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We derive the set of inequalities that is necessary and sufficient for nonlinear causality and linear stability
of first-order relativistic hydrodynamics with either a Uð1ÞV conserved current or a Uð1ÞA current with a
chiral anomaly or both. Our results apply to generic hydrodynamic frames in which no relations among the
transport parameters are imposed. Furthermore, our analysis yields, to the best of our knowledge, the first
theory of viscous chiral hydrodynamics proven to be causal and stable. We find that causality demands the
absence of vorticity-induced heat flux, forcing a departure from the thermodynamic frame in the chiral
case. The inequalities for causality and stability define a hypervolume in the space of transport parameters,
wherein each point corresponds to a consistent formulation. Notably, causality is determined by just three
combinations of transport parameters. We present our results in a form amenable to numerical hydro-
dynamic simulations.
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I. INTRODUCTION

Relativistic fluid dynamics provides a powerful effective
description for the long-wavelength, late-time dynamics of
a wide variety of physical systems in, e.g., cosmology [1],
astrophysics [2], and high-energy nuclear collisions [3].
In addition, microscopic quantum effects, such as those
induced by quantum anomalies, can give rise to novel
macroscopic transport phenomena which can also be reflec-
ted in the hydrodynamic description [4–6]. Although
the formulation of the viscous theory of nonrelativistic
hydrodynamics—the Navier-Stokes theory—is textbook
material [7], its generalization to the relativistic regime
remains an important and active topic of current research
both with and without the effect of quantum anomalies. A
theory of relativistic hydrodynamics which consistently
includes dissipation is needed in particular to model the
behavior of the quark-gluon plasma created in relativistic
heavy-ion collisions [8] and the dynamics of ultradense
matter in neutron star mergers [9–12].
For any theory of relativistic hydrodynamics to be suitable

for numerical implementation and, thus, for predicting
experimental outcomes, three fundamental requirements

must be fulfilled: causality, stability, and local well-posed-
ness. Causality demands that information does not propagate
faster than the speed of light, in agreement with Einstein’s
relativity. Stability refers to the property that a system
perturbed slightly away from global equilibrium will return
to it. A locally well-posed theory is one for which a unique
solution to the equations of motion exists in a neighborhood
of any suitable hypersurface on which arbitrary initial data
can be specified [13]. One might naïvely expect that these
requirements are automatically satisfied once a covariant
formulation of hydrodynamics is given, but this is not
necessarily the case. For example, the standard first-order
relativistic hydrodynamic theories proposed by Eckart [14]
and by Landau and Lifshitz [7] violate both causality
and stability and are therefore unsuitable for numerical
simulation.
The most widely used relativistic viscous hydrodynamic

theories which can overcome the problems related to
causality and stability originated in the pioneering works
of Müller [15] and Israel and Stewart [16,17]. In these
so-called Müller-Israel-Stewart (MIS) theories, in contrast
to first-order theories, new degrees of freedom in addition
to the long-lived hydrodynamic modes are introduced,
increasing the number of equations of motion needed to
describe relativistic fluids. However, it is important to note
that causality for MIS theories has only been derived in the
linearized regime [18,19], with the exception of some
specific cases [20–22] where nonlinear analyses were
performed.
Recently, it has been shown by Bemfica, Disconzi,

Noronha, and Kovtun (BDNK) [23–27] that one can
construct causal, stable, and locally well-posed first-order
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theories. As in the theories of Eckart and Landau and
Lifshitz, BDNK is formulated with temperature, chemical
potential, and flow velocity as the sole hydrodynamic
degrees of freedom. More precisely, BDNK identified
classes of hydrodynamic frames (i.e., definitions for the
temperature, chemical potential, and flow velocity) for
which the equations of motion are causal and locally well-
posed in the fully nonlinear regime and for which pertur-
bations of the hydrodynamic fields around global equilibria
in Minkowski spacetime are linearly stable. Derivations
from kinetic theory can be found in [23,25,28,29] (see
also [30,31]). In Ref. [32], a generalized second-order
theory that unifies MIS and BDNK was proposed and
proven to be causal and stable in the linearized regime
(under certain conditions).
We note that the BDNK theory admits into the con-

stitutive relations all symmetry-allowed terms proportional
to first-order derivatives of the hydrodynamic fields. This
includes time derivatives even in the local rest frame of the
fluid, which are not present in the constitutive relations of
standard first-order theories such as the one from Landau
and Lifshitz [7]. These additional time-derivative terms
render the hydrodynamic equations of motion second-order
with respect to time, even in the rest frame of the fluid,
rather than first-order. This property leads to new gapped
(i.e., nonhydrodynamic) modes that parameterize the
behavior of the fluid in the ultraviolet regime. The
BDNK formalism uses these nonhydrodynamic modes as
ultraviolet regulators ensuring that the equations of motion
are causal and stable even beyond the theory’s infrared
regime of applicability [23–27].
Although first-order BDNK hydrodynamics is known

to be causal and stable in several specific classes of
hydrodynamic frames [23–27], the complete set of
necessary and sufficient conditions for causality and
stability for the most general first-order theory has not
yet been derived. In this paper, we derive such necessary
and sufficient conditions for generic hydrodynamic
frames in which no simplifying relations are imposed
among the transport parameters. More precisely, the
generic frames are those in which the principal part of
the equations of motion is composed of terms pro-
portional to second-order derivatives of the hydro-
dynamic fields. The inequalities we obtain carve out a
14-dimensional hypervolume in the space of transport
parameters in which each point corresponds to a causal
and stable formulation. We find that the values of just
three combinations of transport parameters are needed to
determine whether the theory is causal. An additional
nine combinations determine whether the theory is stable.
We provide these results in a form that can be immedi-
ately implemented in numerical simulations to check
stability and causality given a set of transport parameters
and an equation of state. The causality conditions should
also be sufficient to establish local well-posedness in

suitable Gevrey1 function spaces. However, the math-
ematical proof of such a statement is very technical and
beyond the scope of this work.
Moreover, there has been a growing interest in studying

novel transport phenomena related to quantum anomalies
in recent years. Two such phenomena are the chiral
magnetic effect [34,35], which is explicitly related to the
axial anomaly, and the chiral vortical effect [36–43], whose
microscopic origin can be understood through various
approaches [44–50]. While chiral (or anomalous) hydro-
dynamics [38–40,51–53], the hydrodynamic theory which
incorporates the effect of quantum anomalies, has provided
crucial understanding of how these anomalies manifest at
the macroscopic level in fluids, there remain fundamental
issues that must be considered when investigating the
initial-value problem in such theories [54]. In particular,
it was shown that ideal chiral hydrodynamics is causal in
the Landau frame, but it is ill-posed in the most general
frame as derived from kinetic theory [55–63], effective
actions [64–67], and quantum statistical mechanics [48].
This demonstrates that the choice of hydrodynamic frame is
important for chiral hydrodynamics even in the absence of
dissipation [54].
To date, it is not yet known whether chiral hydro-

dynamics can be causal and stable. In fact, previous works
at first order [40] have problems with causality [54], while
causality and stability analyses are still lacking for second-
order approaches [68]. In this paper, we fill in this gap by
presenting a first-order theory of viscous chiral hydro-
dynamics à la BDNK along with the necessary and
sufficient conditions for this theory to be causal and stable.
We analyze two chiral theories: one in which the current is
associated with an anomalous axial Uð1ÞA symmetry, and a
combined case with both vector and axial-vector currents,
i.e., Uð1ÞV × Uð1ÞA. As the classical Uð1ÞA symmetry is
exact only in the high-temperature or massless-fermion
limits, such theories are often employed to study fluids
obeying exact conformal symmetry; our results pertain also
to the case where conformal symmetry is lifted.
The rest of the paper is organized as follows. In Sec. II,

we review the construction of first-order hydrodynamics
and define the notation to be used in subsequent sections. In
Sec. III, we derive the necessary and sufficient conditions
for nonlinear causality in a generic frame, and in Sec. IV we
derive the necessary and sufficient conditions for linear
stability about all homogeneous equilibrium states. Finally,
in Sec. V we define first-order chiral hydrodynamics in the
Uð1ÞA and Uð1ÞV ×Uð1ÞA cases and derive the causality
and stability conditions. A concise summary of our results

1A function is in the Gevrey class if all its derivatives obey
certain bounds. For example, a one-dimensional function fðxÞ is
Gevrey of degree s if there exists a constant K such that
ðR∞

−∞ jfnðxÞj2Þ1=ð1þnÞ < Kð1þ nÞs. When s ¼ 1, this is the space
of analytic functions (see [33]).
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can be found in the Conclusions (Sec. VI). Notation: we use
the mostly plus metric signature ð−þþþÞ, with Greek
indices running from 0 to 3. We work in natural units
where ℏ ¼ c ¼ kB ¼ 1.

II. REVIEWOF FIRST-ORDERHYDRODYNAMICS

We begin by considering relativistic fluids described by a
symmetric energy-momentum tensor Tμν and a conserved
vector Uð1ÞV current Jμ, e.g., baryon current. The hydro-
dynamic equations of motion are provided by the con-
servation laws

∇μTμν ¼ 0 and ∇μJμ ¼ 0; ð1Þ

where ∇μ is the spacetime covariant derivative. To con-
struct dissipative hydrodynamics in a derivative expansion,
one first assumes that the relevant degrees of freedom are
the same as those describing thermal equilibrium. These
degrees of freedom, the hydrodynamic fields, can be taken
as the fluid velocity uμ (uμuμ ¼ −1), the temperature T, and
the chemical potential μ. One then expresses Tμν and Jμ as
an expansion in spacetime derivatives of these fields. In
this way, Eq. (1) produce a closed system of equations for
uμ, T, and μ. Note that we are considering the most general
case in which the system can also be coupled to dynamical
gravity [23,25,27].
In BDNK first-order hydrodynamics [23–27], we trun-

cate the derivative expansion of Tμν and Jμ at first order
and, following an effective field theory approach, we
include all possible terms allowed by symmetries. The
BDNK constitutive relations read, in the notation of [24],

Tμν ¼ Euμuν þ PΔμν þQμuν þQνuμ þ T μν; ð2aÞ

Jμ ¼ N uμ þ J μ; ð2bÞ

where

E ¼ εþ ε1
DT
T

þ ε2∇λuλ þ ε3Dðμ=TÞ; ð3aÞ

P ¼ Pþ π1
DT
T

þ π2∇λuλ þ π3Dðμ=TÞ; ð3bÞ

N ¼ nþ ν1
DT
T

þ ν2∇λuλ þ ν3Dðμ=TÞ; ð3cÞ

Qμ ¼ θ1
∇μ

⊥T
T

þ θ2Duμ þ θ3∇μ
⊥ðμ=TÞ; ð3dÞ

J μ ¼ γ1
∇μ

⊥T
T

þ γ2Duμ þ γ3∇μ
⊥ðμ=TÞ; ð3eÞ

T μν ¼ −2ησμν: ð3fÞ

We have defined the derivative operators D ¼ uμ∇μ and
∇μ

⊥ ¼ Δμν∇ν with Δμν ¼ gμν þ uμuν and the shear tensor
σμν ¼ Δμναβ∇αuβ with Δμναβ ¼ ðΔμαΔνβ þ ΔμβΔναÞ=2−
ΔμνΔαβ=3. The expansion coefficients ε, P, n, η, εi, πi,
νi, θi, and γi (i ¼ 1; 2; 3) are functions of T and μ. We refer
to shear viscosity η, εi, πi, νi, θi, and γi (i ¼ 1; 2; 3) as
transport parameters. The familiar transport coefficients ζ
(bulk viscosity) and σ (charge conductivity) can be
expressed in terms of these transport parameters as [24,26]

ζ ¼ −
�
π2 −

�
∂P
∂ε

�
n
ε2 −

�
∂P
∂n

�
ε

ν2

�
þ
�
∂P
∂ε

�
n

�
π1 −

�
∂P
∂ε

�
n
ε1 −

�
∂P
∂n

�
ε

ν1

�

þ 1

T

�
∂P
∂n

�
ε

�
π3 −

�
∂P
∂ε

�
n
ε3 −

�
∂P
∂n

�
ε

ν3

�
; ð4aÞ

σ ¼ n
w

�
γ1 −

n
w
θ1

�
−
1

T

�
γ3 −

n
w
θ3

�
; ð4bÞ

where we have introduced the notation w≡ εþ P.
Equations (2) and (3) can be equivalently rearranged as

Tμν ¼ Tμν
0 þHμνρσ∇ρðuσ=TÞ þ Xμνρ∇ρðμ=TÞ; ð5aÞ

Jμ ¼ Jμ0 þ Yμρσ∇ρðuσ=TÞ þ Zμρ∇ρðμ=TÞ; ð5bÞ

where

Tμν
0 ¼ εuμuν þ PΔμν; ð6aÞ

Jμ0 ¼ nuμ; ð6bÞ
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Hμνρσ ¼ T½ε1uμuνuρuσ þ ε2uμuνΔρσ þ π1uρuσΔμν þ θ1ðuμuσΔνρ þ uνuσΔμρÞ
þ θ2ðuμuρΔνσ þ uνuρΔμσÞ þ π2ΔμνΔρσ − 2ηΔμνρσ�; ð6cÞ

Yμρσ ¼ T½ν1uμuρuσ þ ν2uμΔρσ þ γ1uσΔμρ þ γ2uρΔμσ�; ð6dÞ

Xμνρ ¼ ε3uμuνuρ þ π3uρΔμν þ θ3ðuμΔνρ þ uνΔμρÞ; ð6eÞ

Zμρ ¼ ν3uμuρ þ γ3Δμρ: ð6fÞ

Equations (6) are the most general combinations of the
tensors at our disposal subject to the assumed symmetry of
the energy-momentum tensor, i.e., Hμνσρ ¼ Hνμσρ and
Xμνρ ¼ Xνμρ. This way of organizing the constitutive
relations allows the equations of motion (1) to be expressed
compactly (see Sec. III).
Beyond the demands of symmetries, additional con-

straints on the constitutive relations emerge from the need
to provide a consistent description of global equilibrium
when external sources are present [65,66]. Reference [65]
obtained those consistency constraints in a specific class
of hydrodynamic frames collectively termed the thermo-
dynamic frame. As will be reviewed in Sec. II A, a
hydrodynamic frame is a choice of definitions for the
fields uμ, T, and μ. The thermodynamic frame is defined by
requiring the fields to take a prescribed form in states of
global thermal equilibrium. Namely, the fluid velocity is
chosen to point along a timelike Killing vector Kμ, i.e.,
uμ ¼ Kμ=

ffiffiffiffiffiffiffiffiffi
−K2

p
, in equilibrium; the temperature satisfies

T ¼ T0=
ffiffiffiffiffiffiffiffiffi
−K2

p
in equilibrium, where T0 is a constant that

fixes the units of temperature; and the ratio μ=T is constant
in equilibrium [69]. Equivalently, the thermodynamic
frame can be defined by requiring the hydrodynamic fields
uμ, T, and μ to satisfy the following Killing conditions in
global equilibrium:

∇μðuν=TÞ þ∇νðuμ=TÞ ¼ 0; ð7aÞ

∇αðμ=TÞ ¼ 0: ð7bÞ

We emphasize that identifying global equilibrium states
with solutions of Eq. (7) constitutes an implicit definition of
the thermodynamic frame. The thermodynamic frame is
also known as the natural frame [70], the thermometer/
Jüttner frame [71], and the beta frame [72]. We defer to
these works for more detailed discussions and definitions
via kinetic theory and quantum statistical mechanics.
The methods of Ref. [65] lead to the following equality-

type constraints in the thermodynamic frame [24]. First, the
zeroth-order coefficients must be related by the standard
thermodynamic identities εþP¼Tð∂P=∂TÞμþμð∂P=∂μÞT
and n ¼ ð∂P=∂μÞT . That is, ε, P, and n are interpreted in the
usual way as the equilibrium energy density, pressure, and

charge density, respectively. Furthermore, the first-order
coefficients must obey Hμνρσ ¼ Hμνσρ, or equivalently
θ1 ¼ θ2 and γ1 ¼ γ2.
The equilibrium thermodynamic quantities are assumed

to describe stable matter with a unique equilibrium state, so
the Hessian matrix of the equilibrium entropy density s ¼
ð∂P=∂TÞμ with respect to any two independent thermody-
namic variables is negative-definite (e.g., [73]). This is
equivalent to the conditions

0 <

�
∂
2s
∂ε2

�
n
¼ −

1

T2cV
; ð8aÞ

0 <
�
∂
2s
∂ε

�
n

�
∂
2s
∂n

�
ε

−
�
∂

∂ε

����
n

�
∂s
∂n

�
ε

�
2

¼ 1

T2cV

�
∂ðμ=TÞ
∂n

�
ε

−
�
∂ðμ=TÞ
∂ε

�
2

n
; ð8bÞ

where cV ¼ Tð∂s=∂TÞn is the volumetric heat capacity.
Equations (8) contain the well-known conditions for
thermal and diffusive stability, respectively, cV > 0
and ð∂ðμ=TÞ=∂nÞε > 0.
Another set of constraints on the constitutive relations

arises from the second law of thermodynamics. From the
canonical entropy current TSμ ¼ Puμ − uνTμν − μJμ, one
can compute the entropy production rate ∇μSμ on-shell
using the equations of motion (1) and constitutive rela-
tions (2) and (3). Provided η, ζ, σ ≥ 0, the entropy
production can be shown to be non-negative within the
regime of validity of first-order theory [24]. That is,
∇μSμ ¼ RþOð∇3Þ, where R ≥ 0 is second-order in deriv-
atives using the solutions of the equations of motion.
Therefore, the second law of thermodynamics holds for
BDNK theory only within its regime of validity (i.e., when
the constitutive relations are defined to first-order in
derivatives). This situation is not uncommon in hydro-
dynamic theories constructed using systematic power-
counting arguments; it also happens, for example, in
DNMR theory [74]. Although it is in principle possible
to demand ∇μSμ ≥ 0 even beyond the regime of validity of
the theory, such a requirement goes beyond the regime of
applicability of the first-order effective theory, resulting in a
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more restrictive set of constraints that excludes causality
and stability, as pointed out in Refs. [23–27].

A. Hydrodynamic frames

We provide here a brief review of hydrodynamic frames.
The fields uμ, T, and μ are auxiliary variables that para-
metrize the evolution of the fluid, but they do not have
unambiguous first-principles definitions out of equilibrium
[16,75,76]. Therefore, one is free to perform field redefi-
nitions valid at first order, provided the new fields coincide
with the old ones when restricted to homogeneous equi-
librium states. In the context of a derivative expansion
truncated to first order, the most general redefinition one
needs to consider is [24]

uα → u0α ¼ uα þ ru1
∇α⊥T
T

þ ru2Duα þ ru3∇α⊥ðμ=TÞ; ð9aÞ

T → T 0 ¼ T þ rT1
DT
T

þ rT2∇λuλ þ rT3Dðμ=TÞ; ð9bÞ

μ → μ0 ¼ μþ rμ1
DT
T

þ rμ2∇λuλ þ rμ3Dðμ=TÞ; ð9cÞ

where rui, rTi, and rμi are arbitrary functions of T and μ.
When Eq. (9) are inserted into Eqs. (5) and (6) and the latter
are truncated to first order in derivatives, the resulting
constitutive relations are formally identical in the primed
variables but with new coefficients given by

ε0i ¼ εi −
�
∂ε

∂T

�
μ

rTi −
�
∂ε

∂μ

�
T
rμi; ð10aÞ

π0i ¼ πi −
�
∂P
∂T

�
μ

rTi −
�
∂P
∂μ

�
T
rμi; ð10bÞ

ν0i ¼ νi −
�
∂n
∂T

�
μ

rTi −
�
∂n
∂μ

�
T
rμi; ð10cÞ

θ0i ¼ θi − wrui; ð10dÞ

γ0i ¼ γi − nrui; ð10eÞ

η0 ¼ η; ð10fÞ

where i ¼ 1; 2; 3. We continue to use the notation w ¼
εþ P throughout the paper.
A given definition of uμ, T, and μ is known as a

hydrodynamic frame, and Eqs. (9) and (10) describe the
frame transformations of first-order hydrodynamics. There
is a wide variety of frames to choose from, each seemingly
equally legitimate. However, the equations of motion
following from Eq. (1) can have qualitatively different
causality and stability properties in different hydrodynamic
frames, especially when Eq. (10) are used to set one or

more of the transport parameters to zero. The subset of
hydrodynamic frames in which the theory is causal and
stable defines physically acceptable theories that are
suitable for numerical simulation.
Furthermore, it is important to note that the transport

parameters cannot all be changed to arbitrary values by
frame transformations, as reflected by the existence of
seven frame-invariant quantities2:

fi ¼ πi − εið∂P=∂εÞn − νið∂P=∂nÞε; ð11aÞ

li ¼ γi − nθi=w; ð11bÞ

and η itself [24]. For example, by appropriately choosing
ru3, rT3, and rμ3, one can set ε03 ¼ π03 ¼ θ03 ¼ 0, but then ν03
and γ03 are fixed in terms of the frame invariants, namely
ν03 ¼ −f3=ð∂P=∂nÞε and γ03 ¼ l3. In particular, it is pos-
sible to obtain a theory in which derivatives of μ=T are
absent from the constitutive relations only if the frame
invariants f3 and l3 already vanish, either by an act of fine-
tuning or by way of some additional constraints not already
incorporated into the effective theory. If a desired set of
transport parameter values is overconstrained in this way,
as is the set ε3 ¼ π3 ¼ ν3 ¼ θ3 ¼ γ3 ¼ 0, then this set of
values is inaccessible by frame transformations.
Finally, although the thermodynamic consistency con-

straints described above, namely θ1 ¼ θ2 and γ1 ¼ γ2, were
derived within the thermodynamic frame, they imply the
frame-invariant constraint l1 ¼ l2. The thermodynamic
frame is actually a wide class of frames; indeed, any frame
transformation (9) satisfying ru1 ¼ ru2 preserves the
Killing conditions (7) that define the thermodynamic
frame. On the other hand, if one is willing to part with
the identification between global equilibrium states and
solutions of the Killing conditions, then one can permit
frame transformations with ru1 ≠ ru2. After such a trans-
formation, one lands in a nonthermodynamic frame in
which θ01 ≠ θ02 and γ01 ≠ γ02, but the content of the con-
sistency constraints lives on in the invariant state-
ment l1 ¼ l2.

B. Change of variables

Following [27], we preemptively change variables from
T and μ to ε and n, as doing so will simplify the analysis of
stability (see Sec. IV). Equations (3) become3

E ¼ εþ ε̃1Dεþ ε2∇λuλ þ ε̃3Dn; ð12aÞ

2The bulk viscosity and charge conductivity in Eq. (4) are
frame invariant and can be expressed in terms of fi and li.3We emphasize that Eqs. (12) are obtained from Eq. (3) via an
exact change of variables from T ¼ Tðε; nÞ to μ ¼ μðε; nÞ to ε
and n using standard thermodynamic relations. Equation (13)
show how this change of variables affects the transport coef-
ficients and are exact.
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P ¼ Pþ π̃1Dεþ π2∇λuλ þ π̃3Dn; ð12bÞ

N ¼ nþ ν̃1Dεþ ν2∇λuλ þ ν̃3Dn; ð12cÞ

Qμ ¼ θ̃1∇μ
⊥εþ θ2Duμ þ θ̃3∇μ

⊥n; ð12dÞ

J μ ¼ γ̃1∇μ
⊥εþ γ2Duμ þ γ̃3∇μ

⊥n; ð12eÞ

while Tμν is still given as in Eq. (3f). The new transport
parameters in Eq. (12) are given in terms of the old ones by

ψ̃1 ¼
ψ1

w

�
∂P
∂ε

�
n
þ
�
ψ3 − ψ1

nT
w

��
∂ðμ=TÞ
∂ε

�
n
; ð13aÞ

ψ̃3 ¼
ψ1

w

�
∂P
∂n

�
ε

þ
�
ψ3 − ψ1

nT
w

��
∂ðμ=TÞ
∂n

�
ε

; ð13bÞ

for every ψ̃ i ∈ fε̃i; π̃i; θ̃i; ν̃i; γ̃ig (i ¼ 1, 3), and an analo-
gous notation applies for ψ i. The thermodynamic consis-
tency constraint θ1 ¼ θ2, described above, now becomes an
equality relating the parameters θ̃1, θ2, and θ̃3; similarly, the
constraint γ1 ¼ γ2 relates γ̃1, γ2, and γ̃3. For simplicity of
notation, and to leave open the possibility of transforming
to a nonthermodynamic frame, nowhere in the rest of the
paper will we solve these constraints to eliminate any of the
transport parameters.
The alternative organization of the constitutive relations

in Eq. (5) becomes

Tμν ¼ Tμν
0 þ H̃μνρσ∇ρuσ þ X̃μνρ

1 ∇ρεþ X̃μνρ
3 ∇ρn; ð14aÞ

Jμ ¼ Jμ0 þ Ỹμρσ∇ρuσ þ Z̃μρ
1 ∇ρεþ Z̃μρ

3 ∇ρn; ð14bÞ

where

H̃μνρσ ¼ ε2uμuνΔρσ þ θ2ðuμuρΔνσ þ uνuρΔμσÞ
þ π2ΔμνΔρσ − 2ηΔμνσρ; ð15aÞ

Ỹμρσ ¼ ν2uμΔρσ þ γ2uρΔμσ; ð15bÞ

X̃μνρ
1 ¼ ε̃1uμuνuρ þ π̃1uρΔμν þ θ̃1ðuμΔνρ þ uνΔμρÞ; ð15cÞ

X̃μνρ
3 ¼ ε̃3uμuνuρ þ π̃3uρΔμν þ θ̃3ðuμΔνρ þ uνΔμρÞ; ð15dÞ

Z̃μρ
1 ¼ ν̃1uμuρ þ γ̃1Δμρ; ð15eÞ

Z̃μρ
3 ¼ ν̃3uμuρ þ γ̃3Δμρ; ð15fÞ

and Tμν
0 and Jμ0 remain as in Eqs. (6a) and (6b).

III. CAUSALITY

We now derive the set of necessary and sufficient
conditions under which the general BDNK hydrodynamic

equations are causal in the fully nonlinear regime. The
results we obtain are a set of inequalities constraining the
transport parameters. The analysis is based on standard
techniques from the theory of partial differential equations
(PDEs) [13,77].
The equations of motion for uμ, ε, and n are obtained by

inserting the constitutive relations (14) and (15) into the
conservation laws (1). We must be mindful of the constraint
uμuμ ¼ −1, which can be implemented in several equiv-
alent ways. One way is to decompose ∇μTμν ¼ 0 into two
equations, Δα

ν∇μTμν ¼ 0 and uν∇μTμν ¼ 0. Here, instead,
following Ref. [25], it is more convenient to leave∇μTμν ¼
0 alone and to apply the operator uλ∇λ twice to the
constraint equation uμuμ ¼ −1, yielding

uμuρuσ∇μ∇ρuσ þ uρ½∇ρðuσuμÞ�∇μuσ ¼ 0 ð16Þ

as an additional equation of motion. We thus obtain a
system of quasilinear PDEs for Ψ ¼ ðuσ; ε; nÞ,

½Aμρ�IJ∇μ∇ρΨJ þ ½Bμρ�IJKð∇μΨJÞð∇ρΨKÞ
þ ½Cμ�IJ∇μΨJ ¼ 0; ð17Þ

where the indices I, J, and K run from 0 to 5 and the
coefficient matrices are given by

½Aμρ�IJ ¼

0
B@

½1.5�H̃μνρσ X̃μνρ
1 X̃μνρ

3

uμuρuσ 0 0

Ỹμρσ Z̃μρ
1 Z̃μρ

3

1
CA; ð18aÞ

½Cμ�IJ

¼

0
B@

½1.5�wðgμσuν þ gνσuμÞ uμuν þΔμνð∂P
∂εÞn Δμνð∂P

∂nÞε
0 0 0

ngμσ 0 uμ

1
CA:

ð18bÞ

The ½Bμρ�IJK depend on Ψ but not its derivatives; their
explicit form will not be important for the rest of the
paper. As mentioned earlier, gravity can be coupled to the
fluid by inserting Eq. (14a) into Einstein’s equations. As
shown in Refs. [23,25,27], the causality conditions derived
in this section remain the same whether gμν is dynamically
coupled to the fluid or treated as an external source. The
reason is that, upon including Einstein’s equations, the
characteristic determinant to be discussed below would
factorize into two pieces, one corresponding to the metrical
degrees of freedom and one corresponding to the hydro-
dynamic fields.
Equations (17) are causal if, and only if, their character-

istics, the hypersurfaces along which initial data are
propagated, are everywhere nonspacelike [13,77]. The
characteristics are determined by the principal part of
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Eq. (17), i.e., the terms containing the highest-order
derivatives of each unknown (the highest order can be
different for different unknowns). As mentioned in the
Introduction, in this paper we treat the hydrodynamic
frames in which the transport parameters have generic
values and are not subject to finely tuned relations. We,
therefore, call this the “generic case” and speak of “generic
hydrodynamic frames.” Then, the principal part is exactly
½Aμρ�IJ∇μ∇ρΨJ (see Sec. III A for further discussion and
examples of nongeneric cases).
The system is causal if, and only if, the normal vectors to

the characteristics, φμ, which are obtained in generic frames
as the solutions of the characteristic equation

det½Aμρφμφρ� ¼ 0; ð19Þ

all satisfy

φμ is real andφμφμ ≥ 0: ð20Þ

Upon inserting (18a), we obtain the characteristic deter-
minant

det½Aμρφμφρ� ¼ −b2ðθ2b2 − ηv2Þ2qðb2; v2Þ ð21Þ

with

qðb2; v2Þ ¼ λ0b6 − λ1b4v2 þ λ2b2v4 − λ3v6; ð22Þ

where b ¼ uμφμ, vμ ¼ Δμνφν, and

λ0 ¼ θ2fε̃; ν̃g; ð23aÞ

λ1 ¼
�
4

3
η − π2

�
fε̃; ν̃g − ðε2 þ θ2Þfν̃; π̃ þ θ̃g

þ ðν2 þ γ2Þfε̃; π̃ þ θ̃g þ θ2ðfγ̃; ε̃g þ fν̃; θ̃gÞ; ð23bÞ

λ2 ¼
�
4

3
η − π2

�
ðfν̃; θ̃g þ fγ̃; ε̃gÞ þ ðε2 þ θ2Þfγ̃; π̃ þ θ̃g

þ ðν2 þ γ2Þfπ̃; θ̃g þ θ2fθ̃; γ̃g; ð23cÞ

λ3 ¼
�
4

3
η − π2

�
fθ̃; γ̃g: ð23dÞ

Here we have introduced a compact notation
fψ̃ ; χ̃g ¼ ψ̃1χ̃3 − ψ̃3χ̃1, where ψ̃ i and χ̃i can be any of
the transport parameters (13), e.g., fε̃; ν̃g ¼ ε̃1ν̃3 − ε̃3ν̃1
and fν̃; π̃ þ θ̃g ¼ ν̃1ðπ̃3 þ θ̃3Þ − ν̃3ðπ̃1 þ θ̃1Þ.
For the system to be causal, λ0 cannot vanish. If it did,

then Eq. (22) would have an overall factor of v2, so Eq. (19)
would have solutions with vμ ¼ 0 and b ≠ 0 and the
conditions (20) could not be satisfied. Assuming λ0 ≠ 0,
Eq. (21) can be factorized as

det½Aμρφμφρ� ¼ −θ22λ0b2
�
b2 −

η

θ2
v2
�

2 Y3
i¼1

ðb2 − c2i v
2Þ;

ð24Þ

where c21, c
2
2, and c23 are the roots of the polynomial

λ0x3 − λ1x2 þ λ2x − λ3: ð25Þ

The quantities η=θ2, c21, c
2
2, and c

2
3 are the squares of the so-

called characteristic speeds at which information propa-
gates.4 The conditions (20) for causality are equivalent to
the condition that the squared characteristic speeds all lie
within the interval [0, 1]. By evaluating the latter, we find
that the theory is causal in a generic frame if, and only if, all
of the conditions5

θ2 ≠ 0; ð26aÞ

fε̃; ν̃g ≠ 0; ð26bÞ

0 ≤ η=θ2 ≤ 1; ð26cÞ

0 ≤ λ̄1 ≤ 3λ̄0; ð26dÞ

λ̄2 ≥ maxf0;−3λ̄0 þ 2λ̄1g; ð26eÞ

0 ≤ λ̄3 ≤ λ̄0 − λ̄1 þ λ̄2; ð26fÞ

λ̄22λ̄
2
1 − 4λ̄0λ̄

3
2 − 4λ̄31λ̄3 − 27λ̄20λ̄

2
3 þ 18λ̄0λ̄1λ̄2λ̄3 ≥ 0 ð26gÞ

are simultaneously satisfied, where we have defined
dimensionless quantities λ̄i ¼ ðT3=wÞλi (i ¼ 0, 1, 2, 3).
These conditions are visualized in Fig. 1. Note that
conditions (26a) and (26b) are a restatement of the require-
ment λ0 ≠ 0, and they imply, for example, that the Landau
frame, which is defined by setting to zero the parameters ε̃1,
ε2, ε̃3, ν̃1, ν2, ν̃3, θ̃1, θ2, θ̃3 and having at least one of γ̃1, γ2,
γ̃3 nonzero, cannot be causal [78–80]. In particular,
Eq. (26b) requires at least one of ε̃1 or ν̃1 to be nonzero.
Therefore, as mentioned in the Introduction, the constitu-
tive relations of first-order BDNK theory also contain time
derivatives in the local rest frame of the fluid [see Eq. (12)].
Given specific choices for the transport parameters as

functions of ε and n, the conditions (26) can be checked

4To understand this statement in the context of a simple
example, take the wave equation uμuν∇μ∇νψ − c2Δμν∇μ∇νψ ¼
0 for a scalar function ψ . Its characteristic equation reads
b2 − c2v2 ¼ 0. The solutions φμ of the characteristic equation
therefore have φμφμ ¼ −b2 þ v2 ¼ ð1 − c2Þv2, and the causality
conditions (20) become 0 ≤ c2 ≤ 1.

5To write these conditions in a simple way, we have used
λ0 > 0, which will arise in the next section as a necessary
condition for stability. We also assume throughout the paper that
the equation of state is such that T > 0 and w > 0.
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throughout a domain of values ε; n∈U ⊂ R2 prior to
hydrodynamic simulation. If they are met, then any solution
of the equations of motion (17) for which εðxÞ and nðxÞ lie
within U at every spacetime event x is guaranteed to obey
causality.
It should be possible to show that the conditions (26)

imply local well-posedness in suitable Gevrey spaces,
using the results of Ref. [81]. However, proving such a
result goes beyond the scope of this paper (for details, we
refer the reader to Appendix A of Ref. [81] and the
recent review [82]). Therefore, we leave detailed state-
ments concerning the well-posedness of solutions to
future work.
Let us now consider two classes of frames in which the

full causality conditions are simpler. The first is defined by
ε̃3 ¼ π̃3 ¼ θ̃3 ¼ 0. The second is defined by γ̃1 ¼ γ2 ¼
γ̃3 ¼ ν̃1 ¼ ν2 ¼ 0 (with ν̃3 ≠ 0; see Sec. III A). In both
classes of frames, the principal part ½Aμρφμφρ�IJ becomes
block triangular in I and J (lower triangular in the first class
and upper triangular in the second). Therefore, both have
exactly the same characteristic determinant,

det½Aμρφμφρ� ¼ −θ22ν̃3b2
�
b2 −

η

θ2
v2
�

2
�
b2 þ γ̃3

ν̃3
v2
�

× ðΛ0b4 − Λ1b2v2 þ Λ2v4Þ; ð27aÞ

where

Λ0 ¼ ε̃1θ2; ð28aÞ

Λ1 ¼
�
4

3
η − π2

�
ε̃1 þ π̃1ðε2 þ θ2Þ þ ε2θ̃1; ð28bÞ

Λ2 ¼ −
�
4

3
η − π2

�
θ̃1: ð28cÞ

From condition (20), causality holds if, and only if, all of
the conditions

ν̃3 ≠ 0; ð29aÞ

0 ≤ −γ̃3=ν̃3 ≤ 1; ð29bÞ

FIG. 1. The shaded region in the upper-left panel is the intersection of the causality conditions (26d)–(26g), and the other panels are its
projections onto the three coordinate planes. As described in the text, the causal hydrodynamic frames are those for which 0 ≤ η=θ2 ≤ 1
is satisfied and λi=λ0 (i ¼ 1, 2, 3) lie within the shaded region in the upper-left panel.
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θ2 ≠ 0; ð29cÞ

ε̃1 ≠ 0; ð29dÞ

0 ≤ η=θ2 ≤ 1; ð29eÞ

0 ≤ Λ̄1 ≤ Λ̄0 þ Λ̄2; ð29fÞ

0 ≤ Λ̄2 ≤ Λ̄0; ð29gÞ

Λ̄2
1 ≥ 4Λ̄2Λ̄0 ð29hÞ

are simultaneously satisfied, where Λ̄i ¼ ðT2=wÞΛi (i ¼ 0,
1, 2). The first class of frames, where ε̃3 ¼ π̃3 ¼ θ̃3 ¼ 0, is
closely analogous to the class ε3 ¼ π3 ¼ θ3 ¼ 0 already
studied in detail by Ref. [26], because the determinant
factorizes in the same way. Indeed, their causality con-
ditions in these frames are formally identical to (29).

A. Comment on linear vs nonlinear causality

We have treated the generic case in which
½Aμρ�IJ∇μ∇ρΨJ defines the principal part of (17).
Equivalently, this is the case in which det½Aμρφμφρ� does
not vanish identically (for all values of uμ, ε, n, and φμ). In
this case, it can be shown that the causality conditions (26),
which were derived from the full nonlinear equations of
motion (17), are exactly the same as the causality con-
ditions for the linearization of the equations of motion [see
Eq. (31)], as was observed by Ref. [26].
A nontrivial example falling outside the generic case

occurs when

ψ̃1

ψ̃3

¼ ð∂P
∂εÞn − nTð∂ðμ=TÞ

∂ε Þn
ð∂P
∂nÞε − nTð∂ðμ=TÞ

∂n Þε
ð30Þ

for every ψ̃ i ∈ fε̃i; π̃i; θ̃i; ν̃i; γ̃ig (i ¼ 1, 3), since it can be
directly verified that det½Aμρφμφρ� ¼ 0 identically. The
reason this is outside our scope is more directly seen by
returning to T and μ as the independent variables. By
inverting Eq. (13) with Eq. (30) inserted, we find
ε3 ¼ π3 ¼ ν3 ¼ θ3 ¼ γ3 ¼ 0, so there are no second-order
derivatives of μ=T appearing in the equations of motion.
Consequently, the principal part contains, in addition to
½Aμρ�IJ∇μ∇ρΨJ, some terms from ½Bμρ�IJKð∇μΨJÞð∇ρΨKÞ,
and (19) must be modified accordingly. However, these
additional terms drop out when taking the linearization
of (17), so this provides an example of a first-order
hydrodynamic theory whose nonlinear causality conditions
do not coincide with those of its linearization. It is
interesting to note that Ref. [83] has realized this example
from a microscopic theory of weakly self-interacting
classical ultrarelativistic scalar particles. From the effective
field theory perspective outlined in Sec. II A, we note that
this example is not accessible by frame transformations.

Another example which is outside our scope is
ν̃1 ¼ ν2 ¼ ν̃3 ¼ γ̃1 ¼ γ2 ¼ γ̃3 ¼ 0. In this class of frames,
the bottom row of (18a) vanishes, so det½Aμρφμφρ� vanishes
identically. The charge conservation equation [Eq. (17)
with I ¼ 5] then contains only first-order derivatives of the
hydrodynamic fields and plays the role of a constraint
equation. These frames have already been analyzed in
detail in Ref. [27].

IV. LINEAR STABILITY

In this section, we obtain the necessary and sufficient
conditions for the linear stability of Eq. (17) by considering
the fate of small perturbations around a nonrotating state of
global equilibrium in Minkowski spacetime. Such a state is
characterized by constant uμ, ε, and n, and we write
perturbations around this background state as uμ → uμ þ
δuμ (with uμδuμ ¼ 0), ε → εþ δε, and n → nþ δn. The
perturbations δΨ ¼ ðδuσ; δε; δnÞ evolve according to the
linearization of Eq. (17), which is

½Aμρ�IJ∇μ∇ρδΨJ þ ½Cμ�IJ∇μδΨJ ¼ 0: ð31Þ

Inserting the Fourier transform δΨJðt; xÞ ¼
R
d4k=

ð2πÞ4 exp ½TðΓtþ ik · xÞ�δΨJðΓ; kÞ, where T is the con-
stant background temperature and kμ ¼ ðiΓ; kÞ is dimen-
sionless, Eq. (31) become

ðT½Aμρ�IJkμkρ − i½Cμ�IJkμÞδΨJðΓ; kÞ ¼ 0; ð32Þ

and the dispersion relations ΓðkÞ ¼ Re½ΓðkÞ� þ iIm½ΓðkÞ�
are the solutions of the corresponding secular equation

det½TAμρkμkρ − iCμkμ� ¼ 0: ð33Þ

The theory is said to be modally linearly stable when, for
any constants uμ, ε, and n, all of the dispersion relations
satisfy

Re½ΓðkÞ� ≤ 0 ð34Þ

for all k∈R3. Despite the Lorentz-covariant form of (31),
stability for one value of uμ does not automatically
imply stability for all other values of uμ. However, it
was recently proven that if the theory is causal, this is
indeed the case [27,84] (for more recent developments
on the connection between stability and causality, see,
e.g., Refs. [85–87]). Furthermore, causality is necessary
for the stability of a dissipative theory [84]. Therefore,
it is necessary and sufficient to impose the causality
conditions (26) and only check stability for a given choice
of the background uμ, which we take to be uμ ¼ ð1; 0Þ for
convenience. Equation (33) splits into shear and sound
channels, given, respectively, by
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Tθ2Γ2 þ wΓþ Tηjkj2 ¼ 0; ð35aÞ

a0Γ6 þ a1Γ5 þ a2Γ4 þ a3Γ3 þ a4Γ2 þ a5Γþ a6 ¼ 0:

ð35bÞ

The coefficients ai ¼ aiðkÞ appearing in the sound
polynomial (35b) read

a0 ¼ λ̄0; ð36aÞ

a1 ¼ Ā; ð36bÞ

a2 ¼ B̄þ λ̄1jkj2; ð36cÞ

a3 ¼ 1þ C̄jkj2; ð36dÞ

a4 ¼ D̄jkj2 þ λ̄2jkj4; ð36eÞ

a5 ¼ c2s jkj2 þ Ējkj4; ð36fÞ

a6 ¼ F̄jkj4 þ λ̄3jkj6; ð36gÞ
where we have denoted by cs the speed of sound given by

c2s ¼
�
∂P
∂ε

�
n
þ n
w

�
∂P
∂n

�
ε

: ð37Þ

The coefficients λ̄i are the same as those appearing in
Sec. III, and we have defined the dimensionless quantities
Ā ¼ ðT2=wÞA, B̄ ¼ ðT=wÞB, C̄¼ ðT2=wÞC, D̄¼ ðT=wÞD,
Ē ¼ ðT2=wÞE, and F̄ ¼ ðT=wÞF, with

A ¼ wfε̃; ν̃g þ θ2ðε̃1 þ ν̃3Þ; ð38aÞ
B ¼ θ2 þ wðε̃1 þ ν̃3Þ; ð38bÞ

C ¼
�
4

3
η − π2

�
ðε̃1 þ ν̃3Þ þ ðε2 þ θ2Þðπ̃1 þ θ̃1 − hν̃iÞ þ ðν2 þ γ2Þðπ̃3 þ θ̃3 þ hε̃iÞ

þ wðfπ̃; ν̃g þ fγ̃; ε̃gÞ þ nfε̃; π̃ þ θ̃g − θ2ðθ̃1 þ γ̃3Þ; ð38cÞ

D ¼ 4

3
η − π2 þ wðπ̃1 − γ̃3 − hν̃iÞ þ nðπ̃3 þ θ̃3 þ hε̃iÞ þ

�
∂P
∂ε

�
n
ðε2 þ θ2Þ þ

�
∂P
∂n

�
ε

ðν2 þ γ2Þ; ð38dÞ

E ¼ −
�
4

3
η − π2

�
ðθ̃1 þ γ̃3Þ þ wfγ̃; π̃g þ nfπ̃; θ̃g þ ðε2 þ θ2Þhγ̃i − ðν2 þ γ2Þhθ̃i; ð38eÞ

F ¼ whγ̃i − nhθ̃i: ð38fÞ
Here, we have introduced another shorthand notation

hξ̃i ¼ ξ̃1

�
∂P
∂n

�
ε

− ξ̃3

�
∂P
∂ε

�
n
: ð39Þ

In the shear channel (35a), the dispersion relations can be calculated analytically. We find

Γ�ðkÞ ¼ −
w

2Tθ2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4T2ηθ2jkj2=w2

q 	
: ð40Þ

Then, by inspection of Eq. (40), one can see that the stability condition (34) in the shear channel is equivalent to θ2 ≥ 0
and η ≥ 0.
The conditions for stability in the sound channel are considerably more involved. A necessary and sufficient set of

conditions for modal stability is provided by the Routh-Hurwitz criterion. The Routh-Hurwitz criterion [88] states that (34)
holds for all sound channel dispersion relations if, and only if,6

a0; a1; a6;Δ1;Δ2;Δ3;Δ4 ≥ 0 ð41Þ

6There is a relatively minor exception to the “only if” part of this statement. That is, there are edge cases in which the Routh-Hurwitz
conditions (41) are violated but the theory is still stable. In all such cases, the theory is onlymarginally stable; i.e., at least onemode does not
dissipate (Re½Γ� ¼ 0). More importantly, while Eqs. (26) and (41) define a hypervolume in the space of transport parameters, these edge
cases occupy a set of measure zero (a union of hypersurfaces of various codimensions in the space of transport parameters). Therefore,
achieving these edge caseswould require the transport parameters to be finely tuned,with any small deviation rendering the theory unstable.
To understand this in the context of a simple example, suppose (35b) were instead the quadratic aΓ2 þ bΓþ c ¼ 0. The Routh-Hurwitz
conditions replacing (41) would be a ≥ 0, b ≥ 0, and c ≥ 0 [88]. However, it is easy to verify that if b ¼ 0, a ≤ 0, and c ≤ 0, then the roots
Γ ¼ �i

ffiffiffiffiffiffiffiffiffiffiffiffiffijcj=jajp
are still stable. (This situation does not arise in the shear channel because of the assumption w > 0.)
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for all k∈R3, where

Δ1 ¼ a1a2 − a0a3; ð42aÞ

Δ2 ¼ a3Δ1 − a1ða1a4 − a0a5Þ; ð42bÞ

Δ3 ¼ a4Δ2 þ ða1a6 − a2a5ÞΔ1 þ a0a5ða1a4 − a0a5Þ;
ð42cÞ

Δ4 ¼ a5Δ3 − a6a3Δ2 þ a1a5a6Δ1 − a31a
2
6: ð42dÞ

Inserting Eq. (36) into Eq. (42) gives

Δ1 ¼ Δð1;0Þ þ Δð1;2Þjkj2; ð43aÞ

Δ2 ¼ Δð2;0Þ þ Δð2;2Þjkj2 þ Δð2;4Þjkj4; ð43bÞ

Δ3 ¼ Δð3;2Þjkj2 þ Δð3;4Þjkj4 þ Δð3;6Þjkj6 þ Δð3;8Þjkj8;
ð43cÞ

Δ4 ¼ Δð4;4Þjkj4 þ Δð4;6Þjkj6 þ Δð4;8Þjkj8 þ Δð4;10Þjkj10
þ Δð4;12Þjkj12; ð43dÞ

where full expressions for the Δði;jÞ are given in Eq. (A1).
Then the conditions (41) can be translated into an equiv-
alent set of k-independent conditions. For example, in view
of Eq. (43a), the condition Δ1ðkÞ ≥ 0 for all k is equivalent
to Δð1;0Þ ≥ 0 and Δð1;2Þ ≥ 0. To make an analogous state-
ment for the condition Δ2ðkÞ ≥ 0, we define the set

S2 ¼ fða; b; cÞ∈R3ja ≥ 0; c ≥ 0; b ≥ −2
ffiffiffiffiffi
ac

p g: ð44Þ

As is easily verified,Δ2ðkÞ ≥ 0 for all k∈R3 if, and only if,
ðΔð2;4Þ;Δð2;2Þ;Δð2;0ÞÞ∈ S2. Similarly, we define S3 to be the
set of ða; b; c; dÞ∈R4 satisfying one of the four alternatives

a ≥ 0 and b ≥ 0 and c ≥ 0 and d ≥ 0; ð45aÞ

a > 0 and d > 0 and Disc3ða; b; c; dÞ ≤ 0; ð45bÞ

a ¼ 0 and ðb; c; dÞ∈ S2; ð45cÞ

d ¼ 0 and ða; b; cÞ∈ S2; ð45dÞ

where the function Disc3ða; b; c; dÞ ¼ 18abcdþ b2c2 −
4ac3 − 4db3 − 27a2d2 is the discriminant of a cubic poly-
nomial ax3 þ bx2 þ cxþ d. Finally, following [89], we
define S4 to be the set of ða; b; c; d; eÞ∈R5 for which one
of the following five (mutually exclusive) alternatives holds:

a > 0 and e > 0 and χ2 < −2 and L ≤ 0 and χ1 þ χ3 > 0; ð46aÞ

a > 0 and e > 0 and − 2 ≤ χ2 ≤ 6 and

8<
:

½1.5�L ≤ 0 and χ1 þ χ3 > 0

or

L ≥ 0 and K1 ≤ 0

9=
;; ð46bÞ

a > 0 and e > 0 and χ2 > 6 and

8>>>>>><
>>>>>>:

½1.5�L ≤ 0 and χ1 þ χ3 > 0

or

χ1 > 0 and χ3 > 0

or

L ≥ 0 and K2 ≤ 0

9>>>>>>=
>>>>>>;
; ð46cÞ

a ¼ 0 and ðb; c; d; eÞ∈ S3; ð46dÞ

e ¼ 0 and ða; b; c; dÞ∈ S3; ð46eÞ

where

χ1 ¼ ba−3=4e−1=4; χ2 ¼ ca−1=2e−1=2; χ3 ¼ da−1=4e−3=4;

L ¼ ðχ22 − 3χ1χ3 þ 12Þ3 − ð72χ2 þ 9χ1χ2χ3 − 2χ32 − 27χ21 − 27χ23Þ2;

K1 ¼ ðχ1 − χ3Þ2 − 16ðχ1 þ χ2 þ χ3 þ 2Þ; K2 ¼ ðχ1 − χ3Þ2 −
4ðχ2 þ 2Þffiffiffiffiffiffiffiffiffiffiffiffiffi

χ2 − 2
p ðχ1 þ χ3 þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
χ2 − 2

p
Þ: ð47Þ
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We can now state the full result. In a generic frame, the
hydrodynamic equations (17) are linearly modally stable if,
and only if, the causality conditions (26) are satisfied and
all of the following conditions hold:

θ2 > 0 and η ≥ 0; ð48aÞ

λ̄0 > 0 and Ā ≥ 0 and F̄ ≥ 0 and λ̄3 ≥ 0; ð48bÞ

Δð1;0Þ ≥ 0 and Δð1;2Þ ≥ 0; ð48cÞ

ðΔð2;4Þ;Δð2;2Þ;Δð2;0ÞÞ∈ S2; ð48dÞ

ðΔð3;8Þ;Δð3;6Þ;Δð3;4Þ;Δð3;2ÞÞ∈ S3; ð48eÞ

ðΔð4;12Þ;Δð4;10Þ;Δð4;8Þ;Δð4;6Þ;Δð4;4ÞÞ∈ S4: ð48fÞ

Contained within this statement is the fact that causality
conditions are necessary conditions for stability.
As mentioned above, the conditions (48a) correspond to

stability in the shear channel, while the conditions (48c)
correspond to the non-negativity of Eq. (43a). Conditions
(48b) correspond to non-negativity of Eqs. (36a), (36b),
and (36g). Conditions (48d), (48e), and (48f) correspond to
the non-negativity of Eqs. (43b), (43c), and (43d), respec-
tively, thus completing Eq. (41). We have verified that these
conditions are nonempty by finding an explicit causal and
stable example using the gamma-law equation of state (the
equation of state of a relativistic ideal gas [2]). Further
study is needed along the lines of Ref. [90] to develop
systematic methods for constructing causal and stable
hydrodynamic frames given an equation of state.
In some circumstances, it may be useful to have at hand a

simpler set of sufficient (but not necessary) or necessary
(but not sufficient) conditions for stability. If the causality
conditions (26) are satisfied, then

λ̄0 > 0 and Ā ≥ 0 and F̄ ≥ 0 and λ̄3 ≥ 0

and Δði;jÞ ≥ 0; ð49Þ

for every Δði;jÞ appearing in Eq. (43), are sufficient but not
necessary for stability. These conditions are the simplest
way to guarantee (41), as they impose non-negativity of all
the coefficients in the expansions of a0, a1, a6, Δ1, Δ2, Δ3,
and Δ4 in powers of jkj2. The conditions

Ā; B̄; C̄; D̄; Ē; F̄; c2s ≥ 0 and λ̄0 > 0 and λ̄i ≥ 0

ð50Þ
for i ¼ 1, 2, 3, together with the causality conditions, are
necessary but not sufficient for stability. They arise from
the fact that all the aiðkÞ must have the same sign in order
for Eq. (34) to hold for all solutions of (35b).

Finally, consider again the special class of frames
defined by ε̃3 ¼ π̃3 ¼ θ̃3 ¼ 0, as discussed in Sec. III. If
we assume that the equation of state satisfies ð∂P=∂nÞε ¼ 0
(as, e.g., in a conformal fluid7), then the sound polynomial
(35b) factorizes further in these frames. The necessary and
sufficient conditions for stability are therefore much sim-
pler; the theory is stable if, and only if, Eq. (29) hold and

ν̃3 > 0 and γ̃3 ≤ 0; ð51aÞ
θ2 > 0 and η ≥ 0; ð51bÞ

Λ̄0 > 0 and B̄ ≥ 0 and

�
∂P
∂ε

�
n
≥ 0 and Λ̄2 ≥ 0;

ð51cÞ

B̄Λ̄1 − D̄Λ̄0 ≥ 0 and D̄ − B̄

�
∂P
∂ε

�
n
≥ 0; ð51dÞ

D̄2Λ̄0 − B̄ D̄ Λ̄1 þ B̄2Λ̄2 ≤ 0; ð51eÞ

where Λ̄i ¼ ðT2=wÞΛi with the Λi defined in Eq. (28).
The quantities B̄ ¼ ðT=wÞB and D̄ ¼ ðT=wÞD are
obtained from Eqs. (38b) and (38d) by setting
ε̃3 ¼ π̃3 ¼ θ̃3 ¼ ð∂P=∂nÞε ¼ 0, which we write here for
convenience:

B ¼ θ2 þ wε̃1; ð52aÞ

D ¼ 4

3
η − π2 þ wπ̃1 þ

�
∂P
∂ε

�
n
ðε2 þ θ2Þ: ð52bÞ

V. CHIRAL BDNK HYDRODYNAMICS

We now turn to an analysis of chiral hydrodynamics [38–
40,51–53]. We first consider the case in which the current
Jμ is associated with an axial Uð1ÞA symmetry that can be
broken by a chiral anomaly, as opposed to the preserved
vector Uð1ÞV symmetry contemplated in the previous
sections. Although it is typical in discussions of chirality,
for the sake of generality we do not necessarily work in the
conformal limit; i.e., we allow the terms in the constitutive
relations which violate conformal symmetry. Furthermore,
we allow for coupling to a nondynamical external Uð1ÞA
gauge field Aμ. This theory can be obtained from the one set
out in Sec. II by making the following modifications
(generalizing Ref. [40] to a generic hydrodynamic frame).
First, the conservation laws (1) are replaced by

∇μTμν ¼ FνλJλ and ∇μJμ ¼ CEμBμ; ð53Þ

7Full conformal symmetry would impose further constraints
on the constitutive relations, namely εi ¼ 3πi (i ¼ 1, 2, 3),
π1 ¼ 3π2, and ν1 ¼ 3ν2. See, e.g., Appendix B of [24].
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where Fμν ¼ ∇μAν −∇νAμ is the background field
strength, Eμ ¼ Fμνuν is a covariant Uð1ÞA electric field,
and Bμ ¼ 1

2
ϵμνρσuνFρσ is a covariant Uð1ÞA magnetic field,

with Levi-Civita tensor ϵμνρσ (we use the conventionffiffiffiffiffiffi−gp
ϵ0123 ¼ 1 where g ¼ det½gμν�). The right-hand sides

of Eq. (53) account, respectively, for work done on the fluid
by the external fields and for the chiral anomaly with
anomaly coefficient C.
The general first-order constitutive relations now contain

additional terms. We adopt a weak-field power-counting
scheme in which Aμ is treated as zeroth order in derivatives
(hence Eμ and Bμ are first order). Equations (12) are
replaced with

E ¼ εþ ε̃1Dεþ ε2∇λuλ þ ε̃3Dn; ð54aÞ

P ¼ Pþ π̃1Dεþ π2∇λuλ þ π̃3Dn; ð54bÞ

N ¼ nþ ν̃1Dεþ ν2∇λuλ þ ν̃3Dn; ð54cÞ

Qμ ¼ θ̃1∇μ
⊥εþ θ2Duμ þ θ̃3∇μ

⊥nþ θEEμ þ θBBμ þ θωω
μ;

ð54dÞ

J μ ¼ γ̃1∇μ
⊥εþ γ2Duμ þ γ̃3∇μ

⊥nþ γEEμ þ γBBμ þ γωω
μ:

ð54eÞ

Here ωμ ¼ 1
2
ϵμνρσuν∇ρuσ is the fluid vorticity, and the

new transport parameters θB, θω, γB, and γω are the chiral
conductivities (more conventionally denoted by ξ in the
literature).
All of the thermodynamic consistency constraints

described in Sec. II translate verbatim to the chiral case.
Furthermore, we must have θE ¼ −θ3=T and γE ¼ −γ3=T,
and the chiral conductivities are tightly constrained in terms
of the anomaly [64]. The most general functional forms
for the chiral conductivities in the thermodynamic frame
(neglecting CPT-violating terms [91]) were obtained from
thermodynamic consistency by Ref. [64],

γB ¼ Cμ; ð55aÞ

γω ¼ Cμ2 þ C̃T2; ð55bÞ

θB ¼ 1

2
Cμ2 þ 1

2
C̃T2; ð55cÞ

θω ¼ 2

3
Cμ3 þ 2C̃T2μ; ð55dÞ

where C̃ is an integration constant that can be related to the
mixed-gravitational anomaly [92]. The same constraints
can be obtained from an entropy-current analysis [40,52]
and can be explicitly computed from kinetic theory [55,63].

A. Causality and stability

Assembling the modifications described above, we find
that the generic-frame principal part for BDNK chiral
hydrodynamics is

det½Aμρφμφρ� ¼ −b2
�
θ22b

4 − 2

�
ηθ2 −

θ2ω
8

�
b2v2 þ η2v4

�

× qðb2; v2Þ; ð56Þ
where qðb2; v2Þ is given by Eq. (22) in terms of the very
same λi defined in (23). As before, if θ2 ¼ 0, then (56)
vanishes when vμ ¼ 0 for any b ≠ 0, and the theory is
acausal. Imposing θ2 ≠ 0, the factor in Eq. (56) in square
brackets factorizes as

θ2ðb2 − c2þv2Þðb2 − c2−v2Þ; ð57Þ

where c2� are two squared characteristic speeds associated
with the propagation of shear waves. The c2� are the roots of
the polynomial

pðxÞ ¼ x2 þ 2ðz2 − hÞxþ h2; ð58Þ

where we have defined dimensionless quantities h ¼ η=θ2
and z ¼ θω=ð2

ffiffiffi
2

p
θ2Þ. The polynomial pðxÞ takes its

minimum value pðx�Þ ¼ z2ð2h − z2Þ when x� ¼ h − z2.
If the theory is to be causal, then the equations of motion
must be hyperbolic PDEs; i.e., c� must be real. This in turn
implies x� ≥ 0 and pðx�Þ ≤ 0 which, by inspection, cannot
happen unless z ¼ 0. We conclude that generic-frame
BDNK chiral hydrodynamics cannot be causal unless
θω ¼ 0, i.e., unless there is no anomalous vorticity-induced
heat flux. If θω ¼ 0, then the necessary and sufficient
conditions for causality are completely identical to
Eq. (26). There are no conditions involving the parameters
θB, γB, or γω.
The frame transformations in Eq. (10) are insufficient to

cure the pathology associated with θω ≠ 0. However, in the
presence of Bμ, ωμ, and the pseudoscalar degree of freedom
n, the collection of first-order frame transformations is
enlarged to include those of the form

uα → u0α ¼ uα þ ruBBα þ ruωωα; ð59Þ

which induce the following transformations on the trans-
port parameters:

θB → θ0B ¼ θB − wruB; ð60aÞ

θω → θ0ω ¼ θω − wruω; ð60bÞ

γB → γ0B ¼ γB − nruB; ð60cÞ

γω → γ0ω ¼ γω − nruω: ð60dÞ
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In particular, by setting ruω ¼ θω=w we obtain

θ0ω ¼ 0; ð61aÞ

γ0ω ¼ Cμ2
�
1 −

2

3

nμ
w

�
þ C̃T2

�
1 −

4μn
w

�
: ð61bÞ

However, all transformations with ruω ≠ 0 take the
theory out of the thermodynamic frame, as they do not
preserve the Killing condition (7a) for global equilibrium
states with nonzero ωμ. This is reflected in the fact that
Eq. (61b) is not of the form (55b). In other words,
demanding causality in generic-frame BDNK first-order
chiral hydrodynamics forces one to give up on the Killing
conditions Eq. (7) as characteristics of global equilibrium.
An analogous result was previously obtained for ideal
chiral hydrodynamics [54].
The importance of hydrodynamic frame choices in

chiral hydrodynamics has also been discussed in other
contexts. For example, the no-drag frame [93,94] is the
frame in which an object at rest experiences no drag
force, a natural notion of “rest frame” for the fluid. This
frame coincides with the thermodynamic frame for the
Uð1ÞA model under consideration and is, hence, excluded
by causality.

Modal linear stability is defined as in Sec. IV with
vanishing external fields Eμ ¼ Bμ ¼ 0. The conditions for
stability in the chiral case are precisely the same as Eq. (48)
because the term proportional to γω does not survive the
process of linearization.8 It is reasonable to expect that this
should be the case, as the frame transformations are already
exhausted by causality; any further conditions would
constrain the coefficients C and C̃ which are, however,
already determined microscopically by anomalies.

B. The Uð1ÞV × Uð1ÞA theory

Realistic hydrodynamic studies of chiral effects in
heavy-ion collisions should include both Uð1ÞV and
Uð1ÞA currents simultaneously, with an ordinary Uð1ÞV
gauge field instead of the Uð1ÞA analog. The equations of
motion for this theory are

∇μTμν ¼ Fν
λJλV and ∇μJ

μ
V ¼ 0 and ∇μJ

μ
A ¼ CEμBμ;

ð62Þ
where JμV is a vector current; JμA is an axial current with a
chiral anomaly; and Fμν, Eμ, and Bμ are now associated
with a Uð1ÞV gauge field. The most general constitutive
relations are, in a straightforward extension of the previous
notation,

E ¼ εþ ε̃1Dεþ ε2∇λuλ þ ε̃3VDnV þ ε̃3ADnA; ð63aÞ

P ¼ Pþ π̃1Dεþ π2∇λuλ þ π̃3VDnV þ π̃3ADnA; ð63bÞ

N V ¼ nV þ ν̃V1Dεþ νV2∇λuλ þ ν̃V3VDnV þ ν̃V3ADnA; ð63cÞ

N A ¼ nA þ ν̃A1Dεþ νA2∇λuλ þ ν̃A3VDnV þ ν̃A3ADnA; ð63dÞ

Qμ ¼ θ̃1∇μ
⊥εþ θ2Duμ þ θ̃3V∇μ

⊥nV þ θ̃3A∇μ
⊥nA þ θEEμ þ θBBμ þ θωω

μ; ð63eÞ

J μ
V ¼ γ̃V1∇μ

⊥εþ γV2Duμ þ γ̃V3V∇μ
⊥nV þ γ̃V3A∇μ

⊥nA þ γVEEμ þ γVBBμ þ γVωω
μ; ð63fÞ

J μ
A ¼ γ̃A1∇μ

⊥εþ γA2Duμ þ γ̃A3V∇μ
⊥nV þ γ̃A3A∇μ

⊥nA þ γAEEμ þ γABBμ þ γAωω
μ: ð63gÞ

The conditions for causality in this theory are unwieldy
in a generic frame [since Eq. (25) is replaced by a quartic
polynomial], but they take a simpler form in the class
of frames defined by ε̃3V ¼ ε̃3A ¼ π̃3V ¼ π̃3A ¼ θ̃3V ¼
θ̃3A ¼ 0. To state them, we first define

N3 ¼
�
ν̃V3V ν̃V3A

ν̃A3V ν̃A3A

�
; G3 ¼

�
γ̃V3V γ̃V3A

γ̃A3V γ̃A3A

�
; ð64aÞ

f ¼ −ν̃V3V γ̃A3A − ν̃A3Aγ̃V3V þ ν̃V3Aγ̃A3V þ ν̃A3V γ̃V3A:

ð64bÞ

Then, in the considered class of frames, we find that the
theory is causal if, and only if, θω ¼ 0 and

detN3 ≠ 0; ð65aÞ

0 ≤ f ≤ detN3 þ detG3; ð65bÞ

8If the electromagnetic fields were dynamical, then homo-
geneous configurations with μ ≠ 0 and Bμ ¼ 0would be unstable
to the formation of helical electromagnetic structures [95–97], so
such states are not thermal equilibria. When interpreting the
stability conditions (48) for the Uð1ÞA case, all parameters should
be evaluated at μ ¼ 0.
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0 ≤ detG3 ≤ detN3; ð65cÞ

f2 ≥ 4 detN3 detG3; ð65dÞ

and the conditions (29c) through (29h) are satisfied.
If, in addition to our choice of frame, the equation of

state satisfies ð∂P=∂nVÞε;nA ¼ ð∂P=∂nAÞε;nV ¼ 0, then the
theory is stable if, and only if, it is causal and

detN3 > 0 and trN3 > 0; ð66aÞ

detG3 ≥ 0 and trG3 ≤ 0; ð66bÞ

detN3trG3 þ ftrN3 ≥ 0; ð66cÞ

and conditions (51b) through (51e) are satisfied [with B and
D given by (52)]. Condition (66a) states that N3 is positive
definite, while condition (66b) states that G3 is negative
semidefinite; together they generalize (51a).

VI. CONCLUSIONS

In this paper, we have fully characterized for the first
time to the best of our knowledge all of the generic causal
and stable frames of first-order relativistic hydrodynamics
with a Uð1Þ current by providing necessary and sufficient
conditions. We treated two cases exhaustively: the vector
Uð1ÞV case and the anomalous axial Uð1ÞA case. In the
combined Uð1ÞV ×Uð1ÞA case, with both vector and axial-
vector currents, we obtained necessary and sufficient
conditions only within a convenient class of frames. We
also noted that the conditions for causality in these theories
should imply local well-posedness in Gevrey function
spaces, leaving a detailed statement of this property for
future work. For the sake of generality, our results do not
require conformal symmetry, even in anomalous cases.
In the Uð1ÞV case, we showed that first-order hydro-

dynamics in a generic frame is causal if, and only if,
conditions (26) are simultaneously satisfied. This result
remains valid in the presence of dynamical gravity.
Furthermore, the theory is linearly stable around all
homogeneous equilibrium states if, and only if, it is causal
and all conditions (48) are simultaneously satisfied. As a
special case, we also studied the class of frames in which E,
P, and N do not receive out-of-equilibrium corrections
from derivatives of the charge density n. In these frames,
the causality conditions take the simpler form (29), in
agreement with Ref. [26]. We found that if the equation of
state obeys ð∂P=∂nÞε ¼ 0, then the stability conditions in
these special frames become drastically simpler; see
Eq. (51) and the surrounding text.
While BDNK first-order hydrodynamics is parametrized

by the 14 transport parameters appearing in Eq. (12),
causality is determined by just three combinations, namely
λ1=λ0, λ2=λ0, and λ3=λ0 [see Eq. (23)], as depicted in Fig. 1.

This is reminiscent of the hydrohedron construction dis-
cussed in [98]. Causality and stability together are decided
by the values of 12 combinations: η, θ2, λ0, λ1, λ2, λ3, A, B,
C, D, E, and F [see Eq. (38)], along with the equation of
state. Two of these combinations, η and F, are invariant
under frame transformations. Any nine of the remaining ten
can be varied independently under frame transformations,
with the last one being determined.
In Sec. III A, we pointed out some nongeneric cases of

interest which fall outside the scope of our analysis and
are obtained by imposing relations among the transport
parameters. These can be treated on a case-by-case basis
using techniques similar to those employed for the
generic frames. Some have already been considered in
the literature in detail [26,27], but not all. Notably, there
are scenarios in which the conditions for nonlinear
causality differ from those for linear causality. One
such scenario [see Eq. (30)] has already arisen in the
literature [83], but its full causality and stability proper-
ties are not yet known.
We wrote, for the first time to our knowledge, the BDNK

first-order theory with a Uð1ÞA anomaly, and found
necessary and sufficient conditions for its causality. We
found that causality requires θω ¼ 0; that is, vorticity-
induced heat flux must be absent from the theory. Apart
from this, the generic-frame conditions for causality—even
in the presence of an external gauge field—and stability
are identical to Eqs. (26) and (48) from the Uð1ÞV case.
Causality and stability conditions for the combined
Uð1ÞV × Uð1ÞA case were derived in Sec. V B. It is notable
that, as a consequence of the vanishing of θω, one can-
not formulate first-order chiral hydrodynamics in the
thermodynamic frame. The same was shown to be true
of the zeroth-order truncation, i.e., ideal chiral hydro-
dynamics [54]. Results such as these fit into the wider
research area which aims to understand how fundamental
principles such as thermodynamic consistency, causality,
and stability constrain the macroscopic behavior emerging
from inherently quantum-mechanical microscopic effects
such as those due to quantum anomalies [40]. Looking
forward, in this respect, it will be important to investigate
in detail the causality and stability properties of hydro-
dynamics with dynamical spin degrees of freedom (see,
e.g., [99–108]). The first step toward a BDNK formulation
of spin hydrodynamics was recently taken in [109].
The results of our paper are crucial for numerical

implementations of first-order relativistic hydrody-
namics for studies of heavy-ion collisions and astrophy-
sical systems such as neutron star mergers [90,110–112].
In addition, numerical simulations aiming to evaluate the
role of chirality and quantum anomalies in heavy-ion
collisions [113–115] can now track such effects throughout
the hydrodynamic evolution of the quark-gluon plasma
using the self-contained causal and stable hydrodynamic
theory presented in this work.
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APPENDIX

The following are explicit expressions for the Δði;jÞ
defined in Eq. (43):

Δð1;0Þ ¼ Ā B̄−λ̄0; ðA1aÞ

Δð1;2Þ ¼ λ̄1Ā − λ̄0C̄; ðA1bÞ

Δð2;0Þ ¼ Δð1;0Þ; ðA1cÞ

Δð2;2Þ ¼ C̄Δð1;0Þ þ Δð1;2Þ − ĀðĀ D̄−λ̄0c2sÞ; ðA1dÞ

Δð2;4Þ ¼ C̄Δð1;2Þ − Āðλ̄2Ā − λ̄0ĒÞ; ðA1eÞ

Δð3;2Þ ¼ ðD̄ − B̄c2sÞΔð1;0Þ; ðA1fÞ

Δð3;4Þ ¼ ðĀ F̄−B̄ Ē−c2s λ̄1 þ λ̄2ÞΔð1;0Þ − B̄c2sΔð1;2Þ þ D̄Δð2;2Þ þ c2s λ̄0ðĀ D̄−c2s λ̄0Þ; ðA1gÞ

Δð3;6Þ ¼ ðλ̄3Ā − λ̄1ĒÞΔð1;0Þ þ ðĀ F̄−B̄ Ē−c2s λ̄1ÞΔð1;2Þ þ λ̄2Δð2;2Þ þ D̄Δð2;4Þ
þ λ̄0½ĒðĀ D̄−λ̄0c2sÞ þ c2sðλ̄2Ā − λ̄0ĒÞ�; ðA1hÞ

Δð3;8Þ ¼ ðλ̄3Ā − λ̄1ĒÞΔð1;2Þ þ λ̄2Δð2;4Þ þ λ̄0Ēðλ̄2Ā − λ̄0ĒÞ; ðA1iÞ

Δð4;4Þ ¼ −F̄Δð1;0Þ þ c2sΔð3;2Þ; ðA1jÞ

Δð4;6Þ ¼ ½F̄ðĀc2s − C̄Þ − λ̄3�Δð1;0Þ − F̄Δð2;2Þ þ ĒΔð3;2Þ þ c2sΔð3;4Þ; ðA1kÞ

Δð4;8Þ ¼ ½λ̄3ðĀc2s − C̄Þ þ Ā Ē F̄�Δð1;0Þ þ Ā F̄ c2sΔð1;2Þ − ðλ̄3 þ C̄ F̄ÞΔð2;2Þ − F̄Δð2;4Þ

þ ĒΔð3;4Þ þ c2sΔð3;6Þ − Ā3F̄2; ðA1lÞ

Δð4;10Þ ¼ λ̄3Ā ĒΔð1;0Þ þ ĀðĒ F̄þλ̄3c2sÞΔð1;2Þ − λ̄3C̄Δð2;2Þ − ðλ̄3 þ C̄ F̄ÞΔð2;4Þ

þ ĒΔð3;6Þ þ c2sΔð3;8Þ − 2λ̄3Ā3F̄; ðA1mÞ

Δð4;12Þ ¼ λ̄3Ā ĒΔð1;2Þ − λ̄3C̄Δð2;4Þ þ ĒΔð3;8Þ − λ̄23Ā
3: ðA1nÞ
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