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Role of electromagnetic interactions in the X(3872) and its analogs
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We investigate the role of the electromagnetic interaction in the formation and decay of the X(3872). The
binding properties of the X(3872) are studied by assuming the molecular nature and considering the S-D
wave mixing, isospin breaking, and coupled channel effects, and in particular the correction from the
electromagnetic interaction. The radiative decays can better reflect the difference between the charged and
neutral DD* components, since the electromagnetic interaction explicitly breaks the isospin symmetry.
We further study the radiative decay widths with the obtained wave functions for different DD* channels.
We also explore other similar hidden-charm molecular states. The electromagnetic interaction can make the
molecule tighter. Our result of the radiative decay width for X(3872) — yJ/w is in agreement with the

experiment. The branching ratio R,,,

measurements.
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I. INTRODUCTION

The study of hadron spectroscopy can provide a guid-
ance to our understanding of nonperturbative behavior
of the strong interaction. Until now, great progress has
been made through the construction of the conventional
hadron family. Since 2003, we have entered new phase
in the exploration of hadron spectroscopy. A starting
point is the observation of the X(3872) by the Belle
Collaboration in B* — K*z*z~J/y [1]. There is a
low-mass puzzle here, since it appears too light to be
the charmonium . (2P) [2,3]. Subsequently, many exotic
hadron states are discovered by several experimental
collaborations around the world, such as the hidden-
charm pentaquarks P.(4380) [4], P.(4312), P.(4440),
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is less than 1 in our framework, which supports the Belle and BESIII

P.(4457) [5], P.(4459) [6], P},(4338) [7], the double-
charm tetraquark 7'/.(3875) [8] and abundant charmonium-
like XYZ states (see reviews [9—16]). The observation of
these new hadronic states provides important insights into
the construction of the 2.0 version of the hadron family and
extends our knowledge of the matter world.

As the first charmoniumlike state, the X(3872) has been
studied for over 20 years, but we still do not fully under-
stand its nature. So far, many theoretical approaches have
been proposed to unravel the nature of the X(3872), which
is explained as the DD* hadronic molecular state [17-33],
tetraquark [34—40], charmonium [41-48], hybrid [49], and
a mixture of a charmonium with a DD* component [50,51].
The exotic nature of the X(3872) is embodied in the
mass and narrow width with my = 3871.65 4+ 0.06 MeV
and I'y = 1.19 +0.21 MeV as collected in the Particle
Data Group (PDG) [52]. The hadronic molecular state
becomes a plausible explanation for the extreme proxi-
mity of the X(3872) to the D°D*" threshold. Its narrow
width is not easily accommodated in the conventional
charmonium picture. In addition, Baru et al. [53] predicted
the existence of three degenerate spin partners of the
X(3872) with quantum numbers 0"+, 1t~ and 2*.
For the negative C-parity partner of X(3872), there is
some experimental evidence for such a negative C-parity
state, named as X (3872), reported by the COMPASS
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Collaboration [54]. Of course, it should be clarified in the
future with the accumulation of higher precision data. For
the isoscalar DD with J°¢ = 01+ bound state, no clear
evidence has yet been found though there are some
attempts [55-57] to extract such a state from the available
experimental date [S8—60]. This could be because no easily
detectable decay modes are available since its mass is
below the DD threshold. As for the 2*+ D*D* bound state,
no evidence has been found yet. One possible reason is that
the coupling to ordinary charmonia could either move the
27+ pole deep into the complex energy plane and thus
make it invisible [61] or make the D*D* interaction
unbound in the 2" sector [62,63].

In the process of studying the hadronic molecular states,
many contributions including the S-D wave mixing effect
[17,29,64], the coupled channel effect [17,22,64], the
isospin breaking effect [19,24,26,27,64—66] and the recoil
correction effect [67] are introduced to decode the nature of
the X(3872). This can provide the important information
for predicting the binding properties of bound states.

In addition to the above effects related to the strong
interaction, the electromagnetic interaction can also play a
role in the formation of the X (3872), since it is very close to
the DD* threshold. The role of the electromagnetic
interaction in the formation of hadronic matter has been
discussed in recent years. According to the lattice QCD
study of the heavy dibaryons, the existence of a bound state
in Q...Q... can be broken by the Coulomb repulsion [68].
The Q...Q.. dibaryon with J” =0t has the binding
energy E = —5.1 MeV with the strong interaction alone,
but is unbound when the Coulomb interaction is taken into
account [69]. The €;,,€2,;,;, dibaryon can be deeply bound
by the strong interaction with the binding energy up to
—89(*1$) MeV, and the Coulomb repulsion can shift the
strong binding by a few percent [70]. The Coulomb
interaction is not strong enough to break up the DDD*
state [71]. Around the discussed X(3872), the authors of
Ref. [72] brought a new idea of the X atom composed of
D*D*¥, which is formed mainly due to the Coulomb force.

In this work, we still focus on the X(3872) as a
molecular-type DD* state, mainly formed by the strong
interaction, but the electromagnetic correction is taken
into account. Under this consideration, the charged
D*D*F component would be different from the neutral
D°D*0/D*°DP part. This difference can be accounted for
by the radiative decays of the X(3872). Obviously, this
study can be related to the question of the inner structure of
the X(3872), which is currently an open question.

There have been some theoretical studies of the radiative
decay of X(3872) under the assumptions that the X (3872)
is a hadronic molecular state [73,74], charmonium
[42,75-81], and a c¢ — DD* mixing scheme [82-84]. As
a typical work, Ref. [73] obtained a small ratio R,, in
the molecular picture by light quark annihilation and the
vector meson transition into a photon, where the authors

suggested looking at the X(3872) radiative decays into
yJ/w and yy(2S) as one of the promising tests for its
molecular nature, which stimulates further experimental
exploration of this issue.

Until now, four experimental collaborations have
announced their result of radiative decay of the X(3872)

into a J/y or y(2S). Here, the experimental ratio R,,, =

BIX(3872)—>yy(25)]

BX(3872)~yJ ] Can be summarized as follows:

= 3.4+ 1.4(3.50) BABAR
o ) =246+064 0.29(4.46) LHCb
"1 <2.1(90%C.L.) Belle
< 0.59(90%C.L.) BESIII

It is obvious that the data from four different experiments
appear to be inconsistent, which should be clarified in the
near future with the accumulation of higher precision data.
In fact, these measurements call into question the molecular
assignment to the X(3872) [73]. Later, in Ref. [74], the
authors tried to provide a solution, i.e., to calculate the ratio
R, , the triangle loops and other diagrams were introduced.
They claimed that the experimental ratio does not contra-
dict the calculated ratio if the X(3872) is dominated by the
DD* hadronic molecule.

As we all know, hadron spectroscopy represents the
precision frontier of particle physics. With the promotion of
precision of theoretical calculation, we are able to obtain
more precise information about the mass spectrum and the
corresponding spatial wave function of the DD* molecular
state associated with the X(3872) and its partners. It makes
us reconsider the radiative decay of the X(3872) under this
higher theoretical calculation precision, which will be main
task of this work.

In this work, we study the X(3872) radiative decays by
combining the wave function of the DD* bound state and
the scattering amplitudes of DD* — yJ/y, yy(2S). In
addition, if the X(3872) is a DD* loosely bound state
with the JP€ = 1*7, there may exist the C-parity counter-
part with JP¢ = 17~ The D,D* could be bound by the
SU(3) flavor symmetry [85]. Reference [86] considered the
radiative decay width for the X(3872) partner X, with
JPC = 2%+ treating the X, as a D* D* shallow bound state.

Inspired by the above situation, in this work we inves-
tigate the role of the electromagnetic interaction in the
X(3872), the DD* molecular state with JP¢ =17, and
the D,D? molecular state with J?¢ = 1*=/1**. First, we
calculate the corresponding bound state solutions including
the electromagnetic interaction as well as the S-D
wave mixing effect, the coupled channel effect, and the
isospin breaking effect. Then we discuss their radiative
decays based on the obtained wave functions, which can
provide the valuable information about the inner structure
of hadrons.
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TABLE I. The shorthand notations of the eigenstates with the
C-parity being +1 and —1 for DD* and D D} systems.
JPC€  Notations Configurations
1+i [DOD*O} \/LE(DOD*O T D*ODO)
DD 50D E DD
DD [(D°D F DODY) + (DD F D D)
DD (DI F DD}

The rest of this paper is organized as follows. For
the formation with the electromagnetic interaction, we
present the framework in Sec. II and the numerical results
in Sec. IIl. For the radiative processes, the effective
Lagrangian approach is described in Sec. IV and our
numerical results and discussions are shown in Sec. V.
A short summary follows in Sec. VL.

II. FRAMEWORK FOR FORMATION WITH
COULOMB INTERACTION

This work considers the electromagnetic interaction
effect in both the formation and the decay processes of
the molecular states. For the binding properties in the
formation, the Coulomb interaction itself would be suffi-
cient at this stage. In this section, we include the Coulomb
correction to study the X(3872) as a possible DD*
molecular state as well as the DD* (177), D,D? (1*7),
and D,D? (177) molecular states.

A. The flavor and spin-orbital wave functions

The mass of the X(3872) is very close to the D°D*?
threshold, which shows the possibility of the X(3872) as a
molecular state. Since the mass difference between the
D°D*Y and DT D*~ channels is about 8 MeV, there is a
strong coupling between them. In addition, the quantum
number of the X(3872) is JF€ = 111 [87,88], so we need
to construct the C-parity eigenstates. Here, the charmed

mesons D and D* satisfy CDC™' = D and CD*C~! =
—D* under the charge conjugate transformation [61,89],
respectively. We summarize the C-parity DD* eigenstates
and use the shorthand notations in Table I.

For the DE;) DZ‘S) systems discussed, the corresponding
spin-orbit wave functions are as follows:

DDz PSHL) ~ D Ol €Y e (1)

mymp,

% Fy% - |25+1 ~ } : S.mg J.M v
D*D | LJ> Clm,,lmZCSms.LmLel:”lemzyL-,mL’

nmy.my.my
(2)

where Cf;':ll_ jym, is the Clebsch-Gordan coefficient, and

Yy, is spherical harmonics function.

The electromagnetic interaction plays a similar role to
the quark mass difference in the neutron-proton mass
difference. We therefore consider the X(3872) as the
possible DD* molecular state in three different scenarios.
The exact DD* isospin singlet is assumed in Case 1. The
mass splitting between the charged and neutral D)
mesons is taken into account for Case II, and we further
introduce the Coulomb interaction between the charged
pair in Case III. Similarly, we can also construct three
scenarios for the C-parity counterpart. We summarize
three different cases for the possible DD* molecular
states with J?¢ = 17 and JP¢ = 17~ in Table II. The
D*D* channel is negligible for the J°¢ = 1*+ sector as it
is only allowed in a relative |3D,) partial wave, but this
channel has a significant effect through the S-wave
interaction for the J¥¢ = 17 state.

Since there is no neutral D, meson, we study the D D
molecular states only for two cases, with and without the
Coulomb interaction.

TABLE II.  The different channels for Cases I, II, and IIT of the X(3872) with J*€ = 17+ and its C-parity partner with J°¢ = 1+,
Shorthand notations are used in Table I, and the superscript C indicates that the Coulomb interaction between the charged mesons is
added. We consider the isospin symmetry without Coulomb interaction in Case I, include the isospin breaking effect due to meson mass
difference but still no Coulomb interaction in Case II, and consider both the isospin breaking effect and Coulomb interaction into

account in Case III.

h 1
JPC Cases Channels
1 2 3 4 5 6 7 8
1= 1 [DD]Ps,)  [DD*|I'Dy)
I [D°D¥)Ps,) [D°D™|’Dy) [D*D*]PS,) [D*D*]PDy)

W (DODO)FS,) [DODIFD,) (D DIPS,)C (DD IPD, )

1= 1 [pDIPS,)  [DD'IPDy)  [D*D'IPS,)
L [D°DIPS,) [D°D*]PD,) [D*D*PS;)

D)D)
DDTIPDY) [DODOPS,) [DODYPD)) (D DIPS))

D" D) Dy)

oI [D°D)Ps,) [D°D*|PDy) [DTD*|PS,)¢ [DTD*]PDy)¢ [DOD]PS,) [D*DO)PDy) [D**D*]2S,)¢ [D**D*7|]Dy)¢

094002-3



CHEN, LIU, ZHANG, LUO, WANG, WANG, and LIU

PHYS. REV. D 109, 094002 (2024)

B. The interaction potentials
and Schrodinger equation

The interaction potentials between mesons are
described by the associated effective Lagrangians.
According to the heavy quark symmetry, the chiral
symmetry, and the hidden local symmetry [90-94], the
effective Lagrangians describing the interactions between
the (anti)charmed mesons and the light mesons can be
found in Refs. [64,95-97].

The key step to obtain the properties of the bound states
are to deduce the interaction potentials between the
constituents. According to the effective Lagrangians given
in Ref. [64], we can derive the scattering amplitudes, which
can be directly related to the effective potentials in
momentum space by the Breit approximation [98]. The
effective potentials in coordinate space can then be
obtained by the Fourier transformation [22,99].

In this work, we use the monopole form factor
F(q?,m%) = (A’ —=m2)/(A> - ¢*) in the interaction
potentials to descrlbe the finite-size effect of the inter-
acting hadrons and manipulate the off shell effect of the
exchanged light mesons, where ¢ and mp are the
momentum and mass of the exchanged meson, respec-
tively. The cutoff A is a free parameter. According to the
experience of studying the deuteron [25,100-102], it
should be about 1 GeV, which is a typical scale in
low-energy physics. The cutoff depends on the particular
application. In this work, we set A in the range of 0.80-
2.00 GeV for the DD* system. The DD} system is
harder to bind than the DD* system, so its cutoff is taken
in the range of 1.10-3.00 GeV.

To show the effective potentials in coordinate space
for the D,D? system with the one-boson-exchange model,
we have

1
V(L;(”) = _—ﬂZQ%(GZ €)Y (A, my,, 1),

24
VE(r) = 9f2 [(63 €,)V? + T(€3,€2)’T} Y(Ajmy, . 1),
2
chﬁ( r) = 5/12 [(63 €,)V? — T(€;’€2)T]Y(Ai’m¢,» r).
(3)
|
VDOD*O‘BSI>—>DOD*OPS]> VDOD*OPSQ—)DOD*OP
VDOD*()‘"{ ~DOD*Ps, VDOD*OP —DD*PD,
V P—

) ) )
YD IDFS)=DODOPS ) ))DTDS,)~DODFD,
1 ) 1)

YD D FD)=DODOPS;) Dt D[ Dy)=D°DPD,

where we have the operator 7 = r212 and the tensor

force operator is defined by T(A,B)=3(A-7)x
(B-7)—A-B. The superscripts D and C indicate the
direct and cross channels, respectively. The function of
Y(Ai, m;, r) 18

e~ Ml — e—A;r A2 _ m2
Y(A;,m;,r) = - Le=Nr, | <m
( 1 12 ) 477,'}" SﬂAl |QI| —_
(4)
with A =+/A =g, mi=y/m’—q}, and ¢} =
1/ 1/ 2 2 . .
((;"D—"”mc). The total effective potentials for the
2me+2myp )?

DD} system can be described as
Vp,p:(r) = Vg(r) +c(Vi(r) + Vi(r). (5

where ¢ = — and + correspond to the quantum numbers
JPC = 17* and 17~ [64,97,103], respectively.

The cross diagram of the pion exchange will lead to an
infinite in the propagator due to the mp- — mp > m,. As a
result, the effective potential in the coordinate space
obtained through the Fourier transformation integral con-
tains two parts; the principle value and the imaginary parts.
The principle value part corresponds to an oscillatory
potential in the coordinate space and has been considered
with the static approximation in our present calculations,
while the imaginary part arising from the three-body
(DDr) cut is very small. This assertion can be verified
by some theoretical studies. Specifically, the three-body
DDr decay width of the X(3872) has been calculated as
26 keV [104], 43-56 keV [105], and 55-65 keV [106],
respectively, among which the first result arises only from the
infinite contribution of one-pion exchange and the other
results further consider the dynamical width of D*. It is
definite that these values are the order of ke'V. In addition to the
width, this imaginary infinite would also affect the binding
energy, and we expect such impact can be partly absorbed into
some parameters of the one-boson-exchange model.

We take Case III of the X(3872) as an example to
illustrate how we simultaneously consider the S-D wave
mixing effect, the coupled channel effect as well as the
Coulomb correction [101]. The corresponding effective
potential }V and kinetic terms K and /C; can be expressed as

VDOD*OPSQ%D*D*_PSI VDOD*{]‘3SI>_>D+D*—‘3D]

. (6)

)

YD DD =D D S)
) YDIDLS) =D DD,
1

)
) YD D D,)»D* D D)
YD D ['$)—>D* DS, ) )
1 VD+D [*D)=D*D*"*Dy)

VD+D* |2 —>D+D* ‘1
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v: v Vv V2
K = dia ——,——,———l—Am,———l—Am), 7
g( 2uy - 2 2 2uy )
3 3
K, = diag (0,— : 0,—>, (8)
mrt’ ppr?
where Am =mp+ +mp—- —mpo —mpo, and p; =
r:;’;ﬁfnoo and p, = % are the reduced masses of

the D°D*® and D*D*~ systems, respectively. Specially,
when we consider the S-D wave mixing effect, there are the
centrifugal potentials /C; in Eq. (8). In addition, we add the
Coulomb interaction to the third and fourth diagonal
elements of the potential term, respectively. With the above
preparations, we can obtain the corresponding bound
state solutions, including the binding energy E, the root-
mean-square radius rgys and the probabilities of different
components, by solving the coupled channel Schrodinger
equation,

~

(K + KL +V)d(r) = E(r) ©)

with
G(r)=(Bopops, Piooo oy P 0105,y P+ o))
(10)

TABLE III.

III. NUMERICAL RESULTS FOR FORMATION
WITH COULOMB INTERACTION

In this section, we show the numerical results for the
properties of the DD* (1*+), DD* (1*7), D,D* (1*7), and
DD (177) systems, and discuss the role of the Coulomb
interaction in the formation. We use the FORTRAN
program FESSDE [107,108] to solve the coupled channel
Schrodinger equation and get the binding energy E, the
root-mean-square radius rpyg and the probabilities of the
different components.

First we need to determine the parameters in our
model. The couplings associated with the vector meson
exchange are g, = 5.8 and f# = 0.9, which are obtained by
the vector meson dominance mechanism [93,109]. By
comparing the form factor, the coupling 1 is determined
to be 0.56 GeV~! [91,109]. The scalar meson coupling is
gs = g,,/(Z\/E) with g, = 3.73 [110]. The meson masses
are taken from the PDG [52].

A. The bound state solutions of the X(3872) state

The X(3872) has the small binding energy (less than
1 MeV) and narrow width, which implies that it may be a
loosely bound state composed of DD*. We take the cutoff
parameter A in the range of 0.80-2.00 GeV to investigate
the binding properties of the X(3872), and the results are
presented in Table III. Even with uncertainties, the binding
of the X(3872) is now fairly well understood. We discuss
the bound state properties of the X(3872) in the range,
where its binding energy is less than 1 MeV.

The bound-state solutions of the X(3872) as the possible DD* molecular state with different form factors like

F(g*, m%) = (A —=m%)/(A? — ¢*) and F(q*) = A%/(A? — ¢?) for the Cases I-1II. The “X” means that the binding solution does not
exist and the Coulomb interaction is —agy;/r in Case III. The P; means the probability of the ith channel as written in Table II.

F(g*.mg) = (A* —mp)/(A* = ¢*)

A (GeV) Case 1 Case 11 Case III

E (MeV) rgms (fm) Py P, E (MeV) rrys (fm) P, P3 P, E MeV) rgus (fm) Py P, P3 P,
1.08 —0.12 5.84 99.16 0.84 X X
1.16 -2.13 2.51 98.24 1.76 X -0.25 4.90 86.82 0.49 12.19 0.50
1.17 —-2.54 2.32 98.14 1.86 —0.25 4.94 88.02 0.48 11.01 049 -0.50 4.06 83.17 0.61 15.61 0.61
1.18 —-2.98 2.16 98.04 196 -0.49 4.12 84.67 0.60 14.13 0.60 —0.82 3.39 79.68 0.71 18.89 0.72
1.19 -3.46 2.03 97.95 2.05 -0.80 3.44 81.40 0.70 17.19 0.71 -1.19 2.89 76.51 0.81 21.86 0.81

Flq*) = N/(N = ¢*)

A (GeV) Case | Case 11 Case III

E (MCV) TrRMS (fm) P] PQ E (MCV) rrRMS (fm) P2 P3 P4 E (MCV) rrRMS (fm) Pl P2 P'; P4
0.40 -0.13 6.08 99.60 0.40 X X
0.54 —-1.91 2.86 99.28 0.72 X —0.18 5.46 90.72 0.20 891 0.17
0.55 -2.13 2.73 99.25 0.75 -0.16 5.56 91.80 0.20 7.84 0.17 -0.29 4.99 89.06 0.22 10.52 0.19
0.56 -2.36 2.61 99.22 0.78 -0.27 5.10 90.32 0.22 927 0.19 -0.42 4.54 87.30 0.25 12.22 0.22
0.59 -3.13 2.32 99.12 0.88 —0.70 3.86 85.41 0.31 14.01 0.27 -0.93 3.43 81.88 0.34 17.48 0.30
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sl N . \
= \ 0 \, \
Z -06 A = N \
g \ z N \
= \ £ N \
—0.9 f—-— Casel " 3 —-—Casel \\ \
— = Casell - — — Casell N,
12 Case Il 2 Case 111 N
7108 111 114 117 120 1.08 111 114 117 1.20
A(GeV) A(GeV)
FIG. 1. Comparison for the binding energy and root-mean-

square radius of the X(3872) among three cases. See the caption
of Table II for detailed meanings of Case I-Case III.

In Table III, bound state solutions in Case I are given
when the cutoff parameter is 1.08 GeV, where the corre-
sponding binding energy and root-mean-square radius are
—0.12 MeV and 5.84 fm, respectively. After taking into
account the isospin breaking effect due to the hadron mass
difference, we can obtain a loosely bound state with a
binding energy of —0.25 MeV and a root-mean-square
radius of 4.94 fm for a cutoff parameter of 1.17 GeV in
Case II. Clearly, the isospin breaking effect weakens the
attraction between the composed hadrons in the X(3872).
If we add the Coulomb interaction —agy/r, the binding
energy increases to —0.50 MeV and the root-mean-square
radius decreases to 4.06 fm for the cutoff 1.17 GeV in
Case III. Compared to Case II, the binding energy of
Case III increases by about 0.2 MeV to 0.4 MeV with the
same cutoff parameter after adding the Coulomb interaction
as shown in Table III. This variation in the binding energy
caused by the Coulomb interaction is not small compared to
the tiny binding energy of the X(3872).

For the exact DD* isospin singlet, the dominant channel is
[DD*][?S,), with a probability of 99.16% and the D-wave
channel with 0.84% when the cutoff is A = 1.08 GeV. For
Case II, S-wave channels also play the leading role with the

probability of (88.02% + 11.01%) = 99.03% after consid-
ering isospin breaking. For the same binding energy
—0.25 MeV, the probabilities (P3, P4) for the charged
channels increase after adding the Coulomb interaction
(see the comparison of the results for Case II and Case III).

To clearly show the Coulomb interaction on the binding
properties of the X(3872), in Fig. 1, we plot the binding
energies E and the root-mean-square radii rgyg corre-
sponding to three different cases. The effect of the
Coulomb interaction is smaller compared to the contribu-
tion of the isospin breaking due to the meson mass
difference. The Coulomb interaction makes the binding
energy |E| larger and the root-mean-square radius rgyg
smaller as shown by the curves corresponding to Cases II
and III in Fig. 1.

For the monopole form factor F (g%, m%) = (A> — m%)/
(A% — g?), the factor (A? — m%) may reduce the strength of
the vector meson exchange interactions. In order to further
test our conclusions, we use a different kind of form factor
F(q?) = N*/(A? — ¢?) to recalculate the bound solutions
of the X(3872) in Table IIl. Comparing the numerical
results between two form factors, we would like to mention
that the cutoff values around 1.0 GeV in the form factor
F(g*,m%) = (A> =m%)/(A* = ¢*) and 0.5 GeV in the
form factor F(q?) = A?/(A*> —¢*) are the reasonable
input parameters to study the possible hadronic molecular
states [99,111]. We can obtain the bound state solution by
setting the cutoff values around 1.16 GeV in the form factor
F(g*, m%) and 0.55 GeV in the form factor F(g?) for the
Case III. We can see that the form factor does not have
much influence on the binding energy and the probabilities
of the different components, reflecting that the wave
function is stable with two types of form factors. It will
be advantageous for us to discuss the nature of the
X (3872) later.

TABLE IV. The bound state solutions of the C-parity partner of DD* with J©¢ = 17~ for Cases I-III. The “X” means the binding
solution does not exist and the Coulomb interaction is —agy;/7 in Case III. The P; means the probability of the i-th channel as written

in Table II.
Case I Case II Case III
A (GeV) E (MCV) F'rRMS (fm) Pl P2 E (MCV) FrRMS (fm) Pl P2 P3 P4 E (MCV) FrRMS (fm) Pl P2 P3 P4
Py Py Ps Py P; Py Ps Py P; Py
1.16 —0.20 542 96.29 2.19 X X
1.06 0.46
1.19 -1.92 2.57 91.14 4.50 X -0.14 5.35 87.16 1.12 8.46 1.09
3.08 1.28 0.72 030 0.81 0.33
1.20 —2.88 2.15 89.44 5.15 -0.42 4.27 83.32 1.49 10.71 1.14 -0.73 3.48 77.56 1.84 1497 1.78
3.84 1.58 1.02 043 1.12 046 1.31 0.54 1.42 0.58
1.23 —6.94 1.48 84.61 6.75 -3.60 1.72 61.96 3.10 24.27 296 —-4.30 1.59 57.99 3.24 27.41 3.11
6.17 2.47 270 1.09 2.79 1.13 290 1.16 3.00 1.19
1.25 —10.63 1.25 81.59 7.62 -7.04 1.31 54.13 3.72 28.36 3.55 -791 1.26 51.16 3.79 30.73 3.65
7.72 3.07 3.64 145 3.68 148 3.79 1.50 3.86 1.52
094002-6
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FIG. 2. Comparison of the binding energy and root-mean-
square radius for the DD* system with JP¢ = 1~ among three
cases. See the caption of Table II for detailed meaning of Case I-
Case III

B. The bound solutions of the X(3872) partners

In this section, we present the numerical results for the
partner states of the X(3872) with the Coulomb interaction.
In detail, we discuss the systems of DD* with JP€ = 1+~
DD} with JP¢ = 1%+ and D,D? with JP€ =17~

For the odd C-parity DD* system with JPC¢ = 1*-,
we introduce the couplings of [DD*](]*S;),[>D;)) to
[D*D*](]*S,), |>D;)). The numerical results of the [DD*|
system with JP€ = 1+~ for the three cases are presented in
Table IV. We can obtain a loosely bound solution with
binding energy —0.20 MeV and root-mean-square radius
5.42 fm when cutoff is fixed at 1.16 GeV in Case 1. We
also take into account the explicit mass splitting between
the charged and neutral D (D*) mesons in Case II. The
required cutoff parameter in Case II is larger than that in
Case I and we can find bound state solutions when cutoff
parameter is fixed at 1.20 GeV. In other words, the isospin
breaking effect weakens the attraction. We further consider
Coulomb interaction that is from both charged meson pair
D*D*~ and D**D*~ pair in Case III. Compared with the
binding solutions of Case II with the cutoff 1.20 GeV, the
binding energy |E| increases by 0.31 MeV and root-mean-
square radius decreases by 0.79 fm in Case III. This
indicates that the Coulomb contribution from four charged
channels ([D*D*7]1*S,). [D*D*7]PD,), [D**D*|S)),

[D**D*~]?D,)) strengthens the interaction between the
components. Similarly, the dominant channel is still S-
wave [D°D*] and [DT D*~] with the probability of 92.53%
for Case II1, if the cutoff is fixed at 1.20 GeV. In order to
make clear the role of the Coulomb interaction in the
formation of the bound state for the partner state [DD*]
with JP€ = 17=, we compare the bound solutions corre-
sponding to three cases in Fig. 2. The relation of binding
energy and root-mean-square radius can be obtained by

comparing three cases with the same cutoff, i.e., |[E[¢®° ! >

Case III Case II Case 11 Case III Case 1
|E| > |E| and RNsT > TRMS > TRMS

For the D,D? system, the charmed-strange meson D,
constitutes an isospin singlet, i.e., there is only the
exclusive charged mode in the DD} system. It is advanta-
geous for us to study the role of the Coulomb interaction in
the formation of the bound states of hadronic molecular. We
obtain the bound state solutions taking into account the S-D
wave mixing effect. We vary the cutoff values of A from
1.10 GeV to 3.00 GeV. The numerical results can be found
in Table V. We can see that the S-wave contribution
dominates since Pg > Pp.

For the D,D* system with J*¢ = 17+ state, we obtain a
loosely bound state with a binding energy of —0.14 MeV
for the cutoff being of 2.69 GeV and corresponding root-
mean-square radius is 5.56 fm without Coulomb interac-
tion. As shown in Table V, the cutoff required for the bound
solution is less than 2.69 GeV after adding the Coulomb
interaction. It is obvious that the negative C-parity D D’ is
easier to bind than the positive one from Table V. The
binding energy increases by about 1.3-2.2 MeV and the
root-mean-square radius decreases by about 0.5-2.5 fm due
to the Coulomb interaction. The Coulomb interaction
makes the binding energy bigger.

Similar to the DD* system, we compare the binding
energies E and root-mean-square radii rgyg of the 177 and
1t~ D,D} systems with and without Coulomb interaction
in Fig. 3. The Coulomb interaction causes the binding
energy E and root-mean-square radius rpyg to deviate

TABLE V. The bound state solutions of the DD* system with J?¢ = 17+ and 1+~ for the cases with and without
Coulomb interaction. The S-D mixing effect is taken into account in both cases. The “X” means that the binding
solution does not exist. The Pg means that the probability of the S-wave [D;D?] and the probability of the D-wave

[D,D:] can be obtained by Py, = 1 — Py.

No Coulomb interaction

With Coulomb interaction

Jre A (GeV)
E (MeV) rrvs (fm) Py E (MeV) rrvs (fm) Py

1 2.50 X -0.15 6.61 99.32
2.69 —0.14 5.56 99.56 —1.44 3.05 98.88
2.75 -0.61 392 99.23 -2.28 242 98.59
2.85 —2.01 2.36 98.62 —4.26 1.78 98.06

1 221 X -0.26 5.97 99.45
2.26 -0.23 5.10 99.41 -1.12 3.41 99.16
2.30 —1.34 2.79 98.73 -2.59 221 98.64
2.40 -8.41 1.19 97.03 —-10.32 1.12 97.12
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FIG. 3. Comparison of the binding energy and root-mean-

square radius of the D,D} system for the cases with and without
Coulomb interaction.

significantly from the figure. Since the DD} with JP€ =
17~ has a smaller cutoff that drops more contributions
from large momentum charmed-strange mesons, it would
be more likely to form a loosely bound state than the
17+ state.

The reason why the Coulomb effect is more manifest for
the D D* system is that the strong interaction between D,
and D is less than DD*. The 5 and ¢ exchange interaction
is much smaller than the long-range pion exchange
interaction. The pion exchange interaction is usually
dominant in the formation of the loosely bound states with
the one-boson-exchange model [102]. However, the one
pion exchange is forbidden for the D D} system due to
parity conservation. So the DD* system would be bound
deeper. Another reason is that all the DE*) mesons are
charged while the neutral channels are dominant in the
DD* system, leading to a larger effect of the Coulomb
interactions on the binding energy of the DD} system.

C. The effect of charge distribution
on bound state properties

In general, DD* and its partner states can be regarded as
loosely bound states, and the charged D) mesons as point
particles. Thus the Coulomb interaction between charged
particles can be simply described as apy %, where O,
and Q, are the charges carried by the charged particles, and
apm = 1/137 is dimensionless electromagnetic fine struc-
ture constant. However, the charged mesons have sizes and
there are the charge distributions in them. To estimate the
effect of the charge distribution, we use an exponential
charge distribution density [68,112],

1216 < 2\/6}")
T-exp| — - s

ry

p(r) = (11)

d

TABLE VI. The bound-state solutions of the X(3872) when we
consider the isospin symmetry breaking and the charge distri-
bution of the charmed mesons. The P; means the probability of
the ith channel as written in Table II.

A (GeV) E (MCV) rRMS (fm) Pl P2 P3 P4
1.16 -0.25 4.90 86.84 0.49 12.17 0.50
1.17 —0.50 4.07 83.20 0.60 15.59 0.61
1.18 —0.81 3.40 79.70  0.71 18.87 0.72
1.19 —-1.18 2.89 76.53 0.81 21.85 0.81

where r,; stands for the charge radius. Thus the improved
Coulomb interaction can be expressed as [68],

Veou(r) = aEM//d3r1d3r2w

Ir| — 1,

- “ETMF(X), (12)

where x = 2V/6r/rgand F(x) = 1 —e™[1 + L x 4 352+
25X°]. The charge radius r, =

is about 0.39 fm [113].

We present the binding solutions of the X(3872) with
the above Coulomb potential in Table VI. Comparing the
results in Table VI and Case III in Table III, the difference
in binding energy is 0.01 MeV only for A = 1.18 GeV.
This suggests that the modified Coulomb potential
— %21 F'(x) has almost no effect on the bound state solutions
for the X(3872). The reason for this is that the meson
charge radius is small (0.39 fm) compared to the root-
mean-square radius of 3.40 fm with A = 1.18 GeV. It is
reasonable to assume that the inner mesons in a loosely
bound state X(3872) are point particles.

|<r2>charge| of the D meson

IV. RADIATIVE DECAY

In this section, we use the effective Lagrangian approach
to study the radiative processes of X(3872) — yy, and
(DD, (1")] = yn. with y, =J/y, w(2S) and
e = n.(18), n.(2S) in the pure molecular state framework.
Assuming that a bound state formed by two particles
AB can be written as [AB], the decay amplitude can be
calculated from the scattering process with [114,115]

2m d3 n
M _ [AB] P sm
M[AB]QCD - /—zmA /—sz (2”)3/2 ¢[AB] (p)

® Mag_cop- (13)

Here, (,;S[JA%] (p) is the wave function of the bound state [AB|
in momentum space, which can be expressed as

ol S.m ,
¢[JAA}I;] (p) = {¢[AB]PL,>(|p|)Clm]S.1m2C§n1Z-,LmL Yim, (6.9)
x|V L,S,mp,my,m}. (14)
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M AB—cp 1s the scattering amplitude of the AB — CD
process with the quantum number corresponding to the term
inEq. (14). p and k are the momenta of B and C, respectively.
Here, we denote the direction of the momentum p as (6, ¢).
Taking the X(3872) — yy,, as an example, the momentum of
the final state (y or y,) in the center-of-mass frame is

2 - 2 . . .
k| = % According to the introduction of the Sec. II,

the wave function of the different components can be
obtained by solving the coupled channel Schrédinger
equation.

Then the decay width is given by

1 [k
UiaBj~cp = 332n2m§(2/ |M[JAA§]_,CD|2ko-
M

The factor of 1/3 is due to spin average over the
initial state.

(15)

A. Feynman diagrams and effective Lagrangians

We display the Feynman diagrams and the effective
Lagrangian in this section. For the X(3872), the diagrams
depicting the scattering to yy, are shown in Fig. 4. The
contact interaction is required for the scattering process of
DD* — yy, to maintain the gauge invariance of the photon
fields, as shown in Fig. 4(g). The diagrams describing the
process of DD* with JP€ = 11~ decaying to y7, are shown
in Fig. 5.

We list the corresponding interaction Lagrangians of these
processes in Eqgs. (16)—(17). The Lagrangian for yDEj)) DE;‘;
vertices is obtained with the help of gauge invariance [82],

<~ <~
Lp,. b, = ieA,D~"D" +ieA,D;0"D;,

D)

e ,— ) *
Loy by = 7€ Ful9p-p+yDig D™ + gpopo, DipD")

+ 9p:-pty DDy + Hee.,

<>
Lo b, = —ieA, (¢ D7Dy — ¢/ D7 oDy

+ ¢“¥ Dy DY) —ieA, (¢ Dz Dy

sa

— ¢'D;0°Dy + gDy D), (16)
DL _AANY DAY DE—AANy
DO _l_)_o____lp 0 _l?_*f__.zp D= _?______lp
@ " ® " (© "
DAY DE— Ay D— Y e %
+ *— *t .
D+ D !’I)n D*_ D lpn D+ D lpn D*_ \\. n
(d) (e) () (8

FIG. 4. The Feynman diagrams for the transitions X(3872) —
yw, when the X(3872) is a DD* hadronic molecule with
JP€ = 17+, The conjugated diagrams are not shown, but are
included in the calculations.

where Ao0,B = Ad,B—-9,AB, F,, =09,A,—0,A,, and
Dy = 60,D; — dyDy,. Note that the electromagnetic inter-
actions of D°D% and D**D*%y do not exist. Then the

effective Lagrangians involved are

L, pepe = —ig(,,nppl,ll’,fDT 0,D
v *ﬂ%ea _'L<—>a i
+ gl//,,DD*e;wa/}aﬂl//n (D 0 D—-D'0 D )
+ g, ppywa(=D*1% 0, Dy
+D;' 0,07 + D*%9,D;)),
ﬂcD( >D(*)> = ig”l(:D*DD*M (a,uncDT - ”LaﬂDT) + H.c.

()7 (s

L

— Gy - €“9,D; D} dpn.
+ ig,?CD;DSDﬁ”(dﬂnCDI - ncaﬂDI) +Hec.

— 94.D:D: eﬂpaﬁayD}ka:gaﬁr]c . ( 17)

In the heavy quark limit, the coupling constant involved in
the above Lagrangians g,, e and g, p-p- can be related
to the gauge coupling ¢g,. One can determine ¢, =
/Myu/(2mpf,) by the vector meson dominance model
[116,117], where f,, can be obtained from the lepton decay
widths of J/y and y(2S) [82,118]. The coupling constants
among the charmonia and charmed mesons satisfy the
following relations [116]:

9y,DD = 29, \/ My, Mp,

gl//,,D*D = 292 \/ mpmp« /mx//,,9

9y, D*D* = 292\/’”%’"*07 (18)
Dy D DI~y
0 D*° . . |p
DL e b— b L. e

(@) ()
D'y D* D A%
D*+ DO
L Mc D", D*O """" Nc
(d) (f)
DX —nANY D DX _ ANy
_ DO _ D~
L Mc s D_A """" Ne
(& (1)
DY AVY DE—y

x4 D*~

Dt .-.D.--. D— | _____. Ne
(@) (k)
FIG. 5. The schematic diagrams for D*D* with JFC = 1+~

decaying to y7.. The conjugated diagrams are not shown, but
included in the calculations.
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TABLE VII. The relevant couplings in these calculations
are listed.
Couplings 9J/wDD 94)yD*D 97 )yD*D* 9y (25)DD
Values 7.44 2.49 GeV~! 8.0 12.39
9y (25)D*D 9y (28)D*D* Yy, (18)DD* Yy (1S)D*D* n.(28)DD*
3.49 GeV~! 13.33 7.58 2.63 GeV~! 12.78
9y.28)D*D* 9y, (18)D,D: Gy .(15)D:D:  Yn.(28)D,D:  YGy.(1S)D:D:
3.64 GeV-! 651 276 GeV~! 1444 383 GeV~!
and

9y.D'D = 292\/”1;70’"0’"1)*’

9y.D*D* = 292mD*\/mm.- (19)

The couplings g, p p: and g, p:p: satisfy the same relation as
in the Eq. (19). The couplings gppo, and gp-p+, are fixed
by data on the radiative decay widths of D* and D** and
they are 2.0 GeV~! and —0.5 GeV~! [82], respectively. The
coupling gp:p , = (—0.3 £ 0.1) GeV~' is adopted from the
QCD sum rules [119]. The relevant coupling constants are
listed in Table VII.

The contact interaction is also required for the scattering
process. The DD*yy,, four-point vertex can be obtained
from the Lagrangian for y, DD* interaction by substituting
0, = 0, + iQeA,. Similarly, other contact Lagrangians can
be obtained.

B. Scattering amplitudes of DD*
with JPC=1** to yy,,

Based on the Feynman rules and the given Lagrangians,
the scattering amplitudes of D(p;)D*(p,) — y(k)J [y (k)
can be written as

@) oe . oy -
M = 2 [ e (K, = 835) i3

+ ip’ég?)eﬂegm} [=i9y,0p(=iP1s — 1q,)€}] ]
i
Xt (20)

2 2
q _mDO

. b H|€ . - . a
IM§V> =i |:ZgD*0D°y€/waﬁ(lkjllg; - lklgg)(_lq gﬁp

+ iq/’d”’)e;‘ﬂ i9,. b0 [=(=iq = ip) 40

+ (=ig = ip2).g5 + (=iq — ip2) gurlesT €.
X i(=gpe + 442/ my0)

2 2 ’
q - mD*O

(21)

iM(cC) = iz[ie(—ipu + i(]/l)eﬂ [gv/,,DD*gﬂaa‘r(ikg)
i

X 5 A4 .y 4 *0O T*_ _, 22
(iq +1P2>€y/”€D ]qz—m%,- (22)

oy (d 0 |€ gt — kY i pY
zM(c) =i {ZQD*-DW‘gﬂvaﬂ(lklllgi — ik o) (~ipsde

+%@#%}H%wemfmmm
i
N 23)

2 2
q _mD+

. H|e . . o
l./\/l(;) =2 LgD*_Dweﬂmﬁ(zk’fgj — ik g} (—igg”
+ ig’ g )€;“] i9,, 00 [~ (—iq — ip2) .0

+ (—iq - ipg)fg‘?: + (—ig - ip2)§gor]€;lan€;)*’
(=9 + 9,4/m-)

2 2 '
q° — mp.-

(24)

iMY) = 2(=ie)[(~igy + iP22) 9y — (=iG:Giy) = iD2%se]
X €TD*’€;1[gl//,,DD*Sﬂo’arf(ikZﬂ)(_ipla - iqa)ej,’:]
. i(—gpfj q"qj/méw)
q* —ml..

, (25)

iME = 126G, b Epap()egt 57y (26)

where ¢ is the four-momentum of the exchanged charmed
meson, and the polarization vectors €7,., e;‘i and €7 are for
the D* charmed meson, photon and y,, meson, respectively.
The superscripts (a—g) correspond to the labels of the
individual diagrams for DD* — yy,, in Fig. 4. The details
of the polarization vectors are given in the Appendix. The
subscripts C and N denote the corresponding amplitudes
from the charged and neutral channels, respectively. Thus,
the scattering amplitudes of DD* — yy,, are

My =My + M),
Me =M+ M+ ME + MP + MP. (27)

We introduce MR?‘] and M [Cm s especially for the
z-component of the D* spin, which is m.

With the above amplitudes, using Case III of the X (3872)
as an example, the decay amplitude can be written as
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RV
i | e

X <Z bpopops,) € 1mj ooM[m:]

+ Z ¢DUD*° 113D,

mg,my

+ Z ¢[D+D*’]\3S1)C};:Z,OOM[C{”X]

1.M
My

(3872) =7y,

F(p?)

lm 2my Y2 mLM[Nms]

+ Y Pop10y Cimom, YZ""LM[CmS])

mg,mp

(28)

In the above amplitudes, F(p?) = exp(—p*"/A2") is the
form factor with Gaussian form to suppress the large
momentum contributions and p is the 3-momentum differ-
ence between the initial and final particles.

We do not explicitly list the contribution of D*D in
Eq. (28) since it can be related to that from DD* by charge
conjugation. The first factor v/2 in Eq. (28) is due to these
conjugated diagrams. Now the radiative decay width can be
obtained by combining Eq. (28) and Eq. (15).

C. Scattering amplitudes of the X(3872) partners

The DD* with JP¢€ = 1%~ can decay to yn.(1S) and
y.(2S). Compared to the X(3872), the D*D* would
couple to the negative C-parity state via the S-wave
interaction and thus more diagrams appear in Fig. 5.

The scattering amplitudes for process D™*)(p,)D*(p,) —

r(ki)ne(k,) are
. o€ . . .
lMa = l2 |:Z gD*ODOygﬂyaﬁ(lk}ltg; - lkll/d/{)<_lqagﬂp

+ iqﬂg"”)e;‘*] (=G0 D €025 (1G7) (ikS) €50

=g+ 4,8/ miy.)

paes) (29
iMb = i2lie(— lpu + iq;)€;[i9y, oo+ (ikar = iq.)€Dy-]
" (30)
iME = i2 Egy—msﬂmﬁ(ik’fgﬁ — ik{g;)(—ig"g”
+ iqﬂg"p)e;k’l} (=G0 D* €522 (i97) (ik5) €], ]
Lig+ 9,4/ mh-) G31)

2
q° — mp.-

IME = i*(—ie)[(—ig, + ip2)di — (—igq.)d; — iP59:]
X €D**€; [ingD* (lkz + lpl )]
i(=Gpe + q,q:/ M)
X R ; (32)
q _mD*+
IM¢ = —ieg, pp €y €,p-, (33)

. ,[e ) o Y
il = {;‘gmomyeﬂmﬂ(lk*:gz - ittt (—inih + in!

i

X ——, 34
pis (34)

o€ . . . .
IMN =1 |:ZgD*ODOy8/wa/)’(lklllgj - lkﬁgf,{)(—lpggg + lpg

X gg)€ €D*”:| [ignED*D(ik}t - i(’IT)STD*O]
i
X m, (35)

. e . . a
lM}CI‘ 2 |:4 gD*‘D*ySﬂuaﬂ(lk!]g,l lkll/gj,;)(_lp1gf

- <—ip’f>gz>e;*ezy} ligy o ik — i,))€5,. ]
i
SR (36)

2 2
q- — mp.

. ; s € . . .
lMlC = 12 |:Z gD**D’yg/waﬂ(lkl]ng - lk’fﬂ‘;)(_lpggg

+ ipggﬁ)eiﬂegu] (i9y. 0+ (ikar — 1. )€D,-]
X i (37)
q* = mp-
lMC =i ( )[(_lq/l + iplll)gfp + igrgpi - iplpg‘r/l]
X €D**€;/1 [_gn(.D*D*epmﬂ}'(_ipg)(ikg)egp*+]

" (=g + q’q°/m3..)

, 38
q2 - méw ( )
iIME = i2(=ie)[(=ipay + i4;)Gop + iP2pGi0 — i959,2]
XeD*+€ [ 9y.D*D* yéfﬁ(lqll)(lkZﬁ)eD* ]
(=9 +q"q*/mp..)
JCL T ) (39)
q- — Mp-
iML =i . kﬂ*”f,". (40)
M 19y DD Europka €y €Ep—€pyss
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Here, the superscripts in the amplitudes M® for
D¥D*(177) — yn, correspond to the labels of the individ-
ual diagrams in Fig. 5.

According to the flavor symmetry, the scattering ampli-
tudes of DD} with JF¢ = 1%~ decaying to y;,. can be
obtained by the following substitutions,

() ™ ( ) Ip*=pty 7 IDEDsy

D
Mg = (Ml()? +M%+Mg +M¢ )|€n* —eoy> !J,, b7,

() pr *
neDg "Dy

(41)

With the above expressions, we can obtain their radiative
decay widths, the same as for the X(3872).

V. NUMERICAL RESULTS
FOR RADIATIVE DECAY

In this section, we present numerical results for radiative
decays of the X(3872) and its partner states.

Gauge invariance requires that for any QED process
involving an external photon with momentum k;, the
amplitude €, M, vanishes when we replace ¢, with &/,

e., k{M, =0. We have checked that our framework
respects this symmetry. Although we only show the tree
diagrams, in Eq. (13) there is a momentum integral which
also appears in the usual triangle-loop calculation in some
models where the X (3872) is treated as a point particle and
strongly couples to DD(). Gauge invariance is easy to
maintain in our approach since the momentum integral is
outside of the scattering amplitudes DD™) — yy,.

Rotation symmetry suggests that the decay width of
an unstable particle is independent of the polarization
of the initial particle. Thus, for the spin-1 particles,
the radiative decay width should satisfy the relation

11 1.0 1-1 .
Uiap~co = Viagmcn = Vjag—cn: Our results have this

relation. Alternatively, this symmetry can be used to
simplify the calculation in Eq. (15) as

JM k|
[AB]-CD — 3271'2}112 /koDMM’ MM/( Pk —0k.0 )
M’
< |MUEcnly g o (42)

where we only need the scattering amplitudes with k
along the z axis. /\/lAB]_)CDL/)k _p,—o 1 mot zero only

when M = S_(C) + S.(D).

A. Radiative decay width of the X(3872)

The X(3872) is a loosely bound state, so we calculate
its radiative decay width in the range where its binding
energy is less than 1 MeV. Using the approach described
in Sec. IV, we calculate the radiative decay width of
two decay modes which are the X(3872) — yJ/y and the
X(3872) — yy(2S), and give the values of the ratio

T T (25) <t ees .
R,, = 28R within the pure molecular picture.
(X(3872)=yJ /y)

According to the results measured by the BABAR [120]
and Belle [87] Collaborations and combining the width
'y = 1.19 £ 0.21 MeV in the PDG [52], one can get the
radiative decay width of the X(3872) — yJ /vy,

10.17% kev  Belle

Fxewry { 155+73kV BABAR )
We present our numerical results for three typical binding
energies £ = —0.11 MeV, —0.25 MeV, —0.50 MeV in
Fig. 6. For the case of the binding energy £ =—0.11 MeV,
when the cutoff A, is around 0.75 GeV-0.95 GeV, the
radiative decay width of the X (3872) decay to yJ/y is in the
range of 10 keV-20 keV. It is clear that the theoretical width
and the experimental measurements are consistent within
the error.

In the context of the molecular state, the ratio R, is
small as seen in Fig. 6 and the process of X(3872) —
yw(2S) is thus suppressed. The ratio increases as the

0.30 0.40 70.49
201 20 2 {0.42
N 024 032 s
3 | = = 10.35
5 -] 0242 E1s lo2s g
<12 = 12 =
0.12 0.16 10.21
10
8t {0.14
0.06 8 08 .
0.75 0.80 085 090 0.95 072 076 080 0584 088 069 072 075 0.8

A(GeV)

FIG. 6. The radiative decay widths of the X(3872) — yJ/y and the ratios R, =

A(GeV)

A(GeV)

Ix(3872)=(25) £ . BT .
=222 for three typical binding energies
x(3872)= 7w yP g g

E =—-0.11 MeV, —0.25 MeV, —0.50 MeV. The units of the radiative decay Wldth are keV.
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binding energy |E| increases. However, the upper limit of
the ratio R, is about 0.5 with the reasonable cutoff A,
set by the I'y(3g72)-ys/, in this work. The ratio R,,
measured by different collaborations is different,

=3.4+1.4(3.50) BABAR
e )= 2.46 +0.64 +0.29(4.46) LHCb
" <2.1(90%C.L.) Belle
< 0.59(90%C.L.) BESIII

Note that the BABAR and LHCb measurements challenge
the results of BESIII and Belle, but the experimental
uncertainties are also not small either [87,120-122]. A
predominantly molecular nature of the X(3872) in our
calculations is more compatible with the measurements of
BESII and Belle.

Such a large ratio R,,, from BABAR and LHCb cannot be
naturally explained either in Ref. [73], where the X(3872)
is assumed to be a DD* molecule mixed with small pJ /y
and wJ/w. The DD* components decay to a photon via
light-quark annihilation, while the pJ/y and wJ/w decay
to a photon via the vector meson dominance. The predicted
ratio R, is about 4 x 1073.

The model of the molecule-charmonium mixture gave
that R,,, is about 0.5-5 [83]. Ref. [82] suggested that the
X(3872) as a superposition of the molecular and char-
monium components is necessary to explain the ratio R,
by restricting to the central value of the ratio width
R,, =3.5 in the potential model [17]. The coupling
channels including D°D*°, D*D*~, D¥D*~, D*D* and
cc are discussed in Ref. [84] where the branching ratio is
1.17. The molecule-charmonium mixture in the X(3872)
was used to explain the ratio R,, in Refs. [61,123]. In
addition, the configuration of the pure charmonium state
is also proposed to calculate R, and the ratio is about
1.2-15 [42,75-80].

According to our calculations, the radiative decay width
is dominated by the S wave and the contribution of the D
wave is very small. For the binding energy E =
—0.11 MeV and the cutoff A, = 0.8 GeV, the contribution
from both S and D waves gives I'x3872),/, = 12.4 keV
and removing the contribution from the D wave gives
['x(3872)-y7/y = 12.0 keV. There is a difference of 0.4 keV
between the two cases. Therefore, in the following calcu-
lations we do not consider the contribution of the D wave
anymore for the partner states.

Since the hadrons are not pointlike particles, we usually
introduce the form factor at each interaction vertices to
describe the off-shell effect of the exchanged light mesons
and to reflect the inner structure effect of the discussed
hadrons. In general, F (g%, m%) = (A*> — m%)/(A* — ¢°) is
often used to discuss the interaction between two hadrons
within the one-boson-exchange model. Such a formalism is

Ty

a direct extension of the meson exchange model involved in
the nuclear force. However, F (qz,mi-) may reduce the
strength of the vector meson exchange interactions com-
pared to the pion exchange interaction. In the local hidden
gauge approach, the interaction between two hadrons
primarily arises from the exchange of the vector mesons.
In fact, the difference between the one-boson-exchange
model considering F(g*, m%) and the local hidden gauge
approach reflects the different treatments of the relative
weights of the meson exchanges. Despite all this, the one-
boson-exchange model considering F (g%, m%) and the
local hidden gauge approach can usually can give the
similar conclusion for the binding energy of the hadronic
molecular state [64,124—128].

In the following discussions, we also take the form factor
F(q*) = N*/(A* — ¢?) to discuss the bound state proper-
ties and the radiative decay widths of the X(3872), and
F(q?) can change the relative weight of the vector meson
exchange with respect to the pion exchange compared to
F(q*,m%). The Coulomb interaction can affect on the
binding energy with the form factors being whether
F(q*>,m%) or F(q*). With the binding energy E =
—0.11 MeV in Case II, the binding energy E becomes
—0.32 MeV for F(g*, m%) while —0.23 MeV for F(g?)
after adding the Coulomb interaction. For the binding
energy E = —0.11 MeV, the decay width of X(3872) —
yJ/w and R, are in the ranges of around 8-20 keV and
0.1-0.3 for F(g?, m3%) while 5-10 keV and 0.2-0.5 for
F(g?) with same choice of A, respectively. One can notice
that different form factors with the matched cutoffs lead to
some differences in the Coulomb effects and the rate of
electromagnetic production, due to different relative
weights of the meson exchanges. Future experimental
studies will be very useful to investigate such effects.

B. Radiative decay widths of the X(3872) partners

We have obtained bound solutions of three partner
states of the X(3872) by solving the coupled channel
Schrodinger equation in Sec. III. However, the [D D]
with JP€ = 17+ is weakly bound compared to that with
JP€ = 1%, so we do not consider the radiative decay of
the former in our calculations. The [D;D}] bound state
with JPC€ =17~ should exist with the SU(3) flavor
symmetry and heavy quark spin symmetry in
Ref. [85]. Since the [DD*] and [D,D}] states have the
negative C parity, it is very likely that they decay into a
photon plus a pseudoscalar meson such as 7.(1S) or
7.(2S). Using the same method, we calculate two
radiative decay modes that [D(s)D?s)] with JPC€ =17
decay to yn.(1S) and yn.(2S). The radiative decay width

(s) F[D(S)DZ'J)]AV'I((ZS)

and ratio Ry, =7 are shown in Fig. 7

D(5) Dy 1=me(15)

and Fig. 8.
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[E=-0.14 MeV]

Fip5 11 - mas)

FIG. 7. The decay widths of DD* with J?¢ = 17~ decaying to
yn.(18) for two typical binding energies E = —0.14 MeV,

—0.73 MeV and the ratios R,,. = M The units of the

e = Dipptiemeis)
radiative decay width are keV.

For the partner state [DD*] with JPC =17, we
present our numerical results with two typical binding
energies £ = —0.14 and —0.73 MeV in Fig. 7. It can be
seen that the decay width in y#.(2S) channel is much
larger than that in the y#n.(1S) channel, which is
obviously different from the case of the X(3872). The
ratio R, is about 10-30 as A, changes from 0.7 GeV to
1.1 GeV. Ref. [129] explored the possible existence of
the J¢ = 17~ counterpart of the X(3872) as a mixing
state of the charmonium and the molecule within a
constituent quark model, and predicted the radiative
width T, 15y = 69 keV and R, =0.9.

For the D;D* molecule with J”¢ = 17, we show our
numerical results for two binding energies E =
—0.26 MeV and —0.86 MeV in Fig. 8. The width of
the decay channel y7.(1S) is very small, only a few keV,
with the cutoff A, in the range of 0.7-1.1 GeV. However,
Ry, is large, suggesting that the width of decay to
yn.(2S) is easier to measure experimentally. The cutoff
should be of the same order with heavy quark symmetry
[130,131], and thus, the need of cutoffs larger than
2 GeV to bind means that the D,D? molecular states
with JP€ = 17 most probably do not exist. There is still
no experimental data on these states and radiative decay
widths, and we look forward to the future experiments
that can test our results.

6 60 15 60
\ \
2 \ . 50 = 12 \ 50
£4 \ 73 = 9 N N -
- A 40g T AN “g
‘-:n ~ — widm | & L ¢ N — widm| &
3 S — — Rati e ~ . Rati
[—a 2 < - atio 30 \2 q - Ratio 30
S < ~ 3 S S
—=120 —20
0.7 0.8 0.9 1.0 l.% 0.7 0.8 0.9 1.0 1.12

Ay(GeV) Ay (GeV)

FIG. 8. The decay widths of [D;D}] with JP€ = 17~ decaying
to yn.(1S) for two typical binding energies E = —0.26 MeV,
—0.86 MeV and the ratios R},

radiative decay width are keV.

— (2Pl The units of

r[”.\-fJ}f'Hm(-OS)

VI. SUMMARY

Many exotic hadrons have been observed at modern
facilities since 2003 [11,14—16]. As the first charmonium-
like state, the nature of the X(3872) is still an open
question. To explore its internal structure one step further,
we study the effects of the Coulomb correction on the
binding property for the X(3872) and [D*D*7] with
JPC = 11, [DF D] with JP€ = 17" and [D] D] with
JP€ =17 in the hadronic molecular framework, and
discuss their radiative decay behavior.

In addition to the S-D wave mixing, isospin breaking and
coupled channel effect, the electromagnetic correction is
also included. For the X(3872), the Coulomb interaction
increases the binding energy by about 0.2-0.4 MeV with a
cutoff parameter of about 1.17-1.19 GeV. The isospin
breaking effect from the meson mass difference weakens
the attraction between the composed hadrons in the
X(3872), while the Coulomb interaction strengthens it.
The charge distribution has almost no effect on the binding
solutions for the X(3872), probably because the X (3872) is
a very loosely bound state.

Compared to the DD* system, the Coulomb effect is more
obvious for the D;D? system, which contains the purely
charged channel. There are many molecules composed
of charmed-strange mesons for the new hadron states,
such as [Dy Dy ] for the X(3960) [132-135], [D* D}~ for
the X(4140) or X(4160) [136,137], [DiDy] for the
X(4274) [138-140], [D;T D] for the X(4350) [141], and
so on. We expect that the Coulomb interaction can play an
important role in unravelling the nature of these hadrons.

It is well known that the electromagnetic interaction is as
important as the quark mass difference for the interpretation
of many isospin breaking effects. However, the effect of
the Coulomb interaction is relatively small in the bound
solutions of the DD* system, compared to the influence
from the mass difference between charmed mesons. The
reason is that the charged charmed meson is about 4 MeV
heavier than the neutral one, and this is much larger than the
neutron-proton mass difference. Thus, the charged channel
is relatively small in the DD* system, which limits the role
of the electromagnetic interaction in the bound solutions.
This situation would change if the mass difference between
the charm mesons in a hadronic molecule could become
smaller than that in vacuum.

It remains to be seen whether the neutral channel
dominates in the DD* system. The electromagnetic inter-
action explicitly breaks the isospin symmetry, and thus the
electromagnetic decays encode more important information
about the underlying structure of the hadronic molecules.
The wave functions of the molecules are directly used in
this work to study the radiative decays, which consequently
reveal the structures of new hadronic states.

The X(3872) decay to yy, channels is a puzzle. We
calculate the radiative decay width of the X(3872) by
assigning it as a DD* hadronic molecular state. We can
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obtain the width of the X(3872) — yJ/y consistent with
the experimental measurements. The experimental values
for the ratio R,,, are a little controversial, and our approach
gives the X(3872) — yw(2S) channel as suppressed and
R,, <1, in agreement with the Belle and BESIII mea-
surements. We then predict the radiative width of the [DD*]
and [D; D;~] molecules with J¢ = 1%~ decaying to y7,.
The decay channel y7.(25) has a larger width than y7,.(15).
Although no experimental data on these radiative decay
widths, we expect that the future experiments will be able to
measure these decay channels in order to test our results
with precise experimental data.
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APPENDIX: THE DETAILS
OF POLARIZATION VECTORS

The polarization vectors &. (p, A) with helicity A can be
expressed by [142]

Ip|/mp-
sin @ cos pE, /mp:
& (pa=0) = | SROCSPEMo )
sin @ sin pE, /m -
cos OF, /m -
and
0
1 cos @ cos ¢ + isin
dpa=s) = | T A T

V2| F cosfsing —icosgp
+siné

We can obtain the polarization vectors of initial particle
€p+ s (P) Where myg is the z component of spin

€y () = Y _ D1y (¢0.0.0)& (p. ).

A

(A3)

If k is along the z axis, the polarization vectors €/, ,u, of
W, are

. 1
¢y,0(-K) = ——([k|.0.0. —Ey)",

W0
Yn
1
e’ . (-k) =—=(0,1,4i,0)7,
y/n,il( ) \/§< )

and there exist only horizontal polarization vectors €,/ for
photon which are e;f‘il (k) = % (0,1, F i,0). For arbitrary
directions of k, one can obtain the corresponding polari-
zation vectors with the combination of above expressions
and the Wigner D functions.
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