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We study the role of renormalon cancellation schemes and perturbative scale choices in extractions of the
strong coupling constant a,(my) and the leading nonperturbative shift parameter Q; from resummed
predictions of the ete™ event shape thrust. We calculate the thrust distribution to N3LL' resummed
accuracy in soft-collinear effective theory (SCET) matched to the fixed-order O(a?) prediction, and
perform a new high-statistics computation of the O(a?) matching in EERAD3, although we do not include
the latter in our final a, fits due to some observed systematics that require further investigation. We are
primarily interested in testing the phenomenological impact sourced from varying amongst three
renormalon cancellation schemes and two sets of perturbative scale profile choices. We then perform a
global fit to available data spanning center-of-mass energies between 35-207 GeV in each scenario.
Relevant subsets of our results are consistent with prior SCET-based extractions of a,(m), but we are also
led to a number of novel observations. Notably, we find that the combined effect of altering the renormalon
cancellation scheme and profile parameters can lead to few-percent-level impacts on the extracted values in
the a, —Q; plane, indicating a potentially important systematic theory uncertainty that should be
accounted for. We also observe that fits performed over windows dominated by dijet events are typically of
a higher quality than those that extend into the far tails of the distributions, possibly motivating future fits
focused more heavily in this region. Finally, we discuss how different estimates of the three-loop soft

matching coefficient c% can also lead to measurable changes in the fitted {a,,Q,} values.
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I. INTRODUCTION

Electron-positron event shapes are amongst the oldest
and most established observables for testing the predictions
of perturbative QCD [1]. They typically measure geometric
configurations of hadronic final-state momentum distribu-
tions in detectors which, thanks to the absence of initial-
state color-charged particles, are free of many uncertainties
associated to hadron-hadron collisions. They are therefore
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generally assumed to be theoretically clean observables,
permitting high-order perturbative calculations as well as
precision extractions of the fundamental parameter of
massless QCD—the strong coupling constant .

It is to this end that multiple experimental and theoretical
collaborations have pursued e™e™ event shapes, utilizing
available data from the Large Electron-Positron collider
(LEP) and other experiments. Some of these results [2—11]
contribute along with analogous studies utilizing lattice
simulations, z-decays, PDF fits, heavy quarkonia decays,
etc. to the 2022 Particle Data Group (PDG) world average,
whichis foundtobe a (m,) = 0.1179 £ 0.0009 [12]. Thanks
to the desirable properties of ete™ event shapes and the
associated precision of theoretical predictions now available—
which exist up to the N’LL/ resummed perturbative accuracy
using soft-collinear effective theory (SCET) [13-16] and
O(a3) accuracy in fixed-order QCD [17,18]—determinations
based on observables such as thrust [5] and C-parameter [9] are
among the most precise quoted in the PDG.

Published by the American Physical Society
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One notices, however, that these extractions tend to yield
significantly lower values of @, as compared to the PDG
world average, which motivates further investigation. It is
generally observed in the literature that lower values of a;
emerge from event-shape predictions that account both for
the resummation of logarithms in perturbation theory and a
semianalytic description of nonperturbative power correc-
tions from hadronization. Recently, this discrepancy has
motivated studies of models of power corrections in the
three-jet region of event-shape distributions [19-21] and
associated impacts on the determination of a; [19,22],
indicating additional systematic uncertainties from such
effects. In the current work, we follow a somewhat orthogo-
nal approach that addresses the question whether there exist
theoretical uncertainties in the dijet factorized prediction for
the thrust distribution that have a similarly non-negligible
impact on the a; determination. We stress that the purpose of
this work is to identify such systematic effects that remain to
be better understood or controlled in future fits, and that we
do not aim at a competitive a, extraction here.

While multiple explanations for this tension could exist,
a definitive answer will at the very least require a better
understanding of the impact of (A) nonperturbative (NP)
physics effects and (B) perturbative scale uncertainties on
the error estimation of the extracted results. For example,
regarding (A), the SCET thrust and C-parameter fit results
mentioned above were performed in a two-dimensional
plane in a; and €2, where the latter is a universal parameter
encoding the leading NP shift in the tail regions of the
differential distributions [23-27],

do do Q
g (e-e ) 1)

where e denotes a generic event shape whose dominant
power corrections come from the soft sector, and where c,
is a calculable, observable-dependent scaling coefficient
given by ¢, = 2 for thrust and ¢ = 3z for C-parameter.
While (1) is only valid in a region of e large enough to
justify an operator product expansion of the soft shape
function that describes the NP physics, its implication for
fitting analyses is evident: shifts in theory distributions due
to differing values of a, can partly be compensated by shifts
from differing values of Q;. As a result, extractions are
often given in terms of ellipses in the combined a, — Q;
plane, whose sizes correspond to a given statistical con-
fidence level and whose slopes encode the correlation
between the two fit parameters a, and Q;. Furthermore,
often embedded in the definition of Q; is an implicit
scheme for simultaneously canceling the leading soft
infrared renormalon appearing in the perturbative dijet soft
function and certain hadronization model parameter(s)
[28]. This renormalon cancellation scheme amounts to a
choice, and as recently argued in [29], many reasonable
choices exist. We stress that when we make the same

choices as in prior SCET-based thrust analyses [5,9], we
obtain results entirely compatible with these works. But
here we will also show that multiple well-defined scheme
choices may well lead to a significant spread of the fit
values, implying a potential systematic theory uncertainty
that should be accounted for, while also motivating further
strategies to reduce or avoid such systematic effects.

As part of our investigations we will also find that a;
extractions that are constrained to a more restricted domain
of the observable—in particular the dominantly dijet region
of differential distributions—typically result in better-qual-
ity fits than those performed up to or even beyond the
multijet threshold. This represents a complementary per-
spective to the one that was recently presented in [22],
which advocated « fits in the far-tail regions, where three-
jet and multijet events dominate, and where recent
advances in understanding three-jet NP power corrections
have focused. While the latter developments are important
to improve the theoretical understanding of event-shape
distributions, we note that these analyses are currently
model-dependent (based on the large-n; limit), and there-
fore not on the same footing as the corresponding dijet
studies, for example, in the generality of proofs of the
universality of the corresponding NP corrections.

In this work we study the thrust distribution 7 =1 -7
[30,31], a canonical ete™ event shape defined as

1 .
A @)

with Q the center-of-mass (c.m.) energy of the collision, and
p’, and 7; respectively denoting the transverse momentum
and rapidity of the ith final-state particle measured with
respect to the thrust axis. Thrust is amongst the best studied
e e event shapes, a fact in part due to the ability to calculate
its spectra at N°LL' 4+ O(a3) resummed and matched
accuracy [5,32]. As already mentioned, thrust has been
utilized for prior effective-field-theory-based extractions of
the strong coupling, and this provides a controlled environ-
ment for us to study the impacts of certain assumptions
embedded in the theoretical framework, and to compare with
prior analyses. Indeed, in addition to revealing the novel
physics points mentioned above, our study provides the first
independent cross-check of the results in [5,9], despite a
number of minor systematic differences in our analysis that
will be described in detail in Sec. V D below.

The remainder of the paper develops as follows: in Sec. II
we will review the dijet SCET factorization theorem
employed to predict the thrust distribution, the various
perturbative ingredients required therein, and the matching
to the fixed-order QCD prediction up to O(a?) accuracy. We
also describe a new high-statistics calculation of the three-
loop O(a}) remainder function using the public EERAD3
code [33], and highlight some systematic concerns about it
that lead us to not include the matching to this order in our
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final extraction code. In Sec. III we review the further
factorization of the soft function into a nonperturbative shape
function and a fully perturbative component, as well as the
formalism for achieving the leading infrared renormalon
cancellation between the two. We will then introduce the three
different renormalon cancellation schemes we intend to study,
and in Sec. IV we review two alternative sets of profile
functions as well as our method of varying them to estimate
the overall perturbative uncertainty. Finally, in Sec. V we
present our method of extracting {a;, Q,}, show our results
for these quantities in different schemes, discuss their
implications, and also touch on the uncertainties associated
with the three-loop soft constant ¢3, which is the only N°LL’

ingredient that is currently not known exactly. We conclude in
Sec. VI. Appendixes A and B respectively collect details on
the fixed-order expansion of the resummed cross section and
the order-by-order expansion of the renormalon cancellation
formulas, while Appendix C provides more details of an
analysis of one of the renormalon schemes introduced in
Sec. III that does not play a central role in the comparison of
schemes in the main body of this paper nor in its conclusions.

II. PERTURBATIVE TREATMENT

The bulk of the theory we implement is thoroughly
presented in prior literature, and so for brevity we only
outline the core features of our calculation in what follows,
leaving many background details to those references (see
e.g. [5,34,35]).

We predict the singular part of the integrated (or
cumulative) thrust distribution,

v do
o) = [ a7, o)

with methods from SCET, for which factorization theorems
for dijet eTe™ event shapes are well established, and match
to fixed-order QCD to account for nonsingular contribu-
tions. Hence the overall perturbative cross section consists
of two parts,

UET (T) = Gc,sing (T) + O¢ns (T>7 (4)
with the nonsingular matching contribution o, ,s(7) implic-

itly defined in (11) below. We will now address both of
these contributions in turn.

A. Singular contribution

The singular and resummed contribution 6, e (7),
normalized by the Born cross section o, reads

'We use the form derived in [35], which depends at a given
order of perturbation theory on the factorization scales iy ; g, but
is otherwise explicitly independent of the renormalization scale y
at every order of perturbation theory.

. _ Q(uy.ps)
G"Lg(r) — oKup pyps:Q)+K, (r py i) l o
() T

5 VAR
x H(Q? uy)J <59 + 111211/41>

Q
% Hs el
xs<ag+1n@,us)—r(l_g>, (5)

where the evolution kernels K, K,, and Q are given by

k(/”H’MJn“S; Q)= _KHkF(ﬂaﬂH; Q)
—2jyi K (p,g; Q) — ks Kr (. piss Q).
K, (uspyspis) = Ky, (o pg) + 2K, (1) + Ky (1, i),
Q(uy,us) = =2kmr(ps py) — kst (1 ps)- (6)

The hard function H arises from the matching of the
effective theory to QCD, and it describes virtual corrections
to ete™ — gg scattering, while collinear radiation along
the jet directions is encoded in the jet functions J (with the
tilde denoting an evaluation in Laplace space). Finally,
background low-energetic radiation that communicates
between the two jets is described by the (Laplace-space)
soft function S. All of these functions are evaluated in (5) at
an associated ‘natural’ scale uy ; ¢ at which their logarith-
mic corrections are minimized and their perturbative series
well-behaved. In SCET the resummation is achieved via
renormalization group (RG) evolution, which generates the
kernels K, K,, Qin (6) defined in terms of cusp (I'c,,) and
noncusp (yr) anomalous dimensions,

_ wdy! W
Kl"(/" HF; Q) = / _/Fcusp[as(ﬂl)] ln_’
HF H Q
udy!
K, (upr) = / AL s (),
HF H
wdy
ne(o i) = / U ). (7)
up M

The corresponding values for the parameters xr and j are
given for the thrust distribution by

j! = 27 jS = 17
Kg =4. (8)

Jn =1,
Ky = 4, Ky = —2,
Given the perturbative expansions of the cusp and noncusp
anomalous dimensions, one can solve (7) order by order,
achieving approximate analytic expressions for the evolu-
tion kernels that resum the logarithmic corrections to the
thrust distribution to a given accuracy.2 The order to which

*The systematic uncertainties of this approximation have been
studied e.g. in [36,37].
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each individual component of (5) must be calculated can be
read off e.g. from Table 6 of [35]. As our goal consists in
resumming the thrust distribution to N’LL’ accuracy, we
need the noncusp anomalous dimensions yx and the fixed-
order hard, jet, and soft functions H, J.S up to O(al)
corrections, while O(a?) ingredients are required for the
cusp anomalous dimension I'y,,, and the QCD f-function.

Of these, only the three-loop matching correction cg to
the Laplace-space soft function § is currently unknown,
although an extraction of this quantity with the EERAD3
event-generator results from [38] was performed in [39],
which found

¢ manps = —19988 £ 5440, (9)

where we have added the uncertainties quoted in [39]
linearly. However, in Sec. V E below we will also examine
scenarios with a Padé approximated value for cg that has
been used in earlier studies of the thrust distribution (in
particular in [5]) with

¢3lpage = 691 = 1000, (10)

The goal of that exercise consists in understanding how
sensitive a, determinations are to this unknown N3LL’
coefficient in different perturbative schemes that we will
introduce below. In any case, despite the somewhat large
systematic difference between these two estimates of cg,

and the remaining large uncertainty in (9), we will still label
results that depend on these estimates as N°LL’ in what
follows, in accord with previous analyses [5,9].

B. Nonsingular contribution

In the far-tail region of the distribution, where resum-
mation effects are less important, it is necessary to match
the singular SCET cross section from (5) to the full QCD
prediction. Obtaining the additional nonsingular compo-
nent in (4) is then a matter of determining remainder
coefficients 7. by subtracting off the singular SCET
prediction from the QCD result, at a given order in
perturbation theory,

GIL?T (T) _ Gc,sing(r)

0o 0o

= rc(T)

~0(0){rL(Q.7) + 7(0.7) + 72(Q.7)},
(11)

where 7.(Q,7) = (a,(Q)/(27))ri(z). The singular cross
section is obtained from (5) by expanding F = H,J, S at
Uy = Uy = pg = Q to fixed order in «a,, multiplying out
these expressions, and then inverse Laplace-transforming
the result. This process is straightforward given the well-
known expressions for the fixed-order coefficients F,
defined by

FLer) =3 () Rt (2)

e 4

which depend on (logarithmically weighted) anomalous
dimensions y%, I'%., as well as unweighted singular con-
stants ¢}, briefly discussed above for F = S. In
Appendix A we have collected explicit expressions for
these functions up to O(a}), in both momentum and
Laplace space. In terms of these quantities, the singular
cross section o, g, (7) is fully determined, and one only
needs to obtain the QCD result 6-7(7) to determine the
remainder coefficients. At O(a;) this can be done analyti-
cally (from, e.g., [40]), while we have implemented the
relevant O(a?) matching from [35] in this work, which
used EVENT2 [41] to obtain 2. This then leaves the O(})
remainder coefficient r?.

While the differential analogue to r2, r* = dr)/dz, is
available from the corresponding SCET matching per-
formed in [5], we have opted to perform our own extraction
using the EERAD3 generator, which yields a binned
approximation to the differential thrust distribution away
from 7 = 0,

1 do,
oy dt

1 do,

mErap3 00 dT

=B(7) +r(zr), (13)

>0

where B(7) is a singular function that is reproduced by the
SCET calculation. Critically, the unknown constant c%

mentioned above does not appear in this expression, as
it only contributes to the coefficient of the 6(z) term. This
can be seen explicitly in (A11) in Appendix A, which can
also be used to obtain 7 using the differential analogue of
(11). The resulting object can then be integrated to obtain
the cumulative remainder function 3.

Following this procedure, we have computed the remain-
der function 7* in EERAD3 with 1.5 x 10'0 events with the
internal infrared cutoff parameter set to 10~7. The result is
shown in Fig. 1. We note that this number of events is
considerably greater than in prior determinations appearing
in the literature. With these statistics, we are able to learn
about the behavior of the fixed-order prediction of EERAD3
in a bit more detail than previously possible, especially in
the small 7 region. The remainder 73 is obtained by
subtracting all the singular contributions predicted by
(A17) down to the single-logarithmic coefficient, i.e. the
logarithms with coefficients o3, with k& > 1. However,
we have noticed that the coefficient o3, of the single
logarithm at three loops is itself not predicted accurately by
EERAD3—it is off by nearly a factor of 2. Thus, the result
in Fig. 1 likely contains an uncanceled singular contribu-
tion. We have gone ahead with the exercise of fitting the
data in Fig. 1 to a basis of sub-leading (power-suppressed)
logarithmic functions as was done in [5], which is repre-
sented by the red line for 7 < 0.2 (the red line for z > 0.2 is
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00 01 02 03 04 05
T

FIG. 1. Differential remainder function r(z)/(2xz)® as ex-

tracted from EERAD3. The data points are the EERAD3 data,
and the red line is a combined interpolation for large = and a
fit to a basis of logarithmic functions for small 7 as explained
in the text.

simply a direct interpolation of the EERAD3 data). In this
way we could integrate 7> to obtain a cumulative remainder
function r2. However, because of the uncanceled singular
contribution in the EERAD3 data, we do not believe we can
obtain a reliable prediction for 7 at this time, nor can we
use these data to obtain a reliable extraction of the unknown
three-loop soft constant cg using the procedure described in

[42]. These observations should not, however, cast doubt
on previous extractions of a, using EERAD3 calculations of
13, as the “missing logarithmic effect” is less pronounced at
larger values of © where the a, fits are performed, and the
statistical uncertainties for the lower number of events that
were used in those works likely encompass the error,
anyway.

Nevertheless, as a result of these observations, we
choose to match only to the O(a?) remainder function
r2 in this work, effectively setting > to zero. Thus we label
our results as N’LL' + O(a?). We stress, however, that our
study of renormalon cancellation scheme and perturbative
scale profile choices, and the conclusions drawn therefrom,
remain unaffected from this restriction. We have verified
this by performing extractions with 7 in Fig. 1 turned on or
off. We defer further study of * and its integral r> to a
future publication. We also note that the more recent a;
determinations in [10,11] used CoLoRFulNNLO [43] to
determine the O(a?) remainder function.’

3Recently, the authors of [43] kindly provided us data for the
thrust distribution predicted therein. We note the remainder
function r3(z) obtained from using this data differs significantly
from Fig. 1 for very small 7z, and even noticeably though less
dramatically for larger values of 7. We defer a study of the impact
on {a,, Q, } fits from the predictions in [43] to future work, which
we do not expect to substantially alter any conclusions in this

paper.

With this set of remainder functions 7% at hand, the final
perturbative prediction for the cumulative thrust distribu-
tion is given by

PT(T) _ Gc,sing (T; HH>Hs /'45) +

as (:uns) r] (T)

o, 0 2r ¢
2
4 (%’jﬁ) [r%(r) + Bork(z )ln% . (14)

where we have made the dependence of the singular cross
section on the hard, jet and soft scales yy ; ¢ explicit, and
we have allowed for an independent scale y,, that can be
varied to probe the perturbative uncertainty of the non-
singular contribution. In Sec. IV we will discuss how we
vary these scales to estimate unknown higher-order cor-
rections in all sectors of our calculation.

III. NONPERTURBATIVE TREATMENT
A. Gapped shape function

A complete theoretical treatment of the thrust distribu-
tion must also take into account nonperturbative effects
due to hadronization. These effects are encoded in the dijet
soft function in (5) describing low-energy wide-angle
radiation between the two jets. We use a model for the
soft function [25,26,28],

S(kous) = / AR Spr(k = K is) froa(K — 28, (15)

where f..,q 1S a nonperturbative shape function that
modifies the perturbative prediction for the soft function,
and A is a gap parameter modeling the minimum soft
momentum in a final state due to hadronization. This
implies the following formula for the cross section itself:

1 k
G_OGC(T>_/dkalc)T<T_§;ﬂH’ﬂjvﬂSa/"ns>
X fmod(k = 24). (16)

In this prediction, the shape function is convolved with both
the (resummed) singular and the nonsingular parts of the
cross section in (14)—as in previous treatments [5,9,35]—
in order to smooth the transition from the resummation
region to the fixed-order region. This is an important point
to keep in mind in the following discussion, as any
modifications we make to the nonperturbative gap param-
eter will affect both regions.

For the gapped shape function in (15), we adopt the
form,

Froslh) =5 |3 001§ ) o
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where the functions f,(x) form a complete orthonormal
basis composed of Legendre polynomials [44]. For the
present analysis, we set by = 1 and b,, = 0 for n > 0, since
we are only interested in the tail region of the distribution,
where the first moment A of the shape function is the only
relevant parameter. In the absence of the nonperturbative
gap parameter A, one then recovers the leading shift from
(1) when the shape function is convolved with the pertur-
bative cross section. With a nonzero A, on the other hand,
the relationship between Q, and the shape function is
modified to

2Q, = 2A+/dkkfmod(k), (18)

with A ~ Agcp, and where it is understood that the 1
parameter in (17) is given by 1 = 2(Q, — A). Note, how-
ever, that our notation in (18) has slightly changed from (1),
as the presence of the barred notation (Q,, A) indicates
objects defined in an MS-like renormalization scheme,
where the soft function Spr has been calculated. However,
both the perturbative soft function and the gap parameter A
exhibit renormalon ambiguities [28], which must be can-
celed to obtain stable predictions.
To do so, one redefines the gap parameter in (15) as

A = A(us, pur) + 8(ts, Hr) (19)

where A is renormalon free and 6 is chosen to cancel the
ambiguity in the perturbative soft function. We will review
the procedure for calculating & in various schemes in
Sec. III B below. In these schemes, the perturbative series
for 6 is calculated starting from the perturbative soft
function that is renormalized at a ‘“reference” scale ;.
Moreover, the condition imposed on the Laplace-space soft
function is evaluated at an argument proportional to the
inverse of a second “‘subtraction” scale yy. The dependence
on these two scales, as well as the details on the chosen
subtraction scheme to compute 8, enters the final prediction
for the cross section.

Without repeating the details of the derivation, we quote
here the final result for our prediction of the renormalon-
free cross section [5,35,45],

1 k
_GC(T) :/deIZT<T—§;ﬂH,,UJ,MSsMns>

00
% [e—zﬁw,uR)#‘kfmod(k —2A(us, pg))]. (20)

The scheme chosen to compute the renormalon subtraction
series, and thus the definition of the gap parameter A, must
be specified in computing the cross section. The scheme
includes a definition of the reference scale y;5, and in case it
is not equal to ug, the terms in brackets should be
reexpanded in powers of a,(ug) [29].

Independent of the chosen renormalon cancellation
scheme is the practical approach for evaluating (20). We
do so by collecting terms with the same explicit powers of
a,, such that the cross section necessary for N’LL’ accuracy
can be expanded as

‘7;_(()7) = o(2) + ol () + 0l (2) + 0l (z),  (21)

whose components are given order-by-order by

He = [ @S (e-E) puaa)]. @
n=0

where we have suppressed the scale dependence in both
oN'LO [the purely perturbative resummed and matched
cross section from (14), with any fixed-order prefactors
truncated to N"LO accuracy, following the notation used in
Eq. (4.38) of [35] ] and the shape function f .4 for brevity.

The component notation ffliz,d represents the fact that in
practice we expand out the renormalon-corrected shape
function as

e foa(k=28) = > fina(k=24).  (23)

where the coefficients ffflld refer to an expansion in a(uy),
given in (B1). Explicit expressions for these coefficients
can be found order-by-order in Appendix B, where it is
clear that these terms depend on the particular renormalon
cancellation scheme. It also follows that in the presence of a
gapped and renormalon-corrected shape function, the
actual shift of the differential distribution will no longer
be a constant, as in (1). Indeed, the scale dependence of
both A and 6, which will be discussed in upcoming
sections, leads to a z-dependent “effective” shift, which
can be calculated as

Carle) = [ akk {ijéildw— 20 e

The behavior of this effective shift will guide in large part
our considerations below on a set of renormalon cancella-
tion schemes for the thrust distribution.

B. Renormalon cancellation schemes

As mentioned above, both the perturbative soft function
Spr and the subtraction term & suffer from renormalon
ambiguities associated to infrared poles in their (all-order)
Borel-series representations. As in prior studies, we adopt a
formalism to cancel them against one another, thereby
rendering the overall cross section free of the leading soft
renormalon. A generalized set of schemes achieving this
cancellation was presented in [29], each defined by
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imposing a condition on the soft function in Laplace space
to render it free of the leading renormalon,

n

< —2u8(ug, _
Wln[sn(%ﬂé)@ Wst)], e =0, (25)

where v is the Laplace-space variable, ps the reference
renormalization scale where Spy is evaluated, and up the
renormalon subtraction scale, with the condition on the n-th
derivative of Spy imposed at the Laplace-space argument
v = &/ug. The parameters n, &, along with the choice of pg,
define the renormalon cancellation scheme being used to
define the subtraction term ¢ and thus the gap parameter A.
From (25) one immediately obtains an expression for the
subtraction term ¢ in terms of the perturbative soft function,

n

_Hr
5(”59/’”?) - 25 d(lnu)"

In SPT(”a /"5)|y:§/yk' (26)

Here it is clear that we need to control the RG evolution of
the subtraction term, both in terms of the reference scale p;
and the subtraction scale pp, which is governed by the
anomalous dimensions,

7alag(ps)] d1n g (Ms: 1R) dln 1y (U5, 1R)
[ ( )]*——d A( )*—d 5( ) (27)
YRIOs\HR)] = dug HR> KR _dﬂR HR>HR)-

The ps-evolution is well-known [42], and is given in terms
of the cusp evolution function 7 defined in (7). The second
equation is the so-called “R-evolution” equation [42,46],
and its anomalous dimension yp explicitly depends on the
subtraction scheme defined in (26). Note that yp is
computed at ps; = ur. We give the solution for the pgs-
and R-evolved gap parameter to three-loop order in (B3).

We now address the freedom in defining renormalon
cancellation schemes which, as is evident in (26), depend
on the choice of the derivative rank (the parameter n), the
overall normalization (the parameter £), and the reference
scale p5. As long as an appropriate hierarchy of scales is
maintained, one may choose these parameters freely. In
[5,9], for example, the so-called R(-gap) scheme was
defined by

Rscheme: {n,& us,ugt = {1,e7, ug, R}, (28)

where the functional form of the profile R will be given in
Sec. IV A below. Exact expressions for n = 1 for both the
subtraction term 6 and the anomalous dimension yy are
given in Appendix B up to O(a?).

In Fig. 2 we plot the effective shift (24) of the differential
distribution that results from various scheme choices across
the z-domain relevant for the « fits. Specifically, the red
and green curves refer to the R scheme for two different

10 Default Fitting Window

'Dijet' Fitting Window
B e E— ]

e
)

o
]

Constant Shift (Eq.(1))

e
9

N3LL'+ O(?)

Effective Shift e (1)

o
o

Rigis (1.25%) Ry
Rao10 R3g00 (1.25%) Ry
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0.1 0.2 03 04 0.5
T

FIG. 2. The effective shift (24) of the cross section due to
different renormalon cancellation and perturbative scale profile
schemes, evaluated using “central” profiles at Q = m. The flat,
dashed line corresponds to the constant shift of (1), while the
vertical gray lines correspond to the two fitting windows
discussed below. All functions are calculated at N°LL' + O(a?)
accuracy.

perturbative scale choices (“2010” and “2018”) that we will
introduce in Sec. IV A below. A notable feature of Fig. 2 is
that the effective shift of the cross section grows as 7
increases, even into the region of multijet configurations,
where the applied formalism for the description of NP
corrections, which is based on a dijet factorization theorem,
loses its validity. We stress that the growth of {4 in (24) is a
direct consequence of the R evolution of the gap parameter
A, predicted by (27). Its lasting effect in the large 7 region
of the cross section, in particular, is a result of the choice
made in (16) to convolve the shape function with both the
singular and nonsingular parts of the cross section. As
argued above, this choice was made in order to smooth
the transition between the dijet and multijet regions.
Interestingly, we note that similar effects of a growing
nonperturbative shift are also mimicked by models for
power corrections to the three-jet region, recently studied
in [21], although the quantitative effect found in that work
is more pronounced. In the context of renormalon cancel-
lation-induced effects in a dijet factorization formula,
however, the growth of the effective shift {4 well into
the multijet region can appear surprising.

These observations led us to explore the space of
renormalon cancellation schemes that may yield an effec-
tive shift whose growth is mitigated for large 7 values, while
still achieving the cancellation of the leading soft renor-
malon. As the growth of (24) is related to the RG evolution
of the gap parameter A(us, pg), and therefore the scale
profiles of Sec. IVA, this motivated us to look for other
choices of the reference scale us and/or the subtraction
scale pg to achieve this goal.

To that end, we also define the following R* scheme:

R* scheme: {n,& pus,ug}t = {1,e77, R* ,R*}, (29)
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where we have chosen to identify the reference scale y5 not
with the soft scale ug, but rather with the subtraction scale
ugp itself. This eliminates right away any logarithms of
Us/ug in the renormalon subtraction term &, as evident from
(B10) and (B15), though there will still be logarithms of
us/pugr when reexpanding the subtractions in a,(ug). In this
particular scheme, however, these logarithms do not show
up until O(a?), since the one-loop subtraction vanishes
exactly; see (B15a).

The scheme choice (29) gives us some freedom to tweak
the behavior of the subtraction scale R* without inducing
too large logarithms with respect to the soft scale ug. For
instance, we may freeze the growth of R* as a function of 7
with an appropriate choice of the profile functions in
Sec. IVA. In particular, we will choose a functional form
for this new scale, us = ur = R*, to be a piecewise

function,
Rmax R

where R(7) is the profile function one might have chosen
for the R scheme, and the value R, is the value of R(7) at
the point 7 = #;, which marks the transition between the
nonperturbative and resummation regions, as will be
discussed in more detail in Sec. IVA. Importantly, due
to the choice us = R* all logarithms in us/R appearing in
the subtraction term ¢ are turned off in the (dominantly
nonperturbative) domain with 7 < ¢;, while for 7 > 1, we
allow for small logarithmic contributions in us/R. In
contrast to this, imposing the modified profile in (30)
directly in the R scheme would have induced large
logarithmic corrections in us/R, since the reference scale
us traces the soft scale ug in this case.

The resulting effective shift in the R* scheme is plotted
in black and blue in Fig. 2, respectively, for the two
perturbative scale choices that we mentioned before. In
particular, one observes a leveling off in comparison to the
standard R scheme, for both scale choices, as intended.
This figure also illustrates that the range of n = 1 scheme
choices we consider corresponds to a variation of power
corrections in the multijet region of order 10%.

As a third and entirely independent scheme, we also
consider an instance with n = 0, which we refer to as the
RO scheme:

R® scheme: {n, & pus ug} = {0,27,us, R}.  (31)

We also give explicit expressions for § and y in the n = 0
case in Appendix B, where one notices that the cancellation
ingredients generically appear with one higher logarithmic
power than in the n = 1 case. The overall effective shift of
the R Scheme, with varying scale choices, is also shown in
Fig. 2 in brown and cyan, where one notices that while both

curves increase with z with a much steeper slope, their
overall magnitude is noticeably reduced with respect to the
n =1 schemes for all 7 (notice that the curves are
multiplied by 1.25 in the figure). These effects are jointly
associated to the additional power of logarithms appearing
in the n =0 cancellation terms with respect to n =1
counterparts (cf. Appendix C), and to the O(10) difference
in the normalization factor & between R™*) (e77£) and R°
(27) scheme definitions we have chosen.* However, due to
less stable perturbative convergence and harder-to-control
uncertainties in this scheme, we will not consider it as a
candidate for our main analysis below. Regardless, for
completeness, we do show some results in this scheme in
Sec. VE and Appendix C.

The important point to emphasize is that there are a
number of consistent schemes that can be used to cancel the
leading soft renormalon of the perturbative soft function
Spr and the gap parameter A, and in upcoming sections we
will study the impact of this choice on the numerical
extraction of {a,, Q,}. There are, of course, other consid-
erations one can use to determine if one scheme is
preferable or better behaved than another, e.g. perturbative
stability and convergence, and, if so, one could thus argue
that the theoretical uncertainty coming from varying
schemes can be removed (as we have so chosen for
n = 0). However, in the absence of such arguments, the
variation of the subtraction scheme ought to be considered
to be its own source of systematic theoretical uncertainty.

IV. ESTIMATING THEORY UNCERTAINTIES

A. Profile functions

The resummed, matched and NP-corrected cross section
in (20) depends on a set of scales characterizing the physics
hierarchies present in our factorization framework, and
these should smoothly transition across the full 7 domain
we study. Those in the perturbative cross section 6% should
of course be chosen to live at values that minimize the
logarithms present in the hard, jet and soft functions in the 7
domain most sensitive to resummation effects, i.e. the tail
region of the distribution. For smaller values of z, towards
the peak of the distribution, the full shape function of (20)
becomes necessary to describe the nonperturbative physics
at play, and we force all scales to plateau at some value y,
just above Agcp. For larger values of 7, on the other hand,
in the far-tail region where matching to fixed-order QCD is
required, we merge the scales onto the hard scale yy. All of
these mergers are achieved with particular choices of
profile functions [5,44] and, as mentioned above, demon-
strating the impact of this choice on the a, extractions is
one of our central messages in this work. To that end we

“Note that the gap parameter A appearing in (. in (24)
evaluated at the reference scale R, remains the same between the
R® and R™) schemes: A(Rx.R,) = 0.1 GeV.
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will present the explicit forms for the profiles designed
in [35] (“2018 profiles™) and [5] (“2010 profiles”) in what
follows.

1. 2018 profiles

In [35] we designed a set of profile functions for a
generalized class of event shapes that encompasses thrust—
the angularity distributions. Specifically for thrust the
profiles, which were inspired by those presented in [9,45],
were chosen as

U = egQ,

) = |14 e50(t =) (1=5) om0,

)

S

M@%—P+qﬂ@—ﬂ0—

St

3y +uy(2)  ny=1
Has(T) = § Hp ng=0,
%(3/‘H —ﬂj(f)) ng = -1
pur(t) = R(r) = pg(r) with pg — Ry, (32)

where the function p,,,(7) ensures that the profiles evolve
smoothly over the full z domain. Its specific form is given by

Ho <1

¢z {to, o, 0}, {1,.0.2ruy}) <7<t
Hn(7) = 4 2rupe 2121,

C(T;{t27072rMH}7{t3’#H70}) t2 <7< t3

Hu T213

(33)
where  controls the interpolation between different regions,
with

¢z {to. yo. ro} {11, y1.11})
{a+ro(1—t0) +o(r—1p)? rT<dh

A+r(e—0)+Cle—n)? 72’

(34)

and the various coefficients therein are determined by
the continuity requirement of this function and its first
derivative,

A—a 3rg + 1y
= [, :2 3’
=Yool ‘ (tg— 1)) 2(tg—1y)
a—A 3ri + 1o
A: [, C:2 . 35
nienh (to—1)*  2(t; = 1) (35)

As is clear, the shape of the scale uy,(7) in (33), and
therefore of all z-dependent scales in (32), is controlled by
the transition points ¢;, which we choose to be

fo = ’iQO ty = 0.295n,,
n
1 = El 13 = 0.5n;. (36)

The particular forms in (36) were designed somewhat
empirically with particular purposes: f,; demarcate the
boundary between the fully nonperturbative and resumma-
tion regions; they roughly track the peak of the differential
distribution, and thus scale as the leading power correction
1/Q. Meanwhile ¢, approximates the crossover where
singular and nonsingular contributions to the cross section
are of equal magnitude, which indicates that resummation
effects become less important and should hence be turned
off. Finally, we set #; to be just below the maximal
thrust value of the spherically symmetric configuration,
7" = 1/2, so that our predictions reduce to their fixed-
order values slightly below this kinematic end point.

2. 2010 profiles

In their earlier study [5], the authors designed the
following set of profile functions:

wu = epQ,
ﬂO + %127 T S t17
:uS(T) = b7+d, tl sttza,

- b 1—12 T>t
HH — 12, \2 » T2l

Mm_}+ﬁe—01wﬁaﬁ

HH ng = 1
pns(7) = { Hy(7) ng=0,
%(HJ(T) +us(z)) ny=-1
R 2 1<t
/[R(T):R(T)E{ O+”1T+”ZT T l’ (37)
Hs(7), T2

with parameters ¢; that are akin to those introduced in (36),
whereas the parameters b, d are fixed by the continuity
requirement of the soft profile and its first derivatives at
7 = t;—see Ref. [5] for complete details. We also note that
these profiles have been somewhat superseded by the 2015
thrust analysis of [9], in which the change of profile
functions was found to have only a minor impact on the
final {a,,Q;} extractions. We nevertheless decided to
compare against the 2010 profiles here, since we will
see in the following that this impact can be greater in
different renormalon cancellation schemes.

Besides their overall functional form, the profiles in (32)
and (37) depend on multiple parameters that allow us to
vary these scales in order to estimate unknown perturbative
corrections in all sectors of our calculation. The parameters
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ey j.s control the overall magnitude and width of the hard,
jet, and soft profile bands, R, < y ensures that no large
logarithms between the soft and renormalon scales arise
while ensuring a nonzero subtraction in the peak region [5],
the adjustable parameters n; allow a variation about our
estimates for the transition points between the different
regions, the parameter r represents a variable slope in the
transition regions, and n, picks out different values of the
nonsingular scale y,, entering the matching contributions to
oFT in (14), whose variation probes the size of missing
higher-order terms in these fixed-order predictions. Varying
between the choices for u,, in (32) and (37) that track the
scales p; and/or pug also probes the missing effect of
resumming subleading logarithms present in the nonsin-
gular contribution. The choice of whether uy or u; is the
default pu, scale, and thus whether the range of variations
probe higher or lower values of y,, represents the primary
difference between the two sets of profile functions. Both
are valid and free choices based on considerations of
improving perturbative convergence and obtaining reason-
able theory uncertainty estimates. As we will see below,
however, this choice can have a measurable effect on the
(far-)tail region of the distribution and therefore the «;
extractions that include these bins.

Apart from these two sets of profile functions, we recall
that our purpose consists in comparing schemes that use
different prescriptions to subtract the leading soft renor-
malon, as described in Sec. Il B. Specifically, we choose
ur(t) = R(z) as shown in (32) and (37) in the R and R
schemes, whereas we impose a cutoff on the subtraction
scale up in the R* scheme via the modified profile ug(7) =
R*(r) given in (30) (where the function R(r) that enters
(30) is the same function that is used in the R and R°
schemes). Where to impose the cutoff is a free choice, and
we have chosen, for both sets of profile functions, to define

Ryax = R(tl)’ (38)

i.e. we freeze the growth of uj to the value it takes at 7,
which marks the transition from the nonperturbative (peak)
region of the distribution to the resummed (tail) region. We
freely admit this is an arbitrary choice—it represents an
attempt to limit the growth of the effective shift {4 as
illustrated in Fig. 2 to a mild but measurable extent and to
study its impact on the @, determination. This will be a
primary focus of our studies in the remainder of this paper.
There are certainly other choices of R,,,, and/or the shape
of the pg profile one could choose to study.

In order to estimate the total perturbative uncertainty, we
adopt the procedure used in [5,35], where random values of
all parameters that enter the profile functions are scanned
over a predetermined range with each instantiation yielding
a different profile [including values of #; and thus R, per
(38)]. The overall envelope of these profiles is then taken as

TABLE 1. Parameter ranges for both sets of profile functions we
consider in this work. In both scenarios, all parameters are chosen
randomly within the ranges shown, and the “central” values are
the centers of the given ranges, except for the parameters ey and
r, whose central values are given by ey = r = 1. Note that we
have refined this variation for the R® scheme—see Sec. V E for
details.

2018 profiles of [35] 2010 profiles of [5]

ey 05«2 05«2

ey —0.75 < 0.75 -l<1

€g 0

no 1< 2 GeV

n 8.5« 11.5 GeV 2 < 8 GeV
ny 09 < 1.1 0.678 <> 1.017
n3 0.8 < 0.9

Ho 0.8 < 1.2 GeV 1.5 <& 2.5 GeV
RO Ho — 0.4 GeV 085#0

r 0.75 <+ 1.33

bci -1<1 -l 1
5r? -1« 1 -1<1

n {-1,0,1} {-1,0,1}

the total theory uncertainty. The ranges we scan over for
both sets of profile functions are shown in Table 1.

The central values for the 2018 and 2010 py ; ¢ g profiles
are shown in the top left panel of Fig. 3, while the top right
panel gives the central values of the nonsingular scale g,
for each choice of n,€{-1,0, 1} in both scenarios. The
results of 64 random scans of profile parameters are then
illustrated in the bottom two panels of Fig. 3 for both sets of
profile functions.” Note that in all panels we have plotted
the renormalon scale with the modified R* prescription of
(29), as otherwise it would be visibly indistinguishable
from ug across the bulk of the domain. The hard scale
parameter ey furthermore controls the overall scale of all
profiles, and for illustration purposes the curves have been
normalized appropriately, whereas its variation is indicated
by the black arrows. All plots in Fig. 3 are shown for
Q = Mmy.

From Fig. 3 one notices that the choices embedded in the
two sets of profile functions in (32) and (37), which are
both legitimate and robust frameworks, lead to a qualita-
tively different behavior of the various scales throughout
the bulk of the  domain. This statement is especially true
when considering the nonsingular scale y, in the top right
panel of Fig. 3. In Sec. V C we will study the impact this
has on the «, extractions.

B. Predictions for differential distributions

In addition to the uncertainties from unknown higher-
order corrections, which we estimate via the procedure

Our {a;,Q,} fits in Sec. V will actually scan over
O(500-1000) random profile parameters within the same ranges.
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The 2018 and 2010 profiles we implement. The top left figure compares the central values for uy ; s g, while the top right

figure shows the nonsingular scale y,;. Bottom plots show the variations of the 2018 and 2010 profiles from a random scan of parameters
in the ranges shown in Table I (as yy controls the overall scale of all profiles, its variation is indicated by the black arrows). In the bottom
plots ug < p; is realized for any given set of scales, despite the fact that the overall bands overlap. The R* scales from (29) are shown in

all figures, and all plots correspond to Q = my.

described above, we must also account for systematic
errors associated to the numerical extraction of some of
the theory parameters from event generators. In our setup
there are two such parameters of concern, the three-loop
soft matching coefficient ¢3, which we take from [39],
and the O(a?) remainder functions r?, which we have
extracted from EVENT2. Following [35], we assign an error
function to the central values found for these objects
Xe{c},r} as

6X AXupper
SX A Xlower

(6X > 0)

(6X <0)’ (39)

X = xcentral + {

where 6X is varied between +1 as presented in Table I, and
AX represents the associated uncertainty on the extracted
parameters, which is given in (9) for cg, whereas we follow

the strategy described in [35] to assign an uncertainty to the
remainder function 2. This procedure allows us to account
for systematic uncertainties associated to these quantities,
despite the fact that these errors are not the primary focus of
our study.

Given the theory inputs described above, we can use (20)
to predict cumulative and differential thrust distributions

with well-defined theory uncertainties.® We do so in Fig. 4
for the R and R* schemes in the top and bottom row,
respectively, whereas we relegate a discussion of the R®
scheme to Sec. VE and Appendix C. Here the left (right)
column of panels corresponds to predictions made with the
2018 (2010) profile choices, and for convenience we
indicated the scale choice in each renormalon cancellation
scheme with a subscript. Each panel shows the prediction
for the differential cross section, normalized by the total
cross section and multiplied by a factor of 7, across the 7
domain that will be relevant for the a, fits in Sec. V. We
use the O(a}) fixed-order hadronic expression from [47]
for the total cross section normalization. The various colors
in Fig. 4 indicate different resummed and matched accu-
racies, ranging from NLL' + O(ay) in gray to our best
N3LL' + O(a?) prediction in purple. All panels, including

®We stress that all our predictions are based on the cumulative
cross section in (20). In order to determine uncertainty bands for
the differential distributions, we have calculated the derivative
of all cumulative distribution curves coming from individual
profile variations and then maximized/minimized these across
the 7 domain, as opposed to simply taking the derivative of the
max/min cumulative curves.
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FIG. 4. Top Row: Normalized thrust distribution across the = domain relevant for the «; extractions in the R scheme at different
resummed and matched accuracies as indicated by the colors. The plots are generated with 64 variations of the embedded profile
parameters, with 2018 (2010) profiles shown in the left (right) column. Bottom Row: The same for the R* scheme.

Fig. 5, are produced with Q = my,, a;(m;) =0.11,
Q(Ra,Rp) = 0.4 GeV, and Ry, = 1.5 GeV.

Broadly speaking, we observe excellent convergence
between different resummed and matched accuracies, using
both 2018 and 2010 profile scales and considering different
renormalon cancellation schemes. This convergence is
evident even towards large 7 values where, at least for
the 2018 profiles, we observe a slight widening of the
uncertainty bands around the 7, transition point, which
controls the 7-dependent scales in these schemes via (33),
and which we also vary according to Table I. We also
observe from the bottom panels of Fig. 4 that logarithms of
us/ s, which are nonzero above 7, in the R* scheme (but
absent in the R scheme), do not qualitatively impact the
perturbative convergence of the differential distributions—
these logarithms, which are of O(1) across the relevant
domain, therefore seem safe. Finally, we have checked that
all schemes in Fig. 4 exhibit excellent qualitative agreement
when compared against data in the relevant fitting regime.

Independent of the renormalon cancellation scheme, we
also notice throughout Fig. 4 that the error bands associated
to 2010 profile variations are generally smaller than those
associated to 2018 profile variations; the latter can thus be
considered more conservative than the former. Of course,
this behavior could have been anticipated from the profile

variations shown in Fig. 3, where the width of the 2018
profiles is already wider than its 2010 counterpart. This
feature is largely due to the desire to predict a global set of
observables (angularities) in [35], where the 2018 profiles
were determined, all with well-behaved convergence and
uncertainties, as opposed to thrust alone. Doing so required
a somewhat more conservative set of variations. We have,
however, checked that narrowing the 2018 soft, jet, and
renormalon scale variations in Fig. 3 to widths heuristically
similar to the 2010 profiles does not alter our conclusions
below in Sec. V. We have therefore chosen to leave the
2018 variations in the range used in [35].

In Fig. 5 we examine the differences between the
differential distributions shown in Fig. 4 more closely.
Specifically, we display 7/6 do./dr for the four schemes
in Fig. 4, normalized to the central profiles of the R,y
scheme. All predictions are made at N’LL' + O(a?) accu-
racy with Q = my . As can be seen, scheme variations can
lead to multipercent effects on the differential distributions,
and these effects are especially pronounced towards the far
tails of the distributions. Later, in Sec. V, we will explore
the possibility of performing fits within a restricted =
domain isolated more towards the purely dijet region
(i.e. 7 < 0.225), where the differences between the various
schemes is less pronounced, rather than the default fitting
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FIG. 5. Comparison of the differential distributions shown in
Fig. 4 for four renormalon-cancellation and profile-variation
schemes, normalized to the central profile of the R,y scheme.

window that is shown in Fig. 5. One should also keep in
mind that the results in Fig. 5 are computed with fixed
values of a,(my) and Q;(R,, Ra) as reported above, and
therefore do not necessarily translate into overlapping best-
fit values for {a,,Q;} for a given theory profile—this
merely provides a guide to a potentially more stable fit
window that we will analyze below.

V. GLOBAL {«,, Q,;} EXTRACTIONS

We will now fit the differential distributions that we
designed in the previous sections to the global thrust data in
order to extract the strong coupling «; and the dominant NP
parameter Q;. To do so, we first collect the data and
describe the method we use for this extraction, before we
present our main observations regarding the impact of
varying renormalon schemes and perturbative profile scale
choices on the fit results. We also perform a more detailed
comparison of our theory framework to the one that was
used in prior SCET-based thrust analyses and briefly
explore other sources of systematic uncertainties that
may affect the extraction. Throughout this section, we
report values for the fit parameters at standard scales, i.e.
as(myz) and Q(Ry,R,), where Ry, = 1.5 GeV is an
arbitrary (perturbative) reference scale, although we will
suppress this scale dependence in the following for brevity.

A. Experimental data

As is already evident from (1) and the related discussion
in the introduction, the fit parameters «, and Q; will turn
out to be fairly correlated, since the effects of varying one
can to some extent be compensated by the other. In order to
lift this degeneracy, it will be important to include data
at varying c.m. energies Q. We will therefore perform a
global fit to the available thrust data that includes 52
different datasets with c.m. energies spread over
0 €{35,207} GeV. Specifically, we include data from
ALEPH [48] at 91.2, 133, 161, 172, 183, 189, 200 and

206 GeV, DELPHI [49-51] at 45, 66, 76, 91.2, 133, 161,
172,183, 189, 192, 196, 200, 202, 205 and 207 GeV, JADE
[52] at 35 and 44 GeV, L3 [53] at 41.4, 55.3, 65.4, 75.7,
82.3,85.1,91.2, 130.1, 136.1, 161.3, 172.3, 182.8, 188.6,
194.4, 200 and 206.2 GeV, OPAL [54-56] at 91, 133, 161,
172,177,183, 189 and 197 GeV, SLD [57] at 91.2 GeV and
TASSO [58] at 35 and 44 GeV. We note that this dataset
largely mimics the one that was used in [5], in an effort to
minimize systematic differences between the two extrac-
tions that are associated to the experimental input.

In the following our default fits will include 488 bins
whose centers fall within the 6/Q < r < 0.33 domain. This
fit window corresponds to the default choice that was also
used in [5]. Roughly speaking, it corresponds to a domain
which starts at the onset of the resummation-sensitive tail
region of the distribution, going up to the kinematic end
point of a three-parton final-state, beyond which further
corrections to those captured in the dijet factorization
theorem (5) become important.

B. Extraction method

Given the framework outlined above, we are now in the
position to compare various scheme-dependent theory
predictions to the available thrust data, with the aim of
extracting values for the strong coupling constant @, and
the leading NP shift parameter €, in each setup. To assess
the quality of these fits quantitatively, we will perform a y?
analysis at the binned level,

i.j

where we have defined A; as the difference between the
theoretical prediction and the data in the ith bin,

th

exp 1 do
, (41)

- @)

odr

_ldo
" odr

(zi)

and where the theory predictions for a bin between [z, 75]
(with 7, > 7;) are calculated from the difference of the
cumulative thrust distribution evaluated at the end points of
the bin, but with profile scales evaluated at the bin’s center
7= (Tl + 72)/2’

l@(‘[) th :LGC(TZ’MLJ(%)) _Uc(Tlﬁﬂa(%))
odr "IMP T oy T, — 1)

. (42)

as advocated in [5]. Here y,, refers to any of the z-dependent
scales present in our framework. We deem this the midpoint
(MP) binning procedure.

Then, for a given dataset, V;; incorporates the statistical
and systematic errors quoted by the experimental collab-
orations. The statistical errors of each bin, e, are
considered to be independent and contribute to the diago-
nal entries of V;;. However, the correlated systematic
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uncertainties between different bins yield nonzero off
diagonal entries. As no information on these correlations
is available in the literature, we estimate them using
the minimal overlap model (MOM), as advocated by the
LEP QCD working group [48,56], and which was also
employed in the analyses of [5,9]. According to the MOM
prescription, the off diagonal elements of V;; can be
estimated as the minimum of the two systematic errors
of the individual bins i and j, such that

Vij|M0M = (e?tat)zfsij + min(e;”*, ej-ys)z- (43)
For a given value of the c.m. energy Q and profile function
parameters, we may then find the values {a,,Q;} that
minimize y°.

To estimate the theoretical uncertainty on the extracted
{a,, Q,} values, we repeat the same procedure for multiple
random draws of the profile function parameters within the
ranges given in Table I. In particular, for scans evaluated at
N°LL' + O(a?) accuracy we perform O(1000) scans, while
we perform O(500) scans at lower perturbative accuracies.
Upon collecting all of the minimized {a,,Q,} pairs, we
then define the theoretical error estimate as the 68%/
95% confidence-level (CL) ellipse for the two parameters,
i.e. by the ellipse centered at the coordinates {y,, jiq }, with
ux the mean value from all theory draws, and with the
standard covariance matrix for the dataset multiplied by the
68th/95th percentile value for y? distributions with two
degrees of freedom (~2.279/5.991), serving as a weight
matrix. We then recognize the overall error ellipse defined
by these two inputs (center and weight matrix) as an object
that can be parametrized as

2
Oq Pa0a00 ) . (44)

K =
where we interpret oy as weighted variances for the two
parameters «, and Q;, and with off diagonal entries
involving the weighted correlation coefficients p,q of the
two parameters. We report these parameters for our global
scans in the following sections. To conclude, we interpret
(44) as the area within which, upon randomly drawing new
sets of theory parameters and executing the y*> minimiza-
tion procedure mentioned above, roughly 68%/95% of the
extracted {ay, Q;} values will fall.

One could also consider incorporating a further exper-
imental uncertainty as described in [9], by constructing a y?
distribution as a function of a, and €, around the minimum
x* obtained using the central profiles in Table 1. However,
this uncertainty is expected [9] to be much smaller in
comparison to the perturbative theory errors parametrized
in (44) and, given that our motivation consists in high-
lighting systematic theory uncertainties, we will only quote
the errors embedded in (44).

10+
Rao18 6
Te[—,0.33]
08¢} Y 0 ]
Q=myz
> 06
<)
S 2
04+ N3LL'+ O(ay)
NNLL'+ O(a?)
02} NNLL+ O(e,)
NLL'+ O(ery) o
0.10 0.12 0.14 0.16
a.v(mZ)
1o}
Rj = 6
2018 ) Tel5.033]
08
— Q=mz
> 06f )
<)
g
041 N3LL'+ O(@?)
NNLL'+ O(a?) _
021 NNLL+ O(ay) w
NLL'+ O(ry) g
0.08 0.10 0.12 0.14 0.16

as(mz)

FIG. 6. Extractions of {a,, Q;} in the Ry 3 scheme (top panel)
and the R},s scheme (bottom panel) for different resummed and
matched accuracies as indicated by the colors. Here Q = my, and
we note that we have restricted €; > A(Rp,Rp) = 0.1 GeV in
these scans.

C. Results and discussion

We first study the convergence of the {a,,Q;} extrac-
tions when progressively higher perturbative orders are
used in the theoretical predictions. Specifically, we dis-
play fit results for NLL' + O(a,) up to N°LL' + O(a?)
resummed and matched accuracies for the R,y;3 scheme
(top panel) and the R}, s scheme (bottom panel) for Q =
my in Fig. 6. As expected from Fig. 4, the convergence to
the highest perturbative accuracy is excellent in each
scheme. In particular, the trend is towards lower values
of a, and Q, for these n = 1 schemes, when the perturba-
tive accuracy is increased. This observation is consistent
with prior analyses [5,9]. We find a similar behavior for the
Ry010 and R3,, schemes. However, the pattern turns out to
be rather different in the R® schemes, as will be described in

"Note that we have restricted Q; > A(R,, R A) in our extrac-
tion code; hence some lower-order scan results are artificially
aligned at this boundary, but we have verified that this does not
affect any of the N°LL/ + O(a?) fits shown in the following. Also
note that the polygonal, lower-order results represent the bound-
ing region for all fits in this plot, not just those lying within a
certain confidence level.

094008-14



EFFECTS OF RENORMALON SCHEME AND PERTURBATIVE ...

PHYS. REV. D 109, 094008 (2024)

0.50 t Dashed Lines: 68% C.L.
Solid Lines: 95% C.L.
0.45 |
R2010
— 040}
>
3
= 035}
S N3LL'+ O(a?)
0.30 +
6
Te[—,0.33]
025F 0
0.20 . . . .
0.110 0.112 0.114 0.116 0.118
ag(mgz)
0.50 t Dashed Lines: 68% C.L.
Solid Lines: 95% C.L.
045+
R2010
— 040Ff .
E Ro10
= 035}
S
030 F N3LL'+ O(a?)
6
oash T€ [é ,0.33]
0.20 . . . .
0.110 0.112 0.114 0.116 0.118
a(mgz)
FIG. 7.

0.50 t Dashed Lines: 68% C.L.
Solid Lines: 95% C.L.
045+ 1
*
0.40 R2018
— U r * 1
% Roo10
= 035¢ 1
G \
030 [ N3LL'+ O(a?) ]
6
025t TE[§,0.33] ]
0.20 . . .
0.110 0.112 0.114 0.116 0.118
a(mz)
0.50 t Dashed Lines: 68% C.L.
Solid Lines: 95% C.L.
045t 1
— 040Ff B} ]
% Roois
= 035+t 1
G N3LL'+ 0(a?)
0.30 1
6
T€e[—,0.33]
025} 0 ]
0.20 . . .
0.110 0.112 0.114 0.116 0.118
a(mz)

Extractions of {a,,Q,} using N’LL’ + O(a?) theory predictions fitted to global thrust data in our default fitting window,

6/0Q <7 <0.33. Upper panels compare the systematic impact of varying 2010 vs 2018 profile scales within a given renormalon
cancellation scheme, while bottom panels vary renormalon schemes within a given set of profile functions. Dashed (solid) ellipses
correspond to 68% (95%) CL. Note that Q, is formally defined differently in the R and R* schemes.

Appendix C. Because of the instabilities found in these
schemes, we do not consider the R® schemes any further in
this section.

In Fig. 7 we show the result of global {a,,Q;}
extractions at the highest perturbative accuracy in four
different renormalon-cancellation and profile-variation
schemes. For illustration purposes, we only display two
of these schemes in each panel. Although our framework
does not exactly correspond to the one used in [5,9] (a
detailed comparison will be given in Sec. V D below), the
results in red for the R,y;y scheme are certainly closest to
these numbers, and they may hence serve as a proxy for
these results.

By comparing the uncertainty ellipses in all four
schemes, the one in the R,y scheme clearly sticks out
to be significantly smaller than the others. From the upper
left panel, we furthermore observe that the impact of
switching profiles is only moderate in the R scheme, which
is in line with the observations made in [9]. This effect is,
however, more pronounced in the R* scheme, as can be
seen in the upper right panel. More importantly, the lower
panels compare different renormalon-cancellation schemes
for the same set of profile functions (2010/2018 in the

bottom left/right panel). It is worth emphasizing that
switching between the R and R* schemes changes the
formal definition of the €2; parameter, and one should
therefore be careful in interpreting the vertical axis in these
plots. For what concerns the horizontal axis, on the other
hand, a; is of course independent of the chosen renormalon
scheme and is defined by the usual MS prescription. The
definition of Q; does, however, affect the a, extraction in
an indirect way, since the fitting routine determines the best
fit values of the correlated {a,, Q,} pair.

From the lower panels in Fig. 7 we observe that, relative
to the R scheme, the error ellipses are noticeably shifted to
larger a values in the R* scheme, with the effect being
more significant for 2010 profiles mainly because of its
lower value of #;. On a more quantitative level, the results
from Fig. 7, which were obtained using the default fitting
window with 6/Q <t <0.33, are summarized in the
columns labeled “default” in Table II. Here o, and oq
are the weighted variances of a, and €;, respectively,
whereas p,q quantifies their correlation as described above.

In Fig. 8 we combine all of the 95% CL ellipses from
Fig. 7 into the left panel, and show the corresponding
as—;(ﬁof plane in the right panel. We reemphasize that the
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TABLE II.  Central values for the 95% CL {a,, Q,} ellipses, and their associated weighted variances o, and correlation coefficient
P, in different renormalon-cancellation and profile-variation schemes. Values for €, are given in units of GeV. The columns ‘““default”
and “dijet” indicate different fitting windows—see text for details (the numbers in the “default” columns correspond to the ellipses

shown in Fig. 7).

Profiles

Parameters

R (default)

R* (default)

R (dijet)

R* (dijet)

2018 profiles {a,,Q,}
{04, 00}
Pag
{as* Ql }
{aa’ D-Q}
Pag

2010 profiles

{0.1124,0.383}
{0.0021,0.102}
—0.847

{0.1132,0.378}
{0.0012,0.045}
~0.633

{0.1134,0.364}
{0.0022,0.107}
~0.881

{0.1161,0.320}
{0.0024,0.075}
~0.758

{0.1126,0.379}
{0.0016,0.098}
—0.872

{0.1133,0.373}
{0.0010,0.049}
~0.703

{0.1135,0.353}
{0.0021,0.118}
~0.908

{0.1161,0.308}
{0.0023,0.072}
~0.731

vertical axis should not be misinterpreted in the left plot,
since the definition of the Q; parameter depends on the
chosen renormalon scheme. From the ;(ﬁof distribution one
observes that all schemes provide good fits to the data, with
the R, scheme, which yields the largest a, values, being
slightly less preferred than the others. Moreover, the left
plot shows that, upon considering all four schemes, the
extracted 95% CL values of a; and Q;, while largely
consistent with one another, span a range that extends well
beyond that of any one scheme alone. This represents the
first core observation of our work, namely that changing
between different, well-defined renormalon-cancellation
schemes and/or profile scale variations can lead to notice-
ably different extractions of {a;, Q,}. This may be viewed
as an indication of additional systematic theory uncertain-
ties. On the other hand, a theoretically motivated reason to
stick to a single scheme could, of course, remove this
uncertainty. That being said, the schemes we include in
Fig. 8 represent only a subset of possible schemes exhibit-
ing reasonably good perturbative convergence and quality
of fit—two criteria that could be used to prefer a particular
scheme.

The NP corrections embedded in our framework have
been derived from a dijet soft function that enters the
factorization theorem (5). It has recently been argued
[19-21] that other (three-jet) sources of NP corrections
become relevant within the domain 6/Q < 7 < 0.33 used in
the previous fits. We also observe in Fig. 5 that the scheme
dependence we consider has its most prominent effects in
the far-tail region. We therefore consider an alternative fit
window with 6/Q <7 <0.225 in the remainder of this
section that concentrates more on purely dijet events. The
total number of bins in this setup is then reduced from 488
to 371. As an indication, the perturbative variations of the
QO = my thrust distributions in the different schemes shown
in Fig. 5 can be reduced from <12% at the upper boundary
of our default fit window (z = 0.33) to <5% at the upper
boundary of the reduced fit window (z = 0.225). We
examine next if this has a noticeable imprint on the
{a,,Q,} extractions.

In the two panels of Fig. 9 we compare results that were
obtained using this “dijet fit window” (dashed contours) to

the ones with the default fit window (solid contours) that
were already shown in Fig. 8. In the left plot one sees that
this change has only a mild effect on the {a,,Q;}
extractions (as previously noted in [5]), with the most
prominent effect being a shift of the R, ellipse to slightly
larger o, values. As a result, the overall spread of the fit
results among the four considered schemes is just slightly
reduced in this setup. These observations are also given
numerically in the last two columns of Table II. In the right
panel of Fig. 9, on the other hand, one observes that the
more prominent effect of narrowing the fit window is a
universal trend towards lower 3 values among all
considered schemes, despite the fact that the number of
bins used in these analyses has been reduced significantly.
This improvement is especially noticeable for the R},
scheme (in blue), where the overwhelming number of fits
drops below the x5 =1 contour, and which yields a
values that are more compatible with the PDG world
average than the other schemes.

To summarize, we find that fits that are based on a more
central dijet-type v domain seem to yield higher-quality
results for {a,,Q;} extractions than those including data
from the far-tail region, where multijet events start to
dominate. This represents the second core observation of
our analysis, which suggests that precision fits on a more
limited dijet window may provide an alternative to the
strategy proposed e.g. in [22], while awaiting a deeper
field-theoretical understanding of NP corrections associ-
ated with tri- and multijet events. From Fig. 9, on the other
hand, we only see slight evidence for any substantial
qualitative improvement in the agreement between different
schemes when considering more central 7 fits. In other
words, over the range of schemes we consider, using a
narrower, higher-quality fit window does not by itself
remove the potential systematic uncertainty on {ay, Q;}
coming from this scheme dependence.

D. Comparison to prior results

While there exist a number of dedicated thrust-based «,
extractions in the literature (see e.g. [5,8,9,59]), our
framework is particularly close to the one used in [5,9],
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FIG. 9. The same as in Fig. 8 for the default fit window with 6/Q < 7 < 0.33 (solid contours) and a reduced dijet fit window with

6/0Q < 7 <0.225 (dashed contours).

and we will therefore perform a more detailed comparison
to these analyses in this section. First of all, both setups
have in common that they use methods from SCET to
resum large logarithmic corrections in the dijet limit, and
the SCET predictions are matched to fixed-order QCD
calculations to account for nonsingular corrections in the
far-tail region of the distributions. Even more importantly,
both setups use a gapped dijet shape function to account for
NP corrections in a scheme that is free of the leading soft
renormalon. Higher-order corrections are furthermore esti-
mated using a scan over profile scale parameters, and the
resulting theory predictions are fitted to global thrust data
for c.m. energies Q € {35,207} GeV. Apart from these
similarities, there exist, however, a number of differences
between the two frameworks that we will now explain in
detail, but which do not make a significant impact on our
conclusions:

(1) There are two differences concerning the perturba-
tive treatment described in Sec. II. First, we only
match the N’LL’ resummed prediction to O(a?)
fixed-order calculations, due to our findings in

Sec. II B regarding instabilities of EERAD3 in the
small z-region. In contrast to this, [5,9] do include
the O(a}) matching using EERAD3, though with
lower statistics and thus larger errors that over-
shadow these instabilities. In any case they do not
measurably affect the region used for the fits. The
second point concerns the three-loop soft constant
cg, for which [5,9] used the Padé approximant in

(10), whereas we implemented the estimate in (9)
that only became available in 2018 [39]. As we will
show in the following section, switching to the Padé
value brings our predictions into even better quanti-
tative agreement with the ones from [5,9].

Our NP treatment in the R schemes, on the other
hand, closely resembles the one used in [5,9]
for what concerns both the renormalon scheme
definition and the profile functions used. The
differences between the two frameworks are abso-
lutely minor in this respect, and they concern e.g.
only slightly different input values for the gap
parameter A(R,,R,) = 0.05 GeV at a reference

(i)
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scale Ry =2 GeV used in [5,9], compared to our
value A(Ry,R,)=0.1GeV at R, = 1.5 GeV. Note
that the gap parameter anyway gets absorbed into
Q,, which we extract from data, according to (18).

(iii) The analyses in [5,9] furthermore include a number of
small effects (bottom and hadron masses, QED
effects), which we did not consider, mainly because
we were not aiming at a competitive ¢ extraction in
this work. In [5,9] the authors showed that these have
only a minor impact on the fits, and given that they
are unrelated to the main concern of our paper—
renormalon schemes and profile variations—we do
not expect that these will change any of our findings in
a significant way.

(iv) In addition we use a slightly different method for
calculating binned distributions. Whereas [5,9] in-
tegrate directly the resummed differential cross
section, we start from the cumulative distribution
(3) and calculate the bins according to the midpoint
prescription in (42). As explained in [5], this avoids
the presence of any spurious contributions, and
the difference to the method from [5,9] is expected
to be at the subpercent level in the considered fit
windows.

(v) Finally, there are some minor differences in the
applied fitting procedure. While the two approaches
use highly similar datasets, the authors of [5,9]
calculate the uncertainty ellipses by calculating
the best-fit values for {a,,Q;} obtained from 500
profile variations, drawing the minimum ellipse
surrounding the minimum convex polygon encap-
sulating all of these points, and centered at the
average of max and min a,/Q; values obtained in
each direction. Our method for obtaining Kpeory
(and the associated error ellipse) is instead outlined
in Sec. V B above. Moreover, the authors of [5,9]
quote an additional experimental uncertainty in their
final results, which is however much smaller than the
theory error we also implement.

Despite these differences, it is a nontrivial result that our
final numbers in the R schemes shown in Fig. 8 and
summarized in Table II are very similar to the ones obtained
in [5,9]. To make this statement more quantitative, we
quote the final numbers obtained in [5],

a,(mz) = 0.1135 +0.0011,
Q,(Rs.Ry) = (0323 £0.051) GeV,  (45)

which should be compared to our R, numbers, whereas
the results of the thrust analysis in [9],

ay(my) = 0.1128 4 0.0012,
Q,(Ra.Ry) = (0.322 £ 0.068) GeV,  (46)

were derived in a setup that is closer to our Ryg;53 scheme.
Note that the NP parameter is evaluated here at a slightly
larger reference scale Ry =2 GeV than for the numbers
quoted above (the evolution to 1.5 GeV is only a minor
effect that reduces the value of Q; by ~4%). Roughly
speaking, these numbers translate into an error ellipse that
is similar in size to the red one in Fig. 8, but slightly shifted
downwards. We will, in fact, identify one effect that drives
the ellipse into this direction in the following section.

In view of this agreement, we may thus state that our
analysis, which is based on a completely independent set of
codes, for the first time confirms the results of [5,9],
regarding the degree to which their extracted value of a; sits
lower than the PDG world average. We consider this
important cross-check to be the third core conclusion of
our work.

E. On the three-loop soft constant cg

As mentioned in Sec. I, there exist two approximations
for the three-loop soft matching coefficient c% in the
literature, namely the EERAD3 extraction from [39] we
have reported in (9) and which is used in our analysis, and
the Padé approximant given in (10) that was implemented
in prior a; fits [5,9]. A priori the impact of varying this
constant should be small, given that it represents a three-
loop effect. In this section we point out at least two ways
that this statement should be qualified.

First, we study the role of cg in {ay, Q, } fits, and provide
a more direct comparison between our results presented
above and those of [5,9]. To this end, we compare in Fig. 10
the 95% CL ellipses for {a,,Q,} obtained when N°LL' +
O(a?) theory predictions are fitted to the global Q datasets
described in Sec. V A, in the R, scheme. In particular, the
red ellipse corresponds to our default choice of c% given in

(9), including its error, whereas the brown ellipse in Fig. 10
uses instead the Padé approximant in (10), including again
its quoted error. The errors quoted in (9)—(10) are by

045] . N3LL'+ O(a?)1
: ) 6
Te[—,0.33]
040} 0 ]
% Global Q
© o3s)
=}
030l R2010
de
R610
. .
025l 95% C.L. Ellipses
0.112 0.113 0.114 0.115

as(mz)

FIG. 10. Comparison of two {a,, Q, } extractions that either use
the EERAD3 value c% = —19988 4+ 5440 (red) or the Padé

approximant ¢3 = 691 + 1000 (brown).
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themselves actually very minor contributions to the total
error ellipses in Fig. 10. The differences in the two central
values, however, is much larger. As a result, one notices a
significant downward shift of our default 95% CL ellipse,
which in fact brings our numbers into even better agree-
ment with the results from [5], as can be verified by
comparing to the numbers quoted in (45). As the two values
of c% differ by more than 30, on the other hand, the two
ellipses barely overlap. We thus consider the variation of c;
as another systematic theory uncertainty that may be larger
than previously expected (especially due to the instablities
in EERAD3 at small 7z described in Sec. II B), although its
impact on the determination of «; itself may only be limited
as the plot in Fig. 10 suggests.

In addition there is a second reason why a better
determination of the three-loop soft constant may be
warranted, which is related to the R° renormalon scheme
that we introduced in Sec. III B, but which we largely
disregarded in this section because of stability issues. To
illustrate these, we show in Fig. 11 the analogous plots to
the ones in Fig. 4, but for the RY schemes. In particular, the
upper panels show the result for 2018 profiles (left) and
2010 profiles (right), when the default value of cg from (9)

is used. Away from the central z domain, one clearly

observes that the theoretical predictions are not improved
when increasingly higher perturbative orders are included.
This effect is particularly pronounced for the 2018 profile
scans, and it is true despite the fact that we have already
tuned the ranges for some of the parameters in Table I, and
only allowed for 0.25 < ey <1.25 and —0.5<e; <0.5
(—=0.75 < e; < 0.75) variations in the R);,4 (RY,,) scenar-
ios. We recall that the R scheme is special, since it is
sensitive to one higher power of logarithms in its sub-
traction terms and, critical to the present discussion,
the three-loop soft constant c¢3, which is not yet exactly
known—cf. Appendix B. We therefore expect that a
concrete determination of this constant, and perhaps a
more refined set of profile variations, could eventually
stabilize these curves as well. Regardless, to probe the
impact of different c% values on the distributions we have
included in the lower panels of Fig. 11 the corresponding
distributions when the Padé approximant in (10) is used.
Here one notices that the convergence is somewhat
improved in comparison to the corresponding upper plots.
Indeed, we have also checked more generally that the
breadth of the purple N’LL’ + O(a?) bands in the R
schemes of Fig. 4 is also artificially enhanced due to the
present uncertainty on cg given in (9). Hence we can readily

0.4 ,
0
Ryo18
N3LL + O(a?)
NNLL + O(a?)

cg = —19988 + 5440

03+

NNLL + O(ay) ]

0.4

0
RZOIO

03} \
¢} = ~19988 + 5440

02} 02}
o1}l 7 do, 0.1}
T dT T dT
00 510015 020 025 030 00 510015 020 025 030
T T
0.4 : : 0.4
3= 0 0
¢y = 0911000 Ro18 R3010

03} ‘ 03}

N3LL + O(}) ¢} =691 £ 1000

NNLL + O(a?)

NNLL + O(ay) |

02+¢

01} T do,

O tot dr

02r

01t T do,

O tot dr
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T
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0.0

020 025 030

T
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FIG. 11. The same as in Fig. 4 for the R? scheme. The upper plots use the EERAD3 value for cg from (9), and the lower plots the Padé
approximant given in (10). Left (right) plots refer to 2018 (2010) profile functions.
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conclude that cg has a visually noticeable impact on the

quality of perturbative convergence across all the consid-
ered schemes.

To summarize, the three-loop soft matching coefficient
¢ is the only N’LL’ ingredient that is currently not known
precisely. Despite being a higher-order coefficient, the
spread of the two existing estimates for this coefficient
has a noticeable impact on both the {a;, Q, } extraction and
the perturbative stabilty of the distributions in the R°
scheme, whose renormalon cancellation terms explicitly
depend on cg. This issue also grows in importance in view

of our observations in Sec. II about the accuracy of
EERAD3 calculations for small = values, which the estimate
in (9) has relied upon. A resolution could come from an
independent numerical extraction, or, ideally, a complete
analytic calculation of the three-loop thrust soft function, of
which partial results have already been published [60,61].
These observations about the importance of a more precise
cg determination represent the fourth core conclusion of

our work.

VI. CONCLUSION

We have revisited extractions of the strong coupling «;
from a global fit to thrust data motivated by the current
tension between SCET-based extractions in [5,9] and the
PDG world average. To this end, we have used N3LL/
resummed theory predictions that are matched to O(a?)
fixed-order calculations, and we have implemented a
gapped, renormalon-free, dijet shape function to account
for nonperturbative (NP) corrections. In the tail region of
the distributions, where the fits are performed, the dom-
inant NP effects then manifest as a shift of the distributions
that is driven by the first moment of the shape function Q;.
The fits are therefore formulated as two-parameter extrac-
tions in the a, — Q; plane.

Whereas recent analyses with similar motivations have
focused on NP effects from three-jet configurations [19-21],
our study addressed systematic effects in the dijet factori-
zation theorem itself. Specifically, we examined the impact
from changing between different renormalon cancellation
schemes and profiled scale variations. Concerning the
former, we observed that the specific implementation of a
renormalon-free gap parameter that models the minimal
energy of a hadronic final state leads to an effective
7-dependent shift as shown in Fig. 2. We then selected
and studied alternative renormalon schemes, following the
approach in [29], that tame the growth of this shift for larger
values, and which amounts to a O(10%) variation of the NP
corrections in the considered fit windows. As for scale
variations, we implemented two different sets of profile
functions that are very close to the ones used previously
in [5,9], respectively. While the choice of profile functions
did not make a major difference in those extractions, we
found that it can be magnified if varied together with the

renormalon scheme. In total this defines six different
combinations of renormalon-cancellation and profile-
variation schemes.

As our predictions in the RO schemes, which are more
sensitive to higher-order terms in the subtractions, turned out
to be less stable, we focused on the remaining four schemes
for the {a,, Q,} extractions. In order to lift the degeneracy
between the fit parameters, we performed a global fit to
thrust data with c.m. energies Q € {35,207} GeV. Our
results are shown in Fig. 8 and Table II. In particular, we
found that they are consistent with previous extractions
when the same renormalon-cancellation and profile-scale
choices are implemented, which can be viewed as an
independent confirmation of the analyses in [5,9]. The
scheme dependence of our fit results in the a; — Q; plane,
on the other hand, turned out to be unexpectedly large,
possible hinting at additional systematic theory uncertain-
ties. Whereas we do not advance any one particular scheme
to be favored over others on theoretical grounds, we remark
that some of our a, extractions are more consistent with the
PDG average. This provides significant motivation for
further scrutinizing the observed scheme dependence of
the dijet predictions in the future.

Since the scheme dependence is more pronounced in the
far-tail region of our predictions, we also performed fits that
concentrate more on a central dijetlike 7 domain. While
these fits turned out to be of higher quality (see Fig. 9), the
pattern in the a, — ©; plane did not change significantly in
this case. Finally, we explored the impact of the three-loop
soft matching coefficient c% on both the {a,,Q,} extrac-

tions and the perturbative stability of the R® schemes, and
we argued that an improved determination of this quantity
would help to further improve the theoretical predictions.

As our primary goal consisted in bringing the scheme
dependence of the SCET-based a, extractions to attention,
we did not include a number of subleading effects that will
not change the main conclusions of our analysis, but which
may nevertheless be included in future precision fits to
thrust data. These include, first and foremost, the O(a})
remainder function r? and the aforementioned soft three-

loop constant ¢, which we could not extract using

EERAD3 because of instabilities in the small 7 region.
Furthermore, one may account for QED effects or nonzero
bottom and hadron masses that were included in the
analysis of [5,9]. Finally, depending on the chosen fit
window, it could be helpful to incorporate resummation
effects at the Sudakov shoulder 7 = 1/3 [62].

Our findings also motivate renewed attention to sub-
leading power contributions and the associated resumma-
tion of logarithmic effects. As discussed in Sec. IVA, the
main difference between the considered sets of profile
functions is sourced by the nonsingular scale u,,, which
was chosen to track the other dynamical scales in order to
partially account for missing resummation effects that
appear in the nonsingular contribution. Hence a dedicated
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resummation analysis of next-to-leading power corrections
could eliminate the need to correlate p, to the other scales,
and in this way possibly alleviate the systematic uncertainty
due to scale-profile choices that our study indicates.
Resummations at subleading power to the thrust distribu-
tion have been studied e.g. in [63-65].

As a final point, we mention that, regardless of the rich
physics discussed in this analysis, a definitive extraction of
a, from e™ e~ event shapes will have to lift its degeneracy
with the NP shift parameter ;. While we have used thrust
data from different c.m. energies Q for this purpose in the
current analysis, an additional promising method consists
in extending the class of observables to e"e™ angularity
distributions 7z, [66]. These observables generalize the
thrust variable, and their dominant NP effect is controlled
by the same parameter Q; [see (1)] with a coefficient
[27,67-69],

«=1_4 with a <1, (47)
that depends on the angularity a (a = 0 corresponds to
thrust). This allows for the possibility of performing
{a,, Q, } extractions globally in both Q and the new theory
parameter a, offering a dual probe in the decorrelation
effort. Since angularities have been resummed and matched
to N’LL + O(a?) accuracy [35], a precision fit to available
data [70] is well overdue.
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APPENDIX A: PERTURBATIVE EXPANSIONS

Here we expand the prediction (5) for the resummed 7
cross section in fixed order to O(a3), which we will use to
extract the nonsingular remainder functions from numerical
computations. It is expedient to begin by computing the
fixed-order expansion of the Laplace-transformed cross
section,

1 [e d
&(v) :—/ dre (A1)
00 Jo dr
which obeys the factorized form,
&(v) = H(Ly. u)J*(L;. p)S(Ls. p), (A2)

where Ly = In(u/Q), L; = In(p/e’*v/ Q) (where j = 2),
Lg = In(ue v/Q), and p is generic factorization scale.
Each function H,J,S obeys a perturbative expansion
predicted by their RG evolution,

F(Lp.u) = F(0, Qp)eKrtmne), (A3)
where Oy = 0,0, = Qe’t/V'J, and Qg = Qe’t /v, and
Ky is given by

Kp(u, Op) = —jrkpKr(u, OF) + K, (1. Qp),  (A4)

with ky = 4,x; = =2 and kg = 4. Ky, K, have the fixed-
order expansions [34],

(”)FO 2 ,M
(ﬂ QF) dn 21n 0,
1 s b Ty, n
< ) ( Fofoln QF+ 2 in QF)
I, Rint -
#(%57) [rose z
2o +ar g L i | as)
3 01 1 0 QF 2 QF
and
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K, (1. QF) = aﬁ) 193 1HQLF
i (ait(f/;)>2<y%ﬁ o’ G 7 QF>
+(52) [ 5 ot
b sl (46)

where I',,y% are the coefficients in the perturbative
expansions of the anomalous dimensions,

(A7)

In (A3), the functions F evaluated at their “natural” scale
QOr have no explicit logs in their expansions,

F0.00 —1+Z( @)Y,

Combining all the pieces in (A2), we can express the fixed-
order Laplace-space cross section in the form,

&) = C(L,. Q)eX10), (A9)

with L, = In(e’#v), and the ‘constant’ in front has the form,
~ A Q Ay Q 2
C(L.Q)=1+ ‘Eﬂ )C10+< Afﬂ )> (Cy+CaL)

3
+<%HQ)> (C30+C31L+CppL2) +++-,  (A10)

where the extra log terms come from expanding out
a,(Qy5) appearing in F(Q;s) in (A8) in powers of
a,(Q). These coefficients are given up to O(a?) by

C10—0H+ZC +C‘~
Cyo = ¢ +2¢5 + (c))* + c§ + cy(2¢) + cp) + 2¢)cy

s
|
Gy =2 74— cg s
Cso = ¢y +2(c3 + ¢5e}) + e + ey (2¢) + )
+ eyl2¢5 4 (¢})* + ¢ 4+ 2¢jey] + 2¢ic;
+ [2¢3 + (¢7)%]ey.
2c! 2¢2 + (ch)?
C31 =25, (—] }g) +4p0 <—J ( ) —l—c%)
J J
265 0 1 1.1
+ 28, —_(cH +cg) + (e +2¢3)cg |,
2
C32 = 4ﬁ0 ]—2 CS' . (A]])

Meanwhile, the expansion of the exponent K in (A9) is
given by

K(L.Q)= (“
u
(

_|_...’

S<Q)) (K;pL*>+ Ky L)

T

2
S(Q)> (KL® +KpL* + Ky L)

N

R

vi¥y/s
a,(Q)
47

_|_

3
) (K34L* + K33L° + K3, 1> + K3, L)

(A12)

with coefficients given up to O(a?) by

1 2]('_]
J
2 4 (20
Ky = (F0ﬁ1+2rlﬁ0)< KS>+§ﬁ(2)<.—3J+J’g>’
I, 2k
;2:—72(7]4—1@)4—( )ﬁﬁ'zﬂo( ‘H’s)
2y3
K3, —7’+y§, (A13)

recalling y% =0 (though we have kept it to make the
patterns more obvious).
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Plugging the expansions (Al1)-(A13) into (A9), we
obtain the fixed-order expansion of the Laplace-space cross
section,

_ i( - >n20nkLU, (A14)

where up to O(a3),

61,=K, 611=Ky1, 610=Cps
K?

. KoL

ou=""" 63 =K 1Ko+ Ky,

K3,
62 :T+C10K12+K227

621 =Co1 +C1oK 11 +Ka1, 630 =Cyo,

. K KK,
036:%’ 035—K12<K23+ 121>
K3 C
034—K12(K22+#+ 102 )+K11K23+K34,
633 =C1o(K11K 12+ Kp3) + Cy K + K 1,Ky
K3
+K1K»+ K33+ 6“

63 =C3+ Cy K1+ CyoKin+ K1 Ky

K2
+Cio (Kzz +7) + K3,

631 = C51 +CyK ;1 +CioKy + K51, 630=C3.  (AlS)

It is also useful to know how to transform (A14) back to
momentum space. A quick way to do this is from (5), which
implies that the fixed-order 7 cross section is given
simply by

1 eyEQ
—6,(c) = 5(1; L, — 0 + L)

V= (al6
() F(l _Q) Q-0 ( )

where each log L, in (A14) is replaced by the differential
operator shown, with L, = In(1/7). Then the cross section
is expanded in the form,

2n
> > oLk, (A17)

k=0

6—05 _1+Z<

where the coefficients o, are given in terms of the Laplace-
space coefficients &,; in (Al5) by

2

- - - /.
01p =013, 011 =011, 0102010—g012,
_ = _ = _ = 2~
024 =024, 023=0323, 02 =02 —TT"0%4,
. T By

031 =07 —?023—8530247
ﬂ2 71'4

Gog =020 — 3522 — 20363 +@5z4

S5r?

035 =035, 034=03 _7036»

572
033 =033 3 635 —4083636,

036 =03,

4

- - - T
030 = 630 — 2534 — 2083535 +ZG367
. N A0 5 s
031 =634 —7033—853034 +ﬁf735 +(207°L5 — 144{5) 536,
B P2 B at 10712( B
0’302030—3032—253033 +@034+< 3 3—2445)035
57r

In obtaining these expressions we made use of the follow-
ing handy identities:

Q e}’E'Q a 0
g( )=m, 0Gla0 = 0.
2 ”2 3
agg|sz—>0 = _Z’ agg|g—>o = —=2{;5,
=t 1072
0Gla~o =25 %Glo-o =5~ 24
57°
Qg|Q—>0 40(;3 168 .

APPENDIX B: RENORMALON
CANCELLATION FORMULAS

In this appendix we list all of the renormalon-cancella-
tion formulae required for our NLL'+ O(a?) thrust
calculation. Beginning at the level of the unexpanded,
renormalon-corrected cross section in (22)—(23), and fur-
ther defining

=280 = () 7o, - 200, (w1

the components of (23) can be written explicitly as

(k 2A) fmod(k - 2A>’ (Bza)

mod

fijzd(k—m):—zél(%) alk=28), (B2
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79 (k—24) = [—252<”—;> ' (k- 2A)+2<51”R> " (k- 2A)] (B2c)

¢

fgngd(k 2A) |:_253 </;R) Inod(k 2A) +46 52( 5 > mod(k 2A) ;1 <61 'M€R>3 igod(k - 2A):| ’ (BZd)

where the subtraction terms 6" and A have an implicit functional dependence on the soft and renormalon scales,
{6", A} = {6 (us, pr), A(ug, pg) }- Indeed, the form of A(us, ug) for arbitrary reference us and subtraction up scales [i.e.
accounting for RGE in both scales, according to (27)] is known to the required three-loop order, and is given by

A(ps.pr) = A(Ra, Rp) + 2( F >’1r(ﬂ5’/¢R)
Ra  Gia e (2_ ){ o[r<_ﬁ 27> _r<_ﬁ _ziﬂ
25, fo TRI\T28 7 Boas ) 262" Boas(Ra)
O e el
26, {“ po V12 260 Poay(ug) 26 Boas(Ra)
1 2 }'}Q B 2ﬂ1 B3
+4_ﬂ%{“_ﬂ_o(‘+2>+”<3”2ﬁo B0 8/%)]
A 21 B )]}
MN-—725-2,———— | -T|-55-2.-
X{ ( 2B ﬁoas(ﬂR)) ( 25 ﬁoa RA

where we take the input gap parameter to be A(Ry, Rp) = 1 1 as(myz) By X
0.1 GeV at an arbitrary reference scale Ry, = 1.5 GeV (the oy (1) as( 47 ﬂ_o

exact value for this reference scale is not expected to be <
P

2
particularly consequential in the tail regions relevant to our > [ﬂ <1 — _> +'H_ <1n_X + l _ 1>]
fits [5]) and where G is the antiderivative of 1/f[a], ﬁo X X
s
X2 -1
) x? [2/30 ( )

27 |1 ﬂ] Bz B3 a2

G —+ - =. B4

o] = fo la " anpy ¢ @n2" T (dny 2 (54 —f(XHnX X?) + il ZL(1- )—lan]]},
Bi 263
Here B, ; are given as (B7)
where
B, B Ps  SPiPs B

B,=-22471 g =-D3 1202 Tl (s

=T8T R =ThTTR R (B X=1 4%z g, m (BS)
mgz

in terms of the QCD p-function coefficients defined  The actual functional dependence of the subtraction terms

through 0" in (B2) on the reference and subtraction scales is

scheme-dependent, as is the structure of the up-anomalous

dimensions appearing in (B3). We now present the ingre-
2 : 4

da, (1) = -2 ( i 1+ ( ) b + ( ) b dients ¢' and y% in both the n =0 and n =1 schemes
H d 0 /3 ) R

H 0 0 considered in the main text.
4z ) Po 1. n=0 schemes

From (26) and the fixed-order expansion of the soft

The solution to (B6) for the running coupling up to four
loops is

function that can be constructed from (A3), one reads
off that
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&(ps: pr) —%lng(v ’”5) Z(

for a generic & scheme and reference scale u;. Given the known three-loop expansion of the Laplace-space soft function S,
one can then easily obtain the order-by-order expressions for § as follows:

) (g ). (89)

8" (s, pr) = TIL? + ¢, (B10a)
2 204 13 L1724 ()] I Loy
& (uss Hg) = grsﬂoL +I5L% + (r5 + 2¢580)L + 5 — 3 (c3)°, (B10b)
2 2
& (pss pir) = EF?,B%L“ 3 (20580 +T9P1L? + (T3 + 27iBo + 4cifg)L? + (v5 + 2¢iB1 + 4eifo — 2(c5)*fo)L
1
—clei + 3 (cp)’ + ¢, (B10c)

with L = ln’%f‘f. Then, from (27) and (B6), one immediately obtains the relevant pg-anomalous dimensions in this
scheme,

1

TR = 2—§(F?L2 +c}), (B1la)
1 1 2 0 3 2 1 1 2 1 1\2 072 1

Tk =5 3 TWAOL" + TS L2 o (75 + 2e5f0)L + ¢ = 5 ()" = 200(ISL° + ¢) ). (B11b)

2 2
2Urg= gr‘gﬁ%y‘ T3 (205 Bo + TP L7 + (T35 + 275 o +4ey o) L2+ (r3 +2¢5B1 +4cifo—2(cy)*Bo) L

1 4
— ey +§(C§)3 +ei-2 (gl“?ﬁ%ﬁ + (D981 4205 o) L? + o (4eifo + 275 )L +2c3f0 + cify — (C§)2ﬂ0> . (Bllc)

where now L = Inée’* [us = pp in this calculation; see 8 (ug: s, pig) = 8 (s, ) + 2 ln@é‘l (uss pix)
(27)]. This log of course vanishes in schemes where Hs

E=eTTE,

In practice, the subtraction series (B9) appears in (20) as
part of a renormalon-subtracted soft function that is Hs o
expanded in powers of a(ug), not a,(us), when ps and + 450 1“;55 (#5: pR): (B13c)
Us are not chosen to be equal (which is a choice we are free
to make). In this case, we need to know the coefficients of
the powers of a,(ug) when expanding (B9) in a,(us),

2Hs

+ 4451n Yus. pr)

having somewhat abused our notation by using the same
symbols for 6" on both sides—the number of arguments
distinguishes them. The expansion (B12) with coefficients
(B13) are the expressions we use at each order of the

H as(us)\" o, i - ion i .
(s, ) = 21; < iﬂs)) 5 (s s fi) (B12) expansion of the renormalon-free shape function in (23)
n=1
2. n=1 schemes
where, up to order a3, Setting n = 1 in (26), one then defines the subtraction
terms as
8" (pss ss ur) = 6' (s, ), (B13a) Hr d
1) —InS(v,
(us r) = 2§d1 (v, 1) V=&
U

& (us: s pr) = 8 (M. hr) +2ﬁolnﬂ—z5'(ua,uR)’ (B13b) Z( ) (us pg)-  (Bl4)
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TABLE III. The same as Table II, but for the R® cancellation
schemes. These numbers correspond to central values of the
95% CL ellipses presented in the top-right panel of Fig. 12, and
associated Kiypeor, parameters as defined in Sec. V B.

Profiles Parameters R (default)
2018 profiles {a,,Q,} {0.1086,0.654}
{6400} {0.0048,0.175}
o ~0.318
2010 profiles (@, Q) {0.1081,0.658)
(6,00} {0.0071,0.234}
Pl ~0.764

Upon solving for &(us) and again running up to the soft
scale yg using (B6), the generalized expressions for &' are
finally found to be

8" (s ug) = 2IYL, (Bl15a)
8 (ps, pr) = 200PoL* + 2T4L + 75 + 2¢ifo, (B15b)
8
& (ps: pir) = §F9ﬂ3L3 +2(203 o + 9B )L
+2(05 + 27580 +4eifp)L
75 +2ciBy + 4o — 2(cy)Po.  (B15c)

12f
10
08l

0.6+
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04l ! Bee s
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02}
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ool Q o | ~ NLL'+O(a)
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as(mZ)
S Roo10 Roois
‘ * *
08| R5010 Rao1s 1
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= 06l
[5)
<
<)

04+ TE€ [é,0.33]
Q

0 N3LL'+ O(a?)
1 95% C.L.Ellipses
0.100 0.105 0.110 0.115
ax(mZ)

. se’E . .
with L = ln’%. We can again use these expressions to
derive the ugz-anomalous dimensions y%, finding

(Bl6a)

L @rOpL? + 2T = 2L + 7! + 26450),

(B16b)

8

2erk = 3TVALY + 20205 + T3y — 4T9p5)L?
+ 2(T5 + 2730 + 4oy i — ATy o — 20061 )L
+ 73+ 2ckfy + 43Py — 2(ck) By

— 430 — 8¢ify, (B16c)
for L = In(e’=&) [again, us = pg here, cf. (27)].

As above for the n = 0 scheme, when the series (B14) is
expanded in powers of a(ug) rather than a,(us), the
expansion takes the same form as (B12) with coefficients
given by (B13), this time with the n = 1 scheme sub-
traction terms (B15).

1ok Dashed Lines: 68% C.L.
Solid Lines: 95% C.L.
o 0
osgl U Ro1s ]
— . po
% R2o010
<)
S 06
6
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>
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095F .
0.108 0.110 0.112 0.114 0.116 0.118
ag(mz)

FIG. 12. Extraction results for the R” schemes, in analogue to those from Figs. 6-9. The top-left panel represents the convergence of
{a,, Q,} fits at various logarithmic accuracies, and with Q = m data. The top-right panel represents our global {a,, Q; } extractions in
these schemes. The bottom panels present the R? fits relative to R®*) results. See the text for further discussion.
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APPENDIX C: FURTHER ANALYSIS
OF R" SCHEMES

In this appendix we collect additional results from our
study of the R” scheme defined in (31), which as mentioned
in the main text suffers from perturbative instabilities in
comparison to the R*) schemes.

In Table III we first collect the numerical values for the
centers of the 95% CL ellipses, their variances, and their
correlation coefficients (in analogue to Table II) obtained in
our default Rgow,zms fits, while in Fig. 12 we collect
numerous plots that also serve as analogues to the R™*)
scheme studies in the main text. In the top left panel we
show the convergence of the Ry, scheme for Q = m data
only, where one observes a slightly erratic behavior, with
final N°LL’ + O(a?) results settling between the extremely
low (high) a, extractions found for accuracies at or below
(above) N2L L + O(a,).® This is a manifestation of the
instability presented in Fig. 11 and represents a noticeable
departure from the behavior shown in Fig. 6 for R™*)
schemes. Then in the top right panel of Fig. 12 we show the
fully global results for {a,,Q;} extractions in R}y (0
schemes at 68% and 95% CL, in analogue to Fig. 7 for the
R™) schemes. There one sees a rather large spread of
{a,,Q,} values, especially for the RY,, scheme. Indeed,
relative to the R™*) scheme ellipses from Fig. 8, which we
also plot in the bottom left panel of Fig. 12, the overall size
of the R? ellipses is dramatically increased. Furthermore,
while schemes within either the n =1 and n = 0 renor-
malon cancellation classes are largely consistent with one
another, there is only minimal overlap between the n = 1
and n = 0 schemes. Also, with respect to extracted values
of a, (Q,), the qualitative impact of changing to the R’
scheme is to shift the error ellipse centers towards smaller
(larger) values, regardless of the profile functions utilized.
Finally, we also plot the a; — x5 ; data from our global Q
extractions in the bottom-right panel of Fig. 12. There we
see that a smaller proportion of n = 0 extractions fall below
the 3., = 1 contour than do their n = 1 counterparts, and
that a number of n =0 fits (especially those towards
extremely low «,) have particularly large )(ﬁof, and cannot
yet be considered good fits.

We examine the R” schemes closer in Fig. 13, where in
the top (bottom) panel we have plotted 95% CL regions in
the a, —Q; (@, — x3,;) plane obtained using global Q
datasets over the default fit window (solid lines) and those
obtained using Q = mj, data over a reduced fit window

*We have checked that N°L L 4 O(a?) results mimic those
from the light blue N?LL’ + O(a?) scans.

Dashed: Q=mz | 7€ [g ,0.225] 0
1o} . Ro010
Solid: Global Q| 7€ [5.0.33]
08f e,
S Nt e e
Q
<
S 0.6
041 TR e L
N3LL'+ O(a?) N .
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0.105 0.110 0.115
ay(mz)
0
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l 0
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L0 frmmmmmemme e 6 """" : : Rl
Solid: Global Q | T € [é ,033]
0.8»Dashed:Q:mzlre[g,0.225j' ; _
0.095 0.100 0.105 0.110
ay(mz)
FIG. 13. {a,, €} (Top) and {a,. x5, ¢} (Bottom) fits for the R°

schemes, comparing results from global Q data and default 7
windows (solid lines) to those with Q = m, data restricted to a
central 7 region (dashed lines).

with 6/Q <7 <0.225 (dashed lines). There we observe
another odd feature: including more data in the global-Q
scan actually widens the a; — Q, ellipses and simultane-
ously reduces their quality, trends which are counter-
intuitive and contrary to those observed for n = 1 schemes
in Fig. 9 above. This may indicate that R® theory compar-
isons to data at Q # my; may not exhibit the same stability
as those seen in Fig. 11.

Indeed, from the results of Figs. 12-13 and those
regarding convergence mentioned in Sec. VE, it seems
clear that the stability of the R® scheme is currently tenuous
and may hence be a too aggressive subtraction scheme for
general ete™ event-shape predictions. This may possibly
be resolved upon a concrete, analytic determination of c%
and a more refined set of profile variations tuned for global
Q values. On the other hand, n =0 schemes are not
uninteresting; indeed [29] finds them to be superior for
top-quark-initiated event shapes, and a significant fraction
of the Q = my fits in Fig. 13 exhibit very good quality in
terms of their y3 .
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