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Boundary terms, branes, and AdS/BCFT duality in first-order gravity
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We provide an account of the issue of Gibbons-Hawking-York-like boundary terms for a gravity theory
defined on a Riemann-Cartan spacetime. We further discuss different criteria for introducing boundary
terms in some familiar first-order gravity theories with both on-shell vanishing and nonvanishing torsion,
along with considerations regarding the thermodynamics of black holes and profiles of the end-of-the-
world branes. Our analysis confirms the expected geodesic profile of the end-of-the-world brane in the BF
formulation of Jackiw-Teitelboim gravity. Finally, we present the first realization of the AAS/BCFT duality

for spacetime with torsion.
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I. INTRODUCTION

It is well known that the four-dimensional (4D) Einstein-
Hilbert (EH) action of general relativity,
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involves second-order derivatives of the metric g,, and,
thus, requires an additional boundary term in order to have
a well-posed variational problem [1]. This boundary term is
called the Gibbons-Hawking-York (GHY) term:
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where K is the trace of the extrinsic curvature of the
boundary and /, is the induced metric on the boundary,
while ¢ = 1 depends on the signature of the boundary.
The GHY term exactly cancels the boundary term in the
variation of (1.1) that involves ddg,, . On the other hand, in
the first-order formulation, the EH action is given by

1

322G (13)

£adeRabeCed?

with R = do® + o®,w® and clearly does not contain
second derivatives of any fundamental field (e and w“).
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Therefore, we cannot hold to the same argument as before
for adding a boundary term to the action (1.3).

Local analysis of equations of motion is usually done
without even thinking about boundary conditions. In this
context, one could simply ignore the question altogether.
However, boundary terms play an important role in the
study of black hole thermodynamics. Namely, one way to
obtain the celebrated Bekenstein-Hawking formula for
the entropy of a Schwarzschild black hole is to compute
the Eucledian path integral [2]. As R =0 for a vacuum
solution, the bulk action is equal to zero on shell. Therefore,
the total contribution comes entirely from the (properly
regularized) GHY boundary term (1.2), which, in turn,
reproduces the desired area-entropy law.

The importance of boundary terms in the Hamiltonian
analysis of gravity is also well known since the work of
Regge and Teitelboim [3]. However, what we will be
concerned with in this paper is the study of boundary
terms in the context of AdS/CFT duality, initially intro-
duced in the string theory setup [4]. Besides general
considerations regarding asymptotic boundary conditions
based on holographic arguments, we focus on the role that
boundary terms have in establishing the AdS/BCFT cor-
respondence [5,6]. As the holographic duality relates a
gravity theory living on an asymptotically anti—de Sitter
(AdS) spacetime A and the corresponding conformal field
theory (CFT) living on the asymptotic boundary M = dN,
the CFT dual naturally has no boundary (N = @).
Nevertheless, there are cases (e.g. open string world-sheet
theory) where the CFT boundary is present. To include
those situations, one is led to consider the so-called
boundary CFT (BCFT). Those are CFTs with a boundary
and suitable boundary conditions. To apply the holographic
ideas in this scenario, we have to introduce a brane O,
sharing a common boundary with the CFT, such that the
boundary of the bulk N is given by oON = M U Q and
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0M = 00Q. This brane is called the end-of-the-world
(EOW) brane. EOW branes were previously studied in
the language of first-order gravity in [7], where the first-
order gravity action was accompanied by the GHY term.
We will take the bottom-up approach [8], where we have to
model our action. Since the GHY term has many different
motivations, even in Einstein’s gravity [9], we first have to
discuss various aspects of GHY-like boundary terms in
first-order gravity to ensure that their inclusion in the action
is indeed well justified.

The main motivation for our work comes from a
realization that torsion can be significant in holographic
duality, as it can help us introduce the boundary spin
current and, thus, analyze strongly coupled systems with
spin transport [10—-13]. With that in mind, it is natural to
consider a situation where the dual field theory has a
boundary and, for that matter, we should generalize the
AdS/BCFT correspondence to Riemann-Cartan bulk geom-
etry. However, this seems a nontrivial task, and so we
choose to tackle simple models of bulk gravity that involve
torsion (similar logic was used in [14-17] to study
consequences of Riemann-Cartan geometry on asymptotic
symmetries).

The plan of the paper is the following. In the next
section, we provide an account of various reasons for
introducing (or not) boundary terms in first-order gravity.
Based on this, in Sec. III, we analyze the case of 2D BF
theory and confirm the expected profile of the EOW brane.
In Sec. IV, we consider the AdS/BCFT setup for 3D Chern-
Simons gravity with torsion and determine how torsion
modifies the profile of the EOW brane. We summarize our
conclusions in Sec. V.

II. BOUNDARY TERMS

By going through the literature, one can find several
different justifications for introducing gravitational boun-
dary terms in first-order formalism. The choice of boundary
terms is naturally related to a given set of boundary
conditions. Perhaps the most obvious question one can
ask is whether first-order gravity can be consistently
formulated by fixing both the spin connection @’ and
the vielbein e at the boundary, i.e., by imposing Dirichlet
boundary conditions on both fields. Note that there are
situations when this is not possible. For example, in the
case of three-dimensional gravity, the conjugate variable to
the spin connection is precisely the vielbein field [18]. This
means that we cannot consistently fix both fields at the
boundary, just like we cannot fix both the coordinate and its
conjugate momentum of a quantum particle (note that one
should use Dirac brackets when dealing with constrained
systems [19]). Also, a rather surprising fact that the GHY
boundary term for the second-order formulation of EH
gravity appears to be the right choice in so many different
respects raises the question of whether there is a similar
boundary term of the same importance in first-order

gravity. Before answering these questions, we discuss
the main rationales for introducing boundary terms in
first-order gravity.

A. No boundary terms

To begin with, let us again point out that the main reason
for introducing the GHY boundary term in the metric
formulation of EH gravity is precisely the second-order
character of the EH action. It seems reasonable, therefore,
to consider an option to simply not introduce any GHY-like
term in first-order gravity. In that case, for example, four-
dimensional gravity would be determined solely by EH
action (1.3). This, however, may seem unsatisfactory,
because the direct, naive, computation of the black hole
entropy in first-order formalism using Euclidean path
integral and on-shell action would yield zero. One could
naively claim that the entropy of a black hole in the
Einstein-Cartan theory of gravity should indeed be zero
based on this calculation. However, this position could be
sustained only if one regards the quantum theory of gravity
based on the metric formulation, where we integrate over
metric in the path integral, to be different from the path
integral quantum theory of gravity in first-order formu-
lation, schematically,

/Dge‘s[y] # /DeDa)e‘S[e-w], (2.1)

even though the classical equations of motion are the same.
Nevertheless, this should not matter for the semiclassical
calculation of black hole entropy, as there are many
calculations of entropy in the Riemann-Cartan theory that
yield a nonzero answer, for example, by using the Nester
formula [20]. Note also that one has to be very careful when
using the Euclidean path integral on spacetimes with
torsion [21].

For that matter, let us introduce the Nester formula [20,22].
It is a well-known fact that Killing vector fields give rise to
conserved charges. Charges are given as integrals over
spatial infinity of a certain form, defined solely from the
bulk action and a particular solution (properly renormalized
using background spacetime with no horizon). For the EH
action (1.3), the conserved charge (energy) is given by

1 1 _
0:=G /32 3 (1:0™) Ap gy, + EAwab(lfﬂab)' (2.2)

Here, p,, = % = ﬁeabcdeced is determined purely

from the bulk action, and le denotes a contraction with
Killing vector field £. To get a finite answer, Ap,,, is defined
as a difference Ap,;, = pu, — Pap, With p,;, being computed
for a geometry without a horizon. For example, using the
Schwarzschild solution with & = 9,, Nester’s formula yields
the result E = M, which, together with the first law of black
hole thermodynamics 7dS = dE, gives a well-known result
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for the entropy of a Schwarzschild black hole. Note that, for
asymptotically AdS black holes, one can use the AdS/CFT
correspondence to calculate the energy and from it the
entropy of a black hole [23].

Not adding any boundary term when computing the
black hole entropy using the Euclidean on-shell action is
advocated in [24].

B. Moving the variation to the vielbein

To motivate this point of view, let us consider statistical
physics. A partition function in the canonical ensemble is
defined as the sum of Boltzmann factors over all possible
states of the system:

Z= Ze_/"El‘.
S

This ensemble is usually defined as the ensemble at a fixed
temperature (T = ~!), while no other potential is held
fixed (charges, like the volume or the total number of
particles, are assumed fixed). The grand canonical ensem-
ble is, on the contrary, defined by assuming that the
chemical potential is fixed while the corresponding
charge—the total number of particles—can vary. Note that
we can still formally work in the grand canonical ensemble
even if the number of particles N is fixed; one simply has to
impose the constraint equation (N) = N, which amounts to
an implicit relation between the chemical potential and the
temperature. This is very similar to the relation between
black hole thermodynamics in the first versus second-order
formalism. The Euclidean path integral naturally fixes the
temperature using periodicity in the Euclidean time. In this
way, the temperature is determined solely from the metric
(i.e., the vielbein). Therefore, fixing the vielbein at the
boundary implies working with the canonical ensemble
(see, for example, [25] for a similar discussion on rotating
black holes in second-order gravity or [26] for dilaton
gravity). On the other hand, if we were to fix both the
vielbein and the spin connection at the boundary, we should
work in some more general ensemble. For example, in the
case of first-order EH action (1.3), the on-shell variation is
just the boundary term [27-29]

(2.3)

/ Eapead™ecel. (2.4)

To make a transition to the canonical ensemble requires
moving the variation from @ to e; this is effected by adding
to (1.3) the following boundary term:

— / Eapea®?Pecel.

Note that this boundary term is not manifestly covariant
under local Lorentz transformations; a way to make it

(2.5)

covariant was discussed in [27]. Namely, one introduces a
normal to the boundary n¢ and rewrites (2.5) in a manifestly
covariant form:

2/£abcdn“Dnbeced. (2.6)

This gives the GHY term. Unfortunately, it is not always
possible to perform this operation and, thus, cannot be used
as a universal criterion. For example, we can easily check
that the five-dimensional term

/ 8abcdeRabRCdee (27)

is such that its on-shell variation contains the boundary
term

/eabcdeéa)“ba)"fwfdef, (2.8)

where we cannot move the variation from @ to e
by adding a suitable boundary term to the action.
Incidentally, note that the quadratic term (2.7) yields
torsion undetermined on shell, which means that the spin
connection cannot be expressed in terms of the vielbein.
This is similar in spirit to the fact that the total number of
particles does not have to be fixed in the grand canonical
ensemble.

C. Holographic considerations

The holographic dictionary establishes a relation
between an on-shell bulk action and the generating
functional of the dual CFT. The leading-order terms in
the asymptotic expansion of the bulk fields play the
role of operator sources in the boundary theory and,
therefore, should be associated with Dirichlet boundary
conditions. On the other hand, fields that appear in the
expectation values of the holographic currents are left free
to vary [30]. A generic first-order variation with AdS
asymptotics does not lead to this set of boundary
conditions. Therefore, one has to add suitable boundary
terms. As those boundary terms are added for the sake of
holographic boundary conditions, we refer to them as
GHY-like boundary terms [10]. Let us demonstrate that,
for three-dimensional gravity, the on-shell value of the
boundary term that we add in the holographic setup
coincides with the GHY term.

To analyze the behavior of bulk fields near the asymp-
totic boundary 0 M, we use the Fefferman-Graham (FG)
expansion of the bulk fields organized in powers of the
radial coordinate p; the asymptotic boundary is located at
p = 0. Boundary fields (written with a tilde) are finite and
do not have the dp component. The expansions relevant for
us are given by [12,13,31]
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where i, j = 0, 2 (nonradial components). First, note that,
in the FG gauge, the GHY term can be written as

[analogous to (2.5)]
—/ Eapele’.
oM

Expanding the bulk fields using (2.9) and focusing only on
the finite part (nonzero, nondivergent part as p — 0), we
can see that the finite part vanishes. On the other hand,
using the procedure described in [31], one concludes that
the holographic boundary conditions force us to add a

boundary term
4 / E; j e i ];] .
oM

Using the on-shell identity d@¥ 4 2&'k/ + 2k'e/ = 0,
which comes from the bulk equations of motion, we see
that the last integral vanishes, as it is proportional to
Jom €i;d@Y, which equals zero assuming 0*M = @.

(2.10)

(2.11)

D. Fixing the induced fields

The most recent approach to the problem of boundary
terms is presented in [11]. First, let us point out that, in the
case of second-order gravity with the GHY boundary term,
one needs only to fix the induced metric on the boundary,
rather than the bulk metric itself, to still have a well-defined
variation problem. One could even insist that this is a
fundamental feature of Dirichlet boundary conditions.
Therefore, it would be necessary to make sure that the
appropriate boundary terms are added in order to fix only
the induced fields. It was shown in [11] that this results
precisely in the standard GHY term in the case of first-order
EH gravity.

Consider another example. In the case of five-
dimensional Lovelock gravity, discussed in [24], with
action

ay
/ € ubede (? Rab e¢ edee + azRabRcdee

(2.12)

the appropriate boundary term that ensures we fix only the
induced fields is given by

— 2/£ijkl <%Ki€jek€l + 26“2KiRjkel

2a,
—%KleKkel) (2.13)

One can compute the (Euclidean) on-shell value of this
boundary term on a black hole geometry from [24]. The
metric for this solution is

1
f2(r)
+ r2(dy? + sin®yd#? + sin’ysin’0de?),

ds? = —f2(r)de® + dr?

(2.14)

8
where f2(r) = g (r* - ). The relevant components of
the vielbein and the spin connection can be found in [24].
Inserting these expressions in the (Euclidean) boundary
term (2.13) yields
8ayarrf 2edet 4 a%rﬂ

> eredet =0,
azl 3 a $3

(2.15)

where e? = rdy, ¢* = rsinyd6, e* = rsiny sinfdg, and
p is the inverse temperature. This proves that, even if we
insist on adding the GHY term to the action in [24], the
final answer for the entropy of a black hole would remain
zero. In a way, this is a consistency check, as the same
result is obtained using the Nester’s formula.

E. Amplitude composition

Let us discuss one more important feature of the GHY
term promoted in [32], in relation to the previous dis-
cussion. Assuming the validity of the path integral
approach to quantum gravity, we can compute the transition
amplitude from X; to Z5, in terms of induced fields at these
hypersurfaces (Fig. 1). We emphasize that the relevant
fields are the induced ones, which is precisely the

/\/\
21 22 23 21 E2 E3
(a) (b)

RS

FIG. 1. Transition from hypersurface X; to X5, with intermedi-
ate hypersurface X,. In the second-order formalism, the first
derivative in the direction normal to the boundary is discontinu-
ous, and, therefore, the second derivative gives a delta function. In
the first-order formulation, some components of the spin con-
nection are discontinuous, and, therefore, its first derivative
contains the delta function.
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connection with the previous subsection. In the case of
metric formulation of gravity, the insertion of a hypersur-
face X5 would lead to a potential discontinuity of the metric
derivatives in normal directions [schematically displayed as
the red line in Fig. 1(a)]. As action contains the second-
order derivative of the metric, a discontinuity of the
derivative yields a Dirac delta function, and the GHY is
added precisely to account for this additional term that
would spoil the composition rule of the transition ampli-
tudes. In the first-order formalism, some components of the
spin connection do not have to be fixed on the hypersurface
%,, and its first derivative gives the delta function, thus also
motivating the introduction of the GHY term.

Finally, it is important to note that there are cases where
the three motivations for adding boundary terms we
discussed so far—placing the variation only on the vielbein
(discussed in Sec. II B), holographic demands (discussed in
Sec. IIC), and fixing only the induced fields on the
boundary (discussed in Sec. Il D)—give different answers
regarding the relevant boundary terms, even when all three
of them are applicable. For example, let us briefly mention
the case of four-dimensional gravity defined by the Holst
action with the Barbero-Imirizzi parameter y, often used in
loop quantum gravity. The bulk action is given by [33]

1 2
K/sabcd(R“beCed+§e“ebeced> —I——K/R"beaeb.
14

(2.16)

Now, the first method implies that the following boundary
term should be added [34,35]:

2
K e e, (2.17)
4

Making this term covariant [29] yields

2
X T(85 —nPny)e,,.
14

(2.18)

On the other hand, the other two approaches suggest that
there should be no boundary terms. One might say that
this discrepancy is probably irrelevant, as the boundary
term (2.18) turns out to be zero on shell—however, this
holds only for pure gravity; by adding matter fields in the
bulk, the issue regarding the choice of the boundary term
rises again. This is not the only case where we find the
discrepancy between methods from Secs. II B-II D. Here,
we also mention the case of 5D Chern-Simons (CS)
gravity, which is of special interest for holography. The
holographic methodology of Sec. II C gives [10]

ax / e (R + 20) ik, (2.19)

On the other hand, using the asymptotic expansions (2.9)
(valid also for 5D CS gravity), we find that the finite part
of the boundary term (2.13) is zero, a result that differs
from (2.19) even on shell. Of course, there might be
another way to relate those two boundary terms (see [11]),
but for now this relation remains unclear. Moreover, as we
noted earlier, the method presented in Sec. II B is not even
applicable in this case, due to the presence of the Gauss-
Bonnet term. Finally, there is the case of Mielke-Baekler
(MB) gravity, which we will consider in Sec. I'V.

III. EOW BRANE IN 2D BF GRAVITY
Jackiw-Teitelboim (JT) gravity [36-38],

SJT:K/dzx,/—g(I)(R—A)JrZK/dy |h|®K, (3.1)

is one of the most studied models of two-dimensional
dilaton gravity, because it offers the possibility to tackle the
metric equations analytically and even work in the quantum
regime. Moreover, the equations of JT gravity can be
obtained from a topological BF gauge theory for a suitable
gauge group. Boundary terms in the first-order JT gravity
have been discussed in the past (see, for example, [39-42]).
We will consider the BF gauge theory to illustrate various
approaches to boundary terms discussed in the previous
section.
The bulk (N) BF action for gauge group SO(2,2) is

K/j\/€ABé¢AFBC (32)
or, in component form,
K/Neu,,[(p(R”b +ee?) +2¢°T7, (3.3)
where
R = dw® + 0 .0, (3.4)
T¢ = D,e® = de® + w®,e” (3.5)

are the curvature and torsion, respectively. Indices a, b = 0,
1 are ordinary Lorentz SO(1, 1) indices (see Appendix A
for more details on the underlying algebraic structure of the
theory). After partial integration, we get

K'/ eap[@(R™ + e%e?) — 2Dgp%e”] + ZK/ eappel.
N oN
(3.6)

The variation of action (3.6) with respect to the spin
connection comes down to
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K'/ (2eppee’ — eqedp) s —|—K/ £ PO . (3.7)
N oN

Based on the previous discussion in Sec. II B, if we want to
transfer the variation from w in the boundary term, we have
to modify the BF action by including an additional
boundary term, namely [43],

—K/ el .
oN

Now, in the context of AdS/BCFT construction, the
boundary A consists of two parts: the asymptotic boun-
dary M and the EOW brane Q, that is, ON = M U Q. On
the asymptotic boundary M, we impose the usual Dirichlet
boundary conditions that fix the boundary value of the bulk
fields. On the other hand, we impose Neumann boundary
conditions on the EOW brane Q that yield certain con-
straints on the boundary fields that dynamically determine
the profile of the brane.

Next, we use reasoning from Sec. II C. The asymptotic
FG expansion of the bulk fields ®°' and ¢ that appear in the
boundary term (3.8) is given by

(3.8)

o = — (2 - pk).

- (3.9)

=@+ o0)
»=—(p+py).
N/
Let us prove that the finite part of the boundary term (3.8) is
the same as the boundary GHY-like term that follows from
the holographic consideration in [44]. Namely, for the
asymptotic boundary M, we have

_/ 8ab(ﬂwab :_2/ (pw()l
M M

=—2/M%(¢+pu7)(é—p7<>,

(3.10)

where in the final step we applied the FG expansion of the
bulk fields. The finite part is, therefore,

—2/ (—¢7c+u7é)=4/ Pk,
M M

where, in the last equality, we applied the equations of
motion and removed the boundary term as before (since [44]
deals with the standard situation where the only boundary of
the bulk spacetime is the asymptotic boundary where the
dual field theory lives). This further supports the validity of
our boundary term (3.8).

We further focus on the EOW brane Q and make the
boundary term (3.8) manifestly covariant by introducing a
normalized vector field n¢ on Q, yielding

(3.11)

2K‘/ eapn“DnP.
Q

Note that we do not assume that n¢ is fixed off shell and,
in particular, that it is orthogonal to Q; this can be
achieved dynamically (on shell) by inserting the projector
P}, = 6y — n“ny, to the EOW brane Q in the boundary term
from (3.6). The total action becomes

[ calo(R? 1 eteh) -2
N
+ 2K‘/ e d® (8L — nn.)ec + 21</ £.,n“Dnb
Q Q

+2KT/ eapne’, (3.12)
Q

where we also included the brane tension term (7 being
the tension).

Varying this action with respect to the fundamental fields
and imposing Neumann boundary conditions on O, one
finds the following. The dw variation yields

K/ €™ —|—2K/ eqppnéa® n¢ =0,  (3.13)
Q Q

which is satisfied due to the condition n“n, = 1. Variation
8¢ gives us n“e,|o = 0, meaning that n“ is orthogonal to
the EOW brane Q. Variation Se results in a nontrivial
constraint
eap(Tn + @) — €4.0“nny, = 0. (3.14)
Note that if we multiply the previous equation with n,,, we
consistently get 0 = 0. Variation with respect to ¢ results in
the constraint (see Appendix B)
v, =0, (3.15)
meaning that the EOW is actually a geodesic. This
coincides with the JT result. Moreover, this result was
recently used in the analysis of the BF formulation of two-
dimensional supergravity [45], and we believe that our

work provides necessary supporting arguments for the
validity of that claim. The last variation én yields

2K‘/ €.,on‘Dn’ +2K/ €.pDn’6n®
Q Q
—2K/ gabec¢cn“5nb+2KT/ eqp0n’e’
Q Q
—ZK/ e n’on ec. (3.16)
Q

Using the identity
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eapCe.nt + e p'ne, = eypde .nt =0, (3.17)

since e.n|g = 0, we see that the variation is given by

2K‘/ €,ppn“Dn? +2K/ €.,Dnbén®
Q Q

+21<T/ eaponiel. (3.18)
Q

Following [7], we should add a projector multiplying the
equation that follows from this variation. This is due to the
fact that §(n,n) = 0. One might object by noting that we
do not have to assume that n¢ is normalized, as the
normalization follows from the equations of motion.
However, when we wrote the boundary term, we had
already assumed that the n“ vector is normalized.
Otherwise, we would have to properly normalize all the
terms (see [46] for example). Either way, we obtain the
same equation:

2¢e,,0Dnb + T(e, e’ — nn e e”) = 0. (3.19)
However, this equation is automatically satisfied given that
n,n® =1 and n,|g = 0; see Appendix B. Therefore,
there are no new constraints.

Finally, let us also demonstrate that, by using the
methodology from [11], we obtain the same boundary
term. First, due to general consideration in [11], only the
f e.»@R term is relevant for computing the GHY boun-
dary term. Assuming the notation from [11], we have

* Pna0Q"" ~ Kpen 60", (3.20)

which gives us

KPny = KPEnygs (3.21)

and the boundary term that we should add, from this point
of view, is

2K/ pKie,, = 2}(‘/ pn*Dn’e,,, (3.22)
0Q 0Q

where we used the identity

elDn*nte, €4 = pn*Dn’e,,. (3.23)
Therefore, all three viewpoints agree that (3.8) is the
adequate boundary term for 2D BF gravity, supporting
the claim that the EOW brane assumes the shape of a
geodesic.

IV. THREE-DIMENSIONAL GRAVITY
WITH TORSION

As a continuation of the work in [7], we will show that
the AdS/BCFT construction can also be applied to bulk
geometries with torsion. For that matter, consider the case
of 3D AdS CS gravity (which coincides with 3D EH gravity
with a negative cosmological constant) modified by the
translational CS term that involves torsion 7¢. The bulk
(W) action is

1
K/ Eube (R“bec—l——e“ebeC) +oa</ T,, (4.1)
N 3 N

where « is a parameter of the theory. The translational CS
term is part of the more general MB model of three-
dimensional gravity with torsion [47], which has been
studied from a holographic perspective in [31]. By com-
paring action (4.1) and the MB model, it is clear that we are
not including the Lcg(w) term (the CS term involving the
spin connection as a gauge field). The reason for this is
practical: This term depends explicitly on @“?, not through
the field strengths (curvature and torsion), and, therefore,
the methodology of [11] is not applicable. Furthermore, it is
obvious that, for this term, one cannot move the variation at
the boundary from w to e, as this term involves only the w
field. Yet holography points out that a certain boundary
term should be added. Namely, it follows from the con-
siderations in [31] that the Lcg(w) term requires an addi-
tional boundary term of the form [ k'z; and this term is not
zero, even on shell.

Because of the translational CS term, the on-shell value
of torsion will not be zero as for the pure 3D AdS CS
gravity. Equations of motion obtained by varying (4.1) with
respect to e? and @™ are given by

R& + (1 —a?)ee® =0, (4.2)

(4.3)

We see that torsion is not zero, but it is determined by the e
field, that is, by the metric structure of the theory. For
a — 0, we obtain zero torsion as expected. Following [7],
let us choose the bulk spacetime metric

ds* = e¥(=d* + d¢p?) + I*dp?, (4.4)
for which we have
=erdt, e'=Idp, e*=eldg, (4.5)

where we introduced the length scale /. For pure AdS CS
gravity (for @ — 0), [ would be equal to 1 (actually, to the
length scale from the action that we conveniently set equal
to 1), and this would be the AdS radius. However, pure
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AdS; spacetime is not a solution to the theory (4.1).
Namely, although the metric is the same, the spin con-
nection is modified due to the translational CS term:

1
o = er(~dr—2dg), (4.6)
l 2
la
02 _ —_d
0} 2 p,
1
0% =e(-Zdr——dgp). (4.7)
2 [
The corresponding curvature is given by
a {12 1 a
R b = (Z —l—2>€ eb. (48)

By comparing the equation of motion (4.2), we see that the
length scale / from the metric depends on a as

1 3a?
7= 1 1 (4.9)
Now we come to the issue of boundary terms. As before,
the boundary dN consists of two parts ON = M U Q.
Since we are interested in the profile of the EOW brane Q,
we will focus only on that part of the boundary. On the
asymptotic boundary M, we impose Dirichlet boundary
conditions, as usual.

In the variation of action (4.1), there are two boundary

terms:
—K/ 8abce“5a)bc—ak/ e o0e’.
Q Q

If we pertain to the criteria that we should have only de
variation, we have to add a boundary term to action (4.1) in
order to move the variation from o to e in the first boundary
term from (4.10). It is easy to see that the appropriate
boundary term is [48]

K/ e peet o’
Q

We already showed in Sec. II C that this term follows from
holography in the torsion-free case, but computation in [31]
shows that there should be no other boundary term even
when a # 0. This seemingly noncovariant term can be cast
in a covariant form using the normalized vector n“ at the
brane:

(4.10)

(4.11)

—2)('/ eapee’n’D, nc
Q
= —21</ eabce“nbdnC—ZK/ egpeenlaing
Q Q
= —2](‘/ eabce“nbdnc—l—K/Qe“(&Z — nant)e, 0.

(4.12)

The last line can be obtained by introducing @, = 1 &,

or ™ = —g%@, [48]. Namely, we have

b, cd a b cdm

—2¢epc.e'n° 0 “ny = 2¢€ .1 "M w,,ny

= =2en’(wpn, — w ny)
=2¢e%(n*84 — nn®)w,

= (8% — nyn®)ep. g0, (4.13)

where we used the fact that n> = n,n® = 1. The expression
P> = 6% —n,n® that appears in the final form of the
boundary term (4.12) is the projector to the brane. The
obtained term is precisely the GHY boundary term that
follows from computations along the lines of [11] (again,
the term that contains torsion does not lead to an additional
boundary term). If we also include the tension of the brane,
the total action is, therefore,

1
K/ Eube (R“bec—f——e“ebeC) —l—aK/ T,
N 3 N

- 2K/ eapeeinbdnt + K'/ e(8% — nan®)epeq0?
Q Q

+KT/ eqpenelec. (4.14)
Q

Variation éw yields the constraint

enlg =0, (4.15)

which means that n“ = n*e;; is orthogonal to the EOW
brane Q. It is important to note that orthogonality is
obtained dynamically; it has not been assumed ab initio.
Variation én“ gives no further restrictions (it is identically
satisfied given that n*> = 1). Finally, the most important

equation is obtained by variation Jde:

Pbey. g0 —2¢e,,,nPdn¢ +2Te,p.nb e +ae, =0. (4.16)

To find the profile of the EOW brane, we assume that
¢ =g(p) and so (d¢ — ¢ (p)dp)|g = 0. The normalized
vector orthogonal to the brane is, therefore,
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n® =0,
o 90
I /Y (I/ZJ))2 4 e
—P
n? = ¢ (4.17)

W) | 2

Consider now Eq. (4.16) and take a = 2. Using the fact that

1 1
n‘w, = —gn“ea — 7}’1062 + 77’[260
1
= —Ynzeo, (4.18)

where the last step follows from n° = 0 and the constraint
n‘e,|g =0, we get

PT
V1-PT?

Equation (4.16) for a =1 further determines that the
correct sign is plus. This gives us n!=I[T and
n* = V1 —PT?. Finally, the equation for a = 0 is now
automatically satisfied. Therefore, the profile of the EOW
brane is given by

e™” 4 const. (4.19)

glp) =+

2T
¢ = ———=¢"" + const,

V1-PT?

where liz: 1- %. We conclude that the modified affine
structure (nonzero torsion) of AdS; spacetime leaves its
mark in the EOW brane profile by changing the parameter

(4.20)

77— T3

FIG. 2. EOW brane profile for different values of parameter
(and, therefore, of [; here shown [ =1, 2, 3, 4 from top to
bottom). For this plot, we set 7 = 0.1 and fix the boundary of the
CFT at ¢ = 1. We put all the brane profiles on the same graph
even though they are defined on different spacetimes, as we can
connect coordinate p in those different spacetimes using the
damping factor e from the metric.

[, which would otherwise be equal to 1. There is a whole
family of EOW branes parametrized by a from the trans-
lational CS term (Fig. 2).

V. SUMMARY AND CONCLUSIONS

In this paper, we have revised the role of boundary terms
in first-order gravity. We primarily focused on those cases
where different criteria lead to the same conclusion, thus
supporting the choice of the boundary term. Actually, in the
context of AAS/BCFT duality, it is not clear how to choose
boundary terms to get viable brane dynamics [49], and,
therefore, the task is expected to be even harder in the first-
order formulation. One way to see if the boundary term is
appropriate, apart from being able to obtain a nontrivial
EOW brane profile, is to compute the boundary stress-
energy tensor and check if the BCFT boundary conditions
are satisfied [50].

Based on this general discussion, we showed that, by
including the adequate boundary term, the profile of the
EOW brane in the BF formulation of JT gravity indeed
matches the geodesic, as expected. Using the same logic,
we considered the modified version of the three-dimen-
sional CS gravity with the translational CS term that
explicitly involves torsion. The resulting theory has an
AdS-like solution that exhibits nonzero torsion. We calcu-
lated the profile of the EOW brane for this geometry and
found a family of solutions parametrized by the coupling
constant a of the translational CS term from (4.1). This
extends the AdS/BCFT construction from [7] to include
bulk geometry with torsion. Note that the computations in
this paper are consistent with the BCFT boundary con-
ditions [50]. The holographic stress-energy tensor was
computed in [31]. It is easy to verify that the one-point
correlation function for the stress-energy tensor for the
solution we analyzed is zero and, therefore, trivially
satisfies the BCFT boundary conditions.

Further considerations could involve AdS/BCFT con-
struction for more complicated systems, such as 5SD CS
gravity. It is not entirely clear to what extent the discussion
regarding boundary terms made here applies in that par-
ticular case. Note that, even in the case of Riemannian
gravity, it is not always clear which GHY-like term to add or
what are the proper boundary conditions for bulk fields in
order to obtain the EOW profile [49,51]. Also, it is possible
that, for SD CS gravity, one will have to go beyond the idea,
introduced in [7], to treat n“ independently from the metric
field. This paper illustrates that there are cases where one can
safely apply this idea, but it is clear that it does not always
hold. Moreover, we focused only on the spacetime (4.4), but
one should be able to discuss more general excited states. In
the case at hand, this looks like a straightforward generali-
zation. Nevertheless, the rich structure of 3D gravity makes
it an interesting and important model of first-order gravity
that could reveal some new insights and lead us to a deeper
understanding of the relevance of boundary terms.
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APPENDIX A: ALGEBRAIC STRUCTURE
OF 2D BF THEORY

To begin with, let us consider the action for 3D
Lovelock-Chern-Simons gravity with the negative cosmo-
logical constant:

1
/ EABC (RABeC + § eAeBeC> .

The Lagrangian is invariant (up to a locally closed form)
under SO(2,2) gauge transformations [isometries of AdS;
embedded in flat spacetime with signature (—+ +—)],
which follows from the fact that fields @*? and e* can be
regarded as components of an enlarged SO(2, 2) connection

(A1)

1
A = —wABJAB + eAJA3,

5 (A2)

where J,5 and J 43 are the group generators; indices A, B
take values 0, 1, 2. Using the connection .A, we can construct
the action for 3D Chern-Simons gauge theory, which is the
same as (A1) up to a boundary term.

By performing Kaluza-Klein dimensional reduction
(together with truncation of certain fields) of (Al), one
obtains 2D BF action

/%BacﬁAFBC, (A3)
invariant under SO(1,2) gauge transformations generated
by Ji3 = (Jap,Ju3) with Lorentz SO(1,1) indices a,
b =0, 1. Note that SO(1,2) indices (denoted with the
hat symbol) take values A, B=0, 1, 3, and we

define €013 = 1.
The SO(1,2) field strength is given by

- 1
F=Fiby, = §(R‘”’ el )y + T3, (A4)

with curvature and torsion

Rab — dwab + wacwcb,

(AS)
T = De® = de® + w®,e?, (A6)

respectively, while the multiplet of (spacetime) scalar fields
is organized as
® = ¢,y = g + @3, (A7)

Action (A3) can, thus, be written in a manifestly SO(1,2)

invariant form:
/ Tr(DF).

In terms of Lorentz tensors, 2D BF action can be formu-
lated as (3.3).

(A8)

APPENDIX B: GHY TERM IN 2D GRAVITY

Here, we explicitly prove the identification of the GHY
term in the metric formulation of gravity with the expres-
sion 2k [ @e,,n*Dn®. We have

ZK/ epn‘Dn? = 2K‘/ eappein’D, (esn”)dx*
Q Q

= 2K‘/ eappesn’ el " dxt
Q

2K A e€,,pn’V, ndx"
dxt
= 2K/ eg,, n’V,n'd——dt. (B1)
0 dt

With D, we denote the Lorentz covariant derivative,
with V,, the spacetime covariant derivative with connection
Ffw, and t parametrizes the one-dimensional boundary.
Now we use the fact that metric g,, can be written as
9w = hyy + n,n,, where we can further write 4, = —1,1,,
with 7, unit tangent vector to the one-dimensional boun-
dary [52] (not insisting on a normalization of vector #
would introduce the factor of \/W in the boundary term).
Note that we have

n‘e,lg = guntdx’|g =0, (B2)
from which we conclude n”J_ddit” = . Next, we define

epsilon tensor g, = e - ¢,, and prove that

&

,wn/‘ = —1,.

First, note that if we multiply both sides by n*, we
consistently get 0 = 0. Therefore, ,n" is proportional
to t,. We furthermore fix the normalization by computing
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Therefore, the constant of proportionality is one (or minus
one, which is just a different choice of orientation). This
implies that (B1) can be written as

21</ @tV n’dx*
Q

= 21</ pt, 'V, n*dt = 21</ oK, (B3)
Q Q

where K =V, n*. This coincides with the usual GHY
boundary term in the metric formulation and proves that the
variation J¢ leads to the condition V, n# = 0.

Next, we prove that variation én does not lead to any new
constraints. First, we prove that e,,e” — n‘n e e’ = 0 by
explicitly writing down all indices, which can be easily
done as we work in a low number of dimensions. For
example, for a = 0 we have

gope’ — nnye. e’
=e' —nOnpepe! — nlnye e’

=e' — (1 —n'ny)e! +n'nye’

: (B4)

=el —(1=n'n))e! —=n'nie! =0.

In this derivation, we used the fact that n,n“ =1 and
n“e,|g = 0. The same holds for a = 1. Therefore,

eape’ —nnye e’ = 0.

(BS)

To prove that Dn? =0 follows from the fact that
epn°Dn? = 0, we can again write down all the indices
explicitly:

eapn®Dn? = n%dn' — n'dn® — w,o(n°ny + n'n,)

= n%dn! = n'dn® — w,, = 0. (B6)

Multiplying this equation by n,, we get

n°ngdn' — n'ngdn® — @ ng

= (1 —=n'n;)dn' = n'nydn® + w'yn°
1

=dn' - Enld(n“na) + w'yn®

=dn' + @'yn® = Dn' = 0. (B7)

Similarly, if we multiply (B6) by n!, we get
(B8)

1
—dn® + Eno(nan“) —wyon' = -Dn’ = 0.

This proves that Dn“ = 0 and, together with (B5), implies
the identity (3.19).
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