xmin

dx
Z

ymax

ymin

dy



1

192π4xy
fmcðxðy−1Þ−yÞðm2

cð10y−7xðy−1ÞÞþ14sxðy−1ÞyÞg

þ 1

9216π4xy2
fmcsxðy−1Þyð96x2ðy−1Þ2−xð47y−96Þðy−1Þþð32−67yÞyÞ−m3

cðxðy−1Þ−yÞð48x2

×ðy−1Þ2−xð31y−48Þðy−1Þþð8−35yÞyÞg
�
;

ρ0;Σ
�
cD�

hq̄Gqi2ðsÞ¼hg2s q̄σGqi2
Z

xmax

xmin

dx
Z

ymax

ymin

dy



−1

442368π4xy
fmcð8x2ðy−1Þ2þ18xyðy−1Þþ6y2þyÞgþ 1

4608π4y
fmcðy

−1Þð6xðy−1ÞþyÞgþhg2s q̄σGqi2
Z

1

0

dx
Z

1

0

dy



1

73728π4xy
fm3

cðxð−yÞþxþyÞgþ −1
1536π4xy2

fm3
cðxðy

DOUBLY CHARMED PENTAQUARK STATES IN QCD SUM RULES PHYS. REV. D 109, 094018 (2024)

094018-25



− 1Þ − yÞð2xðy − 1Þ þ yÞg
�
δðs − F ðm2

cÞÞ;

ρ0;Σ
�
cD�

hq̄qi3 ðsÞ ¼ hq̄qi3
Z

xmax

xmin

dx
−1

144π2
f19m2

c þ 5sðx − 1Þxg; ðA13Þ
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