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Using data samples with an integrated luminosity of 22.42 fb−1 collected by the BESIII detector
operating at the BEPCII storage ring, we measure the cross sections of the eþe− → ηJ=ψ process at center-
of-mass energies from 3.808 to 4.951 GeV. Three structures are observed in the line shape of the measured
cross sections. A maximum-likelihood fit with ψð4040Þ, two additional resonances, and a nonresonant
component are performed. The mass and width of the first additional state are ð4219.7� 2.5�
4.5Þ MeV=c2 and ð80.7� 4.4� 1.4Þ MeV, respectively, consistent with the ψð4230Þ. For the
second state, the mass and width are ð4386� 13� 17Þ MeV=c2 and ð177� 32� 13Þ MeV, respectively,
consistent with the ψð4360Þ. The first uncertainties are statistical, and the second ones are systematic.
The statistical significance of ψð4040Þ is 8.0σ and those for ψð4230Þ and ψð4360Þ are more
than 10.0σ.

DOI: 10.1103/PhysRevD.109.092012

I. INTRODUCTION

Hadron spectroscopy is a fascinating field full of dis-
coveries and surprises. Over the past decades, many
charmonium-like states with JPC ¼ 1−−, called Y states,
have been discovered and confirmed by numerous

experiments. As nonstandard hadron candidates beyond
the conventional quark model, these states have many
characteristics that are different from the traditional ones
and have stimulated great interests both experimental and
theoretical. The masses of these Y states are above DD̄
threshold, and they have strong coupling to hidden-
charm final states. Many theoretical interpretations, such
as hybrid mesons, compact tetraquark states and hadronic
molecules [1], have been proposed. However, none of them
can account for all unusual properties of these Y states.
Among these exotic states, ψð4230Þ, previously known

as Yð4260Þ, and ψð4360Þ, previously known as Yð4360Þ,
were first discovered by BABAR and Belle using initial-
state-radiation (ISR) in the eþe− → γISRπ

þπ−J=ψ [2–5]
and eþe− → γISRπ

þπ−ψð3686Þ [6–9] processes. With
higher statistics achieved by BESIII, they are observed
via more processes and measured with improved precision.
The ψð4230Þ is observed in the eþe− → πþπ−J=ψ [10,11],
eþe− → π0π0J=ψ [12], eþe− → K0

SK
0
SJ=ψ [13], eþe− →

KþK−J=ψ [14], eþe− → πþπ−ψð3686Þ [15,16], eþe− →
πþπ−hc [17], eþe− → ωχc0 [18,19], and eþe− →
πþD0D�− [20] processes, and the ψð4360Þ is observed
in the eþe− → πþπ−ψð3686Þ [15,16], eþe− → πþπ−hc
[17], and eþe− → πþπ−ψ2ð3823Þ [21] processes. The
parameters of each of these two resonances, such as their
masses and widths, are similar, but there are still differences
between these decay modes.
In recent years, the branching fractions, partial decay

widths, and the quark components of ψð4230Þ and ψð4360Þ
have been predicted by many theoretical models. Assuming
the ψð4230Þ is a conventional ψð4SÞ state and using the
electronic partial widths provided by Refs. [22,23], the
upper limit of the ψð4SÞ → ηJ=ψ branching fraction is
predicted to be 1.9 × 10−3 [24]. Assuming that ψð4360Þ is
a pure 4ð33D1Þ state, the partial width of the ψð4360Þ →
ηJ=ψ decay is estimated in Ref. [25]. Assuming a hadronic
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molecular state, Refs. [26,27] predict the partial decay
widths or branching fractions of ηJ=ψ and other final states
for ψð4230Þ and ψð4360Þ decays.
In this paper, an updated analysis of eþe− → ηJ=ψ at

44 center-of-mass (c.m.) energies between 3.808 and
4.951 GeV is performed, using a similar approach as in
Ref. [28]. Additional data samples on the side of the
ψð4230Þ peak and from 4.612 to 4.951 GeV are used,
which can describe ψð4230Þ, ψð4360Þ and the nonreso-
nance more precisely than the previous measurement [28],
as well as allow a search for heavier Y states in the eþe− →
ηJ=ψ process. In this analysis, the J=ψ is reconstructed
via J=ψ → lþl−ðl ¼ e=μÞ, and the η is reconstructed via
η → γγ (Mode I) and η → π0πþπ− (Mode II).

II. THE BESIII DETECTOR AND DATA SAMPLES

The BESIII detector [29] records symmetric eþe−
collisions provided by the BEPCII storage ring [30]. The
cylindrical core of the BESIII detector covers 93% of the
full solid angle and consists of a helium-based multilayer
drift chamber (MDC), a plastic scintillator time-of-flight
system (TOF), and a CsI(Tl) electromagnetic calorimeter
(EMC), which are all enclosed in a superconducting
solenoidal magnet providing a 1.0 T magnetic field. The
solenoid is supported by an octagonal flux-return yoke with
resistive plate counter muon identification modules inter-
leaved with steel. The charged-particle momentum reso-
lution at 1 GeV=c is 0.5%, and the specific ionization
energy loss dE=dx resolution is 6% for electrons from
Bhabha scattering. The EMC measures photon energies
with a resolution of 2.5% (5%) at 1 GeV in the barrel (end
cap) region. The time resolution in the TOF barrel region is
68 ps, while that in the end cap region was 110 ps. The end
cap TOF system was upgraded in 2015 using multigap
resistive plate chamber technology, providing a time
resolution of 60 ps [31].
The data samples used in this analysis are listed in

Appendix A. Among them, 76.05% are collected after
the end cap TOF upgrade. The c.m. energy is measured
using dimuon events with a precision of 0.8 MeV for data
samples with

ffiffiffi
s

p
lower than 4.612 GeV [32,33] and

using Λþ
c Λ̄−

c events with a precision of 0.6 MeV for data
samples with

ffiffiffi
s

p
higher than or equal to 4.612 GeV [34].

The integrated luminosity is determined with an uncertainty
of 1.0% by analyzing large-angle Bhabha scattering
events [34–36].
Monte Carlo (MC) simulation is used to optimize event

selection criteria, estimate background, and determine event
selection efficiencies. The BESIII MC simulation frame-
work is based on GEANT4 [37] and includes the geometric
description [38] of the BESIII detector and the realistic
representation of the electronic readout. The beam energy
spread and ISR in the eþe− annihilation are modeled with
the KKMC generator [39,40]. The inclusive MC sample
includes the production of open charm processes, the ISR

production of vector charmonium(-like) states, and the
nonresonant processes incorporated in KKMC. All particle
decays are modeled with EVTGEN [41,42] using branching
fractions either taken from the Particle Data Group
(PDG) [43], when available, or otherwise estimated with
LUNDCHARM [44,45], CONEXC [46] and PHOKHARA [47].
Final state radiation from charged final state particles is
incorporated using PHOTOS [48]. Signal MC samples of
eþe− → ηJ=ψ with the corresponding J=ψ and η decay
modes are generated using HELAMP [41] with parameters
(1 0 0 0 -1 0) and EVTGEN at each c.m. energy. ISR is
simulated with KKMC, and the maximum energy of the ISR
photon is adjusted according to the ηJ=ψ mass threshold.

III. EVENT SELECTION

The good charged tracks are required to be within the
angle coverage of the MDC, j cos θj < 0.93, where the θ is
defined with respect to the z axis, which is the symmetry
axis of the MDC. The distance of closest approach to the
eþe− interaction point must be less than 1 cm in the
transverse plane, jVxyj < 1 cm, and less than 10 cm along
the z axis, jVzj < 10 cm. Photon candidates are identified
using showers in the EMC. The deposited energy of each
shower must be more than 25 MeV in the barrel region
(j cos θj < 0.80) and more than 50 MeV in the end cap
region (0.86 < j cos θj < 0.92). To suppress electronic
noise and showers unrelated to the event, the difference
between the EMC time and the event start time is required
to be within [0, 700] ns. To remove photons produced by
interactions of charged tracks, the opening angle between a
shower and its nearest charged track has to be greater than
20°. Candidate events are required to have two (Mode I) or
four (Mode II) charged tracks with zero net charge and at
least two photons.
For signal candidates, the pions and leptons are distin-

guished by their momenta. The charged tracks with
momenta above 1.0 GeV=c are assigned to be leptons,
while others are assumed to be pions. The separation of
electrons and muons is accomplished using the deposited
energy (E) in the EMC. Muons must satisfy E ≤ 0.4 GeV,
while electrons must satisfy E=pc > 0.8, where p is the
momentum of the charged track. For Mode I, signal
candidate events are required to have a lepton pair with
the same flavor and opposite charge, and at least two
photons. For Mode II, two additional pions with opposite
charge are required.
To improve the resolution and suppress the background

for Mode I, a four-constraint (4C) kinematic fit imposing
energy-momentum conservation is performed under the
hypothesis eþe− → γγlþl−. For Mode II, a five-constraint
(5C) kinematic fit is performed under the hypothesis
eþe− → γγπþπ−lþl− with an additional π0 mass con-
straint for the photon pair. For candidate events with more
than two photons, the combination with the smallest χ24C or
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χ25C of the 4C or 5C kinematic fit is retained. We require
χ24C < 40 for Mode I and χ25C < 80 for Mode II. For Mode
I, to suppress the background from radiative Bhabha and
dimuon processes, the energy of each selected photon after
the 4C kinematic fit is required to be greater than 0.08 GeV.
Figure 1 shows the distributions of the invariant mass of

the lþl− pair (Mðlþl−Þ) versus those of the γγ pair
(MðγγÞ) or π0πþπ− (Mðπ0πþπ−Þ) for selected events of the
data sample at

ffiffiffi
s

p ¼ 4.226 GeV. A clear enhancement
from the signal events appears at the intersection of the J=ψ
and η mass regions in data. Because of the much larger
cross section of the radiative Bhabha process, the back-
ground in J=ψ → eþe− is more serious than for J=ψ →
μþμ− in Mode I. Signal candidates are required to be within
the J=ψ mass region, defined as ½3.067; 3.127� GeV=c2 on
Mðlþl−Þ. The events in the J=ψ mass sideband regions,
defined as [3.027, 3.057] and ½3.137; 3.167� GeV=c2, are

used to estimate the non-J=ψ background, and no peaking
background is observed in the MðγγÞ or Mðπ0πþπ−Þ
distributions.

IV. CROSS SECTION MEASUREMENT

The Born cross section σB is determined by

σB ¼ Nsig

Lint · ð1þ δISRÞ · 1
j1−Πj2 · B · ϵ

; ð1Þ

where Nsig is the signal yield observed from the fit of the
mass spectrum, as shown in Fig. 1, Lint is the integrated
luminosity, ð1þ δISRÞ is the ISR correction factor, 1

j1−Πj2 is
the vacuum polarization factor taken from Ref. [49], B is
the product of the branching fractions of the intermediate
states in the subsequent decays from the PDG [43], and ϵ is
the signal detection efficiency. The ISR correction factor
and the detection efficiency are estimated based on signal
MC samples, and weighted by a dressed cross section
iterative weighting method [50]. The relationship between
the dressed cross sections and the Born cross sections is
described by σdressed ¼ σB

j1−Πj2.
The measured cross section for each c.m. energy is

directly obtained by a simultaneous unbinned maximum-
likelihood fit to the MðγγÞ and Mðπ0πþπ−Þ spectra
extracted from the J=ψ → eþe− and J=ψ → μþμ− modes
separately, where the cross section is considered as a shared
parameter between the four studied final states by Eq. (1).
The signal shape is described by a simulated shape
convolved with a Gaussian function, which accounts for
the difference of resolution between data and MC simu-
lation. Among different data samples, the parameters of this
Gaussian function are common and fixed to two different
sets of values for Mode I and Mode II. To determine the
parameters, simultaneous fits to theMðγγÞ andMðπ0πþπ−Þ
are performed, using data samples with large statistics
(

ffiffiffi
s

p ¼ 4.178; 4.209; 4.219, 4.226, 4.258 and 4.416 GeV).
The background shape is described by a linear function.
Our measurements are in good agreement with earlier

results from BESIII [28,51,52] and with Belle [53]. The
measured cross sections and comparison between different
experiments are shown in Fig. 2. The small differences
between this analysis and the previous BESIII results are
due to increased statistics of data samples with the same
c.m. energy and the updated parameters of the HELAMP

generator. The cross sections and quantities used for their
measurements are summarized in Appendix A.
For those collision energy points where the statistics are

insufficient to observe a signal significance above 5σ, upper
limits are also estimated. The obtained normalized like-
lihood distribution as a function of the cross section,
denoted as FjðσdressedÞ for the jth energy point, is para-
metrized by a sum of two Gaussian functions with floated

(a)

(c)

(b)

(d)

(e)

(g)

(f)

(h)

FIG. 1. (a), (b), (e), and (f) are the distributions of Mðlþl−Þ
versus Mðγγ=π0πþπ−Þ, where the region enclosed by red (blue)
long-dashed lines is the signal (sideband) region. (c), (d), (g), and
(h) are the distributions of Mðγγ=π0πþπ−Þ in the J=ψ signal
region of the data sample at

ffiffiffi
s

p ¼ 4.226 GeV, where the dots
with error bars show data, the green histogram shows the events
from the J=ψ mass sideband, the black solid, red long-dashed and
blue short-dashed lines denote the fit result, signal, and back-
ground, respectively. The top (bottom) four panels correspond to
Mode I (Mode II).
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mean, width and coeffcient, respectively. And it will be
used in the subsequent cross section line shape fit men-
tioned in Sec. V. The red line shown in Fig. 3 is the
likelihood distribution at

ffiffiffi
s

p ¼ 3.896 GeV as an example.
Thus, with a uniform prior probability density function, the
Bayesian upper limit for the cross section at 90% confi-
dence level (CL) is estimated by integrating the likelihood
distribution FiðσdressedÞ from zero to the value that gives
90% of the total area as in Ref. [54]. Before integrating, the
systematic uncertainties are taken into account as in
Refs. [55–57].

V. FIT TO THE CROSS SECTION

According to the three evident peaks in the dressed cross
section spectrum, a simplified fit model is parametrized as a
coherent sum of three Breit-Wigner functions, describing
the structures around 4040, 4220 and 4390 MeV=c2, and a
nonresonant component:

σfitð ffiffiffi
s

p Þ ¼
����

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σNYð

ffiffiffi
s

p Þ
q

þ
X3
j¼1

BWjð
ffiffiffi
s

p Þeiϕj

����2; ð2Þ

where the i is the imaginary unit, the ϕj is the relative
phases between three resonances and the nonresonant.
Under this physical assumption, the value of the cross
section σfitð ffiffiffi

s
p Þ should be non-negative.

The resonance is parametrized as the Breit-Wigner
function BWj with the two-body phase space factor
Φð ffiffiffi

s
p Þ:

BWjð
ffiffiffi
s

p Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12πBjΓeþe−

j Γj

q
s −M2

j þ iMjΓj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φð ffiffiffi

s
p Þ

ΦðMjÞ

s
; ð3Þ

Φð ffiffiffi
s

p Þ ¼ q3

s
: ð4Þ

In Eq. (3), Bj, Γeþe−
j , Γj and Mj denote the resonance

decay branching fraction to the ηJ=ψ final state, the partial
width of its decay to eþe−, the full width, and the mass of
the jth resonance. In Eq. (4), q is the daughter momentum
in the rest frame of its parent.
The non-resonant part is parametrized following the

method of BABAR [4] as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σNYð

ffiffiffi
s

p Þ
q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φð ffiffiffi

s
p Þe−p0up1

q
; ð5Þ

where p0 and p1 are free parameters, and u ¼ffiffiffi
s

p
− ðMη þMJ=ψÞ.
To study these possible resonances in the eþe− → ηJ=ψ

process, a maximum-likelihood fit is performed to the
dressed cross sections. For each data sample with large
statistics, the likelihood that represents the deviation
between the fit cross section and the measured one is
evaluated by a normalized Gaussian distribution as

Giðσfiti ; σi; θiÞ ¼
1

θi
ffiffiffiffiffiffi
2π

p e
−
ðσfit
i
−σiÞ2

2θ2
i ; ð6Þ

where the mean σi and the width θi is the measured cross
section and the corresponding statistical uncertainties of the
ith energy point. In cases where the data sample lacks a
significant signal, the likelihood shape Fjðσfitj Þ obtained
from the process of upper limit estimation is used to

FIG. 2. The Born cross sections of eþe− → ηJ=ψ . The purple,
orange and pale blue dots with error bars are the Born cross
sections measured previously at BESIII [28,51,52]; the green
diamonds with error bars are the Belle results [53]; and the red
triangles with error bars are the nominal Born cross sections from
this work. The errors shown are the quadratic sum of statistical
and systematic uncertainties.

FIG. 3. The likelihood distribution as a function of the dressed
cross section at

ffiffiffi
s

p ¼ 3.896 GeV. The blue arrow refers to the
90% C.L. upper limit on the cross section.
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describe the cross section at the jth energy point, as
mentioned before.
Therefore, the likelihood function of all data samples is

composed of two parts as

L ¼
YN1¼22

i¼1

Giðσfiti Þ ·
YN2¼22

j¼1

Fjðσfitj Þ; ð7Þ

where the N1 denotes the number of the data samples with
large statistics, and the N2 denotes those lacking a
significant signal.
In this fit, the structure around 4040 MeV=c2 is assumed

to be ψð4040Þ. Because of the lack of data samples around
this energy region, the mass and width of the ψð4040Þ are
fixed to the values given in the PDG [43]. By scanning
three relative phases, four solutions with similar fit quality
and identical masses and widths of the resonances around
4220 and 4390 MeV=c2 are found, consistent with the
mathematical analysis of multiple solutions shown in
Ref. [58]. The fit quality is χ2=d:o:f: ¼ 66.9=44, estimated
by a χ2-test approach, where d.o.f. is the number of degrees
of freedom. The fit results are shown in Table I and Fig. 4.
To estimate the significance of the three structures and the
nonresonant part, the fits are repeated removing one of
these four terms at a time. The statistical significances of
both the nonresonant part and ψð4040Þ are 8.0σ, and those
of the ψð4230Þ and ψð4360Þ are more than 10.0σ.
Alternative fits are carried out by replacing the second

resonance with ψð4160Þ parameters and the third resonance
with ψð4360Þ or ψð4415Þ parameters from the PDG [43].
However, their fit qualities are significantly worse than the
nominal results and cannot describe the data well. To search
for the existence of other potential resonances, fits are
performed by adding the ψð4160Þ or ψð4415Þ component

with the fixed parameters from the PDG [43]. The
significances of ψð4160Þ and ψð4415Þ are 3.2σ and
1.1σ, respectively. A fit is also performed with an additional
Breit-Wigner function with free parameters, whose
significance is 3.3σ. In this case, the significances of
previous three resonances have not decreased, and those
of ψð4230Þ and ψð4360Þ are still much greater than 10.0σ.
The mass and width of this extra resonance are ð4151�
20Þ MeV=c2 and ð110� 36Þ MeV, and the parameters of
ψð4230Þ and ψð4360Þ turn out to be ð4226.5�
3.3Þ MeV=c2 and ð56.8� 7.4Þ MeV, and ð4412.0�
6.9Þ MeV=c2 and ð82� 20Þ MeV, respectively.

VI. SYSTEMATIC UNCERTAINTY

A. Systematic uncertainties
for cross section measurement

The following sources of systematic uncertainties are
considered in the cross section measurement listed in
Appendix B. The uncertainty of the integrated luminosity
is estimated to be 1.0% using large-angle Bhabha scattering
events [34–36]. The uncertainty of the charged track
reconstruction efficiency is estimated to be 1.0% for each
lepton [59]. The charged pion is only reconstructed in
Mode II. The uncertainty from the pion pair reconstruction
efficiency for Mode II is 2.0%, [60]. The uncertainty of the
reconstruction efficiency per photon is estimated to be
1.0% [61]. The uncertainties of the branching fractions of
the intermediate decays are taken from the PDG [43]. The
uncertainty of the radiative correction includes two parts.
The first part stems from the precision of the ISR
calculation in the generator KKMC. The other part stems
from ð1þ δISRÞ and ϵ in Eq. (1), and depends on the input
line shape of the cross section. Therefore, in order to
estimate the uncertainty related to ISR correction,

TABLE I. Results of the fits to the eþe− → ηJ=ψ cross sections. Mi, Γi, Γeþe−
i , Bi and ϕi represent the parameters shown in Eq. (2),

Eq. (3) and Eq. (5). The label i ¼ 1, 2 and 3 symbolizes ψð4040Þ, ψð4230Þ, and ψð4360Þ, respectively. The uncertainties are statistical
only.

Parameter Solution I Solution II Solution III Solution IV

M1 ðMeV=c2Þ 4039 (fixed)
Γ1 ðMeVÞ 80 (fixed)
Γeþe−
1 · B1 ðeVÞ 1.0� 0.2 7.1� 0.6 1.1� 0.2 7.8� 0.6

M2 ðMeV=c2Þ 4219.7� 2.5
Γ2 ðMeVÞ 80.7� 4.4
Γeþe−
2 · B2 ðeVÞ 4.0� 0.5 5.5� 0.7 8.7� 1.0 11.9� 1.1

M3 ðMeV=c2Þ 4386.4� 12.6
Γ3 ðMeVÞ 176.9� 32.1
Γeþe−
3 · B3 ðeVÞ 1.8� 0.6 2.1� 0.7 4.3� 1.3 5.0� 1.5

ϕ1 ðradÞ 3.1� 0.6 −1.8� 0.1 3.3� 0.4 −1.6� 0.1
ϕ2 ðradÞ −2.8� 0.1 2.9� 0.2 −2.0� 0.1 −2.6� 0.2
ϕ3 ðradÞ −2.9� 0.1 3.0� 0.1 2.8� 0.1 2.4� 0.7
p0 ðMeV−1Þ 1.5� 0.4 1.5� 0.4 1.5� 0.4 1.6� 0.4
p1 ðGeV−3Þ 390.0� 155.3 389.3� 155.6 389.5� 155.1 389.5� 154.5
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ð1þ δISRÞ · ϵ is evaluated 500 times by varying the input
cross section line shape parameters with the uncertainties
and the covariance matrix obtained from the nominal result.
The standard deviation of the ð1þ δISRÞ · ϵ distribution is
considered as the systematic uncertainty. The uncertainty
associated with the J=ψ mass requirement is estimated by
smearing theMðlþl−Þ distribution of MC samples accord-
ing to the resolution difference between data and
MC simulation, and the resulting uncertainties in signal
efficiencies are obtained. For the uncertainty from the
kinematic fit, we correct the helix parameters of the charged
tracks in the MC to match the pull distributions in
the data [62] and reevaluate the selection efficiencies.
The resulting changes of cross sections are considered
as the systematic uncertainties. The systematic uncertainty
of the photon-energy criteria in Mode I is considered by the
“Barlow-test,” following the procedure described in
Refs. [63,64]. The uncertainties related to the fit procedure
are estimated by changing the fit range, replacing the first-
order polynomial function by a second-order polynomial
function for the background description, and varying the
width of the convolved Gaussian function for the signal
shape by 1 standard deviation. The uncertainties from the
other selections, trigger simulation, event start time deter-
mination, and final-state-radiation simulation and other
sources, are conservatively taken as 1.0%. Assuming all
sources of systematic uncertainties to be independent, the
total uncertainties in the eþe− → ηJ=ψ cross sections are
assigned as the quadratic sum of the individual items,
which are 3.8% ∼ 27.9% and shown in Appendix C.

B. Systematic uncertainties for resonance parameters

The systematic uncertainties for the resonance parame-
ters in the cross section fit are as follows. The systematic
uncertainty associated with the collision energy is con-
servatively estimated to be 0.8 MeV [32,33]. It is common
for all data samples and causes a global uncertainty of the
mass measurement of Y states. The uncertainty due to the
energy spread is estimated by convolving the fit formula
with a Gaussian function with a width of 1.6 MeV, which is
the energy spread determined by the beam energy meas-
urement system [65]. The uncertainties associated with the
cross section measurement are estimated by incorporating
the correlated and uncorrelated systematic uncertainties of
the measured cross sections in the fit as shown in
Appendix C. The uncertainties from the ψð4040Þ resonance
parameters are studied by varying the parameters within
their uncertainties from the PDG [43]. To estimate the
uncertainty related to the parametrization of the nonreso-
nant part, we replace its amplitude in Eq. (5) with
C0

sn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φð ffiffiffi

s
p Þ

p
, where C0 is a free parameter and Φð ffiffiffi

s
p Þ is

defined in Eq. (4). To estimate the uncertainty from the
parametrization of the Breit-Wigner function, Γi is set to

the mass dependent width Γi ¼ Γ0
i ·

Φð ffiffi
s

p Þ
ΦðMiÞ, where Γ

0
i is the

FIG. 4. The fits to the dressed cross sections of eþe− → ηJ=ψ
corresponding to the four solutions in Table I. The black dots with
error bars are themeasured dressed cross sections, and the blue solid
curves represent the best fit results of the following interfering
amplitudes: ψð4040Þ (dashed red), ψð4230Þ (short-dashed pink),
ψð4360Þ (short-dashed purple), and the nonresonant component
(long-dashed green).
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nominal width of the resonance. We perform the fit to the
cross section line shape with the above scenarios individu-
ally, and the resultant differences are taken as the system-
atic uncertainties, listed in Table II. The total systematic
uncertainty is obtained by summing all sources of system-
atic uncertainties in quadrature, under the assumption that
they are uncorrelated.

VII. SUMMARY AND DISCUSSION

In summary, we measure the cross sections of eþe− →
ηJ=ψ at c.m. energies between 3.808 and 4.951 GeV using
data samples with an integrated luminosity of 22.42 fb−1

collected by the BESIII detector operating at the BEPCII
collider. The measured Born cross sections are consistent
with the previous BESIII measurements [28,51,52].
However, additional cross sections are measured on both
sides of the ψð4230Þ peak, and from 4.612 to 4.951 GeV,
allowing the line shape to be studied more precisely than
before.
The dressed cross sections are fitted with a simplified

model based on the evident peaks in the cross section
spectrum, which includes three resonances and a nonreso-
nant component. Assuming the lowest lying structure as
ψð4040Þ, the ψð4230Þ and ψð4360Þ structures are clearly
observed with statistical significance much greater than
10.0σ. The masses and widths of these two states are
determined as M ¼ ð4219.7� 2.5� 4.5Þ MeV=c2, Γ¼
ð80.7�4.4�1.4ÞMeV for ψð4230Þ, andM¼ð4386�13�
17ÞMeV=c2, Γ ¼ ð177� 32� 13Þ MeV for ψð4360Þ,
respectively. A comparison of the parameters of ψð4230Þ
and ψð4360Þ obtained in this analysis and the previous

BESIII ones is shown in Fig. 5. The parameters of ψð4360Þ
are consistent within uncertainties. However, the width of
ψð4230Þ obtained in this analysis is larger than those
obtained in other processes [11,12,16,19].
Based on the four solutions including the statistical

and systematic uncertainties and combining with the
electronic partial widths, which are 0.63–0.66 keV for
ψð4230Þ and 0.523 keV for ψð4360Þ in Refs. [24,25],
the branching fraction Bðψð4230Þ → ηJ=ψÞ is estimated to
be in the range of ð6.06� 0.76� 0.17Þ × 10−3 to
ð18.89� 1.75� 0.90Þ × 10−3, and the partial decay width

TABLE II. Systematic uncertainties of resonance parameters, including the c.m. energy (
ffiffiffi
s

p
), the energy spread (

ffiffiffi
s

p
spread), the

ψð4040Þ parameters (ψð4040Þ), the systematic uncertainty in the cross section measurement (Cross section), the parametrization of
nonresonant amplitude (Fit model), and the parametrization of the Breit-Wigner function (Γtot). The symbol “� � �” represents that the
uncertainty is neglected. The label i ¼ 1, 2 and 3 symbolizes ψð4040Þ, ψð4230Þ, and ψð4360Þ, respectively.
Source Solution

ffiffiffi
s

p ffiffiffi
s

p
spread ψð4040Þ Cross section Fit model Γtot Total

M2 ðMeV=c2Þ – 0.8 0.7 0.3 0.7 0.2 4.3 4.5
Γ2 ðMeVÞ – � � � 1.1 0.3 0.9 0.2 0.3 1.4
M3 ðMeV=c2Þ – 0.8 0.4 1.1 0.8 0.1 16.8 16.9
Γ3 ðMeVÞ – � � � 9.9 0.8 6.7 4.7 2.0 13.0

I � � � 0.05 0.09 0.04 0.01 0.05 0.12
Γeþe−
1 · B1 ðeVÞ II � � � 0.03 0.87 0.04 0.01 0.31 0.93

III � � � 0.05 0.11 0.05 0.01 0.06 0.15
IV � � � 0.04 1.06 0.03 0.01 0.38 1.13
I � � � 0.02 0.03 0.10 0.02 0.01 0.11

Γeþe−
2 · B2 ðeVÞ II � � � 0.12 0.26 0.06 0.00 0.10 0.31

III � � � 0.18 0.05 0.34 0.12 0.03 0.41
IV � � � 0.05 0.40 0.30 0.10 0.23 0.57
I � � � 0.18 0.00 0.16 0.09 0.01 0.26

Γeþe−
3 · B3 ðeVÞ II � � � 0.22 0.04 0.18 0.10 0.02 0.30

III � � � 0.30 0.05 0.30 0.16 0.01 0.45
IV � � � 0.36 0.14 0.34 0.17 0.03 0.54

FIG. 5. Comparison of masses versus widths of ψð4230Þ and
ψð4360Þ from the previous BESIII measurements [11–
14,16,17,19,20] and the average values in the PDG [43]. The
results in the bottom left are for ψð4230Þ, and the ones in the top
right are for ψð4360Þ.
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Γðψð4360Þ → ηJ=ψÞ is estimated to be in the range of
ð0.61� 0.23� 0.10Þ MeV to ð1.70� 0.59� 0.22Þ MeV.
But neither of them can cover the predictions of
Refs. [24,25] based on a conventional charmonium state
model. Comparing with Γeþe−

ψð4360Þ · Bðψð4360Þ → πþπ−hcÞ
from Ref. [17], we obtain the ratio Γðψð4360Þ→ηJ=ψÞ

Γðψð4360Þ→πþπ−hcÞ ¼
0.16þ0.08

−0.07 � 0.03 ∼ 0.43þ0.23
−0.21 � 0.08, which is beyond the

expected range under the D�D1þ H.c.1 molecular scenario
in Ref. [27]. Further theoretical and experimental studies
are still needed to interpret the nature and the structures of
these states.
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APPENDIX A: SUMMARY OF THE BORN
CROSS SECTIONS

Table III shows the values relating to the details of the
calculation of the Born section. σUL denotes an estimate of
the upper limit of the cross section at the 90% confi-
dence level.

APPENDIX B: SYSTEMATIC UNCERTAINTIES
ON THE CROSS SECTIONS

All systematic uncertainties at individual c.m. energies
are summarized in Table IV. The sources with the symbol
“*” are the correlated systematic uncertainties for different
data samples. Due to the limited statistics of most data
samples, the items with the symbol “†”, are estimated with
the data sample with the highest statistics
(

ffiffiffi
s

p ¼ 4.226 GeV). The total systematic uncertainties
are obtained with the quadrature sum of individual uncer-
tainties by assuming all of them are independent.

APPENDIX C: DEFINITION OF LIKELIHOOD
FUNCTION CONSIDERING THE SYSTEMATIC

UNCERTAINTIES OF CROSS SECTIONS

In the maximum-likelihood fit of the dressed cross
sections of eþe− → ηJ=ψ , to consider the systematic
uncertainties of resonance parameters from the cross
section measurement, the systematic uncertainties of cross
section measurement are divided into two parts, uncorre-
lated and correlated. Assuming all sources to be indepen-
dent, the total uncorrelated and correlated relative
systematic uncertainties are obtained by adding their
individual values in quadrature separately.
(1) Uncorrelated part

The likelihood function of the ith data sample,
considering the uncorrelated uncertainty from cross
section measurement as the nuisance parameter
following the Gaussian distribution, is defined as

L0
i ¼

Z
Liðσfiti · ϵÞ × Gaussðϵ; 1; ϵuncorri Þdϵ; ðC1Þ

where Li is the likelihood function with only
statistical uncertainties, σfiti is the expected value
of cross section and ϵuncorri is the total uncorrelated
systematic uncertainty in the cross section measure-
ment of the ith data sample.1Hermitian conjugate.
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TABLE IV. Relative systematic uncertainties (%) in the Born cross section measurement. The sources with “*” are the common
systematic uncertainties for different c.m. energies. The items with the symbol “†” are estimated with the data sample with the highest
statistics (

ffiffiffi
s

p ¼ 4.226 GeV). The systematic uncertainties include Luminosity (Lint), Branching fraction (B), ISR correction, γ
detection, Tracking (μþμ−=eþe−) (Track1), Tracking (πþπ−) (Track2), Lepton pair mass window Mðlþl−Þ, Kinematic fit, Photon-
energy criteria (Eγ), Fit (including background shape, fit range and signal shape), and Others.

ffiffiffi
s

p ðGeVÞ Lint
� B� ISR correction γ detection�† Track1� Track2� Mðlþl−Þ† Kinematic fit† Eγ Fit† Others� Total

3.8077 1.0 0.9 0.5 2.0 2.0 0.4 0.1 0.8 1.2 1.0 1.0 3.8
3.8694 1.0 0.9 0.5 2.0 2.0 0.9 0.1 0.8 1.2 1.0 1.0 3.9
3.8962 1.0 0.9 0.5 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 3.8
4.0076 1.0 0.9 0.7 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 3.9
4.0855 1.0 0.9 1.2 2.0 2.0 0.4 0.1 0.8 1.2 1.0 1.0 4.1
4.1285 1.0 0.9 1.1 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 4.0
4.1574 1.0 0.9 0.7 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 3.9
4.1784 1.0 0.9 0.6 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 3.8
4.1888 1.0 0.9 0.6 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 3.8
4.1989 1.0 0.9 0.6 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 3.8
4.2091 1.0 0.9 0.6 2.0 2.0 0.4 0.1 0.8 1.2 1.0 1.0 3.8
4.2186 1.0 0.9 0.6 2.0 2.0 0.4 0.1 0.8 1.2 1.0 1.0 3.9
4.2263 1.0 0.9 0.7 2.0 2.0 0.4 0.1 0.8 1.2 1.0 1.0 3.9
4.2357 1.0 0.9 0.8 2.0 2.0 0.4 0.1 0.8 1.2 1.0 1.0 3.9
4.2436 1.0 0.9 0.9 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 4.0
4.2580 1.0 0.9 1.4 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 4.2
4.2668 1.0 0.9 1.6 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 4.3
4.2777 1.0 0.9 2.2 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 4.6
4.2879 1.0 0.9 2.0 2.0 2.0 0.6 0.1 0.8 1.2 1.0 1.0 4.5
4.3079 1.0 0.9 2.0 2.0 2.0 0.4 0.1 0.8 1.2 1.0 1.0 4.5
4.3121 1.0 0.9 1.7 2.0 2.0 0.6 0.1 0.8 1.2 1.0 1.0 4.3
4.3374 1.0 0.9 1.2 2.0 2.0 0.4 0.1 0.8 1.2 1.0 1.0 4.1
4.3583 1.0 0.9 0.9 2.0 2.0 0.6 0.1 0.8 1.2 1.0 1.0 4.0
4.3774 1.0 0.9 0.9 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 4.0
4.3874 1.0 0.9 0.8 2.0 2.0 0.4 0.1 0.8 1.2 1.0 1.0 3.9
4.3965 1.0 0.9 0.9 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 4.0
4.4156 1.0 0.9 0.9 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 4.0
4.4362 1.0 0.9 1.1 2.0 2.0 0.6 0.1 0.8 1.2 1.0 1.0 4.0
4.4671 1.0 0.9 1.2 2.0 2.0 0.3 0.1 0.8 1.2 1.0 1.0 4.1
4.5271 1.0 0.9 2.1 2.0 2.0 0.3 0.1 0.8 1.2 1.0 1.0 4.5
4.5745 1.0 0.9 14.9 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 15.9
4.5995 1.0 0.9 27.2 2.0 2.0 0.2 0.1 0.8 1.2 1.0 1.0 27.9
4.6119 1.0 0.9 17.9 2.0 2.0 0.5 0.1 0.8 1.2 1.0 1.0 18.8
4.6280 1.0 0.9 2.3 2.0 2.0 0.3 0.1 0.8 1.2 1.0 1.0 4.6
4.6409 1.0 0.9 1.2 2.0 2.0 0.3 0.1 0.8 1.2 1.0 1.0 4.1
4.6612 1.0 0.9 1.0 2.0 2.0 0.3 0.1 0.8 1.2 1.0 1.0 4.0
4.6819 1.0 0.9 0.8 2.0 2.0 0.3 0.1 0.8 1.2 1.0 1.0 3.9
4.6988 1.0 0.9 0.7 2.0 2.0 0.3 0.1 0.8 1.2 1.0 1.0 3.9
4.7397 1.0 0.9 0.6 2.0 2.0 1.0 0.1 0.8 1.2 1.0 1.0 4.0
4.7501 1.0 0.9 0.6 2.0 2.0 0.3 0.1 0.8 1.2 1.0 1.0 3.8
4.7805 1.0 0.9 0.6 2.0 2.0 0.3 0.1 0.8 1.2 1.0 1.0 3.8
4.8431 1.0 0.9 0.6 2.0 2.0 0.3 0.1 0.8 1.2 1.0 1.0 3.8
4.9180 1.0 0.9 0.6 2.0 2.0 0.2 0.1 0.8 1.2 1.0 1.0 3.8
4.9509 1.0 0.9 0.5 2.0 2.0 0.2 0.1 0.8 1.2 1.0 1.0 3.8
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(2) Correlated part
Considering the correlated systematic uncertain-

ties, which obey a Gaussian distribution, as the
nuisance parameter of the overall likelihood function
in the line shape fit, the likelihood function of total
data samples is defined as

L0
tot¼

Z �Y44
i¼1

L0
iðσfiti ·ϵÞ

�
×Gaussðϵ;1;ϵcorrÞdϵ; ðC2Þ

where ϵcorr is the total correlated relative systematic
uncertainty. Some correlated uncertainties are differ-
ent for each energy point; to be conservative, the
largest value is used.

Finally, using L0
tot to repeat the fit, the differences of the

results are considered as the systematic uncertainties from
the cross section measurement.
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