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We provide an account of the issue of Gibbons-Hawking-York-like boundary terms for a gravity theory
defined on a Riemann-Cartan spacetime. We further discuss different criteria for introducing boundary
terms in some familiar first-order gravity theories with both on-shell vanishing and nonvanishing torsion,
along with considerations regarding the thermodynamics of black holes and profiles of the end-of-the-
world branes. Our analysis confirms the expected geodesic profile of the end-of-the-world brane in the BF
formulation of Jackiw-Teitelboim gravity. Finally, we present the first realization of the AdS/BCFT duality
for spacetime with torsion.
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I. INTRODUCTION

It is well known that the four-dimensional (4D) Einstein-
Hilbert (EH) action of general relativity,

1

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p
R; ð1:1Þ

involves second-order derivatives of the metric gμν and,
thus, requires an additional boundary term in order to have
a well-posed variational problem [1]. This boundary term is
called the Gibbons-Hawking-York (GHY) term:

1

8πG

Z
d3yϵ

ffiffiffiffiffiffi
jhj

p
K; ð1:2Þ

where K is the trace of the extrinsic curvature of the
boundary and hαβ is the induced metric on the boundary,
while ϵ ¼ �1 depends on the signature of the boundary.
The GHY term exactly cancels the boundary term in the
variation of (1.1) that involves ∂δgμν. On the other hand, in
the first-order formulation, the EH action is given by

1

32πG

Z
εabcdRabeced; ð1:3Þ

with Rab ¼ dωab þ ωa
cω

cb and clearly does not contain
second derivatives of any fundamental field (ea and ωab).

Therefore, we cannot hold to the same argument as before
for adding a boundary term to the action (1.3).
Local analysis of equations of motion is usually done

without even thinking about boundary conditions. In this
context, one could simply ignore the question altogether.
However, boundary terms play an important role in the
study of black hole thermodynamics. Namely, one way to
obtain the celebrated Bekenstein-Hawking formula for
the entropy of a Schwarzschild black hole is to compute
the Eucledian path integral [2]. As R ¼ 0 for a vacuum
solution, the bulk action is equal to zero on shell. Therefore,
the total contribution comes entirely from the (properly
regularized) GHY boundary term (1.2), which, in turn,
reproduces the desired area-entropy law.
The importance of boundary terms in the Hamiltonian

analysis of gravity is also well known since the work of
Regge and Teitelboim [3]. However, what we will be
concerned with in this paper is the study of boundary
terms in the context of AdS/CFT duality, initially intro-
duced in the string theory setup [4]. Besides general
considerations regarding asymptotic boundary conditions
based on holographic arguments, we focus on the role that
boundary terms have in establishing the AdS/BCFT cor-
respondence [5,6]. As the holographic duality relates a
gravity theory living on an asymptotically anti–de Sitter
(AdS) spacetime N and the corresponding conformal field
theory (CFT) living on the asymptotic boundaryM ¼ ∂N ,
the CFT dual naturally has no boundary (∂2N ¼ ∅).
Nevertheless, there are cases (e.g. open string world-sheet
theory) where the CFT boundary is present. To include
those situations, one is led to consider the so-called
boundary CFT (BCFT). Those are CFTs with a boundary
and suitable boundary conditions. To apply the holographic
ideas in this scenario, we have to introduce a brane Q,
sharing a common boundary with the CFT, such that the
boundary of the bulk N is given by ∂N ¼ M ∪ Q and
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∂M ¼ ∂Q. This brane is called the end-of-the-world
(EOW) brane. EOW branes were previously studied in
the language of first-order gravity in [7], where the first-
order gravity action was accompanied by the GHY term.
We will take the bottom-up approach [8], where we have to
model our action. Since the GHY term has many different
motivations, even in Einstein’s gravity [9], we first have to
discuss various aspects of GHY-like boundary terms in
first-order gravity to ensure that their inclusion in the action
is indeed well justified.
The main motivation for our work comes from a

realization that torsion can be significant in holographic
duality, as it can help us introduce the boundary spin
current and, thus, analyze strongly coupled systems with
spin transport [10–13]. With that in mind, it is natural to
consider a situation where the dual field theory has a
boundary and, for that matter, we should generalize the
AdS/BCFT correspondence to Riemann-Cartan bulk geom-
etry. However, this seems a nontrivial task, and so we
choose to tackle simple models of bulk gravity that involve
torsion (similar logic was used in [14–17] to study
consequences of Riemann-Cartan geometry on asymptotic
symmetries).
The plan of the paper is the following. In the next

section, we provide an account of various reasons for
introducing (or not) boundary terms in first-order gravity.
Based on this, in Sec. III, we analyze the case of 2D BF
theory and confirm the expected profile of the EOW brane.
In Sec. IV, we consider the AdS/BCFT setup for 3D Chern-
Simons gravity with torsion and determine how torsion
modifies the profile of the EOW brane. We summarize our
conclusions in Sec. V.

II. BOUNDARY TERMS

By going through the literature, one can find several
different justifications for introducing gravitational boun-
dary terms in first-order formalism. The choice of boundary
terms is naturally related to a given set of boundary
conditions. Perhaps the most obvious question one can
ask is whether first-order gravity can be consistently
formulated by fixing both the spin connection ωab and
the vielbein ea at the boundary, i.e., by imposing Dirichlet
boundary conditions on both fields. Note that there are
situations when this is not possible. For example, in the
case of three-dimensional gravity, the conjugate variable to
the spin connection is precisely the vielbein field [18]. This
means that we cannot consistently fix both fields at the
boundary, just like we cannot fix both the coordinate and its
conjugate momentum of a quantum particle (note that one
should use Dirac brackets when dealing with constrained
systems [19]). Also, a rather surprising fact that the GHY
boundary term for the second-order formulation of EH
gravity appears to be the right choice in so many different
respects raises the question of whether there is a similar
boundary term of the same importance in first-order

gravity. Before answering these questions, we discuss
the main rationales for introducing boundary terms in
first-order gravity.

A. No boundary terms

To begin with, let us again point out that the main reason
for introducing the GHY boundary term in the metric
formulation of EH gravity is precisely the second-order
character of the EH action. It seems reasonable, therefore,
to consider an option to simply not introduce any GHY-like
term in first-order gravity. In that case, for example, four-
dimensional gravity would be determined solely by EH
action (1.3). This, however, may seem unsatisfactory,
because the direct, naive, computation of the black hole
entropy in first-order formalism using Euclidean path
integral and on-shell action would yield zero. One could
naively claim that the entropy of a black hole in the
Einstein-Cartan theory of gravity should indeed be zero
based on this calculation. However, this position could be
sustained only if one regards the quantum theory of gravity
based on the metric formulation, where we integrate over
metric in the path integral, to be different from the path
integral quantum theory of gravity in first-order formu-
lation, schematically,

Z
Dge−S½g� ≠

Z
DeDωe−S½e;ω�; ð2:1Þ

even though the classical equations of motion are the same.
Nevertheless, this should not matter for the semiclassical
calculation of black hole entropy, as there are many
calculations of entropy in the Riemann-Cartan theory that
yield a nonzero answer, for example, by using the Nester
formula [20]. Note also that one has to be very careful when
using the Euclidean path integral on spacetimes with
torsion [21].
For thatmatter, let us introduce theNester formula [20,22].

It is a well-known fact that Killing vector fields give rise to
conserved charges. Charges are given as integrals over
spatial infinity of a certain form, defined solely from the
bulk action and a particular solution (properly renormalized
using background spacetime with no horizon). For the EH
action (1.3), the conserved charge (energy) is given by

Qξ ¼ G
Z
S2

1

2
ðιξωabÞΔρab þ

1

2
Δωabðιξρ̄abÞ: ð2:2Þ

Here, ρab ¼ ∂L
∂Rab ¼ 1

16πG εabcde
ced is determined purely

from the bulk action, and ιξ denotes a contraction with
Killing vector field ξ. To get a finite answer,Δρab is defined
as a difference Δρab ¼ ρab − ρ̄ab, with ρ̄ab being computed
for a geometry without a horizon. For example, using the
Schwarzschild solutionwith ξ ¼ ∂t, Nester’s formula yields
the resultE ¼ M, which, together with the first law of black
hole thermodynamics TdS ¼ dE, gives awell-known result
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for the entropy of a Schwarzschild black hole. Note that, for
asymptotically AdS black holes, one can use the AdS/CFT
correspondence to calculate the energy and from it the
entropy of a black hole [23].
Not adding any boundary term when computing the

black hole entropy using the Euclidean on-shell action is
advocated in [24].

B. Moving the variation to the vielbein

To motivate this point of view, let us consider statistical
physics. A partition function in the canonical ensemble is
defined as the sum of Boltzmann factors over all possible
states of the system:

Z ¼
X
s

e−βEs : ð2:3Þ

This ensemble is usually defined as the ensemble at a fixed
temperature (T ¼ β−1), while no other potential is held
fixed (charges, like the volume or the total number of
particles, are assumed fixed). The grand canonical ensem-
ble is, on the contrary, defined by assuming that the
chemical potential is fixed while the corresponding
charge—the total number of particles—can vary. Note that
we can still formally work in the grand canonical ensemble
even if the number of particles N is fixed; one simply has to
impose the constraint equation hNi ¼ N, which amounts to
an implicit relation between the chemical potential and the
temperature. This is very similar to the relation between
black hole thermodynamics in the first versus second-order
formalism. The Euclidean path integral naturally fixes the
temperature using periodicity in the Euclidean time. In this
way, the temperature is determined solely from the metric
(i.e., the vielbein). Therefore, fixing the vielbein at the
boundary implies working with the canonical ensemble
(see, for example, [25] for a similar discussion on rotating
black holes in second-order gravity or [26] for dilaton
gravity). On the other hand, if we were to fix both the
vielbein and the spin connection at the boundary, we should
work in some more general ensemble. For example, in the
case of first-order EH action (1.3), the on-shell variation is
just the boundary term [27–29]

Z
εabcdδω

abeced: ð2:4Þ

To make a transition to the canonical ensemble requires
moving the variation from ω to e; this is effected by adding
to (1.3) the following boundary term:

−
Z

εabcdω
abeced: ð2:5Þ

Note that this boundary term is not manifestly covariant
under local Lorentz transformations; a way to make it

covariant was discussed in [27]. Namely, one introduces a
normal to the boundary na and rewrites (2.5) in a manifestly
covariant form:

2

Z
εabcdnaDnbeced: ð2:6Þ

This gives the GHY term. Unfortunately, it is not always
possible to perform this operation and, thus, cannot be used
as a universal criterion. For example, we can easily check
that the five-dimensional term

Z
εabcdeRabRcdee ð2:7Þ

is such that its on-shell variation contains the boundary
term

Z
εabcdeδω

abωc
fω

fdee; ð2:8Þ

where we cannot move the variation from ω to e
by adding a suitable boundary term to the action.
Incidentally, note that the quadratic term (2.7) yields
torsion undetermined on shell, which means that the spin
connection cannot be expressed in terms of the vielbein.
This is similar in spirit to the fact that the total number of
particles does not have to be fixed in the grand canonical
ensemble.

C. Holographic considerations

The holographic dictionary establishes a relation
between an on-shell bulk action and the generating
functional of the dual CFT. The leading-order terms in
the asymptotic expansion of the bulk fields play the
role of operator sources in the boundary theory and,
therefore, should be associated with Dirichlet boundary
conditions. On the other hand, fields that appear in the
expectation values of the holographic currents are left free
to vary [30]. A generic first-order variation with AdS
asymptotics does not lead to this set of boundary
conditions. Therefore, one has to add suitable boundary
terms. As those boundary terms are added for the sake of
holographic boundary conditions, we refer to them as
GHY-like boundary terms [10]. Let us demonstrate that,
for three-dimensional gravity, the on-shell value of the
boundary term that we add in the holographic setup
coincides with the GHY term.
To analyze the behavior of bulk fields near the asymp-

totic boundary ∂M, we use the Fefferman-Graham (FG)
expansion of the bulk fields organized in powers of the
radial coordinate ρ; the asymptotic boundary is located at
ρ ¼ 0. Boundary fields (written with a tilde) are finite and
do not have the dρ component. The expansions relevant for
us are given by [12,13,31]
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ei ¼ 1ffiffiffi
ρ

p ðẽi þ ρk̃iÞ; ωij ¼ ω̃ij;

ωi1 ¼ 1ffiffiffi
ρ

p ðẽi − ρk̃iÞ; ð2:9Þ

where i, j ¼ 0, 2 (nonradial components). First, note that,
in the FG gauge, the GHY term can be written as
[analogous to (2.5)]

−
Z
∂M

εabcω
abec: ð2:10Þ

Expanding the bulk fields using (2.9) and focusing only on
the finite part (nonzero, nondivergent part as ρ → 0), we
can see that the finite part vanishes. On the other hand,
using the procedure described in [31], one concludes that
the holographic boundary conditions force us to add a
boundary term

4

Z
∂M

εijẽik̃
j: ð2:11Þ

Using the on-shell identity dω̃ij þ 2ẽik̃j þ 2k̃iẽj ¼ 0,
which comes from the bulk equations of motion, we see
that the last integral vanishes, as it is proportional toR
∂M εijdω̃ij, which equals zero assuming ∂

2M ¼ ∅.

D. Fixing the induced fields

The most recent approach to the problem of boundary
terms is presented in [11]. First, let us point out that, in the
case of second-order gravity with the GHY boundary term,
one needs only to fix the induced metric on the boundary,
rather than the bulk metric itself, to still have a well-defined
variation problem. One could even insist that this is a
fundamental feature of Dirichlet boundary conditions.
Therefore, it would be necessary to make sure that the
appropriate boundary terms are added in order to fix only
the induced fields. It was shown in [11] that this results
precisely in the standard GHY term in the case of first-order
EH gravity.
Consider another example. In the case of five-

dimensional Lovelock gravity, discussed in [24], with
action

Z
εabcde

�
α1
3
Rabecedee þ α2RabRcdee

þ α0
5
eaebecedee

�
; ð2:12Þ

the appropriate boundary term that ensures we fix only the
induced fields is given by

− 2

Z
εijkl

�
ϵα1
3

Kiejekel þ 2ϵα2KiRjkel

−
2α2
3

KiKjKkel
�
: ð2:13Þ

One can compute the (Euclidean) on-shell value of this
boundary term on a black hole geometry from [24]. The
metric for this solution is

ds2 ¼ −f2ðrÞdt2 þ 1

f2ðrÞ dr
2

þ r2ðdψ2 þ sin2ψdθ2 þ sin2ψsin2θdφ2Þ; ð2:14Þ

where f2ðrÞ ¼ α1
8α2

ðr2 − r8þ
r6
Þ. The relevant components of

the vielbein and the spin connection can be found in [24].
Inserting these expressions in the (Euclidean) boundary
term (2.13) yields

8α1α2rβ
α2l2

Z
S3
e2e3e4 þ α21rβ

α2

Z
S3
e2e3e4 ¼ 0; ð2:15Þ

where e2 ¼ rdψ , e3 ¼ r sinψdθ, e4 ¼ r sinψ sin θdφ, and
β is the inverse temperature. This proves that, even if we
insist on adding the GHY term to the action in [24], the
final answer for the entropy of a black hole would remain
zero. In a way, this is a consistency check, as the same
result is obtained using the Nester’s formula.

E. Amplitude composition

Let us discuss one more important feature of the GHY
term promoted in [32], in relation to the previous dis-
cussion. Assuming the validity of the path integral
approach to quantum gravity, we can compute the transition
amplitude from Σ1 to Σ3, in terms of induced fields at these
hypersurfaces (Fig. 1). We emphasize that the relevant
fields are the induced ones, which is precisely the

(a) (b)

FIG. 1. Transition from hypersurface Σ1 to Σ3, with intermedi-
ate hypersurface Σ2. In the second-order formalism, the first
derivative in the direction normal to the boundary is discontinu-
ous, and, therefore, the second derivative gives a delta function. In
the first-order formulation, some components of the spin con-
nection are discontinuous, and, therefore, its first derivative
contains the delta function.
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connection with the previous subsection. In the case of
metric formulation of gravity, the insertion of a hypersur-
face Σ3 would lead to a potential discontinuity of the metric
derivatives in normal directions [schematically displayed as
the red line in Fig. 1(a)]. As action contains the second-
order derivative of the metric, a discontinuity of the
derivative yields a Dirac delta function, and the GHY is
added precisely to account for this additional term that
would spoil the composition rule of the transition ampli-
tudes. In the first-order formalism, some components of the
spin connection do not have to be fixed on the hypersurface
Σ2, and its first derivative gives the delta function, thus also
motivating the introduction of the GHY term.
Finally, it is important to note that there are cases where

the three motivations for adding boundary terms we
discussed so far—placing the variation only on the vielbein
(discussed in Sec. II B), holographic demands (discussed in
Sec. II C), and fixing only the induced fields on the
boundary (discussed in Sec. II D)—give different answers
regarding the relevant boundary terms, even when all three
of them are applicable. For example, let us briefly mention
the case of four-dimensional gravity defined by the Holst
action with the Barbero-Imirizzi parameter γ, often used in
loop quantum gravity. The bulk action is given by [33]

κ

Z
εabcd

�
Rabeced þ 1

2
eaebeced

�
þ 2κ

γ

Z
Rabeaeb:

ð2:16Þ

Now, the first method implies that the following boundary
term should be added [34,35]:

−
2κ

γ

Z
ωabeaeb: ð2:17Þ

Making this term covariant [29] yields

−
2κ

γ

Z
Taðδba − nbnaÞeb: ð2:18Þ

On the other hand, the other two approaches suggest that
there should be no boundary terms. One might say that
this discrepancy is probably irrelevant, as the boundary
term (2.18) turns out to be zero on shell—however, this
holds only for pure gravity; by adding matter fields in the
bulk, the issue regarding the choice of the boundary term
rises again. This is not the only case where we find the
discrepancy between methods from Secs. II B–II D. Here,
we also mention the case of 5D Chern-Simons (CS)
gravity, which is of special interest for holography. The
holographic methodology of Sec. II C gives [10]

4κ

Z
εijkl

�
R̃ij þ ẽik̃j

�
k̃kẽl: ð2:19Þ

On the other hand, using the asymptotic expansions (2.9)
(valid also for 5D CS gravity), we find that the finite part
of the boundary term (2.13) is zero, a result that differs
from (2.19) even on shell. Of course, there might be
another way to relate those two boundary terms (see [11]),
but for now this relation remains unclear. Moreover, as we
noted earlier, the method presented in Sec. II B is not even
applicable in this case, due to the presence of the Gauss-
Bonnet term. Finally, there is the case of Mielke-Baekler
(MB) gravity, which we will consider in Sec. IV.

III. EOW BRANE IN 2D BF GRAVITY

Jackiw-Teitelboim (JT) gravity [36–38],

SJT ¼ κ

Z
d2x

ffiffiffiffiffiffi
−g

p
ΦðR − ΛÞ þ 2κ

Z
dy

ffiffiffiffiffiffi
jhj

p
ΦK; ð3:1Þ

is one of the most studied models of two-dimensional
dilaton gravity, because it offers the possibility to tackle the
metric equations analytically and even work in the quantum
regime. Moreover, the equations of JT gravity can be
obtained from a topological BF gauge theory for a suitable
gauge group. Boundary terms in the first-order JT gravity
have been discussed in the past (see, for example, [39–42]).
We will consider the BF gauge theory to illustrate various
approaches to boundary terms discussed in the previous
section.
The bulk (N ) BF action for gauge group SOð2; 2Þ is

κ

Z
N
εÂ B̂ Ĉϕ

ÂFB̂ Ĉ ð3:2Þ

or, in component form,

κ

Z
N
εab½φðRab þ eaebÞ þ 2ϕaTb�; ð3:3Þ

where

Rab ¼ dωab þ ωa
cω

cb; ð3:4Þ

Ta ¼ Dωea ¼ dea þ ωa
beb ð3:5Þ

are the curvature and torsion, respectively. Indices a, b ¼ 0,
1 are ordinary Lorentz SOð1; 1Þ indices (see Appendix A
for more details on the underlying algebraic structure of the
theory). After partial integration, we get

κ

Z
N
εab½φðRab þ eaebÞ − 2Dϕaeb� þ 2κ

Z
∂N

εabϕ
aeb:

ð3:6Þ

The variation of action (3.6) with respect to the spin
connection comes down to

BOUNDARY TERMS, BRANES, AND ADS/BCFT DUALITY IN … PHYS. REV. D 109, 086026 (2024)

086026-5



κ

Z
N
ð2εabϕceb − εacdφÞδωac þ κ

Z
∂N

εabφδω
ab: ð3:7Þ

Based on the previous discussion in Sec. II B, if we want to
transfer the variation from ω in the boundary term, we have
to modify the BF action by including an additional
boundary term, namely [43],

−κ
Z
∂N

εabφω
ab: ð3:8Þ

Now, in the context of AdS/BCFT construction, the
boundary ∂N consists of two parts: the asymptotic boun-
daryM and the EOW braneQ, that is, ∂N ¼ M ∪ Q. On
the asymptotic boundaryM, we impose the usual Dirichlet
boundary conditions that fix the boundary value of the bulk
fields. On the other hand, we impose Neumann boundary
conditions on the EOW brane Q that yield certain con-
straints on the boundary fields that dynamically determine
the profile of the brane.
Next, we use reasoning from Sec. II C. The asymptotic

FG expansion of the bulk fields ω01 and φ that appear in the
boundary term (3.8) is given by

ω01 ¼ 1ffiffiffi
ρ

p ðẽ − ρk̃Þ; ð3:9Þ

φ ¼ 1ffiffiffi
ρ

p ðφ̃þ ρψ̃Þ: ð3:10Þ

Let us prove that the finite part of the boundary term (3.8) is
the same as the boundary GHY-like term that follows from
the holographic consideration in [44]. Namely, for the
asymptotic boundary M, we have

−
Z
M

εabφω
ab ¼ −2

Z
M

φω01

¼ −2
Z
M

1

ρ
ðφ̃þ ρψ̃Þðẽ − ρk̃Þ;

where in the final step we applied the FG expansion of the
bulk fields. The finite part is, therefore,

−2
Z
M
ð−φ̃ k̃þψ̃ ẽÞ ¼ 4

Z
M

φ̃ k̃; ð3:11Þ

where, in the last equality, we applied the equations of
motion and removed the boundary term as before (since [44]
deals with the standard situation where the only boundary of
the bulk spacetime is the asymptotic boundary where the
dual field theory lives). This further supports the validity of
our boundary term (3.8).
We further focus on the EOW brane Q and make the

boundary term (3.8) manifestly covariant by introducing a
normalized vector field na on Q, yielding

2κ

Z
Q
εabφnaDnb:

Note that we do not assume that na is fixed off shell and,
in particular, that it is orthogonal to Q; this can be
achieved dynamically (on shell) by inserting the projector
Pa
b ¼ δab − nanb to the EOW brane Q in the boundary term

from (3.6). The total action becomes

κ

Z
N
εab½φðRab þ eaebÞ − 2Dϕaeb�

þ 2κ

Z
Q
εabϕ

aðδbc − nbncÞec þ 2κ

Z
Q
εabφnaDnb

þ 2κT
Z
Q
εabnaeb; ð3:12Þ

where we also included the brane tension term (T being
the tension).
Varying this action with respect to the fundamental fields

and imposing Neumann boundary conditions on Q, one
finds the following. The δω variation yields

κ

Z
Q
εabφδω

ab þ 2κ

Z
Q
εabφnaδωb

cnc ¼ 0; ð3:13Þ

which is satisfied due to the condition nana ¼ 1. Variation
δϕa gives us naeajQ ¼ 0, meaning that na is orthogonal to
the EOW brane Q. Variation δe results in a nontrivial
constraint

εabðTna þ ϕaÞ − εacϕ
ancnb ¼ 0: ð3:14Þ

Note that if we multiply the previous equation with nb, we
consistently get 0 ¼ 0. Variation with respect to φ results in
the constraint (see Appendix B)

∇μnμ ¼ 0; ð3:15Þ

meaning that the EOW is actually a geodesic. This
coincides with the JT result. Moreover, this result was
recently used in the analysis of the BF formulation of two-
dimensional supergravity [45], and we believe that our
work provides necessary supporting arguments for the
validity of that claim. The last variation δn yields

2κ

Z
Q
εabφδnaDnb þ 2κ

Z
Q
εabφDnbδna

− 2κ

Z
Q
εabecϕcnaδnb þ 2κT

Z
Q
εabδnaeb

− 2κ

Z
Q
εabϕ

anbδncec: ð3:16Þ

Using the identity
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εabϕ
cecna þ εacϕ

anceb ¼ εabϕ
becnc ¼ 0; ð3:17Þ

since ecncjQ ¼ 0, we see that the variation is given by

2κ

Z
Q
εabφδnaDnb þ 2κ

Z
Q
εabφDnbδna

þ 2κT
Z
Q
εabδnaeb: ð3:18Þ

Following [7], we should add a projector multiplying the
equation that follows from this variation. This is due to the
fact that δðnanaÞ ¼ 0. One might object by noting that we
do not have to assume that na is normalized, as the
normalization follows from the equations of motion.
However, when we wrote the boundary term, we had
already assumed that the na vector is normalized.
Otherwise, we would have to properly normalize all the
terms (see [46] for example). Either way, we obtain the
same equation:

2εabφDnb þ Tðεabeb − ncnaεcbebÞ ¼ 0: ð3:19Þ

However, this equation is automatically satisfied given that
nana ¼ 1 and naeajQ ¼ 0; see Appendix B. Therefore,
there are no new constraints.
Finally, let us also demonstrate that, by using the

methodology from [11], we obtain the same boundary
term. First, due to general consideration in [11], only theR
εabφRab term is relevant for computing the GHY boun-

dary term. Assuming the notation from [11], we have

⋆φnaδϱ
na ∼ κφεnaδϱ

na; ð3:20Þ

which gives us

⋆φna ¼ κφεna; ð3:21Þ

and the boundary term that we should add, from this point
of view, is

2κ

Z
∂Q

φKaεna ¼ 2κ

Z
∂Q

φnμDnνεμν; ð3:22Þ

where we used the identity

eaνDnνnμεμρe
ρ
a ¼ φnμDnνεμν: ð3:23Þ

Therefore, all three viewpoints agree that (3.8) is the
adequate boundary term for 2D BF gravity, supporting
the claim that the EOW brane assumes the shape of a
geodesic.

IV. THREE-DIMENSIONAL GRAVITY
WITH TORSION

As a continuation of the work in [7], we will show that
the AdS/BCFT construction can also be applied to bulk
geometries with torsion. For that matter, consider the case
of 3DAdS CS gravity (which coincides with 3D EH gravity
with a negative cosmological constant) modified by the
translational CS term that involves torsion Ta. The bulk
(N ) action is

κ

Z
N
εabc

�
Rabec þ 1

3
eaebec

�
þ ακ

Z
N
Taea; ð4:1Þ

where α is a parameter of the theory. The translational CS
term is part of the more general MB model of three-
dimensional gravity with torsion [47], which has been
studied from a holographic perspective in [31]. By com-
paring action (4.1) and the MB model, it is clear that we are
not including the LCSðωÞ term (the CS term involving the
spin connection as a gauge field). The reason for this is
practical: This term depends explicitly on ωab, not through
the field strengths (curvature and torsion), and, therefore,
the methodology of [11] is not applicable. Furthermore, it is
obvious that, for this term, one cannot move the variation at
the boundary from ω to e, as this term involves only the ω
field. Yet holography points out that a certain boundary
term should be added. Namely, it follows from the con-
siderations in [31] that the LCSðωÞ term requires an addi-
tional boundary term of the form

R
k̃iẽi and this term is not

zero, even on shell.
Because of the translational CS term, the on-shell value

of torsion will not be zero as for the pure 3D AdS CS
gravity. Equations of motion obtained by varying (4.1) with
respect to ea and ωab are given by

Rab þ ð1 − α2Þeaeb ¼ 0; ð4:2Þ

Tc ¼ −
α

2
εabceaeb: ð4:3Þ

We see that torsion is not zero, but it is determined by the ea

field, that is, by the metric structure of the theory. For
α → 0, we obtain zero torsion as expected. Following [7],
let us choose the bulk spacetime metric

ds2 ¼ e2ρð−dt2 þ dϕ2Þ þ l2dρ2; ð4:4Þ

for which we have

e0¼ eρdt; e1¼ ldρ; e2¼ eρdϕ; ð4:5Þ

where we introduced the length scale l. For pure AdS CS
gravity (for α → 0), l would be equal to 1 (actually, to the
length scale from the action that we conveniently set equal
to 1), and this would be the AdS radius. However, pure
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AdS3 spacetime is not a solution to the theory (4.1).
Namely, although the metric is the same, the spin con-
nection is modified due to the translational CS term:

ω01 ¼ eρ
�
1

l
dt −

α

2
dϕ

�
; ð4:6Þ

ω02 ¼ lα
2
dρ;

ω12 ¼ eρ
�
−
α

2
dt −

1

l
dϕ

�
: ð4:7Þ

The corresponding curvature is given by

Rab ¼
�
α2

4
−

1

l2

�
eaeb: ð4:8Þ

By comparing the equation of motion (4.2), we see that the
length scale l from the metric depends on α as

1

l2
¼ 1 −

3α2

4
: ð4:9Þ

Now we come to the issue of boundary terms. As before,
the boundary ∂N consists of two parts ∂N ¼ M ∪ Q.
Since we are interested in the profile of the EOW brane Q,
we will focus only on that part of the boundary. On the
asymptotic boundary M, we impose Dirichlet boundary
conditions, as usual.
In the variation of action (4.1), there are two boundary

terms:

−κ
Z
Q
εabceaδωbc − ακ

Z
Q
eaδea: ð4:10Þ

If we pertain to the criteria that we should have only δe
variation, we have to add a boundary term to action (4.1) in
order to move the variation from ω to e in the first boundary
term from (4.10). It is easy to see that the appropriate
boundary term is [48]

κ

Z
Q
εabceaωbc: ð4:11Þ

We already showed in Sec. II C that this term follows from
holography in the torsion-free case, but computation in [31]
shows that there should be no other boundary term even
when α ≠ 0. This seemingly noncovariant term can be cast
in a covariant form using the normalized vector na at the
brane:

− 2κ

Z
Q
εabceanbDωnc

¼ −2κ
Z
Q
ϵabceanbdnc − 2κ

Z
Q
ϵabceanbωcdnd

¼ −2κ
Z
Q
ϵabceanbdnc þ κ

Z
Q
eaðδba − nanbÞεbcdωcd:

ð4:12Þ

The last line can be obtained by introducing ωa ¼ 1
2
εabcω

bc

or ωab ¼ −εabcωc [48]. Namely, we have

−2εabceanbωcdnd ¼ 2εabceanbεcdmωmnd

¼ −2eanbðωbna − ωanbÞ
¼ 2eaðn2δba − nanbÞωb

¼ eaðδba − nanbÞεbcdωcd; ð4:13Þ

where we used the fact that n2 ¼ nana ¼ 1. The expression
Pb
a ¼ δba − nanb that appears in the final form of the

boundary term (4.12) is the projector to the brane. The
obtained term is precisely the GHY boundary term that
follows from computations along the lines of [11] (again,
the term that contains torsion does not lead to an additional
boundary term). If we also include the tension of the brane,
the total action is, therefore,

κ

Z
N
εabc

�
Rabec þ 1

3
eaebec

�
þ ακ

Z
N
Taea

− 2κ

Z
Q
εabceanbdnc þ κ

Z
Q
eaðδba − nanbÞεbcdωcd

þ κT
Z
Q
εabcnaebec: ð4:14Þ

Variation δω yields the constraint

eanajQ ¼ 0; ð4:15Þ

which means that na ¼ nμeaμ is orthogonal to the EOW
brane Q. It is important to note that orthogonality is
obtained dynamically; it has not been assumed ab initio.
Variation δna gives no further restrictions (it is identically
satisfied given that n2 ¼ 1). Finally, the most important
equation is obtained by variation δe:

Pb
aεbcdω

cd−2εabcnbdncþ2Tεabcnbecþαea¼ 0: ð4:16Þ

To find the profile of the EOW brane, we assume that
ϕ ¼ gðρÞ and so ðdϕ − g0ðρÞdρÞjQ ¼ 0. The normalized
vector orthogonal to the brane is, therefore,
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n0 ¼ 0;

n1 ¼ −
g0ðρÞ

l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg0ðρÞÞ2

l2 þ e−2ρ
q ;

n2 ¼ e−ρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg0ðρÞÞ2

l2 þ e−2ρ
q : ð4:17Þ

Consider now Eq. (4.16) and take a ¼ 2. Using the fact that

naωa ¼ −
α

2
naea −

1

l
n0e2 þ 1

l
n2e0

¼ −
1

l
n2e0; ð4:18Þ

where the last step follows from n0 ¼ 0 and the constraint
naeajQ ¼ 0, we get

gðρÞ ¼ � l2Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2T2

p e−ρ þ const: ð4:19Þ

Equation (4.16) for a ¼ 1 further determines that the
correct sign is plus. This gives us n1 ¼ lT and
n2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2T2

p
. Finally, the equation for a ¼ 0 is now

automatically satisfied. Therefore, the profile of the EOW
brane is given by

ϕ ¼ l2Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − l2T2

p e−ρ þ const; ð4:20Þ

where 1
l2 ¼ 1 − 3α2

4
. We conclude that the modified affine

structure (nonzero torsion) of AdS3 spacetime leaves its
mark in the EOW brane profile by changing the parameter

l, which would otherwise be equal to 1. There is a whole
family of EOW branes parametrized by α from the trans-
lational CS term (Fig. 2).

V. SUMMARY AND CONCLUSIONS

In this paper, we have revised the role of boundary terms
in first-order gravity. We primarily focused on those cases
where different criteria lead to the same conclusion, thus
supporting the choice of the boundary term. Actually, in the
context of AdS/BCFT duality, it is not clear how to choose
boundary terms to get viable brane dynamics [49], and,
therefore, the task is expected to be even harder in the first-
order formulation. One way to see if the boundary term is
appropriate, apart from being able to obtain a nontrivial
EOW brane profile, is to compute the boundary stress-
energy tensor and check if the BCFT boundary conditions
are satisfied [50].
Based on this general discussion, we showed that, by

including the adequate boundary term, the profile of the
EOW brane in the BF formulation of JT gravity indeed
matches the geodesic, as expected. Using the same logic,
we considered the modified version of the three-dimen-
sional CS gravity with the translational CS term that
explicitly involves torsion. The resulting theory has an
AdS-like solution that exhibits nonzero torsion. We calcu-
lated the profile of the EOW brane for this geometry and
found a family of solutions parametrized by the coupling
constant α of the translational CS term from (4.1). This
extends the AdS/BCFT construction from [7] to include
bulk geometry with torsion. Note that the computations in
this paper are consistent with the BCFT boundary con-
ditions [50]. The holographic stress-energy tensor was
computed in [31]. It is easy to verify that the one-point
correlation function for the stress-energy tensor for the
solution we analyzed is zero and, therefore, trivially
satisfies the BCFT boundary conditions.
Further considerations could involve AdS/BCFT con-

struction for more complicated systems, such as 5D CS
gravity. It is not entirely clear to what extent the discussion
regarding boundary terms made here applies in that par-
ticular case. Note that, even in the case of Riemannian
gravity, it is not always clear which GHY-like term to add or
what are the proper boundary conditions for bulk fields in
order to obtain the EOW profile [49,51]. Also, it is possible
that, for 5D CS gravity, one will have to go beyond the idea,
introduced in [7], to treat na independently from the metric
field. This paper illustrates that there are caseswhere one can
safely apply this idea, but it is clear that it does not always
hold.Moreover, we focused only on the spacetime (4.4), but
one should be able to discuss more general excited states. In
the case at hand, this looks like a straightforward generali-
zation. Nevertheless, the rich structure of 3D gravity makes
it an interesting and important model of first-order gravity
that could reveal some new insights and lead us to a deeper
understanding of the relevance of boundary terms.

FIG. 2. EOW brane profile for different values of parameter α
(and, therefore, of l; here shown l ¼ 1, 2, 3, 4 from top to
bottom). For this plot, we set T ¼ 0.1 and fix the boundary of the
CFT at ϕ ¼ 1. We put all the brane profiles on the same graph
even though they are defined on different spacetimes, as we can
connect coordinate ρ in those different spacetimes using the
damping factor eρ from the metric.
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APPENDIX A: ALGEBRAIC STRUCTURE
OF 2D BF THEORY

To begin with, let us consider the action for 3D
Lovelock-Chern-Simons gravity with the negative cosmo-
logical constant:

Z
εABC

�
RABeC þ 1

3
eAeBeC

�
: ðA1Þ

The Lagrangian is invariant (up to a locally closed form)
under SOð2; 2Þ gauge transformations [isometries of AdS3
embedded in flat spacetime with signature ð−þþ−Þ],
which follows from the fact that fields ωAB and eA can be
regarded as components of an enlarged SOð2; 2Þ connection

A ¼ 1

2
ωABJAB þ eAJA3; ðA2Þ

where JAB and JA3 are the group generators; indices A, B
take values 0, 1, 2. Using the connectionA, we can construct
the action for 3D Chern-Simons gauge theory, which is the
same as (A1) up to a boundary term.
By performing Kaluza-Klein dimensional reduction

(together with truncation of certain fields) of (A1), one
obtains 2D BF action

Z
εÂ B̂ Ĉϕ

ÂFB̂ Ĉ; ðA3Þ

invariant under SOð1; 2Þ gauge transformations generated
by JÂ B̂ ¼ ðJab; Ja3Þ with Lorentz SOð1; 1Þ indices a,
b ¼ 0, 1. Note that SOð1; 2Þ indices (denoted with the
hat symbol) take values Â; B̂ ¼ 0, 1, 3, and we
define ε013 ¼ 1.
The SOð1; 2Þ field strength is given by

F ¼ Fâ B̂JÂ B̂ ¼ 1

2
ðRab þ eaebÞJab þ TaJa3; ðA4Þ

with curvature and torsion

Rab ¼ dωab þ ωa
cω

cb; ðA5Þ

Ta ¼ Dea ¼ dea þ ωa
beb; ðA6Þ

respectively, while the multiplet of (spacetime) scalar fields
is organized as

Φ ¼ ϕÂJ2Â ¼ ϕaJ2a þ φJ23: ðA7Þ

Action (A3) can, thus, be written in a manifestly SOð1; 2Þ
invariant form:

Z
TrðΦFÞ: ðA8Þ

In terms of Lorentz tensors, 2D BF action can be formu-
lated as (3.3).

APPENDIX B: GHY TERM IN 2D GRAVITY

Here, we explicitly prove the identification of the GHY
term in the metric formulation of gravity with the expres-
sion 2κ

R
φεabnaDnb. We have

2κ

Z
Q
εabφnaDnb ¼ 2κ

Z
Q
εabφeaρnρDμðebνnνÞdxμ

¼ 2κ

Z
Q
εabφeaρnρebν∇μnνdxμ

¼ 2κ

Z
Q
eερνφnρ∇μnνdxμ

¼ 2κ

Z
Q
eερνφnρ∇μnνd

dxμ

dt
dt: ðB1Þ

With Dμ we denote the Lorentz covariant derivative,
with ∇μ the spacetime covariant derivative with connection
Γλ
μν, and t parametrizes the one-dimensional boundary.

Now we use the fact that metric gμν can be written as
gμν ¼ hμν þ nμnν, where we can further write hμν ¼ −tμtν,
with tμ unit tangent vector to the one-dimensional boun-
dary [52] (not insisting on a normalization of vector tμ

would introduce the factor of
ffiffiffiffiffiffijhjp

in the boundary term).
Note that we have

naeajQ ¼ gμνnμdxνjQ ¼ 0; ðB2Þ

from which we conclude nμ⊥ dxμ
dt ≡ tμ. Next, we define

epsilon tensor ε̄μν ¼ e · εμν and prove that

ε̄μνnμ ¼ −tν:

First, note that if we multiply both sides by nν, we
consistently get 0 ¼ 0. Therefore, ε̄μνnμ is proportional
to tν. We furthermore fix the normalization by computing
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ε̄μνnμε̄ρσnρgνσ ¼ −ε̄μνε̄νρnμnρ

¼ gμρnμnρ ¼ 1:

Therefore, the constant of proportionality is one (or minus
one, which is just a different choice of orientation). This
implies that (B1) can be written as

2κ

Z
Q
φtν∇μnνdxμ

¼ 2κ

Z
Q
φtνtμ∇μnνdt ¼ 2κ

Z
Q
φK; ðB3Þ

where K ¼ ∇μnμ. This coincides with the usual GHY
boundary term in the metric formulation and proves that the
variation δφ leads to the condition ∇μnμ ¼ 0.
Next, we prove that variation δn does not lead to any new

constraints. First, we prove that εabeb − ncnaεcbeb ¼ 0 by
explicitly writing down all indices, which can be easily
done as we work in a low number of dimensions. For
example, for a ¼ 0 we have

ε0beb − ncn0εcbeb

¼ e1 − n0n0ε01e1 − n1n0ε10e0

¼ e1 − ð1 − n1n1Þe1 þ n1n0e0

¼ e1 − ð1 − n1n1Þe1 − n1n1e1 ¼ 0: ðB4Þ
In this derivation, we used the fact that nana ¼ 1 and
naeajQ ¼ 0. The same holds for a ¼ 1. Therefore,

εabeb − ncnaεcbeb ¼ 0: ðB5Þ

To prove that Dna ¼ 0 follows from the fact that
εabnaDnb ¼ 0, we can again write down all the indices
explicitly:

εabnaDnb ¼ n0dn1 − n1dn0 − ω10ðn0n0 þ n1n1Þ
¼ n0dn1 − n1dn0 − ω10 ¼ 0: ðB6Þ

Multiplying this equation by n0, we get

n0n0dn1 − n1n0dn0 − ω10n0

¼ ð1 − n1n1Þdn1 − n1n0dn0 þ ω1
0n0

¼ dn1 −
1

2
n1dðnanaÞ þ ω1

0n0

¼ dn1 þ ω1
0n0 ¼ Dn1 ¼ 0: ðB7Þ

Similarly, if we multiply (B6) by n1, we get

−dn0 þ 1

2
n0ðnanaÞ − ω10n1 ¼ −Dn0 ¼ 0: ðB8Þ

This proves that Dna ¼ 0 and, together with (B5), implies
the identity (3.19).
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