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We have studied the mass spectra of the P-wave fully charm and fully bottom tetraquark states in the
framework of quantum chromodynamics (QCD) sum rules. We construct the interpolating currents

by inserting the covariant derivative operator D
↔

μ between the S-wave diquark and antidiquark fields. The
excitation structures show that the pure λ-mode excited P-wave fully heavy tetraquarks exist for
the quantum numbers JPC ¼ 1−−; 1−þ; 2−−; 2−þ, and 3−−, while it is difficult to separate the λ-mode and
ρ-mode excitations in the 0−þ channel. Within three Lorentz indices, there is no pure λ-mode excited
P-wave fully charm/bottom tetraquark operators with JPC ¼ 0−− and 3−þ. Our results support that the
recent observed Xð6900Þ and Xð7200Þ resonances could be interpreted as the P-wave fully charm ccc̄ c̄
tetraquark states with JPC ¼ 1−þ and 2−þ, respectively. Some P-wave fully bottom bbb̄ b̄ tetraquark states
are predicted to be lower than the di-ηbð1SÞ and di-ϒð1SÞmass thresholds. Hopefully our calculations will
be useful for identifying the nature of new exotic tetraquark states.

DOI: 10.1103/PhysRevD.109.094011

I. INTRODUCTION

The investigations of exotic hadrons outside the conven-
tional quark model could provide insightful perspective for
extending our understanding of nonperturbative behaviors of
quantum chromodynamics (QCD). Since 2003, there have
been observed lots of new hadron states including the XYZ
states, hidden-charm pentaquark states, doubly charmed
tetraquark Tcc state, doubly charged Tcs̄ð2900Þþþ state,
etc. Since their masses and decay properties are different
from the predictions of a potential model, they have been
considered as good candidates of exotic hadron states,
such as tetraquark states, pentaquark states, hybrids and
so on [1–5].
The story is ongoing with the observations of the

fully heavy tetraquark candidates. In 2017, the CMS
Collaboration reported an exotic structure around 18.4
GeV in the ϒð1SÞμþμ− channel [6]. The ANDY Collabo-
ration at RHIC reported an evidence of a new resonance at
18.12 GeV in 2019 [7]. Although these structures were
not confirmed by the later experiments [8,9], they still
triggered lots of investigations on the fully heavy

tetraquark states [10–19]. Actually, there were already
some theoretical studies on such topics much earlier
[20–25].
In 2020, the LHCb Collaboration observed a narrow

structure Xð6900Þ with a global significance larger than 5σ
and a broad structure ranging from 6.2 to 6.8 GeV in the
J=ψJ=ψ invariant mass spectrum [26]. They also reported a
hint for a structure around 7.2 GeV [26]. Recently, the
ATLAS and CMS Collaborations confirmed the existence
of Xð6900Þ in the J=ψJ=ψ invariant mass spectrum with
high significance far exceeding 5σ [27,28]. In the same
J=ψJ=ψ channel, ATLAS also observed another two
structures Xð6400Þ and Xð6600Þ [27], while CMS observed
Xð6600Þ and Xð7200Þ in two models with and without
considering interference effects between the resonances
[28]. Meanwhile, the ATLAS Collaboration also studied
the J=ψψð2SÞ decay channel and found the signals of
Xð6900Þ andXð7200Þwith a 4.7σ excess of events [27]. For
convenience, we collect the experimental information of
these resonance structures in Table I.
The observations of these exotic resonance structures

have immediately attracted great theoretical interests to
study the fully heavy tetraquarks for their mass spectra
[29–75], decay properties [32,42,72,74–83] and their
production mechanisms [53,84–94]. A fully heavy tetra-
quark is more likely to form a compact tetraquark state via
the short range gluon-exchange color interaction rather
than a loosely bound hadron molecule due to the absence
of light quarks [95–97]. There are also some different
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interpretations such as a cusp effect [98], a dynamically
resonance pole structure from the coupled-channel effects
[93], hybrid tetraquarks ccc̄ c̄ g [43], a BSM 0þþ Higgs-like
boson [99]. To date, the quantum numbers of these exotic
states have not yet been determined. In Refs. [10,35–
37,40,100–102], Xð6600Þ may be interpreted as the S-wave
0þþ fully charm tetraquark state. For the Xð6900Þ state, it
may be explained as the P-wave ccc̄ c̄ tetraquark with
JPC ¼ 0−þ, 1−þ or 2−þ [10,19,102–106], or the S-wave
ccc̄ c̄ state with JPC ¼ 0þþ [30,34,36,37,40,53,106–108],
or 1þþ [36,109]. There are also many different interpreta-
tions for Xð7200Þ, such as the 2S, 3S, 1D state and so on
[35,37,38,83,102,109,110].
In this work, we shall study the P-wave fully charm and

fully bottom compact tetraquark states carrying various
quantum numbers within the framework of QCD sum rules.
We construct the nonlocal interpolating tetraquark currents
with negative parities by inserting the covariant derivative
operator between the S-wave diquark and antidiquark
fields. These currents are different from our previous
studies in which the P-wave fully heavy tetraquarks were
in pure ρ-mode excitation [10].
This paper is organized as follows. In Sec. II, we

construct the compact P-wave fully heavy interpolating
currents in the diquark-antidiquark configuration. In
Sec. III, we introduce the formalism of QCD sum rules
and calculate the two-point correlation functions and
spectral functions for all these currents. We perform
numerical analyses for the P-wave ccc̄ c̄ and bbb̄ b̄ tetra-
quark systems and predict their mass spectra in Sec. IV.
In the last section we give a brief summary. There is
an additional supplementary file “SpectralFunction.pdf”

containing the spectral functions for all interpolating
currents [111].

II. INTERPOLATING CURRENTS FOR P-WAVE
FULLY HEAVY TETRAQUARK STATES

We construct the interpolating currents for the P-wave
fully heavy tetraquark states in the compact ½QQ�½Q̄ Q̄�
diquark-antidiquark configuration. As shown in Fig. 1, the
orbital momentum in a comp act tetraquark system can be
decomposed as

FIG. 1. Excitation configuration of the compact diquark-anti-
diquark tetraquark system, in which L⃗ρ1ðL⃗ρ2Þ describes the
intrinsic orbital excitation inside of the diquark (antidiquark),
and L⃗λ represents the relative orbital excitation between diquark
and antidiquark fields.

TABLE I. Experimental information for the candidates of fully charm tetraquark states.

Collaborations Resonances Masses (MeV) Widths (MeV) Observed Channels

LHCb (model I)
Xð6900Þ 6905� 11� 7 80� 19� 33

di-J=ψ [26]
LHCb (model II) 6886� 11� 1 168� 33� 69

ATLAS (model A) Xð6400Þ 6410� 80þ80−30 590� 350þ120−200
di-J=ψ [27]Xð6600Þ 6630� 50þ80−10 350� 110þ110−40

Xð6900Þ 6860� 30þ10−20 110� 50þ20−10

ATLAS (model B) Xð6600Þ 6650� 20þ30−20 440� 50þ60−50 di-J=ψ [27]
Xð6900Þ 6910� 10� 10 150� 30� 10

ATLAS (model β) Xð6900Þ 6960� 50� 30 510� 170þ110−100 J=ψψð2SÞ [27]
ATLAS (model α) Xð7200Þ 7220� 30þ10−40 90� 60þ60−50

CMS (No-interference) Xð6600Þ 6552� 10� 12 124þ32−26 � 33

di-J=ψ [28]Xð6900Þ 6927� 9� 4 122þ24−21 � 18

Xð7200Þ 7287þ20−18 � 5 95þ59−40 � 19

CMS (Interference) Xð6600Þ 6638þ43þ16−38−31 440þ230þ110−200−240
di-J=ψ [28]Xð6900Þ 6847þ44þ48−28−20 191þ66þ25−49−17

Xð7200Þ 7134þ48þ41−25−15 97þ40þ29−29−26

CHEN, CHEN, YANG, and CHEN PHYS. REV. D 109, 094011 (2024)

094011-2



L⃗ ¼ L⃗ρ þ L⃗λ ¼ L⃗ρ1 þ L⃗ρ2 þ L⃗λ; ð1Þ

where L⃗ρ1ðL⃗ρ2Þ is the intrinsic orbital angular momentum

in the diquark ½QQ� (antidiquark ½Q̄ Q̄�) field, while L⃗λ is
the relative orbital angular momentum between diquark and
antidiquark fields. The P-wave tetraquark operator can be
in either the ρ-mode excitation (Lρ1 þ Lρ2 ¼ Lρ ¼ 1,
Lλ ¼ 0) or λ-mode excitation (Lλ ¼ 1, Lρ ¼ 0).
A diquark operator can be composed of two quark fields

and insertions of the covariant derivative. We collect the
properties of the diquark operators without (local) and with
one covariant derivative (nonlocal) in Table II, where the
local ones can also be found in Refs. [112,113]. In the SU
(3) theory, the color structure of a diquark field could be
symmetric sextet 6c or antisymmetric triplet 3̄c

3c ⊗ 3c ¼ 6c ⊕ 3̄c; ð2Þ

while sextet 6̄c or triplet 3c for an antidiquark field

3̄c ⊗ 3̄c ¼ 6̄c ⊕ 3c: ð3Þ

The flavor structure for the light diquark system is
similar to the above color decomposition according to
the SU(3) flavor symmetry. As indicated in Ref. [113], the
color and flavor structures are always entangled for these
diquark operators due to the Fermi-Dirac statistics. For the
½cc�½c̄ c̄� fully charm tetraquark systems, the flavor struc-
tures of both diquark and antidiquark fields are symmetric
6f so that their color structures are also determined. As
shown in Table II, the vector and tensor diquark operators
can couple to various channels with different spin-parity
quantum numbers. However, some of these channels shall
vanish for the diquarks consisting of two identical quark
fields, since the restriction of the Fermi-Dirac statistics.
They exist only for the unequal mass diquarks, which

TABLE II. Properties of the diquark operators (i, j ¼ 1, 2, 3) without and with one covariant derivative. The
braces f…g and square brackets ½…� in the nonlocal diquark operators mean that the inside Lorentz indices are
symmetrized and antisymmetrized, respectively. “TP” represents the trace part of corresponding operator.

Operators JP States (Flavor, Color)

qTaCγ5qb 0þ 1S0 ð6f; 6cÞ or ð3̄f; 3̄cÞ
qTaCqb 0− 3P0 ð6f; 6cÞ or ð3̄f; 3̄cÞ
qTaCγμγ5qb

�
1−;
0þ;

for μ ¼ i
for μ ¼ 0

3P1
1S0

ð6f; 6cÞ or ð3̄f; 3̄cÞ

qTaCγμqb
�
1þ;
0−a;

for μ ¼ i
for μ ¼ 0

3S1
3P0

ð6f; 3̄cÞ or ð3̄f; 6cÞ

qTaCσμνqb
�
1−;
1þ;

for μ ¼ i; ν ¼ j
for μ ¼ 0; ν ¼ i orμ ¼ i; ν ¼ 0

1P1
3S1

ð6f; 3̄cÞ or ð3̄f; 6cÞ

qTaCσμνγ5qb
�
1þ;
1−;

for μ ¼ i; ν ¼ j
for μ ¼ 0; ν ¼ i or μ ¼ i; ν ¼ 0

3S1
1P1

ð6f; 3̄cÞ or ð3̄f; 6cÞ

qTaCγ5D
↔

μqb
�
1−;
0þa;

for μ ¼ i
for μ ¼ 0

1P1
1S0

ð6f; 3̄cÞ or ð3̄f; 6cÞ

qTaCD
↔

μqb
�
1þ;
0−a;

for μ ¼ i
for μ ¼ 0

3D1
3P0

ð6f; 3̄cÞ or ð3̄f; 6cÞ

qTaCγfμ;D
↔

νgqb
(
2−;
1þa;
0−;

for μ ¼ i; ν ¼ j
for μ ¼ 0; ν ¼ i or μ ¼ i; ν ¼ 0
for μ ¼ i; ν ¼ j or TP

3P2
3S1
3P0

ð6f; 6cÞ or ð3̄f; 3̄cÞ

qTaCγ½μ;D
↔

ν�qb
�
1−;
1þa;

for μ ¼ i; ν ¼ j
for μ ¼ 0; ν ¼ i or μ ¼ i; ν ¼ 0

3P1
3S1

ð6f; 6cÞ or ð3̄f; 3̄cÞ

qTaCγfμ;D
↔

νgγ5qb
(
2þ;
1−;
0þa;

for μ ¼ i; ν ¼ j
for μ ¼ 0; ν ¼ i or μ ¼ i; ν ¼ 0
for μ ¼ i; ν ¼ j or TP

3D2
1P1
1S0

ð6f; 3̄cÞ or ð3̄f; 6cÞ

qTaCγ½μ;D
↔

ν�γ5qb
�
1þ;
1−;

for μ ¼ i; ν ¼ j
for μ ¼ 0; ν ¼ i or μ ¼ i; ν ¼ 0

3D1
1P1

ð6f; 3̄cÞ or ð3̄f; 6cÞ

aThese channels exist only for the unequal mass diquarks containing two quarks with different flavors. They
vanish for the equal mass diquarks due to the Fermi-Dirac statistics.
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contain two quarks with different flavors. It is easy to find that all the nonlocal diquarks in the equal mass systems couple to
P-wave or D-wave states. Interested in potentially low energy configurations, we shall use only the S-wave local diquarks
QT

aCγ5Qb, QT
aCγμQb and QT

aCσμνγ5Qb to construct the P-wave tetraquark currents by introducing the covariant derivative
operator

D
↔

μ ¼ D⃗μ − D⃖μ;

D⃗μ ¼ ∂
!

μ − igsAμ; D⃖μ ¼ ∂
 

μ þ igsAμ; ð4Þ

in which gs is the strong coupling constant, and Aμ is the gluon field. Inserting D
↔

μ between the diquark and antidiquark
fields, we can obtain the interpolating currents for the P-wave fully heavy tetraquark states with JPC ¼ 0−�; 1−�; 2−�; 3−−
as the following

j1;A ¼ ðQT
aCσμνγ5QbÞD

↔

μðQ̄aγνCQ̄T
bÞ þ ðQT

aCγνQbÞD
↔

μðQ̄aσ
μνγ5CQ̄T

bÞ; JPC ¼ 0−−;

j2;A ¼ ðQT
aCσμνγ5QbÞD

↔

μðQ̄aγνCQ̄T
bÞ − ðQT

aCγνQbÞD
↔

μðQ̄aσ
μνγ5CQ̄T

bÞ; JPC ¼ 0−þ;

j3;Sμ ¼ ðQT
aCγ5QbÞD

↔

μðQ̄aγ5CQ̄T
bÞ; JPC ¼ 1−−;

j4;Aμ ¼ ðQT
aCγαQbÞD

↔

μðQ̄aγ
αCQ̄T

bÞ; JPC ¼ 1−−;

j5;Aμ ¼ ðQT
aCγμQbÞD

↔

αðQ̄aγ
αCQ̄T

bÞ þ ðQT
aCγαQbÞD

↔

αðQ̄aγμCQ̄T
bÞ; JPC ¼ 1−−;

j6;Aμ ¼ ðQT
aCγμQbÞD

↔

αðQ̄aγ
αCQ̄T

bÞ − ðQT
aCγαQbÞD

↔

αðQ̄aγμCQ̄T
bÞ; JPC ¼ 1−þ;

j7;Aμν ¼ ðQT
aCσμαγ5QbÞD

↔αðQ̄aγνCQ̄T
bÞ þ ðQT

aCγνQbÞD
↔αðQ̄aσμαγ5CQ̄T

bÞ; JPC ¼ 2−−;

j8;Aμν ¼ ðQT
aCσαμγ5QbÞD

↔

νðQ̄aγ
αCQ̄T

bÞ þ ðQT
aCγαQbÞD

↔

νðQ̄aσαμγ5CQ̄T
bÞ; JPC ¼ 2−−;

j9;Aμν ¼ ðQT
aCσμαγ5QbÞD

↔αðQ̄aγνCQ̄T
bÞ − ðQT

aCγνQbÞD
↔αðQ̄aσμαγ5CQ̄T

bÞ; JPC ¼ 2−þ;

j10;Aμν ¼ ðQT
aCσαμγ5QbÞD

↔

νðQ̄aγ
αCQ̄T

bÞ − ðQT
aCγαQbÞD

↔

νðQ̄aσαμγ5CQ̄T
bÞ; JPC ¼ 2−þ;

j11;Aμνρ ¼ ðQT
aCγμQbÞD

↔

ρðQ̄aγνCQ̄T
bÞ þ ðQT

aCγνQbÞD
↔

ρðQ̄aγμCQ̄T
bÞ; JPC ¼ 3−−; ð5Þ

in which Q ¼ c=b is a charm or bottom quark field, the
subscripts a, b are color indices, and the superscripts S and
A denote that the color structures of these diquark-anti-
diquark currents are symmetric 6c ⊗ 6̄c and antisymmetric
3̄c ⊗ 3c respectively. As shown in Eq. (5), all interpolating
currents except for j3;Sμ and j4;Aμ contain two parts, which are
actually charge-conjugation for each other to make definite
C-parity for the corresponding tetraquark currents. The
vector currents j3;Sμ and j4;Aμ carry the negativeC-parity with
only one term. One can also find the cc̄ud̄ tetraquark
currents with similar Lorentz structures in Ref. [114]. In our
calculations, we do not consider the Aμ term in the
covariant derivative, which actually leads to the hybrid
tetraquark operator with an excited gluon field.
One may wonder if the excitation structures of all

interpolating currents in Eq. (5) be λ-mode with ½Lλ; Lρ� ¼
½1; 0� since the existence of D

↔

μ between the diquark and
antidiquark fields. However, the situation is more

complicated due to the Lorentz contractions in these
currents. We consider the following fully charm tetraquark
operator

Oμ ¼ FD
↔

μF̄ ¼ ðcTaCΓ1cbÞD
↔

μðc̄aΓ2Cc̄TbÞ; ð6Þ

where F and F̄ are the diquark and antidiquark fields,
respectively. The Lorentz structures of F and F̄ are
contained in the Dirac matrices Γ1, Γ2, which may be

contracted with D
↔

μ as the currents in Eq. (5). Considering

the definition of D
↔

μ in Eq. (4), the Oi (i ¼ 1, 2, 3)
component of Oμ shall provide one relative orbital exci-
tation Lλ ¼ 1 while O0 component gives no orbital
excitation. This is very important for being able to separate
the pure λ-mode excited P-wave contributions from the
correlations functions induced by the interpolating currents
j3;Sμ , j4;Aμ , j5;Aμ , j6;Aμ , j8;Aμν , j10;Aμν , and j11;Aμνρ . However, it is not
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able to separate the pure λ-mode P-wave contributions for
the currents j2;A, j7;Aμν and j9;Aμν since the special way of
Lorentz contractions in these operators. The P-wave
tetraquarks extracted from these currents are mixed ones
containing both λ-mode and ρ-mode excitations. For the
current j1;A, it contains only the ρ-mode excited P-wave
component O0 while the λ-mode excited component Oi
vanishes due to the Fermi-Dirac statistics. This is consistent
with the results in Ref. [115] that only the ρ-mode P-wave
ccc̄ c̄ tetraquark exist in the 0−− channel. Within three
Lorentz indices, we are not able to construct the λ-mode
excited P-wave fully charm/bottom tetraquark current with
JPC ¼ 3−þ. We show the properties of these interpolating
currents in Table III, including their JPC quantum numbers,
color structures, and excitation structures.

III. FORMALISM OF QCD SUM RULES

In this section, we give a brief introduction to the method
of QCD sum rules, which have been widely used to study
the hadron properties, such as hadron masses, coupling
constants, decay widths, magnetic moments, and so on
[116,117]. We start with the two-point correlation functions
induced by the interpolating currents JðxÞ, JμðxÞ, JμνðxÞ
and JμνρðxÞ with various Lorentz indices

Πðq2Þ ¼ i
Z

d4xeiq·xh0jT½JðxÞJ†ð0Þ�j0i; ð7Þ

Πμνðq2Þ ¼ i
Z

d4xeiq·xh0jT½JμðxÞJ†νð0Þ�j0i

¼
�
qμqν
q2

− gμν

�
Π1ðq2Þ þ

qμqν
q2

Π0ðq2Þ; ð8Þ

Πμν;ρσðq2Þ ¼ i
Z

d4xeiq·xh0jT½JμνðxÞJ†ρσð0Þ�j0i

¼
�
ημρηνσ þ ημσηνρ −

2

3
ημνηρσ

�
Π2ðq2Þ þ � � � ;

ð9Þ

Πμνρ;αβσðq2Þ ¼ i
Z

d4xeiq·xh0jT½JμνρðxÞJ†αβσð0Þ�j0i

¼ θμνρ;αβσΠ3ðq2Þ þ � � � ; ð10Þ

where

ημν ¼
qμqν
q2

− gμν; ð11Þ

θμνρ;αβσ ¼ −
1

6
½ημαðηνσηρβ þ ηνβηρσÞ þ ημβðηνσηρα þ ηναηρσÞ þ ημσðηνβηρα þ ηναηρβÞ�

þ 1

15
½ημνðηβσηρα þ ηασηρβ þ ηαβηρσÞ þ ημρðηβσηνα þ ηασηνβ þ ηαβηνσÞ þ ηνρðηβσημα þ ηασημβ þ ηαβημσÞ�: ð12Þ

The interpolating currents JðxÞ, JμðxÞ, JμνðxÞ and JμνρðxÞ
can couple to the potentially interested hadron states carry-
ing the same quantum numbers with the operators. The
invariant function Πiðq2Þ (i ¼ 0, 1, 2, 3) in Eqs. (8)–(10)
denotes the pure spin-i contribution to the correlation
function. The “� � �” in Eqs. (9)–(10) contain contributions
from different spins, which are omitted because we do not
extract these invariant functions in this work.
The two-point correlation function can be calculated at

the quark-gluonic level via the method of operator product
expansion (OPE) [117–119] by Wick’s theorem:

Tμν…Πðq2Þ ¼ i
Z

d4xeiq·xh0jT½JΓðxÞJ†Γð0Þ�j0i

¼
X
n

CΓ
nðQ2ÞhOni; Q2 ¼ −q2; ð13Þ

in which hOni represents the vacuum expectation value of
the local gauge invariant operator On constructed from the
quark and gluon fields, CnðQ2Þ is the Wilson coefficient
[118]. In QCD sum rules, the local gauge invariant operator
On contains only long distance nonperturbative effects. The
Wilson coefficient CnðQ2Þ describes short distance

TABLE III. The JPC quantum numbers, color structures and
excitation structures for the P-wave fully heavy tetraquark
currents in Eq. (5).

Currents JPC Color Structure Excitation Structure: ½Lλ; Lρ�
J1;A 0−− 3̄c ⊗ 3c [0, 1]
J2;A 0−þ 3̄c ⊗ 3c ½1; 0� ⊕ ½0; 1�
J3;Sμ 1−− 6c ⊗ 6̄c [1, 0]

J4;Aμ 1−− 3̄c ⊗ 3c [1, 0]

J5;Aμ 1−− 3̄c ⊗ 3c [1, 0]

J6;Aμ 1−þ 3̄c ⊗ 3c [1, 0]

J7;Aμν 2−− 3̄c ⊗ 3c ½1; 0� ⊕ ½0; 1�
J8;Aμν 2−− 3̄c ⊗ 3c [1, 0]

J9;Aμν 2−þ 3̄c ⊗ 3c ½1; 0� ⊕ ½0; 1�
J10;Aμν 2−þ 3̄c ⊗ 3c [1, 0]

J11;Aμνρ 3−− 3̄c ⊗ 3c [1, 0]
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behaviors and can be calculated via the perturbative theory.
In our calculations, we adopt the following propagator for
heavy quarks up to dimension-4 gluon condensate

iSabQ ðpÞ ¼
iδab

p̂ −mQ
−
i
4
gs
λnab
2

Gn
μν

×
σμνðp̂þmQÞ þ ðp̂þmQÞσμν

ðp2 −m2
QÞ2

þ iδab

12
hg2sGGimQ

p2 þmQp̂

ðp2 −m2
QÞ4

; ð14Þ

where p̂ ¼ pμγμ and λn is the Gell-Mann matrix.
At the hadronic level, one can describe the correlation

function by using the dispersion relation

Πðq2Þ¼ ðq
2ÞN
π

Z
∞

s<

ImΠðsÞ
sNðs−q2− iϵÞdsþ

XN−1

n¼0
bnðq2Þn; ð15Þ

where bn is the subtraction constant which can be elim-
inated later by taking Borel transform. The imaginary part
of Πðq2Þ can be defined as the spectral function

ρðsÞ≡ ImΠðsÞ
π

¼
X
n

δðs −m2
nÞh0jJjnihnjJ†j0i

¼ f2Xδðs −m2
XÞ þ � � � ; ð16Þ

in which mX and fX denote the hadron mass and decay
constant for the lowest-lying state. In the last step, the
narrow resonance approximation is adopted, and “� � �”
contains contributions from the continuum and higher

excited states. The Borel transform is usually applied to
the correlation function to suppress the contributions from
higher excited states and eliminate the unknown subtraction
terms in Eq. (15)

B̂½Πðq2Þ� ¼ lim
−q2 ;n→∞
−q2=n≡M2

B

ð−q2Þnþ1
n!

�
d
dq2

�
n
Πðq2Þ; ð17Þ

in which the Borel parameter M2
B is introduced. Then one

can establish the QCD sum rules by equating the corre-
lation functions at both quark-gluonic and hadronic levels

f2Xm
2N
X e−m

2
X=M

2
B ¼

Z
s0

16m2
Q

dse−s=M
2
BρðsÞsN ≡ LNðs0;M2

BÞ;

ð18Þ

where s0 is the continuum threshold above which the
contributions from the higher excited states and continuum
can be approximated well by the QCD spectral function.
Then the hadron mass of the lowest-lying state can be
obtained as the function of s0 and M2

B

mXðs0;M2
BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1ðs0;M2

BÞ
L0ðs0;M2

BÞ

s
: ð19Þ

For the interpolating currents in Eq. (5), we have calculated
their two-point correlation functions and spectral functions
up to dimension-4 gluon condensate at the leading order of
αs. In general, the spectral functions can be expressed as

ρðsÞ ¼
Z

x2

x1

dx
Z

y2

y1

dy
Z

z2

z1

dz½ζpertðs; x; y; zÞ þ ζGG;1ðs; x; y; zÞ� þ
Z

x2

x1

dx
Z

y2

y1

dyζGG;2ðs; x; yÞ; ð20Þ

where x, y, z are Feynman parameters and the integration limits are

x1 ¼
s − 8m2

Q

2s
−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
64m4

Q − 20m2
Qsþ s2

s2

s
;

x2 ¼
s − 8m2

Q

2s
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
64m4

Q − 20m2
Qsþ s2

s2

s
;

y1 ¼
2xm2

Q þm2
Q þ x2s − xs

2ðm2
Q − xsÞ −

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8xm4

Q þm4
Q þ 8x3sm2

Q − 6x2sm2
Q − 2xsm2

Q þ x4s2 − 2x3s2 þ x2s2

ðm2
Q − xsÞ2

s
;

y2 ¼
2xm2

Q þm2
Q þ x2s − xs

2ðm2
Q − xsÞ þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8xm4

Q þm4
Q þ 8x3sm2

Q − 6x2sm2
Q − 2xsm2

Q þ x4s2 − 2x3s2 þ x2s2

ðm2
Q − xsÞ2

s
;
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z1 ¼
1 − x − y

2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxþ y − 1Þ

4

�
4xym2

Q

xys − ðxþ yÞm2
Q
þ xþ y − 1

�s
;

z2 ¼
1 − x − y

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxþ y − 1Þ

4

�
4xym2

Q

xys − ðxþ yÞm2
Q
þ xþ y − 1

�s
: ð21Þ

In Eq. (20), the function ζpertðs; x; y; zÞ provides the
perturbative term while ζGG;1ðs; x; y; zÞ, ζGG;2ðs; x; yÞ give
the gluon condensate contributions to the spectral function.
Then functions ζpertðs; x; y; zÞ and ζGG;1ðs; x; y; zÞ are frac-
tional polynomials coming from the first term and last two
terms of the heavy quark propagator in Eq. (14), while the
function ζGG;2ðs; x; yÞ comes from the second term of
Eq. (14). Since these expressions are very complicated
and lengthy, we collect them in the Supplemental
Material [111].

IV. NUMERICAL ANALYSIS

We use the following values of the heavy quark masses
and the gluon condensate to perform Laplace sum rule
numerical analysis [120–122]:

mc ¼ 1.27� 0.02 GeV;

mb ¼ 4.18þ0.03−0.02 GeV;

hg2sGGi ¼ ð0.48� 0.14Þ GeV4; ð22Þ

wheremc andmb are the running masses in the MS scheme.
The gluon condensate hg2sGGi contributes nonperturbative
effects to the correlation functions.
It is clearly that the hadron mass is expressed as the

function of the continuum threshold s0 and Borel parameter
M2

B, as shown in Eq. (19). To obtain reasonable sum rule
analysis, one needs to find out the appropriate working
regions for these two parameters. Since the weight function
e−s=M

2
B in Eq. (18), the Borel transform will improve the

OPE convergence of the power series, giving the lower
bound on the Borel parameter M2

B. Meanwhile, its upper
bound is also constrained to guarantee the pole dominance
requirement. In this work, we assign that the contribution of
perturbative term be three times larger than that of gluon
condensate to ensure good OPE convergence and the pole
contribution (PC) be larger than 50%

R
∞
16m2

Q
e−s=M

2
BρpertðsÞdsR∞

16m2
Q
e−s=M

2
BρGGðsÞds

≥ 3; ð23Þ

PCðs0;M2
BÞ ¼

L0ðs0;M2
BÞ

L0ð∞;M2
BÞ

≥ 50%; ð24Þ

which will give the suitable working region of the Borel
parameter ½M2

B;min;M
2
B;max�. However, the pole contribution

in Eq. (24) depends also on the continuum threshold s0, so
that one needs to figure out its optimal value at the same
time. Following Refs. [123,124], we define the quantity
χ2ðs0Þ as

χ2ðs0Þ ¼
XN
i¼1

�
mXðs0;M2

B;iÞ
m̄Xðs0Þ

− 1

�
2

; ð25Þ

in which m̄Xðs0Þ is defined as the averaged hadron mass

m̄Xðs0Þ ¼
XN
i¼1

mXðs0;M2
B;iÞ

N
; ð26Þ

whereM2
B;iði ¼ 1; 2;…; NÞ are arbitrary N points through-

out the Borel window.
We use the interpolating current j6;Aμ with JPC ¼ 1−þ as

an example to illustrate the above discussions for the fully
charm tetraquark system. By studying the OPE convergence
and pole contribution as Eqs. (23)–(24), we obtain the Borel
window for j6;Aμ as ½M2

B;min;M
2
B;max� ¼ ½3.88; 5.40� GeV2.

The optimal value of the continuum threshold can be found
as s0 ¼ 56.61þ4.57−4.96 GeV2 by requiring the quantity χ2ðs0Þ
be minimum. We plot the χ2ðs0Þ and pole contribution
curves in Fig. 2 to show their behaviors. Within these
parameter working regions, we show the extracted fully
charm tetraquark mass depends on s0 andM2

B in Fig. 3. It is
shown that the extracted tetraquark mass is very stable in the
Borel window, so that one can obtain the hadron mass as

mX ¼ 7.02þ0.26−0.29 GeV: ð27Þ

Similar analyses can also be performed to the fully
bottom bbb̄ b̄ tetraquark systems. For all the interpolating
currents in Eq. (5), we collect the numerical results for the
ccc̄ c̄ and bbb̄ b̄ tetraquark states in Tables IV and V,
respectively. The errors come from the uncertainties of the
heavy quark masses, the gluon condensates, the continuum
threshold s0 and Borel parameter M2

B. In Appendix, we
show the mass curves and Borel stabilities of fully charm
ccc̄ c̄ tetraquark systems for other interpolating currents in
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Eq. (5). For the currents J4;Aμ and J8;Aμν , the pole contribu-
tions are too small to give suitable Borel windows so that
the mass predictions from these two currents are unreliable.
As shown in Tables IV and V, there are two QQQ̄ Q̄

states with JPC ¼ 1−− from J3;Sμ , J5;Aμ and two states with
JPC ¼ 2−þ from J9;Aμν , J10;Aμν . To study the mixing effects
between the currents with the same quantum numbers, we
have calculated the off-diagonal correlators Π3;5

μν ðq2Þ and
Π9;10

μν;ρσðq2Þ defined as

Π3;5
μν ðq2Þ ¼ i

Z
d4xeiq·xh0jT½J3μðxÞðJ5νð0ÞÞ†�j0i; ð28Þ

Π9;10
μν;ρσðq2Þ ¼ i

Z
d4xeiq·xh0jT½J9μνðxÞðJ10ρσð0ÞÞ†�j0i: ð29Þ

The corresponding spectral functions are collected in the
Supplemental Material [111]. It is shown that the pertur-
bative term in Π3;5

μν ðq2Þ vanishes since the special Lorentz
structures of the currents. Comparing to the diagonal

correlators Π3;3
μν ðq2Þ and Π5;5

μν ðq2Þ, the contribution from
this off-diagonal correlator is very small, implying that the
currents J3;Sμ and J5;Aμ would couple to different hadron
states. Actually, J3;Sμ will couple to the pure 1P1 state while
J5;Aμ couples to a mixture of 1P1 and 5P1 states, according to
their different Lorentz structures in Eq. (5).
For J9;Aμν and J10;Aμν with JPC ¼ 2−þ, their off-diagonal

correlator is comparable to the diagonal ones, which will
lead to sizable mixing effect between these two currents.
Moreover, both two currents couple to the pure 3P2 state due
to similar Lorentz structures. However, the excitation
structures of these two currents are different, in which
J10;Aμν contains pure λ-mode excited component while J9;Aμν

contains both λ-mode and ρ-mode excitation structures, as
shown in Table III. To investigate the pure λ-mode 3P2 fully-
heavy tetraquark states, we shall not study the influence of
such mixing effects to the hadron masses in our analyses.
In Tables VI and VII, we compare our calculations of the

P-wave ccc̄ c̄ and bbb̄ b̄ tetraquarks to the results obtained
in different theoretical methods. In our work, we only obtain

FIG. 3. The extracted tetraquark mass depends on the continuum threshold s0 and Borel parameter M2
B for the fully charm ccc̄ c̄

tetraquark state by using the interpolating current J6;A with JPC ¼ 1−þ.

FIG. 2. The χ2ðs0Þ and pole contribution curves for the fully charm ccc̄ c̄ tetraquark system by using the interpolating current J6;A with
JPC ¼ 1−þ.
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the pure λ-mode excited tetraquarks in the 1−−; 1−þ; 2−þ
and 3−− channels. In these channels, the extracted masses
for the ccc̄ c̄ tetraquarks are in agreement with those in
Refs. [40,64,65] within errors, while the masses for the
bbb̄ b̄ tetraquarks are much lighter than the results in
Refs. [40,64]. For the 0−þ and 2−− channels, we obtain
the mixed P-wave tetraquark states containing both the

λ-mode and ρ-mode excitation structures. Only pure ρ-mode
excited P-wave tetraquarks are obtained for the 0−−

channel. In Ref. [47], the ccc̄ c̄ tetraquarks are the color
mixtures containing both symmetric and antisymmetric
color structures. The states collected in Table VI from
Ref. [47] are dominated by the antisymmetric color
structure.

TABLE V. Numerical results for the P-wave fully bottom bbb̄ b̄ tetraquark states.

Currents JPC Mass [GeV] s0 [GeV2] M2
B;min [GeV2] M2

B;max [GeV2] PC [%]

J1;A 0−− 18.87þ0.31−0.32 381.04þ14.49−14.6 12.35þ1.33−1.51 18.59þ1.88−2.17 65.6� 0.2

J3;Sμ 1−− 17.65þ0.21−0.19 321.75þ8.43−7.72 5.33þ0.57−0.68 7.67þ0.78−0.91 64.0þ0.4−0.1
J4;Aμ 1−− � � � � � � � � � � � � � � �
J5;Aμ 1−− 18.88þ0.31−0.32 381.57þ14.52−14.74 12.26þ1.29−1.48 18.29þ1.87−2.09 65.7þ0.1−0.3
J6;Aμ 1−þ 19.39� 0.37 407.64þ17.46−17.90 15.59þ1.69−1.92 23.08þ2.32−2.66 65.3� 0.2

J7;Aμν 2−− 20.06þ0.43−0.44 442.34þ21.15−22.34 19.72þ2.15−2.44 28.66þ2.90−3.33 64.8þ0.3−0.2
J8;Aμν 2−− � � � � � � � � � � � � � � �
J9;Aμν 2−þ 19.11þ0.33−0.35 392.87þ15.81−16.31 13.92þ1.53−1.73 20.55þ2.10−2.42 65.0� 0.2

J10;Aμν 2−þ 18.23þ0.25−0.24 346.22þ10.34−10.17 6.77þ0.67−0.79 9.04þ0.87−1.04 62.8� 0.2

J11;Aμνρ 3−− 17.62þ0.20−0.18 320.48þ8.05−7.46 5.05þ0.53−0.62 7.47þ0.73−0.86 65.0� 0.3

TABLE VI. Mass spectra (MeV) of the P-wave ccc̄ c̄ tetraquarks in various theoretical works. The notation (λþ ρ) represents the
mixed P-wave tetraquark state containing both the λ-mode and ρ-mode excitation structures, while (λ) and (ρ) indicate the pure λ-mode
and ρ-mode excited states respectively.

JPC State Color This work Ref. [40] Ref. [47] Ref. [64] Ref. [65] (GI)

0−− 3P0 3̄c ⊗ 3c 6650þ220−250 (ρ) 6926 (ρ) 6913(ρ)
0−þ 3P0 3̄c ⊗ 3c 9380þ370−440 (λþ ρ) 6891 (λ)=6749 (ρ) 6746(λ) 6628(λ) 6633(λ)
1−− 1P1 3̄c ⊗ 3c 6810þ250−370 (λ) 6904 (λ) 6740(λ) 6631(λ) 6698(λ)
1−þ 3P1 3̄c ⊗ 3c 7020þ260−290 (λ) 6908 (λ) 6746(λ) 6634(λ) 6697(λ)
2−− 5P2 3̄c ⊗ 3c 7550þ320−360 (λþ ρ) 6955 (λ) 6741(λ) 6648(λ) 6712(λ)
2−þ 3P2 3̄c ⊗ 3c 7190þ240−290 (λ) 6928 (λ) 6746(λ) 6644(λ) 6718(λ)
3−− 5P3 3̄c ⊗ 3c 6650þ230−160 (λ) 6801 (λ) 6741(λ) 6664(λ) 6739(λ)

TABLE IV. Numerical results for the P-wave fully charm ccc̄ c̄ tetraquark states.

Currents JPC Mass [GeV] s0 [GeV2] M2
B;min [GeV2] M2

B;max [GeV2] PC [%]

J1;A 0−− 6.65þ0.22−0.25 50.12þ3.63−3.93 3.07þ0.38−0.43 4.39þ0.49−0.55 63.9þ0.6−0.3
J2;A 0−þ 9.38þ0.37−0.44 105.94þ8.59−9.99 8.53þ0.98−1.10 12.17þ1.28−2.70 64.8þ0.5−1.1
J3;Sμ 1−− 6.81þ0.25−0.37 52.33þ4.19−4.62 3.70þ0.47−0.55 4.60þ0.57−0.61 58.7� 0.1

J4;Aμ 1−− � � � � � � � � � � � � � � �
J5;Aμ 1−− 6.96þ0.25−0.27 55.24þ4.41−4.86 3.80þ0.47−0.54 5.05þ0.60−0.68 61.5� 0.3

J6;Aμ 1−þ 7.02þ0.26−0.29 56.61þ4.57−4.96 3.88þ0.48−0.55 5.40þ0.64−0.70 63.2þ0.3−0.2
J7;Aμν 2−− 7.55þ0.32−0.36 66.11þ5.93−6.51 5.29þ0.71−0.70 6.69þ0.83−0.90 59.8þ0.6−0.7
J8;Aμν 2−− � � � � � � � � � � � � � � �
J9;Aμν 2−þ 7.24þ0.29−0.34 60.05þ5.21−5.81 4.77þ0.65−0.74 5.92þ0.75−0.84 58.8þ0.5−0.6
J10;Aμν 2−þ 7.19þ0.24−0.29 58.36þ4.30−4.87 3.61þ0.41−0.48 4.65þ0.51−0.60 60.9þ0.2−0.3
J11;Aμνρ 3−− 6.65þ0.23−0.16 49.61þ3.71−4.16 3.29þ0.42−0.49 4.15þ0.49−0.55 59.3þ0.7−0.4
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V. CONCLUSION AND DISCUSSION

We have studied the mass spectra of P-wave fully heavy
ccc̄ c̄ and bbb̄ b̄ tetraquark states with various quantum
numbers in the framework of QCD sum rules. We con-
struct the nonlocal interpolating tetraquark currents by

inserting the covariant derivative operator D
↔

μ between the
S-wave diquark and antidiquark fields. After studying the
excitation structures of these tetraquark operators, we find
that it is difficult to separate the λ-mode and ρ-mode
excitations for the P-wave tetraquaks with JPC ¼ 0−þ. The
pure λ-mode excited P-wave fully heavy tetraquarks exist
in the 1−−; 1−þ; 2−−; 2−þ and 3−− channels. Within three
Lorentz indices, we are not able to construct the pure
λ-mode excited P-wave ccc̄ c̄ and bbb̄ b̄ tetraquark oper-
ators with JPC ¼ 0−− and 3−þ.
We calculate the two-point correlation functions and

spectral functions up to dimension-4 gluon condensate at
the leading order of αs. We perform Laplace sum rule
analyses to the fully charm and fully bottom tetraquark
systems and extract their masses in various channels, as
shown in Table IV and Table V. The masses of the fully
charm ccc̄ c̄ tetraquark states with JPC ¼ 1−þ and 2−þ are
about 7.02 GeV and 7.20 GeV respectively, which are in
good agreement with the masses of Xð6900Þ and Xð7200Þ
within errors. For the fully bottom systems, the predicted
masses for the bbb̄ b̄ tetraquark states with JPC ¼
0−−; 1−−; 2−þ and 3−− are below or very close to the mass

thresholds of di-ηbð1SÞ and di-ϒð1SÞ. This is different from
the fully charm tetraquark systems, which are predicted to
be above the di-ηcð1SÞ and di-J=ψ mass thresholds. These
results are consistent with our previous predictions for the
ρ-mode excited P-wave bbb̄ b̄ tetraquarks in Refs. [10,58].
The fully charm ccc̄ c̄ tetraquarks can decay into the two

charmonium final states via the fall apart mechanism, as
shown in Table VIII. We emphasize the di-J=ψ and
J=ψψð2SÞ modes in the bold font where the Xð6400Þ;
Xð6600Þ; Xð6900Þ, and Xð7200Þ were observed. It is
clearly that the final states of the S-wave decays contain
a P-wave charmonium, while the two S-wave charmonium
final states can only appear in the P-wave decay modes.
Such decay properties may lead to narrower decay widths
for these P-wave ccc̄ c̄ tetraquarks than the S-wave ones.
More efforts in both theoretical and experimental aspects
are expected to understand the fully heavy tetraquark
systems in the future. Hopefully our calculations will be
useful for identifying the nature of new exotic tetraquark
states.
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TABLE VII. Mass spectra (MeV) of the P-wave bbb̄ b̄ tetraquarks in various theoretical works.

JPC State Color This work Ref. [40] Ref. [64]

0−− 3P0 3̄c ⊗ 3c 18870þ310−320 (ρ) 19756 (ρ)
0−þ 3P0 3̄c ⊗ 3c 19739 (λ)=19595 (ρ) 19533(λ)
1−− 1P1 3̄c ⊗ 3c 17650þ210−190 (λ) 19749 (λ) 19536(λ)
1−þ 3P1 3̄c ⊗ 3c 19390� 370 (λ) 19748 (λ) 19535(λ)
2−− 5P2 3̄c ⊗ 3c 20060þ430−440 (λþ ρ) 19767 (λ) 19538(λ)
2−þ 3P2 3̄c ⊗ 3c 18230þ250−240 (λ) 19756 (λ) 19539(λ)
3−− 5P3 3̄c ⊗ 3c 17620þ200−180 (λ) 19617 (λ) 19545(λ)

TABLE VIII. Possible S-wave and P-wave decay modes of the ccc̄ c̄ tetraquark states.

JPC S-wave P-wave

0−− J=ψχc1 ηcJ=ψ , ηcψð2SÞ
0−þ ηcχc0, J=ψhc di-J=ψ, J=ψψð2SÞ
1−− ηchc, J=ψχc0, J=ψχc1, J=ψχc2 ηcJ=ψ , ηcψð2SÞ, ηcð2SÞJ=ψ
1−þ J=ψhc, ηcχc1 di-J=ψ, di-ηc, di-χc1, di-χc2, di-hc, χc0χc1, χc0χc2
2−− J=ψχc1, J=ψχc2, ψð2SÞχc1, ψð2SÞχc2 ηcJ=ψ , ηcð2SÞJ=ψ , ηcψð2SÞ, ηcð2SÞψð2SÞ, hcχc0, hcχc1, hcχc2
2−þ ηcχc2, ηcð2SÞχc2, J=ψhc, ψhc di-J=ψ , di-χc1, di-χc2, di-hc, J=ψψð2SÞ
3−− J=ψχc2 –
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APPENDIX: MASS CURVES AND BOREL STABILITIES FOR ALL CHANNELS

In this appendix, we show the mass curves and Borel stabilities of fully charm ccc̄ c̄ tetraquark systems for other
interpolating currents in Eq. (5) as shown in Figs. 4–11.

FIG. 4. For the interpolating current J1;A with JPC ¼ 0−−.

FIG. 5. For the interpolating current J2;A with JPC ¼ 0−þ.

FIG. 6. For the interpolating current J3;Sμ with JPC ¼ 1−−.
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FIG. 7. For the interpolating current J5;Aμ with JPC ¼ 1−−.

FIG. 8. For the interpolating current J7;Aμν with JPC ¼ 2−−.

FIG. 9. For the interpolating current J9;Aμν with JPC ¼ 2−þ.
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