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In this article we analyze the inclusive photoproduction of heavy charmonia-bottomonia pairs in the
color glass condensate framework and demonstrate that the cross section of the process is sensitive to dipole
and quadrupole forward scattering amplitudes (2- and 4-point correlators of Wilson lines). Using the
phenomenological parametrizations of these amplitudes, we estimate numerically the production cross
sections in the kinematics of the forthcoming Electron Ion Collider and the ultraperipheral collisions at the
LHC. We found that the contribution controlled by the quadrupole amplitude is dominant, and for this
reason, the suggested channel can be used as a gateway for studies of this nonperturbative object.
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I. INTRODUCTION

Due to their heavy masses and small sizes, quarkonia
have been considered as important probes of the gluonic
field of the target almost since their discovery [1,2].
The modern nonrelativistic quantum chromodynamics
(NRQCD) framework allows one to evaluate systematically
various perturbative corrections to processes which include
quarkonia [3–13]. This framework allows one to get
reasonable estimates for the cross sections, although at
present it includes some uncertainties in nonperturbative
long distance matrix elements (LDMEs) of quarkonia
states [9–13], as well as apparent mismatch of the LDMEs
of different quarkonia which challenge the expectations
based on heavy quark mass limit [13–17]. Furthermore,
even in the heavy quark mass limit the production of single
quarkonia provides only limited information about the
gluonic field. For this reason, since the early days of QCD
theoretical efforts were dedicated to production mechanisms
of multiple quarkonia in the final state [18–21], which could
provide significantly more exhaustive information about the
gluonic content of the target. Recent experiments at the LHC
demonstrated a feasibility to study the production of quar-
konia pairs experimentally.
In this paper we will focus on the associated production

of charmonia and bottomonia, which have a very simple
structure of the partonic amplitude. The theoretical studies
of such processes (particularly, J=ψ þϒ hadroproduction)
were initiated in [22–24] and attracted a lof of theoretical

attention as possible probes of the gluonic field of the
target. In the collinear and kT factorization approach, such
processes give a possibility to study the so-called double
parton distribution functions (DPDFs), which encode the
information about correlation of different constituents in
the target. Recent experimental data [25,26] demonstrated
that the double parton distributions might give significant
contributions in this channel. However, due to a large
number of different mechanisms in hadroproduction, these
contributions have sophisticated structure, which compli-
cates interpretation of experimental data in terms of partonic
content of the target. At present the situation remains
unclear: while inclusion of the DPDFs allows one to explain
the difference between the data and predictions based on
single-parton scattering, the value of the so-called effective
cross-section σeff (parameter which controls the magnitude
of the DPDFs) depends significantly on the channel used for
its extraction [27–29]. In view of these difficulties of
hadroproduction channel, the photoproduction of the same
states can serve as a simpler alternative for testing our
understanding of the contributing mechanisms. Previously,
the studies of the double quarkonia photoproduction mostly
focused on exclusive channels [30–39]. However, the
inclusive production of such states also deserves interest
as a potential gateway for studies of the gluonic distribu-
tions. Nowadays such processes may be studied in ultra-
peripheralpA collisions at the LHC, provided that the recoil
nucleus is separated by a large rapidity gap from the other
hadrons. The use of heavy ions allows one to boost
significantly the flux of equivalent photons, and in this
way facilitates measurement of tiny cross sections. In the
future, such processes may also be studied in electron-
proton collisions at the Electron Ion Collider (EIC) [40,41],
the Large Hadron electron Collider (LHeC) [42], and the
Future Circular Collider (FCC-he) [43–45].
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In the kinematics of all the above-mentioned experi-
ments, due to an enhanced role of multiparton distributions,
which eventually lead to the onset of saturation effects, it is
appropriate to analyze this process in the frameworks with
built-in saturation. In what follows we will use for our
studies a color glass condensate (CGC) framework [46–56],
which naturally incorporates the saturation effects and
provides a phenomenologically successful description of
both hadron-hadron and lepton-hadron collisions [57–64].
The cross sections of physical processes in this framework
are expressed in terms of the forward multipole scattering
amplitudes (n-point correlators of Wilson lines), which have
probabilistic interpretation and present important physical
characteristics of the target. Technically, these correlators
generalize the multigluon distribution functions used in a
collinear and kT factorization picture, providing correct
asymptotic behavior in the high-energy limit.
The paper is structured as follows. In Sec. II we briefly

describe the main components of the CGC framework and
then present the theoretical results for the photoproduction
of heavy quarkonia pairs in the CGC approach. In Sec. III
we provide numerical estimates using the phenomenologi-
cal parametrizations of dipole and quadrupole amplitudes.
Finally, in Sec. IV we draw conclusions.

II. THEORETICAL FRAMEWORK

Nowadays, the photoproduction processes may be stud-
ied in electron-proton, proton-proton, and proton-nuclear
collisions in ultraperipheral kinematics. The corresponding
cross sections of these processes are related to the photo-
production cross section as

dσep→eM1M2X

dQ2dy1d2k⊥1 dy2d2k⊥2
≈
αem
πQ2

�
1−yþy2

2

�

×
dσTðγþp→M1þM2þXÞ

dy1d2p⊥1 dy2d2p⊥2

����
p⊥a ≈k⊥a

;

ð1Þ

dσpA→AM1M2X

dy1d2k⊥1 dy2d2k⊥2
¼
Z

dnγðω≡Eγ;q⊥Þ

×
dσTðγþp→M1þM2þXÞ

dy1d2p⊥1 dy2d2p⊥2

����
p⊥a ≈k⊥a −q⊥

ð2Þ

where in (1) we use standard deep inelastic scattering
notations, in which y is the inelasticity (fraction of electron
energy which passes to the photon), q and P are the
4-momenta of the photon and proton, and ðya; k⊥a Þ, with
a ¼ 1, 2, are the rapidities and transverse momenta of the
produced quarkonia with respect to the electron-proton or
hadron-hadron collision axis. The notation dσT is used
for the cross section of the photoproduction subprocess,

induced by a transversely polarized photon. The expression
dnγðω≡ Eγ; q⊥Þ in (2) is the spectral density of the flux of
equivalent photons with energy Eγ and transverse momen-
tum q⊥ with respect to the nucleus, which was found
explicitly in [65]. The momenta p⊥a ¼ k⊥a − q⊥ are the
transverse parts of the quarkonia momenta with respect to
the produced photon. Due to the nuclear form factor of the
recoil nucleus, the spectral density dnγðω; q⊥Þ is strongly
suppressed for the transverse momenta q⊥ larger than the
inverse nuclear radius R−1

A , so the average values of q⊥
are quite small, hq2⊥i ∼ hQ2i ∼ hR2

Ai−1 ≲ ð0.2 GeV=A1=3Þ2,
and the transverse momentum dependence of the cross
sections in the left-hand side of (2) almost coincides with
the p⊥ dependence of the photoproduction cross section in
the right-hand side, and for this reason from now on we will
tacitly assume that p⊥a ≈ k⊥a .
For further evaluations we need to fix the reference frame

and write out explicit light-cone momenta decompositions
of the participating hadrons. In what follows we will use
notations p1, p2 for the 4-momenta of produced heavy
quarkonia, and P for the momentum of the proton. We will
work in the reference frame in which the light-cone
expansion of these 4-vectors is given by

q ¼ ðqþ; 0; 0⊥Þ; qþ ¼
ffiffiffi
2

p
Eγ ð3Þ

P ¼
�
m2

N

2P− ; P
−; 0⊥

�
; P− ¼

Ep þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
p −m2

N

q
ffiffiffi
2

p ≈
ffiffiffi
2

p
Ep;

ð4Þ

pa ¼
�
M⊥

a eya ;
M⊥

a e−ya

2
; p⊥a
�
; a ¼ 1; 2; ð5Þ

M⊥
a ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

a þ ðp⊥a Þ2
q

; ð6Þ

where mN is the mass of the nucleon, and M1, M2 are the
masses of the produced quarkonia. In what follows we
will be mostly interested in the high-energy collider
kinematics qþ; P− ≫ fQ;Ma;mNg, when quarkonia are
produced with relatively small transverse momenta. In this
kinematics it is possible to use an eikonal picture and
assume that the plus-component qþ of the photon light-
cone momentum is shared only between the produced
quarkonia, namely

qþ ≈ M⊥
1 e

y1 þM⊥
2 e

y2 : ð7Þ

The invariant energyW of the γp collision and the invariant
massM12 of the produced heavy quarkonia pair are given by

W2 ≡ sγp ¼ ðqþ PÞ2 ¼ −Q2 þm2
N þ 2q · P

≈ −m2
N þ 2P−ðM⊥

1 e
y1 þM⊥

2 e
y2Þ ð8Þ

MARAT SIDDIKOV PHYS. REV. D 109, 094001 (2024)

094001-2



and

M2
12 ¼ ðp1 þ p2Þ2 ¼ M2

1 þM2
2

þ 2ðM⊥
1 M

⊥
2 coshΔy − p⊥1 · p⊥2 Þ ð9Þ

respectively. The photoproduction cross section dσT , which
appears in (1), (2), is the central quantity of interest for the
present study and will be evaluated in the color glass
condensate approach [46–56]. In the following Sec. II A
we briefly remind the reader of the main assumptions of this
theoretical framework, and in Sec. II B we present final
theoretical results of the evaluation. To avoid possible soft
factorization breaking final state interactions, inwhat follows
we will tacitly assume that the produced quarkonia are
kinematically well separated from each other, namely that
the invariant relative velocity

vrel ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

p2
1p

2
2

ðp1 ·p2Þ2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4M2
1M

2
2

ðM2
12 −M2

1 −M2
2Þ2

s
ð10Þ

is sufficiently large,

vrel ≳ vðcutoffÞrel ¼ 2αsðmcÞ ≈ 0.7; ð11Þ

or equivalently formulated in terms of the invariant mass of
hadron pairs,

M2
12 ≳ ðM1 þM2Þ2 þ 2M1M2

0
BB@ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
�
vðcutoffÞrel

�
2

r − 1

1
CCA:

ð12Þ

A. High-energy scattering in CGC picture

For heavy quarkonia production, the heavy quark mass
mQ plays the role of the natural hard scale, which
determines the interaction strength of heavy quarks with
the gluonic field. In the heavy quark mass limit it is
formally possible to develop a systematic expansion over
the strong coupling αsðmQÞ ≪ 1. However, such expansion
might not be very reliable in the small-x limit, when the
gluon fields are enhanced due to saturation effects and
reach values Aa

μ ∼ 1=αs. The interaction of the partons with
the ultrarelativistic target (shockwave) in this kinematics is
characterized by nearly instantaneous color exchange,
which can be described in the eikonal approximation. In
this picture the interaction of a heavy quark with the target
is described by a Wilson line Uðx⊥Þ [47–51,55,56]

Uðx⊥Þ ¼ P exp

�
ig
Z

dx−Aþ
a ðx−; x⊥Þta

�
; ð13Þ

where x⊥ is the impact parameter of the parton, ta are the
ordinary color group generators of pQCD in fundamental

representation, and Aa
μðxÞ ¼ − 1

∇2⊥
ρaðx−; xÞ is the gluonic

field in the target created by the color charge density ρa.
According to classical CGC picture [47–49], for multi-
parton scattering processes each physical observable O
should be averaged with a weight function W½ρ� which
describes the probability of a given charge distribution ρ
inside the target, namely

hOi ¼
Z

DρW½ρ�O½ρ� ð14Þ

where from now on we will use angular brackets h…i for
such averaging. The analytic evaluation of the path integral
Dρ is possible only for a few simple forms of W½ρ� (e.g.,
for Gaussian). Fortunately, for many observables the
averages hOi may be expressed in terms of a limited set
of universal (process-independent) amplitudes, such as
dipole or quadrupole forward scattering amplitudes, thus
avoiding explicit evaluation of the integral over all possible
charge configurations.
For example, the amplitude of the heavy quark pair

or (single) quarkonia production from a gluon may be
described by the two diagrams shown in Fig. 1 (see for
details [66–68]) and is given by

Aa ¼ −ig
Z

d4zūðpq; zÞγμtbεabμ ðk; zÞvðpq̄; zÞ; ð15Þ

where z represents the coordinate of the interaction point in
the configuration space, and the corresponding parton
fields are given by

ūðpq; zÞ ¼
1

2

�
pþ
q

2π

�Z
d2xqe

ipþ
q

�
z−−ðxq−zÞ2

2zþ

�
−ipq·xqþ izþ

2pþq
m2

×

�
i
zþ

�
ūpγþ½UðxqÞθð−zþÞ þ θðzþÞ�

×

�
γ− −

x̂q − ẑ

zþ
þ m
pþ
q

�
; ð16Þ

for the produced quarks,

FIG. 1. Diagrams which describe the inclusive heavy quark pair
production in the CGC picture in leading order over αs. The
subscript numbers 1, 2 enumerate the heavy quark lines in our
convention. The subscript letter z is the coordinate of the
interaction vertex in the configuration space. The red block
represents the interaction with the target (shockwave).
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vðpq̄; zÞ ¼
1

2

�
pþ
q̄

2π

�Z
d2xq̄e

ipþ
q̄

�
z−−

ðxq̄−zÞ2
2zþ

�
−ipq̄·xq̄þ izþ

2pþ
q̄
m2

×

�
i
zþ

��
γ− −

x̂q̄ − ẑ

zþ
−

m
pþ
q̄

�

× ½U†ðxq̄Þθð−zþÞ þ θðzþÞ�γþvpq̄
ð17Þ

for the produced antiquark, and

εbaμ ðk; zÞ ¼ kþ

2π

Z
d2xge

−ikþ
�
z−−ðxg−zÞ2

2zþ

�
þik·xg

×

�
−i
zþ

��
g⊥μσ þ

xσg − zσ

zþ
nμ2

�
× ½UbaðxgÞθðzþÞ þ δabθð−zþÞ�εσ⊥ðkÞ ð18Þ

for the initial-state gluon, where the vector n2 in (18) is the
unit light-cone vector pointing in the direction of the target
momentum. The notation Uba is used for the components of
the matrix (13) in adjoint representation. The expressions in
square brackets in (16)–(18) merely reflect that correspond-
ing U-matrices should be taken into account only if the
colored parton exists at the moment of interaction with the
shockwave of the target. In the limit U → 1 (no interaction)
the amplitude (15) reduces to a mere perturbative spinor
and gluon polarization vector. In what follows we will work
in the mixed representation, describing the kinematics of
each parton in terms of its light-cone momenta of the
partons together with transverse coordinates in configura-
tion space. Since in the eikonal approximation the inter-
action of any parton with the target is described by
multiplicative factor UðXpÞ in proper representation of
the color group, evaluation of the amplitudes and cross
sections becomes straightforward. For a simple process
shown in (1), the amplitude of the process is described by
the S-matrix element [55,56,60]

S2ðY; xq; xq̄Þ ¼
1

Nc
htrðUðxqÞU†ðxq̄ÞÞiY; ð19Þ

where the notation Y is used for the dipole rapidity. The
dipole scattering amplitude Nðx; r; bÞ can be related to
S2ðY; xq; xq̄Þ as

Nðx; r; bÞ ¼ 1 − S2ðY; xq; xq̄Þ; ð20Þ

where the variable r≡ xq − xq̄ is the transverse size of
the dipole, and b≡ αqxq þ αq̄xq̄ is the transverse position
of the dipole’s center of mass. In complete analogy we
may introduce the multipole scattering S-matrix elements
(correlator of Wilson lines)

S2nðY; x1; ξ1;…; xn; ξnÞ

¼ 1

Nc
htrðUðx1ÞU†ðξ1Þ…UðxnÞU†ðξnÞÞiY; ð21Þ

which characterize the scattering amplitudes of a
2n-particle ensemble of quarks. Each such correlator
represents independent characteristics of the target and
characterizes gluon distributions in the target.

1. Dilute scattering limit

If the saturation effects are not very large, the interaction
of heavy quarks with the target can be described perturba-
tively, making a Taylor expansion of the Wilson line (13),

Uðx⊥Þ ≈ 1þ ig
Z

dx−Aþ
a ðx−; x⊥Þta

þ ðigÞ2
2!

P
Z

dx−1A
þ
a1ðx−1 ; x1⊥Þ

×
Z

dx−2A
þ
a2ðx−2 ; x2⊥Þta1ta2 þ � � � : ð22Þ

The dipole scattering amplitude (20) in this limit may be
expressed as

Nðx; r; bÞ ≈ 1

4Nc
h½γaðxQÞ − γaðxQ̄Þ�2i þOðαsÞ; ð23Þ

where we defined γa as

γaðxÞ ¼ g
Z

dx−Aþ
a ðx−; xÞ ¼ g2

Z
dx−

1

∇2⊥
ρaðx−; xÞ:

ð24Þ

For further evaluation it is convenient to rewrite (24) in the
form

1

Nc
hγaðx1Þγaðx2Þi ¼ −2Nðx; r12; b12Þ þ

Γðx1Þ þ Γðx2Þ
2Nc

;

ð25Þ

where we introduced a shorthand notation ΓðxÞ≡ jγaðxÞj2,
and r12, b12 are the transverse size and impact parameter of
the color dipole. For certain processes which involve
partonic ensembles with net zero color charge, the con-
tributions ∼ΓðxiÞ cancel, so the cross sections eventually
can be represented entirely as a linear superposition of
the dipole amplitudes Nðx; r; bÞ. The multipole scattering
amplitudes (21) in this limit may be rewritten as

S2nðY; x1; x2;…; x2n−1; x2nÞ
≈
X
aijkl

cijklðγaðxiÞ − γaðxjÞÞðγaðxkÞ − γaðxlÞÞ; ð26Þ

where cijkl are some numerical coefficients. Using the
identities (25), it is possible to express (26) as a linear
superposition of the forward color dipole amplitudes.
However, at higher orders in αsðmQÞ there are contributions
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which include multiple products of γðxkÞ, and which cannot
be reduced to a mere superposition of dipole amplitudes,
demonstrating independence of the multipole contributions
in a general case.

B. Inclusive photoproduction of meson pairs

The inclusive heavy quarkonia pair production in general
may proceed via a number of different mechanisms, and for
this reason presents a sophisticated problem. In what
follows we will focus on the production of charmonia-
bottomonia pairs with opposite C parity, in order to have
vacuum quantum numbers in the t-channel. In the leading
order of the perturbation theory at the amplitude level this
process is described by a set of diagrams shown in Fig. 2.
For comparison, the production of quarkonia pairs in a
general case requires inclusion of additional Feynman
diagrams shown in Fig. 3, or emission of additional hard
gluons, leading to significantly more complicated expres-
sions for the cross sections.

The evaluation of the diagrams shown in Fig. 2 is
straightforward. The diagrams in the left and right rows
might be related to each other by inversion of the quark line
in the upper loop, and for this reason for quarkonia states
with definite C parity give the same (up to a sign)
contributions. According to NRQCD, the quarkonia for-
mation can proceed both from color singlet and color octet
QQ̄ pairs, so the total cross section may be represented as
an incoherent sum

dσ
dΩh

¼ dσð1Þ

dΩh
þ dσð8Þ

dΩh
; ð27Þ

where we introduced a shorthand notation dΩh ¼
dy1djp⊥

1 j2dy2djp⊥
2 j2dϕ for the phase volume, ϕ is the

azimuthal angle between the transverse momenta of the
quarkonia, and dσð1Þ; dσð8Þ stand respectively for the color
singlet and octet contributions. The diagrams 1–4 lead to
formation of Q̄Q pair (partons 3 and 4) in a color octet

FIG. 2. Diagrams which describe the inclusive charmonia-bottomonia pairs production in the CGC picture in the leading order over αs.
The diagrams in the right column differ from diagrams in the left column just by inversion of the quark line in the upper loop (charge
conjugation). The dominant color singlet contribution comes from the diagrams in the last row (diagrams 5 and 6 respectively). The
subscript numbers 1–4 enumerate the heavy quark lines in our convention. The subscript letters z1…z3 stand for the coordinates of the
interaction vertices in the configuration space. The red block represents the interaction with the target (shockwave).
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state, whereas the remaining two diagrams lead to for-
mation of both color singlet and color octet pairs. The
evaluation of the color octet contribution, shown in dia-
grams 1–4 in the upper two rows may be interpreted as a
production of the first quarkonium M1 via γ� → M1g
subprocess, with subsequent fragmentation of the emitted
hard gluon into the second quarkonium M2. Indeed, we
may observe that the gluon connecting quark lines of
different heavy flavors is perturbative, and there is no
instantaneous contributions to its propagator. For this
reason, the contribution of diagrams 1–4 to the cross
section may be rewritten as

dσð8Þ

dΩh
¼
Z

dz
z
Dg→M2

ðzÞdσγ�→M1gðp1M;pg ¼ p2M=zÞ
dΩh

ð28Þ

where Dg→M2
ðzÞ is the fragmentation function of the gluon

to the second quarkonium M2 [69,70], and z is the fraction
of the gluon momentum carried by the second quarkonium.
In the leading order over αsðmQÞ, the fragmentation
function is given by

Dg→M2
ðzÞ≈ αs

m3
c

π

24

D
OM2ð3S½8�1 Þ

E
δðz−1Þ

�
1þO

�
ΛQCD

mQ

��
;

ð29Þ

where hOM2ð3S½8�1 Þi is the corresponding color octet matrix
element for the quarkonium M2; however, at higher orders
in αsðmQÞ, due to emission of soft gluons, the function
Dg→M2

acquires nonzero finite width, and its peak shifts
towards smaller z < 1 [70]. The evaluation of the cross-
section dσγ�→M1g may be found in [71] and largely repeats
similar evaluation of the γ� → Q̄Qg subprocesses from
[66,72]. The final result of this evaluation reads as [66,72]

dσγ�→M1gðp1M; pgÞ
dΩ�

h
¼
X4
i;j¼1

dσ̂λi;j
dΩ�

h
ð30Þ

dσ̂λi;j
dΩ�

h

¼ 1

ðqþÞ2
1

ð2πÞ4
1

8ð1− xgÞ

×
Z

dΠiðp;pg; r;b; zÞdΠ†
jðp;pg; r0;b012; z0Þ

×Ξ½c�
i;j

�
b12 þ

r12
2
;b12 −

r12
2
; z;b012 −

r012
2
;b012 þ

r012
2
; z0; Y

�
× Γλ

i;jðp;pg;Q; r12;b12; z; r012;b
0
12; z

0Þ; ð31Þ

where b12 ¼ ðx1 þ x2Þ=2 is the impact parameter of the
quarkonium M1, r ¼ x1 − x2 is the transverse distance
between the quarks in the quarkonium, “primed” variables
b0; z0; r0 correspond to similarly defined variables in the
conjugate amplitude, and the corresponding differential
measure of integration dΠið…Þ is defined as

dΠiðp; pg; r; b; zÞ ¼ d2re−ip1·bd2b

8>><
>>:

d2ze−ipg·z if i ¼ 1; 3;

e−ipg·ðbþr
2
Þ if i ¼ 2;

e−ipg·ðb−r
2
Þ if i ¼ 4:

ð32Þ

The explicit expressions for the matrices Ξ½c�
i;j and Γλ

i;j

may be found in [71] and will be omitted here for brevity.
According to modern estimates [9,12,69,73–75], the color
octet matrix elements OMð3S½8�1 Þ are very small and con-
stitute ≲10−2 of the color singlet matrix elements. For this

FIG. 3. Additional diagrams which in general should be taken into account for inclusive quarkonia pair production in the CGC picture
in the leading order over αs do not contribute to charmonia-bottomonia pairs. The subscript numbers 1–4 enumerate the heavy quark
lines in our convention. The subscript letters z1…z3 stand for the coordinates of the interaction vertices in the configuration space. The
red block represents the interaction with the target (shockwave).
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reason, a gluon fragmentation mechanism constitutes just a
few percent correction and may be disregarded in the first
approximation, especially in the kinematics of small trans-
verse moments p⊥ which we study in this paper.
In what follows we will focus on the contribution of the

last two diagrams 5 and 6 in Fig. 2 which represent
the dominant color singlet contributions. In evaluations
we may use the fact that the final-state quarks are nearly on-
shell, and in the eikonal picture the free quark propagator

becomes diagonal in transverse coordinates in configura-
tion space, namely

S0ðx − yÞ ≈
Z

dkþd2k⊥
ð2πÞ3

γþ

2kþ
e−ik·ðx−yÞ ∼ δðx⊥ − y⊥Þ ð33Þ

(see details in [76]). The corresponding cross section in this
limit may be rewritten as a convolution of wave functions
and target-dependent multipole contributions, namely:

dσ
dΩh

¼
Z �Y4

i¼1

d2xi

��Y4
i¼1

d2x0i

�
N ðx1; x2; x3; x4; x21; x02; x03; x04Þ

×Ψ†h1h2
M1

Ψ†h3h4
M2

ψ ðγÞh1h2h3h4
Q̄QQ̄Q ðx1; x2; x3; x4;qÞeiðp⊥1 ·b̃12þp⊥

2
·b̃34Þ

× ðΨ†h1h2
M1

Ψ†h3h4
M2

ψ ðγÞh1h2h3h4
Q̄QQ̄Q ðx01; x02; x03; x04; qÞeiðp

⊥
1
·b̃012þp⊥

2
·b̃034ÞÞ�; ð34Þ

where hi and hi are the helicities of heavy quarks in the
amplitude and its conjugate (summation is implied), b̃ij ¼
bij − rij=2 ≈ bij is the impact parameter of the dipole made

of partons i, and j [77–79] ψ ðγÞh1h2h3h4
Q̄QQ̄Q ðx1; x2; x3; x4; qÞ is

the wave function which describes the 4-quark Q̄QQ̄Q
Fock state inside the quasireal photon (see details in

Appendix A). We also use a shorthand notation Ψhihj
M for

the conventional NRQCD projectors (in helicity basis)
multiplied by the appropriate long distance matrix elements
of the corresponding meson M. In the heavy quark mass
limit the largest LDMEs are associated with the 3S1; 1S0,
and 1P0 states, for which the corresponding projectors are
given by [5,6,8,80]

Ψ†h1h2 ½1S0� ¼ −
1

4Nc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hOM½1S0�i

mQ

s �
γ5

�
P̂M

2
þmQ

�	
h1h2

;

ð35Þ

Ψ†h1h2 ½3S1� ¼ −
1

4Nc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hOM½1S0�i

mQ

s �
ε̂ðSzÞ

�
P̂M

2
þmQ

�	
h1h2

;

ð36Þ
where PM is the 4-momentum of the corresponding
quarkonium, mQ are the quarkonia masses, and hOMi
are the corresponding long-distance matrix elements. We
also introduced a shorthand notation,

N ðx1; x2; x3; x4; x01; x02; x03; x04Þ ¼ htrc½taUðx1ÞU†ðx2Þ�trc½taUðx3ÞU†ðx4Þ�trc½tbUðx01ÞU†ðx02Þ�trc½tbUðx03ÞU†ðx04Þ�i

¼ 1

4


�
trc½Uðx1ÞU†ðx2ÞUðx3ÞU†ðx4Þ� −

1

Nc
trc½Uðx1ÞU†ðx2Þ�trc½Uðx3ÞU†ðx4Þ�

�

×

�
trc½Uðx01ÞU†ðx02ÞUðx03ÞU†ðx04Þ� −

1

Nc
trc½Uðx01ÞU†ðx02Þ�trc½Uðx03ÞU†ðx04Þ�

��

¼ 1

4
htrc½Uðx1ÞU†ðx2ÞUðx3ÞU†ðx4Þ�trc½Uðx01ÞU†ðx02ÞUðx03ÞU†ðx04Þ�i

−
1

4Nc
htrc½Uðx1ÞU†ðx2ÞUðx3ÞU†ðx4Þ�trc½Uðx01ÞU†ðx02Þ�trc½Uðx03ÞU†ðx04Þ�i

−
1

4Nc
htrc½Uðx1ÞU†ðx2Þ�trc½Uðx3ÞU†ðx4Þ�trc½Uðx01ÞU†ðx02ÞUðx03ÞU†ðx04Þ�i

þ
�

1

2Nc

�
2

htrc½Uðx1ÞU†ðx2Þ�trc½Uðx3ÞU†ðx4Þ�trc½Uðx01ÞU†ðx02Þ�trc½Uðx03ÞU†ðx04Þ�i;

ð37Þ

for the density matrix which describes interaction of the 4-quark ensemble with the target, with subsequent formation
of two color singlet dipoles. The angular brackets h…i denote averaging over the color sources, as defined in (14).
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As we demonstrate in Appendix B, after convolution with color generators and color averaging, it is possible to
rewrite (37) as

N ðx1; x2; x3; x4; x01; x02; x03; x04Þ ¼
N2

c

4
h½S4ðx1; x2; x3; x4Þ − S2ðx1; x2ÞS2ðx3; x4Þ�

× ½S4ðx01; x02; x03; x04Þ − S2ðx01; x02ÞS2ðx03; x04Þ�i: ð38Þ

which includes only dipole and quadrupole correlators. In
the usual large-Nc limit the averaging may be applied
separately to different terms in the product in (38), so
eventually the cross section probes the quadrupole
and dipole forward scattering amplitudes. We need to
mention that the combination of quadrupole and dipoles,
S4ðx1; x2; x3; x4Þ − S2ðx1; x2ÞS2ðx3; x4Þ, which appears bi-
linearly in (38), also controls the dominant color singlet
contribution in inclusive hadroproduction of single quar-
konia [81]. In the latter channel the pT dependence is pre-
dominanlty sensitive to the combination x1 þ x2 − x3 − x4
(difference of impact parameters of the produced quarkonia
in the amplitude and its conjugate), whereas dependence on
other combinations of transverse coordinates is integrated
out in the heavy quark mass limit.1 The double quarkonia
production cross section (38) includes convolution with
completely different dependence on coordinates, and for
this reason provides an independent observable for study of
the quadrupole contributions. In the special limit when the
distance between any quark-antiquark pair vanishes, the
quadrupole amplitude reduces to a dipole amplitude, and for
this reason (38) cancels exactly. Due to this, the integral (34)
remains finite despite of possible singular behavior of the

wave function ψ ðγÞ
Q̄QQ̄Q in this limit.

While the differential cross section (34) contains exhaus-
tive information about the multipole elements of the target,
due to smallness of the cross sections, experimentally it may
be interesting to study the p⊥-integrated cross section, for
which analytic integration over

R
d2p⊥1 and

R
d2p⊥2 yields

dσ
dy1dy2

¼ 4ð2πÞ3
Z

d2ξd2η
�Y4

i¼1

d2xi

�

×N ðx1; x2; x3; x4; ξ; x1 þ x2 − ξ; η; x3 þ x4 − ηÞ
× ½Ψ†h1h2

M1
Ψ†h3h4

M2
ψ ðγÞh1h2h3h4
Q̄QQ̄Q ðx1; x2; x3; x4; qÞ�

× ðΨ†h1h2
M1

Ψ†h3h4
M2

ψ ðγÞh1h2h3h4
Q̄QQ̄Q

× ðξ; x1 þ x2 − ξ; η; x3 þ x4 − η; qÞÞ�: ð39Þ

Finally, we would like to discuss briefly the evaluation of
the diagrams shown in Fig. 3, which can contribute in the
general case of quarkonia pair production. The evaluation
largely follows the same procedure, however the interaction
of the shock wave with heavy quarks at early stages
(diagrams in the left and middle columns of Fig. 3) does
not allow one to rewrite the cross section as a convolution

of ψ ðγÞ
Q̄QQ̄Q with a universal target-dependent structure even

in eikonal approximation: due to the peculiar structure of
the shockwave interaction with partons (16)–(18), there are
no contributions with instantaneous virtual quarks and
gluons which were taken into account in the evaluation

of ψ ðγÞ
Q̄QQ̄Q. Since in the final state we register only the color

singlet heavy quarkonia (≈ take traces over the color
indices of heavy quark lines, independently in the ampli-
tude and its conjugate), the interaction with the target
eventually can be expressed in terms of the dipole and
quadrupole amplitudes (no sextupole and octupole contri-
butions); however, the structure of such expressions will be
different for the diagrams in each column of Fig. 3. A
systematic evaluation for that case requires a dedicated
study and will be presented elsewhere.

III. PHENOMENOLOGICAL ESTIMATES

A. Parametrization of the dipole
and quadrupole amplitudes

The numerical estimates depend crucially on the choice
of the parametrization of the dipole and quadrupole
amplitudes. For the dipole amplitude N, we will use the
phenomenological impact parameter b-dependent “bCGC”
parametrization [78,82] which has correct asymptotic
behavior in the small- and large-size dipole limits, and
has been fitted to reproduce various phenomenological data
with reasonable precision.
The quadrupole amplitude in general is an independent

nonperturbative object, not related to a dipole amplitude.
However, as was discussed in [83–85], in the limit of large
number of colors Nc ≫ 1, it is possible to relate various
multipole and multitrace matrix elements, and essentially
express them all in terms of the dipole amplitude N. For
heavy charmonia inQCD, the use of the large-Nc limit iswell
justified, since the discarded ∼Oð1=NcÞ corrections para-
metrically are on par with strong coupling αsðmcÞ ∼ 1=3.
The derivation of these identities is cumbersome andmay be
found in the above-mentioned references [83,84].

1In our qualitative discussion of single quarkonia produc-
tion we disregard additional phase factors ∼e�ip·rij which
take into account transverse boosts of the quarkonium wave
function [77–79]. For quarkonia the typical dipole size rij is
controlled by the heavy quark mass and becomes negligible in the
heavy quark mass limit.
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The possibility to express the amplitude in terms of the
color singlet dipoles may be also understood from the area
enhancement argument introduced in [86–88]: The inter-
action of the color singlet multipole (e.g., quadrupole) with
the target grows as a function of its size due to color
transparency; for this reason we expect that in the phase
space integration, the dominant contribution should come
from the configurations with well-separated partons in the
transverse space. On the other hand, color group averaging
suppresses correlators in which the distance between
partons exceeding the color correlation length set by the
saturation scale, namely jxi − xjj≳Q−1

s . However, this
suppression does not work for configurations in which
all partons are grouped into small-size color singlet pairs,
separated by large distances between pairs.2 After the
integration over phase space, it becomes clear that such
multipair configurations are enhanced compared to true or
“genuine” multipoles (quadrupoles). The enhancement
factor is given by ∼ðS⊥Q2

sÞn−1, where S⊥ is the transverse
area of the target, and n≳ 1 is the number of color singlet
pairs. According to modern phenomenological parametri-
zations, the typical values of saturation scale Qs in the
kinematics of interest are of order 1 GeV ∼ ð0.2 fmÞ−1; for
this reason the enhancement factor ðS⊥Q2

sÞ might be
numerically large even for the proton. For this reason,
any multipoint correlator may be approximated as a sum of
pairwise products [86–88]

hU†ðy1Þa1b1Uðy2Þa2b2…U†ðy2n−1Þa2n−1b2n−1Uðy2nÞa2nb2ni
≈
X

σ ∈ΠðχÞ

Y
fα;βg∈ σ

hU†ðyαÞaαbαUðyβÞaβbβi; ð40Þ

where χ ¼ f1; 2;…; 2ng and ΠðχÞ is the set of partitions of
χ with disjoint pairs. The result (40) significantly simplifies
evaluation of the diagrams with multipole contributions and
allows one to apply Wick’s theorem in order to introduce
the glasma graph approach.
As was suggested in [83,84], the result (40) for the

quadrupoles might be replaced with a more accurate
expression which takes into account the effects of
Jalilian-Marian, Iancu, McLerran, Weigert, Leonidov,
and Kovner evolution, as well as has more accurate
behavior in a few physically important limits. Explicitly,
the amplitude S4 is given by

S4 ≡



1

Nc
trc½Uðx1ÞU†ðx2ÞUðx3ÞU†ðx4Þ�

�

≈
ΓYðx1; x2Þ þ ΓYðx3; x4Þ − ΓYðx1; x3Þ − ΓYðx2; x4Þ
ΓYðx1; x2Þ þ ΓYðx3; x4Þ − ΓYðx1; x4Þ − ΓYðx2; x3Þ
× S2ðx1; x2ÞS2ðx3; x4Þ

þ ΓYðx1; x4Þ þ ΓYðx2; x3Þ − ΓYðx1; x3Þ − ΓYðx2; x4Þ
ΓYðx1; x4Þ þ ΓYðx2; x3Þ − ΓYðx1; x2Þ − ΓYðx3; x4Þ

× S2ðx1; x4ÞS2ðx2; x3Þ ð41Þ

where the function ΓYðxi; xjÞ is defined as

ΓYðxi; xjÞ ¼ − ln ðS2ðxi; xjÞÞ ¼ − ln ð1 − Nðx; rij; bijÞÞ:
ð42Þ

The expression (41) includes denominators vanishing at the
hypersurface

ΓYðx1; x2Þ þ ΓYðx3; x4Þ ¼ ΓYðx1; x4Þ þ ΓYðx2; x3Þ; ð43Þ

however, the function S̄4 remains finite when approaching
this hypersurface, with limiting value given by

S4jð43Þ ≈ S2ðx1; x2ÞS2ðx3; x4Þ

×
�
1þ ln

�
S2ðx1; x2ÞS2ðx3; x4Þ
S2ðx1; x3ÞS2ðx2; x4Þ

��
: ð44Þ

The combination S4ðx1;x2;x3;x4Þ− S2ðx1;x2ÞS2ðx3;x4Þ
which appears in (38) may be rewritten as

S4ðx1; x2; x3; x4Þ − S2ðx1; x2ÞS2ðx3; x4Þ

≈
ΓYðx1; x4Þ þ ΓYðx2; x3Þ − ΓYðx1; x3Þ − ΓYðx2; x4Þ
ΓYðx1; x4Þ þ ΓYðx2; x3Þ − ΓYðx1; x2Þ − ΓYðx3; x4Þ
× ½S2ðx1; x2ÞS2ðx3; x4Þ þ S2ðx1; x4ÞS2ðx2; x3Þ�: ð45Þ

In the dilute limit, the expression for S4 simplifies as [83,84]

S4 ≡



1

Nc
trc½Uðx1ÞU†ðx2ÞUðx3ÞU†ðx4Þ�

�
≈ 1 − Nðx; r12; b12Þ − Nðx; r34; b34Þ − Nðx; r23; b23Þ

− Nðx; r14; b14Þ þ Nðx; r13; b13Þ þ Nðx; r24; b24Þ:
ð46Þ

Substituting this result into the amplitude (37), it is possible
to show that the nonzero contributions show up only when
we take into account the nonlinear ∼OðN2Þ terms in
expansion and reads as

2Formally in our expansion we should take into account all
groups of matrices which include color singlet irreducible
representation in expansion of direct product, for example color
triplets hUðx1ÞUðx2ÞUðx3Þi for Nc ¼ 3. However, from the area
enhancement argument it is clear that the dominant contribution
comes from the configurations with maximal number of disjoint
blocks, which corresponds to pairwise products U†ðx1ÞUðx2Þ.
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N ðx1; x2; x3; x4; x01; x02; x03; x04Þ

≈
N2

c

4
½Nðx; r13; b13Þ þ Nðx; r24; b24Þ − Nðx; r23; b23Þ

− Nðx; r14; b14Þ�½Nðx; r013; b013Þ þ Nðx; r024; b024Þ
− Nðx; r023; b023Þ − Nðx; r014; b014Þ�: ð47Þ
The expressions in the second and the third lines of (47)

may be rewritten using identity

Nðx; r13; b13Þ þ Nðx; r24; b24Þ
− Nðx; r23; b23Þ − Nðx; r14; b14Þ

≈ ½Nðx; r13; b13Þ − Nðx; r23; b23Þ�
− ½Nðx; r14; b14Þ − Nðx; r24; b24Þ� ð48Þ

which clearly shows that (47) vanishes when any of the
dipole sizes r12; r34; r012; r

0
34 goes to zero. Indeed, as was

discussed in the previous section, in this limit the quadru-
pole amplitude reduces to a dipole amplitude and exactly
cancels in (38). In the small-r domain it is expected that the
dipole amplitude N should have an asymptotic behavior

Nðx; r; bÞ ≈ ðQ2
sðx; bÞr2Þγ; ð49Þ

where Qs is the saturation scale, and γ ≲ 1 is some
numerical coefficient. For γ ≈ 1 (e.g., “GBW” and
“bSat” parametrizaitons [89]) it is possible to simplify
drastically (47) and rewrite it as

N ðγ¼1Þðx1; x2; x3; x4; x01; x02; x03; x04Þ

≈
N2

cQ4
sðxÞ
2

ðr12 · r34Þðr012 · r034Þ; ð50Þ

which demonstrates the dependence of the scattering
amplitude N on sizes of individual dipoles in a heavy
quark mass limit. For γ ≠ 1 a simple form (50) is not valid.
However the antisymmetry of (47) with respect to permu-
tations r1 ↔ r2; r3 ↔ r4 indicates that the amplitude (47)
should have a pronounced sensitivity to a relative orienta-
tion of vectors ðr12; r34Þ and ðr012; r034Þ.

B. Numerical estimates for fully differential
cross sections

For the sake of definiteness, we will focus on the
production of the J=ψ þ ηb and ϒð1SÞ þ ηc production,
which are expected to have the largest cross section among
all of the charmonia-bottomonia pairs. We disregard the
color octet channels in view of the smallness of the color
octet LDMEs. For the dominant color singlet LDMEs we
will use the values [9,74,75]D

OJ=ψ
�
3S½1�1

�E
≈ 3hOηcð1S½1�0 Þi ≈ 1.16 GeV3; ð51Þ

D
Oϒð1SÞ

�
3S½1�1

�E
≈ 3hOηbð1S½1�0 Þi ≈ 8.39 GeV3; ð52Þ

where the LDMEs of pseudoscalar mesons are fixed using
the relations valid in the heavy quark mass limit [3].
As expected from potential models [90–93], these
LDMEs approximately scale with a heavy quark mass
as ∼ðαsðmQÞmQÞ3.
In Fig. 4 we illustrate the transverse momentum depend-

ence of the cross section for different quarkonia states.
Following the tradition, for the ultraperipheral pA collisions
at the LHC, the cross sections in what follows are given on a
per nucleon basis (divided by atomic mass number A
respectively). A significant increase of the per-nucleon cross
section in pA collisions at the LHC can be explained by the
factor ∼Z2 in the photon flux, where Z is the atomic number
of the projectile nucleus. The significant difference of J=ψηb
andϒð1SÞηc cross sectionsmight be understood in the dilute
limit: in this case the pseudoscalar quarkonium can originate
only from the secondary (lower) quark loop in Fig. 2. The
virtuality of thegluonwhich connects the two loops is largely
controlled by themass of this pseudoscalar quarkonium, thus
yielding a relative suppression factor

dσγp→J=ψηb

dσγp→ϒð1SÞηc
∼
�
Mηc

Mηb

�
4

∼ 10−2: ð53Þ

In Fig. 5we study the dependence of the cross sections on the
azimuthal angle ϕ between the transverse momenta of the
two quarkonia states. In order to make meaningful compari-
son of the cross sections, which differ by orders of magni-
tude, we plotted the normalized ratio of the cross sections,

RðϕÞ ¼ dσð…;ϕÞ=dΩh

dσð…;ϕmaxÞ=dΩh
; ð54Þ

where ϕmax is the angle which maximizes the numerators
of (54). Since the quarkonia (dipole) sizes are small in the
heavy quark mass limit, the dependence on transverse
momenta in the small-pT kinematics is largely sensitive to
the dependence on the (Fourier conjugate) impact parameters
b12 ¼ ðx1þ x2Þ=2 and b34 ¼ ðx3þ x4Þ=2 in the implemented
quadrupole amplitude. For the parametrization (41), the
dependence on angle φ between the centers of mass of the
dipoles, b12 and b34, is largely controlled by prefactor

∼ΓYðx1;x4ÞþΓYðx2;x3Þ−ΓYðx1;x3Þ−ΓYðx2;x4Þ

≈ΓY

�
b12−b34þ

r12þ r34
2

�
þΓY

�
b12−b34−

r12þ r34
2

�

−ΓY

�
b12−b34þ

r12− r34
2

�
−ΓY

�
b12−b34−

r12− r34
2

�
;

ð55Þ
where we introduced variables rij ¼ xi − xj for the distance
between pairs of the heavy quarks. In the heavy quark mass
limit, the dominant contribution comes from the region
r12; r34 ≪ b12; b34. For the angle φ ≈ 0 (collinearly directed
impact parameters), the factor (55) is suppressed at b12 ≈ b34:
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physically this corresponds to a tiny quadrupole passing at
some distance from the nucleus. The cross section increases
homogeneously as a function of ϕ, which merely reflects
growth of the quadrupole moment of the four-quark ensem-
ble. The predicted pronounced ϕ dependence suggests that
predominantly the production occurs in the back-to-back
kinematics, akin to exclusive photoproduction of the same
pairs [37]. In order to demonstrate that the expected ϕ
dependence is due to the implemented parametrization of
the quadrupole amplitude, in the second row of Fig. 5 we
compare predictions obtained with the parametrization (41)
and a trivial parametrization

S4ðx1; x2; x3; x4Þ ¼ 1; ð56Þ
which corresponds to a free noninteracting quadrupole. For
the latter parametrization, integration of the quadrupole terms
in (34) yields δ functions ∼δðp⊥1 Þ; δðp⊥2 Þ, so for nonzero
momenta p⊥1 ; p⊥2 the quadrupole contribution effectively

drops out. As we can see from the last row in Fig. 5, the ϕ
dependence in this case is negligibly small: it exists due to a
mild dependence on orientation of the two dipoles r12, r34 in

the wave function ψ ðγÞ
Q̄QQ̄Q. This finding corroborates that the

predicted ϕ dependence is due to the chosen parametrization
of the quadrupole amplitude.
In order to understand how the quadrupoles affect the

magnitude of the cross section, in Fig. 6 we plotted the ratio

RðϕÞ ¼ dσð41Þ=dΩh

dσð56Þ=dΩh
; ð57Þ

in which the numerator and denominator were found using
parametrizations (41) and (56), respectively. Since the
parametrization (56) does not include quadrupole interac-
tion with the target, the deviations of the ratio (57) from
unity can be used to assess the relative importance of the
quadrupole scattering implemented in parametrization (41).

FIG. 4. The cross sections of inclusive production of different quarkonia pairs with opposite C parities. For the sake of definiteness we
considered that both quarkonia are produced with the same absolute value of the transverse momenta p⊥

1 ¼ p⊥
2 ¼ pT . Upper and lower

rows correspond to kinematics of ultraperipheral collisions and the Electron-Ion Collider, respectively. The left column corresponds to
cross sections of the photon-proton subprocess, the right column includes predictions for the cross section of the full process. For
ultraperipheral kinematics at the LHC we consider collisions of protons with lead (20882 Pb) ions, and the cross sections are given per
nucleon. For the EIC we considered the electron-proton collisions only; for heavy nuclei these results should be understood as cross
sections per nucleon. For the sake of definiteness we considered production at central rapidities (y1 ¼ y2 ¼ 0) in the lab frame. The
shape of the pT dependence has a very mild dependence on rapidity and azimuthal angle ϕ between the produced quarkonia.
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From Fig. 6 we may conclude that in parametrization (41)
the quadrupole scattering gives the dominant contribution.
Finally, in the Figs. 7 and 8 we show the dependence on

quarkonia rapidities in the LHC and EIC kinematics. The

growth of the cross section as a function of average rapidity
Y ¼ ðy1 þ y2Þ=2 merely repeats the rapidity dependence
(growth) of the dipole scattering amplitude, which contrib-
utes directly and indirectly via parametrization of the
quadrupole amplitude. In the second row of Figs. 7 and 8
we show the dependence of the cross section on the rapidity
differenceΔy between the two heavymesons. For simplicity
we made plots for the quarkonia having opposite rapidities
in the lab frame, y1 ¼ −y2 ¼ Δy=2. The configurationswith
large rapidity difference correspond to highly asymmetric
sharing of the photon momentum between the quarks, for

which the wave function ψ ðγÞ
Q̄QQ̄Q is strongly suppressed. For

this reason, the quarkonia are predominantly produced with
close rapidities. Since the variable Δy may be related to the
invariantmass of the heavy quarkonia pairs (9), this behavior
implies suppression of the cross section for large invariant
masses of charmonia-bottomonia pairs.

C. Numerical estimates for integrated cross sections

Up to now we considered the fully differential cross
sections, which present ideal probes for theoretical studies.

FIG. 5. Upper row: dependence of the normalized ratio RðϕÞ, defined in (54), on the angle ϕ (azimuthal angle between transverse
momenta of quarkonia). Left plot corresponds to the kinematics of ultraperipheral collisions at the LHC; right plot is for the kinematics
of the Electron-Ion Collider. The cross section has almost the same angular dependence for all rapidities and transverse momenta pT (see
the text for more detailed explanation). Lower row: comparison of angular dependence found with parametrization (41) (curve with label
“Iancu et al.”) and a trivial parametrization (56).

FIG. 6. The ratio of the cross sections (57) found with different
parametrizations of the quadrupole amplitude. The deviation of
this ratio from unity demonstrates the dominance of the quadru-
pole contribution in the parametrization (41).
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However, experimentally, it can be challenging to access
them directly because of insufficient statistics, and for this
reason in this section we will provide predictions for the
yields integrated over some or all kinematic variables. A
comparison of theoretical predictions and experimental
data for such observables requires due care, since integra-
tion over kinematic variables commingles contributions
from different domains, and potentially can include con-
tributions from the regions where the theoretical approach
might be not valid. The CGC framework is well justified in
the small-xB region,

xB ≈
M2

12

W2
≲ 10−2; ð58Þ

though sometimes CGC might give a reasonable descrip-
tion up to much higher values of xB ∼ 0.1. In order to avoid
an additional uncertainty due to extrapolations, we will
focus on the small-xB domain and assume that the cross
section vanishes if the constraint (58) is not satisfied. In
LHC kinematics the constraint (58) is fulfilled practically

for all rapidities and almost does not affect the integrated
observables. However, for EIC kinematics the constraint
(58) limits the possible range of rapidities y1, y2 of the
produced quarkonia and suppresses the expected yields by
up to an order of magnitude. The total (“fiducial”) cross
sections in the EIC and LHC kinematics are given in
Table I. A significant enhancement of the per nucleon cross
section in pA collisions compared to pp can be explained
by the factor ∼Z2 in the photon flux, where Z is the atomic
number of the projectile nucleus. In the same table we also
provide predictions for the total number of quarkonia pair
photoproduction events and the production rate

Ntot ¼ σtot × Lint;
dNtot

dt
¼ σtot × L; ð59Þ

using the values of the instantaneous luminosity L and
integrated luminosity Lint ¼

R
dtL from [40,41,94]. The

expected number of events in ep collisions at EIC and in
pA collisions at LHC are comparable, despite a significant
difference of the cross sections, because the luminosity at
the EIC will exceed by several orders of magnitude the

FIG. 7. Rapidity dependence of the cross section in the kinematics of the ultraperipheral collisions at the LHC. Plots in the upper row
correspond to a configuration with equal rapidities of the produced quarkonia, y1 ¼ y2, whereas the lower row corresponds to rapidities
which differ by a sign in lab frame, y1 ¼ −y2. In both rows the left plot corresponds to the cross section of the photoproduction
subprocess, and the right column shows predictions for the cross section of the full process pA → AþM1M2X, assuming proton-lead
collisions, as defined in (2).
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FIG. 8. Rapidity dependence of the cross section in the kinematics of the future Electron-Ion Collider. The left column corresponds to
the cross section of the photoproduction subprocess, and the right column shows predictions for the cross section of the full
electroproduction process eA → eAM1M2X. Due to the heavy mass of the final state, the CGC approach is not applicable for y≲ −1,
and for y≳ 1 the flux of the equivalent photons is suppressed due to leptonic factor (energy of the emitted virtual photon approaches
from below the energy of the electron).

TABLE I. The total (fiducial) cross section for several channels and estimates for the produced/collected number of events at the EIC
and LHC. σtot is the total (fiducial) cross sections [with constraint (58) imposed during phase space integration]; Ntot and dNtot=dt are
the total number of produced pairs and the production rates, respectively. Nd and dNd=dt are the expected total number of the collected
events and counting rates defined in (60). The values of instantaneous luminosity L and integrated luminosity Lint ¼

R
dtLint are taken

from [40,41,94]. For pA collisions the cross sections and luminosities are given per nucleon pair, for proton-lead (20882 Pb) collisions.

Process
ffiffiffi
s

p
L, cm−2 s−1 Lint σtot Ntot dNtot=dt Nd dNd=dt

ep collisions at EIC
ep → eϒηcX 141 GeV 1034 100 fb−1 3 pb 3 × 105 2.6 × 103=day 198 1.69=day
ep → eJ=ψηbX 9.9 fb 990 8.5=day � � � � � �

Ultraperipheral pp collisions at LHC
pp → pϒηcX 14 TeV 1034 100 fb−1 0.13 nb 1.3 × 107 1.1 × 105=day 8.5 × 103 73=day
pp → pJ=ψηbX 0.17 pb 1.7 × 104 1.6 × 102=day � � � � � �

Ultraperipheral pA collisions at LHC
ep → eϒηcX 5.02 TeV 1030 100 pb−1 2.1 nb 2.1 × 105 1.8 × 102=day 1.3 × 102 0.12=day

8.16 TeV 3.7 nb 3.7 × 105 3.2 × 102=day 2.4 × 102 0.2=day

ep → eJ=ψηbX 5.02 TeV 3.6 pb 3.6 × 102 0.3=day � � � � � �
8.16 TeV 4.9 pb 4.9 × 102 0.4=day � � � � � �
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luminosity of pA runs at the LHC and will compensate
smallness of the cross section.
Since quarkonia are detected via decays into light

hadrons, for feasibility analysis it is important to know
the total number of experimentally detected events Nd
and the counting rates dNd=dt in a given decay mode.
Technically, Nd is merely a product of the total number of

produced eventsNtot by the corresponding quarkonia decay
branching fractions,

Nd ¼ Br1 × Br2 × Ntot: ð60Þ

In the last two columns of Table I we provide the values of
dNd=dt andNd forϒηc photoproduction, assuming that the

FIG. 9. Single-differential cross-section dσ=dM12 as a function of invariant massM12 of the produced heavy quarkonia pair. For pA
collisions the cross section is given on a per nucleon basis, for proton-lead (20882 Pb) collisions. In order to have comparable magnitudes in
different channels, the cross section of ep → eJ=ψηbX is multiplied by a common factor 200 in both plots.

FIG. 10. Single-differential cross sections at the EIC (upper row) and in ultraperipheral kinematics at the LHC (lower row). Left
column: rapidity dependence of the cross-section dσ=dy1. Solid line corresponds to the cross section with constraint (58); without it the
cross sections would follow the dashed line. Right plot: transverse momentum dependence of the cross-section dσ=dp2

1. In all plots the
scale on the right-hand side shows the quarkonia pair production rates per unit of time (hour) per unit of rapidity (dy1) or transverse
momentum (dp2

1), assuming the instantaneous luminosities given in Table I. For the pA collisions, the cross sections are given on a per
nucleon basis.
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quarkonia are detected via ϒð1SÞ → μþμ−, ηcð1SÞ →
K0

SK
þπ− decays and using the branching fractions [94,95]

Br1 ¼ Brðϒð1SÞ → μþμ−Þ ¼ 2.48%;

Br2 ¼ Brðηcð1SÞ → K0
SK

þπ−Þ ¼ 2.6%: ð61Þ
We could not make similar estimates for J=ψηb photo-
production because of a lack of experimental data for ηb
branching fractions [94], and their theoretically expected
smallness for many prospective detection channels [96].
In Fig. 9 we show the single-differential cross-sections

dσ=dM12, where M12 is the invariant mass of the
quarkonia pairs. Finally, in Fig. 10 we show the single-
differential cross-sections dσ=dy1 and dσ=dp1 which
characterize distributions of produced vector mesons
(ϒð1SÞ or J=ψ ) over rapidities and transverse momenta,
assuming that we have integrated out all other kinematic
variables. The scale on the right-hand side of each plot in
Fig. 10 shows the estimated production rates in the EIC and
LHC kinematics, for instantaneous luminosities from
Table I. These numbers are sufficiently large, even taking
into account small branchings into final state light hadrons.

IV. CONCLUSIONS

In this manuscript we analyzed in detail the inclusive
photoproduction of heavy charmonia-bottomonia pairs.
We focused on quarkonia pairs with opposite C parities
(ϒηc; J=ψηb), which do not require exchange of quantum
numbers in the t channel, and thus have the largest cross
sections. We found that the cross section is sensitive
to bilinear superposition of dipole and quadrupole contri-
butions, which contribute in the same combination
S4ðx1; x2; x3; x4Þ − S2ðx1; x2Þ ⊗ S2ðx3; x4Þ as in inclusive
single quarkonia production [81]. Due to the possibility
of varying independently the momenta of both quarkonia,
the suggested process can allow one to get a better
understanding of the quadrupole scattering amplitude
S4ðx1; x2; x3; x4Þ. We analyzed the role of the quadrupole
scattering using parametrizations available from the liter-
ature [83,84] and found that numerically it gives the
dominant contribution: its omission decreases the cross
section by a factor 2–10 depending on the kinematics. The
quadrupole term gives a pronounced dependence on the
angle between transverse momenta of the quarkonia, which
is almost negligible in its absence.
Numerically, the cross sections of the suggested proc-

esses are small, but within reach of the ultraperipheral
collision experiments at the LHC and at the future Electron-
Ion Collider. The smallness of the cross section happens due
to the heavy masses of charm and bottom quarks, which
control the sizes of the produced c̄c and b̄b pairs. The
suggested mechanism also contributes to charmonia-
charmonia production, where its contribution is up to two
orders of magnitude larger than for charmonia-bottomonia
pairs. However, as explained in Sec. II B, in that channel

there are additional contributions which have a significantly
more complicated structure and require a separate study.
Potentially, the suggested processesmay also be studied in

electron-ion ðeAÞ collisions at the EIC and heavy ion ðAAÞ
collisions at the LHC in ultraperipheral kinematics, where
additional enhancement by atomic mass number A would
allow one to achieve much higher yields of quarkonia pairs.
Since themodification of the dipole amplitude due to nuclear
effects is understood reasonably well [97,98], such process
could allow one to study the currently unknown quadrupole
scattering amplitude in the heavy nuclei.3
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APPENDIX A: PHOTON WAVE
FUNCTION ψðγÞ

Q̄QQ̄Q

The evaluation of the photon wave function follows
the standard light-cone rules formulated in [19,99]. The
result for the Q̄Q component is well known from the
literature [100,101] and is given by

Ψλ
hh̄
ðz; r12; mq; aÞ ¼ −

2

ð2πÞ
�
ðzδλ;h − ð1 − zÞδλ;−hÞδh;−h̄iϵλ

·∇ −
mqffiffiffi
2

p signðhÞδλ;hδh;h̄
	
K0ðar12Þ;

ðA1Þ
where λ; h; h̄ are the helicities of the incoming photon and
outgoing quark, εμðqÞ is the polarization vector of the
photon, z is the fraction of the photon momentum carried
by the quark, and r12 is the transverse distance between the
quark and antiquark. The wave function of the Q̄QQ̄Q
component can be expressed in terms of the wave function
of the Q̄Q component. In what follows we will focus on
the photoproduction kinematics, assuming the transverse
polarization of the incoming photons. We will use the
reference frame in which the photon momentum has only a
plus component,

q ≈ ðqþ; 0; 0⊥Þ; ðA2Þ

3In case of ultraperipheral pA collisions, this problem does not
occur because in the chosen kinematics the nucleus acts only as a
source of quasireal photons, whereas the 4-quark ensemble
propagates in the gluonic field of the proton.
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so the polarization vector of the incoming photon is
given by

εμTðqÞ≡
�
0;
q⊥ · ϵγ
qþ

; ϵγ

�
≈ ð0; 0; ϵγÞ;

ϵγ ¼
1ffiffiffi
2

p
�

1

�i

�
; γ ¼ �1: ðA3Þ

In leading order over αs the wave function obtains
contributions from the two diagrams shown in Fig. 11.
In what follows we will assume that the produced quark-
antiquark pairs have different flavors, and will use the
notations m1 for the current mass of the quark line
connected to a photon, and m2 for the current masses of
the quark-antiquark pair produced from the virtual gluon.
The evaluation of the diagrams follows the standard rules of
the light-cone perturbation theory [19,99]. The detailed

evaluation of the Q̄QQ̄Q component of the photon wave

function ψ ðγÞ
Q̄QQ̄Q may be found in [36], and here for the sake

of completeness we provide only the final result. This wave
function can be represented as a sum

ψ ðγÞ
Q̄QQ̄Q ¼ ψ ðγ;noninstÞ

Q̄QQ̄Q þ ψ ðγ;instÞ
Q̄QQ̄Q ðA4Þ

where the first and the second terms correspond to con-
tributions of noninstantaneous and instantaneous parts of
propagators of all virtual particles, and for the sake of
brevity we omitted color and helicity indices of heavy
quarks (ci and ai respectively). The noninstantaneous
contribution is given by the sum

ψ ðγ;noninstÞ
Q̄QQ̄Q ðfαi; xigÞ ¼ Aðfαi; xigÞ þ Bðfαi; xigÞ; ðA5Þ

where

Aðfαi; rigÞ ¼ −
2eqαsðμÞðtaÞc1c2 ⊗ ðtaÞc3c4
π3ð1 − α1 − α2Þ2 ffiffiffiffiffiffiffiffiffiffi

α1α2
p

Z
q1dq1k2dk2

ᾱ2q21
α1ð1−α1−α2Þ þ

m2
1
ðα1þα2Þ
α1α2

þ k2
2

α2ᾱ2

ðA6Þ

×
1

k22 þm2
1

ffiffiffiffiffi
α2
α1

r �
ðα2δγ;a2 − ᾱ2δγ;−a2Þðᾱ2δλ;a1 þ α1δλ;−a1Þδa1;−a2

× ðn2;134 · ϵγÞðn1;34 · ϵ�λÞk2J1ðk2jx2 − b134jÞq1J1ðq1jx1 − b34jÞ

þm2
q

2
δλ;−a1δγ;a2δa1;−a2J0ðk2jx2 − b134jÞJ0ðq1jx1 − b34jÞ

ð1 − α1 − α2Þ2
1 − α2

−
imqffiffiffi
2

p signða2Þδγ;a2δa1;a2ðᾱ2δλ;a1 þ α1δλ;−a1Þn1;34 · ϵ�λq1J1ðq1jx1 − b34jÞJ0ðk2jx2 − b134jÞ

−
imqffiffiffi
2

p signða1Þδλ;−a1ðα2δγ;a2 − ᾱ2δγ;−a2Þδa1;a2
ð1 − α1 − α2Þ2

1 − α2

× ðn2;134 · ϵγÞk2J1ðk2jx2 − b134jÞJ0ðq1jx1 − b34jÞ
	

×Ψ−λ
a3;a4

 
α3

α3 þ α4
; r34; m2;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2 þ
α3α4

α3 þ α4

�
ᾱ2q21

α1ð1 − α1 − α2Þ
þm2

1ðα1 þ α2Þ
α1α2

þ k22
α2ᾱ2

	s !
;

Ψλ
hh̄
ðz; r12; mq; aÞ ¼ −

2

ð2πÞ
�
ðzδλ;h − ð1 − zÞδλ;−hÞδh;−h̄iϵλ ·∇ −

mqffiffiffi
2

p signðhÞδλ;hδh;h̄
	
K0ðarÞ; ðA7Þ

FIG. 11. Leading order contribution to the wave function ψ ðγÞ
Q̄QQ̄Q defined in the text. The momenta ki shown in the right-hand side are

Fourier conjugates of the coordinates xi. It is implied that both diagrams should be supplemented by all possible permutations of final
state quarks (see the text for more details).
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and

Bðα1; x1; α2; x2; α3; x3; α4; x4Þ ¼ −Aðα2; x2; α1; x1; α4; x4; α3; x3Þ:
We also introduced a shorthand notation

bj1…jn ¼
αj1xj1 þ � � � þ αjnxjn

αj1 þ � � � þ αjn
ðA8Þ

for the center-of-mass position of the n partons j1;…jn, and

ni;j1…jn ¼
xi − bj1…jn

jxi − bj1…jn j
ðA9Þ

for a unit vector pointing from quark i toward the center of mass of the system of quarks j1…jn. The variables r1 − b34 and
r2 − b34 physically have the meaning of the relative distance between the recoil quark or antiquark and the emitted gluon.
Similarly, the variables r1 − b234 and r2 − b134 might be interpreted as the size of a Q̄Q pair produced right after splitting of
the incident photon. For the instantaneous contributions it is possible to get

ψ ðγ;instÞ
Q̄QQ̄Qðfαi; rigÞ ¼ Agðfαi; rigÞ þ Bgðfαi; rigÞ þ Aqðfαi; rigÞ þ Bqðfαi; rigÞ; ðA10Þ

where the subscript indices q, g in the right-hand side denote the parton propagator which should be taken instantaneous (q
for quark, g for gluon), and

Agðfαi; rigÞ ¼ −
eqαsðmQÞðtaÞc1c2 ⊗ ðtaÞc3c4

π4ð1 − α1 − α2Þ3
Z

q1dq1k2dk2J0ðq1jr1 − b34jÞ

×
1

k22⊥ þm2
1

�
ðα2δγ;a1 − ᾱ2δa1;−γÞδa1;−a2in2;134 · ϵγk2J1ðk2jr2 − b134jÞ

þ mqffiffiffi
2

p signða1Þδγ;a1δa1;a2J0ðk2jr2 − b134jÞ
	
α3α4δa3;−a4K0ða34r34Þ; ðA11Þ

Aqðfαi;rigÞ¼−
eqαsðmqÞðtaÞc1c2 ⊗ ðtaÞc3c4

2π4ð1−α1−α2Þ2ᾱ2
δa1;−a2δγ;−a1

Z
q1dq1k2dk2

J0ðq1jr1−b34jÞJ0ðk2jr2−b134jÞ
D2ðα1;k1;α2;k2Þ

×

�
−ðα3δ−γ;a3 −α4δγ;a3Þδa3;−a4iϵγ ·n34a34K1ða34r34Þ−

mqðα3þα4Þffiffiffi
2

p signða3Þδγ;−a3δa3;a4K0ða34r34Þ
	

ðA12Þ

a34ðq1; k2Þ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2 þ
α3α4

α3 þ α4

�
ᾱ2q21

α1ð1 − α1 − α2Þ
þm2

1ðα1 þ α2Þ
α1α2

þ k22
α2ᾱ2

	s
ðA13Þ

and the functions Bq, Bg can be obtained from Aq, Ag using

Biðα1; x1; α2; x2; α3; x3; α4; x4Þ ¼ −Aiðα2; x2; α1; x1; α4; x4; α3; x3Þ; i ¼ q; g: ðA14Þ

We can observe that in all terms the dependence on color
structure is encoded in a common factor ∼ðtaÞc1c2 ⊗ðtaÞc3c4 , which drastically simplifies evaluations and allows
one to cast the result in the form of a convolution of wave
functions and a dipole amplitude.

APPENDIX B: EVALUATION OF THE
MULTIPOLE CORRELATOR

In this section we evaluate the multipole correlator

Ac1c2c3c4
c0
1
c0
2
c0
3
c0
4
ðx1;y1;…;x4;y4Þ¼


Y4
k¼1

½U†ðxkÞUðykÞ�cac0a
�

ðB1Þ

where ca; c0a are the color indices in fundamental repre-
sentation of the color group, and angular brackets stand for
the color averaging

R
Dμ½Ux�. As explained in the text, this

amplitude appears when we consider production of two
color singlet quarkonia; for color octet channel the matrices
U†; U are separated by additional color generators ta.
Previously, similar correlators have been evaluated exactly
in [87,88] in the context of studies of inclusive 3-quark
production; for the 4-quark production the result was
provided in implicit form (convoluted with hard ampli-
tudes) in the large-Nc limit, when all multipoles are
expressed via dipole amplitudes. For the sake of complete-
ness, below we provide a complete result for the amplitude.
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Since the target is color singlet, it is expected that color
averaging of the right-hand side should eventually include a
sumover all possible color singlet irreducible representations
which appear in direct product of U†U matrices, namely

Ac1c2c3c4
c0
1
c0
2
c0
3
c0
4
ðx1; y1;…; x4; y4Þ

¼
X
p

δc1c0p1
δc2c0p2

δc3c0p3
δc4c0p4

apðx1; yp1
;…; x4; yp4

Þ ðB2Þ

where summation is done over all possible permutations p
of numbers (1,2,3,4), and we use a shorthand notation pk for
the kth element of permutation p. Overall, expression (B2)
includes 4! ¼ 24 unknown functions apð…Þ. In order
to fix them, we may combine (B1), (B2) and multiply both
parts by

δ
c0l1
c1 δ

c0l2
c2 δ

c0l3
c3 δ

c0l4
c4

where l ¼ ðl1;l2;l3;l4Þ is some arbitrary fixed permu-
tation. This yields a system of linear inhomogeneous
equations

Ml;p · ap ¼ Bl ðB3Þ

where

Ml;p ¼ δ
cl1
cp1

δ
cl2
cp2

δ
cl3
cp3

δ
cl4
cp4

; ðB4Þ

Bl ¼

Y4

k¼1

½U†ðxkÞUðykÞ�cac0a
�
δ
c0l1
c1 δ

c0l2
c2 δ

c0l3
c3 δ

c0l4
c4 : ðB5Þ

All the elements of the matrix Ml;p have a very simple
structure and are given just by Nk

c, where 1 ≤ k ≤ 4 is the
number of disjoint cycles in permutation l · p. For example,
if l0 ¼ ð1; 2; 3; 4Þ and p0 ¼ ð2; 1; 4; 3Þ, then the corre-
sponding element is

Ml0;p0 ¼ δc1c2δ
c2
c1δ

c3
c4δ

c4
c3 ¼ N2

c: ðB6Þ

A contraction of δ symbols in the right-hand side of (B5)
allows one to express all elementsBl in terms of color singlet
multitrace operators. For example, for permutations
p0 ¼ ð2; 1; 4; 3Þ, p1 ¼ ð2; 3; 1; 4Þ, and p2 ¼ ð2; 3; 4; 1Þ we
may get respectively

Bp0 ¼ htr½U†ðx1ÞUðy1ÞU†ðx2ÞUðy2Þ�tr½U†ðx3ÞUðy3ÞU†ðx4ÞUðy4Þ�i; ðB7Þ

Bp1 ¼ htr½U†ðx1ÞUðy1ÞU†ðx2ÞUðy2ÞU†ðx3ÞUðy3Þ�tr½U†ðx4ÞUðy4Þ�i; ðB8Þ

Bp2 ¼ htr½U†ðx1ÞUðy1ÞU†ðx2ÞUðy2ÞU†ðx3ÞUðy3ÞU†ðx4ÞUðy4Þ�i; ðB9Þ

which includes in the right-hand side quadrupole, sextupole, and octupole contributions. The solution of nonlinear system
(B3) is straightforward and was done with Mathematica (and FeynCalc package [102,103] for color group algebra). The
result for the constants ap is very lengthy if written in terms of conventional notations S2nðx1Þ; for this reason, for the sake of
brevity we will introduce shorthand notations,

½i� ¼ S2ðxi; yiÞ; ½i; j� ¼ S4ðxi; yi; xj; yjÞ; ½i; j; k� ¼ S6ðxi; yi; xj; yj; xk; ykÞ; ðB10Þ

½i; j; k;l� ¼ S8ðxi; yi; xj; yj; xk; yk; xl; ylÞ; ðB11Þ

where each of the indices i; j; k;lmay take integer values between 1 and 4. In these notations the amplitudeA is written as

Ac1c2c3c4
c0
1
c0
2
c0
3
c0
4
ðx1; y1;…; x4; y4Þ ¼

δc1c0
1
δc2c0

2
δc3c0

3
δc4c0

4

N2
cðN2

c − 7Þ2 − 36
½ð4 − N2

cÞN2
cðh½1�½2�½3; 4� þ ½1�½3�½2; 4�i

þ h½1�½4�½2; 3� þ ½2�½4�½1; 3� þ ½2�½3�½1; 4� þ ½3�½4�½1; 2�iÞ þ ðN2
c þ 6Þh½1; 2�½3; 4� þ ½1; 4�½2; 3� þ ½1; 3�½2; 4�i

þ ð2N2
c − 3Þh½1�½2; 3; 4� þ ½1�½2; 4; 3� þ ½2�½1; 3; 4� þ ½2�½1; 4; 3� þ ½3�½1; 4; 2� þ ½3�½1; 2; 4� þ ½4�½1; 2; 3� þ ½4�½1; 3; 2�i

− 5h½1; 2; 3; 4� þ ½1; 2; 4; 3� þ ½1; 3; 2; 4� þ ½1; 3; 4; 2� þ ½1; 4; 2; 3� þ ½1; 4; 3; 2�i þ ðN4
c − 8N2

c þ 6ÞN2
ch½1�½2�½3�½4�i�

þ
δc1c0

1
δc2c0

2
δc3c0

4
δc4c0

3

N2
cðN2

c − 7Þ2 − 36

�
ð4 − N2

cÞN3
c½1�½2�½3�½4� þ Ncð2N2

c − 3Þh½1�½3�½2; 4� þ ½1�½4�½2; 3� þ ½2�½3�½1; 4� þ ½2�½4�½1; 3�i

þ ð4 − N2
cÞNch½1�½2; 3; 4� þ ½1�½2; 4; 3� þ ½2�½1; 3; 4� þ ½2�½1; 4; 3� þ ½1; 2�½3; 4�i þ ðN4

c − 8N2
c þ 6ÞNch½1�½2�½3; 4�i
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þNcðN2
c þ 6Þh½3�½4�½1;2�i− 5Nch½1;4�½2;3� þ ½1;3�½2;4� þ ½3�½1;2;4� þ ½3�½1;4;2� þ ½4�½1;2;3� þ ½4�½1;3;2�i

þ
�
2Nc −

3

Nc

�
h½1;2;3;4� þ ½1;2;4;3� þ ½1;3;4;2� þ ½1;4;3;2�i þ

�
Nc þ

6

Nc

�
h½1;3;2;4� þ ½1;4;2;3�i

	

þ
δc1c0

1
δc2c0

3
δc3c0

2
δc4c0

4

NcðN2
cðN2

c − 7Þ2 − 36Þ ½ð4−N2
cÞN4

ch½1�½2�½3�½4�i þ ðN4
c − 8N2

c þ 6ÞN2
ch½1�½2;3�½4�i

þ ðN2
c þ 6ÞN2

ch½1;4�½2�½3�i þ ð4−N2
cÞN2

ch½1�½2;4;3� þ ½1�½2;3;4� þ ½1;2;3�½4� þ ½1;3;2�½4� þ ½1;4�½2;3�i
þ ð2N2

c − 3ÞN2
ch½1�½2�½3;4� þ ½1;2�½3�½4� þ ½2;4�½1�½3� þ ½1;3�½2�½4�i

− 5N2
ch½1;2�½3;4� þ ½1;2;4�½3� þ ½1;3;4�½2� þ ½1;4;2�½3� þ ½1;4;3�½2� þ ½1;3�½2;4�i

þ ð2N2
c − 3Þh½1;2;3;4� þ ½1;3;2;4� þ ½1;4;2;3� þ ½1;4;3;2�i þ ðN2

c þ 6Þh½1;2;4;3� þ ½1;3;4;2�i�

þ
δc1c0

1
δc2c0

3
δc3c0

4
δc4c0

2

ðN2
cðN2

c − 7Þ2 − 36Þ ½ð2N
2
c − 3ÞN2

ch½1�½2�½3�½4�i þ ð4−N2
cÞN2

ch½1�½2;4�½3� þ ½1�½2�½3;4� þ ½1�½2;3�½4�i

þ h½1�½2;3;4�iðN4
c − 8N2

c þ 6Þ
þ ð2N2

c − 3Þh½1;2�½3;4� þ ½1;3�½2;4� þ ½1;4�½2;3� þ ½1;2;3�½4� þ ½1�½2;4;3� þ ½1;3;4�½2� þ ½1;4;2�½3�i
− 5N2

ch½1;2�½3�½4� þ ½1;3�½2�½4� þ ½2�½3�½1;4�i þ ð4−N2
cÞh½1;2;3;4� þ ½1;3;4;2� þ ½1;4;2;3�i

þ ðN2
c þ 6Þh½1;2;4�½3� þ ½1;3;2�½4� þ ½1;4;3�½2�i− 5h½1;2;4;3� þ ½1;3;2;4� þ ½1;4;3;2�i�

þ
δc1c0

1
δc2c0

4
δc3c0

2
δc4c0

3

N2
cðN2

c − 7Þ2 − 36
½h½1�½2�½3�½4�ið2N2

c − 3ÞN2
c þ h½2;4;3�½1�iðN4

c − 8N2
c þ 6Þ

þ ð4−N2
cÞN2

ch½1�½2�½3;4� þ ½1�½2;3�½4� þ ½1�½2;4�½3�i þ ð4−N2
cÞh½1;2;4;3� þ ½1;3;2;4� þ ½1;4;3;2�i

þ ð2N2
c − 3Þh½2;3;4�½1� þ ½1;2;4�½3� þ ½1;3�½2;4� þ ½1;4�½2;3� þ ½1;3;2�½4� þ ½1;2�½3;4� þ ½1;4;3�½2�i

þ ðN2
c þ 6Þh½1;2;3�½4� þ ½1;3;4�½2� þ ½1;4;2�½3�i− 5N2

ch½1;2�½3�½4� þ ½1;3�½2�½4� þ ½1;4�½2�½3�i
− 5h½1;2;3;4� þ ½1;3;4;2� þ ½1;4;2;3�i�

þ
δc1c0

1
δc2c0

4
δc3c0

3
δc4c0

2

NcðN2
cðN2

c − 7Þ2 − 36Þ ½h½1�½2�½3�½4�ið4−N2
cÞN4

c þ ð2N2
c − 3ÞN2

ch½1;2�½3�½4� þ ½1�½2;3�½4� þ ½1�½2�½3;4� þ ½1;4�½2�½3�i

þ h½2;4�½1�½3�iðN4
c − 8N2

c þ 6ÞN2
c þ ð4−N2

cÞN2
ch½2;3;4�½1� þ ½2;4;3�½1� þ ½1;3�½2;4� þ ½1;2;4�½3� þ ½1;4;2�½3�i

− 5N2
ch½1;2�½3;4� þ ½1;4�½2;3� þ ½1;2;3�½4� þ ½1;3;4�½2� þ ½1;3;2�½4� þ ½1;4;3�½2�i þ ðN2

c þ 6Þh½1;2;3;4� þ ½1;4;3;2�i
þ ðN2

c þ 6ÞN2
ch½1;3�½2�½4�i þ ð2N2

c − 3Þh½1;2;4;3� þ ½1;3;2;4� þ ½1;3;4;2� þ ½1;4;2;3�i�

þ
δc1c0

2
δc2c0

1
δc3c0

3
δc4c0

4

NcðN2
cðN2

c − 7Þ2 − 36Þ ½−ðN
2
c − 4ÞN4

ch½1�½2�½3�½4�i þ ðN2
c þ 6ÞN2

ch½1�½2�½3;4�i

þ ð2N2
c − 3ÞN2

ch½1�½2;3�½4� þ ½2;4�½1�½3� þ ½1;3�½2�½4� þ ½1;4�½2�½3�i þ ðN2
c þ 6Þh½1;3;2;4� þ ½1;4;2;3�i

þN2
cð4−N2

cÞh½1;2�½3;4� þ ½1;2;3�½4� þ ½1;2;4�½3� þ ½1;3;2�½4� þ ½1;4;2�½3�i
þ h½1;2�½3�½4�iðN4

c − 8N2
c þ 6ÞN2

c þ ð2N2
c − 3Þh½1;2;3;4� þ ½1;2;4;3� þ ½1;3;4;2� þ ½1;4;3;2�i

− 5N2
ch½1�½2;3;4� þ ½1�½2;4;3� þ ½2�½1;3;4� þ ½2�½1;4;3� þ ½1;3�½2;4� þ ½1;4�½2;3�i�

þ
δc1c0

2
δc2c0

1
δc3c0

4
δc4c0

3

ðN2
cðN2

c − 7Þ2 − 36Þ
�
h½1;2�½3;4�iðN4

c − 8N2
c þ 6Þ− ðN2

c − 4ÞN2
ch½1�½2�½3;4� þ ½1;2�½3�½4�i

þ ðN2
c þ 6ÞN2

ch½1�½2�½3�½4�i− 5N2
ch½1�½2;3�½4� þ ½1�½2;4�½3� þ ½1;3�½2�½4� þ ½1;4�½2�½3�i

þ ð2N2
c − 3Þðh½2;3;4�½1� þ ½2;4;3�½1� þ ½1;2;3�½4� þ ½1;2;4�½3� þ ½1;3;2�½4� þ ½1;3;4�½2� þ ½1;4;2�½3� þ ½1;4;3�½2�iÞ

þ ð4−N2
cÞh½1;2;3;4� þ ½1;2;4;3� þ ½1;3;4;2� þ ½1;4;3;2�i þ ðN2

c þ 6Þh½1;3�½2;4� þ ½1;4�½2;3�i
− 5h½1;3;2;4� þ ½1;4;2;3�i�
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þ
δc1c0

2
δc2c0

3
δc3c0

1
δc4c0

4

ðN2
cðN2

c − 7Þ2 − 36Þ ½ð2N
2
c − 3ÞN2

ch½1�½2�½3�½4�i þ ð4−N2
cÞN2

ch½1�½2;3�½4� þ ½1;2�½3�½4� þ ½1;3�½2�½4�i

þ ðN4
c − 8N2

c þ 6Þh½1;2;3�½4�i− 5N2
ch½1�½2�½3;4� þ ½1�½2;4�½3� þ ½1;4�½2�½3�i

þ ð2N2
c − 3Þðh½2;3;4�½1� þ ½1;2;4�½3� þ ½1;3;2�½4� þ ½1;4;3�½2� þ ½1;2�½3;4� þ ½1;3�½2;4� þ ½1;4�½2;3�iÞ

þ ðN2
c þ 6Þh½2;4;3�½1� þ ½1;3;4�½2� þ ½1;4;2�½3�i þ ð4−N2

cÞh½1;2;3;4� þ ½1;2;4;3� þ ½1;4;2;3�i
− 5ðh½1;3;2;4� þ ½1;3;4;2� þ ½1;4;3;2�iÞ�

þ
δc1c0

2
δc2c0

3
δc3c0

4
δc4c0

1

NcðN2
cðN2

c − 7Þ2 − 36Þ ½−5N
4
ch½1�½2�½3�½4�i þ ðN4

c − 8N2
c þ 6Þh½1;2;3;4�i þN2

cðN2
c þ 6Þh½2;4�½1�½3� þ ½1;3�½2�½4�i

þ ð2N2
c − 3ÞN2

ch½1�½2�½3;4� þ ½1�½2;3�½4� þ ½1;2�½3�½4� þ ½1;4�½2�½3�i
þN2

cð4−N2
cÞh½2;3;4�½1� þ ½1;2;4�½3� þ ½1;3;4�½2� þ ½1;2;3�½4� þ ½1;2�½3;4� þ ½1;4�½2;3�i

− 5N2
cðh½1�½2;4;3�i þ h½1;3�½2;4�i þ h½1;3;2�½4�i þ h½1;4;2�½3�i þ h½1;4;3�½2�iÞ

þ ð2N2
c − 3Þðh½1;2;4;3�i þ h½1;3;2;4�i þ h½1;3;4;2�i þ h½1;4;2;3�iÞ þ ðN2

c þ 6Þh½1;4;3;2�i�
− 5N2

ch½1�½2;4;3� þ ½1;3�½2;4� þ ½1;3;2�½4� þ ½1;4;2�½3� þ ½1;4;3�½2�i
þ ð2N2

c − 3Þh½1;2;4;3� þ ½1;3;2;4� þ ½1;3;4;2� þ ½1;4;2;3�i þ ðN2
c þ 6Þh½1;4;3;2�i�

þ
δc1c0

2
δc2c0

4
δc3c0

1
δc4c0

3

NcðN2
cðN2

c − 7Þ2 − 36Þ ½−5N
4
ch½1�½2�½3�½4�i þ ðN2

c þ 6ÞN2
ch½1�½2;3�½4� þ ½1;4�½2�½3�i þ ðN4

c − 8N2
c þ 6Þh½1;2;4;3�i

þ ð2N2
c − 3ÞN2

ch½1�½2�½3;4� þ ½2;4�½1�½3� þ ½1;2�½3�½4� þ ½1;3�½2�½4�i
− 5N2

ch½1�½2;3;4� þ ½1;3;2�½4� þ ½1;3;4�½2� þ ½1;4�½2;3� þ ½1;4;2�½3�i
þN2

cð4−N2
cÞh½2;4;3�½1� þ ½1;2�½3;4� þ ½1;3�½2;4� þ ½1;2;3�½4� þ ½1;2;4�½3� þ ½1;4;3�½2�i

þ ð2N2
c − 3Þh½1;2;3;4� þ ½1;3;2;4� þ ½1;4;2;3� þ ½1;4;3;2�i þ ðN2

c þ 6Þh½1;3;4;2�i�

þ
δc1c0

2
δc2c0

4
δc3c0

3
δc4c0

1

ðN2
cðN2

c − 7Þ2 − 36Þ ½h½1�½2�½3�½4�ið2N
2
c − 3ÞN2

c þ ð4−N2
cÞN2

ch½1�½2;4�½3� þ ½1;2�½3�½4� þ ½1;4�½2�½3�i

þ ðN4
c − 8N2

c þ 6Þh½1;2;4�½3�i− 5N2
ch½1�½2�½3;4� þ ½1�½2;3�½4� þ ½1;3�½2�½4�i

þ ðN2
c þ 6Þh½2;3;4�½1� þ ½1;3;2�½4� þ ½1;4;3�½2�i þ ð4−N2

cÞh½1;2;3;4� þ ½1;2;4;3� þ ½1;3;2;4�i
þ ð2N2

c − 3Þh½2;4;3�½1� þ ½1;2�½3;4� þ ½1;2;3�½4� þ ½1;3�½2;4� þ ½1;3;4�½2� þ ½1;4�½2;3� þ ½1;4;2�½3�i
− 5h½1;3;4;2� þ ½1;4;2;3� þ ½1;4;3;2�i�

þ
δc1c0

3
δc2c0

1
δc3c0

2
δc4c0

4

ðN2
cðN2

c − 7Þ2 − 36Þ ½ð2N
2
c − 3ÞN2

ch½1�½2�½3�½4�i þ ð4−N2
cÞN2

ch½1�½2;3�½4� þ ½1;2�½3�½4� þ ½1;3�½2�½4�i

þ ðN4
c − 8N2

c þ 6Þh½1;3;2�½4�i− 5N2
ch½1�½2�½3;4� þ ½1�½2;4�½3� þ ½1;4�½2�½3�i

þ ð2N2
c − 3Þh½2;4;3�½1� þ ½1;2�½3;4� þ ½1;2;3�½4� þ ½1;4;2�½3� þ ½1;3�½2;4� þ ½1;3;4�½2� þ ½1;4�½2;3�i

þ h½2;3;4�½1� þ ½1;2;4�½3� þ ½1;4;3�½2�iðN2
c þ 6Þ þ ð4−N2

cÞh½1;3;2;4� þ ½1;3;4;2� þ ½1;4;3;2�i
− 5h½1;2;3;4� þ ½1;2;4;3� þ ½1;4;2;3�i�

þ
δc1c0

3
δc2c0

1
δc3c0

4
δc4c0

2

NcðN2
cðN2

c − 7Þ2 − 36Þ ½−5N
4
ch½1�½2�½3�½4�i þ ðN2

c þ 6ÞN2
ch½1�½2;3�½4� þ ½1;4�½2�½3�i

þ h½1;3;4;2�iðN4
c − 8N2

c þ 6Þ þ ð2N2
c − 3ÞN2

ch½1�½2�½3;4� þ ½2;4�½1�½3� þ ½1;2�½3�½4� þ ½1;3�½2�½4�i
þN2

cð4−N2
cÞh½2;3;4�½1� þ ½1;2�½3;4� þ ½1;3�½2;4� þ ½1;3;2�½4� þ ½1;3;4�½2� þ ½1;4;2�½3�i

− 5N2
ch½1�½2;4;3� þ ½1;2;3�½4� þ ½1;2;4�½3� þ ½1;4�½2;3� þ ½1;4;3�½2�i

þ ð2N2
c − 3Þh½1;2;3;4� þ ½1;3;2;4� þ ½1;4;2;3� þ ½1;4;3;2�i þ ðN2

c þ 6Þh½1;2;4;3�i�
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þ
δc1c0

3
δc2c0

2
δc3c0

1
δc4c0

4

NcðN2
cðN2

c − 7Þ2 − 36Þ
�
ð4−N2

cÞN4
ch½1�½2�½3�½4�i þ ðN4

c − 8N2
c þ 6ÞN2

ch½1;3�½2�½4�i

þ h½2;4�½1�½3�iðN2
c þ 6ÞN2

c þ ð2N2
c − 3ÞN2

ch½1�½2�½3;4� þ ½1�½2;3�½4� þ ½1;2�½3�½4� þ ½1;4�½2�½3�i
þN2

cð4−N2
cÞh½1;2;3�½4� þ ½1;3�½2;4� þ ½1;3;2�½4� þ ½1;3;4�½2� þ ½1;4;3�½2�i

− 5N2
ch½1�½2;3;4� þ ½1�½2;4;3� þ ½1;2;4�½3� þ ½1;4;2�½3� þ ½1;2�½3;4� þ ½1;4�½2;3�i

þ ðN2
c þ 6Þh½1;2;3;4� þ ½1;4;3;2�i þ ð2N2

c − 3Þh½1;2;4;3� þ ½1;3;2;4� þ ½1;3;4;2� þ ½1;4;2;3�i�

þ
δc1c0

3
δc2c0

2
δc3c0

4
δc4c0

1

ðN2
cðN2

c − 7Þ2 − 36Þ ½h½1�½2�½3�½4�ið2N
2
c − 3ÞN2

c þ ðN4
c − 8N2

c þ 6Þh½1;3;4�½2�i

þ ð4−N2
cÞN2

ch½1�½2�½3;4� þ ½1;3�½2�½4� þ ½1;4�½2�½3�i− 5N2
ch½1�½2;3�½4� þ ½1�½2;4�½3� þ ½1;2�½3�½4�i

þ ð2N2
c − 3Þh½2;3;4�½1� þ ½1;2�½3;4� þ ½1;2;4�½3� þ ½1;3�½2;4� þ ½1;3;2�½4� þ ½1;4�½2;3� þ ½1;4;3�½2�i

þ ðN2
c þ 6Þh½2;4;3�½1� þ ½1;2;3�½4� þ ½1;4;2�½3�i þ ð4−N2

cÞh½1;2;3;4� þ ½1;3;2;4� þ ½1;3;4;2�i
− 5h½1;2;4;3� þ ½1;4;2;3� þ ½1;4;3;2�i�

þ
δc1c0

3
δc2c0

4
δc3c0

1
δc4c0

2

ðN2
cðN2

c − 7Þ2 − 36Þ ½h½1�½2�½3�½4�iN
2
cðN2

c þ 6Þ þ ðN4
c − 8N2

c þ 6Þh½1;3�½2;4�i þN2
cð4−N2

cÞh½2;4�½1�½3� þ ½1;3�½2�½4�i

þ ð2N2
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− 5N2
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c þ 6Þh½1; 3; 2; 4�i�

þ
δc1c0

4
δc2c0

3
δc3c0

2
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þ ð2N2
c − 3Þh½2; 3; 4�½1� þ ½2; 4; 3�½1� þ ½1; 2; 3�½4� þ ½1; 2; 4�½3� þ ½1; 3; 2�½4� þ ½1; 3; 4�½2� þ ½1; 4; 2�½3� þ ½1; 4; 3�½2�i

þ ðN2
c þ 6Þh½1; 2�½3; 4� þ ½1; 3�½2; 4�i þ ð4 − N2
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− 5ðh½1; 2; 4; 3� þ ½1; 3; 4; 2�iÞ�: ðB12Þ

We need to mention that each term in the sum (B12) after
contraction with partonic amplitudes can contribute with a
different factor Nn

c, n∈N; for this reason it might be
incorrect to take the limitNc → ∞ directly in (B12). As can
be seen from Fig. 2 and (37), for diagrams 5 and 6 we will
need only the amplitude convoluted with color group
generators

A ¼ ðta1Þ
c0
1
c1ðta1Þ

c0
2
c2ðta1Þ

c0
3
c3ðta1Þ

c0
4
c4A

c1c2c3c4
c0
1
c0
2
c0
3
c0
4
: ðB13Þ

Using Fierz identity

ðta1Þ
c0
1
c1ðta1Þ

c0
2
c2 ¼ δ

c0
1
c2δ

c0
2
c1 −

1

Nc
δ
c0
1
c1δ

c0
2
c2 ðB14Þ

and performing convolutions with the help of FeynCalc, we
may obtain a surprisingly simple result,

A ¼ hð½1; 2� − ½1�½2�Þð½3; 4� − ½3�½4�Þi
¼ hðS4ðx1; y1; x2; y2Þ − S2ðx1; y1ÞS2ðx2; y2ÞÞ
× ðS4ðx3; y3; x4; y4Þ − S2ðx3; y3ÞS2ðx4; y4ÞÞi; ðB15Þ

namely all the contributions of sextupoles and octupoles
cancel in the final result. This is an untrivial property of the
photoproduction by a color singlet photon: such cancellation
does not occur if we consider hadroproduction or production
of color octet Q̄Q pairs. Note that the results of this appendix
are exact, namely we have not used the large-Nc limit so far.
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