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We have studied the mass spectra of doubly charmed pentaquark states in the AL’ D) and = D)
channels with J* = 1/2%, 3/2%, and 5/2% within the framework of quantum chromodynamics sum rules.
We use the parity projected sum rules to separate the contributions of negative and positive parities from the
two-point correlations induced by the pentaquark interpolating currents. Our results show that the bound
states of P... pentaquarks may existin the A,D(}7), £.D(}7), £.D*(37), AtD(37), A;D* (37) channels with
negative-parity and X.D(3"), £.D*(37), Z:D(3") channels with positive-parity, since their masses are
predicted to be lower than the corresponding meson-baryon thresholds. However, they are still allowed to
decay into the 27 final states via strong interaction. The triply charged P/;"*(ccuud) and neutral
P% (ccddi) in the isospin quartet would definitely be pentaquark states due to their exotic charges. We
suggest searching for these characteristic doubly charmed pentaquark signals in the P/t —

ES;HWT*//)*, s DE+ and P - ES’EHn*/p*, 0 p 0 decays in the near future.

DOI: 10.1103/PhysRevD.109.094018

I. INTRODUCTION

Since the discovery of X(3872) in 2003, there have been
reported numerous new hadron states, including the XYZ
states, hidden-charm pentaquark states, doubly charmed
tetraquark 7. state, fully-charm tetraquark states, doubly
charged T'5(2900) " state and so on [1-6]. They are good
candidates of exotic hadron states. It is very important to
study their various properties for identifying and under-
standing the new hadron spectroscopy and nonperturbative
quantum chromodynamics (QCD).

In 2015, the LHCb Collaboration observed two hidden-
charm pentaquark states P.(4380) and P.(4450) in the
J/wp invariant mass spectrum in the A — J/wK~ p proc-
ess [7]. Combined with LHCb’s Run 2 data in 2019, they
discovered a new narrow pentaquark P.(4312) in the same
process and final states [8]. They further claimed that
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P.(4450) was consisted of two narrow pentaquark structures
P.(4440) and P.(4457) with the statistical significance of
5.46 [8]. In the BY — J/w pp decays, an evidence for a new
structure P.(4337) was found in both the J/wp and J/yp
systems [9]. The story was ongoing with the observation of
P.(4459), which is the candidate of hidden-charm penta-
quark state with strangeness reported in the J/ywA invariant
mass distribution in the Z; — J/wK~A decays [10]. Very
recently, LHCb also reported a very narrow resonance
P.(4338) in the B~ — J/wAp process, with the preferred
spin-parity quantum numbers J” = 1/2~ at high confidence
level [11].

The observations of these P, and P, structures have
attracted extensive theoretical studies in the hidden-charm
pentaquark states, including their inner structures, quantum
numbers, mass spectra, decay and production properties, etc.
On the other hand, one may wonder if there exist pentaquark
states other than in the hidden-charm channels, such as the
doubly charmed pentaquarks. Such expectations were
directly inspired by the observations of the doubly charmed
baryons and doubly charmed tetraquark state. In 2017, the
LHCDb Collaboration discovered the doubly charmed baryon
Bl inthe A K~z 7t mass spectrum [12] and confirmed it
later in the E/" — Ef 7" decay mode [13], shedding light on
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the long-standing puzzle in the E,.. system after the previous
observations of the Z. baryon by SELEX in the A} K~ z"
final states [14,15]. Recently in 2022, LHCb reported the
observation of the doubly charmed tetraquark state 7'/, in the
mass spectrum of DDz just below the D** D threshold,
with very narrow decay width and the quantum numbers
I1(JP) =0(1%) [16,17].

To date, there are some theoretical investigations on the
existence of doubly charmed pentaquark states [18-31]. In
Ref. [18], the authors explored the intermediate- and short-
range forces from o/w exchange in the one-boson-
exchange (OBE) model, and suggested that the interaction
in the S-wave A.D system be attractive to form a molecular

state. In Refs. [19,20], the doubly charmed D()z(”
pentaquark systems were investigated in the OBE models
and the attractive interactions were found for all channels
with isospin 7 = 1/2 so that the molecular bound states can
be formed. Such results were also supported by the
systematic studies within the framework of chiral effective
field theory [21], Bethe-Salpeter approach [22], and the
unitarized coupled-channel approach [23]. Using the res-
onating group method in the QDCSM framework [24], the
doubly charmed A./ D, Eg)n/ n/p/w pentaquark
systems were systematically investigated, in which a
possible bound state E.p with I(JF) =3/2(5/27) and
five resonance states with various quantum numbers were
obtained. Another shallow bound state Z .z with 1(J*) =

1/2(3/27) and several possible narrow Z(C*)D(*) resonances
were predicted within the chiral quark model [25]. In
Ref. [26], the coupled system of A, D) —ZE-*)D<*) in
1(JP) =1/2(3/27) channel was studied and a doubly
charmed pentaquark state was found as a hadronic molecule.
Within the chiral effective field theory, the authors in
Ref. [27] studied the S-wave scatterings of doubly charmed
baryons and light pseudoscalar mesons, and they found one
bound state below the =K threshold with (S, 1) = (—1,0)
and two resonant structures around the E_ .7z, E..17, Q..K
thresholds with (S,7) = (0,1/2). Besides, the doubly
charmed pentaquarks have been also investigated in the
compact configurations of diquark-diquark-antiquark model
[28-30] and triquark-diquark model [31], including their
masses, lifetimes, magnetic moments and so on. In this work,
we shall systematically study the possible doubly charmed

pentaquark states in the Ag*)D(*) and ZS*)D(*) channels with
JP =1/2%, 3/2*, and 5/2* using the QCD sum rule
method.

This paper is organized as follows. In Sec. II, we
construct the interpolating currents for AE.*)D(*) and

Z(C*) D™ meson-baryon P,, states. In Sec. III, we establish
the parity projected sum rules for these pentaquark systems
and calculate the correlation functions and spectral den-
sities for all interpolating currents. We extract the masses
and coupling constants for these doubly charmed penta-
quark states by performing the QCD sum rule analyses in
Sec. IV. The last section is a brief summary.

II. QCD SUM RULES FOR DOUBLY CHARMED
PENTAQUARKS

In this section, we construct the interpolating currents for
the doubly charmed pentaquark states in the [gcg][gc]
baryon-meson molecular picture, where ¢ = (u,d) is a
light quark and ¢ is the charm quark. To investigate the
hadron molecules in the A% D™ and =) D) channels, we
first collect the masses and spin-parity for the charmed
baryons A% 20 and charmed mesons D®) in Table I from
PDG [32]. For the negative-parity ¥./X} with 1-/37, we
use the theoretical predicted masses in the relativized
potential quark model [33]. Replacing the s quark to ¢

quark in the well-known Ioffe currents [34], we construct

the interpolating currents for the AE.*) and ZE*) charmed
baryons

N —

Jhe = e ((uiCryep)ysr'de = (diCrep)ysr*ucl,

i = eabe[(ulCy,c,)d, — (ulCy,dy)c,].

JFe = e[(ulCyyep)ysy d. + (diCryep)rsr uc.

JE = et (ulCrycp )i, + (WCrouy)e,) m

where the superscripts and subscripts a, b, ¢ are the color
indices, the superscript 7 is the transposition operator, and
C is the charge conjugation matrix. The interpolating
current jo* in Eq. (1) for A} baryon can be obtained using
the SU(2) symmetry relations. These cutrents can couple to
both the positive and negative parity charmed baryons
corresponding to S-wave and P-wave states respectively.
For the charmed mesons, only the S-wave D™ fields are
considered

TABLE 1. Masses and spin-parity quantum numbers for charmed baryons and charmed mesons.

State A, AL(2595)  A.(2860)/Ar  A.(2625)/A: Z. Z. %.(2520)/Z;  X.(2800)/% D D*

JP 1+ 1- 3+ 3- 1+ 1- 3+ 3- 0- 1-
2 2 2 2 2 2 2 2

Mass (MeV) 2286 2592 2860 2625 2455 2770 2520 2805 1869 2007
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jD = C_ldl'}’scm

J'ff* = Zld?’ycd' (2)

Using the above charmed baryon and meson operators, we construct the interpolating currents for the doubly charmed

AY'D® and = D™ molecular pentaquarks as the following

— (dXCy,cp)ysyu][daiysca),

b dc (Lt Cy;tdb)c Hdd”/SCd]
p)de — (uiCrody)ccday,cd + (u < v),

)
ulCy,cp)ysyd, — (diCyucp)ysy’ucl[day,cal,
)
e (ulCy cp)rsrid, + (dECy,cp)ysr*uc)[divsca,

Ju = e [(ul Cy cp)ysy¥d. + (diCrycp)ysy’ucl[day ca).
e 2(ul Cycp)u. + (ulCyyup)c.)dgiysc,),

JAL = abc[( TC}’ﬂCb ysytd, —
J/\ D* abc[(
abc[( TC}/”
JﬁﬁD = e[(ufCy,c
JEP = e
[(
[
JEJD* [

These pentaquark interpolating currents J, J,,, and J ,, carry
the spin-parity quantum numbers J© = 1/27, 3/ 2 , and
5/27, respectively. Besides, the current J,, should also
contain the J = 1/2 and 3/2 components while J, contains
the J = 1/2 component. Similar to the baryonic current, a
pentaquark operator with negative-parity can couple to both
the negative-parity and positive-parity pentaquark states via
different coupling relations [35-38]

(O1_[X1/2-)
(011X /2+)

= fxu(p),
= fxrsu(p), (4)

in which u(p) is the Dirac spinor and f3 is the coupling
constant. The spin-parity for the current J_ is J¥ = 1/2~
under the non-ys coupling. It can also couple to the
positive-parity pentaquark via the above ys coupling
relation. These relations also suggest that the current J , =
iysJ_ with opposite parity can couple to the same penta-
quark states with J_, so that leading to the same sum rule
results. For the vector and tensor currents, the non-ys
couplings to the hadron states are

(01, 1%y
<O|J,MD|X%>

= quy<p)7
:qu;w(p)7 (5)

where u,(p) and u,,(p) are the Rarita-Schwinger vector
and polarization tensor, respectively.

In QCD sum rules, the two-point correlation functions
I(p), I,,(p), and I1,,,4(p) can be written as [39-41],

= e 2(ulCy,cp)u. + (ugchuh)cc][adhcd] + (4 < v). (3)

n(p?) = i / e (0] T (x)7(0)]]0)
— 2 (p2), (6)

M, (p) = i / e (O[T(1, (x)7,(0)][0)
= (P g ) PRGD e )

Muup(p?) = i / dxe? (O[T, (1) 45 0)]10)
= (g;mguﬁ + gﬂ/fgua>ns/2(p2) +eee (8)

in which p = y,p#. The IT'/?(p?), TI*/%(p?), and I1%/?(p?)
are the invariant functions for the hadron states with spin-
1/2,3/2, and 5/2 respectively. In Egs. (7) and (8), there are
also some other contributions from the spin-1/2 and 3/2
components, as mentioned above. In this article, we choose
the tensor structures 1, g,, and g,,9,5 + 9upGua for the
correlation functions II(p?), IL,(p?), and TII,,.(p?),
respectively to study the J” = 1/2*, 3/2*, and 5/2%
doubly heavy pentaquark states.

We calculate the invariant function IT'/2(p?), IT13/2(p?),
and IT%/2( p?) at both hadronic and quark-gluonic levels. At
the hadronic level, we use the dispersion relation to write
the invariant function as:

1 e ImIl(s)
2y — 2
(p?) —ﬂ[‘m”_pz_igds, (9)

where 4m? is the physical threshold. The imaginary part of
the invariant function ImlII(s) is related to the spectral
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function p(s) =ImII(s)/z, which is estimated at the
phenomenological hadronic level by inserting intermediate
pentaquark states >, |n)(n| [39-41]

=Y 8(s = M3)(01|n)(n|J|0)

= fx* (P + My)5(s — My?)

HIC (P = My)o(s = My?) + -+ (10)

In the last step, we use the “narrow resonance” approxi-
mation for the ground state, while “---” contains the
contributions from the continuum and excited states.

It is obvious that the invariant functions in Egs. (6)—(8)
contain information of both negative-parity and positive-
parity pentaquarks

, b+ Mx

o DMy
M)—(Z_pZ

H(pz):f)_( +fx M+2_p2+"" (11)
X

in which the first and second terms at the right side of
Eq. (11) correspond to the negative and positive-parity
lowest lying resonances, respectively. It is interesting to see
that the only difference of these two parts is the relative sign
between p and M. One can isolate the pole terms of the
lowest states and obtain the hadronic spectral densities in
the rest frame p = 0 [37]

ImII(p _ _ _
T(O) = x> (ropo + M3)8(s — Mx*) + fx*(vopo — M)8(s — M}?)
= v0poPi (s) + pY(s). (12)
where
pori(s) = fx*Mx8(s — M3?) + f*M{8(s — Mx?),
P (s) = fX*Mz8(s — Mx?) — [ M§5(s — M%), (13)

so that the popl (s) + p%(s) and popl,(s) — p%(s) contain only the contribution from the negative-parity and positive-parity
pentaquark states, respectively. Now we can obtain two QCD sum rules at the hadronic side

S0 s My
[ WsoLats) 4 puolexp (= )as =25 exp (< 5. (4
4m? B B

) 1 0 s ) + 42 M;z 15
" (Wnhao) = o exp (=37 ) s = 2005 e (550 ). "

where j = 1/2,3/2,5/2 is the spin of the pentaquark state.
The parameters sy and Mg are the continuum threshold and
Borel mass, respectively. Equation (14) is the sum rule for
the negative-parity pentaquark while Eq. (15) for the
positive-parity one.

At the quark-gluonic level, the two-point correlation
function can be evaluated via the operator production

expansion (OPE) method. It is usually expressed as a
function of various QCD parameters, such as QCD con-
densates, quark masses and the strong coupling constant a;.
To calculate the Wilson coefficients, we adopt the coor-
dinate space expression for the light quark propagator while
the momentum space expression for the heavy quark
propagator

570 ) s 5ab<_ " P Ay o ] (o5 4 50
iS5°(x) = =X ———= — — (6"'% + Xo
a 22T T 12 MY T3y 9P 2
5 x? mé® is"m(qq) . im(gg,o - Gq)otx*%
2~ (Gg.o-Gq) — R — s , 16
+og (90 Ga) =5 48 1152 (16)
iseb i A o (p+mgy) + (p+mg)o™ is® p*+mop
iS9(p) = +-g,22 G, g +——(RGCC)my 52 (17)
¢ p-—mg 472" (P> — m})? 12 e (p*—m})?
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where A" is the Gell-Mann matrix [42]. In this work, we
calculate correlation functions and spectral densities up to
dimension 10 condensates at the leading order of «.
The OPE series contain the perturbative term, the quark
condensates (g¢), the gluon condensate (¢>?GG), the quark-
gluon mixed condensates (g,goG¢q), and the higher dimen-
sional condensates (gq)>, (Gq){g,GoGq), and {g,GgoGq)>.
The results for the spectral densities ph(s) and p%(s) are
shown in the Appendix. We ignore the chiral suppressed
terms with the up and down quark masses, and adopt the
factorization assumption of vacuum saturation for higher
dimensional condensates.

By equating the invariant functions at two sides, one can
obtain the QCD sum rules for the pentaquark mass

2
e

(18)

in which M; _, is the mass for the positive-parity penta-

quark, M; _ for the negative-parity pentaquark.
Considering the isospin quantum number, the Aﬁ*)D(”

pentaquarks form isospin doublet with 7 = 1/2 while the

ZE*)D(*) states can be doublet or quartet with / = 3/2. We
denote the isospin doublet and quartet for the doubly
charmed pentaquarks as (P/F,P}) and (PI T, PLT,
PY., PY.), respectively. Since we do not differentiate the
up and down quarks in our calculations, the predicted
pentaquark masses with the same spin-parity quantum
numbers should be degenerate. One notes that the states
in the isospin quartet are definite exotic pentaquark states
since the ordinary doubly charmed baryons (ccu/ccd)
belong to an isospin doublet. Especially for the triply charged
P/ (ccuud) and neutral P%.(ccddii) states, they shall be
the characteristic signals for searching for these doubly
charmed pentaquarks in the future.

III. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we perform the QCD sum rule numerical
analyses to predict the masses for the doubly charmed
pentaquark states. We use the following values for various
input parameters [34,43-51]:

me(m.) = 1275507 GeV,
(Gq) = —(0.24 £ 0.01)* GeV?,
(9,0 - Gq) = —M{(qq),
M3 = (0.8 +0.2) GeV2,
(2GG) = (0.48 £ 0.14) GeV*, (19)

in which the running mass in the MS scheme is used for the
charm quark.

To constrain the working regions of the continuum
threshold s, and Borel mass Mz, we consider the behaviors
of the OPE convergence (CVG) and pole contribution (PC)
as the following

S22 V50l (5) F 00 (5)]exp (=557 ) ds

CVG.=
T V30! 0] % s ] exp () s

o [ /spl(s O(s)] exp (— s
PCiEng[\fﬂ()ﬂFﬂ()}ep( T o

Sz [V30" (5) F °(s)] exp (=55 ) s

The CVG is usually required to be small enough to ensure
the convergence of OPE series, which provides a lower
bound on Borel parameter M'§i". The PC is required to be as
large as possible to ensure the validity of one-pole para-
metrization, which can determine the upper limit M3**. The
continuum threshold value s, is chosen to minimize the
dependence of hadron mass on the Borel parameter Mp.
Following these criteria, we plot the variation of hadron
mass to s, for the interpolating current JA? with J* = 1~
(left) and J* = %* (right) in Fig. 1. One can find the optimal
working region of s, around the intersection of the curves
with different values of M%. The pentaquark mass is almost
independent on the Borel parameter M2 in this working
region of sy. In Fig. 2, we show the Borel curves which are
very stable in the working regions of s, and M%. We obtain
the hadron masses for the A.D pentaquarks as

miy = 4131049 GeV, (22)
mysy, = 497011 GeV, (23)

in which the errors come from the uncertainties of the Borel
mass M g, the threshold value s, and various input parameters
listed in Eq. (19). One notes that the positive-parity penta-
quark is much heavier than the negative-parity state in the
same channel since the P-wave excitations.

In the left panel of Fig. 3, we show the variation of
hadron mass to s for the current J*” with J¥ = 3" It is
shown that there is no intersection for various values of M%
due to the different behavior of the spectral density. To
determine the working region of s, in this situation, we
define the following quantity y*(so) to study the stability
behavior of hadron mass

2(s0) = D [mx(so. Mp,) = my(so. M3 )P, (24)

i,j=Li#]
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FIG. 1. Variation of hadron mass to s, for the current JA? with J* = 1= (left) and J* = 1" (right).
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FIG. 2. Mass curves for the current JA-? with J* =1~ (left) and J” = T (right).
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FIG. 3. Hadron mass (left) and y* (right) curves for the current J*” with J¥ = 3.
in which Mp,;(i = 1,2,...,N) represents N definite Borel m?;g = 4.6470%1 GeV. (25)

parameter in its working region. The optimal value of s,
can be obtained by minimizing the quantity of y*(s,), as
shown in the right panel of Fig. 3. The mass curves are
plotted in Fig. 4, and the corresponding pentaquark mass is
predicted as

After the numerical analyses, we collect the predicted
hadron masses and coupling constants for all negative-
parity and positive-parity doubly charmed pentaquarks in
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FIG. 4. Mass curves for the current J%P with J¥ =3t

Tables II and III, respectively. We compare the predicted
pentaquark masses to the corresponding meson-baryon
mass thresholds. In Table II, the charmed baryons A./Z.
and A}/%; are JP =1 and 3% with positive-parity,
respectively. However, we use the P-wave A.(2595) and
A%5(2625) charmed baryons with negative-parity in
Table I1I to give the two-hadron mass thresholds. As shown

in Table I, we use the theoretical predicted masses of X /X
with %‘ / %‘ in the relativized potential quark model [33]. It
is shown that the obtained pentaquark masses for the
ADE), £DE), TD°E), AiDE), AiD*(F) chan-
nels with negative-parity and . D(1), .D*(3%), Z:D(3")
channels with positive-parity are lower than the corre-
sponding meson-baryon mass thresholds. The doubly
charmed P,.. pentaquarks in these channels are predicted
to form bound states.

IV. SUMMARY AND DISCUSSION

Motivated by the discoveries of the hidden-charm
P./P,., pentaquarks, the doubly charmed =} and T,
states, we have investigated the existence of doubly

charmed pentaquark states in the A/D® and = D)
channels with J¥ = 1/2*, 3/2* and 5/2* using the QCD
sum rule method. We systematically construct the meson-
baryon type of interpolating currents for these doubly-
charmed pentaquark states and calculate their two-point
correlation functions up to dimension-10. We adopt the
parity projected sum rules to separate the contributions of
negative-parity and positive-parity states, and extract the

TABLE II. Masses and couplings of the P.. doubly charmed pentaquark states with negative-parity.

Current JP  5)[GeV?]  M3%[GeV?] Pole (%) CVG (%) Mass[GeV] Two-hadron threshold [GeV] fx[GeV?]
JAP 1o 195(45%) 283343 >169 <5 4137000 4.15 0.772g76 x 107
JED 1= 183(£5%) 340370  >59 <5 4.08%018 4.32 0.281008 x 1073
JEDT 3= 203(£5%) 3.07-347  >119 <10 4141018 4.46 0277908 x 1073
JED 3= 228(+5%) 3.82-422  >134 <2 4.47+011 4.39 1.43%055 x 1073
JADT 3 210(£5%)  355-395  >126 <5 4317011 4.29 0951931 x 107
JAD = 228(£5%) 291351 >25.0 <10 4421013 4.73 0.791918 x 1073
JNDT S 220(£5%)  3.09-3.69 155 <10 4415017 4.86 0.867075 x 1073
JEDT 5= 250(£5%) 4046 >125 <2 4691012 4.53 2487030 x 1073
TABLE III. Masses and couplings of the P.. doubly charmed pentaquark states with positive-parity.

Current JP  50[GeV?]  M3%[GeV?] Pole (%) CVG (%) Mass[GeV] Two-hadron threshold [GeV] fx|GeV9]
JAD Lt 274(£5%) 4.11-451  >117 <2 497013 4.46 1.877047 x 1073
JED I+ 237(£5%) 298-358  >14.38 <5 4.6010:11 4.63 0.467013 x 1073
JED 3256(+5%) 4.00-430  >112 <0.5 4.7740% 4.77 0.497913 x 1073
JED 3t 249(£5%) 3.61-4.01  >10.9 <3 4.647007 4.64 0.807073 x 1073
JADT 3t 350(£5%) 424484 >274 < 5.52701 4.60 5327 48 x 107
JNP 3 229(£5%) 3.06-3.56  >11.4 <5 4541013 4.50 0.347040 x 1073
JNDT S 33.0(+5%)  2.99-3.59  >464 <5 5297014 4.64 217043 x 1073
JEDT 5t 088(£5%) 3.36-3.96  >17.4 <5 5.06:024 4.78 1.82708 x 107
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TABLE IV. Some possible two-hadron decay modes of P,.. states with negative parity. The notation “@” denotes that there is no P,..

state with such quantum numbers, and - - -”

means no allowed decay mode in the corresponding channel.

JP Current Partial wave 1=1 =3
1- S Beell
2 A.D —cc
/ P =0 o
S BT B
x.D cc cc
J P . ..
%_ JED S Ch Eim
p B0 e
JED S A.D*,Z.D*, 2:D, :.“p*/a), Bim/n 2.D* 2D, B .p, B 7w
P A,(2595)D, 5\ o o
JAD' S AD* Eicm/n %]
P Eo @
A S AD" D XD Eepw/p. Eien /] p/n/1f 2
P A (2595)D), A Dy/D,.EL 5/ ag/ £(980) @
3= i S %]
2 AeD
J p = o o
i s 5D Eiup /o D", Zip
p Ac(2595)D*’ ﬂﬁcd/fo (980)/610 _‘CCGO

mass spectra of these AYDE and = pe) doubly
charmed pentaquarks.

As shown in Tables II and III, the negative-parity
pentaquarks are much lighter than those with positive-
parity in the same channel, which is reasonable since the
orbital excitation in the latter systems. It is shown that the

doubly charmed pentaquarks in the A.D(37), £.D(37),
2.D*(37), A;D(37), A;D*(37) channels with negative-
parity and £.D(}"), £.D*(3"), Z:D(3") channels with
positive-parity lie below the corresponding meson-baryon
thresholds, which are predicted to form bound states.
However, these doubly charmed P, states can still decay

TABLE V. Some possible two-hadron decay modes of P, states with positive parity. The notation “@” denotes that there is no P,

state with such quantum numbers, and - - -”

means no allowed decay mode in the corresponding channel.

JP Current  Partial wave 1=1 1=3
1 *
7 JAD S A:Dy/ Dy, A(2595)D), £.Dy /D). :Dy B, 6/ £6(980)/ag. B ay @
P A DY, A,(2595)Dy, A:DW = D0 =X 1 /0 00 /00 %)
JED S ACDO’AC(2595)D(*)’E‘CCO-
p ADY =D 2D /0 0/, Bt D, EWz/p
%+ JZ.D* S ACDI,AC(2595)D*, Eicg/fO(gSO)/aO
P DY, AD, 2D B/ p /i Yp@ 28/
b S A (2595)D* B} 0 -
¢ s & » e ”/ﬂ/w/ﬂ/ﬂ c JBecm/p
D S A.D;, A (2595)D*, 3Dy, 25.*’Dl,wa/ f0(980) Jag.E%a, %
P A DY, A:D) A (2595)Dy/Dy. 2 DY EX /p/w/n/nf 2
JAD S =50 %)
P ADY =D D /p/0/y %)
5 * * —
§+ ]/\ZD S ACDz’ZL‘D]’Z((f)D27‘:‘CCal o
p AD*, A:D™), A,(2595)D,/D,. 2, D*, 5:D) B p/w. Bt om/n/nf @
D S A.Dy. 2Dy 2D B D1 E0Ds By
P A(D*’AjD<*>’A((2595) I/DZVZ(,'D**ZZF'D( 7~C( p/w’ '—‘Laﬂ/rl/rl ZCDX,ZfD(*),EE‘t)p :‘ﬁc”
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FIG. 5. P.. production from the weak decay of doubly heavy
Z,. baryon.

into EE’Z) plus a light meson via the strong interaction,

because all of them lie above the Ex and E*z thresholds.
Considering the isospin symmetry, we list some possible
two-hadron decay modes for the negative-parity and
positive-parity P, states in Tables IV and V respectively,
in which the LQCD predlctlon of the E}. mass is adopted

[52]. Besides the Bl n/p/w/n/n modes, the possible
charmed baryon-meson final states are also considered.
It is especially interesting for triply charged P/ (ccuud)
and neutral P%.(ccddii) states in the isospin quartet
since their exotic charges are different from the ordinary
doubly charmed baryons E/." /E/... They should be definite
pentaquark states if they do exist. One may search for
these characteristic signals for doubly charmed pentaquarks
in the p+++.ﬁ.w“”++n+/p+, =D and PO, —
_CC “r ~/pT, Ze (10 p()o decay processes so long as the
kinematics and /(J¥) quantum numbers allow. For the P,
states in the isospin doublet, the A,D™*) final states are also
the important decay modes.

As shown in Fig. 5, the P.. pentaquark states can be
produced via the weak decay of doubly heavy E,. baryon,
although it has not been discovered to date [53-55].
Recently, an inclusive decay channel =, — E/F + X
[56] and the hadronic production mechanisms at a

IA D xmax }vl'“a)( _1
- d
Ppext(5) = / /y ¥ (39321607 4){(

x (3(x = 1)y(11Cy — 16x + 20) —

*(y-

IAD

X Cy + 10)x%(y — 1) -
- l)y(2(11C22 +10)x*(y = 1) = x(y -

x = 1)y = 1) (m (x(
) 33C22X - 5C22 +24X2 + 24()(7— 1)
xy(( 1)y(121C,y — 256x + 260) — 121Capx — 5Co + 128x% + 128(x — 1)%y?
1)2y2(11Cy, + 6(3 (x— Dy =3x+5)))},

xqu \mwx —
Plao a4 / / 12288716 288y (6~ Dm

x(y = 1)(10(Cyy +2)y
1)(20(Cyp +2)y — 21Cyy — 19) —

fixed-target experiment (AFTER@LHC) [57] at LHC have
been proposed to search for the E,. baryon. Besides, the
doubly charmed P, pentaquarks can also be produced by
the weak decays of triply charmed Q... baryon [31]. In the
near future, we hope that these doubly charmed pentaquark
states can be observed at facilities such as LHCb, Bellell,
CMS, and RHIC, where copious heavy quarks are
produced.
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APPENDIX: SPECTRAL DENSITIES

In this appendix, we list the spectral densities p'(s) and

. . . (%) y(+
p°(s) corresponding to the interpolating currents J¢ DY
() ) .
and J,%“ b separately. In these expressions, we use the
notations

1 1
F(m? :m%{ +—},
(me) x(1-y) 'y
mgy

Xmin = 77 ~, 5> Xmax = 17
(1=y)(sy—mg)
1—/1—4m2/s 1++/1—4m2/s
ymin:—’ ymaX:—'
2 2

(A1)

The spectral densities p!<P(s) and p®<P(s) are as follows

1y)(m¢(x(y = 1) —y)

— 60x — 10) —
—260x — 10) + 852

—y)+x+y)+sx(y—

mZsx(y — 1)

1)y)*(m(x(y - 1)

—¥((Cy = 10)y + 10C,, + 21))
¥(2(Cxn = 10)y +9Cy, +31))) },

d(x(=y) +x+y) +sx(y - —y)((11

—10Cy» —9) —m.sx(y
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IVACD _ max ymax
ple ()= (260) [ [y e e PO () 4 = 1165

— 212y +540) —x*(y = 1)>(5Cx(75y — 61) + 312y* + 686y — 670) + x> (y — 1)(5C5, (38y(3y —2) + 23)
+2y(y(644y — 601) — 258) +200) + x2(5Cx (3y(2y(5y = 22) — 1) = 5) = 2(y(y(y(636y — 1381) + 784)
£31) 425)) + xy(=5Cp (69y* + y —2) + 2y(y(134y — 303) —21) 4 20) — 5y2(Cpy(33y + 5) + 12(5 = 2y)y
+10) + 120x8(y = 1)*) = 10msx(y = Dy (x(y = 1) = y) (2% (y = 1)*(22C;, — 23y + 84) = 2x*(y — 1)?

% (Cap(53y — 42) + 2y(54y +37) — 104) + x3(y = 1)(Can (y(206y — 105) + 36) + 2y(342y2 — 338y — 53)
+72) = 2x%(Can (132 = 41y)y? +2) + y(2y(y(174y — 349) + 180) + 3) +4) + xy(—14(13Co, +27)y?
+(Cpp=4)y+ Coy + 194y +2) = 4y*(11(Cpp +2)y + Cpp — 10y +2) +40x°(y — 1)*) + 5SmZs?

X x2(y = 1)292(x3(y = 1)3(55C,, + 42y +240) — x*(y — 1)?(C,(155y — 107) + 828y% — 66y — 294)

23 (3= 1)(Can (29(230y — 73) +49) + 2y(3y(362y — 373) + 19) + 108) + x2(Caa (y(20y(13y — 33)
+9)=3) +2y(y(3(713 = 378y)y — 1010) +7) — 6) + xy*(=565C12y + 9Css + 762y — 1344y

+14) +y2(=C(55y +3) + 60(y —2)y — 6) + 60x°(y — 1)*) + 253 x*(y — 1)3y* (15C,, (x(3(x — 8)y
—3x4+2) =45y + 1) =259 (y = 1)2 + 2% (y — 1)(917y — 622) + x((2224 — 1757y)y — 397) +y

x (1099y — 1803) + 34))},

IVACD _ — xmﬂx ymax 1 2 2 3
Pl (o) = aaota) [ [ ap{ p (5= 1) o= D = s9) =) (= 1))

X (11Cy + 10)x2(y— 1)2 —x(y=1)(30(Cy 4+ 2)y—31Cp —28) = y(3(Cr, — 10)y + 19Cy, + 52))
—mesx(y=1)y(5(11C, 4 10)x*(y = 1)> = x(y = 1)(50(Cyy +2)y = 53C3, — 48) — y(5(Cpp — 10)y

e (= D) +x )+ 53(y= D) msx(y= (= (= 12

X (2Cp(125y —=9) + 325y = 78) + x2(y — 1)(Caa (y(230y = 281) + 18) — y(40y + 383) +48) + xy(Cs»
X (5y(4y —41) =7) +y(665y —823) —37) +66y?(3Cy, — 5y +8) +30x* (y — 1)3) = 3m2 (x(y = 1)
—y) (=2} (y = 1)%(C52(50y — 6) + 65y — 18) + x*(y — 1)(Caa (y(46y — 61) +6) — y(8y + 81) + 12) + xy

+17Cp +72)))} +

x<c22<y<4y—65>—3>+7y<19y—27>—9>+66y2<c22—y+2>+6x4<y—1>3>>}},
P )= g [ [y = 1= D 0R=) +x-4) 4 5= D) (13 +2)
X x(y—=1)(5sy —3m?) +m?(C»(39y +46) + 6y +44))},

] ‘A‘.D o - — max .\max
Plaifion ) = (aa)aatia) [ s [ iy S (6= 1130 + 2= 1) by = 3md) £ 2 Co29

+23)+6y+22))}+ {(y— 1)(m2(=3(12C5 + 1)x*(y = 1)? + x*(y = 1)(C(69y — 39) + 3y

-1
61447%x
—7)=x(Cyp(y(33y—=5)+3) + 3y(y +8) +4) +y(45Cy + 3y +44)) +4sx(y — 1)y((12Cp + 1)x?

x(y—1>+c22x<1z—ny>+x+y>>}},
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1 ’A(:D . 2 — 2 Xmax ymax 1 _ _ _ _ _
Pt )= (Ga0G? [ s / dy{4—9152ﬂ4{<y D(Can(1Tx(y= 1) = 14y + 13) 4 17x(y— 1)~ 17y + 12)}

o 0= D126+ D30 = D=3} b @aoGap [ax [Man{ e (a7
x(y—1)2+x(31y+2)()’—1)+(145—14y)y+6)_17(x(_y)+x+y)2+147y)}+2457]T4xy{m3(<12

X Cyp+1)x*(y—1)* = x(y = 1)(12C2y +3Cyy 42y +4) + y(—45Cy, +y—44))}}5(s—]—"(m§)),

LAD
Plaqy (s)

— xmax 1
@0 [ v 2 {Calme = 12m0), (A2)

xlndX ylﬂdX
)= [ / B s (Coamele = DG = 1) ) (m(x(=9) £ 5-+3) +-5(5= 1)’

).
Ymin

X (2m2(x )+x+y)+7sx( —-1)y)},
PP (s) = (aq / /y 49152”6 - 3{( 12 (m2(x(=y) +x +y) + sx(y = 1)y)*(my(y(=20(Cx + 1)y

+23Cy, +22) +26Cs +4) +2m.x(y — 1) (m2(30(Cyy + 1)y* = (23Cy, +22)y = 13Cyp —2) + m, sy
X (=60(Cay + 1)y* + 66Cyy + 13Csy + 64y +2)) +20(Cyy + 1)x* (y = 1)3 (m — 6m2sy + Ts*y?) + x2
X (y—1)2(m}(=60(Cay + 1)y +23Cy +22) +4m25y(60(Cyy + 1)y —33Cp, — 32)

+ 52y?(=140(Cay + 1)y + 149C,, + 146))) },

O’ACD o xmaX ymax 1
P (5) = (9:GG) /Xmm dx /ymn dym{czz(x = 1)2(2m{(x(=y) +x+y)*(222°(y = 1)’ +x*(y = 1)*(9y

+44) = 113((13y = 15)y?> +2) +x%(y — 1)y(23y — 13) + xy?>(15y — 11) +2y°) + 3mdsx(y — 1) y(x(=y) + x
+9)2(55x° (y = 1)3 + x*(y = 1)2(37y + 110) — x3(y — 1) (428y% — 64y — 55) + x>y(4y(20y — 27) +27) + Txy?
X (Sy=3) +5y%) —4ms?x*(y = 1>y (x(y = 1) = y) (442 (y = 1)* +x* (y = 1)*(47y +88) —x* (y = 1) (v(427y
—62) —44) + x>y(y(91y — 108) + 15) + xy*(25y — 9) + 4y*) + 5m s3x3 (y = 1)*y3 (112 (y = 1)3 +x*(y — 1)?
X (19y +22) = x*(y = 1)(2y(71y = 10) = 11) + x%y(34y* = 36y + 1) +xy*(Sy + 1) + 7))},

O.AC -xmdx .)mdx
e (o) = nanGa) [ ax [ ay{ 1S = )30 = )0 = ) =)ty 25(-30(Co 1y

+ 33C22 + 32) + 39C22 + 6) + mcx(y - )(m;(lSO(sz + 1))/2 - 4(33C22 + 32)_)) - 39C22 - 6)
+m5y(=300(Cay + 1)y* 4 (321C; 4-314)y +39C; +6)) + 60(Cop + 1)x* (y = 1) (m¢ — Smgsy
+55%y%) 4+ x7(y = 1)2(2m¢(=90(Cop + 1)y 4 33Cpy + 32) + mzsy(600(Coy + 1)y = 321C5, —314)

W{( D (x(y —1)(m2 — sy) — m2y) (m?(64(Cy,

+ 1) (y=1)* =2x*(y = 1)?(4Cx(Ty — 17) + 40y — 65) — x> (y — 1)?(Cay (4y(56y + 51) — 81) + 8y(19y
+25) = 57) + x*(y = 1)(8(46Ca; +37)y* —4(2Cp; + 1)y* +27(Cpy = 5)y + 9(Cyp — 1)) + xy(Cpy (y(4
X (21 —40y)y —315) +198) + y(8(11 = 17y)y + 63) + 18) + y*(8(Cs, + 1)y* +207C,, — 6y +9))

—552y2(60(Cyy + 1)y —63Cy — 62)))} +
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+m2sx(y —1)y(=320(Cy + 1)x*(y = 1)3 = x3(y = 1)2(40(Csp — 2)y + 668C, + 647) + x*(y — 1)(120
X (9C,, +7)y* + (310C,, +353)y —357C,, — 318) + x(—40(19C, + 16)y? + (410C,, + 367)y?
+156(Cp +2)y —9C» +9) + y(40(Cay + 1)y* =3(4Cyy + 11)y +207Cs +9)) + 5s2x>(y — 1)?y?

X (64(Cpr+ )3 (y = 1) +3x%(y = 1)(8(3Cy +2)y + 44Cypy +43) + x(—24(6Cyy + 5)y* +74Cayy

+68Cy + 58y +65) +y(8(Coy + 1)y —4C, —7)))}}

)ma
P (6 = @0 [ [ v (= D(10Cs +20)5(y= 1) = (10C3 4 9)3) (o x(=y) + &
xmm vl"ﬂll"l

+y) +sx(y = 1)y) (mg (x(=y) +x+y) + 2sx(y = 1)y) },

_ _ Xmax Ymax 1
oo () = (@) Ra0Ga) [ dx / | dy{m{«locmzl)mcx(y—1>—<1oc22+9>mcy><x<y—1><2m3

((5Cn =17)(y = 1) +x*(y = 1)(Coa(y +5) + 22y = 17) + xy(C (6

1
—3sy) —2m?y)} +W{

—37y>—34y+4>+<43c22+41>y2><2m%<x<y—1>—y>—3sx<y—1>y>}},

O,AC.D o o 2 Xmax Ymax _1 2 _ 2 _
Piaca2(8) = (9:90Gq) /xm dx /ym d)’{—24576ﬂ4xy{(C22+1)mc(3x (=12 +x(37y+6)(y—1) +y(3y +43))}
1 _
+m{mc(_(5(522 —17)x*(y=1)> =2(3Cy +2)xy(y = 1) + (43Cy, +41)y2)}} +(9:90Gq)*
dx | d Cop+ 1)m(x(y=1)=y)(3x2(y = 1)> +x(37y +6)(y — 1) + y(3
<[l [ y{mzﬂ i (G DM = 1) =) (3= 1 42(37y 4 6)(3 = 1)+ 5(3
43 — 5C, —17)x3(y—1)2+2(3C 2 -1
F} + g = ) =) (5Ca = 1) 14203 + 23 1)
-3z 41057} bols - (o),
OAD(5) = (5g)3 xf““*dx#{(c +2)(13m2 +3s(x—1)x)} (A3)
Paq) A N T ‘ ’
where the parameter C», = 1 and C,, = —1 for the currents J-? and J*P, respectively. The spectral densities p!'*<P" ()

and pOAL"(s) are as follows

IAD xm1x yIHdX 1
pre / s |y caagomtys (O = 10 = DR ((=9) 4 3) - s3(y = Dy (Cr

(y—1)— y)(76x( 1)2 = x(152y = 211)(y — 1) + y(76y — 211) — 45) — m2sx(y — 1)y(497x3(y — 1)
- 2x(497y —531)(y — 1) + y(497y — 1062) — 45) + s2x2(y — 1)%y2(621x(y — 1) — 621y + 1051)) + 25Cy,
x (mg((x = 1)y = x) = sx(y = 1)y)(5mZ((x = 1)y —x) = 17sx(y = 1)y))},
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xmax ymax
Plag” ()= (@ / / 368647;6 36864757 LC1 e I (me(a(—y) +aty) sx(y= Dy (@ (y=1)?

X (mZ(19C;; 424C5;) = 5y(49C5; +60Ca,)) +x*(y —1)2(Cyym2 (16 —69y) +2Cy; sy(55y —23) + Coym?
X (24=47y) + C1s9(59y —60)) +xy(y —1)(Cyym2(81y —80) + C,15(94 —61y)y + Crym?(22y — 62)

+ Crsy(y+38)) +mly*(Cy (64 —31y) + Caa(y+38)))},

I’ACD* o 2 xmax ymax 1 2 2
plet ()=6266) [ av [ v (€ (5= 120 DS Com (5= 1y=1) =sx(y=1))

x ((3(y=1)*(3y +100)x5 — (y — 1)3(y(36y +883) —600)x> + (y — 1) (y(54y* + 3340y — 1195) + 300)x*
=3(y=1)y(2y(2y(3y +524) —221) +93)x> +y(y(y(y(9y +4888) —2067) — 66 ) +24) x> + y*((279—1657y)y
+24)x+300yH ) mt —sx(y—1)y(3(y—1)}(9y +196)x° — (y = 1)?(y(81y+ 1121) = 1176)x* + (y— 1) (y(9y

X (9y+959) — 1157) +588)x> +y(y(2059 — 3y(9y +3593)) + 15)x2 + y(y(3269y + 15) — 24) x — 588y*)m?2
+2523 (y=1)2y*(=668y +x(9x* (y—1)> —x(18y = 19) (y = 1) +y(9y +2812) +7) +3)) +2Co; ((—yx +x
+)2(456(y = 1)*x0 =9(y—1)*(21y = 242)x° +6(y = 1)*(y(27y —212) +453)x* — (y — 1) (y(6y(628y

—901) +425) = 726)x> +2(y(y(3y(997y —2271) +32) +275) — 135)x* + y(y(—3099y* + 6393y + 658)
+108)x+6y*(y(76y—211) —45))m8 = 3sx(x(y = 1) —y) (y = 1)y(580(y — 1)*x® + (y — 1)3(405y +2516)x°
—4(y=1)2(y(165y —64) —787)x* — (y — 1)(y(5490y> — 5992y —361) — 1068) x> +2(y(y(4510y* — 9396y
+251)+237) =72)x% +y(y((8109 —4435y)y +510) +36)x +4y*(y(145y —339) —36) )m? + 3s2x%(y — 1)?
X y?(468(y—1)*x°+5(y—1)3(395y +382)x° =2(y—1)>(31y(41y—68) — 1181)x* — (y — 1) (y(7052y* — 5202y
—2647)—866)x> +2(y(y(y(5979y — 11771) +426) +203) —27) x> + y*((8849 — 5275y)y +406)x + 2y*(y

x (234y—487) =27))m2 = s> x*(y—1)3y*(4881(y—1)2x> =3(y = 1)(321y —3776)x> + (3(4668 —3059y)y
+6793)x +5259y% — 8253y —346)))}.

1,A.D* _ Xmax Ymax —1 )
p(E/Gq> (S) = <9s(]O'G(]> [min dX/ymm dy{m{Cnmc(x— 1)(mc(x(y_ 1) _y) —SX(y— 1)y>(2C21X

x (m2(x(y—=1)=y)(175x*(y = 1)2 = x(134y = 149) (y = 1) + (67 —41y)y —32) —sx(y — 1)y(355x>(y
— 1) =x(278y=317)(y = 1)+ (115=77y)y —44)) + Coy (mz (x(y — 1) = y) (4402 (y = 1)* = x*(y
—1)(448y—439) +x(y(20y +29) — 1) = 12y(y +2)) + sxy(=872x (y = 1)3 +x2(880y —871) (y — 1)?

—x(y(20y +29)-1)(y—1)+ 12y(y2+y—2))))}+m{%m (x=1)(x(y—1)(mg —sy)

—mZy)(x* (y=1)*(mZ(19C2; +24C) =3sy(13Cy1 +16Cy)) +x%(y—1)*(CoymZ (17— 69y)
+Ca15y(90y =37) + Coymi (24 = 47y) + Cop5y(47y —48)) +xy(y = 1) (Coym (81y = 70) + Cy;5(73

—51y)y+ Cpm?%(22y —49) + Crsy(y +25)) +miy*(Cy (53 —31y) + sz(Y+25)))}}v
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P

A.D*

aq)*

)= aa? [ s / 45 Tz (€l = D = DI (a(=y) + 4 5) + 503 = Do)y = Do

X (5Cy; + 24Cy,) = 3mE(Cyy +4Cyy)) + mE(Cay (3y +22) + 12Cx(y +2))) }

1’ ¢ - - xmax ymax 1
Plosran () = aa) a0Ga) | G / dy{m{cn@ — 1)(x(y = 1)(25y(2Cs +9C5,) = 3m2(Cs,

+4Cp)) +mz(Cyy (3y +11) + 12Cn(y + 1))} + {Ci(y = 1D)(RCymE(-11x(y = 1)?

1
36864x*xy
+x(y = 1)(53y = 11) — xy(53y + 8) + 11y?) +4Cyysx(y — 1)y(x(8x(y — 1) — 29y + 8) + 8y)

+ Cyom2(138x3(y — 1)2 — 6x2(y — 1)(43y — 23) + xy(108y — 199) + 12y?) — Cpsx(y — 1)y(x(211

xx(y—1) =191y +211) — 14y))}},

* Xmax Ymax 1
i (9) = RaaGa? [ v [ a{ e (€= 1(Ca (8650 = 1)+ 869 - 56) 4 (1330
Xmin Ymin 4

P aGq)y?

Corly = D)y = 1)(11Cs; = 69C) — (1131 + 6C22))}}

1
) 4 ASy+2) f
) +45y + ))}+73728n4{ 1

_ 1 1 1
+ <g?qﬂGq>2 /0 dXA dy{m {Cnmg(lZCZI (7(x - 1)2y2 + 2(8 - 7x)xy + x(7x - 2)

- {Cllm%(x(y— 1)

—2) + Cop(—=42(y = 1) = x(39y +2)(y — 1 43y — 12 S
+¥=2) 4+ Co(=4x*(y = 1)* = x(39y +2)(y — 1) + y(43y )))}+147456ﬂ4xy
= 3503 = 110G, = 73C2) = 25(5C + Ca)} s = ).
/’2}1%?*(5) = <@CI>3/X " dx 5761 25C11C22m X, (A4)
OAD xm1x }mﬂX 4 2 4
_ Ci i Cplx—1)*(y—1 - —1 -1
Ppert . /y 19660800718 5 5{ 1Con(x =1)*(y=1)(m(x(=y) +x +y) +sx(y = 1)y)*(mesx(y—1)
x y(7(x=1)%y + (187 = 7x)x ) 2m (x(y = 1) =) (x((x =2)y —=x+16) +y))},
'Xmﬂ)( \max
pion” )= (a0) | s [ v s O (= DO () £ 3) sy = D)y (2Cam, (27
X (y=2)y) + Cpom((59 = 56y)y +72)) + 2mZx(y — 1)(CoymZ(Ty(3y —4) —2) +2Cy;sy((63 — 55y)y + 1)
+ Corom?2(y(84y —59) —36) + Capsy((187 = 184y)y +36)) +2x* (y — 1)* (Tm#(Cyy +4Cyy) — 2m2sy(55
X Cy +92Cy) + 522 (163C5; +228C5,)) —x2(y — 1)2(2C,, (Tmt (3y — 2) +2m2s(63 — 110y)y + s2y?
X (163y —172)) 4 Cay (m(168y —59) +2m2s(187 — 368y)y + 3sy*(152y — 153))))},
O,ACD* 5 Xmax Ymax 1 2 7 4 5
= (GG d d Cy Coplx—1 24 —4
et () =(8G0) [ ax [ v e 10 Canl = D2 ((0) 5 3 Q= 1 =4

—1)3(5y—108) + x*(y = 1)>(y(138y + 137) +792) = 2x3 (y — 1) (y(74y? + 442y — 177) — 192) + x>y (2y(y
X (3y —499) +280) + 197) + xy*((271 = 24y)y = 177) +24(y — 1)) + 3mdsx(y — 1) y(x(=y) +x +¥)*(30
< x0(y = 1)* = 623 (y = 1) (2y = 115) + 3x*(y = 1)2(9y(7y + 17) +430) — x3(y — 1) (y(y(210y + 2239) — 734)
—630) +x2y(y(775 = y(9y + 1264)) +263) — 2xy*(y(9y — 163) + 119) +30(y — 1)y*) = 3mls>x*(y — 1)?
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V2 (32x7 (y—1)° =24x%(y=34) (y = 1)* +x° (y = 1)} (y(220y + 109) + 1536) —x*(y — 1) (y(y(492y +4531)
+410) =752) +x3(y = 1)y(4y(57y> +552y —34) — 543) +x%y* (y(9y(4y + 183) — 1418) = 30) +xy*(v(32y
=313)+211)=32(y = 1)y*) +5m.s’x3 (y = 1)%y3 (6x0 (y — 1)* +- 2% (y = 1) (4y + 81) +x*(y = 1)? (y(51y
+307) +306) — x> (y—1)(y(y(62y +997) —306) — 150) +x*y(y(241 = 5y(3y +56)) +7) + 2xy* (3y +4)
+6(y—1)y*))}.

0,A.D* _ Xmax Ymax —1
p(E[G(]) (S) = <gsq0Gq> [Cmm dX/ymin dy{24576ﬂ'6—x2y2 {Cll (x— 1)()(()1— 1 )(m% —sy) —mgy)(cm (mf(7(x_ l)y

—Tx+12)(x(=y) +x+y)?> =2m2sx(y—1)y((x = 1)y —x)(43(x— 1)y —43x +48) + s2x? (y — 1)?y*(109
X (x=1)y=109x+114)) + Coy (m (x(y—1) —y)(28x*(y = 1)> = x(56y —29)(y — 1) +y(28y —29) — 18)
=2m2sx(y—1)y(76x*(y—1)>=x(152y =77)(y = 1) + y(76y =77) =9) + s2x*(y — 1)2y*(160x(y — 1)

i (O =Dy =1)(me = sy) = mey)(6Ca (me (x(=y) +x-+)?

~1 161 -
00y + 101 )} 7o 472065

X (20x3 (y—1)2 4 16x%(y — 1)()’+3)+x(8(6 5y)y+25) +4y(y+1)+3)—mZsx(y—1)y(x(y=1)—y)
X (199x3 (y—1)2 +x*(y—1)(155y +411) +x((222-383y)y +209) +y(29y — 16) + 3) + s2x> (y — 1)?y?
X (243x3(y—1)2+x*(y—1)(187y+491) +x((230—463y)y +248) +y(33y —28))) + C,y (m? (269x> (y
— 1) =20 (y— 1)3(83y —278) —x3 (y — 12 (2y(575y +323) —287) + 2x%(y — 1)y (y(878y — 219) —279)
+xy(y((590=743y)y+237) +6) +2y*(y(17y — 14) +3)) —2mZsx(y—1)y(800x* (y — 1)> +2x*(y — 1)?
x (176y +809) —x*(y —1)(3162y> +351y —818) +xy(2y(1034y —687) —775) +y((49— 58y)y —3)) + s>

xx?(y—=1)2y2(1763x3 (y = 1)> +4x*(y—1)(591y + 886) + x((2500 — 4209y)y + 1781)+2y(41y—35))))}},

xmax ymdx _1
s (= a)? [ [y (O 1 (= D0 1) =) (3220 +23C)
+2mx*(y=1)*(2mZ(5C;; +3C) = 5y(31Cy; +18Cyy) ) +mex(y —1)y(sy(38Cy; +47Cxy)
—5mZ(8Cy +7Cx)))}s

* 'xlTIdX yde 1

oo ()= (@) (2a0Ga) [ ds / dy{w{cn( 120G, +23C) + mx?(y = 1) (4n(5C,,

+3Cn) —sy(41Cy +24Cp)) +mx(y—1)y(sy(29Cs; +35C5,) =5mz(8Cy +7C))) }
-1
55 {Cr1im (4CymZ(x(y—1) —y)(30x* (y = 1)* = 5x%(y— 1) (11y— 6) —xy(17y 424) +6)?)
368647x"x"y

—2C,sx(y—=1)y(123x3(y—1)2 =3x*(y—1)(68y —41) —4xy(12y + 19) +21y?) + Cyp (sx(y — 1)y (2x>
X (y=1)2+2x*(y=1)(99y + 1) +xy(23y +201) — 12y?) —m2(x(y = 1) —y) (4x3 (y = 1)> +4x>(y—1)(32y

+1)+19xy(y+7)— 12y2)))}},
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max yl"ndx 1
Poq/gf (s) = (93g0Gq) / dx/ d)’{m{cnm (24C5 (532 (y =12 =x(y=3)(y = 1) +5y%) + Cy»

1
1474567%xy
1

(= 1)(96Cs +133C) = 12570263, + €} b+ (aaGap? [ ["ar] ot e
xm(x(y—=1)=y)(3Co (x*(y=1)* +x((7=9y)y+2) +y(y+5)) + Cor(x(y = 1) (x(y = 1) +25y) + 6y))}

-1
+73728n4x2(y— l)yz {C”mi’(x(y -1) —)’)(xz(y - 1)2(63C21 +Co) —2xy(y—1)(14C5; + 17Cy,)

—9c21y2>}}6<s—f<m%>>,

X (50x*(y = 1)+ x(173y 4+ 16)(y— 1) +4y(2y +1))) } + {Crim (4x*(y—1)*(30Cy; = Cy,) —

* _ Xmax 1
P?}IZ‘)"? (S):<CIQ>3/ de{CII(BCZlm%—IJCz]s(x—1)x+7C22m§+C22s(x—1)x)}, (AS)

where the parameters C;; = C,, = C, = C,, = 1 for the current JA""(s) and C;; = C5; = 1, Cy, = C,, = —1 for the
current J=" (). The spectral densities for the interpolating currents JAP, JAL" | J=P and J*P" are obtained as

paiP(s) = / dx /y d WIMM {(x =Dy = D(mE(x(=y) + x +y) + sx(y = Dy)* (m(x(y = 1) = y)
X (259x%(y — 1) = 2x(259y — 247)(y — 1) + y(259y — 494) — 110) — m2sx(y — 1)y(1843x*(y — 1)> — x
x (3686y —2673)(y — 1) +y(1843y 2673) — 110) + s2x2(y — 1)2y2(2384x(y — 1) — 2384y + 2979))},

P(6) = a) [ [ dy s (= 1P mx(9) x4 ) sy = D35 = 1) =)

Ymin

x (125x2(y = 1)% = 2x(95y — 61)(y — 1) 4+ y(65y — 98)) — sx(y — 1)y(245x*(y — 1)? — 2x(215y

—121)(y = 1) + y(185y — 218)))},

IA?D . ) Fmax Ymax - 1 2 6 2 6 4
PG (8) = (9:GG) Lmin dX/ dy 566231040ﬂ8x4y4{(x— 1)?(y = 1) (ml(x(=y) + x + y)*(3108x°(y — 1)

—3x5(y = 1)3(6155y — 4068) + 2x*(y — 1)2((9624y — 20407) + 6882) + x3(y — 1)(y(2y(9949y — 2299)
—22301) + 3348) — 4x2(y(y(y(9028y — 16947) + 4114) + 120) + 330) + xy(y(y(9215y — 13161) — 132)
+528) + 12y*(y(259y — 499) — 110)) — 6misx(y — 1)y(x(y — 1) — v)(2096x°(y — 1)* — 8x3(y — 1)3

x (1715y — 942) + x*(y — 1)2(y(11756y — 28829) + 8432) + x3(y — 1)(y(25436y* — 9238y — 14901)
+2640) — 222 (y(y(17y(1166y — 1937) + 8661) — 60) + 176) + xy(y(y(11980y — 15811) + 148) -+ 88)
+16y%(y(131y — 209) — 22)) + 3m?s?x?(y — 1)?y?(3476x5(y — 1)* — 3x3(y — 1)3(10797y — 3988)

422 (y — 1)2(y(10900y — 32619) + 6618) + x3(y — 1)(y(96070y2 — 43066y — 31823) + 4484) — 4x2(y(y
x (y(35470y — 54949) + 14264) — 256) + 66) + xy>(49449y> — 62043y + 964) + 4y (y(869y — 1253)
—66)) +25°x*(y — 1)2y*(15219x3 (y — 1)> + 11x%(y — 1)(873y + 2627) + x(19(3659 — 3637y)y + 12742)
4 y(44281y — 53652) +936)) 1,
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* 'xlﬂdx .)mdx 1
i) =laanGa) [ dx [ iy o 1 milalop) 9P (1566 1) <20 =1
% (289y—201) = x2(y— 1) (y(1145y+877) = 246) + xy(5y(683y —802) —221) + 264(10—Ty)y2) — 2m3
xsx(y=1)y(x(y—1)—y)(248x*(y—1)3 =2x3(y—1)?(445y—-293) —x*(y— 1) (y(1853y + 1269) — 338)
+xy(y(5399y—5914) —=301) +264 (14— 11y)y*) + m.s?x*(y— 1)2y*(340x* (y—1)* = 2x3 (y —1)?
% (601y—385) —x2(y—1)(y(2561y+ 1661) —430) + 3xy(y(246 1y —2606) — 127) =792 (5y—6)))}
-1
e L= D (me (x(=y) +x+y)? (1256 (y—1)2 = x(190y = 123)(y— 1) +y(65y =87)) = 2m;
327687 x"y
xsx(y—1)y(x(y=1)=y)(165x*(y— 1) —x(270y —163)(y = 1) + y(105y = 127)) + m s*x*(y — 1)?y?

x (205x%(y—1)>=7x(50y—29)(y—1)+y(145y— 167)))}},

I’A:D o dex ) mdx 1 _ _ —
PP (5) = (2q) / / a7y (= D= D (23x(y=1)+23y86) +3753(y= 1))

(mg (x(=y)+x+y) +sx(y=1)y)},

I’A*D o _ 2 — ’xm‘e\X ylﬂﬂx 1 _ 2 _ _ _ _
P (5) = (aq)(Ra0Ga) / dx / dy{3072ﬂ4{<y 1) (m2(=23x(y— 1)+ 23y—43)+30sx(y— 1))}

1
+ 737287 xy

+sx(y=1)y(2x(9x(y—1)—-80y+9)+ 157y))}},

{=1)(m2(=12x3(y=1)2+x*(y—1)(123y—110) —x(y(227y +832) +98) +4y(29y +263))

(=1)Bx(y-1)

l.A*D 2 — 2 xmax ymax _1 1
o = G d dys ————{(y—1)(295x(y—1)—339y+277 —
Pl )= tatanGa)? [ as [ dy{ s = 1)@958( 1) =339y 4 27T

1 1 1
—29 266G 2/ d / dyd ———  Im2(193x%(y—1)2—x(402y —223)(y—1 209
v)}+(9:G0Gq) )y 3538944ﬂ4xy{mc( x*(y=1)*—x(402y )(y=1)+y(209y

1
2949127 xy

. _ Ximax 1
PP )= (aa) [ ey s lme=12mx), (6)

_227)48))+ {mz<—6x2<y—1>2+x<47y+98><y—1)+(1052—41y>y>}}5<s—f<m3>>},

OAD XITIHX ymux 1
AP = [ [y = DR = 1) =y) = sl D = 1))

X (38x*(y—1)*=x(36y+77)(y—1) =y(2y +13)) = msx(y—1)y(103x*(y—1)?
—x(96y+287)(y—=1)—y(Ty+33))}.

UA D Xm\x .)mux _1 _ 2 2 _ _ 2 4 _ _ 2
PP ()= g / e [y oy A= D) ) s DY (= 1) =) 2
X (y=1)2=2x(21y=8)(y—1) +y(21y—16) +28) —=2m2sx(y — 1)y(196x?(y — 1)> —=x(392y —207) (y — 1)

—|—y(196y—207) +14) +52x2(y—1)2y?(611x(y—1) =611y +638))},
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0.A:D o 5 Xmax Ymax 1 _ 2 7(_ _ 3 6 _ 4 _ 5 _ 3
e 9 =(260) [ [ v (= P ) 4430 45658 (3140 1)

X (221y —12)+2x*(y—1)2(y(55y —122) —636) +2x (y — 1) (y(y(519y + 1423) +52) —432) — x?y (y (y (494y
+155)—1545)+536) —2xy*(y(101y+122) —208) =243 (y+4)) = 3m2sx(y—1)y(x(=y) +x+y)?(510
xx8(y—=1)*=6x(y—1)3(163y+20) +2x*(y—1)*(y(23y —87) —885) +x>(y— 1) (y(y(1465y +4414)
+216) —1140) —x2y(y(11y(76y+51)—2505) +588) +xy? (408 — y(177y+361)) =30y> (y+4)) +3m? s> x>
X (y=1)%y*(512x7 (y—1)>=28x°(y—1)*(53y+8) +2x° (y—1)* (y(455y +32) =992) + 2x* (y — 1)* (y(y

% (1001y+3067) + 1170) = 624) =23 (y— 1)y(y(»(3218y +7005) —3109) = 792) + x2y2 (y(y(1170y + 761)
—2871)+240) +2xy* (y+4)(38y—11) +32y*(y+4)) —m.s3x* (y = 1)%y3 (462x° (y — 1)* = 2x° (y — 1)3(433y
1132) =204 (y— 12 (3(107y + 101) £957) +x3 (y— 1) ((y (2463y +7526) +524) — 1188) — 522y (y(y 364y
+313)—885) 4+ 28) + 5xy2((y—59)y—32) =30y° (y +4))) }.

0,A:D Ymax 1 2 4 3 3 2
Pl o) =laaoGa) [ s [ ay{ e 1 (a(o) ) (454 1) 85 =149

—4) £ 2 (y—1)(y(663y— 1238) + 178) +x(y((2029— 286y)y + 648) + 180) — y (y(19y + 842) + 1560)) + 3m?
xsx(y—=1)y(32x° (y—1)*—x*(y—1)3(487y—97) +x3(y—1)?(4y(308y —323) +185) —2x*(y — 1) (v (y(547y
—1428) = 71) = 60) -+ xy(y(8y(35y —278) — 767) +920) + 2 (y(37y+600) + 1040)) — 3m2522(y— 1)22 (26x*
X (y=1)3=22x3(y—1)2(23y=7) +x2(y—1) (¥(879y — 1136) + 188) +x(y((1285—344y)y+10) +60) —y(y(
X 55y4358) +520)) +5323 (y = 1)3y3 (1633 (y = 112 = x2(y— 1)(529y — 203) + 1 1x(40y2 =78y + 17) + y(73y

+116)))}+ (x=1)(mS(x(=y) +x+y)*(14x*(y—1)2—x(28y—11)(y=1) +y(14y—11) +7)

o
327687°x%y?
—misx(y=1)y(x(y=1)=y)(217x*(y = 1) —x(434y —=221) (y— 1) +y(217y—=221) + 14) + m?s*x? (y—1)?

V2 (472x%(y—1)> —x(944y —489) (y—1) +y(472y—489) +7) —s3x* (y — 1)3y3(269x(y — 1) — 269y+279))}},

Py (s)=(aq) / /ym 512ﬂ4 sz e 1)(2m3(9x(y—1)=y) (x(=y) +x+y)> =misx(y—1)y(53x(y—1)
—17y)(x(y=1)=y) +5m.s*x*(y=1)2y*(Tx(y—1) =3y)) },

* ymax 1
Pl e (9)=29)(330Gq) / dx / dy{m{mcsw 1Dy(53x(y—1)—17y)

min ~yl‘ﬂll'l
1
—4m(x(y=1)=y)(9x(y-1) —y)}—l—mZmﬁ(x(y— 1)-y)
x (68x3(y—1)2=x*(y—1)(33y—68) +xy(203y+31) —261y*) —m_sx

X (y=1)y(132x* (y=1)*+x*(y—1)(35y+132) +xy(1363y + 144) — 1574y2)}},
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O’A:D o 2 — 2 xmﬂX yl“ax 1 _ 2 _ 2 _ _
(o)~ ldacGa? [ as [* ] szt (12020 1P X((5=613)y-+56)+ 25(668y - 107))

-1
+ 1474567 xy

x {m(x(y=1)=y)(4x*(y—1)>=x(16y=9)(y=1)=2y(y+5)) } +

1
17694727* x* (y —1)y?

1 1
(68220 =17+ 311y (y=1)+26127)) + (oG [ s [ ]

-1
14745674 x2(y—1

)yz{mﬁ(X(y— 1)-y)
x<2x2<y—1>2—41xy<y—1)—526y2>}}5<s—f<m3>>},

0.A"D
P gy (s)

_ Tin -1
<qq>3[C a'xll52 25(13m%+3s(x—1)x)}, (A7)

lAD dex )mdx
AT (0= [ [y g (= D= D) ) syl Dy ndaly=1) )

X (T7x*(y=1)? =x(154y =197)(y = 1) + y(77y — 197) — 80) —2m?%sx(y — 1)y(292x*(y — 1)?
—x(584y—527)(y — 1) +y(292y —527) —40) + s?x*(y — 1)?y*(827x(y — 1) — 827y + 1177)) },

1 ’AZD* - xmax ymax 1
Paq) (S)=<Q<J>Am dX[mm dym{mc(x—1)2(m3(x(—y)+X+y)+SX(y—1)y)2(m3(X(y—1)—y)

X (16x%(y = 1) =x(29y = 16) (y = 1) +y(13y —=22)) — sx(y — 1) y(40x?(y — 1)?> = x(77y —40) (y — 1)
+y(37y—46)))},
1

I’A;D* . 2 xmax Ymax - 2 6 2 6 4 5
P ) =1R60) [ [y = 1P D) 21848 1) =8

x (y = 1)3(694y — 1053) +x*(y = 1)2(y(361 1y — 19060) +9384) — x3 (y — 1) (y(y(3229y — 18970) + 8452)
— 888) +x2(y(y(y(10441y —30180) +2091) +4288) — 1920) + xy(y(3(7101 — 2989y)y + 5056) + 768)
+24y2(y(77y —197) —80)) = 3msx(y — 1)y(x(y — 1) —y)(2608x° (y — 1)* —4x> (y — 1)3(1899y — 2620)
+x*(y—1)2(y(3967y —22828) + 12112) —x*(y — 1) (y(y(5033y —23714) + 11824) —3216) + x*(y(y(y
x (18117y —43444) +9519) +3152) — 1024) + xy(y((27887 — 14671y)y + 3408) +256) + 16y*(y(163y
—329) —64)) 4+ 3m2s?x*(y — 1)y?(2248x%(y — 1)* = 8% (y — 1)3(769y — 1055) +x* (y — 1)*(y(131y
—18020) +9752) —x3(y — 1) (y(9y(461y —2650) +9724) —3176) + x> (y(y(y(23521y — 54020) + 17139)
+2144) —384) +xy?((30343 — 17847y)y +2144) + 8y*(y(281y —493) —48)) — s°x* (y — 1)3y*(1084x3 (y
—1)2=x?(y—1)(9117y +28) +2x((8523 —4079y)y + 76) + 3y(5397y — 8789) — 1264))},

I,AZD* - _ xmax ymax _1
it ()= (9.a0Ga) | " / dy{mw{mcoc— D2(y=1)(2x(y= 1) =25+ 1) (m2(x(=y) + 1+ )

+sx(y = 1)y)(mZ(x(=y) +x+y) +2sx(y - W)HW{(X— 1) (m3(x(=y) +x+y)*(16x*(y—1)?
—x(29y—16)(y—1) +y(13y—19)) —6misx(y = 1)y(x(y = 1) = y)(8x*(y = 1)* = x(15y —8)(y— 1)

+y(Ty=9)) +mes?x*(y—1)2y*(32x* (y = 1) = x(61y = 32)(y = 1) + y(29y — 35)))}},
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lAD

Plag)? / / m{( x = 1)y = D)(m2(x(=y) +x +y = 10) + 2sx(y — 1)y)(m2(x(~y)
+x+y)+sx(y—=1)y)},

A;D*

1’ x o — 2_ xmax ymax 1 _ 2 _ _ _
PSP (5) = (a4) (9330Ga) / dx / dy{—384ﬂ4{<y D)(@m2(x(=y) + x + ¥ = 5) + 3sx(y = 1)y)}

+ —307;;4)@ {(x =1y = D(Tx(y = 1) = 4y) 2mz (x(=y) + x + y) + 3sx(y - l)y)}},

I’ATD* o 2 _ 2 xn]ﬂx ylnax 1 _ _ _
PP () = (Rq0Ga) / dx / dy{ e 10 DOy = 1) = 75y + 63))

_1 1 1 1
—_— -D(7x(y—-1)—-4 2G6Gq)? d dyd ——————{m2(=16x*(y — 1)?
i (0= 0080 = 1) =4+ (@aGa? [Nar [Mavf 1620 1)

+7x(5y -4 (y—-1)+(28-19y)y—12)}
g X0 = 1) =)0 = 1) =) fals - Flo)) .

pzzs?*<s>=<@q>3/x$‘ o ) x5

OAD xmﬂx ymBX 1
Ppert (8)= K x/y dyW{mc(x—1)40’—1)(’”3(35()’—1)—)’)—Sx(y—l)J’)4<m%(7x(y—1)—7y

—23)(x(y—1)—y) —sx(y = 1)y(37x(y— 1) =37y — 143))},
PN (5) = (ag / [y = P R) x4 vl DR ey = 1) =) 54

x(y=1)2=2x(5y=3)(y—=1)+y(5y—6) + 16) = 2mZsx(y —1)y(101x*(y — 1)*> = 2x(101y — 65)(y — 1)
+y(101y—130) +8) + s2x>(y — 1)2y*(389x(y — 1) — 389y +446)) },

OAD 2 Xmax ymax 1 2 7 3 5 4 4
GG d d -1 —(x(—= 168 -1)*-9
(9=6266) [ ™ av [y e e DRI (a() x4y 168 (5= 1F =904y

—1)3(43y+24) +x3(y—1)?(y(1155y = 152) = 936) —x*(y — 1) (y(6y(278y — 183) +43) +552) + xy(y(y

X (799y 4 194) —795) —278) + y*(288 — y(67y + 141))) = 3mlsx(y — 1)y(x(—y) +x+y)*(260x> (y — 1)*

x4 (= 1)3(583y +420) + 23 (y = 1)2(y(163 1y — 164) — 1620) —x2(y — 1) (y(2180y% — 2034y — 41) -+ 940)
+xy(y(y(959y +494) — 1155) —378) +y*(388 — y(87y +221))) +3m3sx*(y — 1)?y*(304x°(y — 1)° = 3x°

% (y—1)*(329y +176) + 2x*(y — 1)> (y(1371y + 128) — 984) — x*(y — 1)2(y(y (4703 — 3242) — 2093) + 1136)
2 (y = Dy(y(y(3667y —2272) — 1640) +850) — 2xy> (y(y(541y +398) —984) + 5) + y*(y(59y + 157)
—296)) —m,s3x3(y = 1)3y*(300x (y — 1)* = 3x*(y = 1)3(229y + 180) + x> (y — 1)?(y(2439y — 476) — 1980)

— 2 (y=1)(y(18y(170y = 217) = 209) + 1140) + xy(y(y(991y +806) — 1875) —2) +y2(17y(y +3) + 12)))}.

(S) <gsq6Gq[ dX/}ym {W{( 1)?(y=1)(sx(y—1)y(16x(y — 1) =202y 4 13) = mZ(7x

><(y—1)—85y+4)(X(y—1)—y))(mﬁ(X(—y)+X+y)+SX(y—l)y)2}+24576ﬂ6 22{( 1) (md(x(=y) +x

+ )2 (5x*(y=1)*=5x2y = 1)(y = 1) +-5y(y = 1) +6) = 3msx(y = 1)y(x(y = 1) =y)(53x*(y = 1)* = x(106y
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—63)(y—1) +y(53y — 63) +4) + 3m2s>x*(y — 1)>y*(133x*(y — 1)> — x(266y — 153)(y —

+y(133y — 153) + 2) = 55°x3 (y — 1)y (49x(y — 1) — 49y + 55))}},

OA* XITII-IX ylﬂdx
s (0 = (@) [ ax [y = DO = 1) = 2)(a(=) x4 ) (-

X7y

X (x(y = 1) =5y)(x(y = 1) = y) 4 3mcs2x*(y = 1)*y*(11x(y — 1) = 6y)) }.

0. _ _ Xmax Ymax 1
Pimiiaca (8) = <QQ><g%anq>/} dx/A dy{384”4xy2mCSX(y— Dy(11x(y = 1) = 5y) = m(11x(y ~ 1)
Xmin Ymin

= 29)0l = 1) =) |+ g (20 = 1) = A8 = 17 = (103 = 48)(y - 1)
+ y(31y — 40)) — m sx(y — 1)y(96x*(y — 1)? = x(215y — 96)(y — 1) + y(95y — 88))}},

O,A:D* o 2 _ 2 xmax ymax _1 2 _ 2 _ _
p<z,Gq>z<s>—<gsquq> / dx / dy{7884736ﬂ4xy{mc<8x (y= 1 +300y(y = 1) + (19— 13y)y)}

e ey = 16 = 1) =30 + (a0Ga? [ax [Nl ety = 1) <)

1
+ 1536724 xy?

* * - xmﬂX 1
s (5) = aa [ an 3 +95tx - )

[m3(x(=y) +x + y>2}}5<s - f(m%»},

IZD xde }mdx
e / s [ @y ey 1= D= DI (0) 4x9) 4 55— 1) oy = 1) -

(A9)

(104x*(y = 1)2 = 2x(104y = 167)(y = 1) + 2y(52y — 167) —45) — m2sx(y — 1)y(838x*(y — 1)> — x(1676y

—1593)(y — 1) + y(838y — 1593) — 45) + 21s2x%(y — 1)2y?(54x(y — 1) — 54y + 79))}.

'xmdx ymdx
Pl o) = (ag / i [ s = D2l = 1) =)l = 1) =) = sl = D21

X (y=1) =9y +20)(x(y = 1) = y) = sx(y = 1)y(41x(y = 1) =29y +40)) },

13D ""” -1 6 2 6 4_ .5
PiGé) (8) = (9:GG) /Cm dx/vmx Y 3831155205 4{(x 1)?(y = 1) (m@(x(=y) +x+)*(1248x°(y = 1)* = °(y

—1)3(8801y — 6444) + x*(y — 1)2(y(11177y — 22920) + 8604) + 3 (y — 1) (y (y(5707y — 2390) — 13783)
+2868) + x2(y(y((37760 — 14733y)y — 9897) + 120) — 540) -+ 2xy(y(y(2077y — 4148) +258) + 108)
+12y*(y(104y — 329) —45)) — 6misx(y — 1)y(x(y — 1) = ¥)(920x5(y — 1)* = x>(y — 1)?(6775y — 3896)

+ x4 (y = 1)2(y(7065y — 16064) +4888) + x3(y — 1)(y(y(9875y — 4433) — 9079) + 1768) + x2(y(y((35328

—17525y)y — 9498) + 174) — 144) + xy(y(y(5520y — 9311) +270) + 36) + 8y*(y(115y —257) — 18))

+3m2s2x2(y — 1)2y?(1584x5(y — 1)* = x> (y — 1)*(16443y — 6124) + x*(y — 1)?(y(14251y — 36648) + 7388)
423 (y = 1) (3(y(40801y — 20726) — 19597) + 2740) + 22(y(y((115656 — 64919y)y — 30207) + 608) — 108)
+ 2xy?(7y(1653y — 2510) + 334) + 4y*(y(396y — 739) —27)) + 10s3x*(y — 1)3y*(1604x3 (y — 1)> + 6x*(y

—1)(99y + 560) + x((7301 — 6388y)y + 1666) + y(4190y — 5929) +90))},
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1.X:D Xmax Ymax 1
paip ()= taanGa) [ ax [ rd st D) 21 = 1Ry

+218) —x%(y—1)(y(783y +184) — 136) + xy(y(1466y —2089) — 145) = 792(y —2)y?) = 2m3sx(y—1)y(x

X (y=1)=y)(134x*(y—1)* —=x*(y—1)?(33y —322) —x*(y — 1) (y(1239y +284) — 188) + xy(y(2458y —3041)
—185) —264y?(5y—8)) +3m.s*x*(y—1)2y?(62x* (y—1)3 = x3(y = 1)?(31y — 142) —x*(y — 1) (y(565y
+128)—80) +xy(y(1150y—1331)—75) +88(10—7y)y2))} +Wj§6xzyz{(x— 1)(m§(x(—y) —|—x+y)2
x (63x*(y—1)* =x(90y =61)(y = 1) +y(27y =49)) = 2msx(y — 1)y (x(y = 1) =y)(83x*(y = 1)* —x(130y

—81)(y—=1)+y(47y—69)) +m.s?x*(y—1)2y*(103x*(y—1)> = x(170y—101) (y— 1) +y(67y—89)))}},

EZD @) /x,mx /y.m 1536”xy{(x_1)(y_1)(m3(_25x(y_1)+25y—42)+43sx(y—1)y)
x (m2(x(=y)+x+y)+sx(y=1)y)},

IZZD - 2_ 'xlTIiIX ymax 1 _ 2 _ _ _ _
Plidace () =(44){(95G0Gq) /m dx /y dy{—1536ﬂ4{(y 1) (mz(=25x(y = 1) +25y —21) +34sx(y - 1)y)}

1

+——————{ (7= 1) (m3(=192x3 (y—1)> +2x*(y — 1) (246y — 119) — x(y(388y +233) +46) +4y(22y
36864x"xy

+133)) +sx(y—1)y(x(246x(y— 1) =371y +246) + 107y))}},

Y mdx

(=D (Ox(y—=1)=7y-101)} +

{=-D(24x(y-1)

184327*

* - 1
1.Z:D /D= 2
Plicqr(8) = (9:G0Ga) / dx {1769472 it

Ymin

1
—11 266G Z/d/d  m2(95x%(y—1)2—x(222y=221)(y—1 127
y)} 4 (95306Gq) Ay 1769472”4”{'7%( x*(y—1)* =x(222y Jy=1)+y(127y

1665)+16)} + {m%<s4x2<y—1)2—x<73y+46><y—1>+19<y—28>y>}}6<s—f<mz>>}’

-1
14745674 xy

* xmax 1
13 _
P (s)=(a) [ v lme=12ma), (10

)= [ e [y = ) (= 1) =) == 1) (= ) =) (26
—1)2=x(28y+73)(y=1) —y(dy+1)) =2m sx(y—1)y(41x*(y = 1)> = x(34y + 149) (y — 1) — y(7y +8))) },
plai? (00 = a) [ e [y (5= O () ) (5= 1) (Bmey=1) )

X (41x*(y—1)? —x(82y—31)(y—1)—|—y(41y—31)+24)—2m%sx(y—1)y(365x2(y—l)z—x(730y
—359)(y— 1)+ y(365y —359) +36) + s222(y — 1)y2(847x(y — 1) — 847y +865))},

0.5:D y'““* 1 2 7 3 6 4 5 3
P =(860) [ [y s s A= D2 a() o (8= 1) 2805 1)

X (43y+6) +x*(y = 1)*(y(857y + 800) — 1488) +4x>(y — 1) (y(y(199y + 504) +368) —234) — x2y(y(y(595y
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+431)—1633)+532) —2xy*(y(95y + 128) —238) —24y3 (2y +3)) = 3m2sxy(x(—y) +x+)?(840x5(y

1) =4 (y— 1)4(722y+ 195) + 2% (y— 1)3(y(2165y+ 3056) —4080) + 22 (y— 1)2(y(y(1134y+ 3163)
+2398) — 1230) 2 (y— 1)y (y(y(1879y + 1800) — 5257) + 1148) — 2x(y— 1)y (y(193y+279) - 482) — 60y
X (22 +y=3))+6mls?x*(y—1)>y?(416x7 (y—1)° —4x5(y—1)*(507y+128) +8x° (y—1)3(v(362y+333)
—284) 424 (y— 12 (y(y(110y+ 1081) +2806) —672) — 3 (y— 1)y (y(y(2860y -+ 5783) —284) —920) + x>
Xy (y(y(1184y+1467)—3154) + 128) +2xy> (y(54y+71) — 100) +32y*(2y +3)) —m.s3x> (y = 1)?y* (744x5
3 (y= 14 =45 (y = 1)3 (854y +267) -+ (y — 1)2(y(2923y + 5344) — 4368) + 2% (y — 1) (y (y( 1906y + 5469)
14298) — 1278) — 22y (y(y(3689y +4276) —9239) + 164) — 21y (y(127y —59) +82) —60y3 (2y+3))) .,

0.5:D Ymax 1 2 4 3..3 2
ploig ()= (aaata) [ s [ dy] g ) () a3 1) 4 =13y

F112) =2 (y— 1) (3y(75y+271) = 182) +x(y(y(169y + 1506) +446) + 108) = 5y(y(5y+ 166) +324))
=9mesx(y=1)y(x(y=1)=y)(17x* (y=1)* +x*(y = 1)*(11y +63) = 2x* (y = 1) (2y(21y+59) = 35) +-x(y(
xy(67y+360)+56)+24) —y(11y(y+18) +360)) +3m2s?x*(y —1)2y?(68x*(y—1)* +x3(y—1)?(11y
+274) = x*(y—1)(y(267y+619) —242) 4+ x(y(y(229y +662) — 114) +36) —y(y(41y+358) +540)) — s> x> (y
m{(
—1)(m8(x(=y) +x+y)*(123x*(y—1)>=2x(123y=50)(y = 1) +y(123y = 100) +27) —6msx(y — 1) y(x

X (y=1)=y)(122x*(y—1)? —=4x(61y—29)(y— 1) +2y(61y—58) +9) +3m2s>x>(y—1)y*(405x* (y — 1)?

—1)3y3(89x3 (y—1)*+x*(y—1)(66y+367) +x(278 — y(204y +179)) + y(49y +122))) } +

—2x(405y—202) (y—1) + y(405y —404) +9) = 253x3 (y— 1)3y3(303x(y—1) —303y+308))}},

i) =aa [ [ v (=) B1x(= 1) ~199) (rx() ) 5= 1))
X (m2(x(=) 4 3) + 2533 = 1)),

PED ()= (34) (#20Ga) /d [ {ﬁ{m (B31x(y=1)=19y) 2m2(x(=y) +x-+) +3sx(y=1)y)}

Ymin

1

F 5 52msx(y—1)y(208x* (y—1)? =2x*(y—1)(153y —104) —xy(717y +80) +799y*) —m} (x(y
368647x"x"y

—1)=)(276x3 (y—1)2 —x*(y—1)(425y—276) —xy(951y+122) + 1066y2)}},

0,2;D o 2 _ 2 'xmﬂX ymﬂX 1 _ 2 _ 2 _ _ _
Placer($)=(9:q0Gq) K dx /ymi dy{71769472ﬂ4xy{mc( 112x%(y—1)*=x(599y +188) (y—1) —2y(33y

1 1 1
360)} 2o {(3= D (1382 = 1) =6y (= 1) =539} +(30Ga)? [ dx [y
737287 xy 0 0

1
S irssmantn o1 O= D)0 1P =277y =30/= 1) +45(55-7)

-1
+737287r4x2 (y=1)y

<qq>3/%mﬂxd L 3m2 4 3s(e—1)x } (A1)

{m(x(y=1) =) (T0x2(y— 12— 19xy(y— 1) 266y >}}< Fim 2))}

0.5:D
P (aqy 2 (5) 19222
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xmax )max
P ()= [ [y g (= O =D () o 9) x5 =1) =)

X (3x*(y=1)*=6x(y=2)(y=1)+3(y—4)y—4) —=mzsx(y—1)y(26x*(y=1)* = x(52y—63) (y— 1)
+y(26y—63) —4) +52x*(y—1)2y*(39x(y—1) =39y +67))},
Pl (5)=(a4 / / 46087[633{ (x=1)2 (2 (x(=y) +x+) - 5x(y=1)y)2 (m2 (x(y= 1) =y) (8x°
X (y=1)*=x(13y—-8)(y— 1)+y(5y 14)) =sx(y=1)y(20x*(y=1)*=x(37y=20) (y= 1)+ y(17y=26)))},
T (0=1RGG) [ [yt e D= 1 (La(=) P (B602 = 15250
—1)3(241y—-432) +x*(y—1)2(17y(10y —321) +2760) x> (y— 1) (y(y(980y +5021) —2981) 4-480)
+ 22 (y(y(y(910y—=7451)+ 1542) + 1079) —480) +xy(y(3(2104 —525y)y+1271) +192) + 120y*(3(y—4)y
—4))=3misx(y—1)y(x(y—1)—y)(560x°(y—1)* —4x>(y—1)?(459y —676) +x*(y—1)?(y(319y —6819)
+3472) + 3 (y=1)(y(y(779y +6537) —4124) +1072) + x> (3y(y(y(863y—3619) + 1283) +265) —256)
+xy(y((8168—2971y)y+859) +64) + 16y (y(35y=99) —16)) +3m2s>x> (y— 1)?y*(504x°(y = 1)* = x> (y
—1)3(1667y—-2176) —x*(y—1)?(y(508y +5941) —2744) +x*(y—1) (y(y(1202y +6853) —3731) +976)
+x2(y(y(y(3772y—13543) +6204) +543) —96) + xy2 (8824 —3807y)y + 543) + 8y (y(63y — 146)
—12)) + 52 x*(y—=1)3y*(122x3 (y = 1)>+3x2(y—1)(1003y +557) +2x(y(188y — 1861)

+613)—3507y> +7704y+323))},

1.X:D* _ Xmax Ymax -1
Placa (S):@Sq"G@/Xm d/ dy{m{mc@f-1>2<y—1><17x<y—1)—8y+4><m%<x<—y>+x+y>

+sx(y=1)y)(mz(x(=y) +x+y)+2sx(y—=1)y)} + Wi“{(x 1) (m2(x(=y) +x+y)*(8x*(y—1)*—

x(13y—8)(y—1)+y(5y—11))—6misx(y—1)y(x(y—1)—y)(4x*(y=1)* =x(Ty—4) (y— 1) +y(3y-3))
+mes2x*(y—=1)2y?(16x2(y—1)>=x(29y—16) (y— 1) +y(13y— 19)))}}

Pl (=0 [ [ v (=)0 =1 (2300 1)+29=5) sx(y= D) ()
+x+y)+sx(y=1)y)},

I.Z;D* o _ 2 _ xmax ymax 1 _ _ _ 1
Plaithan )= @a)(eia0Ga) [ ax [ dy{ T3 (0= D0mE(=Axly=1) +4y=5) #6503~ D)} + 1z

(= D)Esx= Dty Dy(xy=1)+20)=mE 2 =17+ 2070 =1) £ x(5=60)y-+457) |
LED () (2o | [ dyl ] 1)(30x(y— 1) —43y+ 33 : 1 1)+2
it (o) = a0 [ ax [y {6101 =435 £33} 37 0= (=1 +2)

1 1 -1
2G 2 d dyd ——————{m2(8x(y—=1)—11y+8)(4x(y—1)—4y+3
g [ ar [arf et =)= 1y - 1) -4y+3)

-1

e DO =1) =)= 1) +29)} pals £ (2) }.

it )= tagr [ s mex) (A1)
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P ()= [ [y O D= D) =y A) () ) x5 1)
X (m2 (x(=y) +x+y) +6sx(y=1)y)},

0.5:D" _ xmax ymax -1 2/ 2 2/ 4 2

ool =@ [ s [ s s M= DR () ) +sx(= D) (x5 =1) ) (39

x(y—1)2=26x(3y—1)(y—1)+13y(3y—2)+32) —2m2sx(y—1)y(123x*(y—1)* —2x(123y—65)
X (y—1)+y(123y—130)416) +3s>x*(y—1)2y*(101x(y—1) =101y +110)) } },

P (0=1RG0) [ [y A= 1P =) ) 288 (= ) 26 (- 1)
X (355 +288) +33 (y = 1)2(y(2059y + 1644) —2016) —222(y— 1) (y(17y(83y — 19) —889) + 576) +xy(13y
X (y(99y+70)—137)—=576) —2y*(y(51y+163) —294)) = 3m2sx(y — 1) y(x(—y) +x+y)*(480x> (y—1)*

— 204 (y— 1)3(679y +480) 23 (y — 1)2 (y(3499y +3036) — 3360) — 222 (y — 1) (y(y(2047y—719) — 1813)
+960) +xy(y(y(1623y + 1486) = 2501) —768) — 10y2 (3y+ 13)(5y—6)) 4+ 3m3s22 (y— 1)22(576x (y— 1)’
=2x°(y=1)*(1195y+576) +3x*(y—1)3(y(2219y + 1796) — 1344) —x3 (y = 1)?(y(y(10113y +2006)
—9506) +2304) +22(y — 1)y (y(y(7037y —360) —8695) + 1728) —xy2(y(3y(623y + 698) —4135) 1 12) +23
X (y(51y+163)=294)) —m s3> (y—1)3y*(576x° (y—1)* = 2x*(y—1)3(1039y+576) + x> (y —1)?(y(6091y
5244) —4032) =222 (y = 1) (y(y(3175y = 1511) =3661) + 1152) +xy2(y(1719y +2062)

—3941) +2y%(y(21y+53)+6)))},

O’Z:«_D* o _ Xmax Ymax _1 2 2
it )= a0a) [ [ty e = 1= 5= D) +97y-447) =il

—1)—y)(17X(y—1)+43y+20))(ME(X(—y)+X+y)+SX(y—1)y)2}+W{( 1) (m(x(=y)
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x(139y—145)+4)—s3x3(y—1)3y3(213x(y—1)—213y+227))}},

xmdx ymdx
Pt )= (aal? [ ax [y (= )T 1) =109) (x(3) -3 =28y = 1)y (x
xmm ymm

—y)+x+y)2+3m.s2x* (y—1)*y*(7x(y—1)—6y))}.

0,X:D*

Plag) aca)(8) = (49) (630G a) / dx [ :ade{lgz;w{mc(x(Y—1)—Y)(m%(10y—7x()’—1))+14sx()’—1))’)}
+W;4xy2{mcsx(y—1)y(96x2(y_1)2_x(47y—96)(y_1)+(32_67y)y)_mg<x(y_1)_y)(48x2

><(y—1)2—X(31y—48)(y—1)+(8—35y)y)}},

OAZZD* 2 _ 2 xmf\x ylnax _1 2 2 2 1
ZD" () = (2G6G d dyd——  (m (82 (y=1)2+18xy(y—1)+6 — _im,
(o) = Ra0Ga? [ [y 8= ) 18160} g

1

1 1 -1
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S -y @y -1) +y>}}<s<s _ F(m2).

P 6) = taa) [ ax

‘min

-1
e {19m2 + 5s(x — 1)x},
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