
Minimal massive supergravity and new theories of massive gravity

Nihat Sadik Deger ,1,2,3,* Marc Geiller ,4,† Jan Rosseel ,5,3,‡ and Henning Samtleben 4,6,§

1Department of Mathematics, Bogazici University, Bebek, 34342, Istanbul, Turkey
2Feza Gursey Center for Physics and Mathematics, Bogazici University, Kandilli, 34684, Istanbul, Turkey

3Erwin Schrödinger International Institute for Mathematics and Physics, University of Vienna,
Boltzmanngasse 9, 1090, Vienna, Austria

4ENSL, CNRS, Laboratoire de physique, F-69342 Lyon, France
5Division of Theoretical Physics, Rudjer Bošković Institute, Bijenička 54, 10000 Zagreb, Croatia

6Institut Universitaire de France (IUF), 75005 Paris, France

(Received 18 January 2024; accepted 1 March 2024; published 12 April 2024)

We present an action for minimal massive gravity (MMG) in three dimensions in terms of a dreibein and
an independent spin connection. Furthermore, the construction provides an action principle for an infinite
family of so-called third-way consistent generalizations of the three-dimensional Einstein field equations,
including exotic massive gravity and new higher-order generalizations. It allows us to systematically
construct the matter couplings for these models, including the couplings to fermions, depending on the spin
connection. In particular, we construct different supersymmetric extensions of MMG, and derive their
second order fermionic field equations. This establishes a new class of three-dimensional supergravity
theories and we discuss their limit to topological massive supergravity. Finally, we identify the landscape of
(anti–)de Sitter vacua of the supersymmetric models. We analyze the spectrum and the unitarity properties
of these vacua. We recover the known AdS vacua of MMG which are bulk and boundary unitary.
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I. INTRODUCTION

This paper gives a detailed account of the results
announced in [1], on theories of massive gravity in three
dimensions. Three-dimensional (3d) gravity, although
being topological, has always been a fruitful test bed to
investigate various aspects of classical and quantum grav-
ity, in particular in relation to black hole physics and
holography [2–6]. It is for example in the context of 3d AdS
spacetimes that Brown and Henneaux have discovered an
asymptotic double Virasoro symmetry algebra with non-
trivial central charge [7], thereby setting the foundations for
the AdS=CFT correspondence. The latter has in turn been
applied successfully to computations [8–10] of the entropy
of 3d Banados-Teitelboim-Zanelli black holes [11].
Among the interesting field-theoretic properties of 3d

gravity exists the possibility of making the theory massive
without breaking diffeomorphism invariance. The simplest

embodiment of this mechanism is realized by topologically
massive gravity (TMG) [12,13]. This is a parity-breaking
third order theory obtained by supplementing the Einstein-
Hilbert Lagrangian by a Chern-Simons term for the Levi-
Civita connection. In [14], this was generalized to a fourth
order parity-preserving theory called new massive gravity
(NMG), which was in turn further generalized in [15] to a
model known as general massive gravity (GMG) and which
interpolates between TMG and NMG. The fact that NMG
propagates two massive gravitons has motivated the authors
of [16] to search for the most general theory propagating a
single graviton only, and this has led to the introduction of
minimal massive gravity.
Minimal massive gravity (MMG) is a higher-order

generalization of three-dimensional Einstein gravity,
described by the field equations [16]

1

μ
Cμν þ σ̄Gμν þ Λ̄0gμν ¼

γ

2μ2
ϵμκλϵνστSκσSλτ: ð1:1Þ

Here, Gμν, Sμν, and Cμν, denote the Einstein tensor, the
Schouten tensor, and the Cotton tensor, respectively,
associated with the three-dimensional metric gμν

Gμν ¼Rμν−
1

2
Rgμν; Sμν ¼Rμν−

1

4
Rgμν; Cμν ¼ ϵμρσ∇ρSσν:

ð1:2Þ
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The coupling constants in (1.1) are fμ; σ̄; Λ̄0; γg. In the
limit γ → 0, the MMG equations reduce to those of
topologically massive gravity (TMG) [13]. For γ ≠ 0, the
right-hand side (rhs) of (1.1) is an unusual extension of
the Einstein field equations. It is on-shell divergence-free,
as required for consistency with the left-hand side (lhs).
However, unlike in standard gravitational theories this is
not a consequence of Bianchi identities or the matter field
equations, but rather follows from iterating the gravitational
equations (1.1) themselves—a mechanism dubbed “third
way consistent” in [16] (for a review see [17,18]).
As a consequence, the MMG equations (1.1) cannot be

derived from a standard action principle of the metric (or
the dreibein) alone. An action principle based on a first
order Lagrangian with auxiliary fields has been given in
[16], in the region of parameter space where

μ2ð1þ γσ̄Þ2 > γ3Λ̄0; ð1:3Þ
see (2.31) below. Absence of a standard action functional in
particular obscures the coupling of MMG to matter. In
particular, the standard matter energy-momentum tensor
does not yield a consistent source for Eq. (1.1), rather the
presence of matter modifies these equations by a source
tensor quadratic in the energy-momentum tensor [19,20].
In Ref. [20], Eq. (1.1) were generalized to an infinite

sequence of third-way consistent gravitational models with
the next-to-simplest example dubbed exotic massive grav-
ity (EMG). Third way consistent deformations also exist for
gauge theories, they were constructed in [21] for three-
dimensional Yang-Mills theory, and in [22] for higher-
dimensional p-form theories. The minimal supersymmetric
extension of the three-dimensional gauge theory, and its
coupling to supergravity were obtained in [23,24].
In the present paper, we construct a new and universal

action principle for third-way consistent gravitational
models, including minimal massive gravity and the higher
order generalizations thereof. This allows to streamline and
systematically construct the coupling of these models to
bosonic and fermionic matter. Starting from this action, we
construct the supersymmetric extension of MMG: minimal
massive supergravity (MMSG). We perform this construc-
tion up to and including quartic order in the fermions. This
is the first example of a supersymmetric third-way con-
sistent gravitational model and constitutes a new class of
three-dimensional supergravities, which can be seen as
deformations of topologically massive supergravity
(TMSG) [25,26]. We study its maximally symmetric vacua
of (a)dS andMinkowski type, and in particular the interplay
of supersymmetry and unitarity. A preliminary version of
these results was announced in [1].
The rest of this paper is organized as follows. In Sec. II

we present a universal action principle for the third-way
consistent gravitational models in terms of a dreibein and
an independent spin connection. The action allows us to
systematically and algorithmically produce models of

three-dimensional massive gravity of increasingly higher
order. We show how to recover in this framework the
original minimal massive gravity (1.1) and reproduce the
action of [16]. The construction also provides actions for
the models of [20] and generalizations thereof, without
increasing the number of fields in the Lagrangian. We
discuss the general matter couplings of these models,
including the couplings to fermions, which may in general
depend on the Levi-Civita as well as on the independent
spin connection. We show explicitly how Lorentz and
diffeomorphism symmetry of the Lagrangian guarantee
consistency of the resulting field equations. In Sec. III,
we focus on the MMG model and construct its minimal
N ¼ ð1; 0Þ supersymmetric extension (MMSG). The fer-
mionic sector of the model carries two gravitino fields,
sharing one local supersymmetry. Reminiscent of the first
order formulation of TMSG [27,28], the first order fer-
mionic Lagrangian then propagates a massive spin-3=2
mode as a superpartner to the massive spin-2 mode. Upon
elimination of one of the gravitino fields, we obtain
the second-order fermionic field equations, which consti-
tute the “superpartner” to the bosonic equations (1.1). We
discuss the limit in which MMSG reduces to topologically
massive gravity (TMSG) [25,26], both on the level of the
action and the field equations.
In Sec. IV, we study the parameter space of super-

symmetric MMSG models and the landscape of their (a)dS
vacua. We show that every bosonic MMG model that
possesses an AdS vacuum admits up to four supersym-
metric extensions, parametrized by the real roots of a
quartic Eq. (4.1). A given AdS vacuum can be super-
symmetric in one supersymmetric extension, and non-
supersymmetric in another. We compute the central
charges as well as the bosonic and fermionic mass spectra
around all AdS vacua. In particular, the analysis recovers
the AdS vacua of [16] that are both bulk and boundary
unitary. In our previous construction [1], all supersymme-
tries were broken around the unitarity vacua. The present
analysis however reveals a larger parameter space of
supersymmetric models, and in particular an additional
region of parameters in which the unitary vacua do preserve
half of the supersymmetry.
Our conventions and notations are as follows. We denote

the 3-dimensional spacetime indices by μ; ν;…, and local
Lorentz indices by a; b;…. Our choice of signature is
ð−;þ;þÞ. The Levi-Civita tensor density and tensor are
denoted by εμνρ and ϵμνρ respectively. We denote anti-
symmetrization by A½aBb� ¼ ðAaBb − AbBaÞ=2.

II. BOSONIC LAGRANGIANS

In this first section we present the bosonic sector of the
theory. Building up on [16,20], we introduce a Lagrangian
formalism which enables to produce so-called third-way
consistent theories through the iteration of their equations
of motion. We then explain how this mechanism allows to

DEGER, GEILLER, ROSSEEL, and SAMTLEBEN PHYS. REV. D 109, 086014 (2024)

086014-2



recover MMG in a particular case, and also provide a first
order formulation using two independent spin connections.
This latter is the key to the supersymmetrization of the
model. We also explain how our general mechanism can be
used to systematically and algorithmically produce models
of massive gravity which are increasingly higher order, in a
way similar (yet more general) to what was outlined in [20].
We also give explicit new examples. Finally, we discuss the
coupling to bosonic and fermionic matter and determine
conditions on the matter current for the third way con-
sistency to work when matter Lagrangian also depends on
the spin connection.

A. General mechanism for third way consistent
field equations

As our starting point, let us consider a dreibein eμa and
an independent (and thus torsionful) spin connection ϖμ

a.
This field content is then used to build the general class of
3-dimensional bosonic Lagrangians

L½e;ϖ� ¼ L0½e� þ τεμνρeμaD½ϖ�νeρa þ κLCS½ϖ�; ð2:1Þ

where L0½e� is at this stage an arbitrary gravitational
Lagrangian depending only on the dreibein e. The term
with coupling constant τ is a torsion term, while that with
coupling κ is the SOð2; 1Þ Chern-Simons Lagrangian

LCS½ϖ� ¼ εμνρ
�
ϖμ

a
∂νϖρa þ

1

3
εabcϖμ

aϖν
bϖρ

c

�
; ð2:2Þ

for the connection ϖ. The covariant derivative with respect
to ϖ is denoted by D½ϖ�μ, while its torsion and curvature
are defined as

T½ϖ�μνa≔2D½ϖ�½μeν�a¼2∂½μeν�aþ2εabcϖ½μbeν�c; ð2:3aÞ

R½ϖ�μνa ≔ 2∂½μϖν�a þ εabcϖμ
bϖν

c; ð2:3bÞ

respectively. The Lagrangian (2.1) is manifestly invariant
under Lorentz transformations

δΛeμa ¼ εabceμbΛc; δΛϖμ
a ¼ D½ϖ�μΛa: ð2:4Þ

We can now study the equations of motion of the
Lagrangian (2.1). Taking variations with respect to the
connection ϖ yields the curvature equation

R½ϖ�μνa þ
τ

κ
εabceμbeνc ¼ 0: ð2:5Þ

The equation of motion imposed by the dreibein, on the
other hand, is the torsion equation

2Gμa þ τ ϵμνρT½ϖ�νρa ¼ 0; ð2:6Þ

where Gμ
a is defined by

δL0½e� ¼ 2
ffiffiffiffiffiffi
−g

p
Gμ

aδeμa: ð2:7Þ

Diffeomorphism and Lorentz symmetry imply that the
tensor Gμν ≔ Gμ

aeaν is divergence-free and symmetric,
i.e., that we have

Gμν ¼ Gνμ; ∇μGμν ¼ 0: ð2:8Þ

In order to combine the equations of motion (2.5) and (2.6)
into a single metric field equation, we now decompose the
connection ϖ in terms of the torsionless Levi-Civita
connection ω̊ and the contorsion tensor defined as

K½ϖ�μa ≔ ϖμ
a − ω̊μ

a: ð2:9Þ

Since ω̊ is compatible with e, we get from the definition
(2.3a) of the torsion that

T½ϖ�μνa ¼ 2εabcK½ϖ�½μbeν�c: ð2:10Þ

Inverting this relation, we can then rewrite the field
equations (2.6) as

K½ϖ�μa ¼ −
1

τ

�
Gμ

a −
1

2
eμaG

�
≕ −

1

τ
Sμ

a; ð2:11Þ

where G ≔ Gμ
aeaμ. Finally, using the relation between the

contorsion and the curvatures of ϖ and ω̊, i.e.

R½ϖ�μνa¼R½ω̊�μνaþ2D½ω̊�½μK½ϖ�ν�aþεabcK½ϖ�μbK½ϖ�νc;
ð2:12Þ

we can combine (2.5) and (2.11) to obtain the general field
equations

Gμν −
τ

κ
gμν ¼

1

τ
Cμν −

1

2τ2
ϵμκρϵνλσSκλSρσ; ð2:13Þ

where Gμν is the Einstein tensor, Sμν ¼ Sμ
aeνa is defined

by (2.11) and (2.7), and we have introduced

Cμν ≔ ϵμρσ∇ρSσ
ν: ð2:14Þ

Symmetry of Cμν is a consequence of (2.8), which implies

∇μSμν ¼ ∇νS; with S ¼ gμνSμν: ð2:15Þ

The field equations (2.13) depend only on the metric.
Importantly, these field equations in purely metric form
cannot be obtained from the variational principle of a
Lagrangian in metric variables. Relatedly, we should in
particular note that while the left-hand side is divergence-
free by virtue of the Bianchi identities, this is not manifestly
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the case for the right-hand side. Instead, the consistency
requirement of vanishing divergence of the right-hand side
requires to iterate (2.13) itself. From the definition of Cμν

we get ∇μCμν ¼ ϵνρσRρτSτ
σ. With this and (2.15), up to a

rescaling by τ, the divergence of the right-hand side of
(2.13) becomes

∇μCμν −
1

2τ
ϵμκρϵνλσ∇μðSκλSρσÞ

¼ ϵνρσRρκSκ
σ −

1

τ
ϵνκσCρ

κSρσ ¼ð2.13Þ0; ð2:16Þ

where crucially in the last step the field equations (2.13)
must be used to replace Cρ

κ in order to obtain a vanishing
result. This consistency mechanism was coined “third-way
consistency” in [16]. Note that κτ ≠ 0 is needed for this
procedure to work.
A key feature of the variational principle outlined above

leading to (2.13) is that it requires the use of the integra-
bility conditions (2.12). A similar mechanism has been
employed in [24] in order to reformulate the third-way
consistent deformation of Yang-Mills theory [21] in terms
of a gauged scalar sigma model. From this systematic
analysis we can now recover known models such as MMG
but also higher order generalizations.

B. Minimal massive gravity

We now focus on recovering MMG [16]. From the
general form of the field equations (2.13), one can already
anticipate that MMG is obtained in the case where Sμν is
related to the Schouten tensor and Cμν to the Cotton tensor.
This can be achieved by choosing in (2.1) the Lagrangian

L0½e� ¼ εμνρ
�

1

G3

eμaR½ω̊�νρ;a þ λεabceμaeνbeρc
�
; ð2:17Þ

where as before, ω̊ is the torsionless Levi-Civita connection
determined by eμa. For simplicity we will now set the
gravitational constant to G3 ¼ 1. The full Lagrangian (2.1)
thus takes the form

L½e;ϖ� ¼ εμνρðeμaR½ω̊�νρ;a þ λεabceμaeνbeρc

þ τeμaD½ϖ�νeρaÞ þ κLCS½ϖ�: ð2:18Þ

For later use, let us explicitly spell out the equations of
motion obtained by variation as

δL ¼ εμνρδeμaEνρ;a þ κεμνρδϖμ
aĒνρ;a; ð2:19Þ

with

Eμν;a ¼ R½ω̊�μν;a þ τT½ϖ�μν;a þ 3λεabceμbeνc;

Ēμν;a ¼ R½ϖ�μν;a þ
τ

κ
εabceμbeνc: ð2:20Þ

Let us also note that the Lagrangian (2.18) scales homo-
geneously under the transformation

eμa → σeμa; ϖμ
a → ϖμ

a;

λ → σ−2λ; τ → σ−1τ; κ → σκ; ð2:21Þ

of fields and coupling constants, where σ is a nonzero
constant.
From (2.6), (2.11), (2.14) we obtain that

Sμν ¼
3λ

2
gμν þ Sμν; Sμν ≔ Rμν −

1

4
Rgμν;

Cμν ¼ Cμν ≔ ϵμρσ∇ρSσν; ð2:22Þ

where Sμν and Cμν are the Schouten and Cotton tensor,
respectively. The field equations (2.13) then specialize to
the MMG equations

�
1þ 3λ

2τ2

�
Gμν −

�
τ

κ
þ 9λ2

4τ2

�
gμν ¼

1

τ
Cμν þ

1

τ2
Jμν; ð2:23Þ

where following [16,20] we have denoted

Jμν ≔ −
1

2
ϵμκλϵνστSκσSλτ: ð2:24Þ

Performing the redefinitions

�
1þ 3λ

2τ2

�
¼ −

μσ̄

τ
;

�
τ

κ
þ 9λ2

4τ2

�
¼ μΛ̄0

τ
;

1

τ
¼ γ

μ
;

ð2:25Þ

one obtains

σ̄Gμν þ Λ̄0gμν ¼ −
1

μ
Cμν −

γ

μ2
Jμν; ð2:26Þ

which is the MMG field equation (1.5) of [16]. Taking
the limit γ → 0, we obtain from (2.26) the equations of
motion of TMG, which will therefore be included in our
supersymmetrization as well. We will see however that in
the fermionic sector the limit requires a more careful
discussion.
Let us now turn to the first order formulation of the

model, which is obtained by replacing (2.17) by the Palatini
Lagrangian

L0½e;ω� ¼ εμνρðeμaR½ω�νρ;a þ λεabceμaeνbeρcÞ; ð2:27Þ

where now ω is an independent connection. Upon solving
the field equations for ω one finds ω ¼ ω̊, showing the
equivalence to (2.17). With the choice (2.27), the total
Lagrangian (2.1) is the sum of the so-called “standard” and
the “exotic” actions for 3-dimensional gravity [5], however
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now with both sectors carrying different spin connectionsω,
and ϖ, respectively. In this first order formulation of
MMG, it is precisely the use of two independent spin
connections which is responsible for the appearance of the
massive degree of freedom. Indeed, for ω ¼ ϖ the
Lagrangian (2.1) corresponds simply to a reformulation
of 3-dimensional (topological) gravity, such as studied
in [29–31]. In the formulation with two independent con-
nections, when κτ < 0we can consider the field redefinition

ωμ
a ¼ Ωμ

a þ αhμa; ϖμ
a ¼ Ωμ

a þ θeμa; ð2:28Þ

in terms of two new fields Ωμ
a and hμa. With this, the

Lagrangian (2.1) takes the form

L½e;Ω; h�
¼ ð1þ κθÞεμνρeμaR½Ω�νρ;a þ ðτ þ κθ2ÞεμνρeμaD½Ω�νeρ;a
þ 2αεμνρhμaD½Ω�νeρa þ α2εμνρεabceμahνbhρc

þ
�
λþ τθ þ 1

3
κθ3

�
εμνρεabceμaeνbeρc þ κLCS½Ω�:

ð2:29Þ

Choosing θ ¼
ffiffiffiffiffiffi
−κτ

p
κ , this precisely reproduces the first-order

Lagrangian of [16] andwe read off the identificationwith the
parameters of [16] as1

μ ¼ α

κ
; ασ ¼ −1 ∓ ffiffiffiffiffiffiffiffi

−κτ
p

; αΛ0 ¼ 3λ� 2τ

κ

ffiffiffiffiffiffiffiffi
−κτ

p
:

ð2:30Þ

In particular, this shows that the action of [16] only covers the
parameter space region κτ < 0. In terms of the original
parameters appearing in (2.26), the condition κτ < 0 trans-
lates into the condition

μ2ð1þ γσ̄Þ2 > γ3Λ̄0: ð2:31Þ

On the other hand, the action (2.18) describes the MMG
equations (2.26) for any value of its parameters since (2.25)
always admits a solution for fκ; τ; λg.
We have now at our disposal all the ingredients to

describe the bosonic sector of our theory. In particular, the
supersymmetric extension which we consider in the next
section will be built from (2.1) and (2.27), with a con-
nection ω determined by the torsion equation in terms of
the fermions. Before moving to the supersymmetric
Lagrangian, let us close this section with a discussion of
the extension to higher order models of massive gravity, as
well as the matter couplings.

C. Higher order massive gravities

Tracing back the argument leading to the consistency
condition (2.16) for the field equations, one can see that it
follows essentially from the property (2.15), which itself
comes from (2.8) and the definition (2.11). Crucially, since
(2.15) is linear in the tensor Sμν, the consistency of the field
equations is therefore preserved if one considers any linear
combination of such tensors. This enables to describe via
this mechanism all the known third way consistent models
of massive gravity, and also to straightforwardly produce
higher order extensions.
For example, a family of known models can be recovered

if we use couplings αi for the metric, the Schouten, and the
Cotton tensors, and consider

Sμν ¼ α1gμν þ α2Sμν þ α3Cμν: ð2:32Þ

Taking α2 ¼ α3 ¼ 0 leads to the Einstein equations with
cosmological constant. Taking α3 ¼ 0 as in (2.22) leads
to MMG as discussed in the previous section. Taking
α1 ¼ α2 ¼ 0 leads to the so-called exotic massive gravity
(EMG), while taking only α2 ¼ 0 leads to its parity-
violating generalization dubbed exotic general massive
gravity (EGMG) [20]. The linearity argument given above
shows that even with all three arbitrary couplings one
obtains consistent field equations which are of 4th
order. Explicitly, using (2.32) in (2.13) produces the field
equations

�
1þ α1α2

τ2

�
Gμν −

�
τ

κ
þ α21

τ2

�
gμν

¼ 1

τ

�
α2 −

α1α3
τ

�
Cμν þ

α3
τ
Hμν −

α23
τ2

Lμν

þ α22
τ2

Jμν −
α2α3
τ2

ϵμκρϵνλσSκλCρσ; ð2:33Þ

where following the notations of [20] we have further
introduced

Hμν ≔ ϵμρσ∇ρCσ
ν; Lμν ≔

1

2
ϵμκρϵνλσCκλCρσ: ð2:34Þ

They are third way consistent by the mechanism described
in Sec. II A. Upon redefinition of the constants, α1 ¼ τm2

μ ,

α2 ¼ τα̃, α3 ¼ τ
m2, Λ ¼ −ðτκ þ

α2
1

τ2
Þ, Eq. (2.33) take the form

Λgμν þ
�
1þm2α̃

μ

�
Gμν þ

�
1

μ
− α̃

�
Cμν −

1

m2
Hμν þ

1

m4
Lμν

¼ α̃2Jμν −
α̃

m2
ϵμκρϵνλσSκλCρσ: ð2:35Þ

The lhs of (2.35) for α̃ ¼ 0, precisely reproduces the field
equations of EGMG appearing in Eq. (1.8) of [20].1Recall that σ2 ¼ 1 in [16].
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A nonvanishing α̃ on the other hand describes a further one-
parameter deformation of EGMG which we might dub
exotic more general massive gravity (EMGMG). As
described above, the field equations (2.35) can be obtained
from our variational principle (2.1). The Lagrangian L0½e�
leading to (2.13) with (2.32) is now itself third order and
given by

L0½e� ¼ εμνρ
�
α2eμaR½e�νρ;a þ

2α1
3

εabceμaeνbeρc

þ α3
2

�
Γλ
ρσ∂μΓσ

νλ þ
2

3
Γλ
ρσΓσ

μτΓτ
νλ

��
; ð2:36Þ

where the last term is a Chern-Simons term for the Levi-
Civita connection Γ½g�, as in TMG, whose dependency on
the dreibein must be understood through gμν ¼ eμaeνa.
One can extend the construction to 5th and higher order

field equations by using higher order tensors in (2.32), or
equivalently starting from a Lagrangian L0½e� including
higher order scalars involving the Ricci tensor and the
metric. In general, including tensors of nth order inL0 [thus
in (2.32)], the 3rd way consistent theory (2.13) will be of
order nþ 1. For example, we may consider

L0½e� ¼ L0½e�jð2.36Þ þ
ffiffiffiffiffiffi
−g

p ðα4R2 þ α5RμνRμνÞ: ð2:37Þ

In the particular case where α4 ¼ −3α5=8, the second
Lagrangian density on the right-hand side corresponds to
that of new massive gravity (NMG) [14]. One can of course
also consider α4 and α5 as independent, compute their
contribution to Gμν, then to Sμν, and finally to the general
field equations (2.13). In doing so, from (2.37) we obtain

Gμν ¼ −2α1gμν þ α2Gμν þ α3Cμν

þ α4

�
2RRμν þ 2gμν□R − 2∇μ∇νR −

1

2
R2gμν

�

þ α5

�
3

2
ðRκλRκλÞgμν − 4RμρRρ

ν − R2gμν þ□Rμν

þ 1

2
gμν□R −∇μ∇νRþ 3RRμν

�
; ð2:38Þ

and when α4 ¼ −3α5=8 this simplifies to

Gμν ¼ −2α1gμν þ α2Gμν þ α3Cμν þ
α5
2
Kμν; ð2:39Þ

with Kμν given by Eq. (4) of [14] and enjoying the
property gμνKμν ¼ K ¼ GμνSμν.
Here, we will not study further the field-theoretical

properties of the general field equations (2.35), nor of that
arising from the higher order extensions such as (2.37), but
it would be interesting to come back to this in future work.
In particular, one should investigate the propagating modes

by linearizing the field equations around Minkowski, and
study the possible unitarity properties. A 6th order exotic
gravity theory was constructed in [32] and should also find
its place in this general pattern.

D. Matter couplings

Matter contributions can easily be incorporated in the
variational principle arising from (2.1), and still lead to
third way consistent field equations. In order to see this, let
us consider the matter coupling obtained by

L½e;ϖ� ⟶ L½e;ϖ� þ Lmatter½e;ϖ;Φ�; ð2:40Þ

where Lmatter½e;ϖ;Φ� denotes the matter Lagrangian for
arbitrary bosonic or fermionic matter fields collectively
denoted by Φ. Note that only fermionic matter can couple
covariantly to the spin connectionϖμ

a. In order to work out
its effect on the field equations, we introduce

δLmatter ¼ 2
ffiffiffiffiffiffi
−g

p ðδeμaTμ
a þ δϖμ

aUμ
aÞ: ð2:41Þ

In the case of bosonic matter only we have Uμ
a ¼ 0, and

the standard energy-momentum tensor Tμν is sym-
metric and covariantly conserved on-shell by virtue of
the Noether identity arising from diffeomorphism invari-
ance of the Lagrangian. Fermionic matter on the other hand
can couple to the spin connection ϖμ

a and we will see
below that supersymmetry indeed requires the presence of
such couplings. In that case, Tμν is no longer symmetric or
conserved, yet the final field equations are (third way)
consistent as we shall verify here.
Replacing (2.1) by (2.40) and repeating the construction

described in Sec. II A, it is straightforward to derive that the
resulting field equations (2.13) get modified into

Gμν −
τ

κ
gμν −

1

τ
Cμν þ

1

2τ2
ϵμστϵνκλSκσSλτ ¼ Tμν; ð2:42Þ

with the source tensor Tμν given by

Tμν ¼
1

τ
ϵμστ∇σT̂ν

τ −
1

τ2
ϵμστϵνκλSκσT̂λτ

−
1

2τ2
ϵμστϵνκλT̂

κσT̂λτ −
1

κ
Uμν; ð2:43Þ

in terms of the tensors (2.41), where we have defined

T̂μν ≔ Tμν −
1

2
gμνTρ

ρ: ð2:44Þ

Equations (2.42) are still third way consistent in the above
sense, i.e., their divergence vanishes upon iterating the
equation, if the source tensor satisfies the identity [19]
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∇μTμν ¼
1

τ
ϵνρσSκρT κ

σ: ð2:45Þ

Using the explicit expression (2.43) for the source tensor,
after some computation and iterating the field equations,
this condition reduces to

∇μUμν ¼
1

τ
ϵνρκðSρμ þ T̂ρμÞUμ

κ − ϵνκλTκλ; ð2:46Þ

in terms of the tensor Tμν and Uμν. For bosonic matter, this
condition is identically satisfied sinceUμν vanishes and Tμν

is symmetric. A second consistency condition for (2.42)
arises from requiring the source tensor Tμν to be symmetric
which is not manifest from its definition (2.43). Explicitly,
this reduces to the condition

∇μTμν ¼ −
1

τ
ϵρκλðSρ

ν þ T̂ρ
νÞTκλ −

τ

κ
ϵνκλUκλ: ð2:47Þ

Again, for vanishing Uμν this simply reduces to Tμν being
symmetric and conserved. For nonvanishing Uμν, i.e.
nontrivial fermion couplings to the spin connection ϖμ

a

on the other hand, consistency of the field equations (2.42)
requires the couple of consistency conditions (2.46), (2.47).
It is instructive to see explicitly how these consistency
conditions indeed arise as a consequence of Lorentz and
diffeomorphism symmetry of the Lagrangian (2.40). To this
end, we note that Lorentz invariance of Lmatter gives rise to

0 ¼ δΛLmatter ¼ 2
ffiffiffiffiffiffi
−g

p ðεabceμcΛaTμ
b þD½ϖ�μΛaUμ

aÞ

þ δΛΦ
∂Lmatter

∂Φ
; ð2:48Þ

where we have used (2.4). For the last term, we may use
that ∂Lmatter

∂Φ ¼ ∂L
∂Φ, showing that this term vanishes on-shell.

The remaining part of (2.48) then reproduces (2.46) after
using the equations of motion, and up to higher order
fermion terms. Similarly, one finds that diffeomorphism
invariance of (2.40) implies the condition (2.47).
Let us finally comment on the form (2.43) of the source

tensor Tμν. Surprisingly, at first glance, it does not appear
to carry a leading term linear in the standard energy-
momentum tensorTμν.On theother hand, such a contribution
should naturally arise if equations (2.13) are considered as a
deformation of a standard Lagrangian theory, for which the
source tensor is the energy-momentum tensor, cf., the
constructions of [19,20,33]. In fact, such a term can easily
be generated in (2.43) upon including in Lmatter a further
contribution to the cosmological constant according to

Lmatter½e;ϖ;Φ� ⟶ Lmatter½e;ϖ;Φ� þ μ2
ffiffiffiffiffiffi
−g

p
: ð2:49Þ

In presence of this term, the source tensor (2.43) changes
according to

Tμν ⟶ Tμν þ
μ2
4τ2

Tμν þ
μ2
4τ2

Gμν þ
μ22
16τ2

gμν;

and now exhibits an explicit term in Tμν. The resulting field
equations reproduce the constructions of [19,20]. In Sec. III
C belowwewill explicitly see how thismechanism is at work
in taking the limit by which the (matter coupled) MMG
equations reduce to the (matter coupled) TMG equations.

III. SUPERSYMMETRY

We have in the previous section introduced a new class
of bosonic actions that describe the dynamics of minimal
massive gravity and higher extensions thereof. In this
section, we focus on the MMG Lagrangian (2.18) and
construct its minimal supersymmetric extension up to
and including quartic fermion terms. Different parts of
this Lagrangian have been embedded into supersymmetric
models in the context of super Chern-Simons theories [4],
topologically massive supergravity [25,26], and first order
formulations thereof [27,28,34]. The resulting theory here
will carry two gravitino fields, fψμ;Ψμg, transforming
however under the same local supersymmetry parameter
ϵ as

δϵψμ ¼ D½ω̊�μϵþ…; δϵΨμ ¼ D½ϖ�μϵþ…: ð3:1Þ

This is the fermionic analogue of the fact that the bosonic
sector of (2.18) carries the dreibein eμa with associated
Levi-Civita connection ω̊μ

a together with an independent
spin connection ϖμ

a. As a result, the fermionic sector
carries a massive spin 3=2 mode which constitutes the
superpartner to the massive spin-2 mode. We will confirm
this in detail when analyzing the theory around given
AdS vacua.
Before presenting the result, let us introduce our spinor

conventions. We use ð−þþÞ signature for the metric, and
D ¼ 3 gamma matrices with

γμν ¼ ϵμνργ
ρ: ð3:2Þ

All spinors are Majorana, such that

ϵ̄χ ¼ χ̄ϵ; ϵ̄γμχ ¼ −χ̄γμϵ: ð3:3Þ

Covariant derivatives with respect to different spin con-
nections are defined as

D½ω�μϵ¼ ∂μϵþ
1

2
ωμ

aγaϵ; D½ϖ�μϵ¼ ∂μϵþ
1

2
ϖμ

aγaϵ; etc::

ð3:4Þ
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A. The supersymmetric Lagrangian

Our ansatz for the supersymmetric extension of MMG is
the following Lagrangian

L½e;ϖ;ψ ;Ψ� ¼ εμνρðeμaR½ω�νρ;aþλεabceμaeνbeρc

þ τeμaD½ϖ�νeρaÞþ κLCS½ϖ�

− εμνρψ̄μD½ω�νψρþ
1

4

�
ητþ 1

ηκ

�
εμνρψ̄μγνψρ

þ1

η
εμνρΨ̄μD½ϖ�νΨρ−

τ

2
εμνρΨ̄μγνΨρ

þ τεμνρχ̄μγνχρ: ð3:5Þ

In the last term, we have introduced the combination

χμ ¼ Ψμ − ψμ; ð3:6Þ

capturing the difference between the two gravitino fields.
The new parameter η featuring in the fermionic couplings
of (3.5) is related to the bosonic coupling constants fκ; τ; λg
by the relation2

λ ¼ 1

12

�
ητ þ 1

ηκ

�
2

−
τ

3

�
ητ −

1

ηκ

�
: ð3:7Þ

It is invariant under the scaling symmetry (2.21). An MMG
model with given bosonic coupling constants fκ; τ; λg thus
allows the supersymmetrization (3.5) if Eq. (3.7) admits
real solutions for η. We will discuss the full landscape of
supersymmetric theories and their vacua in Sec. IV below.
We shall refer to the model (3.5) as minimal massive
supergravity (MMSG).
The Lagrangian (3.5) is considered as a second order

Lagrangian in the dreibein eμa, with the spin connection
ωμ

a determined as a function of eμa, by means of the
torsion equation

D½ω�½μeν�a ¼ −
1

4
ψμγ

aψν; ð3:8Þ

as customary in the “1.5 order formalism.” Consequently,
the spin connection ωμ

a has nonvanishing torsion T½ω�μa
and contorsion K½ω�μa, bilinear in the fermion fields, and
can be given explicitly as

ωμ
a ¼ ω̊μ

a þ K½ω�μa

¼ ω̊μ
a −

1

4
ϵρστeρaψ̄σγμψτ þ

1

8
ϵρστeμaψ̄σγρψτ; ð3:9Þ

in terms of the torsionless Levi-Civita connection ω̊μ
a.

The fermionic field equations are obtained by variation

δL ¼ −2δψ̄μEμ þ 2

η
δΨ̄μE

μ
þ; ð3:10Þ

and read

Eρ ¼ εμνρ
�
D½ω�μψν −

1

4

�
ητ þ 1

ηκ

�
γμψν þ τγμχν

�
;

Eρ
þ ¼ εμνρ

�
D½ϖ�μΨν −

1

2
ητγμðΨν − 2χν

��
: ð3:11Þ

For the supersymmetry transformations of the various
fields of (3.5) we start from the following ansatz

δϵeμa ¼
1

2
ψ̄μγ

aϵ;

δϵψμ ¼ D½ω�μϵ −
1

4

�
ητ þ 1

ηκ

�
γμϵ;

δϵϖμ
a ¼ −

1

2ηκ
Ψ̄μγ

aϵ −
1

2
D½ϖ�μðχ̄νϵeνaÞ;

δϵΨμ ¼ D½ϖ�μϵ −
1

2
ητγμϵþ

1

4
ðχ̄λϵÞγλΨμ; ð3:12Þ

which is complete to quadratic order in the fermions but
will receive further higher order fermion contributions,
although some cubic fermion terms are already contained in
δϵψμ [via (3.9)] and δϵΨμ.
In order to prove invariance of the Lagrangian (3.5)

under supersymmetry (3.12), it is helpful to properly
organize the Lagrangian into its different parts. Note that
upon rescaling

ητ ¼ τ̃; ηκ ¼ κ̃; ð3:13Þ

the supersymmetry transformations (3.12) no longer
depend on η, while the Lagrangian (3.5) falls into two
parts of order η0 and η−1 which ought to be separately
supersymmetric.3 This observation motivates rewriting of
the Lagrangian (3.5) as a sum of three terms

L½e;ϖ;ψ ;Ψ� ¼ L1 þ L2 þ L3; ð3:14Þ

with

2In [1] we used notation in which η was represented as η ¼ ζ2

which however hides the fact that η can take negative values.

3We thankMehmet Ozkan for pointing this out. A similar struc-
ture is exhibited by the second order Lagrangian of TMSG [35].
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L1½e;ψ � ¼ εμνρ
�
eμaR½ω�νρ;a − ψ̄μD½ω�νψρ −

1

2
mψ̄μγνψρ þ

1

3
m2εabceμaeνbeρc

�
;

L2½e;ϖ;Ψ� ¼ τεμνρ
�
eμaD½ϖ�νeρa −

2

3
βεabceμaeνbeρc

�
þ κLCS½ϖ� þ 1

η
εμνρΨ̄μD½ϖ�νΨρ −

τ

2
εμνρΨ̄μγνΨρ;

L3½e;ψ ;Ψ� ¼ τεμνρχ̄μγνχρ; ð3:15Þ

where we have introduced the combinations of parameters

m ¼ −
1

2

�
ητ þ 1

ηκ

�
; β ¼ 1

2

�
ητ −

1

ηκ

�
: ð3:16Þ

Note that, we have 3λ ¼ m2 − 2τβ from (3.7) and
m2 − β2 ¼ τ=κ. The first part L1 of (3.15), which only
depends on eμa and ψμ, is precisely the N ¼ ð1; 0Þ
supersymmetric extension of 2þ 1 AdS gravity [4].
Indeed, it is by itself invariant under the relevant part of
the supersymmetry variation (3.12)

δϵeμa ¼
1

2
ψ̄μγ

aϵ; δϵψμ ¼ D½ω�μϵþ
m
2
γμϵ; ð3:17Þ

to all order in fermions. The second part L2 of (3.15)
corresponds to the supersymmetric extension [34] of the
exotic action of 2þ 1 AdS gravity [5]. In order to study its
behavior under the supersymmetry transformations (3.12),
let us rewrite these transformations into the form

δϵeμa ¼
1

2
Ψ̄μγ

aϵ −
1

2
χ̄μγ

aϵþ 1

2
χ̄λϵε

abceμbecλ

−
1

2
χ̄λϵε

abceμbecλ;

δϵϖμ
a ¼ −

1

2ηκ
Ψ̄μγ

aϵ −
1

2
D½ϖ�μðχ̄νϵeνaÞ;

δϵΨμ ¼
�
D½ϖ�μ −

1

2
ητγμ

�
ϵþ 1

4
ðχ̄λϵÞγλΨμ: ð3:18Þ

It is straightforward to check that the first terms in (3.18)
define an invariance of the Lagrangian L2 to all orders in
fermions, corresponding to a special case (α1 ¼ 0) of [34].
In turn, the last terms in (3.18) constitute a Lorentz
transformation and thus a separate invariance of the
Lagrangian L2. Supersymmetry variation of L2 thus
reduces to the contributions from the two middle terms
in the first equation of (3.18) which yield

δϵL2 ¼ τεμνρðχ̄ρϵÞK½ϖ�μν − τeðχ̄μγνϵÞK½ϖ�νμ
þ τeðχ̄μγμϵÞðK½ϖ�νν − 2βÞ
þ τ

4
εμνρðΨ̄μγaΨρÞðχ̄νγaϵÞ −

τ

2
eðΨ̄ργ

μΨμÞðχ̄ρϵÞ:
ð3:19Þ

These terms must be compensated by the variation of the
remaining term L3 in (3.14) which can be spelled out as

δϵL3 ¼ −τεμνρðχ̄ρϵÞK½ϖ;ω�μν þ τeðχ̄μγνϵÞK½ϖ;ω�νμ
− τeðχ̄μγμϵÞðK½ϖ;ω�νν − 2βÞ
þ τ

2
εμνρðχ̄νϵÞðχ̄μΨρÞ þ

τ

2
εμνρðχ̄μγaχρÞðψ̄νγ

aϵÞ

þ τ

2
eðχ̄μϵÞðχ̄μγρΨρÞ þ

τ

2
eðχ̄μϵÞðΨ̄μγρχρÞ; ð3:20Þ

with

K½ϖ;ω�μa ¼ K½ϖ�μa − K½ω�μa: ð3:21Þ
Upon using the explicit expression (3.9) for the contorsion
K½ω�μa, the sum of (3.19) and (3.20) reduces to terms
quartic in the fermionic fields. With the Fierz identities

εμνρðχ̄μγσχνÞðχ̄ργσϵÞ ¼ 0;

ðχ̄ργρχσÞðϵ̄γσγνχνÞ ¼ 0;

ερστðχ̄ργσχτÞðϵ̄γνχνÞ ¼ ðχ̄ρχρÞðϵ̄γνχνÞ ¼ −2ðχ̄μϵÞðχ̄μγνχνÞ;
ð3:22Þ

we arrive at the final result

δϵL ¼ δϵL2 þ δϵL3 ¼
τ

2
ðχ̄μϵÞðχ̄μγνχνÞ: ð3:23Þ

While it is remarkable that the only remaining contribution
of the variation is a single term cubic in the combination χμ
of (3.6), the presence of this term a priori still poses an
obstruction to supersymmetry at higher fermion order. We
observe however, that such a term can precisely be
cancelled by the contributions coming from an additional
quartic fermion term in the Lagrangian

Lχ4 ¼ eðϵμνρχ̄μγνχρÞ2; ð3:24Þ

whose variation explicitly reads

δLχ4 ¼ −
1

τ
ðεμνλEμν;aÞeλbεabcecρϵ̄3Ψρ −

4

ητ
ϵ̄3D½ϖ�ρEρ

þ

þ 1

ητ
εμνρĒμν

aϵ̄3γaΨρ − 2ϵ̄3γρE
ρ
þ þ 4τϵ̄3γρEρ

− 8ðβ − τÞðϵ̄γσχσÞðεμνρχ̄μγνχρÞ þ…; ð3:25Þ
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up to terms of order six in the fermions, with field equations
Eμν;a, Ēμν;a from (2.20), and Eρ, Eρ

þ from (3.11). The
parameter ϵ3 in (3.25) is given by

ϵ3 ¼ ðϵμνρχ̄μγνχρÞϵ: ð3:26Þ

In deriving this variation, we have used the relation

2

ητ
D½ϖ�ρEρ

þ ¼ 1

2ητ
εμνρĒμν

aγaΨρ − γρE
ρ
þ þ 2τγρEρ

−
1

2τ
ðεμνλEμν;aÞeλbεabcecρψρ

þ K½ϖ;ω�μνγμχν − K½ϖ;ω�ννγρχρ
þ 2ð2τ − βÞγνχν þ…; ð3:27Þ

among the fermionic and the bosonic field equations (2.20),
(3.11), up to cubic fermion terms. As a result, the variation
(3.25) thus reproduces a term proportional to (3.23) up to
terms proportional to the field equations, however dressed
with functions that are at least cubic in the fermions. All
these terms can therefore be removed by adding proper
higher order fermion terms to the supersymmetry trans-
formations (3.12). In presence of (3.24), the Lagrangian is
then invariant under supersymmetry at least up to and
including quartic fermion terms. Potential terms of higher
order in the fermions might require additional quintic
corrections to (3.12). An all-order result would probably
require the identification of some additional underlying
structure, such as an extended supersymmetry or an off-
shell formulation with further auxiliary fields in order to
organize the higher order fermion contributions.

B. Minimal massive supergravity (MMSG)

We have shown in Sec. II above, that the bosonic MMG
equations (2.26) are obtained from the second order
Lagrangian (2.18), after elimination of the connection ϖ
by its field equations. The resulting field equations are
expressed exclusively in terms of the dreibein eμa, its Ricci
tensor, and derivatives thereof. We can now carry out the
same computation starting from the full supersymmetric
Lagrangian (3.5) in order to obtain field equations in terms
of the dreibein eμa and its superpartner ψμ.
The full bosonic field equations obtained from variation

of (3.5) read

0 ¼ R½ω�μν;a þ τT½ϖ;ω�μν;a þ 3λεabceμbeνc

þm − τ

2
ψ̄μγaψν þ

τ

2
Ψ̄μγaΨν − τχ̄μγaχν;

0 ¼ R½ϖ�μν;a þ
τ

κ
εabceμbeνc −

1

2ηκ
Ψ̄μγaΨν; ð3:28Þ

up to quartic fermion terms and with torsionful spin
connection ωμ

a, cf. (3.9). In analogy to (3.21), we have
introduced

T½ϖ;ω�μν;a ¼ T½ϖ�μν;a − T½ω�μν;a: ð3:29Þ

Solving the first equation of (3.28) for K½ϖ;ω� and
plugging all into (2.12), straightforwardly yields the
fermionic extension of the MMG equations (2.26) to
quadratic order in the fermions.
This extension is a particular example of the general

matter coupling discussed in Sec. II D above. The MMG
equations are modified according to (2.42) by a source
tensor (2.43) based on the particular energy-momentum
tensor

Tμν ¼ 1

2
ϵλσðμϵνÞρτψ̄ργλ∇½ω�σψτ þ

m
4
εστðμψ̄σγ

νÞψτ

þ τ

4
εστðμΨ̄σγ

νÞΨτ −
τ

2
εστðμχ̄σγνÞχτ

−
τ

4
ϵμνλψ̄ λγ

κψκ þ
τ

4
ϵμνλχ̄λγ

κχκ −
τ

2
ψ̄ ½μχν�; ð3:30Þ

bilinear in the fermions. Moreover, the tensor Uμν defined
in (2.41) entering the source tensor is given by

Uμν ¼
1

4η
ϵμστΨ̄σγνΨτ: ð3:31Þ

As a final step, we may eliminate the auxiliary fermion field
χμ from these expressions upon solving the first of the field
equations Eρ from (3.11) as

χμ ¼ −
m
2τ

ψμ −
1

2τ
γνγμRν; ð3:32Þ

for χμ in terms of the gravitino ψμ and the gravitino
curvature

Rμ ¼ ϵμνρD½ω�νψρ: ð3:33Þ

Plugging this into (3.30), (3.31) and everything back into
(2.43), finally yields the fermionic completion (2.42) of the
MMG equations, expressed only in terms of the gravitino
ψμ and its derivatives. The full equations continue to be
third-way consistent as discussed in Sec. II D.
In a similar fashion, we can obtain the fermionic

equations of motion as higher order equations exclusively
in terms of the dreibein eμa, the gravitino ψμ, and their
derivatives. To this end, we plug (3.32) into the second field
equation Eρ

þ of (3.11), and obtain after some computation

τCρ ¼ 1

2
ððm − 2τÞ2 − 4ητ2ÞRρ þm

2
ϵμνργσψνSμσ

þ 1

4
mððm − 2τÞ2 − 4ητ2Þϵμνργμψν −

1

2
RμGμ

ρ

−
1

2
ϵρμνγσRμGνσ −

1

2
ϵρμνγμRσGνσ; ð3:34Þ
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up to cubic fermion terms. Here, we have used (3.28) to
eliminate K½ϖ�μa, and introduced the γ-traceless “Cottino
vector-spinor” [35]

Cμ ¼ γργμνD½ω�νRρ − ϵμνρSρσγσψν: ð3:35Þ

Equation (3.34) constitutes the second-order fermionic
field equation, which yields the “super-partner” to the
bosonic MMG equations with fermionic sources as
found above.

C. TM(S)G limit

In this section, we study the limit in which the minimal
massive supergravity constructed above reduces to the
supersymmetric extension of topologically massive gravity
(TMSG) [25,26]. For the bosonic MMG equation in the
original conventions of (2.26), the limit to the TMG
equations [13] corresponds to

γ → 0; σ̄ → σ; Λ̄0 → Λ0; ð3:36Þ

upon which the field equations reduce to

1

μ
Cμν þ σGμν þ Λ0gμν ¼ 0: ð3:37Þ

In terms of the parameters fτ; κ; λg of our bosonic
Lagrangian (2.18), this limit can conveniently be imple-
mented by setting

τ ¼ −
μð1þ ασÞ2

α
; κ ¼ α

μ
; λ ¼ 1

3
αΛ0 −

2μ2ð1þ ασÞ3
3α2

;

ð3:38Þ

c.f. (2.30), and sending α → 0. Note that the TMG limit
imposes κτ < 0, as also follows directly from (2.25) upon
sending γ → 0.
In order to study this limit on the level of the Lagrangian,

it is convenient to express the connection ϖμ
a as

ϖμ
a ¼ ωμ

a −
3λ

2τ
eμa þ αβμ

a; ð3:39Þ

in terms of a new field βμ
a. Recall that although we have

introduced the bosonic Lagrangian (2.18) as a second order
Lagrangian L½eμa;ϖμ

a�, it may alternatively be considered
as a first order Lagrangian with (2.27) carrying an a priori
independent spin connection ωμ

a which is then determined
by its field equation. We can take the TMG limit for
both formulations simultaneously. To this end, we plug the
expansions (3.38), (3.39) into the bosonic Lagrangian
(2.18) and expand in α. After some computation this
leads to

Lbos ¼ αεμνρ
�
−σeμaR½ω�νρa þ

Λ0

3
εabceμaeνbeρc

�

þ 1

μ
LCS½ω� − 2αεμνρβμ

aD½ω�νeρa þOðα2Þ

¼ αLTMG þOðα2Þ: ð3:40Þ

Up to an overall scaling factor α, this precisely reproduces
the first order Lagrangian LTMG of TMG [36,37] if the
spin connection ωμ

a is considered as an independent field
such that vanishing torsion is imposed by the Lagrange
multiplier βμa. If instead ωμ

a is taken to be the torsionless
Levi-Civita connection, the last term in (3.40) identically
vanishes, and the resulting Lagrangian is the second order
TMG Lagrangian [13].
In order to extend the computation to the full super-

symmetric Lagrangian (3.5), we find the expansion for
the coupling constant η from combining (3.7) and (3.38).
Explicitly, we choose the branch

η ¼ 1þ α

�
m0

μ
− σ

�
þOðα2Þ; m0 ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Λ0=σ

p
;

ð3:41Þ

noting that the other branch does not allow for a smooth
limit α → 0. This limit requiresΛ0=σ < 0which indeed is a
necessary condition for the supersymmetrizability of the
TMG equations (3.37).
In analogy to (3.39), we redefine the gravitino χμ as

χμ ¼
α

2μ
ðm0ψμ þ γνγμRνÞ þ αθμ; ð3:42Þ

in terms of a new field θμ. Plugging this into the fermionic
part of the Lagrangian (3.5) we obtain after some compu-
tation

Lferm ¼ α

�
σψ̄μRμ þ 1

2μ
R̄νγμγνRμ þ σm0

2
εμνρψ̄μγνψρ

− μεμνρθ̄μγνθρ þ
1

2
εμνρβν

aψ̄μγaψρ

�
þOðα2Þ;

ð3:43Þ

where we have used among others the identity

ϵμνργνγσγρ ¼ 2γσγ
μ þ 2ϵσ

ρμγρ ¼ 2δσ
μ: ð3:44Þ

Indeed, this Lagrangian is precisely the supersymmetric
extension of TMG in its first order formulation [27,28]. We
may also perform the limit directly on the fermionic field
equations (3.34) which leads to the known super TMG
equations
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0 ¼ 1

2σμ
Cρ þ Rρ þ 1

2
m0γ

ρνψν; ð3:45Þ

with the Cottino vector-spinor from (3.35). Note that in the
TMG limit the supersymmetry transformation rules (3.12)
reduce to

δϵeμa ¼
1

2
ψ̄μγ

aϵ; δϵψμ ¼ D½ω�μϵþ
m0

2
γμϵ; ð3:46Þ

for eμa and ψμ. On the other hand, we may find the
supersymmetry transformation of the fermionic auxiliary
field θμ by expanding the variation of (3.42) in α. To lowest
order in the fermions this leads to the transformation

δϵθμ ¼ −
1

4μ
EðTMGÞ
κλ;μ ϵκλνγνϵþ

1

8μ
EðTMGÞ
κλ;ν ϵκλνγμϵ; ð3:47Þ

of θμ into the bosonic field equations EðTMGÞ
κλ;μ obtained as

δLTMG ¼ εμνρδeμaE
ðTMGÞ
νρ;a : ð3:48Þ

This is consistent with the fermionic field equations θμ ¼ 0.
Finally, we may study the limit of further matter

couplings according to the construction of Sec. II D.
From (3.40) and (3.43), we find that the relevant term in
the matter Lagrangian (2.40) is identified upon expansion

Lmatter ¼ αLTMG
matter þOðα2Þ ⇒ Tμν ¼ αTTMG

μν þOðα2Þ:
ð3:49Þ

On the level of the field equations (2.42), and noting that

Sμν ¼
3λ

2
gμν þ Sμν ¼ −

μ2

α2
gμν þO

�
1

α

�
; ð3:50Þ

we find a contribution from the source tensor (2.43)

τTμν ¼ −μTTMG
μν þOðαÞ: ð3:51Þ

IV. (A)dS VACUA

Wewill now explore the landscape of (A)dS vacua of the
MMSG model. We will show that this model in general
admits two maximally symmetric (A)dS/Minkowski vacua
but only one of them preserves supersymmetry. We then
compute the associated central charges in Sec. IV C. The
linearization of the model around its AdS vacua is studied
in Sec. IV D. Finally, in Sec. IV E we determine the
conditions on the parameters of the model such that there
are no tachyons and ghosts and both central charges are
positive for the AdS vacua. In particular, we localize
the bulk/boundary unitary AdS vacua discovered in [16].

It turns out that the bulk/boundary clash can be avoided for
both AdS vacua but not simultaneously.
Before analyzing the vacua of the model, let us recall

that the fermionic couplings of the supersymmetric model
are given in terms of a parameter η that is related to the
parameters of the bosonic model by (3.7), that is:

λ ¼ 1

12

�
ητ þ 1

ηκ

�
2

−
τ

3

�
ητ −

1

ηκ

�
: ð4:1Þ

Supersymmetrizability of the bosonic MMG model thus
depends on the existence of real roots (for η) of this
equation. A necessary and sufficient set of conditions for
the existence of such real roots is

• 3λ −
τ

κ
þ τ2 ≥ 0;

• either
1

κτ
≥ −1 or

3λ

τ2
≥ −

2ffiffiffiffiffiffiffiffi
−κτ

p : ð4:2Þ

There are in general up to 4 real roots, pairwise related by

η ⟶ −
1

ηκτ
: ð4:3Þ

Specifically, these are given by

η� ¼ ð1� ΓÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� ΓÞ2 þ 1

κτ

r
; Γ ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3λ

τ2
−

1

κτ
þ 1

r
;

ð4:4Þ

together with those obtained by the flip (4.3), which
corresponds to flipping the sign in front of the square root
in (4.4). Let us note that for the parametersm and β defined
in (3.16), the flip (4.3) amounts to

m ⟶ −m; β ⟶ β; ð4:5Þ

which leaves λ invariant, while for the roots (4.4) we find

β� ¼ 1

2

�
η�τ −

1

η�κ

�
¼ ð1� ΓÞτ: ð4:6Þ

In summary, a given bosonic MMG model thus can
admit different supersymmetric extensions. We will map
out the landscape of these models in the following, together
with their maximally symmetric vacua.

A. Existence, location, and supersymmetry of vacua

For maximally symmetric vacua where Gμν ¼ −Λgμν,
the bosonic MMG field equations (2.23) give a quadratic
equation for the cosmological constant Λ
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Λ2 þ ð4τ2 þ 6λÞΛþ 9λ2 þ 4τ3

κ

¼ ðΛþ 3λÞ2 þ 4τ2
�
Λþ τ

κ

�
¼ 0: ð4:7Þ

The existence of real solutions for Λ requires that

3λ −
τ

κ
þ τ2 ≥ 0: ð4:8Þ

In terms of the original parameters of the MMG equa-
tion (2.26), this translates into the condition μ2σ̄2 ≥ γΛ̄0.
Specifically, the values of the cosmological constant
determined from (4.7) are given by

Λ ¼ Λ� ¼ −τ2
�
ð1� ΓÞ2 þ 1

κτ

�
; ð4:9Þ

with Γ ≥ 0 defined in (4.4), such thatΛþ ≤ Λ−. If theMMG
model admits a supersymmetric extension, Eq. (4.8) is
contained in (4.2). Every supersymmetric model thus pos-
sesses maximally symmetric vacua. Specifically, using the
value of λ given in (4.1) the condition (4.8) is equivalent to
½ηðη − 2Þκτ − 1�2 ≥ 0 and hence identically satisfied. In this
case we find ΓMMSG ¼ j βτ − 1j where β is defined in (3.16)
and we obtain the values of cosmological constants (4.9) as

Λsusy ¼ −
ð1þ η2κτÞ2

4η2κ2
≕ −

1

l2
susy

;

Λns ¼ −
1þ ηκτ½8þ 2ηþ ηðη − 4Þ2κτ�

4η2κ2
; ð4:10Þ

with

Λsusy ¼ Λ�; Λns ¼ Λ∓ for
β

τ
≷1: ð4:11Þ

Using the parameters introduced in (3.16), the cosmological
constants (4.10) can be expressed as

Λsusy ¼ −m2 ¼ −β2 −
τ

κ
;

Λns ¼ −m2 þ 4τðβ − τÞ ¼ −ðβ − 2τÞ2 − τ

κ
: ð4:12Þ

Note that both, Λsusy and Λns, are invariant under the flip
(4.3). We also have the following useful identities

Λsusy þ 3λ ¼ −2τβ; Λns þ 3λ ¼ 2τðβ − 2τÞ;
3λ ¼ β2 − 2τβ þ τ

κ
: ð4:13Þ

The first vacuum in (4.10) is AdS (or Minkowski) and
preserves part of the supersymmetry with the Killing spinor
defined by

D½ω�μϵ −
1

2lsusy
γμϵ ¼ 0: ð4:14Þ

From (3.12), it then follows that δψμ ¼ 0 is satisfied in the
standard way for AdS (or Minkowski), whereas δχμ ¼ 0

holds identically, as a consequence of (2.11). On the other
hand, for the nonsupersymmetric vacuum Λns in (4.10), the
Killing spinor equations for ψμ and χμ (3.12) cannot
simultaneously be solved. The transformation

β ⟶ 2τ − β; ð4:15Þ

leaves λ the same while interchanging supersymmetric
and nonsupersymmetric maximally symmetric vacua
Λsusy ↔ Λns as can be seen from (4.12) and (4.13). This
corresponds to switching ηþ ↔ η− from (4.6).

B. Parameter space of bosonic
and supersymmetric models

We can now map out the full landscape of bosonic
and supersymmetric models and their vacuum structure.
In Fig. 1, we depict the parameter space of the bosonic
models (2.18), parametrized by the combinations λ

τ2
and 1

κτ,

FIG. 1. Different regions in the parameter space of bosonic
models. As long as the MMG model possesses an AdS vacuum,
i.e. with the exception of the gray and yellow areas, it admits at
least one supersymmetric extension. Along the parabola (4.25),
there is always one Minkowski vacuum together with an (a)dS
vacuum. The red line is the so-called merger line [19], Γ ¼ 0, in
which both (a)dS vacua of the model coincide. The dashed blue
line is the chiral line (4.33) on which one of the central charges of
the dual theory vanishes. The AdS vacua avoiding the bulk/
boundary unitarity clash are all situated in region V, c.f. Sec. IV E.
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both invariant under the scaling symmetry (2.21). Let us
discuss the different regions separately.

0:This is the region in which

1

κτ
> 1þ 3λ

τ2
; ð4:16Þ

i.e., condition (4.8) is not satisfied. Accordingly, the
models in this region do not possess maximally
symmetric vacua. Moreover, it follows from (4.2)
that these models do not admit supersymmetric
extensions.

I: This region is defined by

−
�
3λ

2τ2

�
2

<
1

κτ
<min

�
1þ 3λ

τ2
;−1

�
; and λ< 0:

ð4:17Þ

According to (4.8), these models do admit maximally
symmetric vacua, however it follows from (4.9) that
both of these vacua are of dS type, i.e. Λ� > 0. Since
the second condition of (4.2) is violated, these
models do not admit supersymmetric extensions.

II: This region is defined by

1

κτ
< −

�
3λ

2τ2

�
2

: ð4:18Þ

In this region

ð1 − ΓÞ2 þ 1

κτ
< 0 < ð1þ ΓÞ2 þ 1

κτ
; ð4:19Þ

thus η− in (4.4) is imaginary and only ηþ > 0
together with (4.3) define two supersymmetric
extensions of the bosonic model. The cosmological
constants (4.9) satisfy

Λþ < 0 < Λ−; ð4:20Þ

i.e. Λþ describes an AdS vacuum, and Λ− is dS.
Comparing to (4.10) shows that the AdS vacuum
Λþ is supersymmetric.

III: This region is defined by

0 <
1

κτ
< 1þ 3λ

τ2
; ð4:21Þ

and not covered by the Lagrangian of [16]. All four
roots of (4.1) are real and define supersymmetric
extensions. It follows from (4.9) that both vacua
Λ� are of AdS type. Regarding supersymmetry,
Eq. (4.10) show that

Λsusyðη�Þ ¼ Λ� ¼ Λnsðη∓Þ; ð4:22Þ

for the supersymmetric extensions (4.4), and like-
wise for those related by the flip (4.3). For each of
the vacua Λ� of the bosonic model, there is thus a
supersymmetric extension in which it is super-
symmetric while the other vacuum is nonsuper-
symmetric.

IV: This region is defined by

−minð1;
�
3λ

2τ2
Þ2
�

<
1

κτ
< min

�
0; 1þ 3λ

τ2

�
; and

λ < 0: ð4:23Þ

All four roots of (4.1) are real and positive and
define supersymmetric extensions with both vacua
Λ� of AdS type. Equation (4.22) still holds and
shows that for each of the vacua Λ� of the bosonic
model, there is a supersymmetric extension in
which it is supersymmetric while the other vacuum
is nonsupersymmetric.

V: This region is defined by

−
�
3λ

2τ2

�
2

<
1

κτ
< 0; and λ > 0: ð4:24Þ

Again, all four roots of (4.1) are real, with
η− < 0 < ηþ, and define supersymmetric exten-
sions with both vacua Λ� of AdS type. Equa-
tion (4.22) still holds and shows that for each of the
vacua Λ� of the bosonic model, there is a super-
symmetric extension in which it is supersymmetric
while the other vacuum is nonsupersymmetric.

In particular, the analysis of the parameter space shows that
every bosonic MMG model that possesses an AdS vacuum
(i.e. lives within the regions II–Vof Fig. 1) admits at least
two supersymmetric extensions [with parameters η related
by (4.3)] in which this vacuum is supersymmetric. In
regions III–V where the model possesses two AdS vacua,
there are different supersymmetric extensions, such that a
given AdS vacuum is supersymmetric in one extension and
nonsupersymmetric in another.
The models along the parabola

1

κτ
¼ −

�
3λ

2τ2

�
2

; ð4:25Þ

separating the different regions in Fig. 1, all possess one
Minkowski vacuum together with another maximally
symmetric vacuum. When Λns ¼ 0 on the parabola, one
finds that η > 0 is needed and moreover either ηκτð ffiffiffi

η
p −

2Þ2 ¼ −1 or ηκτð ffiffiffi
η

p þ 2Þ2 ¼ −1. When Λsusy ¼ 0 we have
1þ η2κτ ¼ 0 which gives λ ¼ −2=ð3κ2η3Þ.
The red line in the figure is the so-calledmerger line [19]

1

κτ
¼ 1þ 3λ

τ2
⟺ Γ ¼ 0; ð4:26Þ
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in which both (a)dS vacua (4.9) of the model coincide. For
λ
τ2
> − 2

3
the vacuum is supersymmetric with

Λsusy ¼ Λns ¼ Λmerger ¼ −
τ

κ
ð1þ κτÞ: ð4:27Þ

In particular, the model at the point

1

κτ
¼ −1 ¼ 1þ 3λ

τ2
; ð4:28Þ

adjacent to regions 0, I, II, IV, has a single supersymmetric
extension (with η ¼ 1) and a single supersymmetric
Minkowski vacuum. In this point, the parabola (4.25)
meets the merger line (4.26) as well as the dashed chiral
line (4.33) on which one of the central charges of the dual
theory vanishes. At this point, Eq. (2.25) give σ̄ ¼ Λ̄0 ¼ 0
for the parameters used in [16].
Let us also note that the two regions κτ < 0 and κτ > 0

of the parameter space are not connected, since the model
(2.1) degenerates for κτ ¼ 0, and 1

κτ ¼ 0.
In order to visualize the different supersymmetric exten-

sions of a given bosonic model, it is instructive to plot the
full landscape of supersymmetric models underlying the
bosonic models of Fig. 1. In Fig. 2 we depict the parameter
space of the supersymmetric MMSG Lagrangian (3.5)
parametrized by η and 1

κτ both of which are invariant under
the scaling symmetry (2.21). The different regions mapping
onto the same bosonic model of Fig. 1. are separated by the
red merger line (in which both AdS vacua of the model
coincide) and the blue lines corresponding to the parabola
(4.25). Also, we note that the four quadrants of the

parameter space in Fig. 2 are not connected since the
model (3.5) degenerates for 1

κτ ¼ 0 and η ¼ 0.

C. Central charges

We now turn to the computation of the central charges
for which we follow the method and formulas of [38].
This requires starting from a bosonic Lagrangian expressed
in terms of a spin connection Ωμ

a, a vielbein eμa and an
auxiliary field hμa such as (2.29) above. Additionally, in
[38], it is necessary to work with a torsionless connection,
so we perform in (2.29) the shift Ωμ

a → Ωμ
a − αhμa, i.e.

we go back to ωμ
a from (2.28). Examining the equations

of motion of this new Lagrangian, for the AdS back-
ground with an Ansatz hμa ¼ cheμa, one finds that the
proportionality constant ch is determined by the equations
of motion as

ch ¼
1

ατ

�
Λ
2
þ 3

2
λþ τθ

�
: ð4:29Þ

The remaining equations can be used to obtain the
quadratic equation (4.7) for Λ. One can then apply the
formula for the central charges c�, given in [38], to find

c� ¼
�
−geΩ − chghΩ � 1

l
gΩΩ

�
3l
2G3

; ð4:30Þ

with l ¼ 1ffiffiffiffiffi
−Λ

p > 0. Here, geΩ, ghΩ, gΩΩ are the coefficients

in front of the 2εμνρeμa∂νΩρa, 2εμνρhμa∂νΩρa and

FIG. 2. Different regions in the parameter space of supersymmetric models as a function of the parameter η. The blue lines correspond
to the parabola (4.25) of Fig. 1, separating the different regions. The red line is the merger line, in which both (a)dS vacua of the model
coincide. The dashed lines are the chiral lines (4.35), (4.36) on which one of the central charges of the dual theory vanishes. This map is a
covering of part of Fig. 1 with different supersymmetric models mapping onto the same bosonic model as indicated for the different
regions. The AdS vacua avoiding the bulk/boundary unitarity clash are all situated in region V, they are supersymmetric for η < 0 and
nonsupersymmetric for η > 0, cf. Sec. IV E.
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εμνρΩμ
a
∂νΩρa terms of the shifted Lagrangian. For com-

pleteness, we have also reintroduced the three-dimensional
Newton constant G3 which was set to 1 in the above.
Putting everything together, one obtains4

2G3

3l
c� ¼

�
−1þ κ

2τ
ðΛþ 3λÞ � κ

l

�
: ð4:31Þ

This reproduces the central charges of [16] (also given in
Eq. (5.21) of [38]). For the supersymmetric AdS vacuum
with the cosmological constant given by Λsusy in (4.10),
Eq. (4.31) simplifies to

2G3

3l
csusy� ¼

(
1
η − 1

−ð1þ ηκτÞ
: ð4:32Þ

The two central charges are exchanged under the flip (4.3)
of η. In the TMG limit (3.41) the expressions (4.32)
approach the familiar expressions 2G3

3l csusy� → αðσ ∓ m0

μ Þ.
The factor α is eliminated by multiplying the action with
α−1 as seen in the limit (3.40).
At the so-called chiral points one of the two central

charges of the dual theory vanishes. Using (4.7) and (4.31),
we see that this happens when

λchiral ¼
1

12κ2
þ τ

2κ
−
τ2

4
; ð4:33Þ

and the cosmological constant is given by

Λchiral ¼ −
1

4κ2
ð1þ κτÞ2 ¼ −ðβ − τÞ2: ð4:34Þ

These points lie on the dashed blue line in Fig. 1 which
intersects with regions II–V. For the supersymmetric AdS
vacuum, using (4.12), (4.13), this condition implies that the
parameter η satisfies

ðη − 1Þðηκτ þ 1Þ ¼ 0; ð4:35Þ

in accordance with (4.32). On the other hand, for the
nonsupersymmetric AdS vacuum, one finds

ηðη − 3Þκτ ¼ 1þ η: ð4:36Þ

These chiral points lie on the curves depicted as dashed
blue (4.35) and dashed black (4.36) lines in Fig. 2.

D. The linearized spectrum

In this section, we perform a linearized analysis of the
MMSG model around an arbitrary AdS vacuum. This
allows us to determine the spectrum of modes propagated
by MMSG, as well as critical points in the parameter space,
at which degeneracies in the mode spectrum occur. The
linearization moreover serves as the starting point for the
next section, where we will identify the unitarity regions in
parameter space, in which MMSG around AdS is both
perturbatively stable and has an asymptotic symmetry
algebra with positive central charges.
To linearize the MMSG Lagrangian (3.5) around an AdS

vacuum with cosmological constant Λ ¼ −1=l2, we split
the bosonic fields eμa, ωμ

a and ϖμ
a in background values

ẽμa, ω̃μ
a, and ϖ̃μ

a and fluctuation fields eμa, wμ
a, and vμa

in the following manner

eμa ¼ ẽμa þ ϰeμa; ωμ
a ¼ ω̃μ

a þ ϰwμ
a;

ϖμ
a ¼ ϖ̃μ

a þ ϰvμa: ð4:37Þ

Here, we have introduced a parameter ϰ to keep track of
orders in fluctuation fields. We assume the background
values of the fermionic fields to be zero, so that ψμ and χμ
are fields of order OðϰÞ in what follows. In order not to
overload the notation, we will denote the fluctuations of ψμ

and χμ with the same symbols, i.e., linearization replaces
ψμ and χμ by ϰψμ and ϰχμ. Note that evaluating (2.11) on
the AdS background implies that

ϖ̃μ
a ¼ ω̃μ

a −
1

2τ
ðΛþ 3λÞẽμa: ð4:38Þ

Expanding the Lagrangian (3.5) to Oðϰ2Þ, one finds the
following linearized Lagrangian

Llin ¼ ϰ2Llin;bos þ ϰ2Llin;ferm; ð4:39Þ

with

Llin;bos ¼ 2εμνρeμaD½ω̃�νwρa þ τεμνρeμaD½ω̃�νeρa
þ κεμνρvμaD½ω̃�νvρa þ εμνρεabcẽμawν

bwρ
c

þ 1

2
ð3λ − ΛÞεμνρεabcẽμaeνbeρc

þ 2τεμνρεabcẽμavνbeρc

−
κ

2τ
ðΛþ 3λÞεμνρεabcẽμavνbvρc; ð4:40Þ

and

4Taking the flat space l → ∞ limit of c� is slightly subtle, as it
naively diverges. In this regard, it is interesting to note that the
limits c1 ¼ liml→∞ðcþ − c−Þ and c2 ¼ liml→∞ðcþ þ c−Þ=l are
well-defined. These limits reproduce the central charges of the
asymptotic BMS-symmetry algebra of flat space TMG from
those of the asymptotic Virasoro × Virasoro algebra of TMG
around AdS3 [39] and were also applied in studying the flat-space
limit of MMG in [40].
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Llin;ferm ¼ 1

η
εμνρ½ðψ̄μ þ χ̄μÞD½ω̃�νðψρ þ χρÞ − ηψ̄μD½ω̃�νψρ�

þ 1

2
τεμνρχ̄μγ̃νχρ −

1

4ητ
ðΛþ 3λÞεμνρðψ̄μ þ χ̄μÞγ̃ν

× ðψρ þ χρÞ − τεμνρψ̄μγ̃νχρ

þ 1

4

�
ðη − 2Þτ þ 1

ηκ

�
εμνρψ̄μγ̃νψρ; ð4:41Þ

where γ̃μ ≔ ẽμaγa.

1. Bosonic spectrum

At generic points in the parameter space of MMSG, one
can redefine the bosonic fluctuation fields as

eμa ¼ fð−Þμa þ fðþÞ
μa þ pμa;

wμa ¼
1

l
fð−Þμa −

1

l
fðþÞ
μa −

�
τ þ 1

2τ
ðΛþ 3λÞ

�
pμa;

vμa ¼ −
1

τ

�
1

2
ð3λþ ΛÞ − τ

l

�
fð−Þμa

−
1

τ

�
1

2
ð3λþ ΛÞ þ τ

l

�
fðþÞ
μa −

1

κ
pμa: ð4:42Þ

In terms of fð�Þ
μa , pμa, the bosonic part (4.40) of the

linearized Lagrangian then takes on the following diagon-
alized form

Lbos;lin ¼ αþεμνρf
ðþÞa
μ

�
D½ω̃�νfðþÞ

ρa −
1

l
εabcf

ðþÞb
ν ẽρc

�

þα−ε
μνρfð−Þaμ

�
D½ω̃�νfð−Þρa þ 1

l
εabcf

ð−Þb
ν ẽρc

�
þα0ε

μνρpμ
aðD½ω̃�νpρaþMpεabcpν

bẽρcÞ; ð4:43Þ

where

α� ≔
�
∓ 2

l
þ τ þ κ

τ2

�
1

2
ðΛþ 3λÞ � τ

l

�
2
�
;

α0 ≔
�
1

κ
− τ −

1

τ
ðΛþ 3λÞ

�
; ð4:44Þ

and

Mp ≔ −
�
τ þ 1

2τ
ðΛþ 3λÞ

�
: ð4:45Þ

This shows that generically, the spectrum of bosonic modes
of MMSG around an AdS vacuum consists of two massles

modes fð�Þ
μa (with ml ¼ �1) and one massive mode pμa

with mass Mp. The coefficients α− and αþ can be slightly
simplified by using (4.7) as

α− ¼ 2κ

l2
þ 2

l
−

κ

τl
ðΛþ 3λÞ; αþ ¼ 2κ

l2
−
2

l
þ κ

τl
ðΛþ 3λÞ;

ð4:46Þ

Note that from (4.46) using (4.7) we then have

αþα− ¼ 4κ

l2τ

�
τ2 þ ðΛþ 3λÞ − τ

κ

�
¼ −

4κ

l2
α0: ð4:47Þ

At the chiral point (4.33), (4.34), the bosonic mass Mp,

given in (4.45), is equal to
ffiffiffiffiffiffiffi
−Λ

p
or −

ffiffiffiffiffiffiffi
−Λ

p
, such that the

massive mode disappears from the spectrum. Moreover,
the field redefinition (4.42) is no longer invertible and with
(4.47) it follows that the coefficients in (4.44) satisfy

α0 ¼ 0 and either αþ ¼ 0 or α− ¼ 0; ð4:48Þ

indicating that the linearized Lagrangian (4.40) is no longer
diagonalizable. In order to clarify the structure of the
spectrum at the chiral point, we perform the following
(invertible) field redefinition

eμa ¼ 2κfμa − 2κgð1Þμa − 2κgð2Þμa ;

wμa ¼ ðκτ þ 1Þfμa þ ðκτ þ 1Þgð1Þμa þ gð2Þμa ;

vμa ¼ 2κτfμa þ 2gð1Þμa þ 3gð2Þμa ; ð4:49Þ

that brings the linearized Lagrangian (4.40) into the form

Lbos;lin ¼ 4κð1þ κτÞεμνρgð1Þaμ D½ω̃�νgð2Þρa

þ ð5κ þ 4κ2τÞεμνρgð2Þaμ D½ω̃�νgð2Þρa

− 2ð1þ κτÞ2εμνρεabcẽμagð1Þbν gð2Þcρ

−
1

2
ð5þ 7κτ þ 2κ2τ2Þεμνρεabcẽμagð2Þbν gð2Þcρ

þ 2κð1þ κτÞ2εμνρfμa
�
2D½ω̃�νfρa

þ
�
τ þ 1

κ

�
εabcfνbẽρc

�
: ð4:50Þ

The linearized equations of motion that follow from this
Lagrangian are then given by

D½μfν�a ¼ 0; D̄½μg
ð2Þ
ν�a ¼ 0;

D̄½μg
ð1Þ
ν�a þ

1

2
τεabcẽ½μbg

ð2Þc
ν� ¼ 0; ð4:51Þ

where we have introduced differential operators D and D̄
that act on fluctuations fμa and gμa as follows
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D½μfν�a ≔ D½ω̃�½μfν�a þ
1

2

�
τ þ 1

κ

�
εabcẽ½μbfν�c;

D̄½μgν�a ≔ D½ω̃�½μgν�a −
1

2

�
τ þ 1

κ

�
εabcẽ½μbgν�c: ð4:52Þ

Since ðτ þ 1=κÞ ¼ �2
ffiffiffiffiffiffiffi
−Λ

p
, see (4.34), the first two

equations of (4.51) imply that fμa and gð2Þμa correspond to

massless modes. Acting on the fluctuation gð1Þμa with the

operator D̄ gives the mode gð2Þμa that is itself annihilated by

D̄. By definition, gð1Þμa is then a so-called logarithmic mode

associated to the massless mode gð2Þμa . Its presence indicates
that the dual CFT of MMSG at the chiral point (4.33) is a
nonunitary logarithmic CFT [41–47].
In the following, we will turn our attention to the

spectrum of fermionic modes. We will distinguish between
two cases, according to whether the AdS vacuum under
consideration is supersymmetric or not. We will be inter-
ested in investigating at which points in parameter space
MMSG can be unitary. Since we just saw that at the chiral
point (4.33), MMSG can not be described by a unitary CFT,
we will not consider what happens at the special points of
section IV B.

2. Supersymmetric vacua

The linearized fermionic Lagrangian (4.41) around a
supersymmetric AdS vacuum can be written as

Llin;ferm; susy ¼
1

η
εμνρ½ðψ̄μ þ χ̄μÞD½ω̃�νðψρ þ χρÞ

− ηψ̄μD½ω̃�νψρ� þ
m
η
εμνρψ̄μγ̃νχρ

−
m
2η

ðη − 1Þεμνρψ̄μγ̃νψρ

þ
�
β

η
−
m
2η

�
εμνρχ̄μγ̃νχρ: ð4:53Þ

Assuming that η ≠ 1 (which is a chiral point which we
discussed above), this Lagrangian can be brought into the
following diagonalized form

Llin;ferm;susy

¼ðη−1−1Þεμνρρ̄μ1
�
D½ω̃�νρρ1þ

m
2
γ̃νρρ1

�

þðη−1Þεμνρρ̄μ2
�
D½ω̃�νρρ2−

�
τþm

2
−β

�
γ̃νρρ2

�
; ð4:54Þ

where ρμ1 and ρμ2 are defined via the following field
redefinitions

ψμ ¼ ρμ1 þ ρμ2; χμ ¼ ðη − 1Þρμ2: ð4:55Þ

Since 1=jmj is equal to the AdS length lsusy of the
supersymmetric vacuum, it follows that ρμ1 corresponds
to a massless spin-3=2 mode. On the other hand, ρμ2 is a
massive spin-3=2mode, with mass parameterMρ2 given by

Mρ2 ≔ τ þm
2
− β ¼ −

m
2η

þ ð1 − ηÞ
η

�
β −

m
2

�
: ð4:56Þ

For Λ ¼ Λsusy, the bosonic mass Mp (4.45) can be
expressed as

Mp ¼ −
1 − ηðη − 2Þκτ

2ηκ
: ð4:57Þ

Together, the system has one massive bosonic and one
massive fermionic mode, with masses related by

Mρ2lsusy ¼ Mplsusy −
1

2
; ð4:58Þ

in accordance with supersymmetry. For future reference,
we also note that the coefficients (4.44) for the super-
symmetric vacuum take a nicely factorized form

αþ ¼ η−2ð1 − ηÞκ−1ð1þ η2κτÞ;
α− ¼ η−1κ−1ð1þ ηκτÞð1þ η2κτÞ;
α0 ¼ −η−1ð1 − ηÞκ−1ð1þ ηκτÞ: ð4:59Þ

3. Nonsupersymmetric vacua

In the generic case, where Λns ≠ 0, the field redefinitions

ψμ ¼ τðρ̃μ1 þ ρ̃μ2Þ;

χμ ¼
�
1

2

ffiffiffiffiffiffiffiffiffiffi
−Λns

p
−
m
2

�
ρ̃μ1 −

�
m
2
þ 1

2

ffiffiffiffiffiffiffiffiffiffi
−Λns

p �
ρ̃μ2; ð4:60Þ

bring the linearized fermionic Lagrangian (4.41) to the
diagonalized form

Llin;ferm;ns ¼ η−1
�
−
Λns

2
þ
�
τ −

m
2

� ffiffiffiffiffiffiffiffiffiffi
−Λns

p �
εμνρ ¯̃ρμ1

×

�
D½ω̃�νρ̃ρ1 þ

1

2

ffiffiffiffiffiffiffiffiffiffi
−Λns

p
γ̃νρ̃ρ1

�

þ η−1
�
−
Λns

2
−
�
τ −

m
2

� ffiffiffiffiffiffiffiffiffiffi
−Λns

p �
εμνρ ¯̃ρμ2

×

�
D½ω̃�νρ̃ρ2 −

1

2

ffiffiffiffiffiffiffiffiffiffi
−Λns

p
γ̃νρ̃ρ2

�
: ð4:61Þ

This shows that the fermionic spectrum of MMSG around a
nonsupersymmetric AdS vacuum consists of two massless
spin-3=2 modes. Unlike (4.58) they no longer form a
multiplet with the bosonic mode of mass (4.45).
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E. Unitarity analysis

We finally analyze the conditions for absence of tachy-
ons and ghosts as well as for positivity of the central
charges for the AdS vacua of our theory to identify the
region in which the clash of bulk-boundary unitarity is
avoided and the interplay with supersymmetry. All these
unitarity conditions are properties of the bosonic model,
i.e., can be characterized by the parameters κ, τ, and λ of the
Lagrangian (2.18). The parameter η selecting the super-
symmetric extension on the other hand encodes the fact if
the AdS vacuum is supersymmetric or not.
For the general AdS vacuum, using the value of Mp

given in (4.45), the no-tachyon condition M2
pl2 > 1 takes

the form

τ2 þ ðΛþ 3λÞ − τ

κ
> 0: ð4:62Þ

According to the discussion of [16] the no-ghost condition
is given as α0Mp < 0, with α0 from (4.44). With (4.45), this
condition becomes

−
�
τ2 þ ðΛþ 3λÞ − τ

κ

��
1þ 1

2τ2
ðΛþ 3λÞ

�
> 0: ð4:63Þ

Combining this inequality with the general no-tachyon
condition (4.62) we find

−
�
1þ 1

2τ2
ðΛþ 3λÞ

�
> 0: ð4:64Þ

For the analysis of the positivity of the central charges,
comparing (4.31) with (4.46) we see that

2G3

3l
c� ¼ �l

2
α�: ð4:65Þ

Since requiring both central charges to be positive
implies −αþα− > 0, we deduce from the no-tachyon
condition (4.62) together with (4.47) that unitarity always
requires κτ < 0.
Finally, the analysis of unitarity is sensitive to changing

the action by an overall minus sign. Whereas the no-
tachyon condition (4.62) remains invariant under this
change, this will induce a minus sign in the no-ghost
condition (4.64) and also in the central charges (4.31). Note
that, κτ < 0 is still required since this follows from
imposing the no-tachyon condition and the product of
central charges to be positive, both of which are unaffected
by the sign change of the action.
As for the special points, note that the no-tachyon

condition (4.62) is violated at the chiral points (4.33).
Meanwhile, at the merger line we have β ¼ τ which implies
Λþ 3λ¼ −2τ2which violates the no-ghost condition (4.63).
The situation for Minkowski vacua is more subtle and
requires further investigation as discussed above.

After these general remarks, we now proceed to a
detailed analysis of unitarity conditions and their interplay
with supersymmetry. The analysis of Sec. IV B has shown
that every AdS vacuum is supersymmetric in some super-
symmetric extension, i.e., for some choice of η. Without
loss of generality we may thus start with the supersym-
metric AdS vacuum (4.10). In this case, the no-tachyon
condition (4.62) takes the factorized form

ηð1 − ηÞκτð1þ ηκτÞ > 0: ð4:66Þ
It turns out that the sign of η is crucial for the rest of this
analysis and only one choice works. Let us first assume
η < 0 or equivalently τβ < 0.5 In this case, the no-tachyon
condition (4.66) is identically satisfied as a consequence of
κτ < 0. Positivity of the central charges (4.32) requires an
overall minus sign in front of the action and furthermore
imposes the conditions

1 − η > 0; and 1þ ηκτ > 0: ð4:67Þ
These conditions are also satisfied with our assumptions
η < 0 and κτ < 0. Finally, with the overall sign in the
action, the condition for absence of ghosts (4.63) becomes

ð1þ ηκτÞ − ηðη − 1Þκτ > 0; ð4:68Þ
which also is identically satisfied, and hence does not
further restrict the parameters. It is easy to show that the
other choice for η, namely η > 0, cannot avoid the clash. To
summarize, all supersymmetric AdS vacua in the region
η < 0 and κτ < 0, i.e. within the full lower-right quadrant
of Fig. 2, are bulk and boundary unitary. In the bosonic
model, these are the AdS vacua situated in region V of
Fig. 1, with cosmological constant Λsusyðη−Þ ¼ Λ−, c.f.
(4.22). These vacua have first been found in [16]. In the
bosonic parameter space, the unitarity region is thus
defined by (4.24)

−
�
3λ

2τ2

�
2

<
1

κτ
< 0; and λ > 0: ð4:69Þ

In terms of the TMG parameters (3.38) (and with the choice
1þ ασ > 0), these conditions translate into

Λ0 <
4μ2ð1þ ασÞ3

α3
: ð4:70Þ

Moreover, the condition of an overall minus sign in front
of the action is equivalent to the condition α < 0
[or equivalently γ > 0 from (2.25) and (3.38)] found by
multiplying our action with α−1, which is necessary to get a
nonzero action in the TMG limit (3.40). This is precisely

5As mentioned above, this region of parameter space was
not considered in the analysis of [1] where η was represented
as η ¼ ζ2.
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consistent with the findings of [16,40] (see, in particular
Eq. (60) of [40]).
According to the analysis of Sec. IV B, these unitary

AdS vacua also arise as nonsupersymmetric vacua in the
supersymmetric models in region V with parameter ηþ > 0.
These are the models in regions V in the lower-left quadrant
of Fig. 2.
To summarize, all AdS vacua in regions II–IV suffer from

the bulk/boundary unitarity clash. In contrast, all models in
region V (4.69) admit an AdS vacuum that evades the
unitarity clash as found in [16]. This vacuum is super-
symmetric in the extension with η ¼ η− < 0 from (4.4), and
nonsupersymmetric in the extension with η ¼ ηþ > 0.

V. CONCLUSIONS

The starting point for this work, which details the
findings of [1], has been the new and universal action
principle (2.1) to build third-way consistent gravitational
field equations presented in section II. This variational
principle allows to recover known models such as e.g.,
minimal massive gravity (MMG), exotic massive gravity,
and exotic general massive gravity, but also new models
which were missed in [20] and which are of increasingly
higher order. Apart from this possibility of constructing
new bosonic models, the advantage of our action principle
is to allow for a systematic description of the matter
couplings. In particular, the coupling to fermionic matter
has enabled us to obtain a supersymmetric extension (up to
and including quartic order in the fermions) of minimal
massive gravity (MMSG) in Sec. III. It is the first time that
a third-way consistent gravity model is made supersym-
metric, and as a by-product of the construction topologi-
cally massive supergravity can also be recovered.
In Sec. IV we have performed a detailed analysis of the

AdS vacua of the new MMSG model. This establishes that
whenever a bosonic MMG model has an AdS vacuum then
it admits up to four supersymmetric extensions. For all the
AdS vacua we have computed the (bosonic and fermionic)
mass spectra and the central charges, key to the discussion
of unitarity. We have summarized the regions of parameter
space in which the unitary vacua are compatible or not with
supersymmetry on Figs. 1 and 2.
There are many interesting directions to explore, having

to do on the one hand with the bosonic theories alone, and
on the other hand with their supergravity features. A few
interesting prospects are as follows:

(i) Having established the supersymmetric extension
of MMG, it would be interesting to construct and
classify its supersymmetric BPS solutions. This
investigation should be facilitated by the observa-
tion that after eliminating the auxiliary fields,
i.e. at the level of the metric field equations, the

supersymmetry transformations of MMSG are the
same as those of super TMG (3.46) (with the
constantm0 replaced bym). With the Killing spinors
of both theories of the same form, it would be
interesting to compare with the results of [35].

(ii) The construction should allow an extension to super-
symmetric matter couplings, includingN ¼ 1 scalar
and vector multiplets. It would be interesting to
investigate how further couplings affect the unitarity
analysis presented for the minimal model.

(iii) A challenging task would be the supersymmetriza-
tion of the higher order extensions of the model
[20,32]. The action (2.1) which naturally accom-
modates all such generalizations provides a natural
starting point. A universal construction of such third-
way consistent supersymmetric models would pre-
sumably require a superspace formulation. For
superspace formulations of 4-dimensional massive
supergravity see, e.g., [48–53].

(iv) We have identified (up to four) different minimal
supersymmetric extensions of the same bosonic
MMG in which different vacua of the bosonic model
appear supersymmetric. This points at an underlying
structure of extended supersymmetry into which
these models could be embedded and recovered
by different truncations, as in the so-called twin
supergravities [54]. As a technical challenge this
would require to embed the single massive spin-2
degree of freedom into some extended multiplet.
More generally, this raises the question of whether
there exists a possible upper bound for the number of
supercharges N , like in the Yang-Mills case which
does not allow N > 1 [24].

(v) Relatedly, one could try to understand the presence
of the massive spin-3=2mode in MMSG as an effect
of spontaneous breaking of a local symmetry of the
Chern-Simons theory based on an appropriate super-
algebra in analogy to the MMG case [55].

We hope to come back to these points in the future.
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