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We investigate the Wigner distributions of ū and d̄ quarks in a proton using the overlap representation
within the light cone formalism. Using the light-cone wave functions which are obtained from the baryon-
meson fluctuation model in terms of the jqq̄Bi Fock states, we calculate the Wigner distributions for the
unpolarized/longitudinally polarized sea quarks in an unpolarized/longitudinally polarized proton. The
Wigner distributions can be obtained through a Fourier transform on the generalized transverse-momentum
dependent parton distributions (GTMDs). We also calculate the GTMDs of ū and d̄ quarks in the
intermediate step. Numerical results for theWigner distributions of ū and d̄ quarks in transverse momentum
space, impact parameter space and the mixed plane are presented. We also study the orbital angular
momentum and the spin-orbit correlations of the sea quarks.
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I. INTRODUCTION

Understanding the internal structures of hadrons in terms
of quarks and gluon is one of the main goals of QCD and
hadronic physics. In order to describe the inclusive process
with one hadron in the initial state, the parton distribution
function (PDF) fi=hðxÞ, which represents the probability
density of parton i in a hadron h with the longitudinal
momentum fraction x, was first introduced by Feynman [1].
Although very successful, PDFs can only describe partonic
structure of hadrons in one dimension. In the last three
decades, a much more comprehensive picture on the
nucleon structure has been developed [2–6], and the
transverse momentum dependent distributions (TMDs)
play the central role. TMDs fðx; k⊥Þ not only depend on
the longitudinal momentum fraction x, but also depend on
the parton transverse momentum k⊥ with respect to the
hadron, therefore they allow a three-dimensional descrip-
tion of parton structure in momentum space. TMD dis-
tributions naturally enter the description of semi-inclusive
deep inelastic scattering and Drell-Yan process in which
two hadrons are involved.
Apart from TMDs, in the off-forward region a new type

of nucleon structure—the so-called generalized parton
distributions (GPDs) [7–15]—emerge. It is the extension
of the ordinary PDF from the forward-scattering region to
the off-forward scattering region. Therefore, GPDs are

natural observables appearing in various exclusive proc-
esses in which the target receives a recoil momentum Δ,
such as the deeply virtual Compton scattering (DVCS)
γ�hðpÞ → γhðp0Þ and the hard exclusive production of
meson γ�h1ðpÞ → Mh2ðp0Þ. Except x, GPDs also depend
on the momentum transfer squared t ¼ Δ2 and the longi-
tudinal fraction ξ ¼ Δþ=Pþ of the transferred momentum.
Particularly, Fourier transforming GPDs with respect to the
transverse component of Δ yields the impact-parameter
dependent distributions (IPDs) [16–18], fðx; b2⊥Þ, with b⊥
the impact parameter conjugate to Δ⊥. IPDs thus provide
useful information on the parton tomography in hadrons;
distributions of parton in the transverse coordinate space at
a fixed x.
A more fundamental understanding of the partonic

structure of the nucleon can be gained by combining the
distributions in momentum space and in position space. For
this purpose, the Wigner distributions of quarks and gluons
inside the nucleon [19,20] proposed and has been exten-
sively studied in recent years. The original Wigner dis-
tributions for the nucleon are six-dimensional phase-space
distributions, which provide a joint transverse momentum
space (3D) and transverse position space (3D) about
partons in the nucleon. Therefore, they encode far more
information on the partonic structure of the nucleon than
the standard parton distribution functions do. A very useful
phase-space distribution for describing a fast mov-
ing hadron (or in the infinite-momentum frame) is the
five-dimensional Wigner distribution [21], denoted by
Wðx; k⊥; b⊥Þ. On the one hand, the Wigner distributions
reduce to the IPDs after integrating over transverse
momenta. On the other hand, they reduce to TMDs after
integrating over the transverse impact parameters. The
Wigner distributions cannot be directly measured because
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of the uncertainty principle which presents the position and
momentum of a quantum-mechanical system cannot be
simultaneously determined. Furthermore the Wigner dis-
tributions are usually recognized as quasidistribution func-
tions which are in general not positive definite and have no
probability interpretations. However, after integrating
over several variables, a reduced Wigner distribution can
become positive definite.
Through Fourier transform, the Wigner distributions are

related to the generalized transverse momentum dependent
parton distributions (GTMDs), which are often considered
as the “mother distribution” for the TMDs and the GPDs
[14,19,20]. GTMDs are functions of the light-cone momen-
tum fraction, the transverse momentum of the parton as
well as the transverse momentum transfer to the nucleon,
and are obtained from the generalized parton correlation
functions (GPCFs) [22,23] by integrating over the minus
component of the parton momentum. Furthermore, the
orbital angular momentum (OAM) of a parton as well as the
spin-orbit correlations can be extracted from the Wigner
distributions by taking the phase-space average [21,24,25].
In recent years, the Wigner distributions of the valence

quarks [21,24–35] and gluon [36–39] in the nucleon have
been studied in various models. In Refs. [21,26], the five-
dimensional Wigner distributions Wðx; k⊥; b⊥Þ were cal-
culated in the light-cone chiral-quark soliton model and the
light-cone constituent quark model. Besides, the light-front
dressed quark model [27,28,36], the spectator (diquark)
model [29–31,31,32,32], the light-cone quark-diquark
model [24,25] were applied to calculate the Wigner
distribution of the proton. The light-cone quark model
[34] was also used to calculate the Wigner distributions of
the pion meson. However, the Wigner distribution of the
sea quarks are less studied compared to those of the quarks
and gluon.
In this paper, we apply the light-cone quark model

to calculate the five-dimensional Wigner distributions
ρðx; bT; kTÞ of the ū and d̄ quarks. As pointed out in
Ref. [21], the light-cone formalism is a suitable approach
for studying Wigner distributions, since in leading twist the
Wigner distributions can be expressed as the overlap
integration of hadronic light-cone wave functions [40].
To generate the sea quark degree freedom, we applied the
meson-baryon fluctuation model proposed in Refs. [41]. In
this model, the proton has the possibility to fluctuate into a
composite state with a meson M and a baryon B, and
consequently the mesonM contains the qq̄ Fock states. The
light-cone wave functions (LCWFs) of the proton thus may
be derived in terms of the jqq̄Bi Fock states, as calculated
in Ref. [42]. The expressions of the Wigner distributions of
the unpolarized/longitudinally polarized sea quarks in an
unpolarized/longitudinally polarized proton (ρUU, ρLU,
ρLL, ρUL) can be obtained in the general case within the
overlap representation. The numerical results of these
Wigner distributions are calculated using the LCWFs from

the meson-baryon fluctuation model. In the intermediate
calculation, the expression of the ū and d̄ quarks GTMD are
obtained. We also study the OAM and the spin-orbit
correlations of ū and d̄ quarks using the relation between
the Wigner distributions and GTMDs.
The remained part of the paper is organized as follows. In

Sec. II, we introduce the definition of the Wigner distri-
butions and their connection with GTMDs. In Sec. III, we
apply the overlap representation to obtain the expressions
of the Wigner distributions and GTMDs of the sea quarks.
In Sec. VI, we present the numerical results of the
unpolarized and longitudinally polarized Wigner distribu-
tions in the transverse position space, transverse momen-
tum space and mixed space. We summarize the paper
in Sec. V.

II. WIGNER DISTRIBUTIONS AND GTMDS

The Wigner distribution of partons inside a hadron can
be defined as the two-dimensional Fourier transforms of the
GTMDs. In the light-front framework, the five-dimensional
Wigner distribution is written as [21,23]

ρ½Γ�Λ0Λðx; bT; kTÞ ¼
Z

d2ΔT

ð2πÞ2 e
−iΔT ·bTW½Γ�

Λ0Λðx;ΔT; kTÞ; ð1Þ

where ΔT is the momentum transfer from the initial state to
the final state in the transverse direction, and bT is the
impact parameter in the position space conjugate to ΔT .
Similar to the standard quark-quark correlation operator,

the generalized correlator W½Γ�
Λ0Λðx;ΔT; kTÞ at ξ ¼ 0 and a

fixed light-cone time is defined as

W½Γ�
Λ0Λðx;ΔT; kTÞ

¼
Z

dz−d2zT
2ð2πÞ3 eik·zhp0Λ0jψ̄

�
−
z
2

�
ΓWψ

�
z
2

�
jpΛi

����
zþ¼0

;

ð2Þ

where W is the gauge link connecting the quark fields at
positions − z

2
and z

2
to ensure the color gauge invariance, pΛ

(p0Λ0) are the momenta and helicities of the initial (final)
state nucleon, P ¼ ðpþ p0Þ=2 is the average four-momen-
tum of the nucleon, x ¼ kþ=Pþ is the average fraction of
the light-cone momentum carried by the active quark, Γ
represents the Dirac matrix structure. In this work we
take Γ ¼ γþ; γþγ5.
The generalized correlator in Eq. (2) can be parametrized

in terms of GTMDs [23]. At leading twist Γ ¼ γþ or γþγ5,
we have eight GTMDs defined as follows:
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W½γþ�
Λ0Λ ¼ 1

2M
Ūðp0;Λ0Þ

�
F11 þ

iσiþki

Pþ F12 þ
iσiþΔi

Pþ F13 þ
iσijkiΔj

M2
F14

�
Uðp;ΛÞ

¼
�
F11 þ

iΛϵijkiΔj

M2
F14

�
δΛ0Λ þ

�
ΛΔ1 þ iΔ2

2M
ð2F13 − F11Þ þ

Λk1 þ ik2

M
F12

�
δ−Λ0Λ; ð3Þ

W½γþγ5�
Λ0Λ ¼ 1

2M
Ūðp0;Λ0Þ

�
−
iϵijkiΔj

M2
G11þ

iσiþγ5ki

Pþ G12þ
iσiþγ5Δi

Pþ G13þ iσþ−γ5G14

�
Uðp;ΛÞ

¼
�
−
iðk1Δ2−k2Δ1Þ

M2
G11þΛG14

�
δΛ0Λþ

�
Δ1þ iΛΔ2

M

�
G13þ

iΛðk1Δ2−k2Δ1Þ
2M2

G11

�
þk1þ iΛk2

M
G12

�
δ−Λ0Λ: ð4Þ

where εij ¼ ε−þij and ε0123 ¼ 1. The GTMDs F11, F12, F13, F14, in Eq. (3) describe the distribution for the unpolarized
quark, while the GTMDs G11, G12, G13, G14, in Eq. (4) describe those for the longitudinally polarized quark. They are
considered to be complex functions of the kinematical variables x; ξ;Δ2

T; kT · ΔT; k2T .
Usingþ (−) to denote the positive (negative) helicity of the proton, we can obtain the following expressions for the terms

in which the proton helicity is not flipped [43],

F11ðx;ΔT; kTÞ ¼
1

2
½W½γþ�

þþðx;ΔT; kTÞ þW½γþ�
−− ðx;ΔT; kTÞ�; ð5Þ

i
kT × ΔT

M2
F14ðx;ΔT; kTÞ ¼

1

2
½W½γþ�

þþðx;ΔT; kTÞ −W½γþ�
−− ðx;ΔT; kTÞ�; ð6Þ

−i
kT × ΔT

M2
G11ðx;ΔT; kTÞ ¼

1

2
½W½γþγ5�

þþ ðx;ΔT; kTÞ þW½γþγ5�
−− ðx;ΔT; kTÞ�; ð7Þ

G14ðx;ΔT; kTÞ ¼
1

2
½W½γþγ5�

þþ ðx;ΔT; kTÞ −W½γþγ5�
−− ðx;ΔT; kTÞ�; ð8Þ

and expressions for the helicity-flipped terms [43],

−i
kT × ΔT

M
F12 ¼

1

2
½ððΔ1 − iΔ2ÞW½γþ�

−þ þ ðΔ1 þ iΔ2ÞW½γþ�
þ− �; ð9Þ

kT · ΔT

M
F12 þ

Δ2
T

2M
ð2F13 − F11Þ ¼

1

2
½ððΔ1 − iΔ2ÞW½γþ�

−þ − ðΔ1 þ iΔ2ÞW½γþ�
þ− �; ð10Þ

Δ2
T

M
G13 þ

kT · ΔT

M
G12 ¼

1

2
½ððΔ1 − iΔ2ÞW½γþγ5�

−þ þ ðΔ1 þ iΔ2ÞW½γþγ5�
þ− �; ð11Þ

iðkT × ΔTÞ
M

�
Δ2

T

2M2
G11 − G12

�
¼ 1

2
½ðΔ1 − iΔ2ÞW½γþγ5�

−þ − ðΔ1 þ iΔ2ÞW½γþγ5�
þ− �: ð12Þ

Using the notation in Eq. (1), one can define four Wigner
distributions. The first one is the Wigner distribution of the
unpolarized quark in the unpolarized target,

ρUUðx;bT;kTÞ¼
1

2
½ρ½γþ�þþðx;bT;kTÞþρ½γþ�−− ðx;bT;kTÞ�; ð13Þ

the second one is the Wigner distribution of the unpolarized
quark in the longitudinally polarized target,

ρLUðx;bT;kTÞ¼
1

2
½ρ½γþ�þþðx;bT;kTÞ−ρ½γþ�−− ðx;bT;kTÞ�; ð14Þ

the third one is the Wigner distribution of the longitudinally
polarized quark in the unpolarized target,

ρULðx; bT; kTÞ ¼
1

2
½ρ½γþγ5�þþ ðx; bT; kTÞ

þ ρ½γþγ5�−− ðx; bT; kTÞ�; ð15Þ
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and the last one is the Wigner distribution of the longitu-
dinally polarized quark in the longitudinally polarized
target

ρLLðx; bT; kTÞ ¼
1

2
½ρ½γþγ5�þþ ðx; bT; kTÞ

− ρ½γþγ5�−− ðx; bT; kTÞ�: ð16Þ

Finally, these Wigner distributions can be obtained from
the GTMDs,

ρUUðx; bT; kTÞ ¼ F 11ðx; 0; k2T; kT · bT; b2TÞ; ð17Þ

ρLUðx; bT; kTÞ ¼ −
1

M2
ϵijT k

i
T

∂

∂bjT
F 14ðx; 0; k2T; kT · bT; b2TÞ;

ð18Þ

ρULðx; bT; kTÞ ¼
1

M2
ϵijT k

i
T

∂

∂bjT
G11ðx; 0; k2T; kT · bT; b2TÞ;

ð19Þ

ρLLðx; bT; kTÞ ¼ G14ðx; 0; k2T; kT · bT; b2TÞ; ð20Þ

where X is the Fourier transform of the corresponding
GTMD X,

Xðx; bT; kTÞ ¼
Z

d2ΔT

ð2πÞ2 e
−iΔT ·bTXðx;ΔT; kTÞ: ð21Þ

III. SEA QUARK WIGNER DISTRIBUTIONS
OF THE PROTON IN THE

OVERLAP REPRESENTATION

In this section we present the calculation on the sea quark
Wigner distributions of the proton in the light-cone model
using the overlap representation. The light-cone formalism
has been widely recognized as a convenient way to
calculate the parton distribution functions of nucleon and
meson [44]. Within the light-cone approach, a hadronic
composite state can be expressed as LCWFs on the Fock-
state basis. The overlap representation has also been used to
study various form factors of the hadrons [45,46], anoma-
lous magnetic moment of the nucleon [45], TMDs [47,48]
as well as GPDs [32,49–51]. Recently, the overlap repre-
sentation of LCWFs has also been applied to calculate the
quark Wigner distributions [34,52]. Here we extend light-
cone formalism to calculate the Wigner distributions and
GTMDs of the sea quarks.
The baryon-meson fluctuation model [41] is adopted to

generate the degree of freedom of sea quark, in which the
proton can fluctuate to a composite system formed by a
mesonM and a baryon B, where the meson is composed in
terms of qq̄,

jpi → jMBi → jqq̄Bi: ð22Þ

In our work, we consider the fluctuation jpi → jπþni and
jpi → jπ−Δþþi. The corresponding LCWFs have the form
which have been derived in Ref. [42],

ψλN
λBλqλq̄

ðx; y; kT; rTÞ ¼ ψλN
λB
ðy; rTÞψλqλq̄ðx; y; kT; rTÞ; ð23Þ

where ψλN
λB
ðy; rTÞ can be viewed as the wave function of the

nucleon in terms πB components, and ψλqλq̄ðx; y; kT; rTÞ is
the pion wave function in terms of qq̄ components. The
indices λN , λB, λq, λq̄, denote the helicity of the proton, the
baryon, the quark and the sea quark, respectively. x and y
represent their light-cone momentum fractions, kT and rT
denote the transverse momenta of the antiquark and the
meson. For the former one of Eq. (23), they have the
expression,

ψþ
þðy; rTÞ ¼

MB − ð1 − yÞMffiffiffiffiffiffiffiffiffiffiffi
1 − y

p ϕ1;

ψþ
−ðy; rTÞ ¼

r1 þ ir2ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p ϕ1;

ψ−þðy; rTÞ ¼
r1 − ir2ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p ϕ1;

ψ−
−ðy; rTÞ ¼

ð1 − yÞM −MBffiffiffiffiffiffiffiffiffiffiffi
1 − y

p ϕ1; ð24Þ

Here, M and MB are the masses of proton and baryon,
respectively. ϕ1 is the momentum space wave function of
the bayron-meson Fock state,

ϕ1ðy; rTÞ ¼ −
gðr2Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

yð1 − yÞp
r2T þ L2

1ðm2
πÞ

; ð25Þ

where mπ is the mass of π meson, gðr2Þ is the form factor
for the coupling of the nucleon-pion meson-baryon vertex,
and

L2
1ðm2

πÞ ¼ yM2
B þ ð1 − yÞm2

π − yð1 − yÞM2: ð26Þ

The latter one of Eq. (23) have the following expressions:

ψþþðx; y; kT; rTÞ ¼
myffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xðy − xÞp ϕ2;

ψþ−ðx; y; kT; rTÞ ¼
yðk1 − ik2Þ − xðr1 − ir2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xðy − xÞp ϕ2;

ψ−þðx; y; kT; rTÞ ¼
yðk1 þ ik2Þ − xðr1 þ ir2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xðy − xÞp ϕ2;

ψ−−ðx; y; kT; rTÞ ¼
−myffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðy − xÞp ϕ2; ð27Þ
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where m is the mass of quark and the sea quark. Again,
ϕ2ðx; y; kT; rTÞ is the momentum space wave function of
the jqq̄i Fock state,

ϕ2ðx; y; kT; rTÞ ¼ −
gðk2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
y ð1 − x

yÞ
q

ðkT − x
y rTÞ2 þ L2

2ðm2Þ ; ð28Þ

gðk2Þ is the form factor for the coupling of the pion meson-
quark sea-quark vertex, and

L2
2ðm2Þ ¼ x

y
m2 þ

�
1 −

x
y

�
m2 −

x
y

�
1 −

x
y

�
mπ

2: ð29Þ

For the form factors gðr2Þ and gðk2Þ, we adopt the dipolar
form,

gðr2Þ ¼ −g1ð1 − yÞ r2T þ L2
1ðm2

πÞ
½r2T þ L2

1ðΛ2
πÞ�2

; ð30Þ

gðk2Þ ¼ −g2
�
1 −

x
y

� ðkT − x
y rTÞ2 þ L2

2ðm2Þ
½ðkT − x

y rTÞ2 þ L2
2ðΛ2

q̄Þ�2
: ð31Þ

In the overlap representation, the leading-twist general-
ized correlator can be expressed as

W½γþ�
Λ0Λðx; kT;ΔTÞ ¼

Z
d2rT
16π3

Z
1

x

dy
y

×
X
fλg

ðψΛ0⋆
λBλqλq̄

ðxout; yout; koutT ; routT Þ

×ψΛ
λBλqλq̄

ðxin; yin; kinT ; rinT ÞÞ; ð32Þ

W½γþγ5�
Λ0Λ ðx; kT;ΔTÞ ¼

Z
d2rT
16π3

Z
1

x

dy
y
signðλq̄Þ

×
X
fλg

ðψΛ0⋆
λBλqλq̄

ðxout; yout; koutT ; routT Þ

× ψΛ
λBλqλq̄

ðxin; yin; kinT ; rinT ÞÞ: ð33Þ

where fλg ¼ λB; λq; λq̄. The momentum fractions for the
final-state and initial-state antiquark q̄ and the meson can
be expressed as

xout ¼ x − ξ

1 − ξ
; xin ¼ xþ ξ

1þ ξ
;

yout ¼ y − ξ

1 − ξ
; yin ¼ yþ ξ

1þ ξ
; ð34Þ

and

koutT ¼ kT −
1

2
ð1 − xoutÞΔT;

kinT ¼ kT þ 1

2
ð1 − xinÞΔT; ð35Þ

are the expressions for transverse momenta for the anti-
quark. Finally, the transverse momenta for the spectator
baryon and the quark has the form,

−routT ¼ −rT þ 1

2
ð1 − yÞΔT;

−rinT ¼ −rT −
1

2
ð1 − yÞΔT;

ðrT − kTÞout ¼ ðrT − kTÞ þ
1

2
ðy − xÞΔT;

ðrT − kTÞin ¼ ðrT − kTÞ −
1

2
ðy − xÞΔT: ð36Þ

Using the LCWFs in Eqs. (24)–(27) and the overlap
representation for the generalized correlator in Eqs. (32)–
(33), we get the results of the GTMDs of the sea quark in
proton at ξ ¼ 0,

F11ðx;ΔT; kTÞ ¼
g21g

2
2

8π3

Z
1

x

dy
y

Z
d2rT

×
yð1 − yÞ2ð1 − x

yÞ2½r2T − 1
4
ð1 − yÞ2Δ2

T þ ½MB − ð1 − yÞM�2�½ðkT − x
y rTÞ2 − 1

4
ð1 − x

yÞ2Δ2
T þm2�

D1ðy; rT;ΔTÞD2ðxy ; kT − x
y rT;ΔTÞ

; ð37Þ

F12ðx;ΔT; kTÞ ¼ 0; ð38Þ

F13ðx;ΔT; kTÞ ¼
g21g

2
2

16π3

Z
1

x

dy
y

Z
d2rTyð1 − yÞ2

�
1 −

x
y

�
2 ½ðkT − x

y rTÞ2 − 1
4
ð1 − x

yÞ2Δ2
T þm2�

D2ðxy ; kT − x
y rT;ΔTÞ

×
½2Mð1 − yÞ½ð1 − yÞM −MB� þ r2T − 1

4
ð1 − yÞ2Δ2

T þ ½MB − ð1 − yÞM�2�
D1ðy; rT;ΔTÞ

; ð39Þ
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F14ðx;ΔT; kTÞ ¼
g21g

2
2

8π3

Z
1

x

dy
y

Z
d2rT

yð1 − yÞ3ð1 − x
yÞ2M2½ðkT − x

y rTÞ2 − 1
4
ð1 − x

yÞ2Δ2
T þm2�

D1ðy; rT;ΔTÞD2ðxy ; kT − x
y rT;ΔTÞ

·
rT × ΔT

kT × ΔT
;

G11ðx;ΔT; kTÞ ¼ −
g21g

2
2

8π3

Z
1

x

dy
y

Z
d2rT

×
yð1 − yÞ2ð1 − x

yÞ3M2½r2T − 1
4
ð1 − yÞ2Δ2

T þ ½MB − ð1 − yÞM�2�
D1ðy; rT;ΔTÞD2ðxy ; kT − x

y rT;ΔTÞ
·
ðkT − x

y rTÞ × ΔT

kT × ΔT
; ð40Þ

G12ðx;ΔT; kTÞ ¼
g21g

2
2

16π3

Z
1

x

dy
y

Z
d2rTyð1 − yÞ2

�
1 −

x
y

�
3

×
Δ2

T ½2Mð1 − yÞðMB − ð1 − yÞMÞ − r2T þ 1
4
ð1 − yÞ2Δ2

T − ½MB − ð1 − yÞM�2�
D1ðy; rT;ΔTÞD2ðxy ; kT − x

y rT;ΔTÞ
·
ðkT − x

y rTÞ × ΔT

kT × ΔT
; ð41Þ

G13ðx;ΔT;kTÞ¼−
g21g

2
2

16π3

Z
1

x

dy
y

Z
d2rTyð1−yÞ2

�
1−

x
y

�
3

×
kT ·ΔT ½2Mð1−yÞðMB− ð1−yÞMÞ− r2T þ 1

4
ð1−yÞ2Δ2

T − ½MB− ð1−yÞM�2�
D1ðy;rT;ΔTÞD2ðxy ;kT − x

yrT;ΔTÞ
·
ðkT − x

yrTÞ×ΔT

kT ×ΔT
; ð42Þ

G14ðx;ΔT; kTÞ ¼ −
g21g

2
2

8π3

Z
1

x

dy
y

Z
d2rT

yð1 − yÞ3ð1 − x
yÞ2 · rT × ΔT · ðkT − x

y rTÞ × ΔT

D1ðy; rT;ΔTÞD2ðxy ; kT − x
y rT;ΔTÞ

; ð43Þ

where

D1ðy; rT;ΔTÞ ¼
��

rT −
1

2
ð1 − yÞΔT

�
2

þ L2
1

�
2
��

rT þ 1

2
ð1 − yÞΔT

�
2

þ L2
1

�
2

;

D2

�
x
y
; kT −

x
y
rT;ΔT

�
¼

���
kT −

x
y
rT

�
−
1

2

�
1 −

x
y

�
ΔT

�
2

þ L2
2

�
2
���

kT −
x
y
rT

�
þ 1

2

�
1 −

x
y

�
ΔT

�
2

þ L2
2

�
2

: ð44Þ

Similarly, the Wigner distributions for unpolarized/longitudinally polarized sea quarks in an unpolarized/longitudinally
polarized proton can be also calculated from the proton LCWFs within the overlap representation,

ρq̄=PUU ¼ 1

2

Z
d2rT
16π3

Z
1

x

dy
y

Z
d2ΔT

ð2πÞ2 e
−iΔT ·bT

X
fλg

ðψþ⋆
λBλqλq̄

ðxout; yout; koutT ; routT Þψþ
λBλqλq̄

ðxin; yin; kinT ; rinT Þ

þ ψ−⋆
λBλqλq̄

ðxout; yout; koutT ; routT Þψ−
λBλqλq̄

ðxin; yin; kinT ; rinT ÞÞ; ð45Þ

ρq̄=PLU ¼ 1

2

Z
d2rT
16π3

Z
1

x

dy
y

Z
d2ΔT

ð2πÞ2 e
−iΔT ·bT

X
fλg

ðψþ⋆
λBλqλq̄

ðxout; yout; koutT ; routT Þψþ
λBλqλq̄

ðxin; yin; kinT ; rinT Þ

− ψ−⋆
λBλqλq̄

ðxout; yout; koutT ; routT Þψ−
λBλqλq̄

ðxin; yin; kinT ; rinT ÞÞ; ð46Þ

ρq̄=PUL ¼ 1

2

Z
d2rT
16π3

Z
1

x

dy
y

Z
d2ΔT

ð2πÞ2 e
−iΔT ·bT signðλq̄Þ

X
fλg

ðψþ⋆
λBλqλq̄

ðxout; yout; koutT ; routT Þψþ
λBλqλq̄

ðxin; yin; kinT ; rinT Þ

þ ψ−⋆
λBλqλq̄

ðxout; yout; koutT ; routT Þψ−
λBλqλq̄

ðxin; yin; kinT ; rinT ÞÞ; ð47Þ

ρq̄=PLL ¼ 1

2

Z
d2rT
16π3

Z
1

x

dy
y

Z
d2ΔT

ð2πÞ2 e
−iΔT ·bT signðλq̄Þ

X
fλg

ðψþ⋆
λBλqλq̄

ðxout; yout; koutT ; routT Þψþ
λBλqλq̄

ðxin; yin; kinT ; rinT Þ

− ψ−⋆
λBλqλq̄

ðxout; yout; koutT ; routT Þψ−
λBλqλq̄

ðxin; yin; kinT ; rinT ÞÞ: ð48Þ
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Substituting the LCWFs of the proton into Eqs. (45), (46), (47), and (48), we obtain the expressions for the Wigner
distributions in our model as follows:

ρq̄=PUU ðx; bT; kTÞ ¼
g21g

2
2

ð2πÞ5
Z

1

x

dy
y

Z
d2rT

Z
d2ΔTe−iΔT ·bT

×
yð1 − yÞ2ð1 − x

yÞ2½r2T − 1
4
ð1 − yÞ2Δ2

T þ ½MB − ð1 − yÞM�2�½ðkT − x
y rTÞ2 − 1

4
ð1 − x

yÞ2Δ2
T þm2�

D1ðy; rT;ΔTÞD2ðxy ; kT − x
y rT;ΔTÞ

; ð49Þ

ρq̄=PLU ðx;bT;kTÞ ¼
ig21g

2
2

ð2πÞ5
Z

1

x

dy
y

Z
d2rT

Z
d2ΔTe−iΔT ·bT

yð1− yÞ3ð1− x
yÞ2½ðkT − x

y rTÞ2− 1
4
ð1− x

yÞ2Δ2
T þm2� · rT ×ΔT

D1ðy; rT;ΔTÞD2ðxy ;kT − x
y rT;ΔTÞ

; ð50Þ

ρq̄=PUL ðx; bT; kTÞ ¼
ig21g

2
2

ð2πÞ5
Z

1

x

dy
y

Z
d2rT

Z
d2ΔTe−iΔT ·bT

×
yð1 − yÞ2ð1 − x

yÞ3½r2T − 1
4
ð1 − yÞ2Δ2

T þ ½MB − ð1 − yÞM�2� · ðkT − x
y rTÞ × ΔT

D1ðy; rT;ΔTÞD2ðxy ; kT − x
y rT;ΔTÞ

; ð51Þ

ρq̄=PLL ðx; bT; kTÞ ¼ −
g21g

2
2

ð2πÞ5
Z

1

x

dy
y

Z
d2rT

Z
d2ΔTe−iΔT ·bT

yð1 − yÞ3ð1 − x
yÞ2 · rT × ΔT · ðkT − x

y rTÞ × ΔT

D1ðy; rT;ΔTÞD2ðxy ; kT − x
y rT;ΔTÞ

: ð52Þ

As shown in the above four equations, the contributions to the sea-quark Wigner distributions contains two parts. One is
the distribution of the antiquark in the pion meson, the other is distribution of the pion meson in the proton. To quantitatively
demonstrate this connection, we also calculate the Wigner distributions ρπ=PUU , ρ

π=P
LU , ρq̄=πUU , and ρ

q̄=π
UL , which have the following

expressions:

ρπ=PUU ðy; rT; bTÞ ¼
1

2

Z
d2ΔT

ð2πÞ2 e
−iΔT ·bT

X
λB

ðψþ⋆
λB

ðyout; routT Þψþ
λB
ðyin; rinT Þ þ ψ−⋆

λB
ðyout; routT Þψ−

λB
ðyin; rinT ÞÞ

¼ g21
ð2πÞ2

Z
d2ΔTe−iΔT ·bT

yð1 − yÞ2½r2T − 1
4
ð1 − yÞ2Δ2

T þ ½MB − ð1 − yÞM�2�
D1ðy; rT;ΔTÞ

; ð53Þ

ρπ=PLU ðy; rT; bTÞ ¼
1

2

Z
d2ΔT

ð2πÞ2 e
−iΔT ·bT

X
λB

ðψþ⋆
λB

ðyout; routT Þψþ
λB
ðyin; rinT Þ − ψ−⋆

λB
ðyout; routT Þψ−

λB
ðyin; rinT ÞÞ

¼ ig21
ð2πÞ2

Z
d2ΔTe−iΔT ·bT

yð1 − yÞ3 · rT × ΔT

D1ðy; rT;ΔTÞ
; ð54Þ

ρq̄=πUU

�
x
y
; kT −

x
y
rT; bT

�
¼ 1

2

Z
d2ΔT

ð2πÞ2 e
−iΔT ·bT

X
λq;λq̄

ψ⋆
λq;λq̄

ðxin; yin; kinT ; rinT Þψλq;λq̄ðxout; yout; koutT ; routT Þ

¼ g22
ð2πÞ2

Z
d2ΔTe−iΔT ·bT

ð1 − x
yÞ2½ðkT − x

y rTÞ2 − 1
4
ð1 − x

yÞ2Δ2
T þm2�

D2ðxy ; kT − x
y rT;ΔTÞ

; ð55Þ

ρq̄=πUL

�
x
y
; kT −

x
y
rT; bT

�
¼ 1

2

Z
d2ΔT

ð2πÞ2 e
−iΔT ·bT signðλq̄Þ

X
λq;λq̄

ψ⋆
λq;λq̄

ðxin; yin; kinT ; rinT Þψλq;λq̄ðxout; yout; koutT ; routT Þ

¼ ig22
ð2πÞ2

Z
d2ΔTe−iΔT ·bT

ð1 − x
yÞ3 · ðkT − x

y rTÞ × ΔT

D2ðxy ; kT − x
y rT;ΔTÞ

: ð56Þ

Comparing Eqs. (49), (53), and (55), one can find that ρū=PUU can be approximately viewed as the convolution of ρπ=PUU and
ρū=πUU . Similar relations holds for ρū=PLU , ρū=PUL , and ρū=PLL .
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IV. NUMERICAL RESULTS FOR SEA-QUARK
WIGNER DISTRIBUTIONS

In this section, we present the numerical results for
the Wigner distributions of the sea quarks ū and d̄. For the
parameters g1, g2, Λq̄, and Λπ in our model, we adopt the
values from Ref. [42], where g2 and Λπ are fixed by
adopting the GRV leading-order (LO) parametrization [53]

to perform the fit for fū=π
−

1 [or fd̄=π
þ

1 ðxÞ]. The MSTW2008

LO parametrization [54] is adopted for fū=P1 and fd̄=P1 to
obtain the values of the parameters g1 and Λq̄. The error
bars correspond to the uncertainties of the parametrization
at the 90% confidence level. The best values from the fits as
well as the errors of the parameters are shown in Table I.

To visualize contribution of the antiquark distribution
inside the pion as well as the pion distribution inside the
proton, we numerically calculate the Wigner distributions
ρπ=PUU ρπ=PLU , ρq̄=πUU , and ρq̄=πUL .
In the upper panel of Fig. 1, we plot ρπ

−=P
UU ðy; bTÞ and

ρπ
þ=P

UU ðy; bTÞ as function of y at bT ¼ 0.5, 1.0, 2.0 GeV−1,
respectively. In the lower panel of Fig. 1, we plot

ρπ
−=P

LU ðy; bTÞ and ρπ
þ=P

LU ðy; bTÞ as function of y at different
values of bT . We find that in both the cases of π− and πþ,
the size of yρUU and yρLU decreases with increasing bT ;
and the peak of each distribution move to lower-y regions
with the increase of bT . The signs of the unpolarized
Wigner distribution and longitudinal-unpolarized Wigner
distribution of πþ in proton are consistent with the case of
π− in proton. In Fig. 2, we plot ρq̄=πUUðxy ; bTÞ and ρq̄=πUL ðxy ; bTÞ
at different values of bT .
In order to show the x-dependence of the sea quark

Wigner distribution in the proton, in the left and right panels
of Fig. 3, we plot ρq̄=PUU ðx; bTÞ, ρq̄=PLU ðx; bTÞ, ρq̄=PUL ðx; bTÞ, and
ρq̄=PLL ðx; bTÞ vs x for q̄ ¼ ū and d̄ at bT ¼ 0.5, 1.0,
2.0 GeV−1, respectively. We find that in both the cases
of ū and d̄, the ρq̄=PUU and ρq̄=PLL are positive in the entire x

TABLE I. Values of the parameters obtained from Ref. [42].
The errors of the parameters are also presented.

Parameters ū d̄

g1 9.33� 0.217 5.79� 0.182
g2 4.46� 0.445 4.46� 0.445
Λπ (GeV) 0.223� 0.006 0.223� 0.006
Λq̄ (GeV) 0.510� 0.029 0.510� 0.029

FIG. 1. The Wigner distributions ρUU (upper panel) and ρLU (lower panel) of the π− (left panel) and πþ (right panel) inside the proton
as functions of y at different values of bT .
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region, while the signs of ρq̄=PLU and ρq̄=PUL are opposite.
Moreover, the x-dependence of xρq̄=PUU , xρ

q̄=P
LU , xρq̄=PUL , and

xρq̄=PLL varies with the change of bT . To be specific, as bT
increases, the peak of the curves shift from higher x to
lower x. In the case of bT ¼ 0.5 GeV−1, we also demon-
strate the uncertainties band of the Wigner distribution
calculated from the errors of the parameters listed in
Table I. The numerical result shows that the uncertainty
band is around 25% of the distribution.
TheWigner distribution is a five-dimensional function of

bx, by, kx, ky, x. In the following we study the case of
Wigner distributions in the transverse space, namely the
transverse-coordinate space (the impact-parameter space)
and the transverse-momentum space. The transverse
Wigner distributions can be obtained by integrating out
the longitudinal momentum fraction x,

ρðbT; kTÞ ¼
Z

1

0

dxρðx; bT; kTÞ: ð57Þ

To extract more information from the Wigner distributions,
we also study the mixed transverse Wigner distributions
ρðbx; kyÞ, which is a probability density obtained by
integrating over by and kx,

ρðbx; kyÞ ¼
Z

dby

Z
dkxρðbT; kTÞ: ð58Þ

In Fig. 4, we plot contour plots of the x-integrated
Wigner distribution ρUU of the ū (left panel) and d̄ (right
panel) quarks in the proton. The upper panel depicts the
distributions in the transverse momentum space with fixed
impact parameter bT ¼ 0.3 GeV−1 êy. The central panel
depicts the distributions in the impact parameter space with
fixed transverse momentum kT ¼ 0.3 GeV êy. The lower
panel depicts the distributions in the mixed plane.
We can observe a left-right symmetry in Fig. 4 which

implies that the unpolarized sea quarks in unpolarized
proton have no preference for clockwise and anticlockwise

motion. Comparing the behaviors of the ū and d̄ quarks, we

find that ρū=PUU and ρd̄=PUU in our model have positive maxima
at the center (kx ¼ ky ¼ 0), (bx ¼ by ¼ 0), (bx ¼ ky ¼ 0),
in the transverse momentum plane, transverse coordinate
plane and the mixed plane. We also note that the spread
behaviors of the distributions for ū and d̄ quarks are similar
in kT and bT space, that is, the distributions increase faster
in x-direction than in y-direction. While we can clearly see

that the probability density ρū=PUU ðbx; kyÞ and ρd̄=PUU ðbx; kyÞ
are extended more in bx than in ky.
We also calculate the average quadrupole distortions

Qij
b ðkTÞ and Qij

k ðbTÞ defined as follows:

Qij
b ðkTÞ ¼

R
d2bTð2biTbjT − δijb2TÞρUUðbT; kTÞR

d2bTb2TρUUðbT; kTÞ
;

Qij
k ðbTÞ ¼

R
d2kTð2kiTkjT − δijk2TÞρUUðbT; kTÞR

d2kTk2TρUUðbT; kTÞ
: ð59Þ

They can be used to quantitatively estimate the distortion of
the unpolarized sea quarks in the nucleon. Numerical
calculation shows that, at kT¼ 0.3 GeV, QbðkTÞ ¼ 0.442
for the ū quark and 0.307 for the d̄ quark, respectively.
While at bT ¼ 0.3 GeV−1, QkðbTÞ ¼ −1.535 for the ū
quark and −1.326 for the d̄ quark. Therefore, the distri-

butions ρū=PUU and ρd̄=PUU in the transverse momentum plane as
well as the transverse impact parameter plane have dis-
tortions, which indicates the configuration bT ⊥ kT is
favored rather than the configuration bT k kT . These dis-
tortions are similar to the valence quark results calculated
using the light-cone constituent quark model (LCCQM)
[26] and chiral quark soliton model (χQSM) [21]. Our
results are different form the results in a light front quark-
diquark model where the light-front wave functions are
modeled from the soft-wall AdS/QCD prediction. [25].
In Fig. 5, we show the contour plots of the longitudinal-

unpolarized Wigner distribution ρLU for the ū (left panel)
and d̄ (right panel) quarks. The upper panel shows the plots

FIG. 2. The Wigner distributions ρUU (left panel) and ρUL (right panel) of the q̄ inside the π as functions of x
y at different values of bT .
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FIG. 3. The Wigner distributions ρUU, ρLU , ρUL, and ρLL of the ū (left panel) and d̄ (right panel) quarks in the proton as functions of x
at different values of bT . The uncertainty bands of the Wigner distribution at bT ¼ 0.5 GeV−1 are also shown.
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in the kT-space with fixed impact parameter bT ¼
0.3 GeV−1 êy, the central panel shows the plots in the
bT-space with fixed transverse momentum kT ¼ 0.3 GeV
êy, respectively. There are dipole structures of ū and d̄
quarks in the kT-space or in the bT-space. The signs of the

polarities for ρū=PLU and ρd̄=PLU are the same in the kT-space or
in the bT-space. Particularly, the distributions are positive in

kx < 0 region and are negative in kx > 0 region, while they
are negative in bx < 0 region and are positive in bx > 0
region. The lower panel shows the mixed Wigner distri-
bution ρq̄=PLU ðbx; kyÞ and depicts a quadrupole structure for
both the ū and d̄ quarks. These multipole structures are due
to the explicit factor ϵijT k

i
T

∂

∂bjT
in Eq. (18) which breaks the

left-right symmetry and implies that the net OAM of the sea

FIG. 4. The Wigner distribution ρUU of the ū (left panel) and d̄ (right panel) quarks in the proton. The upper panel depicts the
distributions in the transverse momentum space with fixed impact parameter bT ¼ 0.3 GeV−1 êy. The central panel depicts the
distributions in the impact parameter space with fixed transverse momentum kT ¼ 0.3 GeV êy. The lower panel depicts the distributions
in the mixed plane.
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quark is nonzero. The average sea quark OAM in a proton
polarized in the z-direction can be written as

lq̄=P
z ¼

Z
dxd2kTd2bTðbT × kTÞzρ½γþ�q̄=Pðx; bT; kTÞ

¼
Z

dxd2kTd2bTðbT × kTÞz
× ½ρq̄=PUU ðx; bT; kTÞ þ ρq̄=PLU ðx; bT; kTÞ�: ð60Þ

If kT and bT are integrated out for ρq̄=PUU , the result is
zero, which means that the total angular momentum of

constituents sum up to zero in an unpolarized nucleon.
Then the sea quark OAM can be written in terms of
GTMDs as

lq̄=P
z ¼

Z
dxd2kTd2bTðbT × kTÞzρq̄=PLU ðx; bT; kTÞ

¼ −
Z

dxd2kT
k2T
M2

Fq̄=P
14 ðx; 0; k2T; 0; 0Þ: ð61Þ

Numerical calculation yields lū=P
z ¼0.027 and ld̄=P

z ¼0.051,
which are positive for both the ū and d̄ quarks. This indicates

FIG. 5. Similar to Fig. 4, but for the Wigner distribution ρLU of the ū (left panel) and d̄ (right panel) quarks in the proton.

XIAOYAN LUAN and ZHUN LU PHYS. REV. D 109, 094016 (2024)

094016-12



the sea quarkOAMis parallel to the proton spin for both the ū
and d̄ quarks in our model.
In Fig. 6 we show the contour plots of the unpolarized-

longitudinal Wigner distribution ρULðbT; kTÞ and the mixed
distributions ρULðbx; kyÞ for the ū (left panel) and d̄ (right
panel) quarks. Similar to the longitudinal-unpolarized
Wigner distribution, ρULðbT; kTÞ also has dipolar structures
in both the kT-space and in the bT-space. However, the sign
of ρUL is opposite to that of ρLU. In the lower panel, we can
observe that the mixed Wigner distribution ρq̄=PUL ðbx; kyÞ has
a quadrupole structure. Again, the multipole structure is

due to the factor ϵijT k
i
T

∂

∂bjT
in Eq. (19) which essentially

reflects quark spin-orbit correlations. The correlation
between the longitudinal spin and the OAM of the sea
quarks can be defined as

Cq̄=P
z ¼

Z
dxd2kTd2bTðb⊥ × kTÞzρq̄=PUL ðx; kT; bTÞ

¼
Z

dxd2kT
k2T
M2

Gq̄=P
11 ðx; 0; k2T; 0; 0Þ: ð62Þ

FIG. 6. Similar to Fig. 4, but for the Wigner distribution ρUL of the ū (left panel) and d̄ (right panel) quarks in the proton.
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Numerical calculation shows that both the sea quarks
have negative spin-orbit correlation Cū=P

z ¼ −0.245 and

Cd̄=P
z ¼ −0.394, which implies the sea quark spin and

OAM tend to be antialigned.
In Fig. 7 we plot the longitudinal-longitudinal Wigner

distributions ρLL for the ū (left panel) and d̄ (right panel)
quarks in a way similar to Fig. 4. These distributions
describe the phase-space distributions of longitudinal
polarized quark in a longitudinal polarized proton, and
correspond to the axial charge ðΔqÞ of the nucleon after

integrating over transverse variables. We find the distribu-
tions of both ū and d̄ quarks are positive, which implies the
signs of Δū and Δd̄ are positive. For the mixed Wigner
distribution, a sign change is observed in large bx or ky.
This kind of sign change is also found in the longitudinal-
longitudinal Wigner distributions of quarks [21,30].

V. CONCLUSION

In this work, we studied the five-dimensional Wigner
distributions of sea quarks in the proton using a light-cone

FIG. 7. Similar to Fig. 4, but for the Wigner distribution ρLL of the ū (left panel) and d̄ (right panel) quarks in the proton.
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model, in which the Wigner distributions and the GTMDs
can be expressed as the overlap of LCWFs. To generate the
sea quark degree of freedom, we treated the Fock state of
proton as a composite system formed by a pion meson and
a baryon, where the pion meson is composed in terms of
qq̄. We numerically calculated the four Wigner distribu-
tions ρUU, ρLU, ρUL, and ρLL of the ū and d̄ quarks in the
transverse momentum space and the transverse position
space within the overlap representation. Distortions can be
found in the distributions ρLU and ρUL of the ū and d̄
quarks. Particularly, the dipole structures have been
observed in ρLUðbT; kTÞ and ρULðbT; kTÞ; and the quadru-
pole structures have been observed in the mixing distri-
butions ρLUðbx; kyÞ and ρULðbx; kyÞ. The polarities of the
multipole structures in ρLU are opposite to those in the ρUL.
The result of the averaged quadrupole distortions Qij

b ðkTÞ

and Qij
k ðbTÞ indicates that the configuration bT ⊥ kT is

favored rather than bT k kT , which is similar to the results
for the valence quarks calculated from the light-cone
constituent quark model and chiral quark soliton model.
We also evaluated the spin-orbit correlation Cz and the
OAM of the ū and d̄ quarks using the relation between
Wigner distributions and GTMDs. The study on sea-quark
Wigner distributions may provide useful information about
the sea quarks in proton as well as improve our under-
standing on the multidimensional image of the proton in the
quantum phase space.
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