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Wigner distributions of sea quarks in the light-cone quark model
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We investigate the Wigner distributions of i and d quarks in a proton using the overlap representation
within the light cone formalism. Using the light-cone wave functions which are obtained from the baryon-
meson fluctuation model in terms of the |¢gB) Fock states, we calculate the Wigner distributions for the
unpolarized/longitudinally polarized sea quarks in an unpolarized/longitudinally polarized proton. The
Wigner distributions can be obtained through a Fourier transform on the generalized transverse-momentum
dependent parton distributions (GTMDs). We also calculate the GTMDs of # and d quarks in the
intermediate step. Numerical results for the Wigner distributions of & and d quarks in transverse momentum
space, impact parameter space and the mixed plane are presented. We also study the orbital angular
momentum and the spin-orbit correlations of the sea quarks.
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I. INTRODUCTION

Understanding the internal structures of hadrons in terms
of quarks and gluon is one of the main goals of QCD and
hadronic physics. In order to describe the inclusive process
with one hadron in the initial state, the parton distribution
function (PDF) f;/,(x), which represents the probability
density of parton i in a hadron /& with the longitudinal
momentum fraction x, was first introduced by Feynman [1].
Although very successful, PDFs can only describe partonic
structure of hadrons in one dimension. In the last three
decades, a much more comprehensive picture on the
nucleon structure has been developed [2-6], and the
transverse momentum dependent distributions (TMDs)
play the central role. TMDs f(x,k ) not only depend on
the longitudinal momentum fraction x, but also depend on
the parton transverse momentum k; with respect to the
hadron, therefore they allow a three-dimensional descrip-
tion of parton structure in momentum space. TMD dis-
tributions naturally enter the description of semi-inclusive
deep inelastic scattering and Drell-Yan process in which
two hadrons are involved.

Apart from TMDs, in the off-forward region a new type
of nucleon structure—the so-called generalized parton
distributions (GPDs) [7-15]—emerge. It is the extension
of the ordinary PDF from the forward-scattering region to
the off-forward scattering region. Therefore, GPDs are
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natural observables appearing in various exclusive proc-
esses in which the target receives a recoil momentum A,
such as the deeply virtual Compton scattering (DVCS)
y*h(p) — yh(p') and the hard exclusive production of
meson y*h(p) = Mh,(p'). Except x, GPDs also depend
on the momentum transfer squared t = A? and the longi-
tudinal fraction & = AT /P of the transferred momentum.
Particularly, Fourier transforming GPDs with respect to the
transverse component of A yields the impact-parameter
dependent distributions (IPDs) [16-18], f(x, bi) with b
the impact parameter conjugate to A . IPDs thus provide
useful information on the parton tomography in hadrons;
distributions of parton in the transverse coordinate space at
a fixed x.

A more fundamental understanding of the partonic
structure of the nucleon can be gained by combining the
distributions in momentum space and in position space. For
this purpose, the Wigner distributions of quarks and gluons
inside the nucleon [19,20] proposed and has been exten-
sively studied in recent years. The original Wigner dis-
tributions for the nucleon are six-dimensional phase-space
distributions, which provide a joint transverse momentum
space (3D) and transverse position space (3D) about
partons in the nucleon. Therefore, they encode far more
information on the partonic structure of the nucleon than
the standard parton distribution functions do. A very useful
phase-space distribution for describing a fast mov-
ing hadron (or in the infinite-momentum frame) is the
five-dimensional Wigner distribution [21], denoted by
W(x,k,,b,). On the one hand, the Wigner distributions
reduce to the IPDs after integrating over transverse
momenta. On the other hand, they reduce to TMDs after
integrating over the transverse impact parameters. The
Wigner distributions cannot be directly measured because
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of the uncertainty principle which presents the position and
momentum of a quantum-mechanical system cannot be
simultaneously determined. Furthermore the Wigner dis-
tributions are usually recognized as quasidistribution func-
tions which are in general not positive definite and have no
probability interpretations. However, after integrating
over several variables, a reduced Wigner distribution can
become positive definite.

Through Fourier transform, the Wigner distributions are
related to the generalized transverse momentum dependent
parton distributions (GTMDs), which are often considered
as the “mother distribution” for the TMDs and the GPDs
[14,19,20]. GTMDs are functions of the light-cone momen-
tum fraction, the transverse momentum of the parton as
well as the transverse momentum transfer to the nucleon,
and are obtained from the generalized parton correlation
functions (GPCFs) [22,23] by integrating over the minus
component of the parton momentum. Furthermore, the
orbital angular momentum (OAM) of a parton as well as the
spin-orbit correlations can be extracted from the Wigner
distributions by taking the phase-space average [21,24,25].

In recent years, the Wigner distributions of the valence
quarks [21,24-35] and gluon [36-39] in the nucleon have
been studied in various models. In Refs. [21,26], the five-
dimensional Wigner distributions W(x,k,,b,) were cal-
culated in the light-cone chiral-quark soliton model and the
light-cone constituent quark model. Besides, the light-front
dressed quark model [27,28,36], the spectator (diquark)
model [29-31,31,32,32], the light-cone quark-diquark
model [24,25] were applied to calculate the Wigner
distribution of the proton. The light-cone quark model
[34] was also used to calculate the Wigner distributions of
the pion meson. However, the Wigner distribution of the
sea quarks are less studied compared to those of the quarks
and gluon.

In this paper, we apply the light-cone quark model
to calculate the five-dimensional Wigner distributions
p(x,by,ky) of the i and d quarks. As pointed out in
Ref. [21], the light-cone formalism is a suitable approach
for studying Wigner distributions, since in leading twist the
Wigner distributions can be expressed as the overlap
integration of hadronic light-cone wave functions [40].
To generate the sea quark degree freedom, we applied the
meson-baryon fluctuation model proposed in Refs. [41]. In
this model, the proton has the possibility to fluctuate into a
composite state with a meson M and a baryon B, and
consequently the meson M contains the gg Fock states. The
light-cone wave functions (LCWFs) of the proton thus may
be derived in terms of the |¢gB) Fock states, as calculated
in Ref. [42]. The expressions of the Wigner distributions of
the unpolarized/longitudinally polarized sea quarks in an
unpolarized/longitudinally polarized proton (pyy, pru,
pPLL> Pur) can be obtained in the general case within the
overlap representation. The numerical results of these
Wigner distributions are calculated using the LCWFs from

the meson-baryon fluctuation model. In the intermediate
calculation, the expression of the i and d quarks GTMD are
obtained. We also study the OAM and the spin-orbit
correlations of # and d quarks using the relation between
the Wigner distributions and GTMDs.

The remained part of the paper is organized as follows. In
Sec. II, we introduce the definition of the Wigner distri-
butions and their connection with GTMDs. In Sec. III, we
apply the overlap representation to obtain the expressions
of the Wigner distributions and GTMDs of the sea quarks.
In Sec. VI, we present the numerical results of the
unpolarized and longitudinally polarized Wigner distribu-
tions in the transverse position space, transverse momen-
tum space and mixed space. We summarize the paper
in Sec. V.

II. WIGNER DISTRIBUTIONS AND GTMDS

The Wigner distribution of partons inside a hadron can
be defined as the two-dimensional Fourier transforms of the
GTMDs. In the light-front framework, the five-dimensional
Wigner distribution is written as [21,23]

by Ve
pA/A(-x’bT,kT) = (2]7;)26 T TWA’A('X’AT’kT)’ (1)

where Ay is the momentum transfer from the initial state to
the final state in the transverse direction, and by is the
impact parameter in the position space conjugate to Ar.
Similar to the standard quark-quark correlation operator,
the generalized correlator W[r,]A (x,Ar,ky) at E=0 and a
fixed light-cone time is defined as

WEI\—"]A(xv AT7 kT)

dz=d’zy i _ z z
= iz (A (=2 ) T (=) | pA
[ Samet<tontin(=3)rww (3 Ion

b
7F=0

(2)

where W is the gauge link connecting the quark fields at
positions — £ and £ to ensure the color gauge invariance, pA
(p'\’) are the momenta and helicities of the initial (final)
state nucleon, P = (p + p’)/2 is the average four-momen-
tum of the nucleon, x = k™ /P is the average fraction of
the light-cone momentum carried by the active quark, I
represents the Dirac matrix structure. In this work we
take T = yT,yty>.

The generalized correlator in Eq. (2) can be parametrized
in terms of GTMDs [23]. At leading twist "' = y* or y*y°,
we have eight GTMDs defined as follows:
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+ 1 - ic' Tkl ic't A ic ki A
ka/l :mU(P/,A/) |:Fll T Fip + pr F14} U(p.A)
N AA! +iA? Ak' + ik?
= [Fn + 7 14] % [42]” (2F ;3= Fpy) + — F12] O_pAs 3)
s A P it Ski i+ SAI
WEJ\//AY ] :2MU( p.AN) [ l€M2 11 +10'P7; G+ & P}; Gis +i6+_y5G14] Ulp.A)
i(kK'AZ —k2A! Al +iAA? iIANK'A? —K2A! k' 4+ iAK?
= [—%Gu +AG14} Onn+ {7( 13 +%G11> +TG12] a4

where e/ = ¢+ and £°'2 = 1. The GTMDs F,,, F1,, F3, F14, in Eq. (3) describe the distribution for the unpolarized
quark, while the GTMDs Gy, G1,, G13, G4, in Eq. (4) describe those for the longitudinally polarized quark. They are
considered to be complex functions of the kinematical variables x, &, A%, ky - Ay, k2.

Using + (—) to denote the positive (negative) helicity of the proton, we can obtain the following expressions for the terms
in which the proton helicity is not flipped [43],

Fyy(x, Az, kr) :%[W[ D Arky) + WD (v, A Ky (5)
LR P Ar ) = 5 WY )3 A ) = W) A ), 5
kT;;zAT Gi(x, Ar.kr) = ;[W[Jmu ](x Ar.ky) + W) (x, A kep)], (7)
Gia(x, Ag. kr) = %[ wry ](X Ar.kr) - 5](X Ap.kr)l, (8)
and expressions for the helicity-flipped terms [43],
e I (N7 AN IO ©
b AT 4 8 0 - 1) = (AT - 02 W) — (a1 4 i)W (10
A G+ 5 AT G LAt —aan W (Al ity W, (1)
i(kT;;AT) <2ﬁ2G” _ G12> :%{(Al _ iAZ)WV 7] — (A4 lAz)W[j_y ]]' (12)

Using the notation in Eq. (1), one can define four Wigner
distributions. The first one is the Wigner distribution of the
unpolarized quark in the unpolarized target,

pru(x.br.kr) = [p++(x br.kr)—p 4 ](x’bT’kT)]v (14)

the third one is the Wigner distribution of the longitudinally
polarized quark in the unpolarized target,

1 g+ .
puv (v brder) =3 o) (b der) 92 (xbrkr)]. - (13)

1 4,5
PuL (x? bT’ kT) = 5 LO[erJr/ ](X, bT? kT)
the second one is the Wigner distribution of the unpolarized

4,5
quark in the longitudinally polarized target, +plr ]<vaT’kT)]’ (15)
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and the last one is the Wigner distribution of the longitu-
dinally polarized quark in the longitudinally polarized
target

1
pLL()@ bT,kT) = 5 [++

— pl 7N (x, by, k7). (16)

(.X' bT9 kT)

Finally, these Wigner distributions can be obtained from
the GTMDs,

puu(x,br.kr) = Fi1(x,0,k7, kr - br,b7), (17)
L
pru(x.br k) = M2 jkl ]—'14(x 0,k7,kr - br,b7),
(18)
1
puL(x,br.kr) = Mzerjkl o] 911(?‘ 0,k7.kr - by.b7),

(19)

pri(x.by.kr) = Gia(x.0.k7. ky - by, b7).  (20)
where X is the Fourier transform of the corresponding
GTMD X,

2A;
X(.x,bT,kT) - /‘Qe—lAThbTX(X,AT,kT). (21)

(27)?

III. SEA QUARK WIGNER DISTRIBUTIONS
OF THE PROTON IN THE
OVERLAP REPRESENTATION

In this section we present the calculation on the sea quark
Wigner distributions of the proton in the light-cone model
using the overlap representation. The light-cone formalism
has been widely recognized as a convenient way to
calculate the parton distribution functions of nucleon and
meson [44]. Within the light-cone approach, a hadronic
composite state can be expressed as LCWFs on the Fock-
state basis. The overlap representation has also been used to
study various form factors of the hadrons [45,46], anoma-
lous magnetic moment of the nucleon [45], TMDs [47,48]
as well as GPDs [32,49-51]. Recently, the overlap repre-
sentation of LCWFs has also been applied to calculate the
quark Wigner distributions [34,52]. Here we extend light-
cone formalism to calculate the Wigner distributions and
GTMDs of the sea quarks.

The baryon-meson fluctuation model [41] is adopted to
generate the degree of freedom of sea quark, in which the
proton can fluctuate to a composite system formed by a
meson M and a baryon B, where the meson is composed in
terms of ¢q,

|p) = IMB) = |qgB). (22)
In our work, we consider the fluctuation |p) — |z n) and
|p) = |7~ ATT). The corresponding LCWFs have the form
which have been derived in Ref. [42],

A A
Wi, 6 Y Kerrr) = i (vorp)y; g, (x. v ker.rp), - (23)

where y/jg (v, rr) can be viewed as the wave function of the
nucleon in terms 7B components, and Wi, (x,y,kp,rp) is
the pion wave function in terms of gg components. The
indices Ay, 4z, 44, 45, denote the helicity of the proton, the
baryon, the quark and the sea quark, respectively. x and y
represent their light-cone momentum fractions, k and ry
denote the transverse momenta of the antiquark and the
meson. For the former one of Eq. (23), they have the
expression,

vty =22 ?/i*l—_;y)Mdn,

wilrn) =

wi(y.rr) = \/ﬂ 1.

wo(y.rr) = (U=y)M — My _j)lMT; M b1, (24)

Here, M and My are the masses of proton and baryon,
respectively. ¢; is the momentum space wave function of
the bayron-meson Fock state,

g(r?)y/y(1 —y)

d1(y.rr) :—mv (25)

where m,, is the mass of 7 meson, g(r?) is the form factor
for the coupling of the nucleon-pion meson-baryon vertex,
and

L3(m3) = yMj +

(I=y)mz —y(1—y)M>. (26)

The latter one of Eq. (23) have the following expressions:

Wiy (X, y.kp,rp) = ————=0¢,,
x(y —x)
ky —iky) — x(ry —ir
vo_(x,y, kg, ry) :y( 1 2) (ry 2) .
x(y—x)
ki + ik x(ry +ir
W (x v, kT,rT) y( 1 2) ( 1 2) ¢2’
x(y —x)
—my
k) = — =gy @
x(y —x)
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where m is the mass of quark and the sea quark. Again,
¢y (x,y,ky,ry) is the momentum space wave function of
the |¢g) Fock state,

N

=i+ ) 2

¢2(X, y7kT’rT) ==

g(k?) is the form factor for the coupling of the pion meson-
quark sea-quark vertex, and

L3(m?) = §m2 + (1 —f> m2 =~ (1 _g)m,ﬁ. (29)

y

For the form factors g(r?) and g(k?), we adopt the dipolar
form,

r7 + Li(m3)

g(r*) = —g:(1 —)’)m7 (30)
X (kT——"T) + L3(m?)
o) =-0(1=3) i S e Y

In the overlap representation, the leading-twist general-
ized correlator can be expressed as

d2r7~ 1 dy
AA X kTaAT /1677

out out fout jout
XE :WiBi/l YR )
{4}

d’ry (ldy .
W[7 v ](x kr,Ap) = / 167; 751gn(/1,—])
Z l///IB X q xout, out’k%ut’r%ut)

{4}

o (k). (33)

where {1} = Ag,Ag: Az. The momentum fractions for the
final-state and initial-state antiquark g and the meson can
be expressed as

xout X—f xin:x+§

1-& 1+&
Om_y_—c_‘f in :y_—Hf 34
1T YT (34)

and
1

k(%ul = kT - 5 (1 - XOUt)AT,

k? =k += 5 (1 —x‘")AT, (35)

are the expressions for transverse momenta for the anti-
quark. Finally, the transverse momenta for the spectator
baryon and the quark has the form,

-yt = _rT+2(1 — y)Ar,
) 1
-y = _’T—§(1 - y)Ar,
1
(rr —kr)*" = (rr —kr) +§()’ —x)Ar,

. 1

(rr —kr)" = (rr —kr) - ) (y —x)Ar. (36)
Using the LCWFs in Eqgs. (24)—-(27) and the overlap

representation for the generalized correlator in Eqs. (32)—

(33), we get the results of the GTMDs of the sea quark in

Xll’ﬁ;/l,,zé (™, Y™ K, ), (32)| proton at & = 0,
gigs ['dy
Fri(x, Az ky) = 1 2/ /erT
Y=y =327 =1 (1 = y)* A7 + [Mp — (1 = y)MP|[(ky —3r7)? = 5 (1 —5)°A% + m’]
X X ’ (37)
Di(y.rr.Ar)Dy (5 ky —rr. Ag)
Flz(x’ AT9kT) = 07 (38)
kpy —2rp)? —1(1 = %)2A2 4+ m?]
9192/ d)’/ ( x)z[(T y'T 4 y) 2T
Fi3(x,Ar k d*r Ty 1- 1—-—=
u Arkr) = (=7 y D2<;_C7kT_§rT7AT)
M = )[(1 = )M = My] 15 = (1= 583 + My — (1 = y)MP] -
D\(y,rr,Ar) ’
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Fru(x Ag ky) glgz/ dy/ (1_5)2M2[(k _E"T)z_i(l_§)2A%+m2].rTxAT

H rokr) D (y»rTvAT)DZ( N rTyAT) kr x Ag’
d

G Ag ky) = glgz/ y/d2

y(1-y)(1 —§)3MZ[ %—71;(1 —V)*AF + [Mp — (1 = y)MP] (kr —f"T) X Ar

- , 40
Dl(yarTvAT)DZ(f_ka_frT’AT) kr x Ar “0)
d 3
Glz(x,AT,kT 1gg]g7:2/ y/dzr y 1— <1—§>

 AFRM(L=2)(My = (1= )M) =} +4(1 =287 = My = (L= y)MP] (ke =3re) XAr

D ()’J‘T,AT)DZ( kT__rTaAT) kr x Ar ’

Id
Glg(x AT’kT lgégz?’ y dzr y 1— (1—)

e ATZM(I V) (Mp=(1=y)M) =r3+5(1-y)’Aj = [Mp— (1-y)MP’] (kr—3rr)xA; (42)

D (}’J’T’AT)Dz(;,kT—;"TAT) krxAr
Gya(x, Ay ky) 9192/1dy/d2 y(I—y (1_‘) rr X Ar- (kT_érT)XAT (43)

i A T ! yvrT’AT)D2( kT__rT’AT) ,

where

D ar) = |(rr =50 =nar ) + 23] | (et 0= ) 3]

( ey — er,AT)—H(kr—gﬂ—%(1—%)ATTH%HKkT—;rT)+%<1—§>AT]Z+L%]Z. (44)

Similarly, the Wigner distributions for unpolarized/longitudinally polarized sea quarks in an unpolarized/longitudinally
polarized proton can be also calculated from the proton LCWFs within the overlap representation,

d°’r Id d’A S

P T ay T - +

(l]]/U / L / / iAg- br (WA;I‘,/L-, (xout’yout’k%ut out)lr,//IB/1 i ( ‘“,ym,klrn,l‘lrn)
{4}

YRR Y, (YRR ), (45)

+ ‘///1,,/1 2 (xo

d? Id d2A L
11/P _ / rr / ay / T e—ibrb T (1//};:1 . (xout’ yout’ k(%ut Om)y/ﬂgﬂ i ( in_yin, kl]rg’rlTn)
1677.' {/1} q9”q

— W;quﬁ ( out’ yout’k(%ut Om)l//lgl 2 ( , yin, ki;‘,riﬁ)), (46)
dry [1dy [dPA; _ o
‘I/P _ / 1677:T / / T lAT b751gn(/1 )Z(W}LB}W q( Out’ yout7k(%ut out)wls 2in ( in ym’ k?’r17r‘1)
{4}
+ W;Bth ,( out’ yout kout rout)y//{s 2y ( in’ yin’ ki}’,riT“)), (47)

d*r tdy d’A o
P T T —l 1 Ou oul oul Ooul 1n n 1n 11
ol = /167r / / A’b’SIgn(ﬂq)E (l///qu( Ly kg t)‘//,m,l( Y kT.rT)
2

’ yout’k%ut out)l///IB/1 % ( in_ yin’ ki}l,ri}l)). (48)

Ol.lt
s ¥

‘//,13/1
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Substituting the LCWFs of the proton into Egs. (45), (46), (47), and (48), we obtain the expressions for the Wigner
distributions in our model as follows:

gigy [dy A

p‘lI//(f(‘x7bTﬂkT) - (21]7:)25/ 7/Jer/JlAT€ lATbT

30 =3P =3P = 11 = y)83 + My = (1= Ml ~3rr) = (1 - 5743 + )
Di(y.rr.Ar)Dy(5 . ky —rr. Ag)

i 2R [1d . 1=y (1 =2 [(ky —2rr)* =5 (1=2)AF +m?] -rp x A
pzé}’u,br,kn:Eglg)"%/ Y[ | Pagearn IS =i 2at 7)) LR (s
T x Y

D (y’rT’AT)DZ( kT_frT’AT)
/ 1
P(IIJ/LP(xJ’TakT) = Eg%g;i-/ Q/({l"T/aﬂATe_iAT'bT
T x Y

o y(1-y)*(1 —§)3["% —3 (1 =y)AF + [Mp — (1 =y)M]?] - (kr —f"T) X Ar
Di(y.rr.Ar)Dy(5 ky —rr. Ag) ’

22 [1d . y(1 = )3(1_£)2'rTXAT'(kT_£rT)XAT
9192 Yy 2] —iAs-b y
Pl (x, by, k /—/er/dAe rbr . 52
LL( rkr) = (2”)5 y ! ! D (y7rTvAT)D2(y7kT_ rr. Ar) G2)

, (49)

(51)

As shown in the above four equations, the contributions to the sea-quark Wigner distributions contains two parts. One is

the distribution of the antiquark in the pion meson, the other is distribution of the pion meson in the proton. To quantitatively

demonstrate this connection, we also calculate the Wigner distributions p’[,/ b pz/f ) p‘{/{} ,and p{ U ', which have the following

expressions:

d’A
P vrrobr) =3 [ T e S o O, () g O, (5. )
Ap
_ 4 /dZATe_,-AT,bTy(l—y)z[r%—%(l—y)zA%wL[MB—(I—y)MW (53)
(27)? Di(y.rr.Ar)
/P b d AT —zA; by +% out yout in rm out jout),, — (4,0 in
prv (v.rr br) = ) (27)? Z(l//,lg (v )‘//,13( T)— Vi (g )WAB(Y N
Ap
) 3
_ g7 /dZA e—iAr'bry(l_y) 'rTXAT 54
A Di(yrrAp) 54)

[]/ﬂ X X
p _7kT__rT’bT>
v (y y

1 dQAT —iAg S
5/(2;;)26’ Arbrﬂz;wz(q’ﬂq(xln’ym’kl;l’r‘%‘)wﬂq.ﬁq(xollt,yout’k%ut’r(%ut)
9°"q

B[ pagernen Ui 20 g o -
! Dy (2 kg —%rp, Ap) ’
" * X 1 d2A —i 1n in in oul oul ou Ou!
p?j/L (y’kT _§rT’bT> :E/ﬁe Artrsign( q)ZWA ya (x", y", ke W, g, (XN YO R TR
= 192 /JZA e—ibrbr (1- ;) (kr — _rT) X Ar (56)
! Dz(f,kr =3 A7)

Comparmg Egs. (49), (53), and (55), one can find that p U/U can be approximately viewed as the convolution of p " and

p/E. Similar relations holds for pi/*, p™F and pi/F.
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TABLE I. Values of the parameters obtained from Ref. [42].
The errors of the parameters are also presented.

Parameters i d

g1 9.33 +0.217 5.79 £ 0.182
9 4.46 + 0.445 4.46 + 0.445
A, (GeV) 0.223 £ 0.006 0.223 £ 0.006
Az (GeV) 0.510 £0.029 0.510 £0.029

IV. NUMERICAL RESULTS FOR SEA-QUARK
WIGNER DISTRIBUTIONS

In this section, we present the numerical results for
the Wigner distributions of the sea quarks i and d. For the
parameters gy, g», Az, and A, in our model, we adopt the
values from Ref. [42], where g, and A, are fixed by
adopting the GRV leading-order (LO) parametrization [53]

to perform the fit for /" [or £ (x)]. The MSTW2008

LO parametrization [54] is adopted for f“/ P and fd/ F

obtain the values of the parameters g; and A;. The error
bars correspond to the uncertainties of the parametrization
at the 90% confidence level. The best values from the fits as
well as the errors of the parameters are shown in Table 1.

0.5F

ypUU/"(y by, b =0. 5GeV™!
o — — yp&5"" (v, by), by=1. 0GeV
' - yp&"? (3, by), by=2. 0GeV!

To visualize contribution of the antiquark distribution
inside the pion as well as the pion distribution inside the
proton, we numerically calculate the Wigner distributions

z/P n/P n T
PU/U pL/U > p?]/U’ and Pq/

In the upper panel of Fig. 1, we plot p7,/; (y, by) and
pUU P(y,by) as function of y at by = 0.5, 1.0, 2.0 GeV~!,
respectlvely In the lower panel of Fig. 1, we plot

pLU (y, by) and pLU (y, br) as function of y at different
values of by. We find that in both the cases of #~ and #™,
the size of ypyy and yp;, decreases with increasing br;
and the peak of each distribution move to lower-y regions
with the increase of by. The signs of the unpolarized
Wigner distribution and longitudinal-unpolarized Wigner
distribution of z™ in proton are consistent with the case of

7~ in proton. In Fig. 2, we plot p”/”( ,by) and p”/”( ,br)
at different values of by.

In order to show the x-dependence of the sea quark
Wigner distribution in the proton, in the left and right panels
of Fig. 3, we plotpq/P(x, by), pz/lf(x, br), p?J/LP(x,bT),and
pUF(x,by) vs x for g=1i and d at by =0.5, 1.0,
2.0 GeV~!, respectively. We find that in both the cases

of i and d, the pq/ " and pZ/LP are positive in the entire x

0.5F : : T :

— yo& /" (v, by), by=0. 5GeV !
o4 -~ yo&/" (v, by), by=1. 0GeV !
’ ~ 35" (v, by), by=2. 0GeV "

1.0 1.0
y y
T T 0. 12 T T T T
0.12F — yo5/" (v, b ) by=0. 56eV"! —— yp5/? (3, by), by=0. 5GeV™!
~ — yp 5P (y,by), b=1.0GeV ]  0.10F - — yo5/ (v, by), by=1. 0GeV !
0.10F - i + }
« yp /P (y,by), by=2. 0GeV ! -~ yp5"" (v, by), by=2. 0GeV !
0.08 F ]
0.06 F .
0.04F s :
-7 T~ -
7 ~
- 7 ~ ]
0.02 // ............................. S -
o T S~ -~
0. 00 1 , o . .
0.0 0.2 0.4 0.6 0.8
y

FIG. 1.
as functions of y at different values of by.

The Wigner distributions p;; (upper panel) and p; ;; (lower panel) of the z~ (left panel) and z* (right panel) inside the proton
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/3, ™ (x/3, by), b=0. 5GeV!
- — x/yp,/"(x/y, by), by=1. 0GeV [}
~ x/ypg/ ™ (x/y, by), by=2. 0GeV!

0.8

0.0 0.2 0.4 0.6 0.8 1.0
x/y

0.25T — x/yp,/ " (x/7, by), b;=0. 5GeV ]
- — x/yp /™ (x/y, by), by=1. 0GeV "
0.20F ~ x/yp,/ ™ (x/y, by), by=2. 0GeV ]

0.00

x/y

FIG. 2. The Wigner distributions pyy (left panel) and pyy;, (right panel) of the g inside the 7 as functions of 7 at different values of by.

/J) and pf /P are opposite.

Moreover, the x-dependence of xp?/F. xpIF xp¥/F  and

xp%/L varies with the change of by. To be specific, as by

increases, the peak of the curves shift from higher x to
lower x. In the case of by = 0.5 GeV~!, we also demon-
strate the uncertainties band of the Wigner distribution
calculated from the errors of the parameters listed in
Table 1. The numerical result shows that the uncertainty
band is around 25% of the distribution.

The Wigner distribution is a five-dimensional function of
by, by, ky, ky, x. In the following we study the case of
Wigner distributions in the transverse space, namely the
transverse-coordinate space (the impact-parameter space)
and the transverse-momentum space. The transverse
Wigner distributions can be obtained by integrating out
the longitudinal momentum fraction x,

region, while the signs of pz

plbr.kr) = /0 dip(e.by k). (57)

To extract more information from the Wigner distributions,
we also study the mixed transverse Wigner distributions

p(b,. ky), which is a probability density obtained by
integrating over b, and k,,

plbeky) = [ b, [ dkplbr.da),

In Fig. 4, we plot contour plots of the x-integrated
Wigner distribution p;;;; of the @ (left panel) and d (right
panel) quarks in the proton. The upper panel depicts the
distributions in the transverse momentum space with fixed
impact parameter b; = 0.3 GeV~! é,. The central panel
depicts the distributions in the impact parameter space with
fixed transverse momentum k; = 0.3 GeV é,. The lower
panel depicts the distributions in the mixed plane.

We can observe a left-right symmetry in Fig. 4 which
implies that the unpolarized sea quarks in unpolarized
proton have no preference for clockwise and anticlockwise

(58)

motion. Comparing the behaviors of the i and d quarks, we
find that p P and p UU in our model have positive maxima
atthecenter(k =k, =0),(b,=0b,=0), (b, =k, =0),
in the transverse momentum plane, transverse coordinate
plane and the mixed plane. We also note that the spread
behaviors of the distributions for & and d quarks are similar
in k7 and b7 space, that is, the distributions increase faster
in x-direction than in y- direction While we can clearly see

that the probability density pUU (b, ky) and p‘g]/LI,) (by. ky)

are extended more in b, than in k.
We also calculate the average quadrupole distortions
Q) (kr) and Q] (by) defined as follows:

fdsz 2bl bj - 5l]b2 )pUu(bT,kT)
fd brbipyy(br.kr) ’

fdsz 2kl k] - 61 k2 )ﬂUU(bT’kT)
fdszkTpUUa’Tva)

) (k) =

(br) =

(59)

They can be used to quantitatively estimate the distortion of
the unpolarized sea quarks in the nucleon. Numerical
calculation shows that, at k;= 0.3 GeV, Q,(k;) = 0.442
for the & quark and 0.307 for the d quark, respectively.
While at by = 0.3 GeV~!, Qy(by) = —1.535 for the u
quark and —1.326 for the d quark. Therefore, the distri-

butions p”/ and p?j/g in the transverse momentum plane as
well as the transverse impact parameter plane have dis-
tortions, which indicates the configuration by L k; is
favored rather than the configuration by || k7. These dis-
tortions are similar to the valence quark results calculated
using the light-cone constituent quark model (LCCQM)
[26] and chiral quark soliton model (yQSM) [21]. Our
results are different form the results in a light front quark-
diquark model where the light-front wave functions are
modeled from the soft-wall AdS/QCD prediction. [25].
In Fig. 5, we show the contour plots of the longitudinal-
unpolarized Wigner distribution p; ;; for the # (left panel)
and d (right panel) quarks. The upper panel shows the plots
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0. 40 T —— T 0. 40 T LI T
— prE/P (x, br) , by=0. 56eV" - XPUIE.II/P (x, bT) » by=0. 5GeV™!
0 32 F xo" (5, by), br=1.06eV Y 1 ool %oy P (%, by) , by=1. 06eV| ]
......... x0/F (x, by) , by=2. 0GeV"! s xppd/P (%, by) , by=2. 0GeV !

0.00 0.00
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
X X
0.010 " — ; 0.012 . —— .
— /" (x, by),, by=0. 5GeV ! — x0, ¢ (x, by),, by=0. 5GeV !
0008 b xp /P (x,by), by=1. 0GeVY[ ] 0.010F xp. P (x, by) , by=1. 0GeV | ]
--------- x08/" (%, by), by=2. 0GeV! - xpd/® (%, by) , by=2. 0GeV!
0.008F  / : ]
0.006 | .
0.006 | ]
0. 004 1
0.004
0.002 1 0 002
0. 000 D : 0. 000
0. 0.4 0.6 0.8 0.
X
0.00 0.000 [
-0.01 !
-0. 009
-0.02
0.03 -0.018
0-01¢ ‘ 1 -o.0orf -/ 1
—0.05F —— /" (x, by) , by=0. 5GeV Y| ] 204" (x, by) , by=0. 5GeV!
_o.66E xp/? (x, by) , b=1. 0GeV!| 0.036 x0," (x, by) , by=1. 0Gev!| ]
--------- xp,/% (x, by) , by=2. 0GeV™! e xp P (x, by) 5 by=2. 0GeV!
-0.07 ' : . -0. 045 ' : :
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
X X
0.20 . —— . 0.24 . —— ;
x0,%/" (x, by), by=0. 5GeV™! — x0,/" (x, by), by=0. 5GeV!
0. 16 27 (%, by), b=l 06ev ] 0-20F x0,? (x, by) , by=1. 0GeV!| ]
~~~~~~~~~ x0.2" (x,by), by=2. 0GeV™! 016 s 30y 8P (%, by) , by=2. 0GeV ™!

0.0 0.2 0.4 0.6 0.8

FIG.3. The Wigner distributions py/, pru» puL. and p; ;. of the & (left panel) and d (right panel) quarks in the proton as functions of x
at different values of hy. The uncertainty bands of the Wigner distribution at by = 0.5 GeV~! are also shown.
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FIG. 4. The Wigner distribution p; of the & (left panel) and d (right panel) quarks in the proton. The upper panel depicts the
distributions in the transverse momentum space with fixed impact parameter by = 0.3 GeV~! é,. The central panel depicts the
distributions in the impact parameter space with fixed transverse momentum k = 0.3 GeV &,. The lower panel depicts the distributions

in the mixed plane.

in the kp-space with fixed impact parameter b; =
0.3 GeV~! ¢, the central panel shows the plots in the
br-space with fixed transverse momentum k; = 0.3 GeV
e, respectively. There are dipole structures of # and d
quarks in the kr-space or in the by-space. The signs of the
polarities for pz/f and pi/f are the same in the ky-space or
in the by-space. Particularly, the distributions are positive in

k. < Oregion and are negative in k, > 0 region, while they
are negative in b, < 0 region and are positive in b, > 0
region. The lower panel shows the mixed Wigner distri-
bution pz/,f (by. ky) and depicts a quadrupole structure for
both the @ and d quarks. These multipole structures are due

to the explicit factor eiTj iTabij in Eq. (18) which breaks the
T

left-right symmetry and implies that the net OAM of the sea
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FIG. 5. Similar to Fig. 4, but for the Wigner distribution p;, of the @ (left panel) and d (right panel) quarks in the proton.

quark is nonzero. The average sea quark OAM in a proton
polarized in the z-direction can be written as

fg/P - /dxdszdeT(bT X kT)zp[y+]5/P(x’bT’kT)

:/dxdszdsz(bTXkT)z
x [p¥ (x.br k) + p¥l) (x.br ker)]. (60)

If kr and by are integrated out for p?]/,ﬁ, the result is
zero, which means that the total angular momentum of

constituents sum up to zero in an unpolarized nucleon.
Then the sea quark OAM can be written in terms of
GTMDs as

A" = /dxaadesz(bT x kr).pfy) (x. by . ky)
K2 o
:-/dxdszﬁTzF‘fﬁ (x.0,k2.,0,0). (61)

Numerical calculation yields #%/7 =0.027 and #%/" =0.051,
which are positive for both the & and d quarks. This indicates
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FIG. 6. Similar to Fig. 4, but for the Wigner distribution p,; of the @ (left panel) and d (right panel) quarks in the proton.

the sea quark OAM is parallel to the proton spin for both the #
and d quarks in our model.

In Fig. 6 we show the contour plots of the unpolarized-
longitudinal Wigner distribution py; (b, k7) and the mixed
distributions py; (b, k,) for the @ (left panel) and d (right
panel) quarks. Similar to the longitudinal-unpolarized
Wigner distribution, py; (b7, kr) also has dipolar structures
in both the k7-space and in the by-space. However, the sign
of py; is opposite to that of p; ;. In the lower panel, we can

observe that the mixed Wigner distribution p?]/f (by. ky) has
a quadrupole structure. Again, the multipole structure is

due to the factor eiTjkiTm)ij in Eq. (19) which essentially
T

reflects quark spin-orbit correlations. The correlation
between the longitudinal spin and the OAM of the sea
quarks can be defined as

ci/r — / dxd’kyd®br (b, x k) pl] (x.kr.br)

KB
- / dxd2kTﬁT2G‘{{P(x, 0,k%,0,0). (62)

094016-13



XIAOYAN LUAN and ZHUN LU

PHYS. REV. D 109, 094016 (2024)

PLE/P (by, ky)
T T T 0.364
0.9 b
0.303
0.6 b
0.243
0.3 b
~
-
()
S 0.0F 1 0.182
N
B
o
0.3 0.121
-0.6 b
0.061
-0.9F b
. . . . . . . 0.000
-0.9 -0.6 -0.3 0.0 0.3 0.6 0.9
k (GeV)
PLE/P (by, kp)
T T 0.356
0.9 1
0.298
0.6 b
0.240
—~ 0.3F b
3 0.0 B 0.182
&
FD>-
0.3 T 0.123
-0.6 N
0.065
-0.9 b
0.007
-0.9 -0.6 -0.3 0.0 0.3 0.6 0.9
b, (Gev'?)
pLE/P (bx’ ky)
T T T 0.860
0.707
0.553
0.400
0.247
0.093
. . . . . . . 0,060

-0.9 -0.6 -0.3 0.0 0.3 0.6 0.9
b, (GeV™")

po/P (by, ky)
T T T 0.488
0.9 b
0. 407
0.6 b
0.325
0.3F b
~
-
[0
S 0.0F R 0.244
&
>
d
0.3 0.163
-0.6 b
0.081
-0.9F b
. . . . . . . 0.000
-0.9 -0.6 -0.3 0.0 0.3 0.6 0.9
k, (GeV)
P (b, ky)
PLL 1 K7
T T T 0. 446
oy, Y
0.374
0.6
0.302
—~ 0.3F
3 0.0 0.230
N
,.Q>‘
“0.3F 0.158
-0.6 |
0.086
0.9
0.014
-0.9 -0.6 -0.3 0.0 0.3 0.6 0.9
b, (GeVh)
pLg/P (bx’ ky)
T T T 1.000
0.823
0.647
~
=
L
> 0.470
N
=
=
0.293
0.117
. . . . . . 0. 060

:
-0.9 -0.6 -0.3 0.0 0.3 0.6 0.9
b, (GeV™")

FIG. 7. Similar to Fig. 4, but for the Wigner distribution p;; of the & (left panel) and d (right panel) quarks in the proton.

Numerical calculation shows that both the sea quarks
have negative spin-orbit correlation C?/ P'— _0.245 and
Cf/ P = -0.394, which implies the sea quark spin and
OAM tend to be antialigned.

In Fig. 7 we plot the longitudinal-longitudinal Wigner
distributions p;; for the @ (left panel) and d (right panel)
quarks in a way similar to Fig. 4. These distributions
describe the phase-space distributions of longitudinal
polarized quark in a longitudinal polarized proton, and
correspond to the axial charge (Ag) of the nucleon after

integrating over transverse variables. We find the distribu-
tions of both & and d quarks are positive, which implies the
signs of A%z and Ad are positive. For the mixed Wigner
distribution, a sign change is observed in large b, or k,.
This kind of sign change is also found in the longitudinal-
longitudinal Wigner distributions of quarks [21,30].

V. CONCLUSION

In this work, we studied the five-dimensional Wigner
distributions of sea quarks in the proton using a light-cone

094016-14



WIGNER DISTRIBUTIONS OF SEA QUARKS IN THE LIGHT- ...

PHYS. REV. D 109, 094016 (2024)

model, in which the Wigner distributions and the GTMDs
can be expressed as the overlap of LCWFs. To generate the
sea quark degree of freedom, we treated the Fock state of
proton as a composite system formed by a pion meson and
a baryon, where the pion meson is composed in terms of
qq. We numerically calculated the four Wigner distribu-
tions pyy, Prus PuL» and py; of the & and d quarks in the
transverse momentum space and the transverse position
space within the overlap representation. Distortions can be
found in the distributions p;; and p,; of the & and d
quarks. Particularly, the dipole structures have been
observed in p; (b7, ky) and pyy (br, ky); and the quadru-
pole structures have been observed in the mixing distri-
butions p; (b, k) and py; (b,.k,). The polarities of the
multipole structures in p; ;; are opposite to those in the py; .

The result of the averaged quadrupole distortions Q) (kr)

and Q;'(j (b7) indicates that the configuration by L ky is
favored rather than by || k7, which is similar to the results
for the valence quarks calculated from the light-cone
constituent quark model and chiral quark soliton model.
We also evaluated the spin-orbit correlation C, and the
OAM of the it and d quarks using the relation between
Wigner distributions and GTMDs. The study on sea-quark
Wigner distributions may provide useful information about
the sea quarks in proton as well as improve our under-
standing on the multidimensional image of the proton in the
quantum phase space.
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