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Causal and stable first-order chiral hydrodynamics
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We derive the set of inequalities that is necessary and sufficient for nonlinear causality and linear stability
of first-order relativistic hydrodynamics with either a U(1),, conserved current or a U(1), current with a
chiral anomaly or both. Our results apply to generic hydrodynamic frames in which no relations among the
transport parameters are imposed. Furthermore, our analysis yields, to the best of our knowledge, the first
theory of viscous chiral hydrodynamics proven to be causal and stable. We find that causality demands the
absence of vorticity-induced heat flux, forcing a departure from the thermodynamic frame in the chiral
case. The inequalities for causality and stability define a hypervolume in the space of transport parameters,
wherein each point corresponds to a consistent formulation. Notably, causality is determined by just three
combinations of transport parameters. We present our results in a form amenable to numerical hydro-

dynamic simulations.
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I. INTRODUCTION

Relativistic fluid dynamics provides a powerful effective
description for the long-wavelength, late-time dynamics of
a wide variety of physical systems in, e.g., cosmology [1],
astrophysics [2], and high-energy nuclear collisions [3].
In addition, microscopic quantum effects, such as those
induced by quantum anomalies, can give rise to novel
macroscopic transport phenomena which can also be reflec-
ted in the hydrodynamic description [4-6]. Although
the formulation of the viscous theory of nonrelativistic
hydrodynamics—the Navier-Stokes theory—is textbook
material [7], its generalization to the relativistic regime
remains an important and active topic of current research
both with and without the effect of quantum anomalies. A
theory of relativistic hydrodynamics which consistently
includes dissipation is needed in particular to model the
behavior of the quark-gluon plasma created in relativistic
heavy-ion collisions [8] and the dynamics of ultradense
matter in neutron star mergers [9—12].

For any theory of relativistic hydrodynamics to be suitable
for numerical implementation and, thus, for predicting
experimental outcomes, three fundamental requirements
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must be fulfilled: causality, stability, and local well-posed-
ness. Causality demands that information does not propagate
faster than the speed of light, in agreement with Einstein’s
relativity. Stability refers to the property that a system
perturbed slightly away from global equilibrium will return
to it. A locally well-posed theory is one for which a unique
solution to the equations of motion exists in a neighborhood
of any suitable hypersurface on which arbitrary initial data
can be specified [13]. One might naively expect that these
requirements are automatically satisfied once a covariant
formulation of hydrodynamics is given, but this is not
necessarily the case. For example, the standard first-order
relativistic hydrodynamic theories proposed by Eckart [14]
and by Landau and Lifshitz [7] violate both causality
and stability and are therefore unsuitable for numerical
simulation.

The most widely used relativistic viscous hydrodynamic
theories which can overcome the problems related to
causality and stability originated in the pioneering works
of Miiller [15] and Israel and Stewart [16,17]. In these
so-called Miiller-Israel-Stewart (MIS) theories, in contrast
to first-order theories, new degrees of freedom in addition
to the long-lived hydrodynamic modes are introduced,
increasing the number of equations of motion needed to
describe relativistic fluids. However, it is important to note
that causality for MIS theories has only been derived in the
linearized regime [18,19], with the exception of some
specific cases [20-22] where nonlinear analyses were
performed.

Recently, it has been shown by Bemfica, Disconzi,
Noronha, and Kovtun (BDNK) [23-27] that one can
construct causal, stable, and locally well-posed first-order
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theories. As in the theories of Eckart and Landau and
Lifshitz, BDNK is formulated with temperature, chemical
potential, and flow velocity as the sole hydrodynamic
degrees of freedom. More precisely, BDNK identified
classes of hydrodynamic frames (i.e., definitions for the
temperature, chemical potential, and flow velocity) for
which the equations of motion are causal and locally well-
posed in the fully nonlinear regime and for which pertur-
bations of the hydrodynamic fields around global equilibria
in Minkowski spacetime are linearly stable. Derivations
from kinetic theory can be found in [23,25,28,29] (see
also [30,31]). In Ref. [32], a generalized second-order
theory that unifies MIS and BDNK was proposed and
proven to be causal and stable in the linearized regime
(under certain conditions).

We note that the BDNK theory admits into the con-
stitutive relations all symmetry-allowed terms proportional
to first-order derivatives of the hydrodynamic fields. This
includes time derivatives even in the local rest frame of the
fluid, which are not present in the constitutive relations of
standard first-order theories such as the one from Landau
and Lifshitz [7]. These additional time-derivative terms
render the hydrodynamic equations of motion second-order
with respect to time, even in the rest frame of the fluid,
rather than first-order. This property leads to new gapped
(i.e., nonhydrodynamic) modes that parameterize the
behavior of the fluid in the ultraviolet regime. The
BDNK formalism uses these nonhydrodynamic modes as
ultraviolet regulators ensuring that the equations of motion
are causal and stable even beyond the theory’s infrared
regime of applicability [23-27].

Although first-order BDNK hydrodynamics is known
to be causal and stable in several specific classes of
hydrodynamic frames [23-27], the complete set of
necessary and sufficient conditions for causality and
stability for the most general first-order theory has not
yet been derived. In this paper, we derive such necessary
and sufficient conditions for generic hydrodynamic
frames in which no simplifying relations are imposed
among the transport parameters. More precisely, the
generic frames are those in which the principal part of
the equations of motion is composed of terms pro-
portional to second-order derivatives of the hydro-
dynamic fields. The inequalities we obtain carve out a
14-dimensional hypervolume in the space of transport
parameters in which each point corresponds to a causal
and stable formulation. We find that the values of just
three combinations of transport parameters are needed to
determine whether the theory is causal. An additional
nine combinations determine whether the theory is stable.
We provide these results in a form that can be immedi-
ately implemented in numerical simulations to check
stability and causality given a set of transport parameters
and an equation of state. The causality conditions should
also be sufficient to establish local well-posedness in

suitable Gevreyl function spaces. However, the math-
ematical proof of such a statement is very technical and
beyond the scope of this work.

Moreover, there has been a growing interest in studying
novel transport phenomena related to quantum anomalies
in recent years. Two such phenomena are the chiral
magnetic effect [34,35], which is explicitly related to the
axial anomaly, and the chiral vortical effect [36—43], whose
microscopic origin can be understood through various
approaches [44—-50]. While chiral (or anomalous) hydro-
dynamics [38-40,51-53], the hydrodynamic theory which
incorporates the effect of quantum anomalies, has provided
crucial understanding of how these anomalies manifest at
the macroscopic level in fluids, there remain fundamental
issues that must be considered when investigating the
initial-value problem in such theories [54]. In particular,
it was shown that ideal chiral hydrodynamics is causal in
the Landau frame, but it is ill-posed in the most general
frame as derived from kinetic theory [55-63], effective
actions [64-67], and quantum statistical mechanics [48].
This demonstrates that the choice of hydrodynamic frame is
important for chiral hydrodynamics even in the absence of
dissipation [54].

To date, it is not yet known whether chiral hydro-
dynamics can be causal and stable. In fact, previous works
at first order [40] have problems with causality [54], while
causality and stability analyses are still lacking for second-
order approaches [68]. In this paper, we fill in this gap by
presenting a first-order theory of viscous chiral hydro-
dynamics a la BDNK along with the necessary and
sufficient conditions for this theory to be causal and stable.
We analyze two chiral theories: one in which the current is
associated with an anomalous axial U(1), symmetry, and a
combined case with both vector and axial-vector currents,
ie., U(l), xU(1),. As the classical U(1), symmetry is
exact only in the high-temperature or massless-fermion
limits, such theories are often employed to study fluids
obeying exact conformal symmetry; our results pertain also
to the case where conformal symmetry is lifted.

The rest of the paper is organized as follows. In Sec. II,
we review the construction of first-order hydrodynamics
and define the notation to be used in subsequent sections. In
Sec. III, we derive the necessary and sufficient conditions
for nonlinear causality in a generic frame, and in Sec. IV we
derive the necessary and sufficient conditions for linear
stability about all homogeneous equilibrium states. Finally,
in Sec. V we define first-order chiral hydrodynamics in the
U(1), and U(1)y, x U(1), cases and derive the causality
and stability conditions. A concise summary of our results

'A function is in the Gevrey class if all its derivatives obey
certain bounds. For example, a one-dimensional function f(x) is
Gevrey of degree s if there exists a constant K such that
(%, £ (x)[*)/0+") < K(1 + n)*. When s = 1, this is the space
of analytic functions (see [33]).
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can be found in the Conclusions (Sec. VI). Notation: we use
the mostly plus metric signature (— + ++), with Greek
indices running from O to 3. We work in natural units
where i = c =ky = 1.

II. REVIEW OF FIRST-ORDER HYDRODYNAMICS

We begin by considering relativistic fluids described by a
symmetric energy-momentum tensor 7#* and a conserved
vector U(1), current J#, e.g., baryon current. The hydro-
dynamic equations of motion are provided by the con-
servation laws

Vv, " = (1)
where V, is the spacetime covariant derivative. To con-
struct dissipative hydrodynamics in a derivative expansion,
one first assumes that the relevant degrees of freedom are
the same as those describing thermal equilibrium. These
degrees of freedom, the hydrodynamic fields, can be taken
as the fluid velocity u* (u*u, = —1), the temperature 7', and
the chemical potential . One then expresses 7 and J* as
an expansion in spacetime derivatives of these fields. In
this way, Eq. (1) produce a closed system of equations for
u#, T, and p. Note that we are considering the most general
case in which the system can also be coupled to dynamical
gravity [23,25,27].

In BDNK first-order hydrodynamics [23-27], we trun-
cate the derivative expansion of 7+ and J# at first order
and, following an effective field theory approach, we
include all possible terms allowed by symmetries. The
BDNK constitutive relations read, in the notation of [24],

|

0 and V,J'=0,

T = Eu'u’ + PAM + Q'u¥ + Q“u' + T,  (2a)
JE=Nu + J*, (2b)
where
DT
E= €+€1?+32v,1u1+53D(/1/T)v (38-)
DT ,
P:P—FﬂlT"’”zvﬁu +”3D(/‘/T>? (3b)
DT ,
J\/’:n—l—y]T—l—I/zV,m —|—I/3D(,U/T>, (30)
VAT 1
Q' =0, ——+ 0:Du + 03V (u/T). (3d)
VAT "
' = 11—+ D+ VL (W/T). (3¢)
T = —2not. (3f)

We have defined the derivative operators D = u*V, and
Vi = A"V, with A® = ¢" + u*u” and the shear tensor
o = APV uy with AP = (AN + AHPAYD) /2 —
A* A% /3. The expansion coefficients &, P, n, 1, €, 7;,
v;, 0;,and y; (i = 1,2, 3) are functions of 7 and . We refer
to shear viscosity 7, €, n;, v;, 0;, and y; (i =1,2,3) as
transport parameters. The familiar transport coefficients ¢
(bulk viscosity) and o (charge conductivity) can be
expressed in terms of these transport parameters as [24,26]

‘= opP opP n opP opP opP
e oe ”82 on 61/2 oe /), & oe ”81 on Eyl
1 /0P opP opP
== - | = — | = 4
r(an). [~ ()= ()] “
n n 1 n
=— -——0, ] —= -—0; ], 4b
o W(h wl) T<73 Ws) (4b)
where we have introduced the notation w = € + P.
Equations (2) and (3) can be equivalently rearranged as
THY — T/Ow + H"”/’”V/,(u(,/T) + XMD/JVI)(M/T)’ (53)
JH=J5+ Y*oN (u,/T) + Z¥°N ,(u/T), (5b)
where
Ty = eu'u” + PA*, (6a)
Jh = nut, (6b)
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HFP? = Tle uf u’uP u® + e, u? AP’ + mu’u® A" + 6, (w u® AP + u’u’ A#P)

+ 0, (W uP A + uPuP AF) + my AR APT — 2p AR (6¢)
YHP? = Ty ' u’u® + vaut AP + y u® AP + youP AF7], (6d)
XHP = e3uF ubul + mau’ AP + 05 (ut AV + u¥ A#P), (6¢)

7 = vyuuf + y3 A,

Equations (6) are the most general combinations of the
tensors at our disposal subject to the assumed symmetry of
the energy-momentum tensor, i.e., H*°’ = H"°P and
X = X This way of organizing the constitutive
relations allows the equations of motion (1) to be expressed
compactly (see Sec. III).

Beyond the demands of symmetries, additional con-
straints on the constitutive relations emerge from the need
to provide a consistent description of global equilibrium
when external sources are present [65,66]. Reference [65]
obtained those consistency constraints in a specific class
of hydrodynamic frames collectively termed the thermo-
dynamic frame. As will be reviewed in Sec. I A, a
hydrodynamic frame is a choice of definitions for the
fields u”, T, and p. The thermodynamic frame is defined by
requiring the fields to take a prescribed form in states of
global thermal equilibrium. Namely, the fluid velocity is
chosen to point along a timelike Killing vector K*, i.e.,
u* = K*/v/—K?, in equilibrium; the temperature satisfies
T = Ty/V—K? in equilibrium, where T is a constant that
fixes the units of temperature; and the ratio /T is constant
in equilibrium [69]. Equivalently, the thermodynamic
frame can be defined by requiring the hydrodynamic fields
u*, T, and u to satisfy the following Killing conditions in
global equilibrium:

Vil /T) + ¥V, (u,/T) =0, (7a)
Valu/T) = 0. (7b)

We emphasize that identifying global equilibrium states
with solutions of Eq. (7) constitutes an implicit definition of
the thermodynamic frame. The thermodynamic frame is
also known as the natural frame [70], the thermometer/
Jiittner frame [71], and the beta frame [72]. We defer to
these works for more detailed discussions and definitions
via kinetic theory and quantum statistical mechanics.
The methods of Ref. [65] lead to the following equality-
type constraints in the thermodynamic frame [24]. First, the
zeroth-order coefficients must be related by the standard
thermodynamic identities e + P =T (0P /dT), +u(0P/ou)r
and n = (0P/du);. Thatis, €, P, and n are interpreted in the
usual way as the equilibrium energy density, pressure, and

|
charge density, respectively. Furthermore, the first-order
coefficients must obey H*’° = H*°P, or equivalently
91 = 92 and Y1 =72

The equilibrium thermodynamic quantities are assumed
to describe stable matter with a unique equilibrium state, so
the Hessian matrix of the equilibrium entropy density s =
(0P/0T), with respect to any two independent thermody-
namic variables is negative-definite (e.g., [73]). This is
equivalent to the conditions

s 1
0 — | ===, 8
= (082)n T?cy (82)
s s o] [as\ 12
0< |— — == =
oe J,\on /), |oe,\on),

(D) ()

n

where ¢y = T(ds/dT),, is the volumetric heat capacity.
Equations (8) contain the well-known conditions for
thermal and diffusive stability, respectively, cy >0
and (a(u/T)/on), > 0.

Another set of constraints on the constitutive relations
arises from the second law of thermodynamics. From the
canonical entropy current 7S* = Pu* — u, T — uJ*, one
can compute the entropy production rate V,S* on-shell
using the equations of motion (1) and constitutive rela-
tions (2) and (3). Provided 5, {, ¢ >0, the entropy
production can be shown to be non-negative within the
regime of validity of first-order theory [24]. That is,
V, 8% = R+ O(V?), where R > 0 is second-order in deriv-
atives using the solutions of the equations of motion.
Therefore, the second law of thermodynamics holds for
BDNK theory only within its regime of validity (i.e., when
the constitutive relations are defined to first-order in
derivatives). This situation is not uncommon in hydro-
dynamic theories constructed using systematic power-
counting arguments; it also happens, for example, in
DNMR theory [74]. Although it is in principle possible
to demand V,$* > 0 even beyond the regime of validity of
the theory, such a requirement goes beyond the regime of
applicability of the first-order effective theory, resulting in a
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more restrictive set of constraints that excludes causality
and stability, as pointed out in Refs. [23-27].

A. Hydrodynamic frames

We provide here a brief review of hydrodynamic frames.
The fields u#, T, and u are auxiliary variables that para-
metrize the evolution of the fluid, but they do not have
unambiguous first-principles definitions out of equilibrium
[16,75,76]. Therefore, one is free to perform field redefi-
nitions valid at first order, provided the new fields coincide
with the old ones when restricted to homogeneous equi-
librium states. In the context of a derivative expansion
truncated to first order, the most general redefinition one
needs to consider is [24]

a

ver
u® = u'% = u*+r, % +rpDu®+r, V5 (u/T), (9a)
DT
T—T =T+rn—+ reaVout + rpsD(u/T),  (9b)

/’t_)/l/:ﬂ"i_ryl%_kr/ﬂv/{ui_"r;¢3D(,u/T)’ (90)
where r,;, rr;, and r,; are arbitrary functions of 7" and u.
When Eq. (9) are inserted into Egs. (5) and (6) and the latter
are truncated to first order in derivatives, the resulting
constitutive relations are formally identical in the primed
variables but with new coefficients given by

a d
" T
oP JP
" T
d d
I/;- = I/i - <a’;‘) r’ri - <a’;) rﬂl‘, (IOC)
" T
92 = 91' — Wry;, (IOd)
y;:yi_nruiv (106)
n=n. (10f)

where i = 1,2,3. We continue to use the notation w =
& + P throughout the paper.

A given definition of w#, T, and u is known as a
hydrodynamic frame, and Egs. (9) and (10) describe the
frame transformations of first-order hydrodynamics. There
is a wide variety of frames to choose from, each seemingly
equally legitimate. However, the equations of motion
following from Eq. (1) can have qualitatively different
causality and stability properties in different hydrodynamic
frames, especially when Eq. (10) are used to set one or

more of the transport parameters to zero. The subset of
hydrodynamic frames in which the theory is causal and
stable defines physically acceptable theories that are
suitable for numerical simulation.

Furthermore, it is important to note that the transport
parameters cannot all be changed to arbitrary values by
frame transformations, as reflected by the existence of
seven frame-invariant quantities2:

fi=n;—¢&/(0P/0e), —v;(0P/on),, (11a)

Ci=yi—no;/w, (11b)
and 7z itself [24]. For example, by appropriately choosing
Tu3» '3, and r,3, one can set €5 = 75 = 65 = 0, but then
and y4 are fixed in terms of the frame invariants, namely
vy = —f3/(0P/on), and y; = ¢5. In particular, it is pos-
sible to obtain a theory in which derivatives of y/T are
absent from the constitutive relations only if the frame
invariants f3 and 5 already vanish, either by an act of fine-
tuning or by way of some additional constraints not already
incorporated into the effective theory. If a desired set of
transport parameter values is overconstrained in this way,
as is the set e3 = 73 = v3 = 03 = y3 = 0, then this set of
values is inaccessible by frame transformations.

Finally, although the thermodynamic consistency con-
straints described above, namely 8, = 0, and y; = y,, were
derived within the thermodynamic frame, they imply the
frame-invariant constraint £; = ¢,. The thermodynamic
frame is actually a wide class of frames; indeed, any frame
transformation (9) satisfying r, = r,, preserves the
Killing conditions (7) that define the thermodynamic
frame. On the other hand, if one is willing to part with
the identification between global equilibrium states and
solutions of the Killing conditions, then one can permit
frame transformations with r,; # r,,. After such a trans-
formation, one lands in a nonthermodynamic frame in
which €] # 6, and y) # v}, but the content of the con-
sistency constraints lives on in the invariant state-
ment £, = £,.

B. Change of variables

Following [27], we preemptively change variables from
T and p to € and n, as doing so will simplify the analysis of
stability (see Sec. IV). Equations (3) become’

E =&+ & De+ &, V,u* +&Dn, (12a)

The bulk viscosity and charge conductivity in Eq. (4) are
frame invariant and can be expressed in terms of f; and 7.

SWe emphasize that Eqgs. (12) are obtained from Eq. (3) via an
exact change of variables from T = T(g,n) to p = u(e,n) to €
and n using standard thermodynamic relations. Equation (13)
show how this change of variables affects the transport coef-
ficients and are exact.
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P =P+ De+mVut +73Dn, (12b)
N = n+ i De + v,V,u* + i3Dn, (12¢)
Q" = 0,V e+ 0,Du* + 05V n, (12d)
TH =7,V e+ yDu + 73V n, (12e)

while 7# is still given as in Eq. (3f). The new transport
parameters in Eq. (12) are given in terms of the old ones by

2 (), (ooe) ()

02 (8, e )47,

for every v, € {¢;,#;,0;,0;,7;} (i =1, 3), and an analo-
gous notation applies for y;. The thermodynamic consis-
tency constraint 8; = 6,, described above, now becomes an
equality relating the parameters 0;, 0,, and 05; similarly, the
constraint y; = y, relates 7, y,, and 73. For simplicity of
notation, and to leave open the possibility of transforming
to a nonthermodynamic frame, nowhere in the rest of the
paper will we solve these constraints to eliminate any of the
transport parameters.

The alternative organization of the constitutive relations
in Eq. (5) becomes

" =Ty + H""°V ju, + X"’V e + X5V n, (14a)
U= T4+ YN u, + 2N e + Z5'V on, (14b)
where
H"™P? = eyul u? A7 + 0, (uF uP AY° + u” uP AF7)
+ Ty AV APC — D AHOP (15a)
Y10 = v ut AP+ youP AP, (15b)

X;lu/p = E Ut utud + yuP AP + él(uﬂAI/p + ul/AMp)’ (150)
X5 = Bt ub uP + aul A + O3 (u AV + ur A, (15d)

ZV = nutnd + 7, A, (15¢)
2 = vatu + 7500,

(15f)

and T}’ and Jij remain as in Eqgs. (6a) and (6b).

III. CAUSALITY

We now derive the set of necessary and sufficient
conditions under which the general BDNK hydrodynamic

equations are causal in the fully nonlinear regime. The
results we obtain are a set of inequalities constraining the
transport parameters. The analysis is based on standard
techniques from the theory of partial differential equations
(PDEs) [13,77].

The equations of motion for u*, €, and n are obtained by
inserting the constitutive relations (14) and (15) into the
conservation laws (1). We must be mindful of the constraint
wu, = —1, which can be implemented in several equiv-
alent ways. One way is to decompose V,T* = 0 into two
equations, AV, 7" = 0 and u,V,T" = 0. Here, instead,
following Ref. [25], it is more convenient to leave Vﬂ T =
0 alone and to apply the operator u'*V, twice to the
constraint equation u*u, = —1, yielding

W’ uN N ug +ul [V, (uu)V,u, =0 (16)

as an additional equation of motion. We thus obtain a
system of quasilinear PDEs for ¥ = (u,, €, n),

[Aﬂp]”vuqull + [BMP]UK(V;}PJ)(VP\PK)
+ [0V, ¥, =0, (17)

where the indices I, J, and K run from O to 5 and the
coefficient matrices are given by

1 S

A = | wrurue 0 0 |, (18a)
?[l/)ﬂ Zlf/’ ng
o
[1.5|w(g"u* + ¢*°u*) w'u” + A"”(‘;—i)n A/‘”(g—ﬁ)e
= 0 0 0
ng'’ 0 ut
(18b)

The [B**]/K depend on ¥ but not its derivatives; their
explicit form will not be important for the rest of the
paper. As mentioned earlier, gravity can be coupled to the
fluid by inserting Eq. (14a) into Einstein’s equations. As
shown in Refs. [23,25,27], the causality conditions derived
in this section remain the same whether ¢"* is dynamically
coupled to the fluid or treated as an external source. The
reason is that, upon including Einstein’s equations, the
characteristic determinant to be discussed below would
factorize into two pieces, one corresponding to the metrical
degrees of freedom and one corresponding to the hydro-
dynamic fields.

Equations (17) are causal if, and only if, their character-
istics, the hypersurfaces along which initial data are
propagated, are everywhere nonspacelike [13,77]. The
characteristics are determined by the principal part of
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Eq. (17), i.e., the terms containing the highest-order
derivatives of each unknown (the highest order can be
different for different unknowns). As mentioned in the
Introduction, in this paper we treat the hydrodynamic
frames in which the transport parameters have generic
values and are not subject to finely tuned relations. We,
therefore, call this the “generic case” and speak of “generic
hydrodynamic frames.” Then, the principal part is exactly
[A# )N,V W, (see Sec. III A for further discussion and
examples of nongeneric cases).

The system is causal if, and only if, the normal vectors to
the characteristics, ¢*, which are obtained in generic frames
as the solutions of the characteristic equation

det[A*¢,¢,] =0, (19)
all satisfy
@*is real and @@, > 0. (20)

Upon inserting (18a), we obtain the characteristic deter-
minant

det[A" @, p,] = —b*(0,b> — nv*)?q(b*, v*)  (21)
with
) == l()b6

q(b*,v? — L b4 4+ b2t — 300, (22)

where b = u'¢@,, v = A" ¢@,, and

Jo = 07,7}, (23a)
2= (;‘n—nz){w} (o2 1 0:) {57+ B)
(s + 1) {E 7+ )+ 0:({7.7) + {5.0)).  (23b)

o= (51-m) (@0} + 5.8 + (04 0 (7.7 +0)

+ (2 + 72){7,0} + 6,{0, 7}, (23¢)

4 -
A=\ zn—m ){0.7}. (23d)
Here we have introduced a compact notation

{#.7} = W17 — 371, where 7, and 7; can be any of
the transport parameters (13), e.g., {& 0} = & 03 — &0
and {Ij,ﬁ' —+ é} = 171(77,'3 =+ é3) - 173(ﬁ'l + él)

For the system to be causal, 4, cannot vanish. If it did,
then Eq. (22) would have an overall factor of v2, so Eq. (19)
would have solutions with v# =0 and b #0 and the
conditions (20) could not be satisfied. Assuming A, # O,
Eq. (21) can be factorized as

det[A"p,p,] = —6320b> <b2

3
) [0 -
_ (24)
where ¢, ¢3, and ¢3 are the roots of the polynomial
QX3 = A X% + Apx — As. (25)

The quantities 77/6,, c3, ¢3, and ¢3 are the squares of the so-
called characteristic speeds at which information propa-
gates.* The conditions (20) for causality are equivalent to
the condition that the squared characteristic speeds all lie
within the interval [0, 1]. By evaluating the latter, we find
that the theory is causal in a generic frame if, and only if, all
of the conditions’

6, # 0, (26a)
{.0} #0, (26b)
0<n/H, <1, (26¢)
0 <, <3, (26d)
Jy > max{0, =31 + 24, }. (26e)
0<13< =4 + Ao, (26f)
2303 — 40023 — 40303 — 272203 + 18101 Jpds 20 (26g)

are simultaneously satisfied, where we have defined
dimensionless quantities 1; = (T3/w)4; (i =0, 1, 2, 3).
These conditions are visualized in Fig. 1. Note that
conditions (26a) and (26b) are a restatement of the require-
ment 4y # 0, and they imply, for example, that the Landau
frame, which is defined by setting to zero the parameters &,
&, &3, U1, Ua, U3, 0, 0,, 05 and having at least one of 7, 75,
73 nonzero, cannot be causal [78-80]. In particular,
Eq. (26b) requires at least one of & or 7; to be nonzero.
Therefore, as mentioned in the Introduction, the constitu-
tive relations of first-order BDNK theory also contain time
derivatives in the local rest frame of the fluid [see Eq. (12)].

Given specific choices for the transport parameters as
functions of ¢ and n, the conditions (26) can be checked

“To understand this statement in the context of a simple
example, take the wave equation u*u*V,V,y — *A*V,V y =
0 for a scalar function . Its characteristic equation reads
b* — c?v? = 0. The solutions ¢* of the characteristic equation
therefore have ¢, = —b* + v* = (1 — ¢?)v?, and the causality
conditions (20) become 0 < ¢2 < 1.

To write these conditions in a simple way, we have used
Ao > 0, which will arise in the next section as a necessary
condition for stability. We also assume throughout the paper that
the equation of state is such that 7 > 0 and w > 0.
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FIG. 1. The shaded region in the upper-left panel is the intersection of the causality conditions (26d)—(26g), and the other panels are its

projections onto the three coordinate planes. As described in the text, the causal hydrodynamic frames are those for which 0 < #/6, <1
is satisfied and 4;/4y (i = 1, 2, 3) lie within the shaded region in the upper-left panel.

throughout a domain of values &,n€ U C R? prior to
hydrodynamic simulation. If they are met, then any solution
of the equations of motion (17) for which ¢(x) and n(x) lie
within U at every spacetime event x is guaranteed to obey
causality.

It should be possible to show that the conditions (26)
imply local well-posedness in suitable Gevrey spaces,
using the results of Ref. [81]. However, proving such a
result goes beyond the scope of this paper (for details, we
refer the reader to Appendix A of Ref. [81] and the
recent review [82]). Therefore, we leave detailed state-
ments concerning the well-posedness of solutions to
future work.

Let us now consider two classes of frames in which the
full causality conditions are simpler. The first is defined by
&, = 73 = 0; = 0. The second is defined by 7, =y, =
73 =0, = vy, =0 (with D3 # 0; see Sec. III A). In both
classes of frames, the principal part [A*’@,¢,]" becomes
block triangular in 7 and J (lower triangular in the first class
and upper triangular in the second). Therefore, both have
exactly the same characteristic determinant,

2 ~
det[A" p,q,] = —6305b? <b2 -1 vz> <b2 +5 y2>
92 U3

X (Agh* — A D> 0% + Ayv?), (27a)

where

AO = 5192, (283)

| |

4 -
A2 == —<§7’]—ﬂ'2>91.

From condition (20), causality holds if, and only if, all of
the conditions

(28¢)

(29a)

(29b)
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0, #0, (29¢)
£ #0, (29d)
0<n/6, <1, (29¢)
0< A <Ay+ Ay, (29f)
0 <Ay <A, (29¢g)
A? > 4A, A, (29h)

are simultaneously satisfied, where A; = (T?/w)A; (i = 0,
1, 2). The first class of frames, where &; = 73 = 6; = 0, is
closely analogous to the class €3 = 73 = 63 = 0 already
studied in detail by Ref. [26], because the determinant
factorizes in the same way. Indeed, their causality con-
ditions in these frames are formally identical to (29).

A. Comment on linear vs nonlinear causality

We have treated the generic case in which
(AN, V ¥, defines the principal part of (17).
Equivalently, this is the case in which det[A*’¢,¢,] does
not vanish identically (for all values of u”, €, n, and ¢*). In
this case, it can be shown that the causality conditions (26),
which were derived from the full nonlinear equations of
motion (17), are exactly the same as the causality con-
ditions for the linearization of the equations of motion [see
Eq. (31)], as was observed by Ref. [26].

A nontrivial example falling outside the generic case
occurs when

w1 _ (50, —nT(50),

1 __ \oe/n de (30)

7/ el
Vi (5, —nT (),

for every ; € {€;, 7,0, ;,7;} (i =1, 3), since it can be
directly verified that det/A*’¢,@,] =0 identically. The
reason this is outside our scope is more directly seen by
returning to 7 and p as the independent variables. By
inverting Eq. (13) with Eq. (30) inserted, we find
&3 = 3 = 13 = 03 = y3 = 0, so there are no second-order
derivatives of u/T appearing in the equations of motion.
Consequently, the principal part contains, in addition to
[A# )Y,V ¥, some terms from [B#]VK(V ¥,)(V ,Wk),
and (19) must be modified accordingly. However, these
additional terms drop out when taking the linearization
of (17), so this provides an example of a first-order
hydrodynamic theory whose nonlinear causality conditions
do not coincide with those of its linearization. It is
interesting to note that Ref. [83] has realized this example
from a microscopic theory of weakly self-interacting
classical ultrarelativistic scalar particles. From the effective
field theory perspective outlined in Sec. II A, we note that
this example is not accessible by frame transformations.

Another example which is outside our scope is
Uy =vy =03 =71 =y, =73 = 0. In this class of frames,
the bottom row of (18a) vanishes, so det[A*’¢,¢,]| vanishes
identically. The charge conservation equation [Eq. (17)
with I = 5] then contains only first-order derivatives of the
hydrodynamic fields and plays the role of a constraint
equation. These frames have already been analyzed in
detail in Ref. [27].

IV. LINEAR STABILITY

In this section, we obtain the necessary and sufficient
conditions for the linear stability of Eq. (17) by considering
the fate of small perturbations around a nonrotating state of
global equilibrium in Minkowski spacetime. Such a state is
characterized by constant u¥, e, and n, and we write
perturbations around this background state as u* — u* +
ou* (with u*éu, = 0), e > € + ¢, and n - n + n. The
perturbations ¥ = (Su,, 5¢,6n) evolve according to the
linearization of Eq. (17), which is

AWV, 69, + OV, 6%, =0, (31)

Inserting the Fourier transform &¥,(r,x) = [d*k/
(2z)*exp [T (Tt + ik - x)]6¥, (T, k), where T is the con-
stant background temperature and k* = (i, k) is dimen-
sionless, Eq. (31) become

(TIA)F ke k, — i[CH]V k)8, (T.k) =0,  (32)

and the dispersion relations I'(k) = Re[['(k)] + /Im[["(k)]
are the solutions of the corresponding secular equation

det[TA"k k, — iC*k,] = 0. (33)

The theory is said to be modally linearly stable when, for
any constants u”, &, and n, all of the dispersion relations
satisfy

Re[['(k)] < 0 (34)

for all k € R3. Despite the Lorentz-covariant form of (31),
stability for one value of u* does not automatically
imply stability for all other values of u”. However, it
was recently proven that if the theory is causal, this is
indeed the case [27,84] (for more recent developments
on the connection between stability and causality, see,
e.g., Refs. [85-87]). Furthermore, causality is necessary
for the stability of a dissipative theory [84]. Therefore,
it is necessary and sufficient to impose the causality
conditions (26) and only check stability for a given choice
of the background «*, which we take to be u* = (1,0) for
convenience. Equation (33) splits into shear and sound
channels, given, respectively, by
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TO,I* +wI' + Tylk|> =0, (35a)

ay = DIk[* + Za|k[*, (36e)
aol® + a I + a;I™ + a3 + a,I? + asI + ag = 0. _
v T T as = c3{k[* + EJk". (36)
(35b)
AV SPATS
The coefficients a; = a;(k) appearing in the sound ag = FIk|" + A3 k[°, (36g)

polynomial (35b) read where we have denoted by c, the speed of sound given by

ag = /_10, (36&) oP oP
2 = <a_> +2 (a_> . (37)
- e w\on/,
a, = A, (36b) n €
o The coefficients J; are the same as those appearing in
ay =B + A |k|*, (36¢) Sec. III, and we have defined the dimensionless quantities
n A= (T?/w)A, B = (T/w)B,C = (T*/w)C,D = (T/w)D,
a3 =1+ Clk[?, (36d)  E— (12/w)E, and F = (T/w)F, with
|
A = W{g', lN/} + 92(5’] + l~/3), (383)
B :92+W(51 +173), (38b)

C= <%’7 - ”2) (&1 +03) + (e2+ 0) (7 + 0, — (9) + (2 + 12) (715 + 05 + (B))

+w({# 0} + {7.8}) + n{&. 7+ 0} — 0,(0, +75). (38¢c)
D=n=m i =7y = )l + 0t @)+ (5) @t s (5) warr) (80)
E=- G’? - ”2) (01 +73) +w{7. 7} + n{#7 0} + (2 +62)(7) = (12 +12)(0), (38e)
F = w(p) - n(B). (381)

Here, we have introduced another shorthand notation

@-u(5) -5(%)- (39)

In the shear channel (35a), the dispersion relations can be calculated analytically. We find

w
Po(k) = =i (141 = 47200, kP /w?). 40
L) = 57 Ol /v (40)

Then, by inspection of Eq. (40), one can see that the stability condition (34) in the shear channel is equivalent to 6, > 0
and n > 0.

The conditions for stability in the sound channel are considerably more involved. A necessary and sufficient set of
conditions for modal stability is provided by the Routh-Hurwitz criterion. The Routh-Hurwitz criterion [88] states that (34)
holds for all sound channel dispersion relations if, and only if,°

ag, ajy, ag, Ay, Ay, Az, Ay >0 (41)

®There is a relatively minor exception to the “only if” part of this statement. That is, there are edge cases in which the Routh-Hurwitz
conditions (41) are violated but the theory is still stable. In all such cases, the theory is only marginally stable; i.e., at least one mode does not
dissipate (Re[I'] = 0). More importantly, while Eqgs. (26) and (41) define a hypervolume in the space of transport parameters, these edge
cases occupy a set of measure zero (a union of hypersurfaces of various codimensions in the space of transport parameters). Therefore,
achieving these edge cases would require the transport parameters to be finely tuned, with any small deviation rendering the theory unstable.
To understand this in the context of a simple example, suppose (35b) were instead the quadratic al™> + bI" + ¢ = 0. The Routh-Hurwitz
conditions replacing (41) wouldbe a > 0,5 > 0, and ¢ > 0 [88]. However, it is easy to verify thatif b = 0, a < 0, and ¢ < 0, then the roots

I' = +i\/|c|/|a| are still stable. (This situation does not arise in the shear channel because of the assumption w > 0.)
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for all k € R3, where
A, = aja, — agas, (42a)
Ay = azA| — ay(a,a4 — agas), (42b)

Ay = aydy + (ayag — ayas) Ay + agas(aay — apas),

(42¢)
Ay = asAs — agaz Ay + ajasagh, — ajal. (424)
Inserting Eq. (36) into Eq. (42) gives
Ay = Ao +Auplk 2, (43a)
Ay = Aoy + Apoyk* + A lKk]* (43b)
Ay = Aoy lk|* + A g lk[* + A 6)[k|® + A g) k|3,
(43c¢)

Ay = Dpyalkl* + A6kl + Ay g)lk[® 4 Ay 10) k™

where full expressions for the A(; ;) are given in Eq. (A1).
Then the conditions (41) can be translated into an equiv-
alent set of k-independent conditions. For example, in view
of Eq. (43a), the condition A, (k) > 0 for all k is equivalent
to Agjg) =0 and A5y > 0. To make an analogous state-
ment for the condition A, (k) > 0, we define the set

S, ={(a,b,c)eR3|a>0,c>0,b>-2\/ac}. (44)
As is easily verified, A, (k) > 0 for all k € R? if, and only if,
(A@24), A22). M) €S,. Similarly, we define S to be the
setof (a, b, ¢, d) € R* satisfying one of the four alternatives

a>0 and b>0 and ¢>0 and d>0, (45a)
a>0 and d>0 and Discs(a,b,c,d) <0, (45b)
a=0 and (b,c,d)€ES,, (45¢)
d=0 and (a.b.c)€ES,, (45d)

where the function Discs(a, b, ¢,d) = 18abcd + b*c? —
4ac’ — 4db® — 27a’d? is the discriminant of a cubic poly-
nomial ax?® + bx*> + cx + d. Finally, following [89], we
define S, to be the set of (a, b, ¢, d, ) € R> for which one

+ Aok 2, (43d) of the following five (mutually exclusive) alternatives holds:
|
a>0 and e>0 and y,<-2 and L<0 and y,+y;>0, (46a)
[IS}L < 0 and X1 +}(3 >0
a>0 and e>0 and —-2<y, <6 and or , (46b)
L>0 and K; <0
[1.5]L <0 and y;+y3>0
or
a>0 and e>0 and y, >6 and 71>0 and x3>0 , (46¢)
or
L>0 and K, <0
a=0 and (b,c,d,e)€ES;, (464d)
e=0 and (a,b,c,d)ESs, (46e)
where
g1 = ba=3 el vy = ca~2e71/2, y3 = da~V4e=34,
L= (3 =303 +12)° = (T2 + Ipurars = 203 = 2721 = 273)°%,
+2)
Ki=(y1—x3)?-16 2),  Ky=(y - :_Hnt?) 4/ =2). 47
1= —x) (it +xs+2) 2= (i —x3) N it +4V/n—2) (47)
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We can now state the full result. In a generic frame, the
hydrodynamic equations (17) are linearly modally stable if,
and only if, the causality conditions (26) are satisfied and
all of the following conditions hold:

0,>0 and 7 >0, (48a)
Jo>0 and A>0 and F>0 and 7;>0, (48b)
Ao 20 and A, >0, (48¢c)
(A4), A2y, Apg) €S, (48d)
(Aig), AGe)» Ay Aio)) €83, (48e)
(A(4.12), A4,10)s Aag), Aag)s A(4,4)) SAYR (48f)

Contained within this statement is the fact that causality
conditions are necessary conditions for stability.

As mentioned above, the conditions (48a) correspond to
stability in the shear channel, while the conditions (48c)
correspond to the non-negativity of Eq. (43a). Conditions
(48b) correspond to non-negativity of Eqs. (36a), (36b),
and (36g). Conditions (48d), (48e), and (48f) correspond to
the non-negativity of Egs. (43b), (43c), and (43d), respec-
tively, thus completing Eq. (41). We have verified that these
conditions are nonempty by finding an explicit causal and
stable example using the gamma-law equation of state (the
equation of state of a relativistic ideal gas [2]). Further
study is needed along the lines of Ref. [90] to develop
systematic methods for constructing causal and stable
hydrodynamic frames given an equation of state.

In some circumstances, it may be useful to have at hand a
simpler set of sufficient (but not necessary) or necessary
(but not sufficient) conditions for stability. If the causality
conditions (26) are satisfied, then

Jo>0 and A>0 and F>0 and 1;>0
and A(i,j) >0, (49)

for every A(; ;) appearing in Eq. (43), are sufficient but not
necessary for stability. These conditions are the simplest
way to guarantee (41), as they impose non-negativity of all
the coefficients in the expansions of ag, a;, ag, Ay, A,, As,
and A, in powers of |k|>. The conditions

A,B,C,D,E,F, ¢?>0 and 1,>0 and ;>0

(50)

for i =1, 2, 3, together with the causality conditions, are
necessary but not sufficient for stability. They arise from
the fact that all the a;(k) must have the same sign in order
for Eq. (34) to hold for all solutions of (35b).

Finally, consider again the special class of frames
defined by & = 73 = 0; = 0, as discussed in Sec. IIL. If
we assume that the equation of state satisfies (dP/dn), = 0
(as, e.g., in a conformal fluid”), then the sound polynomial
(35b) factorizes further in these frames. The necessary and
sufficient conditions for stability are therefore much sim-
pler; the theory is stable if, and only if, Eq. (29) hold and

U3>0 and %3 <0, (51a)

0,>0 and 5>0, (51b)

_ _ oP _
Ap>0 and B >0 and (6_> >0 and A, >0,
€ n

(51c)
_ - _ - _ _ (0P
€ n
D*Ay—BDA, + B*A, <0, (51e)

where A; = (T?/w)A; with the A; defined in Eq. (28).
The quantites B = (T/w)B and D = (T/w)D are
obtained from Eqs. (38b) and (38d) by setting
& = 713 = 03 = (0P/0dn), = 0, which we write here for
convenience:

B = 92 =+ Wél, (523)
4 oP
D :gl’]—ﬂ'z“‘Wﬁ'] + <E> (82“‘92). (52]3)

V. CHIRAL BDNK HYDRODYNAMICS

We now turn to an analysis of chiral hydrodynamics [38—
40,51-53]. We first consider the case in which the current
J# is associated with an axial U(1), symmetry that can be
broken by a chiral anomaly, as opposed to the preserved
vector U(1), symmetry contemplated in the previous
sections. Although it is typical in discussions of chirality,
for the sake of generality we do not necessarily work in the
conformal limit; i.e., we allow the terms in the constitutive
relations which violate conformal symmetry. Furthermore,
we allow for coupling to a nondynamical external U(1),
gauge field A#. This theory can be obtained from the one set
out in Sec. II by making the following modifications
(generalizing Ref. [40] to a generic hydrodynamic frame).

First, the conservation laws (1) are replaced by

V,T* = F*J, and V,J¢=CE,B",  (53)

"Full conformal symmetry would impose further constraints
on the constitutive relations, namely ¢; =3z; (i =1, 2, 3),
m = 3m,, and v = 3v,. See, e.g., Appendix B of [24].
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where F,, =V,A,—V,A, is the background field
strength, E¥ = F*u, is a covariant U(1), electric field,
and B* = Le#’°u,F,, is a covariant U(1), magnetic field,
with Levi-Civita tensor ¢**?° (we use the convention
/=9¢°% =1 where g = detg,,]). The right-hand sides
of Eq. (53) account, respectively, for work done on the fluid
by the external fields and for the chiral anomaly with
anomaly coefficient C.

The general first-order constitutive relations now contain
additional terms. We adopt a weak-field power-counting
scheme in which A* is treated as zeroth order in derivatives
(hence E* and B* are first order). Equations (12) are
replaced with

E=¢e+&De+ e, V,u +&Dn, (54a)
P =P + ﬁ']DS + ﬂ'zvlul + 7~Z'3Dl’l, (54b)
N =n +iDe + v,V u* + i3Dn, (54¢)

O =0,V e+ 0,Du + 05V n + OgEF + OB + 0,0,
(54d)

Tt =7V e+ yDut + 73V n + ypE* + ypBf + y,0%.
(54e)

Here o = %e"””"ubvl,u(, is the fluid vorticity, and the
new transport parameters 6, 0,, vp, and y,, are the chiral
conductivities (more conventionally denoted by & in the
literature).

All of the thermodynamic consistency constraints
described in Sec. II translate verbatim to the chiral case.
Furthermore, we must have 0y = —05/T and yp = —y3/T,
and the chiral conductivities are tightly constrained in terms
of the anomaly [64]. The most general functional forms
for the chiral conductivities in the thermodynamic frame
(neglecting CPT-violating terms [91]) were obtained from
thermodynamic consistency by Ref. [64],

VB — Cﬂ? (553)

Yo = Ci* + CT?, (55b)

0 —ICZ+ICT2 (55¢)
BT TR
2 3 T2

0, =31’ +2CT, (55d)

where C is an integration constant that can be related to the
mixed-gravitational anomaly [92]. The same constraints
can be obtained from an entropy-current analysis [40,52]
and can be explicitly computed from kinetic theory [55,63].

A. Causality and stability

Assembling the modifications described above, we find
that the generic-frame principal part for BDNK chiral
hydrodynamics is

92
det[A” ] = —b? [9%b4 -2 (’792 - §w> b*v? + 1721/4}

x q(b*,v?), (56)

where ¢(b?, v?) is given by Eq. (22) in terms of the very
same /; defined in (23). As before, if 8, = 0, then (56)
vanishes when v* = 0 for any b # 0, and the theory is
acausal. Imposing 0, # 0, the factor in Eq. (56) in square
brackets factorizes as

0,(b* — 2 v?)(b? — c21?), (57)

where ¢} are two squared characteristic speeds associated
with the propagation of shear waves. The ¢2. are the roots of
the polynomial

p(x) = x2 +2(z2 — h)x + h?, (58)

where we have defined dimensionless quantities 7 = 1/6,
and z=0,/(2v260,). The polynomial p(x) takes its
minimum value p(x*) = z2(2h —z?) when x* = h — 7°.
If the theory is to be causal, then the equations of motion
must be hyperbolic PDE:s; i.e., ¢, must be real. This in turn
implies x* > 0 and p(x*) < 0 which, by inspection, cannot
happen unless z =0. We conclude that generic-frame
BDNK chiral hydrodynamics cannot be causal unless
0, = 0, i.e., unless there is no anomalous vorticity-induced
heat flux. If 6, =0, then the necessary and sufficient
conditions for causality are completely identical to
Eq. (26). There are no conditions involving the parameters
HB’ VB> O 7.

The frame transformations in Eq. (10) are insufficient to
cure the pathology associated with 8,, # 0. However, in the
presence of B¥, w*, and the pseudoscalar degree of freedom
n, the collection of first-order frame transformations is
enlarged to include those of the form

u® — u/a =y + ruBBa + ruwa)a’ (59)

which induce the following transformations on the trans-
port parameters:

63 —)H/B :93—wru3, (603)
0,—>0,=0,—wr,,, (60Db)
VB }/53 =7B — NIy, <6OC)
Yo = 7/;) =Yoo — Myy- (6Od)
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In particular, by setting r,, = 6,/w we obtain

0, =0, (61a)

2 i 4
v, = C,u2<1 —§E> + CT2(1 —ﬂ) (61b)
w w

However, all transformations with r,, # 0 take the
theory out of the thermodynamic frame, as they do not
preserve the Killing condition (7a) for global equilibrium
states with nonzero w*. This is reflected in the fact that
Eq. (61b) is not of the form (55b). In other words,
demanding causality in generic-frame BDNK first-order
chiral hydrodynamics forces one to give up on the Killing
conditions Eq. (7) as characteristics of global equilibrium.
An analogous result was previously obtained for ideal
chiral hydrodynamics [54].

The importance of hydrodynamic frame choices in
chiral hydrodynamics has also been discussed in other
contexts. For example, the no-drag frame [93,94] is the
frame in which an object at rest experiences no drag
force, a natural notion of “rest frame” for the fluid. This
frame coincides with the thermodynamic frame for the
U(1), model under consideration and is, hence, excluded
by causality.

E = e+ & De+ e,V u* + &yDny + E,Dny,
P = P+ it,De + m,V,u* + 75y Dny + 734Dy,
Ny = ny + by De + vy, Vyut + DysyDny + DyzaDng,
Ny = ny + 0y De + v Vyu' + Dp3y Dy + Dp3p Dy,
=0,V e+ 0,Du + 03,V ny + 03,V ny + OgE* + 0gB* + 0,00,
Tv = 1iVie+ rvaDut + vy Viny + 7yaaVina + yveB" + yveB* + rvoo*,

Th =7aVie+rmDut + 7435V ny + 7a3aVing + yapE* + yapB* + Vap@”.

The conditions for causality in this theory are unwieldy
in a generic frame [since Eq. (25) is replaced by a quartic
polynomial], but they take a simpler form in the class
of frames defined by &, = &3, = i3y = 713y = O3y =
@3 4 = 0. To state them, we first define

v v % %
N3—( V3V V3A)’ G3_<}’V3v 7V3A>’ (64a)

Uasy Daza Yasv  Vaza

f = =Dvav¥aza — Uasa¥vav + DyzaZasy + Dazvivaa-

(64b)

Modal linear stability is defined as in Sec. IV with
vanishing external fields E# = B* = (. The conditions for
stability in the chiral case are precisely the same as Eq. (48)
because the term proportional to y,, does not survive the
process of linearization.® It is reasonable to expect that this
should be the case, as the frame transformations are already
exhausted by causality; any further conditions would
constrain the coefficients C and C which are, however,
already determined microscopically by anomalies.

B. The U(1),, x U(1), theory

Realistic hydrodynamic studies of chiral effects in
heavy-ion collisions should include both U(1), and
U(1), currents simultaneously, with an ordinary U(1),
gauge field instead of the U(1), analog. The equations of
motion for this theory are

vV, 1" =F,J} and V, |, =0 and V,J,=CE'B,,

(62)
where J4, is a vector current; J% is an axial current with a
chiral anomaly; and F*, E*, and B* are now associated
with a U(1), gauge field. The most general constitutive

relations are, in a straightforward extension of the previous
notation,

(63a)
(63b)
(63¢)
(63d)
(63¢)
(63f)

(63g)

Then, in the considered class of frames, we find that the
theory is causal if, and only if, 6, = 0 and

det N3 # 0, (65a)

0 < f < detN; + det G, (65b)

¥If the electromagnetic fields were dynamical, then homo-
geneous configurations with ¢ # 0 and B* = 0 would be unstable
to the formation of helical electromagnetic structures [95-97], so
such states are not thermal equilibria. When interpreting the
stability conditions (48) for the U(1), case, all parameters should
be evaluated at u = 0.
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0 < detG3 < detN:;, (650)

f2 > 4 det N3 det G3 s (65d)

and the conditions (29c) through (29h) are satisfied.
If, in addition to our choice of frame, the equation of
state satisfies (0P/ony), , = (0P/dny),, =0, then the

theory is stable if, and only if, it is causal and

detN; >0 and trN; > 0, (66a)
detG; >0 and 1rG; <0, (66b)
detN3trG3 +ftrN3 ZO, (660)

and conditions (51b) through (51e) are satisfied [with B and
D given by (52)]. Condition (66a) states that N5 is positive
definite, while condition (66b) states that G5 is negative
semidefinite; together they generalize (51a).

VI. CONCLUSIONS

In this paper, we have fully characterized for the first
time to the best of our knowledge all of the generic causal
and stable frames of first-order relativistic hydrodynamics
with a U(1) current by providing necessary and sufficient
conditions. We treated two cases exhaustively: the vector
U(1), case and the anomalous axial U(1), case. In the
combined U(1), x U(1), case, with both vector and axial-
vector currents, we obtained necessary and sufficient
conditions only within a convenient class of frames. We
also noted that the conditions for causality in these theories
should imply local well-posedness in Gevrey function
spaces, leaving a detailed statement of this property for
future work. For the sake of generality, our results do not
require conformal symmetry, even in anomalous cases.

In the U(1), case, we showed that first-order hydro-
dynamics in a generic frame is causal if, and only if,
conditions (26) are simultaneously satisfied. This result
remains valid in the presence of dynamical gravity.
Furthermore, the theory is linearly stable around all
homogeneous equilibrium states if, and only if, it is causal
and all conditions (48) are simultaneously satisfied. As a
special case, we also studied the class of frames in which E,
P, and N do not receive out-of-equilibrium corrections
from derivatives of the charge density n. In these frames,
the causality conditions take the simpler form (29), in
agreement with Ref. [26]. We found that if the equation of
state obeys (0P/dn), = 0, then the stability conditions in
these special frames become drastically simpler; see
Eq. (51) and the surrounding text.

While BDNK first-order hydrodynamics is parametrized
by the 14 transport parameters appearing in Eq. (12),
causality is determined by just three combinations, namely
A/ Ao 22/ Ao, and A3/ A [see Eq. (23)], as depicted in Fig. 1.

This is reminiscent of the hydrohedron construction dis-
cussed in [98]. Causality and stability together are decided
by the values of 12 combinations: #, 6,, g, 41, 45, 43, A, B,
C, D, E, and F [see Eq. (38)], along with the equation of
state. Two of these combinations, n and F, are invariant
under frame transformations. Any nine of the remaining ten
can be varied independently under frame transformations,
with the last one being determined.

In Sec. III A, we pointed out some nongeneric cases of
interest which fall outside the scope of our analysis and
are obtained by imposing relations among the transport
parameters. These can be treated on a case-by-case basis
using techniques similar to those employed for the
generic frames. Some have already been considered in
the literature in detail [26,27], but not all. Notably, there
are scenarios in which the conditions for nonlinear
causality differ from those for linear causality. One
such scenario [see Eq. (30)] has already arisen in the
literature [83], but its full causality and stability proper-
ties are not yet known.

We wrote, for the first time to our knowledge, the BDNK
first-order theory with a U(l), anomaly, and found
necessary and sufficient conditions for its causality. We
found that causality requires 6, = 0; that is, vorticity-
induced heat flux must be absent from the theory. Apart
from this, the generic-frame conditions for causality—even
in the presence of an external gauge field—and stability
are identical to Eqgs. (26) and (48) from the U(1), case.
Causality and stability conditions for the combined
U(1), x U(1), case were derived in Sec. V B. It is notable
that, as a consequence of the vanishing of 6,, one can-
not formulate first-order chiral hydrodynamics in the
thermodynamic frame. The same was shown to be true
of the zeroth-order truncation, i.e., ideal chiral hydro-
dynamics [54]. Results such as these fit into the wider
research area which aims to understand how fundamental
principles such as thermodynamic consistency, causality,
and stability constrain the macroscopic behavior emerging
from inherently quantum-mechanical microscopic effects
such as those due to quantum anomalies [40]. Looking
forward, in this respect, it will be important to investigate
in detail the causality and stability properties of hydro-
dynamics with dynamical spin degrees of freedom (see,
e.g., [99-108]). The first step toward a BDNK formulation
of spin hydrodynamics was recently taken in [109].

The results of our paper are crucial for numerical
implementations of first-order relativistic hydrody-
namics for studies of heavy-ion collisions and astrophy-
sical systems such as neutron star mergers [90,110-112].
In addition, numerical simulations aiming to evaluate the
role of chirality and quantum anomalies in heavy-ion
collisions [113—115] can now track such effects throughout
the hydrodynamic evolution of the quark-gluon plasma
using the self-contained causal and stable hydrodynamic
theory presented in this work.
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APPENDIX

The following are explicit expressions for the A j
defined in Eq. (43):

Aoy =AB -, (Ala)
A12) = 4A = 19C, (A1b)
Apo) = A1) (Alc)
Aoy = CA(9) + A2y — A(A D —Aoc? (A1d)
Apa)y = CA( ) — A(LA - HE), (Ale)
A2 = (D = Bci)Aq ), (AIf)
Agay = (AF—=BE—c} + 1)A0) — Bc2A (1 2) + DA o) + c2lg(AD —c2ly). (Alg)
Aie) = (1A =L E)Aq o)+ (AF—BE—c2)A(12) + AApa) + DA

+ A[E(A D =2gc?) + 2 (1A — A E)), (Alh)
Apg) = (1A — ZIE)A(IQ) + ZzA(z.A) + 2 E(ALA - LE), (Ali)
Ay = —FAq )+ 300, (A1j)
Aug) = [F(Act = C) = 3]0 x10) = FA@o) + EAG) + ¢ 4). (Alk)
Aug) = 13(Aci = C) + AEF|A( o)+ AF ;A2 — (A3 + CF)Apn) — FApy)

+ EAGq) + ciApg) — AYF2, (A11)
Auro) = BAEAq ) +A(EF+23¢3)Ax12) — 13CApo) — (3 + CF)Apa)

+ EAg) + ciAgg) — 21A°F, (Alm)
Aoy = BAEN 2 — 13CAp ) + EApg) — 13A%. (Aln)
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