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As one of the hypothetical principles in the Standard Model (SM), lepton flavor universality (LFU)
should be tested with a precision as high as possible such that the physics violating this principle can be
fully examined. The run of a Z factory at a future eþe− collider, such as the Circular Electron-Positron
Collider or Future Circular Collider (electron/positron), provides a great opportunity to perform this task
because of the large statistics and high reconstruction efficiencies for b hadrons at the Z pole. In this paper,
we present a systematic study on the LFU test in future Z factories. The goal is threefold. First, we study the
sensitivities of measuring the LFU-violating observables of b → cτν, i.e., RJ=ψ , RDs

, RD�
s
, and RΛc

, where τ
decays muonically. For this purpose, we develop the strategies for event reconstruction, based on
the track information significantly. Second, we explore the sensitivity robustness against detector
performance and its potential improvement with the message of event shape or beyond the b-hadron
decays. A picture is drawn on the variation of analysis sensitivities with the detector tracking resolution and
soft photon detectability, and the impact of Fox-Wolfram moments is studied on the measurement of
relevant flavor events. Finally, we interpret the projected sensitivities in the SM effective field theory, by
combining the LFU tests of b → cτν and the measurements of b → sτþτ− and b → sν̄ν. We show that the
limits on the LFU-violating energy scale can be pushed up to ∼Oð10Þ TeV for ≲Oð1ÞWilson coefficients
at Tera-Z.

DOI: 10.1103/PhysRevD.109.093004

I. INTRODUCTION

Lepton flavor universality (LFU), as one of the hypo-
thetical principles in the Standard Model (SM), requires the
leptons of all three generations to couple to gauge bosons
universally. Any deviation from the LFU would be an
unambiguously signal for physics beyond the SM. So, the
LFU should be tested with a precision as high as possible
such that the relevant physics can be fully explored.
Given its significance in particle physics, the LFU has

been tested in various experiments. One class of such tests
involves the b → cτν transitions mediated by flavor

changing charged current (FCCC). The relevant observ-
ables are usually defined as

RHc
≡ BRðHb → HcτνÞ

BRðHb → HclνÞ
; ð1:1Þ

where Hb and Hc refer to exclusive b- and c-hadron
states, and “BR” denotes branching ratio.1 Since system-
atic errors from hadron physics tend to be canceled for the
observables defined in such a way, any noteworthy
deviation from the SM predictions in statistics may
indicate the existence of LFU-violating new physics.
In Table I, we have summarized SM predictions and
experimental measurements for a set of RHc

observables.
Notably, some anomalies in relation to RHc

were reported
in the last years. Addressing these anomalies further
strengthens the necessity and significance of performing
dedicated and more complete LFU measurements.
Future Z factories, namely the Z-pole runs of next-

generation eþe− colliders [20–22], would provide a great
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1Throughout this paper, we take a notation implicitly including
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opportunity for performing this task. Their advantages are
generic, manifested as relatively high production rate and
reconstruction efficiency of heavy-flavored hadrons.
Consider first the expected b-hadron yields in Belle II,

LHCb, and two representative future Z factories (see
Table II). At Tera-Z, the statistics of B0=B̄0 and B� are
∼1.2 × 1011, about twice of those in Belle II [23]. However,
for the heavier Bs=B̄s, the difference in statistics between
the Tera-Z and Belle II increases to nearly 2 orders of
magnitude. The future Z factories are thus especially
suitable for studying flavor physics involving such heavy
b hadrons. Unlike Belle II and Z factories, LHCb produces
b hadrons mainly through parton-level QCD processes.
However, although the expected yields can be even larger at
LHCb [24], the event reconstruction efficiency is signifi-
cantly limited by its noisy data environment.
The boosted kinematics of b hadrons at Z pole and the

relatively clean environment for their production represent
another set of advantages for the future Z factories to
measure the b → cτν transitions. The b hadrons produced
at Z pole tend to be energetic. This feature weakens the
multiple scattering of charged particles, such as the ones
from the τ-lepton and c-hadron decays inside the tracker,
improving their energy-momentum [26] and motion direc-
tion [20,21] resolutions. Moreover, the boosted particles
tend to displace more before decay, which may further
reduce the uncertainties of reconstructing their decay
vertexes. Several recent studies [27–43] have illustrated
the potential of the future Z factories in measuring the
τ-related physics. Separately, the clean data environment

can benefit the measurement of missing energy, a crucial
observable for reconstructing the b → cτν events. With
relatively few particles in final states, negligible pileup
effect, and fixed

ffiffiffi
s

p
value, the measurement of missing

energy is expected to be significantly improved at Z pole
[29]. In this paper, we will focus on the four representative
measurements of RHc

listed in Table I: RJ=ψ , RDs
, RD�

s
, and

RΛc
. Currently, the experimental constraints on these

observables are either weak or unavailable.
From a broader perspective, the LFU can be tested also

in the b → slþ
3 l

−
3 transitions mediated by flavor changing

neutral current (FCNC). Here l�
3 denotes the charged

leptons of all three generations. Different from the
FCCC, the FCNC in the SM is loop suppressed, with
the leading contributions arising from electroweak (EW)
penguin and box diagrams. So the width of the FCNC-
mediated b-hadron decays is typically smaller than that of
the FCCC-mediated ones by a factor ∼Oðα2=16π2Þ. This
fact has motivated the measurements of

RHs
≡ BRðHb → Hsμ

þμ−Þ
BRðHb → Hseþe−Þ

; ð1:2Þ

where Hb and Hs stand for the exclusive b and s hadronic
states and the first two generations of leptons are involved.
While the recent LHCb analyses indicated that the values of
RK and RK� , whereHb ¼ B and Hs ¼ Kð�Þ, are compatible
with the SM predictions [44], to extend the measurements
from RHs

to the b → sτþτ− transitions is intrinsically
required, since no known first principle exists which
forbids a deviation of the FCNC amplitudes for the third
lepton generation from their SM values (see, e.g., [45,46]).
Yet, the measurements of the b → sτþτ− transitions are
highly challenging, given the complexity of reconstructing
multiple-τ events. None of the b → sτþτ− channels have
been experimentally observed so far. However, the future Z
factories could perform the b → sτþτ− measurements, as
explored at detector level recently [42], with a precision
sufficient for probing the SM predictions.
In addition to b → slþ

3 l
−
3 , another class of FCNC

measurements relevant to the LFU test involves the b →
sνν̄ transitions. These measurements cannot be applied to

TABLE I. SM prediction and experimental measurement for RHc
observables.

Hb Hc SM predictiona Experimental average

RD B0, B� D0, D� 0.307 [1,2] 0.340� 0.030 [3]
RD� B0, B� D�0, D�� 0.253 [1,2] 0.295� 0.014 [3]
RJ=ψ Bc J=ψ 0.289 [4–6] 0.71� 0.17� 0.18 [7]
RDs

Bs Ds 0.393 [2,8–13] � � �
RD�

s
Bs D�

s 0.303 [2,8,10,13] � � �
RΛc

Λb Λc 0.334 [14–18] 0.242� 0.076 [19]

aThe calculation of RJ=ψ , RDs
, RD�

s
, and RΛc

and the relevant references are shown in the Appendix. The results
listed in Table I are slightly different from those in the literature, due to the update of form factor values or the
variation of parameter setup.

TABLE II. Expected b-hadron yields in Belle II, LHCb, and the
Tera-Z, 10 × Tera-Z factories [25]. There are no statistics on the
B�
c and Λb=Λ̄b productions at Belle II because of the limitation of

energy threshold.

Belle II LHCb Tera-Z 10 × Tera-Z

B0, B̄0 5.3 × 1010 6 × 1013 1.2 × 1011 1.2 × 1012

B� 5.6 × 1010 6 × 1013 1.2 × 1011 1.2 × 1012

Bs, B̄s 5.7 × 108 2 × 1013 3.1 × 1010 3.1 × 1011

B�
c � � � 4 × 1011 1.8 × 108 1.8 × 109

Λb, Λ̄b � � � 2 × 1013 2.5 × 1010 2.5 × 1011
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probe the LFU violation directly since neutrino flavor is
untagged at colliders. However, the inclusive signal rate
contributed by the neutrinos of all three flavors is still
relevant, which can yield an overall constraint on the possible
LFU-violating couplings. Notably, neutrinos do not couple
with gluons or photons directly. The b → sνν̄ processes
receive weak radiative corrections only and thus enjoy a
lower theoretical uncertainty for their SM predictions.
Currently, the upper limits for the b → sνν̄ branching ratios
are ∼Oð10−4–10−5Þ, not far from their SM predictions [47].
Each of these FCCC and FCNC measurements provides

an independent test of LFU in experiments. Any deviation in
data from their SM predictions could be a hint or indication
of the violation of this principle. Theoretically, the LFU-
violating physics could either yield a signal correlating these
observables or leave an imprint in only a subset of these
measurements. For example, the SUð2Þ gauge symmetry
may relate the b → sνν̄ amplitudes with those of b → cτν or
b → sττ or both of them. More discussions about these
issues can be found in Sec. VII. So the LFU measurements
should be performed with a coverage broad enough and a
precision as high as possible. The future Z factories allow us
to extend the existingmeasurements to themore challenging
ones, which suffer from either a small production rate in
Belle II or low reconstruction efficiency at LHCb, of heavy-
flavored hadrons. To demonstrate the potential capability of
thesemachines in testing the LFU, in this paper, wewill take
a sensitivity interpretation in the SM effective field theory
(SMEFT), where the SM gauge symmetries are respected.
We will focus on a subset of 6D operators which encode the
LFU violation arising from the third generation only to
converge the discussions. Especially, considering the pos-
sible hierarchy between the measurement scale and the new
physics scale, the effects of renormalization of the relevant
Wilson coefficients will be taken into account.
This paper is organized as follows. In Sec. II, we introduce

general strategies for our simulations and analyses. The
analysis of measuring RJ=ψ is taken in Sec. III, while the
ones for measuring R

Dð�Þ
s
and RΛc

are performed in Secs. IV

and V, respectively. The sensitivity robustness against detec-
tor resolution and potential improvements from event shape
for these analyses are then explored in Sec. VI.We present the
SMEFT interpretations for the projected sensitivities at the
futureZ factories inSec.VII and finally conclude inSec.VIII.

II. STRATEGY FOR EVENT SIMULATION

We use PYTHIA8 [48] to simulate both signal and back-
ground events for the RHc

measurements.2 In each of them,

two signal modes are involved, namely, Hb → Hcτ
þντ and

Hb → Hcμ
þνμ. The signal events of these two modes

contribute as the mutual backgrounds also in their respective
measurements. Signal samples are generated via theZ → bb̄
production at theZ pole, forcing theb hadrons (together with
Hc) to decay into the relevant states exclusively. These events
are then reweighted according to the dΓ=dq2 differential
cross section obtained in the Appendix to reproduce the
correct kinematic distributions. Background samples are
generated via the Z → bb̄ process also.
The detector effects are simulated using DELPHES3 [52].

Given that the relative impact on the results is of percent level
and hence tiny between the International Large Detector [53]
and Innovative Detector for Electron–positron Accelerators
concepts [54], we take the former detector profile as our
benchmark in the analyses below. Notably, some features,
such as particle identification (ID) efficiency and impact-
parameter resolution for tracks, are not hard coded in these
profiles. As these features may play a crucial role in our
analysis,we simulate themwith a set of benchmarkvalues and
discuss the potential impacts of their variance in Sec. VI A.
One such feature is muon ID. Our study relies on muon

tagging significantly. The four RHc
analyses are either

based on the three-muon system or requesting at least one
tagged muon. However, due to the comparable mass of π�
with muons and their large multiplicity in hadronic final
states [55], the π� could be misidentified as muons and
yield visible negative impact for the Hb reconstruction. So
we will consider this effect in our analysis. A full
simulation of particle ID performance is beyond the scope
of this study. Instead we approximate the muon mis-ID
probability ϵμπ to be 1% [55], an optimal value which is
expected to be achieved at the Future Circular Collider
(electron/positron) [56] and Circular Electron-Positron
Collider (CEPC) [20] by the time of their operation. The
muon mis-ID by other hadrons is much less significant due
to their larger masses and lower multiplicities and hence
will not be considered in our simulation. As for the mis-ID
between charged hadrons (e.g., π=K, K=p, and π=p), it
may bring in fake Hc resonances, yielding a sideband
around the physical resonance peak. Its impacts will be
evaluated from the current experimental data instead (see
the discussions below on “fake Hc backgrounds”). At last,
to simulate the effects of finite spatial resolution, we smear
the decay vertex of particles by turning on independent and
isotropic Gaussian noise in the tracker. Such smearing is
also applied to the impact parameter of the muon tracks,
which arise from (semi)leptonic hadron and τ decays. We
set the overall noise level to be 10 μm, a typical tracker
resolution suggested in [20,56].
The background analysis is highly involved for the RHc

measurements. Because of the complexity of the b-hadron
decay chains, it is not realistic to make an exhaustive list of
the backgrounds, but it is beneficial to understand the
general background sources and their characteristics first.

2Aiming to set up the benchmarks for measuring lepton flavor
universality at future Z factories, we will perform this study based
on fast simulations. Alternatively, more sophisticated eþe− event
generators such asKKMC [49,50] andWhizard [51] can be applied
to achieve a higher simulation accuracy. This, however, is beyond
the scope of this study andwill be left to a refinedwork in the future.

TESTING LEPTON FLAVOR UNIVERSALITY AT FUTURE Z … PHYS. REV. D 109, 093004 (2024)

093004-3



Motivated by this, we classify these backgrounds into five
categories: inclusive, cascade, combinatoric, muon mis-ID,
and fake-Hc resonance backgrounds.

Inclusive backgrounds. We refer to Hb → HcτðμÞνþ X
as “inclusive backgrounds.” Here Hb decays semi-
leptonically. X arises from either resonantH�

c decay or
nonresonant contribution. In the simulation, any non-
signal b-hadron events, if containing the Hc þ μ
produced via semileptonic b-hadron decays at the
truth level, will be recognized as inclusive back-
grounds.

Cascade backgrounds. We refer to Hb → HcτðμÞνþ X
as “cascade backgrounds.” Here Hb decays hadroni-
cally. In the simulation, any nonsignal b-hadron
events, if containing the Hc þ μ produced not via
semileptonic b-hadron decay at truth level, will be
recognized as the cascade backgrounds.

Combinatoric backgrounds. We refer to HcτðμÞνþ X as
“combinatoric backgrounds.”HereHc and τðμÞ do not
share a parent particle at the truth level. In the
simulation, any reconstructed b-hadron events, if
containing the Hc þ μ but not identified as the
inclusive and cascade backgrounds, will be recog-
nized as the combinatoric backgrounds.

Muon mis-ID backgrounds. We refer to Hcμπ þ X as
“muon mis-ID backgrounds.” Here μπ denotes the
muon misidentified from pion. In the simulation, any
Hcπ þ X events will be recognized as the mis-ID
background, weighted by the mis-ID probability
ϵμπ ¼ 1% as mentioned above.

FakeHc backgrounds. We refer toHc;Fμþ X as fakeHc
backgrounds. Here Hc;F denotes the fake Hc reso-
nance, with the latter decaying as J=ψ → μþμ−,
D−

s → KþK−π−, or Λ−
c → p̄Kþπ− in this study. These

backgrounds represent the chance that the remnants
for reconstructing Hc are not from Hc decays at the
truth level. In the analysis, they appear as a continuous
distribution of the reconstructed mHc

. A good width
resolution of resonance is thus essential for sup-
pressing these backgrounds. In practice, the resonance
width is determined by the resolution of the tracking
system, given ΓHc

≲OðkeVÞ ≪ Δtrack, where Δtrack

denotes the tracker smearing effect. We can estimate
the level of these backgrounds from the relevant

LHCb studies [7,57,58]. As summarized in Table III,
the rations of the Hc events and the continuous
backgrounds in the resonant bin for the reconstructed
mHc

are at most a few percent. The reconstructed
resonance widths are expected to be further improved
at the future Z factories [7,57,58]. Furthermore, the
fake Hc background sizes can easily be extrapolated
by sideband mHc

distributions. So the effect of this
type of background can be safely neglected in RHc

precision projections.

III. MEASUREMENT OF RJ=ψ

A. Method

To measure RJ=ψ , we consider the exclusive Bþ
c decays,

i.e., Bþ
c → J=ψð→μþμ−Þμþνμ and Bþ

c → J=ψð→μþμ−Þ×
τþð→μþνμν̄τÞντ, as the signals. Both signal modes contain
3μ in their final states. The schematic of the Bþ

c →
J=ψτþντ process is shown in Fig. 1. The same decay
modes have been considered in the RJ=ψ measurement at
LHCb also [7]. We also show the schematics of several
topologies for the universal backgrounds in Fig. 2. Below
are a set of cuts applied to preselect such events.

TABLE III. Estimation of the fake Hc backgrounds. The first column represents the estimated yield ratio of the
fake Hc background over the real Hc resonance from the reference studies. The second and third columns are the
reconstructedHc resonance standard deviation values of the reference and our study, respectively. The last one is the
estimated yield ratio of the fake Hc over the real Hc resonance contributing to our studies.

Hc

Fake Hc
ratio (%)

Hc widthRef
(MeV)

Hc widthZ factory

(MeV) Estimated (%)

J=ψð→μþμ−Þ 4.5 9.1 [7] 8.3 ≲2.3
D−

s ð→ϕπ−Þ 3.8 7.6 [57] 6.1 ≲3.8
Λ−
c ð→p̄Kþπ−Þ 1.5 5.5 [58] 4.5 ≲0.3

FIG. 1. Schematic of the Bþ
c → J=ψτþντ process. Since J=ψ is

short-lived, its decay vertex can serve as a good approximation of
the Bþ

c decay vertex. Additionally, the c quark paired produced
with the Bþ

c is hadronized to another c hadron (Hc), which tends
to move along with the Bþ

c .
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(i) The 3μ selection. The events with exactly three
muon tracks (pT > 0.1 GeV), with at least two of
them sharing the same vertex, are selected.

(ii) The J=ψ selection. Two of the threemuons need to be
oppositely charged. Their momentum satisfies
jp⃗j > 2.5 GeV. The leading transverse momentum
must be > 0.75 GeV, while their total pT must be
> 1 GeV. These two muons form a common vertex,
with its distance to the primary vertex (PV)
> 0.1 mm. Additionally, these two muons must have
an invariant mass with jmμþμ− −mJ=ψ j < 27.5 MeV
for them to be considered as the J=ψ decay products.

(iii) The Bþ
c selection. We divide the space into signal

and tag hemispheres with a plane perpendicular to
the displacement of the reconstructed J=ψ . The J=ψ
vertex appears in the signal hemisphere. The un-
paired third muon (μ3) appears in the signal hemi-
sphere also and has pT > 0.375 and jp⃗j > 1.5 GeV.
The 3μ system needs to have an invariant mass
smaller than mBþ

c
.

The Tera-Z yields for the preselected signals and the
backgrounds are summarized in Table IV. The requirement

of narrow J=ψ and Bþ
c reconstruction excludes most of the

backgrounds except the inclusive ones, as expected.
The preselected events are then subjected to the Bþ

c
reconstruction. Such a task is highly involved since the
signal events contain at least one neutrino. For reconstruct-
ing the four-momentum of Bþ

c (pBþ
c
), we will take several

approximations. First, as J=ψ decays promptly, we will use
the J=ψ decay vertex to approximate the Bþ

c decay vertex
and define its displacement from the PV as the p⃗Bþ

c

direction. Second, we calculate the total energy of the
particles inside the signal hemisphere Esig with the relation

Esig ¼
m2

tag þm2
Z −m2

sig

2mZ
; ð3:1Þ

where msig and mtag are the invariant masses of visible
particles in the signal and tag hemispheres, respectively.
This relation is generated by applying the energy- and
momentum-conservation conditions to the two-body decay
of a Z boson at rest [29]. No missing particles are involved
in this case. To calculate Esig, we have mimicked these two

FIG. 2. Schematics of the universal backgrounds in the RJ=ψ measurement. Left: the typical topology for the inclusive backgrounds
and the combinatoric backgrounds, where Bþ

c is reconstructed combining muons produced by the J=ψ (red), and the unpaired muon
from semileptonic Hb decay (brown) or irrelevant particle decay (orange), respectively. Middle: the typical topology for the cascade
backgrounds and the Mis-ID backgrounds, where Bþ

c is reconstructed combining the muons decayed from J=ψ (red), and the unpaired
muon from intermediate hadron decay (brown) and pion misidentification (orange), respectively. Right: the typical topology for the fake
Hc backgrounds, where the muons that do not share a parent particle (brown and orange) are used to reconstruct J=ψ .

TABLE IV. Tera-Z yields for the preselected signals and the backgrounds in the RJ=ψ measurement. The
preselection criteria are defined in the text.

Channel Events at Tera-Z Nð3μÞ NðJ=ψÞ NðBþ
c Þ Total eff. (%)

Bþ
c → J=ψτþντ 9.83 × 103 6.53 × 103 3.83 × 103 3.08 × 103 31.34

Bþ
c → J=ψμþνμ 2.39 × 105 1.63 × 105 9.66 × 104 8.40 × 104 35.13

Inclusive bkg. 1.27 × 104 8.20 × 103 5.29 × 103 3.90 × 103 30.63
Cascade bkg. 1.81 × 104 4.89 × 103 3.32 × 103 1.84 × 103 10.15
Combinatoric bkg. 4.64 × 107 3.93 × 107 2.66 × 107 7.78 × 104 0.17
Mis-ID bkg. ϵμπ × 1.45 × 109 ϵμπ × 1.03 × 109 ϵμπ × 6.96 × 108 ϵμπ × 1.10 × 108 7.61
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bodies with the collection of particles in the signal and tag
hemispheres and replaced their invariant masses with msig

and mtag. Clearly, this relation becomes exact only if no
neutrinos have been produced. With this calculation, theBþ

c
energy EBþ

c
is reconstructed as

EBþ
c
¼ Esig −

X
i∈ sig-hem

Ei þ EJ=ψ þ Eμ3 ; ð3:2Þ

where the index i goes over all visible particles inside the
signal hemisphere. With the direction message of p⃗Bþ

c
and

the value of EBþ
c
, the four-momentum pBþ

c
can be com-

pletely determined using the Bþ
c on-shell condition. We

show the distributions of the reconstructed EBþ
c
for the

Bþ
c → J=ψτþντ and Bþ

c → J=ψμþνμ signals and their
common backgrounds in Fig. 3. A sharp edge at mZ=2
can be seen for the signal distributions where the Z → bb̄
events tend to be hadronized into two b hadrons only.
With the reconstructed four-momentum of Bþ

c , we are
able to define two Lorentz-invariant observables,

q2 ≡ ðpBþ
c
− pJ=ψ Þ2;

m2
miss ≡ ðpBþ

c
− pJ=ψ − punpaired μÞ2: ð3:3Þ

These two observables are visualized in Fig. 1. For the SM
events, they measure the mass of off-shell W boson and
produced neutrinos, respectively. Similar observables can
be defined for the other RHc

measurements. As q2 andm2
miss

receive contributions from more neutrinos for the signal
events of Bþ

c → J=ψτþντ, compared to the ones of
Bþ
c → J=ψμþνμ, their values and variances tend to be

bigger in the former case. This feature is important since the
signal events of these two modes can serve as the back-
grounds mutually in their measurements. Finally, we have
the reconstruction errors of q2 and m2

miss: 1.88(1.80) and
1.90ð1.61Þ GeV2. Here the numbers outside and inside the
brackets are for the τ and μ modes, respectively. Other than
the reconstructed Bþ

c kinematics, the signal events of the τ
and μ modes can be further separated using the message on
τ-lepton displacement. The lifetime of the τ lepton is
relatively long. It may travel a detectable distance before
it decays to other particles. The minimal distance (SSV, in
millimeters) between the μ3 track and the secondary vertex
(SV) (i.e., the Bþ

c decay vertex) thus can be applied to
discriminate the signal events of Bþ

c → J=ψτþντ from the
Bþ
c → J=ψμþνμ ones. We demonstrate these features

in Fig. 3.

FIG. 3. Distributions of the reconstructed EBþ
c
, q2, m2

miss, and log SSV in the RJ=ψ measurement. The solid and dashed lines represent
the simulated and truth-level messages, respectively.
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The observables introduced above can also separate the
signals of different modes from the universal backgrounds
to various extents. To further suppress these backgrounds,
we may use the message on the signal b-hadron (Bþ

c here)
isolation. Different from the reconstructed background
events, the signal Bþ

c mesons tend to be isolated. Thus,
we can introduce the isolation observables INðΩÞ and
ITðΩÞ to facilitate the selection of the signal events.
Here I is the total energy of some specific particles within
a cone around the reconstructed momentum of Bþ

c . Ω
denotes the angular size of this cone. N represents neutral
particles such as neutral hadrons (IH) and photons (Iγ),
while T represents tracks that can be either from the PV
(IT;PV) or away from the PV (IT;dis). This feature is
demonstrated in Fig. 4 with INð0.3 radÞ. Note that, while
these observables can bring in systematic uncertainties
via the simulation of hadronization processes, these sys-
tematics could be mitigated with Z pole calibrations
by utilizing the processes such as Bþ → J=ψKþ or
Bþ
c → J=ψπþ, where the presence of a distinct resonance

accompanied by narrow sidebands will facilitate precise
calibrations.
To optimize the sensitivity of measuring RJ=ψ , we apply

the boosted decision tree (BDT) tool in this analysis and the
subsequent ones for the R

Dð�Þ
s

and RΛc
measurements. We

include more observables on the track impact parameter
other than the ones discussed above and some observables
used in [59] as the BDT discriminators. The BDT classifier
is trained in a three-class mode to address its two signal
patterns. The full list of the discriminators is summa-
rized below:
(1) Kinematics of the three-muon system:

(a) Invariant mass m3μ.
(b) Energy and momentum of the reconstructed J=ψ

and the unpairedmuonμ3:EJ=ψ , jp⃗J=ψ j,Eμ3 , jp⃗μ3 j.
(2) Observables of the reconstructed Bþ

c :
(a) Energy and momentum of the reconstructed Bþ

c :
EBþ

c
, jp⃗Bþ

c
j.

(b) Lorentz-invariant observables: m2
miss, q

2.

(3) Vertex information:
(a) Minimal distance between the Bþ

c (or J=ψ )
decay vertex and the μ3 track (SSV).

(b) Minimal distance between the μ3 track and its
closest track.

(c) Minimal distance between the reconstructed J=ψ
trajectory and its closest track.

(d) Distance between the J=ψ decay vertex and
the PV.

(4) Isolation observables of Bþ
c :

(a) Neutral particles: INð0.3 radÞ, INð0.6 radÞ.
(b) Neutral hadrons: IHð0.3 radÞ, IHð0.6 radÞ.
(c) Photons: Iγð0.3 radÞ, Iγð0.6 radÞ.
(d) Charged particles: ITð0.3 radÞ, ITð0.6 radÞ.
(e) Tracks from the PV: IT;PVð0.3 radÞ,

IT;PVð0.6 radÞ.
(f) Tracks not from the PV: IT;disð0.3 radÞ,

IT;disð0.6 radÞ.
(5) Impact parameter of the tracks in the signal hemi-

sphere:
(a) Maximum and sum of transverse impact

parameters.
(b) Maximum and sum of longitudinal impact

parameters.
(6) Some other discriminators [59]:

(a) J=ψμþ momentum transverse to the Bþ
c moving

direction: p⊥ðJ=ψμþÞ.
(b) Corrected mass: mcorr ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2ðJ=ψμþÞ þ p2⊥ðJ=ψμþÞ
p

þ p⊥ðJ=ψμþÞ.
While this list is relatively long, its comprehensiveness can
help us to avoid missing potentially important kinematic
variables in the analyses.

B. Results

In Fig. 5, we show the distributions of BDT response in
favor of Bþ

c → J=ψτþντ and Bþ
c → J=ψμþνμ in the RJ=ψ

measurement. The two classes of signal events also serve as
the mutual backgrounds of their measurements. Unless
otherwise specified, in this paper the BDT thresholds are
always defined to be the ones maximizing the statistical
analysis sensitivity. We summarize the event counts in the
relevant signal regions in Table V and the expected
precisions of measuring RJ=ψ at Tera-Z and 10 × Tera-Z
in Table VI accordingly. Essentially, the precisions of
measuring RJ=ψ are limited by the relatively low counts
of the Bþ

c → J=ψτþντ events. Signal events are recognized
to be of high or low q2 by comparing their reconstructed q2

with the 7.15 GeV2 reference value [7]. As shown in
Table VI, in the high q2 region where a larger RJ=ψ has
been predicted, a better precision can be achieved com-
pared to the low q2 region. At last, we point out that the
relatively high S=B ratios in all scenarios ensure the
robustness of the sensitivity analysis of measuring RJ=ψ

against the potential systematic uncertainties.FIG. 4. Distributions of INð0.3 radÞ in the RJ=ψ measurement.
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IV. MEASUREMENT OF R
Dð�Þ

s

A. Method

To measure R
Dð�Þ

s
, we consider the exclusive B0

s

decays, i.e., B0
s → D−

s μ
þνμ and B0

s → D−
s τ

þντ with D−
s →

ϕð→ KþK−Þπ−, as the signals. All signal modes contain
KþK−π−μþ in their final states. The schematic of the B0

s →
D�−

s τþντ process is shown in Fig. 6. Below are a set of cuts
applied to preselect such events.

(i) The KþK−π−μþ selection. The events with two
oppositely charged kaon tracks, one charged pion
track sharing a secondary vertex, and exactly one
muon track with a charge opposite to the identified

pion track are selected. All tracks need to have
pT > 0.1 GeV.

(ii) The D−
s selection. The two kaons should satisfy

jmKþK− −mϕj < 12 MeV, with the displacement of
their vertex from the PV being greater than 0.5 mm.
Moreover, we require the reconstructed KþK−π−

system to have jmKþK−π− −mDs
j < 25 MeV. The

Ds trajectory is inferred from the system’smomentum
pKþK−π− and its vertex. The minimum distance
between the reconstructedDs trajectory and any other
tracks (except themuon one) needs to be> 0.02 mm.

(iii) The B0
s selection. We divide the space into signal and

tag hemispheres with a plane perpendicular to the

FIG. 5. Distributions of BDT response in favor of Bþ
c → J=ψτþντ (yτJ=ψ ) and Bþ

c → J=ψμþνμ (y
μ
J=ψ ) in the RJ=ψ measurement. The

vertical dashed lines represent optimal thresholds for sensitivity analysis.

TABLE VI. Expected BDT (relative) precisions of measuring RJ=ψ at Tera-Z (10 × Tera-Z).

Bþ
c → J=ψτþντ Bþ

c → J=ψμþνμ RJ=ψ

q2 range Rel. precision S=B Rel. precision S=B Rel. precision

q2 < 7.15 GeV2 8.19 × 10−2 0.18 5.18 × 10−3 48.80 8.20 × 10−2

ð2.59 × 10−2Þ ð1.64 × 10−3Þ ð2.59 × 10−2Þ
q2 ≥ 7.15 GeV2 4.56 × 10−2 0.47 6.93 × 10−3 96.27 4.61 × 10−2

ð1.44 × 10−2Þ ð2.19 × 10−3Þ ð1.46 × 10−2Þ
Full q2 4.23 × 10−2 0.29 4.15 × 10−3 58.31 4.25 × 10−2

ð1.34 × 10−2Þ ð1.31 × 10−3Þ ð1.35 × 10−2Þ

TABLE V. Event counts in the signal regions of Bþ
c → J=ψτþντ and Bþ

c → J=ψμþνμ for the RJ=ψ measurement at
Tera-Z.

yτJ=ψ ≥ 0.03 ∩ yμJ=ψ < 0.97 yτJ=ψ < 0.03 ∩ yμJ=ψ ≥ 0.97

Bþ
c → J=ψτþντ 2.68 × 103 2.14 × 102

Bþ
c → J=ψμþνμ 4.30 × 103 7.62 × 104

Inclusive bkg. 3.17 × 102 4.08 × 102

Cascade bkg. 6.21 × 102 8.87 × 101

Combinatoric bkg. 2.04 × 103 2.66 × 102

Mis-ID bkg. ϵμπ × 2.09 × 105 ϵμπ × 3.30 × 104
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displacement of the reconstructed D−
s . The D−

s
vertex appears in the signal hemisphere. The muon
track must appear in the signal hemisphere, having
pT > 1.2 GeV and a minimal distance greater than
0.02 mm from all tracks except the reconstructed Ds
trajectory. The KþK−π−μþ system needs to have an
invariant mass smaller than mBs

.
The Tera-Z yields for the preselected signals and the
backgrounds are summarized in Table VII. The require-
ment of narrowD−

s and B0
s resonances excludes most of the

backgrounds except the inclusive ones, as expected.
The B0

s four-momentum can be reconstructed using the
method introduced in Sec. III A. However, the D−

s decay
vertex does not approximate the B0

s one well, as shown in
Fig. 6, due to its macroscopic D−

s decay length. So we
determine the B0

s decay vertex instead as the point on the
D−

s track closest to the muon track. Here the D−
s tack is

deduced from its decay vertex and momentum. Then, the
B0
s four-momentum gets reconstructed by combining its

displacement from the PV, total energy3 (see Fig. 7 for its
distribution)

EB0
s
¼ Esig −

X
i∈ sig-hem

Ei þ ED−
s
þ Eμ; ð4:1Þ

and B0
s on-shell condition.

As done for the RJ=ψ measurement, we introduce the
kinematic variables q2, m2

miss and the minimal distance
between the μ track and the secondary vertex SSV to
distinguish the signal events of the τ and μ modes. Their
distributions are shown in Fig. 7. The events of the τ modes
tend to have larger q2, m2

miss, and SSV, compared to those of

the μ modes. Notably, the reconstruction errors of q2

[1.49ð1.25Þ GeV2 for RDs
and 1.54ð1.34Þ GeV2 for RD�

s
]

and m2
miss [1.46ð1.12Þ GeV2 for RDs

and 1.46ð1.23Þ GeV2

for RD�
s
] in this analysis are smaller than those of the RJ=ψ

measurement; the peaks for the logSSV distributions here are
also shifted slightly to the left of those in the latter case. This
is because the B0

s lifetime is about 3 times as long as Bþ
c . A

larger displacement from the PV can reduce the uncertainty
in determining the b-hadron momentum direction.
The D−

s and D�−
s signal events are mutually the major

backgrounds in their respective measurements (see
Table VII). Nevertheless, they can be distinguished by
the photon from the D�−

s decay. For this purpose, we
circulate all electromagnetic calorimeter (ECAL) photons
in the signal hemisphere to identify the one that yields a
Δm≡mðKþK−π−γÞ −mðKþK−π−Þ value closest to
mD�−

s
−mD−

s
¼ 143.8 MeV [47]. The normalized Δm dis-

tributions for the signal and background events are shown
in Fig. 8. A clear resonant structure forms for the D�−

s

signals, but not for the D−
s signals. Notably, D�−

s mesons
can be produced in the cascade and inclusive backgrounds
efficiently, so a resonant structure forms in their distribu-
tion also.
As shown in Figs. 7 and 8, the observables introduced

above can separate the signals of different modes from the
universal backgrounds to various extents. As before, we
introduce a set of isolation observables with the cone size
Ω ¼ 0.3 and 0.6 to further suppress these backgrounds. We
show the distributions of INð0.3 radÞ and Iγð0.3 radÞ in
Fig. 9. In both cases, the signal events tend to concentrate
around zero, while the universal backgrounds are distrib-
uted more broadly.
In this analysis, we train the BDT classifier in the five-

class mode to address its four signal patterns (Dsμ, Dsτ,
D�

sμ, D�
sτ). The full list of the discriminators is summa-

rized below:
(1) Kinematics of the KþK−π−μþ system:

(a) Invariant mass: mKKπμ.
(b) Energy and momentum of the reconstructed D−

s
and muon: ED−

s
, jp⃗D−

s
j, Eμ, jp⃗μj.

(c) Mass difference: Δm ¼ mKKπγ −mKKπ .
(2) Observables of the reconstructed B0

s :
(a) Energy and momentum of the reconstructed B0

s :
EB0

s
, jp⃗B0

s
j.

(b) Lorentz-invariant observables: m2
miss, q

2.
(3) Vertex information:

(a) Minimal distance between the D−
s decay vertex

and the muon track.
(b) Minimal distance between the deduced B0

s decay
vertex and the muon track (SSV).

(c) Minimal distance between the muon track and its
closest track.

(d) Minimal distance between the reconstructed D−
s

trajectory and its closest track.

FIG. 6. Schematic of the B0
s → D�−

s τþν process. D�−
s decays to

D−
s with extra photon. Compared to that of J=ψ in the RJ=ψ

measurement, the lifetime of D−
s here is longer.

3As a universal treatment, the energy of the D�
s photon has not

been included in theEB0
s
reconstruction.However, one cando so for

a more dedicated analysis of RD� to improve the reconstruction
quality of EB0

s
.
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(e) Distance between the D−
s decay vertex and

the PV.
(4) Isolation observables:

(a) Neutral particles: INð0.3 radÞ, INð0.6 radÞ.
(b) Neutral hadrons: IHð0.3 radÞ, IHð0.6 radÞ.
(c) Photons: Iγð0.3 radÞ, Iγð0.6 radÞ.
(d) Charged particles: ITð0.3 radÞ, ITð0.6 radÞ.
(e) Tracks from the PV: IT;PVð0.3 radÞ,

IT;PVð0.6 radÞ.

(f) Tracks not from the PV: IT;disð0.3 radÞ,
IT;disð0.6 radÞ.

(5) Impact parameter of the tracks in the signal hemi-
sphere:
(a) Maximum and sum of transverse impact

parameters.
(b) Maximum and sum of longitudinal impact

parameters.
(6) Some other discriminators [59]:

FIG. 7. Distributions of the reconstructed EB0
s
, q2, m2

miss, and log SSV in the R
Dð�Þ

s
measurement. The solid and dashed lines represent

the simulated and truth-level values, respectively.

TABLE VII. Tera-Z yields for the preselected signals and the backgrounds in the RD�
s
and RDs

measurements. The
preselection criteria are defined in the text.

Channel Events at Tera-Z NðKKπμÞ NðD−
s Þ NðB0

sÞ Total eff. (%)

B0
s → D−

s τ
þντ 1.03 × 106 7.92 × 105 6.45 × 105 4.81 × 105 46.77

B0
s → D−

s μ
þνμ 1.50 × 107 1.18 × 107 9.93 × 106 8.41 × 106 56.08

B0
s → D�−

s τþντ 1.72 × 106 1.30 × 106 1.05 × 106 7.65 × 105 44.61
B0
s → D�−

s μþνμ 3.35 × 107 2.56 × 107 2.11 × 107 1.78 × 107 53.11
Inclusive bkg. 5.78 × 106 4.28 × 106 3.28 × 106 2.72 × 106 47.03
Cascade bkg. 8.44 × 107 6.20 × 107 2.33 × 107 8.71 × 106 10.33
Combinatoric bkg. 1.36 × 108 1.16 × 108 2.24 × 107 2.17 × 104 0.02
Mis-ID bkg. ϵμπ × 1.05 × 1010 ϵμπ × 4.33 × 109 ϵμπ × 8.41 × 108 ϵμπ × 8.50 × 107 0.81
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(a) D−
s μ

þ momentum transverse to the B0
s moving

direction: p⊥ðD−
s μ

þÞ.
(b) Corrected mass: mcorr ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2ðD−
s μ

þÞ þ p2⊥ðD−
s μ

þÞ
p

þ p⊥ðD−
s μ

þÞ.

B. Results

In Fig. 10, we show the distributions of BDT response in
favor of B0

s → D−
s τ

þντ, B0
s → D−

s μ
þνμ, B0

s → D�−
s τþντ,

and B0
s → D�−

s μþνμ. We summarize the event counts in
the four signal regions in Table VIII and the expected
precisions of RDs

and RD�
s

measurements at Tera-Z
(10 × Tera-Z) in Tables IX and X. As before, the precisions
of measuring R

Dð�Þ
s

are limited by the relatively low counts

of the τ-mode signal events. The two tables also show that,
in the high q2 region where a larger R

Dð�Þ
s

has been

predicted, a better precision can be achieved compared
to the low q2 region. Meanwhile, the relatively high S=B
ratios in all scenarios ensure the robustness of the sensi-
tivity analysis of measuring R

Dð�Þ
s

against the potential

systematic uncertainties. At last, we point out that the
imperfect discrimination between the Ds and D�

s modes

induces negative correlations between the RDs
and RD�

s

measurements (see Tables IX and X). We will discuss this
feature in more detail in Sec. VI B.

V. MEASUREMENT OF RΛc

A. Method

To measure RΛc
, we consider the exclusive Λ0

b decays,
i.e., Λ0

b → Λ−
c τ

þντ and Λ0
b → Λ−

c μ
þνμ with Λ−

c → p̄Kþπ−,
as the signals. Both signal modes contain p̄Kþπ−μþ in their
final states. The schematic of the Λ0

b → Λ−
c τ

þντ process is
shown in Fig. 11. Below are a set of cuts applied to
preselect such events.

(i) The p̄Kþπ−μþ selection. Candidates events that
have p̄, Kþ, and π− tracks (pT > 0.1 GeV) sharing
the same displaced decay vertex are selected. We
also require exactly one muon track (pT > 0.1 GeV)
with the same charge as the identified charged Kaon.

(ii) The Λ−
c selection. The p̄Kþπ− vertex’s distance

from the PV must be greater than 0.5 mm, with its
invariant mass jmp̄Kþπ− −mΛc

j < 14 MeV. The Λc

trajectory is reconstructed based on pp̄Kþπ− and its
decay vertex. The closest distance between the
reconstructed Λc system and any other track beside
the identified muon must be > 0.02 mm.

(iii) The Λ0
b selection. Once the Λ−

c candidate is iden-
tified, two hemispheres are divided by the plane
perpendicular to the displacement of Λ−

c decay
vertex, with the signal hemisphere containing the
Λ−
c decay vertex. The muon candidate must be found

in the signal hemisphere. Similar to the requirement
in Sec. IV, its minimal distance from other tracks,
except the tagged p̄Kþπ− tracks, needs to be greater
than 0.02 mm. Also, its pT has to be larger than
1.2 GeV. Finally, the invariant mass of p̄Kþπ−μþ
has to be smaller than mΛ0

b
.

The expected Tera-Z yields after the preliminary cuts are
shown in Table XI.

FIG. 9. Distributions of INð0.3 radÞ and Iγð0.3 radÞ in the R
Dð�Þ

s
measurement.

FIG. 8. Normalized distributions of Δm in the R
Dð�Þ

s
measurement.
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As has been done for other signal b hadrons, we can
reconstruct the Λ0

b four-momentum using its decay vertex
(or the pΛ0

b
direction) inferred from the Λ−

c and μ lepton
kinematics, total energy

EΛ0
b
¼ Esig −

X
i∈ sig-hem

Ei þ EΛ−
c
þ Eμ; ð5:1Þ

and on-shell condition. Then we can introduce the Lorentz-
invariant observables q2 andm2

miss and the minimal distance
between the μ track and the secondary vertex SSV to
separate the signals of the τ and μ modes and the set of
isolation observables of Λ0

b to suppress the universal
backgrounds. We show the distributions of these observ-
ables in Figs. 12 and 13. The reconstruction errors of q2 and

FIG. 10. Distributions of BDT response in favor of B0
s → D−

s τ
þντ (yτDs

), B0
s → D−

s μ
þνμ (yμDs

), B0
s → D�−

s τþντ (yτD�
s
), and B0

s →
D�−

s μþνμ (yμD�
s
) in the R

Dð�Þ
s

measurement. The vertical dashed lines represent optimal thresholds for sensitivity analysis.

TABLE VIII. Event counts in the signal regions of B0
s → D−

s τ
þντ, B0

s → D−
s μ

þνμ, B0
s → D�−

s τþντ, and B0
s →

D�−
s μþνμ for the R

Dð�Þ
s

measurement at Tera-Z.

yτDs
≥ 0.47 yτDs

< 0.47 yτDs
< 0.47 yτDs

< 0.47
∩ yμDs

< 0.36 ∩ yμDs
≥ 0.36 ∩ yμDs

< 0.36 ∩ yμDs
< 0.36

∩ yτD�
s
< 0.54 ∩ yτD�

s
< 0.54 ∩ yτD�

s
≥ 0.54 ∩ yτD�

s
< 0.54

∩ yμD�
s
< 0.64 ∩ yμD�

s
< 0.64 ∩ yμD�

s
< 0.64 ∩ yμD�

s
≥ 0.64

B0
s → D−

s τ
þντ 2.05 × 105 5.58 × 104 2.76 × 104 1.13 × 104

B0
s → D−

s μ
þνμ 2.43 × 104 7.11 × 106 ≲8.70 × 102 5.14 × 105

B0
s → D�−

s τþντ 9.38 × 104 2.53 × 104 2.22 × 105 6.00 × 104

B0
s → D�−

s μþνμ 1.10 × 105 4.88 × 106 1.22 × 105 9.03 × 106

Inclusive bkg. 4.12 × 104 3.99 × 105 4.35 × 104 2.61 × 105

Cascade bkg. 6.63 × 104 1.35 × 105 3.66 × 104 4.80 × 104

Combinatoric bkg. ≲3.43 × 103 ≲3.43 × 103 ≲3.43 × 103 ≲3.43 × 103

Mis-ID bkg. ϵμπ × 4.21 × 105 ϵμπ × 6.22 × 106 ϵμπ × 3.82 × 105 ϵμπ × 1.41 × 106
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m2
miss are given by 1.37(1.23) and 1.33ð1.18Þ GeV2,

respectively.
In this analysis, we train the BDT classifier in the three-

class mode to address its two signal patterns. The full list of
the discriminators is summarized below:

(1) Kinematics of the p̄Kþπ−μþ system:
(a) Invariant mass: mpKπμ.
(b) Energy and momentum of the reconstructed Λc

and muon: EΛ−
c
, jp⃗Λ−

c
j, Eμ, jp⃗μj.

(2) Observables of the reconstructed Λ0
b:

(a) Energy and momentum of the reconstructed Λ0
b:

EΛ0
b
, jp⃗Λ0

b
j.

(b) Lorentz-invariant observables: m2
miss, q

2.
(3) Vertex information:

(a) Minimal distance between the Λ−
c decay vertex

and the muon track.
(b) Minimal distance between the deducedΛ0

b decay
vertex and the muon track (SSV).

(c) Minimal distance between the muon track and its
closest track.

(d) Minimal distance between the reconstructed Λ−
c

trajectory and its closest track.
(e) Distance between the Λ−

c decay vertex and
the PV.

(4) Isolation observables:
(a) Neutral particles: INð0.3 radÞ, INð0.6 radÞ.
(b) Neutral hadrons: IHð0.3 radÞ, IHð0.6 radÞ.
(c) Photons: Iγð0.3 radÞ, Iγð0.6 radÞ.
(d) Charged particles: ITð0.3 radÞ, ITð0.6 radÞ.
(e) Tracks from the PV: IT;PVð0.3 radÞ,

IT;PVð0.6 radÞ.
(f) Tracks not from the PV: IT;disð0.3 radÞ,

IT;disð0.6 radÞ.
FIG. 11. Schematic of the Λ0

b → Λ−
c τ

þν process. Similar to
R
Dð�Þ

s
in that the lifetime of Λ−

c here is longer compared to that of

J=ψ in the RJ=ψ measurement.

TABLE IX. Expected BDT (relative) precisions of measuring RDs
at Tera-Z (10 × Tera-Z).

B0
s → D−

s τ
þντ B0

s → D−
s μ

þνμ RDs
Correlation

q2 range Rel. precision S=B Rel. precision S=B Rel. precision ρ w=RD�
s

q2 < 7.15 GeV2 8.17 × 10−3 0.49 5.83 × 10−4 1.57 9.37 × 10−3 −0.56
ð2.58 × 10−3Þ ð1.84 × 10−4Þ ð2.96 × 10−3Þ

q2 ≥ 7.15 GeV2 4.43 × 10−3 0.62 1.39 × 10−3 0.74 4.72 × 10−3 −0.48
ð1.40 × 10−3Þ ð4.38 × 10−4Þ ð1.49 × 10−3Þ

Full q2 3.81 × 10−3 0.60 5.42 × 10−4 1.28 4.09 × 10−3 −0.49
ð1.21 × 10−3Þ ð1.72 × 10−4Þ ð1.30 × 10−3Þ

TABLE X. Expected BDT (relative) precisions of measuring RD�
s
at Tera-Z ð10 × Tera-ZÞ.

B0
s → D�−

s τþντ B0
s → D�−

s μþνμ RD�
s

Correlation
q2 range Rel. precision S=B Rel. precision S=B Rel. precision ρ w=RDs

q2 < 7.15 GeV2 9.93 × 10−3 0.53 5.24 × 10−4 7.90 9.93 × 10−3 −0.56
ð3.14 × 10−3Þ ð1.66 × 10−4Þ ð3.14 × 10−3Þ

q2 ≥ 7.15 GeV2 3.50 × 10−3 1.04 5.94 × 10−4 15.25 3.49 × 10−3 −0.48
ð1.11 × 10−3Þ ð1.88 × 10−4Þ ð1.10 × 10−3Þ

Full q2 3.27 × 10−3 0.95 3.94 × 10−4 9.93 3.26 × 10−3 −0.49
ð1.03 × 10−3Þ ð1.24 × 10−4Þ ð1.03 × 10−3Þ
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(5) Impact parameter of the tracks in the signal hemisphere:
(a) Maximumandsumof transverse impactparameters.
(b) Maximum and sum of longitudinal impact

parameters.
(6) Some other discriminators [59]:

(a) Λ−
c μ

þ momentum transverse to the Λ0
b moving

direction: p⊥ðΛ−
c μ

þÞ.
(b) Corrected mass: mcorr ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2ðΛ−
c μ

þÞ þ p2⊥ðΛ−
c μ

þÞ
p

þ p⊥ðΛ−
c μ

þÞ.

B. Results

In Fig. 14, we show the distributions of BDT response in
favor of Λ0

b → Λ−
c τ

þντ and Λ0
b → Λ−

c μ
þνμ. We summarize

the event counts in the two signal regions in Table XII and
the expected precisions of measuring RΛc

at Tera-Z ð10 ×
Tera-ZÞ in Table XIII. The S=B ratios are high to avoid
large background systematics similar to previous RHc

measurements.

VI. IMPACTS OF DETECTOR PERFORMANCE
AND EVENT SHAPE

A. Detector tracking resolution

In the analysis scheme developed above for measuring
RHc

, the Hb reconstruction significantly relies on the
determination of the Hc decay vertex and the measurement

FIG. 12. Distributions of the reconstructed EΛ0
b
, q2, m2

miss, and log SSV in the RΛc
measurement. The solid and dashed lines

represent the simulated and truth-level messages, respectively.

TABLE XI. Tera-Z yields for the preselected signals and the backgrounds in the RΛc
measurement. The

preselection criteria are defined in the text.

Channel Events at Tera-Z NðpKπμÞ NðΛþ
c Þ NðΛ0

bÞ Total eff. (%)

Λ0
b → Λ−

c τ
þντ 4.46 × 106 3.52 × 106 2.96 × 106 2.22 × 106 49.89

Λ0
b → Λ−

c μ
þνμ 7.58 × 107 6.23 × 107 5.26 × 107 4.48 × 107 59.11

Inclusive bkg. 2.75 × 106 2.17 × 106 6.75 × 105 5.79 × 105 21.05
Cascade bkg. 1.03 × 106 8.05 × 105 4.05 × 105 2.18 × 105 21.19
Combinatoric bkg. 1.57 × 107 1.33 × 107 4.93 × 105 7.91 × 102 0.01
Mis-ID bkg. ϵμπ × 1.36 × 109 ϵμπ × 5.43 × 108 ϵμπ × 4.05 × 107 ϵμπ × 1.52 × 107 1.12
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of the muon track originating from the Hb or τ decay. The
precision of measuring RHc

thus could be sensitive to the
tracker resolution of impact parameters. To explore the
potential improvement with a better tracker resolution and
test the robustness of the presented results against a worse
situation, one then needs to draw a picture of the variation
of the precision of measuring RHc

with the tracker
resolution. In our previous analyses, we have simulated
the tracker effects via the vertex noise and modeled it as a
random vector with a reference magnitude of 10 μm. The
noise is then injected to the Hc decay vertex and the muon
track vertex independently, following a normal distribution
N ð0; 100=3Þ μm in each direction such that the overall
noise respects the normal distribution N ð0; 100Þ μm. To
generate a global picture mentioned above, below we will
perform a series of studies, with the noise level varying
from a perfect tracker case to more conservative resolution
scenarios.
Let us consider q2, m2

miss, and SSV. As the tracker
resolution correlates with the quality of Hb reconstruction,

these event-level observables measure the impacts on
event reconstruction and RHc

sensitivities. We present
the distributions of δq2, δm2

miss for the four RHc
measure-

ments in Figs. 15–18, with four benchmark vertex noise
levels: 0, 5, 10, and 20 μm. The dependence of their root
mean square on the vertex noise level is also shown
in Fig. 19, where more benchmark noise levels are
simulated. We have the following observations based on
these figures:

(i) For the reconstruction of q2 and m2
miss, Bþ

c →
J=ψτþντ and Bþ

c → J=ψμþνμ tend to be more
sensitive to the variation of vertex noise level,
compared to the other signal channels. As J=ψ
decays promptly, in these cases we have used the
J=ψ decay vertex to approximate the b-hadron
decay vertex. So, the b-hadron vertex reconstruction
has a higher quality in an ideal detector, but is less
robust against the vertex noise.

(ii) For the reconstruction of SSV, the muon signal
modes tend to be more sensitive to the variation
of vertex noise level compared to the τ signal
modes. At the truth level, we have SSV ≡ 0 μm
for all four muon signal channels. Especially, for
Bþ
c → J=ψμþνμ, its SSV can be “perfectly” mea-

sured in an “ideal” detector, due to the high-quality
reconstruction of the Bþ

c decay vertex. However, this
also implies that the reconstruction of SSV in this
case is less robust than the other three muon
channels. As for the τ signal modes, we have
SSV ≠ 0 μm at the truth level as the muon track
in these cases is generated from τ decay and hence
displaced from the b-hadron vertex. Because of the
extra complexity caused by τ decay, the error of
reconstructing SSV in these cases is generally big.
However, as the Bþ

c vertex can be well recon-
structed for the τ mode also, for Bþ

c → J=ψτþντ

FIG. 13. Distribution of Iγð0.3 radÞ in the RΛc
measurement.

FIG. 14. Distributions of BDT response in favor of Λ0
b → Λ−

c τ
þντ (yτΛc

) and Λ0
b → Λ−

c μ
þνμ (yμΛc

) in the RJ=ψ measurement. The
vertical dashed lines represent optimal thresholds for sensitivity analysis.
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the measurement of SSV is as sensitive to the vertex
noise as it is for the muon channels.

At last, we demonstrate the averaged relative precisions of
measuring RHc

in the bottom-right panel of Fig. 19, with

varied vertex noise. Consisting with the observations above,
the precision ofmeasuringRJ=ψ gets improvedmorewith the
reduced vertex noise, while the measurement ofRΛc

tends to
be more robust against the variation of vertex noise.

TABLE XII. Event counts in the signal regions of Λ0
b → Λ−

c τ
þντ and Λ0

b → Λ−
c μ

þνμ for the RΛc
measurement at

Tera-Z.

yτΛc
≥ 0.44 ∩ yμΛc

< 0.71 yτΛc
< 0.44 ∩ yμΛc

≥ 0.71

Λ0
b → Λ−

c τ
þντ 1.79 × 106 2.51 × 105

Λ0
b → Λ−

c μ
þνμ 5.34 × 105 4.26 × 107

Inclusive bkg. 4.84 × 104 2.57 × 105

Cascade bkg. 4.53 × 104 2.63 × 104

Combinatoric bkg. ≲4.76 × 102 ≲4.76 × 102

Mis-ID bkg. ϵμπ × 4.87 × 105 ϵμπ × 2.72 × 106

TABLE XIII. Expected BDT (relative) precisions of measuring RΛc
at Tera-Z ð10 × Tera-ZÞ.

Λ0
b → Λ−

c τ
þντ Λ0

b → Λ−
c μ

þνμ RΛc

q2 range Rel. precision S=B Rel. precision S=B Rel. precision

q2 < 7.15 GeV2 2.01 × 10−3 1.63 2.22 × 10−4 71.81 2.02 × 10−3

ð6.34 × 10−4Þ ð7.01 × 10−5Þ ð6.38 × 10−4Þ
q2 ≥ 7.15 GeV2 1.10 × 10−3 3.74 2.86 × 10−4 77.94 1.14 × 10−3

ð3.49 × 10−4Þ ð9.04 × 10−5Þ ð3.60 × 10−4Þ
Full q2 9.61 × 10−4 2.83 1.75 × 10−4 75.98 9.77 × 10−4

ð3.04 × 10−4Þ ð5.54 × 10−5Þ ð3.09 × 10−4Þ

FIG. 15. Distributions of δq2, δm2
miss, and δSSV for Bþ

c → J=ψτþντ and Bþ
c → J=ψμþνμ, respectively.

HO, JIANG, KWOK, LI, and LIU PHYS. REV. D 109, 093004 (2024)

093004-16



B. ECAL energy threshold

As shown in the RDs
and RD�

s
analyses in Sec. IV, the

B0
s → D−

s τ
þντðB0

s → D−
s μ

þνμÞ and B0
s → D�−

s τþντðB0
s →

D�−
s μþνμÞ events contribute mutually as one of the major

backgrounds in their respective measurements. A natural
discriminator between them could be the photon from the

D�−
s → D−

s γ decay. Sowe have introduced ameasureΔm≡
mðKþK−π−γÞ −mðKþK−π−Þ in our analyses and recon-
structed this photon as the one yielding aΔm value closest to
mD�−

s
−mD−

s
¼ 143.8 MeV, among all ECALphotons in the

signal hemisphere. The Δm defined for the reconstructed
D�−

s photon is then applied in the relevant BDT analyses.

FIG. 16. Distributions of δq2, δm2
miss, and δSSV for B0

s → D−
s τ

þντ and B0
s → D−

s μ
þνμ, respectively.

FIG. 17. Distributions of δq2, δm2
miss, and δSSV for B0

s → D�−
s τþντ and B0

s → D�−
s μþνμ, respectively.
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FIG. 18. Distributions of δq2, δm2
miss, and δSSV for Λ0

b → Λ−
c τ

þντ and Λ0
b → Λ−

c μ
þνμ, respectively.

FIG. 19. Reconstruction error of q2 (upper left), m2
miss (upper right), SSV (bottom left) and averaged relative changes to the reference

precision of measuringRHc
(bottom right), with varied vertex noise. In the first three panels, the reconstruction error is defined to be the root

mean square of δX over the signal sample, with X ¼ q2, m2
miss, and SSV. The solid and dashed lines correspond to the τ and μ modes,

respectively. Bottom right: we have trained tenBDT classifiers,with ten random separations of the training (50%) and testing (50%) datasets,
respectively, in the full simulation data samples. The averaged relative changes to themeasurement precisions and their variances are denoted
as solid lines and shaded bands, respectively. The reference precisions are simulated with a vertex noise of 10 μm, denoted as a black star.
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However, the D�−
s photon tends to be soft, with energy

typically ≲Oð1Þ GeV. The performance of ECAL in
detecting soft photons thus becomes highly crucial. The
ECAL responds weakly to soft photons. Below some
energy threshold (Eth), the photons may not cause a
response in the ECAL at all. We demonstrate this effect
in the left panel of Fig. 20. We classify the B0

s → D�−
s τþντ

and B0
s → D�−

s μþνμ events into the “tagged” and
“untagged” ones, with Eth ¼ 0.5 GeV, a default value in
the Delphes model. In the former case, aD�−

s photon that is
consistent with the truth in kinematics4 and additionally
yields a Δm value closest to 143.8 MeV can be recon-
structed, while in the latter case such a reconstruction fails.
Following this criterion, we find that only ∼40% D�−

s
photons are reconstructed successfully. Most of them have
a truth-level energy above Eth (despite a failure of
reconstruction for some “energetic” D�−

s photons due to,
e.g., a collimation with other particles in the ECAL). In
contrast, almost all B0

s → D�−
s τþντ and B0

s → D�−
s μþνμ

events containing a D�−
s photon with its energy below

Eth leave an empty entry in the ECAL and hence are
untagged. In addition to Eth, the reconstruction efficiency
of D�−

s photons can be impacted by the momentum
resolution of the ECAL. This feature is shown in the right
panel of Fig. 20, with a distribution of the tagged (T) and
untagged (U) D�−

s photons with respect to Δm. Clearly, the
reconstruction quality of Δm tends to be lower for the
untagged D�−

s photons. However, as the fraction of such
untagged D�−

s photons is small in the pool, at a level of
several percent only, we will focus on the effect of
Eth below.
In Fig. 21, we demonstrate the impacts of Eth on the

tagging efficiency of D�−
s photons and the precisions of

measuring RDs
and RD�

s
(and the correlation between these

precisions). Clearly, reducing the Eth value will improve
both analyses. It yields a positive change up to tens of
percent to the tagging efficiency, relative to its reference
value simulated at Eth ¼ 0.5 GeV. Consistently, the
expected BDT precisions of measuring RDs

and RD�
s
also

get improved. To end this subsection, we point out that
reducing Eth from its reference value will weaken the
correlation between the RDs

and RD�
s
measurements sig-

nificantly. This may further strengthen the constraints on
the relevant SMEFT, a study to be performed in Sec. VII.

C. Event shape

In the analyses above, we have focused on the features of
b-hadron decay products. However, the kinematics of
particles at event level, namely, event shape [60], may
carry extra information to distinguish the signals from their
backgrounds. The Bþ

c production in the RJ=ψ measurement
is such an example. In this process, two bottom and two
charm quarks are produced [61]. One charm quark and one
bottom quark are then confined into a Bþ

c meson, while the
second charm quark forms an extra c hadron, as illustrated
in Fig. 1. We show the energy distribution of the second c
hadron and the distribution of its included angle with the
Bþ
c meson in Fig. 22. For many of these events, their second

c hadron has energy more than 5 or even 10 GeVs, and its
included angle with the Bþ

c meson can be quite big also.
Such events have three hard or relatively hard heavy-
flavored hadrons, i.e., Bþ

c and extra b and c hadrons,
yielding a shape different from those of the back-to-back 2b
events and the multiparton 4b events, where the heavy
quarks stem from Z decay or QCD radiation rather than
weak decays. The 2b events have been known to signifi-
cantly contribute to the combinatoric and muon mis-ID
backgrounds. The observables of event shape thus could be
applied to further improve the sensitivity of measuring RJ=ψ

FIG. 20. Distributions of Eγ (left) for the truth-level D�−
s photons and Δm (right) for the reconstructed photons satisfying the

consistency condition in footnote 4, in B0
s → D�−

s τþντ and B0
s → D�−

s μþνμ. Photons tagged (T) by the detector simulation are shown as
blue curves, while untagged (U) photons are shown in orange.

4The consistency here requires the η and ϕ separation between
the reconstructed and truth-levelD�−

s photons to be less than 0.01
and the energy difference to be smaller than 30%.
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by suppressing its backgrounds with the information
beyond the Bþ

c decay.5

The event-level observables are highly suitable for the
analyses at e−eþ colliders, given no generic contaminations
in hadron collisions applied such as pileups and underlying
events. Many event-level observables have been originally
proposed for the e−eþ and e−h events [62] rather than the
hh ones [63]. Especially, the definiteness of the center of
mass frame for the e−eþ collision events have motivated
two of the authors in this paper to build up a dictionary
between the Mollweide projection of individual e−eþ
collision events and the all-sky cosmic microwave back-
ground (CMB) map (see Table 2 in [64]), where the event-

level kinematics corresponds to the anisotropy of CMB,
and accordingly a CMB-like observable scheme for collider
events. In this observable scheme, the Fox-Wolfram (FW)
moments [65] of individual events play a leading role, just
like the CMB power spectrum. For simplicity, we only
consider the FW moments of visible energy of particles
which are defined as

HEE;l ¼
Xl

m¼−l
HEE;l;m

¼ 4π

2lþ 1

X
i;j

EiEj

s

Xl

m¼−l
ðYm

l ðΩiÞ�Ym
l ðΩjÞÞ

¼
X
i;j

EiEj

s
PlðcosΩijÞ: ð6:1Þ

Here Ym
l ðΩiÞ is spherical harmonics of degree l and order

m, PlðcosΩijÞ is Legendre polynomials, and

cosΩij ¼ cos θi cos θj þ sin θi sin θj cosðϕi − ϕjÞ ð6:2Þ

FIG. 21. Tagging efficiency of D�−
s photons (left) and averaged relative change to the reference precisions of measuring RDs

and RD�
s

(and the correlation between these precisions) (right), with a varied value of Eth. Right: the averaged values (solid lines) and their
variances (shaded bands) are calculated based on ten BDT analyses with their training and testing datasets defined in the caption of
Fig. 19. The reference precisions are simulated with Eth ¼ 0.5 GeV, denoted as a black star.

FIG. 22. Energy distribution of the second c hadron in a Bþ
c event (left) and distribution of its included angle with the Bþ

c meson (right).

5Alternatively, one can require a successful reconstruction of
extra D meson via the decays such as D0 → K−2πþπ−,
D0 → Kþπ−, and Dþ → K−2πþ, to improve the quality of
reconstructing the RJ=ψ signal events. The clean environment
of a Z factory will benefit this goal. However, the observables of
event shape provide a more systematic and efficient way to look
into the information beyond the Bþ

c decay. So we will focus on
their performance in this paper.
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is the cosine of the included angle between two visible
particle i and j. In this summation, i and j run over all
visible particles in each event.
We show the cumulative Mollweide projections for the

Bþ
c → J=ψτþντ and Bþ

c → J=ψμþνμ events and the 2b and
4b (and also 2b2c) background events in Fig. 23. As the
combinatoric background receives the contributions from
multiple Z decay topologies, we require here all 2b
(50.4%), 4b (17.4%), and 2b2c (32.3%) events to be from
this type of background. As a comparison, the inclusive
background has similar event shape as that of the signals, as
both of them stem from the Z → Bþ

c þ X production, while
the mis-ID background is mainly from the B → J=ψ þ
πþ þ X decays and hence has a 2b-like event shape. From
this figure, one can see that the two bright spots in the
projections are smeared more for the 4b and 2b2c events
than the signal events and 2b events. This is consistent with

our expectation. Based on such projections, we demon-
strate the averaged FW moments hHEE;li (as a counterpart
of the CMB power spectrum at the detector sphere [64])
with l ¼ 1;…;…; 10 and the event distribution with
respect to HEE;2, for these signal and background events
in Fig. 24. Note, the range of l matches well with the
angular resolution needed to look into the structure of
signal events which is indicated by the right panel of
Fig. 22. Below are the main observations (for detailed
discussions on the underlying physics of the hHEE;li
spectrum, see [64]).

(i) Because of Plð−xÞ ¼ ð−1ÞlPlðxÞ, the moments with
odd l are zero for the parity-even events such as the
back-to-back 2b ones, which yield a zigzag structure
for the spectra.

(ii) The tail for the 4b spectrum is damped more,
compared to the other ones. This is because the

FIG. 23. Cumulative Mollweide projections (for details on such a projection, see Sec. 2.1 in [64]) for the Bþ
c → J=ψτþντ and

Bþ
c → J=ψμþνμ signal events (upper) and the 2b, 4b, and 2b2c combinatoric background events (bottom). In each panel, a total of

10000 events have been projected. The brightness of each cell is scaled with the total energy (GeV) of the particle hits received.

FIG. 24. Averaged FW moments hHEE;li with l ¼ 1;…;…; 10 (left) and event distribution with respect to HEE;2 (right), for the
Bþ
c → J=ψτþντ and Bþ

c → J=ψμþνμ signal events (upper) and the 2b, 4b, and 2b2c combinatoric background events.
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parton shower yields more particles in the final
state of this class of events. The democracy of
allocating visible energy among these particles
tends to reduce their self-correlation contribution

(i.e., Hself
EE;l ¼

P
i
E2
i
s ) to the FW moments (which is

universal to all l) and hence damp the spectrum
tail.

(iii) Note thatHEE;0 ¼ ð
P

i
EiÞ2

s denotes the squared share
of the visible energy among the total in each event.
The sorting of hHEE;0i tells us that more missing
energy tends to be produced for the Bþ

c → J=ψτþντ
events. The event distribution with respect to HEE;2

in the right panel reminds us that, unlike the CMB
power spectrum, the hHEE;li spectrum is free from
the cosmic variance problem, because the collider
data are ample.

(iv) The FW moments of Bþ
c → J=ψτþντ and Bþ

c →
J=ψμþνμ are close to those of the 2b2c events. This
can be understood since these signal events are
essentially the 2b2c events, except that they are
produced with three heavy hadrons, while the combi-
natoric background events typically contain four ones.

Finally, let us consider the potential impacts of FW
moments on the RJ=ψ measurement. We perform an extra
event selection with a BDT classifier developed with the
HEE;1−10 only before the BDT classifier based on the
original set of observables is applied. The relevant analysis
results are summarized in Table XIV. From this table, one
can see that the inclusion of FW moments for event
selection yields a suppression to the backgrounds univer-
sally faster than the reduction of signal events. Therein, the
mis-ID backgrounds are suppressed most efficiently, by a
factor of nearly 4. As a result, the S=B ratio for the τ and
muon signal modes are enhanced by more than 10% and
30%, respectively, while the relative precision for meas-
uring RJ=ψ gets slightly improved. These outcomes suggest

that the FW moments have worked as an independent
discriminator beyond the kinematics of b-hadron decay,
making this measurement more robust. Searching for other
multi-heavy-flavor processes such as exotic states [66,67]
may also benefit from such event-level observables.
Notably, despite the gains from the FW moments,
PYTHIA may not be accurate is simulating the event-level
message, especially for the multi-heavy-flavor productions
[61,68]. To be conservative, we have not included the FW
moments or other event-shape observables in the analyses
yielding the conclusions of this paper. We hope that an
improved simulation tool for such an analysis will be
available [69] in the near future.

VII. SMEFT INTERPRETATION

In this section, we will interpret in the SMEFT the
projected sensitivities of measuring RHc

, together with the
observables involving the b → sτþτ− [42] and b → sνν̄
[29] transitions, at the future Z factories. These measure-
ments are performed at μb ∼mb ¼ 4.8 GeV, an energy
scale well below the SMEFT cutoff. So we need to include
the effects of the renormalization group (RG) running in this
analysis. Concretely,wewill takeRG running for theWilson
coefficients of SMEFT from the hypothesized new physics
(NP) cutoff to the EW scale, match them with those of the
low-energy EFT (LEFT) at this scale, and then run down the
LEFTWilson coefficients to μb such that they can interplay
with the relevant measurements directly. Because of the
generic symmetry requirement, the SMEFT Wilson coef-
ficients are not fully independent. Their correlation is
inherited by the LEFT Wilson coefficients, leaving an
imprint in these measurements. Finally, the posterior dis-
tributions for the SMEFT Wilson coefficients will be
analyzed by taking a Markov-chain Monte Carlo
(MCMC) global fit.

TABLE XIV. Sensitivities of measuring RJ=ψ . All numbers in this table are generated by averaging the results of ten BDT analyses
with their training and testing datasets defined in the caption of Fig. 19. In the “Originalþ FWmoments” case, two BDT classifiers have
been trained in each analysis: one is based on the FW moments only and another one uses the original set of observables as the inputs.
Then the events are selected by the first BDT classifier before they are subject to the selection of the second BDT classifier.

Original Originalþ FWmoments

Preselection
yτJ=ψ ≥ 0.03 yτJ=ψ < 0.03 FW selection yτJ=ψ ≥ 0.03 yτJ=ψ < 0.03
∩ yμJ=ψ < 0.97 ∩ yμJ=ψ ≥ 0.97 (yBþ

c
> 0.05) ∩ yμJ=ψ < 0.97 ∩ yμJ=ψ ≥ 0.97

Bþ
c → J=ψτþντ 3.08 × 103 2.77 × 103 2.06 × 102 2.88 × 103 2.60 × 103 1.81 × 102

Bþ
c → J=ψμþνμ 8.40 × 104 4.33 × 103 7.64 × 104 6.56 × 104 3.83 × 103 5.95 × 104

Inclusive bkg. 3.90 × 103 4.44 × 102 3.67 × 102 2.31 × 103 3.76 × 102 2.54 × 102

Cascade bkg. 1.84 × 103 1.15 × 102 1.77 × 101 1.03 × 103 8.87 × 101 8.87 × 100

Combinatoric bkg. 7.78 × 104 1.98 × 103 1.60 × 102 3.93 × 104 1.61 × 103 1.51 × 102

Mis-ID bkg. (×ϵμπ) 1.10 × 108 2.38 × 105 7.59 × 104 2.79 × 107 1.68 × 105 2.64 × 104

S=B � � � 0.31 55.62 � � � 0.35 72.41

RJ=ψ Rel. Precision 4.12 × 10−2 4.06 × 10−2
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Here we have several comments. First, for the conven-
ience of discussions, we assume that the LFU violation is
possible for the third generation only, whereas the physics
of other generations have been constrained to be highly
consistent with the SM by the ongoing measurements or the
measurements at the future Z factories. Second, we assume
that the measured values for the relevant observables are
centered at their SM predictions [70–76]. The expected
measurement precisions are then summarized in Table XV.
We also present the expected precisions of measuring the
b → sτþτ− [42], b → cτν, and b → sνν̄ [29] transitions in
Fig. 25, as a specific demonstration of the Z-factory
performance in exploring the FCNC and FCCC physics
with the third-generation leptons. Third, we ignore the
systematics of measuring RHc

and the errors of calculating
RHc

. The former is expected to be canceled to some extent
since RHc

denotes a ratio of two parallel measurements [this
is also the reason that we apply the measurements of RHc

instead of BRðHb → HcτντÞ to constrain the SMEFT here].

However, the latter, which mainly arises from the uncer-
tainty of the hadron decay form factors, is typically
∼Oð10%Þ. This could be bigger than the statistical errors
of the RHc

measurements at the Z pole and hence down-
grade their capability to probe the SMEFT. We hope that
the theoretical and experimental developments later will
bring these uncertainties down to a level comparable to or
even below the statistical errors of these measurements by
the time of operating the future Z factories.

A. Low-energy EFT

1. b → cτν

In the 6D LEFT, the b → cτν transitions are described by

LLE
b→cτν ¼ −

4GFVcbffiffiffi
2

p ½ðCτ
VL
jSM þ δCτ

VL
ÞOτ

VL
þ Cτ

VR
Oτ

VR

þ Cτ
SL
Oτ

SL
þ Cτ

SR
Oτ

SR
þ Cτ

TO
τ
T � þ H:c:; ð7:1Þ

FIG. 25. Projected sensitivities of measuring the b → sτþτ− [42], b → cτνðBc → τνÞ [77], b → cτν (this work), and b → sνν̄ [29]
transitions at Tera-Z and 10 × Tera-Z. The sensitivities at Belle II at 50 ab−1 [23] and LHCb Upgrade II [24,78] have also been provided
as a reference. Note that the sensitivities for each category might be based on different τ decay modes. For example, the LHCb
sensitivities are generated by a combined analysis of τþ → πþπ−π−ðπ0Þν and τ → μνν̄.

TABLE XV. SM predictions for the relevant observables and relative precisions for their measurements at Belle II at 50 ab−1, LHCb
Upgrade II, Tera-Z, and 10 × Tera-Z.

Physical quantity SM value Tera-Z 10 × Tera-Z Belle II LHCb

RJ=ψ 0.289 4.25 × 10−2 1.35 × 10−2 � � � � � �
RDs

0.393 4.09 × 10−3 1.30 × 10−3 � � � � � �
RD�

s
0.303 3.26 × 10−3 1.03 × 10−3 � � � � � �

RΛc
0.334 9.77 × 10−4 3.09 × 10−4 � � � � � �

BRðBc → τνÞ 2.36 × 10−2 [41] 0.01 [41] 3.16 × 10−3 � � � � � �
BRðBþ → Kþτþτ−Þ 1.01 × 10−7 7.92 [42] 2.48 [42] 198 [23] � � �
BRðB0 → K�0τþτ−Þ 0.825 × 10−7 10.3 [42] 3.27 [42] � � � � � �
BRðBs → ϕτþτ−Þ 0.777 × 10−7 24.5 [42] 7.59 [42] � � � � � �
BRðBs → τþτ−Þ 7.12 × 10−7 28.1 [42] 8.85 [42] � � � 702 [24]
BRðBþ → Kþν̄νÞ 4.6 × 10−6 [23] � � � � � � 0.11 [23] � � �
BRðB0 → K�0ν̄νÞ 9.6 × 10−6 [23] � � � � � � 0.096 [23] � � �
BRðBs → ϕν̄νÞ 9.93 × 10−6 [29] 1.78 × 10−2 [29] 5.63 × 10−3 � � � � � �
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where

Oτ
VL

¼ ½c̄γμPLb�½τ̄γμPLν�; Oτ
VR

¼ ½c̄γμPRb�½τ̄γμPLν�;
Oτ

SL
¼ ½c̄PLb�½τ̄PLν�; Oτ

SR
¼ ½c̄PRb�½τ̄PLν�;

Oτ
T ¼ ½c̄σμνb�½τ̄σμνPLν�: ð7:2Þ

The subscripts VL, VR, SL, SR, and T denote the left- and
right-handed vector currents, left- and right-handed scalar

currents, and the tensor current, respectively. Note, the
SM contribution to the left-handed vector current is non-
trivial due to W boson emission, leaving Cτ

VL
jSM ¼ 1 at

μb ¼ 4.8 GeV. The superscript τ implies that any devia-
tions of these Wilson coefficients from their SM predictions
will violate the LFU explicitly.
Now we are able to calculate the LEFT predictions for

RHc
, which are given by (the details for these calculations

are summarized in the Appendix)

RJ=ψ

RSM
J=ψ

¼ 1.0þ Reð0.12Cτ
SL

þ 0.034jCτ
SL
j2 − 0.12Cτ

SR
− 0.068Cτ

SL
Cτ�
SR

þ 0.034jCτ
SR
j2 − 5.3Cτ

T þ 13jCτ
T j2 − 1.9Cτ

VR

− 0.12Cτ
SL
Cτ�
VR

þ 0.12Cτ
SR
Cτ�
VR

þ 5.8Cτ
TC

τ�
VR

þ 1.0jCτ
VR
j2 þ 2.0δCτ

VL
þ 0.12Cτ

SL
δCτ�

VL
− 0.12Cτ

SR
δCτ�

VL

− 5.3Cτ
TδC

τ�
VL

− 1.9Cτ
VR
δCτ�

VL
þ 1.0jδCτ

VL
j2Þ; ð7:3Þ

RDs

RSM
Ds

¼ 1.0þ Reð1.6Cτ
SL

þ 1.2jCτ
SL
j2 þ 1.6Cτ

SR
þ 2.4Cτ

SL
Cτ�
SR

þ 1.2jCτ
SR
j2 þ 1.4Cτ

T þ 1.4jCτ
T j2 þ 2.0Cτ

VR
þ 1.6Cτ

SL
Cτ�
VR

þ 1.6Cτ
SR
Cτ�
VR

þ 1.4Cτ
TC

τ�
VR

þ 1.0jCτ
VR
j2 þ 2.0δCτ

VL
þ 1.6Cτ

SL
δCτ�

VL
þ 1.6Cτ

SR
δCτ�

VL
þ 1.4Cτ

TδC
τ�
VL

þ 2.0Cτ
VR
δCτ�

VL
þ 1.0jδCτ

VL
j2Þ; ð7:4Þ

RD�
s

RSM
D�

s

¼ 1.0þ Reð0.085Cτ
SL

þ 0.026jCτ
SL
j2 − 0.085Cτ

SR
− 0.052Cτ

SL
Cτ�
SR

þ 0.026jCτ
SR
j2 − 4.6Cτ

T þ 15jCτ
T j2 − 1.8Cτ

VR

− 0.085Cτ
SL
Cτ�
VR

þ 0.085Cτ
SR
Cτ�
VR

þ 6.4Cτ
TC

τ�
VR

þ 1.0jCτ
VR
j2 þ 2.0δCτ

VL
þ 0.085Cτ

SL
δCτ�

VL
− 0.085Cτ

SR
δCτ�

VL

− 4.6Cτ
TδC

τ�
VL

− 1.8Cτ
VR
δCτ�

VL
þ 1.0jδCτ

VL
j2Þ; ð7:5Þ

RΛc

RSM
Λc

¼ 1.0þ Reð0.39Cτ
SL

þ 0.34jCτ
SL
j2 þ 0.49Cτ

SR
þ 0.61Cτ

SL
Cτ�
SR

þ 0.34jCτ
SR
j2 þ 1.1Cτ

T þ 12jCτ
T j2 − 0.71Cτ

VR

þ 0.49Cτ
SL
Cτ�
VR

þ 0.39Cτ
SR
Cτ�
VR

− 1.7Cτ
TC

τ�
VR

þ 1.0jCτ
VR
j2 þ 2.0δCτ

VL
þ 0.39Cτ

SL
δCτ�

VL
þ 0.49Cτ

SR
δCτ�

VL

þ 1.1Cτ
TδC

τ�
VL

− 0.71Cτ
VR
δCτ�

VL
þ 1.0jδCτ

VL
j2Þ: ð7:6Þ

We also include the measurement of BRðBc → τνÞ in this analysis. This channel is sensitive to the axial vector (Cτ
VL

− Cτ
VR
)

and pseudoscalar (Cτ
SL

− Cτ
SR
) combinations only. Here we take the results reported in [41],

BRðBc → τνÞ
BRðBc → τνÞSM ¼ 1.0þ Reð7.1Cτ

SL
þ 13jCτ

SL
j2 − 7.1Cτ

SR
− 26Cτ

SL
Cτ�
SR

þ 13jCτ
SR
j2 − 2.0Cτ

VR
− 7.1Cτ

SL
Cτ�
VR

þ 7.1Cτ
SR
Cτ�
VR

þ 1.0jCτ
VR
j2 þ 2.0δCτ

VL
þ 7.1Cτ

SL
δCτ�

VL
− 7.1Cτ

SR
δCτ�

VL
− 2.0Cτ

VR
δCτ�

VL
þ 1.0jδCτ

VL
j2Þ: ð7:7Þ

Notably, these channels represent four types of the
b → cτν transitions: the vector type (RJ=ψ and RD�

s
), the

pseudoscalar type (RDs
), the baryon type (RΛc

), and
the annihilation type [BRðBc → τνÞ]. The responses to
the NP tend to be aligned for the channels of the same
types, as indicated by Eqs. (7.3) and (7.5). The difference
between them mainly arises from meson masses and decay
form factors, which are usually small. So it is important to
combine all four types of measurements for more accurate
EFT interpretation.

2. b → sτ + τ −

In the 6DLEFT, theb→sτþτ− transitions are described by

LLE
b→sτþτ− ¼ 4GFVtbV�

tsffiffiffi
2

p ½ðCτ
9jSM þ δCτ

9ÞOτ
9

þ ðCτ
10jSM þ δCτ

10ÞOτ
10 þ C0τ

9O
0τ
9 þ C0τ

10O
0τ
10

þ Cτ
SO

τ
S þ C0τ

SO
0τ
S þ Cτ

PO
τ
P þ C0τ

PO
0τ
P

þ Cτ
TO

τ
T þ Cτ

T5O
τ
T5� þ H:c:; ð7:8Þ
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where

Oτ
9ð10Þ ¼

α

4π
½s̄γμPLb�½τ̄γμðγ5Þτ�;

O0τ
9ð10Þ ¼

α

4π
½s̄γμPRb�½τ̄γμðγ5Þτ�;

Oτ
SðPÞ ¼

α

4π
½s̄PRb�½τ̄ðγ5Þτ�;

O0τ
SðPÞ ¼

α

4π
½s̄PLb�½τ̄ðγ5Þτ�;

Oτ
TðT5Þ ¼

α

4π
½s̄σμνb�½τ̄σμνðγ5Þτ�: ð7:9Þ

As it occurs to the left-handed vector current of b → cτν, the
SM contributes to Oτ

9 and Oτ
10. The contributions include

the gluon penguin diagrams with extra quark loop and the
radiative b → sγ� → sτþτ− processes, yielding Cτ

9ð10ÞjSM ≈
4.07ð−4.31Þ at μb ¼ 4.8 GeV [79]. α is the running fine-
structure constant. Note, we tolerate the abuse of notation
here for the Oτ

T operator and its Wilson coefficient. This
notation has been used for the tensor-current operator in the
b → cτν LEFT defined in Eq. (7.1). We will see later that
both Oτ

T and Oτ
T5 in this Lagrangian are irrelevant to the

SMEFT interpretation.
The LEFT predictions for BRðBþ → Kþτþτ−Þ,

BRðB0→K�0τþτ−Þ, BRðBs→ϕτþτ−Þ, and BRðBs→τþτ−Þ
are given as follows6:

BRðBþ → Kþτþτ−Þ
BRðBþ → Kþτþτ−ÞSM ¼ 1.0þ Reð−0.35C0τ

10 þ 0.041jC0τ
10j2 þ 0.14C0τ

9 þ 0.019jC0τ
9 j2 − 0.34Cτ

P þ 0.079C0τ
10C

τ�
P

þ 0.043jCτ
Pj2 − 0.34C0τ

P þ 0.079C0τ
10C

0τ�
P þ 0.086Cτ

PC
0τ�
P þ 0.043jC0τ

Pj2 þ 0.014jCτ
Sj2

þ 0.027Cτ
SC

0τ�
S þ 0.014jC0τ

S j2 þ 0.018jCτ
T5j2 þ 0.37Cτ

T þ 0.10C0τ
9C

τ�
T þ 0.15jCτ

T j2
− 0.35δCτ

10 þ 0.082C0τ
10δC

τ�
10 þ 0.079Cτ

PδC
τ�
10 þ 0.079C0τ

PδC
τ�
10 þ 0.041jδCτ

10j2 þ 0.14δCτ
9

þ 0.038C0τ
9 δC

τ�
9 þ 0.10Cτ

TδC
τ�
9 þ 0.019jδCτ

9j2Þ; ð7:10Þ

BRðB0 → K�0τþτ−Þ
BRðB0 → K�0τþτ−ÞSM ¼ 1.0þ Reð0.13C0τ

10 þ 0.018jC0τ
10j2 − 0.31C0τ

9 þ 0.059jC0τ
9 j2 − 0.057Cτ

P − 0.013C0τ
10C

τ�
P

þ 0.0062jCτ
Pj2 þ 0.057C0τ

P þ 0.013C0τ
10C

0τ�
P − 0.012Cτ

PC
0τ�
P þ 0.0062jC0τ

Pj2 þ 0.0014jCτ
Sj2

− 0.0029Cτ
SC

0τ�
S þ 0.0014jC0τ

S j2 þ 1.3Cτ
T5 − 0.39C0τ

9C
τ�
T5 þ 0.77jCτ

T5j2 þ 0.22Cτ
T þ 0.068C0τ

9C
τ�
T

þ 0.24jCτ
T j2 − 0.15δCτ

10 − 0.030C0τ
10δC

τ�
10 þ 0.013Cτ

PδC
τ�
10 − 0.013C0τ

PδC
τ�
10 þ 0.018jδCτ

10j2
þ 0.40δCτ

9 − 0.090C0τ
9 δC

τ�
9 þ 0.39Cτ

T5δC
τ�
9 þ 0.068Cτ

TδC
τ�
9 þ 0.059jδCτ

9j2Þ; ð7:11Þ

BRðBs → ϕτþτ−Þ
BRðBs → ϕτþτ−ÞSM ¼ 1.0þ Reð0.14C0τ

10 þ 0.017jC0τ
10j2 − 0.33C0τ

9 þ 0.060jC0τ
9 j2 − 0.057Cτ

P − 0.013C0τ
10C

τ�
P

þ 0.0062jCτ
Pj2 þ 0.057C0τ

P þ 0.013C0τ
10C

0τ�
P − 0.012Cτ

PC
0τ�
P þ 0.0062jC0τ

Pj2 þ 0.0014jCτ
Sj2

− 0.0028Cτ
SC

0τ�
S þ 0.0014jC0τ

S j2 þ 1.4Cτ
T5 − 0.41C0τ

9C
τ�
T5 þ 0.80jCτ

T5j2 þ 0.17Cτ
T þ 0.054C0τ

9C
τ�
T

þ 0.21jCτ
T j2 − 0.15δCτ

10 − 0.031C0τ
10δC

τ�
10 þ 0.013Cτ

PδC
τ�
10 − 0.013C0τ

PδC
τ�
10 þ 0.018jδCτ

10j2
þ 0.40δCτ

9 − 0.097C0τ
9 δC

τ�
9 þ 0.41Cτ

T5δC
τ�
9 þ 0.054Cτ

TδC
τ�
9 þ 0.060jδCτ

9j2Þ; ð7:12Þ

BRðBs → τþτ−Þ
BRðBs → τþτ−ÞSM ¼ 1.0þ Reð0.46C0τ

10 þ 0.054jC0τ
10j2 − 0.78Cτ

P − 0.18C0τ
10C

τ�
P þ 0.15jCτ

Pj2 þ 0.78C0τ
P þ 0.18C0τ

10C
0τ�
P

− 0.31Cτ
PC

0τ�
P þ 0.15jC0τ

Pj2 þ 0.086jCτ
Sj2 − 0.17Cτ

SC
0τ�
S þ 0.086jC0τ

S j2 − 0.46δCτ
10 − 0.11C0τ

10δC
τ�
10

þ 0.18Cτ
PδC

τ�
10 − 0.18C0τ

PδC
τ�
10 þ 0.054jδCτ

10j2Þ: ð7:13Þ

6These relations are slightly different from those in [80]. The main reason is that we have not taken a full consideration on the
uncertainties of the decay form factors for simplicity. Moreover, unlike [80], where four LEFToperators are turned on, here we consider
a total of 10 LEFT operators instead.
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The collider phenomenology on theb → sτþτ− transitions
have been studied in various contexts [33,42,80]. Currently,
the upper limits set by BABAR and LHCb for their branching
ratios are ∼Oð10−3Þ [81,82]. They are much higher than the
SM predictions, which are typically ∼Oð10−7Þ. Recently, a
systematic study performed in [42] indicates that these limits
[except BRðBs → τþτ−Þ] can be improved to ∼Oð10−7Þ at
Tera-Z and even more for 10 × Tera-Z. The relevant sensi-
tivity inputs on the b → sτþτ− measurements at the Z pole
will be mainly based on this paper.

3. b → sν̄ν

In the 6D LEFT, the b → sν̄ν transitions are described by

LLE
b→sν̄ν ¼ þ 4GFVtbV�

tsffiffiffi
2

p ½ðCν
LjSM þ δCν

LÞOν
L þ Cν

RO
ν
R�

þ H:c:; ð7:14Þ

where

Oν
LðRÞ ¼

α

4π
½s̄γμPLðRÞb�½ν̄γμð1 − γ5Þν�: ð7:15Þ

Oν
L receives contributions from the SM at loop level.

Combining the EW contributions and the next-to-lead-
ing-order QCD corrections yields Cν

LjSM ≈ −6.47 [70].
Notably, the three flavors of neutrinos all contribute at
colliders and are mutually indistinguishable. Here we
assume a deviation from the SM prediction to be possible
for the third generation only, as discussed above.

The LEFT predictions for BRðBþ → Kþν̄νÞ,
BRðB0 → K�0ν̄νÞ, and BRðBs → ϕν̄νÞ are given as
follows [70]:

BRðBþ → Kþν̄νÞ
BRðBþ → Kþν̄νÞSM ¼ 1

3
½2þ ð1 − 2ηÞϵ2�;

BRðB0 → K�0ν̄νÞ
BRðB0 → K�0ν̄νÞSM ¼ 1

3
½2þ ð1þ κK�0ηÞϵ2�;

BRðBs → ϕν̄νÞ
BRðBs → ϕν̄νÞSM ¼ 1

3
½2þ ð1þ κϕηÞϵ2�; ð7:16Þ

where κK�0 ¼ 1.34 [70], κϕ ¼ 1.56 [29], and

ϵ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jCν

Lj2 þ jCν
Rj2

p
Cν
LjSM

; η ¼ −ReðCν
LC

ν�
R Þ

jCν
Lj2 þ jCν

Rj2
: ð7:17Þ

At Belle II with 50 ab−1, relative sensitivities up to 11%
and 9.6% could be achieved for BRðBþ → Kþν̄νÞ and
BRðB0 → K�0ν̄νÞ, respectively [23]. The CEPC may con-
strain BRðBs → ϕν̄νÞ with a relative sensitivity ∼1.78%, as
reported in [29].

B. SMEFT and matching

The SMEFT respects the SM gauge symmetries, namely,
SUð3Þc × SUð2ÞL ×Uð1ÞY . Its 6D operators contributing
to the b → cτν, b → sτþτ−, and b → sν̄ν transitions are
given by [83,84]

LSM ⊃
1

Λ2

X
i;j;k;l

ð½Cð1Þ
lq �ijkl½Oð1Þ

lq �ijkl þ ½Cð3Þ
lq �ijkl½Oð3Þ

lq �ijkl þ ½Ced�ijkl½Oed�ijkl þ ½Cld�ijkl½Old�ijkl þ ½Cqe�ijkl½Oqe�ijkl

þ ½Cledq�ijkl½Oledq�ijkl þ ½Cð1Þ
lequ�ijkl½Oð1Þ

lequ�ijkl þ ½Cð3Þ
lequ�ijkl½Oð3Þ

lequ�ijklÞ þ H:c:; ð7:18Þ

where

½Oð1Þ
lq �ijkl ¼ ½L̄iγμLj�½Q̄kγ

μQl�;
½Oð3Þ

lq �ijkl ¼ ½L̄iγμσ
aLj�½Q̄kγ

μσaQl�;
½Oed�ijkl ¼ ½liγμlj�½d̄kγμdl�;
½Old�ijkl ¼ ½L̄iγμLj�½d̄kγμdl�;
½Oqe�ijkl ¼ ½liγμlj�½Q̄kγ

μQl�;
½Oledq�ijkl ¼ ½L̄I

ilj�½d̄kQI
l �;

½Oð1Þ
lequ�ijkl ¼ ½L̄I

ilj�ϵIJ½Q̄J
kul�;

½Oð3Þ
lequ�ijkl ¼ ½L̄I

iσμνlj�ϵIJ½Q̄J
kσ

μνul�; ð7:19Þ
with i, j, k, and l denoting the quark/lepton flavor and I
and J representing the SUð2ÞL symmetry index. The scale

TABLE XVI. SMEFT operators that are relevant to this study.
In the second column, the operators are shown in the down basis,
where Qi ¼ fV�

jiuj; dig and Li ¼ fνi;lig.
SMEFT
operators SMEFT operators (down basis)

½Oð1Þ
lq �3332 ½ν̄γμPLνþ τ̄γμPLτ�½b̄γμPLs�

½Oð3Þ
lq �3332 2V�

cs½ν̄γμPLτ�½b̄γμPLc�− ½ν̄γμPLν− τ̄γμPLτ�½b̄γμPLs�
½Oed�3332 ½τ̄γμPRτ�½b̄γμPRs�
½Old�3332 ½ν̄γμPLνþ τ̄γμPLτ�½b̄γμPRs�
½Oqe�3332 ½τ̄γμPRτ�½b̄γμPLs�
½Oledq�3332 V�

cs½ν̄PRτ�½b̄PLc� þ ½τ̄PRτ�½b̄PLs�
½Oledq�3323 ½τ̄PRτ�½s̄PLb�
½Oð1Þ

lequ�3332 V�
cs½ν̄PRτ�½b̄PRc�

½Oð3Þ
lequ�3332 V�

cs½ν̄σμνPRτ�½b̄σμνPRc�

HO, JIANG, KWOK, LI, and LIU PHYS. REV. D 109, 093004 (2024)

093004-26



Λ≳ the electroweak scale is the cutoff of EFT, corre-
sponding to the scale of new physics. For concreteness,
we focus on the operators unsuppressed by the Cabibbo–
Kobayashi–Maskawa elements, i.e., the ones containing
exactly one bottom quark and one strange or one charm
quark. As only the third-generation leptons are allowed to
deviate their physics from the SM, there are nine 6D
operators of SMEFT to consider in total. These operators
are summarized in Table XVI.

We calculate the SMEFT and LEFT Wilson coefficients
with RG running using the WILSON package [85]. These two
theories are then matched at the scale of mZ by demanding

LSMðmZÞ ¼ LLEðmZÞ: ð7:20Þ

The LEFT operators Oτ
VR

for b → cτν and Oτ
T and Oτ

T5 for
b → sτþτ− are irrelevant to matching and hence are turned
off. As for the left 14 LEFT operators, only nine are

 

FIG. 26. 2D posterior distributions of the SMEFT Wilson coefficients (at Λ ¼ 10 TeV) at Tera-Z, with 68% (dark blue) and 95%
(light blue) confidence levels. The fitting inputs are summarized in Table XV.
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independent due to the relations inherited from the SMgauge
symmetries. We take Cτ

SL
and Cτ

T from Eq. (7.1), δCτ
9, C

0τ
9 ,

δCτ
10,C

0τ
10,C

τ
S,C

0τ
S from Eq. (7.8), and δCν

L from Eq. (7.14) to
define the basis of the constrained LEFTWilson coefficients
without losing any generality. Then we have

½CðiÞ�
lq �3332 ¼

GFαVtbV�
tsΛ2

2
ffiffiffi
2

p
π

ðδCτ
9 − δCτ

10 � 2δCν
LÞ;

i ¼ f1; 3g;

½C�
edðldÞ�3332 ¼

GFαVtbV�
tsΛ2ffiffiffi

2
p

π
ðC0τ

9 � C0τ
10Þ;

½C�
qe�3332 ¼

GFαVtbV�
tsΛ2ffiffiffi

2
p

π
ðδCτ

9 þ δCτ
10Þ;

½C�
ledq�3332 ¼

ffiffiffi
2

p
GFαVtbV�

tsΛ2

π
Cτ
S;

½Cledq�3323 ¼
ffiffiffi
2

p
GFαVtbV�

tsΛ2

π
Cτ0
S ;

½Cð1Þ�
lequ�3332 ¼ −

4GFVcbΛ2ffiffiffi
2

p
Vcs

Cτ
SL
;

½Cð3Þ�
lequ�3332 ¼ −

4GFVcbΛ2ffiffiffi
2

p
Vcs

Cτ
T: ð7:21Þ

At the matching scale around mZ, the other LEFT Wilson
coefficients then satisfy the following relations:

Cτ
SR

¼ −
αVtbV�

tsVcs

2πVcb
Cτ
S;

δCτ
VL

¼ αVtbV�
tsVcs

4πVcb
ðδCτ

10 − δCτ
9 þ 2δCν

LÞ;

Cτ
P ¼ −Cτ

S; C0τ
P ¼ C0τ

S ;

Cν
R ¼ 1

2
ðC0τ

9 − C0τ
10Þ: ð7:22Þ

C. SMEFT interpretation

To generate the posterior distributions of the SMEFT
Wilson coefficients at the cutoff scale, we sample a total of
105 points in the space of LLEðμbÞ with the EMCEE package
[86] to fit the data in Table XV. These points are then
projected to the space of LSMðΛ ¼ 10 TeVÞ, using the
WILSON package for RG running [85], where marginaliza-
tion is performed with the CORNER package [87]. For the
convenience of analysis, we implement the matching
conditions at the scale of μb instead [88]. The matching
conditions are subject to an effect of RG running. However,
the relations in Eq. (7.22) are preserved by the QCD effect
[89,90], as the operators involved in each relation share
identical quark spinor structures. At one-loop level, they are
deformed by electroweak coupling and quadratic product
of Wilson coefficients only. We thus take Eq. (7.22) to be an
approximation of the matching conditions at μb. Numerical
work indicates that, for the data sampling in such a manner,
the caused deviation from Eq. (7.22) at the scale ofmZ is, at
most, at a level of several percents.
We present the 2D posterior distributions of the SMEFT

Wilson coefficients (at Λ ¼ 10 TeV) at Tera-Z in Fig. 26
and their 1D posterior distributions at Tera-Z and 10 ×
Tera-Z in Fig. 27. These parameters are constrained to be
≲Oð1Þ with 68% confidence level by the Tera-Z, but not at
a comparable level. As summarized in Table XV (also see
Fig. 25), the measurements of b → cτν transitions dem-
onstrate a universally high precision [though the precisions
for RJ=ψ and BRðBc → τνÞ are one order of magnitude
lower than those of R

Dð�Þ
s

and RΛc
due to the relatively low

production rate of Bc mesons]. The relative precision for
measuring BRðBs → ϕν̄νÞ is also high, though the SM
prediction for its absolute value is tiny. The three operators
½Oed�3332, ½Oqe�3332, and ½Oledq�3323 do not contribute to any
of them except the b → sττ transitions. So the constraints

FIG. 27. 1D posterior distributions of the SMEFT Wilson coefficients (at Λ ¼ 10 TeV) at Tera-Z and 10 × Tera-Z, with 68% (dark)
and 95% (light) confidence levels. The fitting inputs are summarized in Table XV.
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for their Wilson coefficients are a few times weaker than
those of the other ones.

VIII. SUMMARY AND CONCLUSION

The LFU is one of the hypothetical principles in the SM
and should be measured with a precision as high as possible
such that the physics violating this principle can be fully
tested. The future Z factories provide a great opportunity to
perform this task. At Z pole, the b hadrons are produced to
be highly boosted, with relatively few contaminations from
the environment. A higher precision of measuring particle
energy and vertex and efficiency for reconstructing the
signal events thus can be achieved, compared to those at
Belle II and LHCb. For the Hb → HcτðμÞν measurements
studied in this paper, we have developed an algorithm to
reconstruct Hc and Hb, where the total four-momentum of
neutrinos or the missing momentum in each signal event
can be inferred, by employing these advantages. Moreover,
heavy b hadrons such as Λb can be produced at Z pole with
significant statistics. This opens new avenues to test the
LFU. If the LFU violation is observed, such a multiplicity
of signal modes may greatly benefit exploring the nature of
LFU-violating new physics, e.g., parity and spin of the
relevant mediators.
The study performed in this paper was mainly based on

the b → cτðμÞν transitions. Concretely, we analyzed the
sensitivity of measuring RHc

in four representative scenar-

ios: Bc → J=ϕτðμÞν, Bs → Dð�Þ
s τðμÞν, and Λb → ΛcτðμÞν,

with τ → μνν̄. The statistics for all of them at Belle II are
significantly lower than those expected to achieve at the
future Z factories. Because of the relatively high efficiency
for event reconstruction (see, e.g., the upper-left panel of
Figs. 3, 7, and 12), we are allowed to introduce the invariant
mass of off-shell W boson q2 and missing momenta m2

miss
and the minimal distance between the μ3 track and the Hb
decay vertex SSV to distinguish the μ- and τ-mode signal
events which serve as mutual backgrounds in their respec-
tive measurements. These observables can be also applied
to discriminate the signals from the universal backgrounds.
The universal backgrounds have been classified into five
categories in this study. Despite their multiplicity, these
backgrounds tend to be less isolated compared to the signal
Bc mesons. So we also turned on a set of isolation measures
to further suppress these backgrounds. Finally, these
observables and some others are integrated using the
BDT tool in the sensitivity analysis, yielding S=B≳ 0.3
for various relevant scenarios.
The algorithm developed for reconstructing Hc and Hb

relies on the messages of tracks and decay vertex signifi-
cantly. So we further explored the robustness of sensitivity
against the tracker performance and the potential improve-
ment with a better tracker resolution. We showed that the
variation of tracker resolution, which is manifested as
vertex noise, from a perfect case to more conservative

scenarios causes a change of ∼Oð10%Þ to sensitivity.
Specifically, the precision of measuring RJ=ψ could be
improved more with the reduced vertex noise, while the
measurement of RΛc

tends to be more robust against the
variation of vertex noise level. The reason is simple. Unlike
the Λb one, the Bc vertex can be well-approximated by the
Hc vertex. This leads to more accurate reconstruction for
Bc, which in turn leaves smaller space to resolve the
variation of vertex noise. In addition, we investigated the
impacts of ECAL energy threshold on soft photon tagging.
The latter plays a central role in the R

Dð�Þ
s
measurements, as

the separation between Ds and D�
s relies on the resonance

reconstruction of D�
s → Dsγ. We found that, as the photon

energy threshold decreases, the precisions of measuring
R
Dð�Þ

s
could be improved by ∼Oð10%Þ and meanwhile the

correlation between them gets weakened. Finally, for the
first time we scrutinized the effect of event shape in
distinguishing the signal and background events. We
considered the RJ=ψ measurement as an example, as
multiple heavy-flavor quarks can be produced in the Z →
Bc þ X events. The message beyond the Bc decays indeed
yields a suppression of the background events, especially
the ones from the back-to-back Z → bb̄ decays. By
including the FW moments as the inputs for the BDT
analysis, we showed that the signal-to-background ratio is
increased by several percents, and the signal significance
can be slightly improved.
Finally, we have interpreted in the SMEFT the projected

sensitivities of measuring RHc
, together with the b →

sτþτ− and b → sνν̄ observables, at the future Z factories.
These measurements are performed at an energy scale well
below the SMEFT cutoff. So we included the effects of the
RG running in this analysis, with the EW-scale matching
conditions being implemented. Because of the generic
constraints of symmetries for the SMEFT, these observ-
ables are entangled with each other. For example, the

operator ½Oð3Þ
lq �3332 correlates the measurements of all three

types of relevant FCNC/FCCC transitions (see Table XVI)
at the low-energy scale. The MCMC posterior distributions
for the SMEFT Wilson coefficients then indicate—for
≲Oð1Þ Wilson coefficients—the LFU-violating physics
can be probed up to a scale ∼Oð10Þ TeV at Tera-Z.
Notably, to demonstrate the sensitivity potential of

testing the LFU at the future Z factories, we have taken
the b → cτν measurements with τ → μνν̄ as a benchmark.
Such a scenario is representative but not complete.
Actually, the accuracy of electron identification in a Z
factory is also high. One can thus generalize the analysis to
the mode of τ → eνν̄ straightforwardly, to further improve
the measurement precision. Alternative decay modes for
Hc could be also considered for the RHc

measurements, if
we can reconstruct the Hc hadron well. By including
electron modes, we will double the effective statistics for
the R

Dð�Þ
s
and RΛc

measurements and quadruple that for the
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RJ=ψ measurement. By including hadronic modes, we will
gain more. A combination of these analyses will certainly
generate positive impacts on the sensitivity reach of the
LFU tests at the future Z factories. Moreover, the strategies
developed here could be applied to other tasks at the Z pole
also, such as the differential and CP measurements in
semileptonic b-hadron decays. We leave these explorations
to future work.
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APPENDIX: RELEVANT OBSERVABLES
IN LOW-ENERGY EFT

The LEFT predictions for the b → cτν, b → sτþτ−, and
b → sν̄ν observables have been analytically or semianalyti-
cally studied in literature. However, to apply them to the
SMEFT interpretation performed in Sec. VII, we need these
predictions to be numerically calculated in terms of the LEFT
Wilson coefficients first. Below is a summary of the
analytical formulas that we have used for such a calculation
(a summary of the parameter values used for this purpose can

be found in Table XVII), which include the ones for RJ=ψ ,
R
Dð�Þ

s
, RΛc

and BRðBþ → Kþτþτ−Þ, BRðB0 → K�0τþτ−Þ,
BRðBs → ϕτþτ−Þ, and BRðBs → τþτ−Þ. Note, the numeri-
cal formulas for BRðBþ → Kþν̄νÞ, BRðB0 → K�0ν̄νÞ, and
BRðBs → ϕν̄νÞ have been presented in [29,70]. Sowe quote
them directly in the main text.

1. RJ=ψ and RD�
s

RJ=ψ and RD�
s
involve the decay of the b meson with a

vector meson. Their calculations in the LEFT are essen-
tially the same. Consider RD�

s
as an example. We have

(following [1])

dΓBs→D�
sτν

dq2
¼ G2

FjVcbj2
192π3m3

Bs

q2
ffiffiffiffiffiffiffiffiffiffiffi
λðq2Þ

q �
1 −

m2
τ

q2

�
2
�
ðj1þ δCτ

VL
j2 þ jCτ

VR
j2Þ

��
1þ m2

τ

2q2

�
ðH2

Vþ þH2
V−

þH2
V0
Þ þ 3m2

τ

2q2
H2

Vt

�

− 2Re½ð1þ δCτ
VL
ÞCτ�

VR
�
��

1þ m2
τ

2q2

�
ðH2

Vþ þ 2HV−
HV0

Þ þ 3m2
τ

2q2
H2

Vt

�
þ 3

2
jCτ

SL
− Cτ

SR
j2H2

S

þ 8jCτ
T j2

�
1þ 2m2

τ

q2

�
ðH2

Vþ þH2
V−

þH2
V0
Þ þ 3Re½ð1þ δCτ

VL
− Cτ

VR
ÞðCτ�

SL
− Cτ�

SR
Þ� mτffiffiffiffiffi

q2
p HSHVt

− 12Re½ð1þ δCτ
VL
ÞCτ�

T �
mτffiffiffiffiffi
q2

p ðHVþHTþ −HV−
HT−

þHV0
HT0

Þ

þ 12ReðCτ
VR
Cτ�
T Þ

mτffiffiffiffiffi
q2

p ðHV−
HTþ −HVþHT−

þHV0
HT0

Þ
�
; ðA1Þ

with

λðq2Þ ¼ ½ðmBs
−mD�

s
Þ2 − q2�½ðmBs

þmD�
s
Þ2 − q2�: ðA2Þ

TABLE XVII. Parameter values used for numerically calculat-
ing the b → cτν, b → sττ, and b → sν̄ν observables in the LEFT.

αðμbÞ 1=133 [33,91] GF 1.166 × 10−5 GeV−2 [92]
mμ 0.1057 GeV [92] mΛc

2.286 GeV [92]
mτ 1.777 GeV [92] mKþ 0.4937 GeV [92]
mb 4.8 GeV [92] mK� 0.8917 GeV [92]
mc 1.67 GeV [92] mϕ 1.019 GeV [92]
ms 0.093 GeV [92] τB0 1.519 ps [92]
mB0 5.279 GeV [92] τBs

1.516 ps [92]
mBþ 5.279 GeV [92] τBþ 1.638 ps [92]
mBc

6.274 GeV [92] jVtbj 1.013 [92]
mBs

5.367 GeV [92] jVtsj 0.0388 [92]
mΛb

5.620 GeV [92] jVcsj 0.987 [92]
mJ=ψ 3.097 GeV [92] Cτ

7jSM −0.292 [79]
mDs

1.968 GeV [92] Cτ
9jSM 4.07 [79]

mD�
s

2.112 GeV [92] Cτ
10jSM −4.31 [79]

fBs
0.234 GeV [93] Cν

LjSM −6.47 [70]
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Here the H quantities are hadronic helicity amplitudes,
given by

HV� ¼ ðmBs
þmD�

s
ÞA1 ∓ λ

mBs
þmD�

s

V; ðA3Þ

HV0
¼ mBs

þmD�
s

2mD�
s

ffiffiffiffiffi
q2

p �
−ðm2

Bs
−m2

D�
s
− q2ÞA1

þ λ

ðmBs
þmD�

s
Þ2 A2

�
; ðA4Þ

HVt
¼ −

ffiffiffiffiffi
λ

q2

s
A0; ðA5Þ

HS ¼ −
ffiffiffi
λ

p

mb þmc
A0; ðA6Þ

HT� ¼ 1ffiffiffiffiffi
q2

p ½�ðm2
Bs
−m2

D�
s
ÞT2 þ

ffiffiffi
λ

p
T1�; ðA7Þ

HT0
¼ 1

2mD�
s

�
−ðm2

Bs
þ 3m2

D�
s
− q2ÞT2 þ

λ

m2
Bs
−m2

D�
s

T3

�
:

ðA8Þ

A0;1;2ðq2Þ, Vðq2Þ, and T1;2;3ðq2Þ are form factors. With the
convention of ϵ0123 ¼ þ1, they parametrize the relevant
hadronic matrix elements as

hD�
sðk; εÞjc̄γμbjBsðpÞi ¼

2iVðq2Þ
mBs

þmD�
s

ϵμνρσε�νpρkσ; ðA9Þ

hD�
sðk; εÞjc̄γμγ5bjBsðpÞi ¼ 2mD�

s
A0ðq2Þ

ε� · q
q2

qμ þ ðmBs
þmD�

s
ÞA1ðq2Þ

�
ε�μ −

ε� · q
q2

qμ
�

− A2ðq2Þ
ε� · q

mBs
þmD�

s

�
pμ þ kμ −

m2
Bs
−m2

D�
s

q2
qμ
�
; ðA10Þ

+ hD�
sðk; εÞjc̄σμνqνbjBsðpÞi ¼ 2T1ðq2Þϵμνρσε�νpρkσ; ðA11Þ

hD�
sðk; εÞjc̄σμνγ5qνbjBsðpÞi ¼ −T2ðq2Þ

�
ðm2

Bs
−m2

D�
s
Þε�μ − ðε� · qÞðpþ kÞμ

�

− T3ðq2Þðε� · qÞ
�
qμ −

q2

m2
Bs
−m2

D�
s

ðpþ kÞμ
�
; ðA12Þ

where [1]

T1ðq2Þ ¼
mb þmc

mBs
þmD�

s

Vðq2Þ; ðA13Þ

T2ðq2Þ ¼
mb −mc

mBs
−mD�

s

A1ðq2Þ; ðA14Þ

T3ðq2Þ ¼ −
mb −mc

q2
fmBs

½A1ðq2Þ − A2ðq2Þ�

þmD�
s
½A2ðq2Þ þ A1ðq2Þ − 2A0ðq2Þ�g: ðA15Þ

In our analysis, we take the formulas of A0;1;2ðq2Þ and
Vðq2Þ from [8,94] (and their counterparts in the RJ=ψ

analysis from [4,5]). With
dΓBs→D�

s μν

dq2 being calculated by

replacing mτ with mμ and turning off all Wilson coef-
ficients, finally we have

RD�
s
¼

R q2max

m2
τ

dq2dΓBs→D�
sτν=dq

2R q2max

m2
μ

dq2dΓBs→D�
sμν=dq

2
; ðA16Þ

with q2max ¼ ðmBs
−mD�

s
Þ2.

2. RDs

RDs
involves the decay of the b meson with a pseudo-

scalar meson. Following [1], we have
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dΓBs→Dsτν

dq2
¼ G2

FjVcbj2
192π3m3

Bs

q2
ffiffiffiffiffiffiffiffiffiffiffi
λðq2Þ

q �
1 −

m2
τ

q2

�
2
�
j1þ δCτ

VL
þ Cτ

VR
j2
��

1þ m2
τ

2q2

�
Hs 2

V0
þ 3m2

τ

2q2
Hs 2

Vt

�
þ 3

2
jCτ

SL
þ Cτ

SR
j2Hs 2

S

þ 8jCτ
T j2

�
1þ 2m2

τ

q2

�
Hs 2

T þ 3Re½ð1þ δCτ
VL

þ Cτ
VR
ÞðCτ�

SL
þ Cτ�

SR
Þ� mτffiffiffiffiffi

q2
p Hs

SH
s
Vt

− 12Re½ð1þ δCτ
VL

þ Cτ
VR
ÞCτ�

T �
mτffiffiffiffiffi
q2

p Hs
TH

s
V0

�
: ðA17Þ

Here the hadronic helicity amplitudes (Hs
V0
, Hs

Vt
, Hs

S, and
Hs

T) are given by [95]

Hs
V0

¼
ffiffiffiffiffi
λ

q2

s
F1; ðA18Þ

Hs
Vt

¼ m2
Bs
−m2

Dsffiffiffiffiffi
q2

p F0; ðA19Þ

Hs
S ¼

m2
Bs
−m2

Ds

mb −mc
F0; ðA20Þ

Hs
T ¼ −

ffiffiffi
λ

p

mBs
þmDs

FT: ðA21Þ

The form factors (F0, F1, and FT) parametrize the relevant
matrix elements as [94]

hDsðkÞjc̄γμbjBsðpÞi ¼
�
ðpþ kÞμ − qμ

m2
Bs
−m2

Ds

q2

�
F1ðq2Þ

þ qμ
m2

Bs
−m2

Ds

q2
F0ðq2Þ; ðA22Þ

hDsðkÞjc̄σμνbjBsðpÞi¼−
2iðpμkν−pνkμÞ

mBs
þmDs

FTðq2Þ; ðA23Þ

hDsðkÞjc̄bjBsðpÞi ¼
m2

Bs
−m2

Ds

mb −mc
F0ðq2Þ; ðA24Þ

where F1ð0Þ ¼ F0ð0Þ has been taken to cancel the diver-
gence at q2 ¼ 0. In our analysis, we take the formulas for

these form factors from [8]. With dΓBs→Dsμν

dq2 being calculated

by replacing mτ with mμ and turning off all Wilson
coefficients, finally we have

RDs
¼

R q2max

m2
τ

dq2 dΓBs→Dsτν=dq
2R q2max

m2
μ

dq2 dΓBs→Dsμν=dq
2
; ðA25Þ

with q2max ¼ ðmBs
−mDs

Þ2.

3. RΛc

RΛc
involves baryonic decay of the b hadron. Following

[14,17,18], we have

dΓΛb→Λcτν

dq2
¼ G2

FjVcbj2
384π3m3

Λb

q2
ffiffiffiffiffiffiffiffiffiffiffi
λðq2Þ

q �
1 −

m2
τ

q2

�
2

×
�
A1 þ

m2
τ

2q2
A2 þ

3

2
A3 þ

3mτffiffiffiffiffi
q2

p A4

þ 2

�
1þ 2m2

τ

q2

�
A5 þ

6mτffiffiffiffiffi
q2

p A6

�
; ðA26Þ

where A1;2;3;4 are contributed by scalar and vector operators
[14,17], A5 is contributed by tensor operators, and A6 is
contributed by both [18]. Explicitly, these A terms are
given by

A1¼jH1=2;0j2þjH−1=2;0j2þjH1=2;1j2þjH−1=2;−1j2; ðA27Þ

A2 ¼ A1 þ 3jH1=2;tj2 þ 3jH−1=2;tj2; ðA28Þ

A3 ¼ jHSP
1=2;0j2 þ jHSP

−1=2;0j2; ðA29Þ

A4 ¼ ReðH1=2;tHSP �
1=2;0 þH−1=2;tHSP �

−1=2;0Þ; ðA30Þ

A5 ¼ jHðTÞ1=2
1=2;t;0 þHðTÞ1=2

1=2;−1;1j2 þ jHðTÞ1=2
−1=2;t;−1 þHðTÞ1=2

−1=2;−1;0j2

þ jHðTÞ−1=2
1=2;0;1 þHðTÞ−1=2

1=2;t;1 j2

þ jHðTÞ−1=2
−1=2;−1;1 þHðTÞ−1=2

−1=2;t;0j2; ðA31Þ

A6 ¼ Re½H�
1=2;0ðHðTÞ1=2

1=2;−1;1 þHðTÞ1=2
1=2;t;0Þ�

þ Re½H�
1=2;1ðHðTÞ−1=2

1=2;0;1 þHðTÞ−1=2
1=2;t;1 Þ�

þ Re½H�
−1=2;0ðHðTÞ−1=2

−1=2;−1;1 þHðTÞ−1=2
−1=2;t;0Þ�

þ Re½H�
−1=2;−1ðHðTÞ1=2

−1=2;−1;0 þHðTÞ1=2
−1=2;t;−1Þ�; ðA32Þ

with HλΛc ;λW
¼ HV

λΛc ;λW
−HA

λΛc ;λW
and HSP

λΛc ;λNP
¼ HS

λΛc ;λNP
þ

HP
λΛc ;λNP

. Here HVðAÞ
λΛc ;λW

, HSðPÞ
λΛc ;λNP

, and H
ðTÞλΛb
λΛc ;λ;λ

0 denote the

(axial-)vector, (pseudo)scalar, and tensor helicity ampli-
tudes, respectively. They are characterized by the helicities
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of Λb (λΛb
), Λc (λΛc

), intermediate off-shellW boson (λW),
7

and new-physics particle (λNP), and the possible tensor
degrees of freedom (λ and λ0) together. These helicity
amplitudes are then found to be

HV
1=2;0 ¼ ð1þ δCτ

VL
þCτ

VR
Þ

ffiffiffiffiffiffiffi
Q−

p ffiffiffiffiffi
q2

p ½ðmΛb
þmΛc

Þf1 − q2f2�;

ðA33Þ

HA
1=2;0 ¼ ð1þ δCτ

VL
− Cτ

VR
Þ

ffiffiffiffiffiffiffi
Qþ

p ffiffiffiffiffi
q2

p ½ðmΛb
−mΛc

Þg1 þ q2g2�;

ðA34Þ

HV
1=2;1 ¼ ð1þ δCτ

VL
þ Cτ

VR
Þ

ffiffiffiffiffiffiffiffiffi
2Q−

p
½f1 − ðmΛb

þmΛc
Þf2�;
ðA35Þ

HA
1=2;1 ¼ ð1þ δCτ

VL
− Cτ

VR
Þ ffiffiffiffiffiffiffiffiffi

2Qþ
p ½g1 þ ðmΛb

−mΛc
Þg2�;
ðA36Þ

HV
1=2;t ¼ ð1þ δCτ

VL
þCτ

VR
Þ

ffiffiffiffiffiffiffi
Qþ

p ffiffiffiffiffi
q2

p ½ðmΛb
−mΛc

Þf1 þ q2f3�;

ðA37Þ

HA
1=2;t ¼ ð1þ δCτ

VL
− Cτ

VR
Þ

ffiffiffiffiffiffiffi
Q−

p ffiffiffiffiffi
q2

p ½ðmΛb
þmΛc

Þg1 − q2g3�;

ðA38Þ

HS
1=2;0 ¼ ðCτ

SL
þ Cτ

SR
Þ

ffiffiffiffiffiffiffi
Qþ

p
mb −mc

½ðmΛb
−mΛc

Þf1 þ q2f3�;

ðA39Þ

HP
1=2;0 ¼ ðCτ

SL
− Cτ

SR
Þ

ffiffiffiffiffiffiffi
Q−

p
mb þmc

½ðmΛb
þmΛc

Þg1 − q2g3�;

ðA40Þ

HðTÞ−1=2
−1=2;t;0 ¼ Cτ

Tðhþ
ffiffiffiffiffiffiffi
Q−

p
− h̃þ

ffiffiffiffiffiffiffi
Qþ

p Þ; ðA41Þ

HðTÞ1=2
1=2;t;0 ¼ Cτ

Tðhþ
ffiffiffiffiffiffiffi
Q−

p
þ h̃þ

ffiffiffiffiffiffiffi
Qþ

p Þ; ðA42Þ

HðTÞ−1=2
1=2;t;1 ¼ −Cτ

T

ffiffiffi
2

pffiffiffiffiffi
q2

p h
h⊥ðmΛb

þmΛc
Þ

ffiffiffiffiffiffiffi
Q−

p
þ h̃⊥ðmΛb

−mΛc
Þ ffiffiffiffiffiffiffi

Qþ
p i

; ðA43Þ

HðTÞ1=2
−1=2;t;−1 ¼ −Cτ

T

ffiffiffi
2

pffiffiffiffiffi
q2

p h
h⊥ðmΛb

þmΛc
Þ

ffiffiffiffiffiffiffi
Q−

p
− h̃⊥ðmΛb

−mΛc
Þ ffiffiffiffiffiffiffi

Qþ
p i

; ðA44Þ

HðTÞ−1=2
1=2;0;1 ¼ HðTÞ−1=2

1=2;t;1 ; ðA45Þ

HðTÞ1=2
−1=2;0;−1 ¼ −HðTÞ1=2

−1=2;t;−1; ðA46Þ

HðTÞ1=2
1=2;1;−1 ¼ −HðTÞ1=2

1=2;t;0; ðA47Þ

HðTÞ−1=2
−1=2;1;−1 ¼ −HðTÞ−1=2

−1=2;t;0; ðA48Þ

where Q� ¼ ðmΛb
�mΛc

Þ2 − q2. In addition, some useful
properties on these helicity amplitudes have also been
applied, including

HV
λΛc ;λW

¼ HV
−λΛc ;−λW

; ðA49Þ

HA
λΛc ;λW

¼ −HA
−λΛc ;−λW

; ðA50Þ

HS
λΛc ;λNP

¼ HS
−λΛc ;−λNP

; ðA51Þ

HP
λΛc ;λNP

¼ −HP
−λΛc ;−λNP

; ðA52Þ

H
ðTÞλΛb
λΛc ;λ;λ

0 ¼ −H
ðTÞλΛb
λΛc ;λ

0;λ: ðA53Þ

As for the ten form factors introduced in these calculations,
fs and gs parametrize the vector and axial vector matrix
elements as [14]

hΛcjc̄γμbjΛbi ¼ ūΛc
ðf1γμ þ if2σμνqν þ f3qμÞuΛb

; ðA54Þ

hΛcjc̄γμγ5bjΛbi ¼ ūΛc
ðg1γμ þ ig2σμνqν þ g3qμÞγ5uΛb

;

ðA55Þ

and the scalar and pseudoscalar matrix elements as

hΛcjc̄bjΛbi ¼
1

mb −mc
ūΛc

ðf1=qþ f3q2ÞuΛb
; ðA56Þ

hΛcjc̄γ5bjΛbi ¼
−1

mb þmc
ūΛc

ðg1=qþ g3q2Þγ5uΛb
; ðA57Þ

while hþ, h⊥, h̃þ, and h̃⊥ parametrize the tensor matrix
elements as [18]

7λW ¼ 0 is allowed for both JW ¼ 0 and 1. Here JW is the
angular momentum of the W boson. To distinguish these two
cases, we follow [15] and use λW ¼ t for the JW ¼ 0 case and
λW ¼ 0 for the JW ¼ 1 case.
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hΛcjc̄iσμνbjΛbi ¼ ūΛc

�
2hþ

pμ
Λb
pν
Λc

− pν
Λb
pμ
Λc

Qþ
þ h⊥

�
mΛb

þmΛc

q2
ðqμγν − qνγμÞ − 2

�
1

q2
þ 1

Qþ

�
ðpμ

Λb
pν
Λc

− pν
Λb
pμ
Λc
Þ
�

þ h̃þ

�
iσμν −

2

Q−

�
mΛb

ðpμ
Λc
γν − pν

Λc
γμÞ −mΛc

ðpμ
Λb
γν − pν

Λb
γμÞ þ pμ

Λb
pν
Λc

− pν
Λb
pμ
Λc

��

þ h̃⊥
mΛb

−mΛc

q2Q−
½ðm2

Λb
−m2

Λc
− q2Þðγμpν

Λb
− γνpμ

Λb
Þ − ðm2

Λb
−m2

Λc
þ q2Þðγμpν

Λc
− γνpμ

Λc
Þ

þ 2ðmΛb
−mΛc

Þðpμ
Λb
pν
Λc

− pν
Λb
pμ
Λc
Þ�
�
uΛb

ðA58Þ

(the parametrization of hΛcjc̄iσμνγ5bjΛbi can be found
using the relation 2iσμνγ5 ¼ ϵμναβσαβ). In our analysis, we
take the formulas for the form factors fs and gs from [16]
and the other four from [18,96]. With dΓΛb→Λcμν=dq

2 being
calculated by replacing mτ with mμ and turning off all
Wilson coefficients, finally we have

RΛc
¼

R q2max

m2
τ

dq2 dΓΛb→Λcτν=dq
2R q2max

m2
μ

dq2 dΓΛb→Λcμν=dq
2
; ðA59Þ

with q2max ¼ ðmΛb
−mΛc

Þ2.

4. BRðB+ → K + τ + τ − Þ
BRðBþ → Kþτþτ−Þ involves the b-meson decay into a

pseudoscalar meson. According to [91,93], we have

dΓBþ→Kþτþτ−

dq2
¼ G2

Fα
2jVtbV�

tsj2
256π5m3

Bþ

ffiffiffiffiffiffiffiffiffiffiffi
λðq2Þ

q
βτ

�
Aþ 1

3
C
�
;

ðA60Þ

where

βτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

m2
τ

q2

s
; ðA61Þ

A ¼ q2ðβ2τ jFSj2 þ jFPj2Þ

þ λ

4
ðjFAj2 þ jFV j2Þ þ 4m2

τm2
BþjFAj2

þ 2mτðm2
Bþ −m2

Kþ þ q2ÞReðFPF�
AÞ; ðA62Þ

C ¼ q2ðβ2τ jFT j2 þ jFT5j2Þ −
λβ2τ
4

ðjFAj2 þ jFV j2Þ
þ 2mτ

ffiffiffi
λ

p
βτReðFTF�

VÞ: ðA63Þ

Here Fðq2Þ’s are given by

FV ¼ ðCτ
9jSM þ δCτ

9 þ C0τ
9 Þfþ

þ 2mb

mBþ þmKþ

�
Cτ
7jSM þ 4mτ

mb
Cτ
T

�
fT; ðA64Þ

FA ¼ ðCτ
10jSM þ δCτ

10 þ C0τ
10Þfþ; ðA65Þ

FS ¼ ðCτ
S þ C0τ

S Þ
m2

Bþ −m2
Kþ

2mb
f0; ðA66Þ

FP ¼ ðCτ
P þ C0τ

PÞ
m2

Bþ −m2
Kþ

2mb
f0

−mτðCτ
10jSM þ δCτ

10 þ C0τ
10Þ

×

�
fþ −

m2
Bþ −m2

Kþ

q2
ðf0 − fþÞ

�
; ðA67Þ

FT ¼ 2Cτ
T

βτ
ffiffiffi
λ

p

mBþ þmKþ
fT; ðA68Þ

FT5 ¼ 2Cτ
T5

βτ
ffiffiffi
λ

p

mBþ þmKþ
fT: ðA69Þ

fþ;0;T are form factors that parametrize the relevant matrix
elements as

hKþðkÞjs̄γμbjBþðpÞi¼
�
ðpþkÞμ−qμ

m2
Bþ −m2

Kþ

q2

�
fþðq2Þ

þqμ
m2

Bþ −m2
Kþ

q2
f0ðq2Þ; ðA70Þ

hKþðkÞjs̄σμνbjBþðpÞi¼−
2iðpμkν−pνkμÞ
mBþ þmKþ

fTðq2Þ: ðA71Þ

In this analysis their, lattice-QCD-based values are taken
from [97]. The branching ratio is finally given by

BRðBþ → Kþτþτ−Þ ¼ τBþ

Z
q2max

q2min

dq2 dΓBþ→Kþτþτ−=dq2;

ðA72Þ
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where τBþ is the lifetime of Bþ and q2 ranges from
15 GeV2 to ðmBþ −mKþÞ2.

5. BRðB0 → K�0τ + τ − Þ and BRðBs → ϕτ + τ − Þ
BRðB0 → K�0τþτ−Þ and BRðBs → ϕτþτ−Þ involve the

decay of the bmeson into a vector meson. Here we consider

BRðB0 → K�0τþτ−Þ and the calculation of BRðBs →
ϕτþτ−Þ is similar. Following [98,99], we have

dΓB0→K�0τþτ−

dq2
¼ 2J1s þ J1c −

2J2s þ J2c
3

; ðA73Þ

where

J1s ¼
3ð2þ β2τÞ

16
ðjAL⊥j2 þ jAL

k j2 þ jAR⊥j2 þ jAR
k j2Þ þ

3m2
τ

q2
ReðAL⊥AR�⊥ þ AL

kA
R�
k Þ

þ 3β2τðjA0⊥j2 þ jA0kj2Þ þ 3ð4 − 3β2τÞðjAt⊥j2 þ jAtkj2Þ

þ 6
ffiffiffi
2

p
mτ

q2
Re½ðAL

k þ AR
k ÞA�

tk þ ðAL⊥ þ AR⊥ÞA�
t⊥�; ðA74Þ

J1c ¼
3

4
ðjAL

0 j2 þ jAR
0 j2 þ β2τ jASj2Þ þ

3m2
τ

q2
½jAtj2 þ 2ReðAL

0A
R�
0 Þ� þ 6ð2 − β2τÞjAt0j2

þ 6β2τ jAk⊥j2 þ
12mτffiffiffiffiffi

q2
p Re½ðAL

0 þ AR
0 ÞA�

t0�; ðA75Þ

J2s ¼
3β2τ
16

ðjAL⊥j2 þ jAL
k j2 þ jAR⊥j2 þ jAR

k j2Þ − 3β2τðjAt⊥j2 þ jAtkj2 þ jA0⊥j2 þ jA0kj2Þ; ðA76Þ

J2c ¼
3β2τ
4

½8ðjAt0j2 þ jAk⊥j2Þ − jAL
0 j2 − jAR

0 j2�; ðA77Þ

with βτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4 m2

τ

q2

q
. Here all A quantities are transversity amplitudes. They are given by

AL;R
⊥ ¼ N

ffiffiffiffiffi
2λ

p �
½ðCτ

9jSM þ δCτ
9 þ C0τ

9 Þ ∓ ðCτ
10jSM þ δCτ

10 þ C0τ
10Þ�

V
mB0 þmK�0

þ 2mb

q2
ðCτ

7 þ C0τ
7 ÞT1

�
; ðA78Þ

AL;R
k ¼−N

ffiffiffi
2

p
ðm2

B0 −m2
K�0Þ

�
½ðCτ

9jSMþδCτ
9−C0τ

9 Þ∓ ðCτ
10jSMþδCτ

10−C0τ
10Þ�

A1

mB0 −mK�0
þ2mb

q2
ðCτ

7−C0τ
7 ÞT2

�
; ðA79Þ

AL;R
0 ¼ −

N

2mK�0
ffiffiffiffiffi
q2

p �
½ðCτ

9jSM þ δCτ
9 −C0τ

9 Þ∓ ðCτ
10jSM þ δCτ

10 −C0τ
10Þ�

�
ðm2

B0 −m2
K�0 − q2ÞðmB0 þmK�0ÞA1 −

λA2

mB0 þmK�0

�

þ 2mbðCτ
7 −C0τ

7 Þ
�
ðm2

B0 þ 3m2
K�0 − q2ÞT2 −

λT3

m2
B0 −m2

K�0

��
; ðA80Þ

At ¼ N

ffiffiffi
λ

pffiffiffiffiffi
q2

p �
2ðCτ

10jSM þ δCτ
10 − C0τ

10Þ þ
q2ðCτ

P − C0τ
PÞ

mτmb

�
A0; ðA81Þ

AS ¼ −2N
ffiffiffi
λ

p Cτ
S − C0τ

S

mb
A0; ðA82Þ

Ak⊥ðt0Þ ¼ �N
Cτ
Tð5Þ

mK�0

�
ðm2

B0 þ 3m2
K�0 − q2ÞT2 −

λT3

m2
B0 −m2

K�0

�
; ðA83Þ

At⊥ð0⊥Þ ¼ �2N

ffiffiffi
λ

pffiffiffiffiffi
q2

p Cτ
Tð5ÞT1; ðA84Þ
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A0kðtkÞ ¼ �2N
m2

B0 −m2
K�0ffiffiffiffiffi

q2
p Cτ

Tð5ÞT2; ðA85Þ

with

N ¼ GFαVtbV�
ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2βτ

ffiffiffi
λ

p

3072π5m3
B0

s
; ðA86Þ

λðq2Þ ¼ ½ðmB0 −mK�0Þ2 − q2�½ðmB0 þmK�0Þ2 − q2�: ðA87Þ

A0;1;2ðq2Þ, Vðq2Þ, and T1;2;3ðq2Þ are form factors. They parametrize the relevant matrix elements as [100]

hK�0ðk; εÞjc̄γμbjB0ðpÞi ¼ 2iV
mB0 þmK�0

ϵμνρσε�νpρkσ; ðA88Þ

hK�0ðk; εÞjc̄γμγ5bjB0ðpÞi ¼ 2mK�0A0

ε� · q
q2

qμ þ ðmB0 þmK�0ÞA1

�
ε�μ −

ε� · q
q2

qμ
�

− A2

ε� · q
mB0 þmK�0

�
pμ þ kμ −

m2
B0 −m2

K�0

q2
qμ
�
; ðA89Þ

hK�0ðk; εÞjc̄σμνqνbjB0ðpÞi ¼ 2T1ϵ
μνρσε�νpρkσ; ðA90Þ

hK�0ðk;εÞjc̄σμνγ5qνbjB0ðpÞi¼−T2

h
ðm2

B0 −m2
K�0Þε�μ− ðε� ·qÞðpþkÞμ

i
−T3ðε� ·qÞ

�
qμ−

q2

m2
B0 −m2

K�0
ðpþkÞμ

�
: ðA91Þ

In this analysis, their lattice-QCD-based values are taken from [101]. We then have

BRðB0 → K�0τþτ−Þ ¼ τB0

Z
q2max

q2min

dq2
dΓB0→K�0τþτ−

dq2
: ðA92Þ

Here τB0 is the lifetime of B0 and q2 ranges from 15 GeV2 to ðmB0 −mK�0Þ2.

6. BRðBs → τ + τ − Þ
As studied in [93], BRðBs → τþτ−Þ is given by

BRðBs → τþτ−Þ ¼ τBs
f2Bs

m3
Bs

G2
Fα

2

64π3
jVtbV�

tsjβτðm2
Bs
Þ
�
m2

Bs

m2
b

jCτ
S − C0τ

S j2
�
1 −

4m2
τ

m2
Bs

�

þ
				mBs

mb
ðCτ

P − C0τ
PÞ þ

2mτ

mBs

ðCτ
10 − C0τ

10Þ
				2
�
: ðA93Þ

Here fBs
is a form factor parametrizing the hadronic matrix element

h0js̄γμPLbjBsðpÞi ¼
i
2
fBs

pμ; ðA94Þ

τBs
is the lifetime of Bs, and βτðq2Þ is a function of q2, defined as

βτðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
τ

q2

s
: ðA95Þ
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