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We present an action for minimal massive gravity (MMG) in three dimensions in terms of a dreibein and
an independent spin connection. Furthermore, the construction provides an action principle for an infinite
family of so-called third-way consistent generalizations of the three-dimensional Einstein field equations,
including exotic massive gravity and new higher-order generalizations. It allows us to systematically
construct the matter couplings for these models, including the couplings to fermions, depending on the spin
connection. In particular, we construct different supersymmetric extensions of MMG, and derive their
second order fermionic field equations. This establishes a new class of three-dimensional supergravity
theories and we discuss their limit to topological massive supergravity. Finally, we identify the landscape of
(anti—)de Sitter vacua of the supersymmetric models. We analyze the spectrum and the unitarity properties

of these vacua. We recover the known AdS vacua of MMG which are bulk and boundary unitary.
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I. INTRODUCTION

This paper gives a detailed account of the results
announced in [1], on theories of massive gravity in three
dimensions. Three-dimensional (3d) gravity, although
being topological, has always been a fruitful test bed to
investigate various aspects of classical and quantum grav-
ity, in particular in relation to black hole physics and
holography [2—6]. It is for example in the context of 3d AdS
spacetimes that Brown and Henneaux have discovered an
asymptotic double Virasoro symmetry algebra with non-
trivial central charge [7], thereby setting the foundations for
the AdS/CFT correspondence. The latter has in turn been
applied successfully to computations [8—10] of the entropy
of 3d Banados-Teitelboim-Zanelli black holes [11].

Among the interesting field-theoretic properties of 3d
gravity exists the possibility of making the theory massive
without breaking diffeomorphism invariance. The simplest
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embodiment of this mechanism is realized by topologically
massive gravity (TMG) [12,13]. This is a parity-breaking
third order theory obtained by supplementing the Einstein-
Hilbert Lagrangian by a Chern-Simons term for the Levi-
Civita connection. In [14], this was generalized to a fourth
order parity-preserving theory called new massive gravity
(NMG), which was in turn further generalized in [15] to a
model known as general massive gravity (GMG) and which
interpolates between TMG and NMG. The fact that NMG
propagates two massive gravitons has motivated the authors
of [16] to search for the most general theory propagating a
single graviton only, and this has led to the introduction of
minimal massive gravity.

Minimal massive gravity (MMG) is a higher-order
generalization of three-dimensional Einstein gravity,
described by the field equations [16]

1 ~ A /4 Ko QAT
;C,w + GG/H/ + Aog/w = 2—/126‘#,(/16',/515 S, (11)

Here, G,,, S,,, and C,,, denote the Einstein tensor, the
Schouten tensor, and the Cotton tensor, respectively,

associated with the three-dimensional metric g,,
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The coupling constants in (1.1) are {u, &, Ay, y}. In the
limit y — 0, the MMG equations reduce to those of
topologically massive gravity (TMG) [13]. For y # 0, the
right-hand side (rhs) of (1.1) is an unusual extension of
the Einstein field equations. It is on-shell divergence-free,
as required for consistency with the left-hand side (lhs).
However, unlike in standard gravitational theories this is
not a consequence of Bianchi identities or the matter field
equations, but rather follows from iterating the gravitational
equations (1.1) themselves—a mechanism dubbed “third
way consistent” in [16] (for a review see [17,18]).

As a consequence, the MMG equations (1.1) cannot be
derived from a standard action principle of the metric (or
the dreibein) alone. An action principle based on a first
order Lagrangian with auxiliary fields has been given in
[16], in the region of parameter space where

#(1+75)* > Ay, (1.3)
see (2.31) below. Absence of a standard action functional in
particular obscures the coupling of MMG to matter. In
particular, the standard matter energy-momentum tensor
does not yield a consistent source for Eq. (1.1), rather the
presence of matter modifies these equations by a source
tensor quadratic in the energy-momentum tensor [19,20].

In Ref. [20], Eq. (1.1) were generalized to an infinite
sequence of third-way consistent gravitational models with
the next-to-simplest example dubbed exotic massive grav-
ity (EMG). Third way consistent deformations also exist for
gauge theories, they were constructed in [21] for three-
dimensional Yang-Mills theory, and in [22] for higher-
dimensional p-form theories. The minimal supersymmetric
extension of the three-dimensional gauge theory, and its
coupling to supergravity were obtained in [23,24].

In the present paper, we construct a new and universal
action principle for third-way consistent gravitational
models, including minimal massive gravity and the higher
order generalizations thereof. This allows to streamline and
systematically construct the coupling of these models to
bosonic and fermionic matter. Starting from this action, we
construct the supersymmetric extension of MMG: minimal
massive supergravity (MMSG). We perform this construc-
tion up to and including quartic order in the fermions. This
is the first example of a supersymmetric third-way con-
sistent gravitational model and constitutes a new class of
three-dimensional supergravities, which can be seen as
deformations of topologically massive supergravity
(TMSG) [25,26]. We study its maximally symmetric vacua
of (a)dS and Minkowski type, and in particular the interplay
of supersymmetry and unitarity. A preliminary version of
these results was announced in [1].

The rest of this paper is organized as follows. In Sec. II
we present a universal action principle for the third-way
consistent gravitational models in terms of a dreibein and
an independent spin connection. The action allows us to
systematically and algorithmically produce models of

three-dimensional massive gravity of increasingly higher
order. We show how to recover in this framework the
original minimal massive gravity (1.1) and reproduce the
action of [16]. The construction also provides actions for
the models of [20] and generalizations thereof, without
increasing the number of fields in the Lagrangian. We
discuss the general matter couplings of these models,
including the couplings to fermions, which may in general
depend on the Levi-Civita as well as on the independent
spin connection. We show explicitly how Lorentz and
diffeomorphism symmetry of the Lagrangian guarantee
consistency of the resulting field equations. In Sec. III,
we focus on the MMG model and construct its minimal
N = (1,0) supersymmetric extension (MMSG). The fer-
mionic sector of the model carries two gravitino fields,
sharing one local supersymmetry. Reminiscent of the first
order formulation of TMSG [27,28], the first order fer-
mionic Lagrangian then propagates a massive spin-3/2
mode as a superpartner to the massive spin-2 mode. Upon
elimination of one of the gravitino fields, we obtain
the second-order fermionic field equations, which consti-
tute the “superpartner” to the bosonic equations (1.1). We
discuss the limit in which MMSG reduces to topologically
massive gravity (TMSG) [25,26], both on the level of the
action and the field equations.

In Sec. IV, we study the parameter space of super-
symmetric MMSG models and the landscape of their (a)dS
vacua. We show that every bosonic MMG model that
possesses an AdS vacuum admits up to four supersym-
metric extensions, parametrized by the real roots of a
quartic Eq. (4.1). A given AdS vacuum can be super-
symmetric in one supersymmetric extension, and non-
supersymmetric in another. We compute the central
charges as well as the bosonic and fermionic mass spectra
around all AdS vacua. In particular, the analysis recovers
the AdS vacua of [16] that are both bulk and boundary
unitary. In our previous construction [1], all supersymme-
tries were broken around the unitarity vacua. The present
analysis however reveals a larger parameter space of
supersymmetric models, and in particular an additional
region of parameters in which the unitary vacua do preserve
half of the supersymmetry.

Our conventions and notations are as follows. We denote
the 3-dimensional spacetime indices by y, v, ..., and local
Lorentz indices by a,b,.... Our choice of signature is
(=, +,+). The Levi-Civita tensor density and tensor are
denoted by &*” and e"” respectively. We denote anti-
symmetrization by Ay, B = (A,B, — A,B,)/2.

II. BOSONIC LAGRANGIANS

In this first section we present the bosonic sector of the
theory. Building up on [16,20], we introduce a Lagrangian
formalism which enables to produce so-called third-way
consistent theories through the iteration of their equations
of motion. We then explain how this mechanism allows to
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recover MMG in a particular case, and also provide a first
order formulation using two independent spin connections.
This latter is the key to the supersymmetrization of the
model. We also explain how our general mechanism can be
used to systematically and algorithmically produce models
of massive gravity which are increasingly higher order, in a
way similar (yet more general) to what was outlined in [20].
We also give explicit new examples. Finally, we discuss the
coupling to bosonic and fermionic matter and determine
conditions on the matter current for the third way con-
sistency to work when matter Lagrangian also depends on
the spin connection.

A. General mechanism for third way consistent
field equations

As our starting point, let us consider a dreibein e, and
an independent (and thus torsionful) spin connection @, “.
This field content is then used to build the general class of
3-dimensional bosonic Lagrangians
Lle,w| = Lyle] + 1e"7e,*D|w| e,, + kLcs[w],  (2.1)
where Lgle] is at this stage an arbitrary gravitational
Lagrangian depending only on the dreibein e. The term
with coupling constant 7 is a torsion term, while that with
coupling « is the SO(2, 1) Chern-Simons Lagrangian

1
Lcs|w] = er (wﬂadywpa + geabcwﬂawybwpc>, (2.2)

for the connection w. The covariant derivative with respect
to @ is denoted by D[w],, while its torsion and curvature

are defined as
T[w],  =2D[w],e," =20 e, + 26l e,c, (2.3a)

R[W]ﬂya = 20, @, + eabcwﬂbwb“, (2.3b)
respectively. The Lagrangian (2.1) is manifestly invariant

under Lorentz transformations

dpe,t = e, A, S w,* = D]w], A

, > ) (2.4)

We can now study the equations of motion of the
Lagrangian (2.1). Taking variations with respect to the
connection @ Yyields the curvature equation

a T oa b, c
R[@],, +oehee e = 0. (2.5)

The equation of motion imposed by the dreibein, on the
other hand, is the torsion equation

26+ + 7 T[w],,* =0,

) (2.6)

where G, is defined by

8Lyle] = 2+/=gG" ,be,“. (2.7)
Diffeomorphism and Lorentz symmetry imply that the
tensor G,, = G,¢,, is divergence-free and symmetric,
i.e., that we have

G,=6G

V4G, = 0. (2.8)

v vy

In order to combine the equations of motion (2.5) and (2.6)
into a single metric field equation, we now decompose the
connection ww in terms of the torsionless Levi-Civita
connection @ and the contorsion tensor defined as

K[w]," =w," —®,°". (2.9)

Since @ is compatible with e, we get from the definition
(2.3a) of the torsion that

b, ¢

Tlw)," = 269 K[w], e, (2.10)

u

Inverting this relation, we can then rewrite the field
equations (2.6) as

1 1

a a a 1 a
K[’lﬂ']ﬂ :—; Gﬂ —Eeﬂ G =:—;§” s (211)

where G := G,“¢ /. Finally, using the relation between the
contorsion and the curvatures of @ and o, i.e.
R[’lﬂ} ‘= R[as]m/a + ZD[C;)] MK[w]b]a +€abCK[w]/4bK[w]uc’

(2.12)

uv

we can combine (2.5) and (2.11) to obtain the general field
equations

T 1

Go——09w=-—
w I =

sesre (2.13)

v 21_2 €uxp€uic

where G, is the Einstein tensor, S,, = S,“¢,,, is defined
by (2.11) and (2.7), and we have introduced

C

w *= €upo

S (2.14)

Symmetry of C,, is a consequence of (2.8), which implies

ViS,, =V,S, with S=g"S,. (2.15)
The field equations (2.13) depend only on the metric.
Importantly, these field equations in purely metric form
cannot be obtained from the variational principle of a
Lagrangian in metric variables. Relatedly, we should in
particular note that while the left-hand side is divergence-

free by virtue of the Bianchi identities, this is not manifestly
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the case for the right-hand side. Instead, the consistency
requirement of vanishing divergence of the right-hand side
requires to iterate (2.13) itself. From the definition of C,,
we get VFC,, = ¢,,,R’*S,?. With this and (2.15), up to a
rescaling by 7, the divergence of the right-hand side of
(2.13) becomes

1
V”C - Zeﬂ,q,eymV” (Sldgpa)

122

2.13)

K o 1 K 6(
= €upoR"S =~ €,,C, 7 =0, (2.16)

where crucially in the last step the field equations (2.13)
must be used to replace C,* in order to obtain a vanishing
result. This consistency mechanism was coined “third-way
consistency” in [16]. Note that kz # 0 is needed for this
procedure to work.

A key feature of the variational principle outlined above
leading to (2.13) is that it requires the use of the integra-
bility conditions (2.12). A similar mechanism has been
employed in [24] in order to reformulate the third-way
consistent deformation of Yang-Mills theory [21] in terms
of a gauged scalar sigma model. From this systematic
analysis we can now recover known models such as MMG
but also higher order generalizations.

B. Minimal massive gravity

We now focus on recovering MMG [16]. From the
general form of the field equations (2.13), one can already
anticipate that MMG is obtained in the case where S, is
related to the Schouten tensor and C,,, to the Cotton tensor.
This can be achieved by choosing in (2.1) the Lagrangian

1 o a C
Lole] = e <G_3 e, R[®],, , + eapcey ele, >, (2.17)

where as before, @ is the torsionless Levi-Civita connection
determined by e, For simplicity we will now set the
gravitational constant to G3 = 1. The full Lagrangian (2.1)
thus takes the form

Lle,w| = " (e,"R[®],, , + Aeapee, e, e,

+7e,“D[w],e,,) + kLcs[w]. (2.18)

For later use, let us explicitly spell out the equations of
motion obtained by variation as

8L = ede,°E,, , + ke 5w, °E,, .. (2.19)
with
g/w,a = R[Ct(’)]}w’a + TT[’ID’]W,’“ + 3/1€abceﬂbeyc,
- T
Ewa = Rl@],, .+ ;8abceﬂbeyc. (2.20)

Let us also note that the Lagrangian (2.18) scales homo-
geneously under the transformation
e

a a a a
= ooe, @, = @,

A= 672, >0, K — oK, (2.21)
of fields and coupling constants, where ¢ is a nonzero
constant.

From (2.6), (2.11), (2.14) we obtain that

34 1
Sﬂu = ?g/w + S/w’ S/w = R/w - ZRg/w’

Cu=0C,=¢,,V"5,, (2.22)
where S, and C,, are the Schouten and Cotton tensor,
respectively. The field equations (2.13) then specialize to
the MMG equations

32 T 922 1 1
(1 520) 0= (£ 32w = 6t e 029
where following [16,20] we have denoted
1 Ko QAT
le = —56’#,@6’”615 A (224)

Performing the redefinitions
34 Ho T 9 Ul 1 vy
1 e = -, — e =, - =,
< + 272> T <K‘ * 412> T T ou

one obtains

J

Hw

5Gpw + Aog;w = _lcpw - 12 (226)
H H

which is the MMG field equation (1.5) of [16]. Taking
the limit y — 0, we obtain from (2.26) the equations of
motion of TMG, which will therefore be included in our
supersymmetrization as well. We will see however that in
the fermionic sector the limit requires a more careful
discussion.

Let us now turn to the first order formulation of the
model, which is obtained by replacing (2.17) by the Palatini
Lagrangian

Lole.] = (¢, “Rl),, o + Aeasee,e,be,). (2.27)

where now o is an independent connection. Upon solving
the field equations for w one finds @ = @, showing the
equivalence to (2.17). With the choice (2.27), the total
Lagrangian (2.1) is the sum of the so-called “standard” and
the “exotic” actions for 3-dimensional gravity [5], however
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now with both sectors carrying different spin connections w,
and @, respectively. In this first order formulation of
MMG, it is precisely the use of two independent spin
connections which is responsible for the appearance of the
massive degree of freedom. Indeed, for w = w the
Lagrangian (2.1) corresponds simply to a reformulation
of 3-dimensional (topological) gravity, such as studied
in [29-31]. In the formulation with two independent con-
nections, when k7 < 0 we can consider the field redefinition

w,* = Q" +ah,’, @, = Q" +0e,, (2.28)
in terms of two new fields Q,* and h,“. With this, the
Lagrangian (2.1) takes the form

Lle, Q, h]

= (1 +«0)e"e,"RIQ),, , + (r + k0%)e"’e,“D[Q] e, ,
+ 2ae"7h,*D[Q) €, + P e pee, h, h
+ <l + 170 + %K93> e pee, el e, + kLes[Q).

(2.29)

Choosing 6 = ‘/?, this precisely reproduces the first-order

Lagrangian of [ 16] and we read off the identification with the
parameters of [16] as'

2
u= g, ac =—1 F /—kz, al\y= 3/1:|:—T\/—KT.
K K
(2.30)

In particular, this shows that the action of [ 16] only covers the
parameter space region xz < 0. In terms of the original
parameters appearing in (2.26), the condition xz < 0 trans-
lates into the condition

wW2(1475)? > y3A,. (2.31)
On the other hand, the action (2.18) describes the MMG
equations (2.26) for any value of its parameters since (2.25)
always admits a solution for {«x, 7, 1}.

We have now at our disposal all the ingredients to
describe the bosonic sector of our theory. In particular, the
supersymmetric extension which we consider in the next
section will be built from (2.1) and (2.27), with a con-
nection @ determined by the torsion equation in terms of
the fermions. Before moving to the supersymmetric
Lagrangian, let us close this section with a discussion of
the extension to higher order models of massive gravity, as
well as the matter couplings.

'Recall that 62 = 1 in [16].

C. Higher order massive gravities

Tracing back the argument leading to the consistency
condition (2.16) for the field equations, one can see that it
follows essentially from the property (2.15), which itself
comes from (2.8) and the definition (2.11). Crucially, since
(2.15) is linear in the tensor S, the consistency of the field
equations is therefore preserved if one considers any linear
combination of such tensors. This enables to describe via
this mechanism all the known third way consistent models
of massive gravity, and also to straightforwardly produce
higher order extensions.

For example, a family of known models can be recovered
if we use couplings «; for the metric, the Schouten, and the
Cotton tensors, and consider

S = g + S, +a5C,,. (2.32)
Taking a, = a3 = 0 leads to the Einstein equations with
cosmological constant. Taking a3 = 0 as in (2.22) leads
to MMG as discussed in the previous section. Taking
a; = ap, = 0 leads to the so-called exotic massive gravity
(EMG), while taking only a, =0 leads to its parity-
violating generalization dubbed exotic general massive
gravity (EGMG) [20]. The linearity argument given above
shows that even with all three arbitrary couplings one
obtains consistent field equations which are of 4th
order. Explicitly, using (2.32) in (2.13) produces the field
equations

2
a o, T al
<1 +T—2)Gﬂv - (; —l-?)g,,,,

1 a0 o a3
3 3
= \ay-—2|C,, +2H, ——L
T\ 2 T A

2
o) a3 KA (PO
+ T—Z‘]ﬂl/ - 12 €;4Kp€y/1¢75 cr s

(2.33)

where following the notations of [20] we have further
introduced

1

— KA (PO
uy = Eeuxf)euﬂo'c cre.

H,, =¢€,,9°C°, L (2.34)

They are third way consistent by the mechanism described

in Sec. I A. Upon redefinition of the constants, a; = T’Miz,

a = 1@ as = 5, A = —(2+ %), Bq. (233) take the form

m2a | 1 1
Agﬂl,+ <1 +,bt) Gﬂp‘F (M—a> C#V_WHﬂU+%LMV

a
=2 KA (PO
=aJ, - s €pp€risS CP°.

(2.35)

The lhs of (2.35) for @ = 0, precisely reproduces the field
equations of EGMG appearing in Eq. (1.8) of [20].
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A nonvanishing @ on the other hand describes a further one-
parameter deformation of EGMG which we might dub
exotic more general massive gravity (EMGMG). As
described above, the field equations (2.35) can be obtained
from our variational principle (2.1). The Lagrangian L [e]
leading to (2.13) with (2.32) is now itself third order and
given by

201
— ol a a, b, c
‘CO [d = <a2e/4 R[dy/),a + 3 EabcCy €y €)

a 2
+ ?3 |:F;1)aaﬂ ot grﬁarfffrh] > ’ (2'36)
where the last term is a Chern-Simons term for the Levi-
Civita connection I'[g], as in TMG, whose dependency on
the dreibein must be understood through g,, = ¢,%¢,,.

One can extend the construction to 5th and higher order
field equations by using higher order tensors in (2.32), or
equivalently starting from a Lagrangian Ly[e] including
higher order scalars involving the Ricci tensor and the
metric. In general, including tensors of nth order in £ [thus
in (2.32)], the 3rd way consistent theory (2.13) will be of
order n + 1. For example, we may consider

Lole] = Ly [6”(2.36) + V—g(a4R2 + aSRﬂDRMD)‘ (2.37)

In the particular case where @y = —3a5/8, the second
Lagrangian density on the right-hand side corresponds to
that of new massive gravity (NMG) [14]. One can of course
also consider a; and as as independent, compute their
contribution to G, then to S, and finally to the general
field equations (2.13). In doing so, from (2.37) we obtain

Gy = —2m19, + G, + a3C

nv

1
+ay <2RRW +2g,,00R —2V,V,R — 5RZgW>

3
+ as (2 (RuR*)g,, —4R,,R’, — R*g,, + OR,,

1
+ EQWDR -V,V,R + 3RRW>, (2.38)
and when a; = —3a5/8 this simplifies to
a
G = —2a19,, + %G, + a;C,, + 55 Ku.  (239)

with K, given by Eq. (4) of [14] and enjoying the
property ¢“K,, = K = G"S,,.

Here, we will not study further the field-theoretical
properties of the general field equations (2.35), nor of that
arising from the higher order extensions such as (2.37), but
it would be interesting to come back to this in future work.
In particular, one should investigate the propagating modes

by linearizing the field equations around Minkowski, and
study the possible unitarity properties. A 6th order exotic
gravity theory was constructed in [32] and should also find
its place in this general pattern.

D. Matter couplings

Matter contributions can easily be incorporated in the
variational principle arising from (2.1), and still lead to
third way consistent field equations. In order to see this, let
us consider the matter coupling obtained by

Lle,m| — Lle, ] + Lpaerle, @, @], (2.40)
where L .er[€, @, ®] denotes the matter Lagrangian for
arbitrary bosonic or fermionic matter fields collectively
denoted by ®. Note that only fermionic matter can couple
covariantly to the spin connection @, “. In order to work out
its effect on the field equations, we introduce

SL maer = 2+/—9(0e, T , + 6w, U* ). (2.41)
In the case of bosonic matter only we have U¥, = 0, and
the standard energy-momentum tensor 7, is sym-
metric and covariantly conserved on-shell by virtue of
the Noether identity arising from diffeomorphism invari-
ance of the Lagrangian. Fermionic matter on the other hand
can couple to the spin connection w," and we will see
below that supersymmetry indeed requires the presence of
such couplings. In that case, T, is no longer symmetric or
conserved, yet the final field equations are (third way)
consistent as we shall verify here.

Replacing (2.1) by (2.40) and repeating the construction
described in Sec. IT A, it is straightforward to derive that the
resulting field equations (2.13) get modified into

T 1 1
GMU - ;g/w - ;Cﬂv + Weﬂafewdgmgk = -l]—/un (242)
with the source tensor T,, given by
1 o T Ko AT
—I]—;u/ = ;eﬂlﬂ'v T, - zeuo'rewdg r
1 KO AT 1
—ﬁé‘”arewdT T _;Uﬂlﬂ (243)

in terms of the tensors (2.41), where we have defined

1
r,=T,- EgﬂyTpp. (2.44)

Equations (2.42) are still third way consistent in the above
sense, i.e., their divergence vanishes upon iterating the
equation, if the source tensor satisfies the identity [19]
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VAT, = =€, S*T,°. (2.45)

€po

Using the explicit expression (2.43) for the source tensor,
after some computation and iterating the field equations,
this condition reduces to

veU,, = %ey,,,((sw + 17U - €,qT, — (2.46)
in terms of the tensor T, and U,,,. For bosonic matter, this
condition is identically satisfied since U, vanishes and 7,
is symmetric. A second consistency condition for (2.42)
arises from requiring the source tensor T, to be symmetric
which is not manifest from its definition (2.43). Explicitly,
this reduces to the condition

VIT,, = —%e,,,d(Sf’y + 17 )T — EemU’d. (2.47)
Again, for vanishing U, this simply reduces to T, being
symmetric and conserved. For nonvanishing U,, i.e.
nontrivial fermion couplings to the spin connection @,*
on the other hand, consistency of the field equations (2.42)
requires the couple of consistency conditions (2.46), (2.47).
It is instructive to see explicitly how these consistency
conditions indeed arise as a consequence of Lorentz and
diffeomorphism symmetry of the Lagrangian (2.40). To this
end, we note that Lorentz invariance of L., gives rise to

0= 6A['malter = 2\/ _g(galjceﬂcAaTﬂb + D[w]”/\” Uﬂu)
0L matter

85, —matter
T e

(2.48)

where we have used (2.4). For the last term, we may use

that M‘““"ﬂ = gé, showing that this term vanishes on-shell.

The remammg part of (2.48) then reproduces (2.46) after
using the equations of motion, and up to higher order
fermion terms. Similarly, one finds that diffeomorphism
invariance of (2.40) implies the condition (2.47).

Let us finally comment on the form (2.43) of the source
tensor T,,. Surprisingly, at first glance, it does not appear
to carry a leading term linear in the standard energy-
momentum tensor 7, On the other hand, such a contribution
should naturally arise if equations (2.13) are considered as a
deformation of a standard Lagrangian theory, for which the
source tensor is the energy-momentum tensor, cf., the
constructions of [19,20,33]. In fact, such a term can easily
be generated in (2.43) upon including in L a further
contribution to the cosmological constant according to

'Cmatter[e’ w, (D] I ‘cmattcr[e’ w, (I)] + Ha/—G- (249)

In presence of this term, the source tensor (2.43) changes
according to

2

—l]— _>—|]— +4 2Tll’/+4 ZGW+16 2 G

and now exhibits an explicit term in 7', . The resulting field
equations reproduce the constructions of [19,20]. In Sec. 111
C below we will explicitly see how this mechanism is at work
in taking the limit by which the (matter coupled) MMG
equations reduce to the (matter coupled) TMG equations.

III. SUPERSYMMETRY

We have in the previous section introduced a new class
of bosonic actions that describe the dynamics of minimal
massive gravity and higher extensions thereof. In this
section, we focus on the MMG Lagrangian (2.18) and
construct its minimal supersymmetric extension up to
and including quartic fermion terms. Different parts of
this Lagrangian have been embedded into supersymmetric
models in the context of super Chern-Simons theories [4],
topologically massive supergravity [25,26], and first order
formulations thereof [27,28,34]. The resulting theory here
will carry two gravitino fields, {y,,¥,}, transforming
however under the same local supersymmetry parameter
€ as

Sy, = e+....  (3.1)

Dlo]e+ ..., 6.¥Y, = D[w]
This is the fermionic analogue of the fact that the bosonic
sector of (2.18) carries the dreibein e¢,* with associated
Levi-Civita connection @, together with an independent
spin connection @,“ As a result, the fermionic sector
carries a massive spin 3/2 mode which constitutes the
superpartner to the massive spin-2 mode. We will confirm
this in detail when analyzing the theory around given
AdS vacua.

Before presenting the result, let us introduce our spinor
conventions. We use (— + +) signature for the metric, and
D = 3 gamma matrices with

Yw = €;wp}/p‘ (32)
All spinors are Majorana, such that
ey = je, €Y X = =XV uE. (3.3)

Covariant derivatives with respect to different spin con-
nections are defined as

1 1
D[w|,e=0,e+5w, 7.6, Dlw|,e=0,e+

5 5 w, dy.€, etc..

(3.4)
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A. The supersymmetric Lagrangian

Our ansatz for the supersymmetric extension of MMG is
the following Lagrangian

Lle,w.p,¥]=e""(e,"R[w],, , + Aeapce, e, e,

+ TeﬂaD[w]vepa> + K‘CCS [w}

_ 1 1 _
- gﬂ”/’wﬂD [a)}yl//p + Z <’lT + %) gﬂpruYVV/p

1 - T -
+ Ee"””‘PﬂD (@], ¥, — ieﬂ”P‘Pﬂyy‘I‘p

+ 7YY - (3.5)

In the last term, we have introduced the combination

Xu :lP/A_l//w (36)
capturing the difference between the two gravitino fields.
The new parameter # featuring in the fermionic couplings
of (3.5) is related to the bosonic coupling constants {x, 7, 1}
by the relation’

IR AT 1
“12\T nK 3\ nk)’

It is invariant under the scaling symmetry (2.21). An MMG
model with given bosonic coupling constants {«, 7, A} thus
allows the supersymmetrization (3.5) if Eq. (3.7) admits
real solutions for 7. We will discuss the full landscape of
supersymmetric theories and their vacua in Sec. IV below.
We shall refer to the model (3.5) as minimal massive
supergravity (MMSG).

The Lagrangian (3.5) is considered as a second order
Lagrangian in the dreibein ¢,“, with the spin connection
w," determined as a function of e,, by means of the
torsion equation

(3.7)

1
D[a)][yev]a = _Zl//y},al//w (38)
as customary in the “1.5 order formalism.” Consequently,

the spin connection @, has nonvanishing torsion T[w],"

and contorsion K|, bilinear in the fermion fields, and
can be given explicitly as

o

o, = @, + K[o] *

(3.9)

o ) 1 ]
= a)ﬂa - Ze/)m'epaWGY/AWT + g epmeﬂal//(fypl//ﬂ

’In [1] we used notation in which 1 was represented as 7 = £?
which however hides the fact that # can take negative values.

in terms of the torsionless Levi-Civita connection (}’)ﬂ".

The fermionic field equations are obtained by variation

2 -
6L = =26yp,E" + =89 ,E" (3.10)

n

and read

& = e | D{w|,w ! nr—l—i YWy + 1100 s

vy nK utv v
1
&L= e (D[w]ﬂ‘l‘b — Emyﬂ(‘l’y - 2)(1,)>. (3.11)

For the supersymmetry transformations of the various
fields of (3.5) we start from the following ansatz

56(3”“ :%y'/”}/“e,
by, = D|w] e—l(m—l—l)y €
H H 4 nK w2
S.w," = —L‘i’ y“e—lD[m] (z,€e")
€K 2 2 e ’

1 1,
56‘{,/4 = D[w]ﬂe —FNTYu€ + Z ()(/16)}/}“1’1“

5 (3.12)

which is complete to quadratic order in the fermions but
will receive further higher order fermion contributions,
although some cubic fermion terms are already contained in
Oeyy [via (3.9)] and 5,'Y,,.

In order to prove invariance of the Lagrangian (3.5)
under supersymmetry (3.12), it is helpful to properly
organize the Lagrangian into its different parts. Note that
upon rescaling

nt =7, nk =K, (3.13)

the supersymmetry transformations (3.12) no longer
depend on #, while the Lagrangian (3.5) falls into two
parts of order #° and #~' which ought to be separately
supersymmetric.3 This observation motivates rewriting of
the Lagrangian (3.5) as a sum of three terms

ﬁ[e,w,l;/,‘l’} =£1 +£2+£3, (314)

with

*We thank Mehmet Ozkan for pointing this out. A similar struc-
ture is exhibited by the second order Lagrangian of TMSG [35].
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JVp a - L 1 2 a, b, c
‘Cl [(3, l//] =¢€ €y R[w]vp.a - WﬂD[w}pr - 5 my .y, + §m Eabcly €€y |,

2 1 - T _
Lrle, w, V] = e (eﬂaD[w]Depa - ﬁeabceﬂ el e, ) + kLes[w] + 5gﬂW’\PﬂD[w]l,‘llp — 5gﬂzxplPM;/U‘I‘p,

£3 [e’ v, lII] = Tgﬂvp)?pyy)(w

where we have introduced the combinations of parameters

1 1 1 1
m:—§<r]1+”—x), ﬂ=§<m—n—x>. (3.16)

Note that, we have 31 = m?> -2z from (3.7) and
m? — p> = t/k. The first part £, of (3.15), which only
depends on e,* and w,, is precisely the N = (1,0)
supersymmetric extension of 2+ 1 AdS gravity [4].
Indeed, it is by itself invariant under the relevant part of
the supersymmetry variation (3.12)

e (317)

1
S.ed —
¢ 2

e = 5Wur'e, Sy = Dlwl,e +
to all order in fermions. The second part £, of (3.15)
corresponds to the supersymmetric extension [34] of the
exotic action of 2 4+ 1 AdS gravity [5]. In order to study its
behavior under the supersymmetry transformations (3.12),

let us rewrite these transformations into the form

1- 1 1
See,t = E‘Pﬂy“e - 5)_(”706 -+ E;‘(Aee"bceﬂbec’l
1
— E)—(Aegabce”bec/l’
1
Sw," = — Z—W\I’Myae - ED[WL‘ (,€e),

1 1 _
5., = (Dlol, = Jren, )y (e (19

It is straightforward to check that the first terms in (3.18)
define an invariance of the Lagrangian £, to all orders in
fermions, corresponding to a special case (a; = 0) of [34].
In turn, the last terms in (3.18) constitute a Lorentz
transformation and thus a separate invariance of the
Lagrangian £,. Supersymmetry variation of L, thus
reduces to the contributions from the two middle terms
in the first equation of (3.18) which yield

6Ly = 16 (7,¢)K[w],, ~ ze(,7*¢)K[m],”
+ze(fe) (Klw),” = 26)
(¥ Grte) =3 e, (7).
(3.19)

(3.15)

These terms must be compensated by the variation of the
remaining term £ in (3.14) which can be spelled out as

S L3 = —1e"’ (7 ,6)K|w, 0], + 1e(7, 1 €)K[m, @] *
— ze(fre) (K|, 0], = 26)
3 0) 7 ,) 3 Fraty) (Wre)
+ 2 e(7€) (77",) + 5 e(7,6) (P

“Y’x),  (3.20)

with

Klw,0|,* =

} (3.21)

Upon using the explicit expression (3.9) for the contorsion
K [a)]ﬂ“, the sum of (3.19) and (3.20) reduces to terms
quartic in the fermionic fields. With the Fierz identities

e (urexy)X,r7€) = 0,
(Zﬂyp)((r)(éyayy)(y) = 07

e (T pro=) (€rx,) = (Wx,p)(Er'x,) = =200"e) Xurx)
(3.22)

we arrive at the final result
6L = 8L+ 6.L3 = 2 () (77'%,). (3:23)

While it is remarkable that the only remaining contribution
of the variation is a single term cubic in the combination y,,
of (3.6), the presence of this term a priori still poses an
obstruction to supersymmetry at higher fermion order. We
observe however, that such a term can precisely be
cancelled by the contributions coming from an additional
quartic fermion term in the Lagrangian

Ly =e(e gy, (3.24)

whose variation explicitly reads

1 4
5,6)(4 = — ; (6./411/15”1/’“)elbgtlbcecpé3lpp - Eé:;D[’W]pgﬁ_

1 _
+ %8”14)6””“@370‘1‘# — 2€3yp5i + 41é3y,E°

= 8(B—1)(&rxs) (& urutty) + - (3.25)
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up to terms of order six in the fermions, with field equations
Ewar Ewa from (220), and &£, &7 from (3.11). The
parameter €3 in (3.25) is given by

€3 = (eﬂy/))?ﬂyv)(p)e' (326)

In deriving this variation, we have used the relation

2 1 -
ED[W]/'g{)F - Z_;ﬂgﬂypgﬂv va®, = 1,5 +217,E

abc

1
VA
T H (gﬂ g;w.a)e/lbg echp

27
+ K[w, o], v"x, — K[@, 0],*7°x,

+2020 =B + - (3.27)

among the fermionic and the bosonic field equations (2.20),
(3.11), up to cubic fermion terms. As a result, the variation
(3.25) thus reproduces a term proportional to (3.23) up to
terms proportional to the field equations, however dressed
with functions that are at least cubic in the fermions. All
these terms can therefore be removed by adding proper
higher order fermion terms to the supersymmetry trans-
formations (3.12). In presence of (3.24), the Lagrangian is
then invariant under supersymmetry at least up to and
including quartic fermion terms. Potential terms of higher
order in the fermions might require additional quintic
corrections to (3.12). An all-order result would probably
require the identification of some additional underlying
structure, such as an extended supersymmetry or an off-
shell formulation with further auxiliary fields in order to
organize the higher order fermion contributions.

B. Minimal massive supergravity (MMSG)

We have shown in Sec. II above, that the bosonic MMG
equations (2.26) are obtained from the second order
Lagrangian (2.18), after elimination of the connection @
by its field equations. The resulting field equations are
expressed exclusively in terms of the dreibein e, its Ricci
tensor, and derivatives thereof. We can now carry out the
same computation starting from the full supersymmetric
Lagrangian (3.5) in order to obtain field equations in terms
of the dreibein e,“ and its superpartner y,.

The full bosonic field equations obtained from variation
of (3.5) read

0 = Rw]

+ T, @], , + 3Aeapce,” e,

uv,a Hv.a
m-—rt _ T - _
t W Elp;ﬁ/aqlu — TV v
T i 1 -
0= R[w]ﬂm + ;eabceﬂhe,f - 2—%‘1’”7/“‘}’,,, (3.28)

up to quartic fermion terms and with torsionful spin
connection w,“, cf. (3.9). In analogy to (3.21), we have
introduced

Tw,w,,,=Tw,.,—To (3.29)

H,a nv.a nv,a*
Solving the first equation of (3.28) for K[w,w| and
plugging all into (2.12), straightforwardly yields the
fermionic extension of the MMG equations (2.26) to
quadratic order in the fermions.

This extension is a particular example of the general
matter coupling discussed in Sec. II D above. The MMG
equations are modified according to (2.42) by a source
tensor (2.43) based on the particular energy-momentum
tensor

1
T = 2 Wi,V ol e+ 5 e Ty

T — T
+ Z 801(”1110}/”) lP‘r - 5 EUT(”)?O‘]/D))(T

2 = K U oo ok Ty
=Wt 3T = (3.30)

bilinear in the fermions. Moreover, the tensor U, defined
in (2.41) entering the source tensor is given by

1 _
Uy = % €4 P77

(3.31)
As a final step, we may eliminate the auxiliary fermion field
%, from these expressions upon solving the first of the field
equations &£ from (3.11) as

m 1

Xu = —73-Vu —Z}’D}’”Rl/,

- (3.32)

for y, in terms of the gravitino y, and the gravitino
curvature

R = "’ D[] y,. (3.33)
Plugging this into (3.30), (3.31) and everything back into
(2.43), finally yields the fermionic completion (2.42) of the
MMG equations, expressed only in terms of the gravitino
y, and its derivatives. The full equations continue to be
third-way consistent as discussed in Sec. II D.

In a similar fashion, we can obtain the fermionic
equations of motion as higher order equations exclusively
in terms of the dreibein e,“, the gravitino y,, and their
derivatives. To this end, we plug (3.32) into the second field
equation &, of (3.11), and obtain after some computation

1
= 2 ((m—21)> —4ne®)R + %dlbp?all/zzsua
1 1
g m((m = 20)* = i)y, — S R'G,/
1 1
_ 5 €/};wyo'R# Gmy — E €I)MDY”R6Gygy (334)
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up to cubic fermion terms. Here, we have used (3.28) to
eliminate K[w],?, and introduced the y-traceless “Cottino
vector-spinor” [35]

CF = pyeDa],R, — 08,7y, (3.39)
Equation (3.34) constitutes the second-order fermionic
field equation, which yields the “super-partner” to the

bosonic MMG equations with fermionic sources as
found above.

C. TM(S)G limit

In this section, we study the limit in which the minimal
massive supergravity constructed above reduces to the
supersymmetric extension of topologically massive gravity
(TMSG) [25,26]. For the bosonic MMG equation in the
original conventions of (2.26), the limit to the TMG
equations [13] corresponds to

y =0, 56— o, Ay = Ay, (3.36)
upon which the field equations reduce to
1
;C/w + GG/,H/ + A()g/w =0. (337)

In terms of the parameters {z,x,A} of our bosonic
Lagrangian (2.18), this limit can conveniently be imple-
mented by setting

u(1+ ac)? a 1

2u%(1 3
g #ltao) @ Lo 2 ta0)

a U 3 3a?

’

(3.38)

c.f. (2.30), and sending o — 0. Note that the TMG limit
imposes k7 < 0, as also follows directly from (2.25) upon
sending y — 0.

In order to study this limit on the level of the Lagrangian,
it is convenient to express the connection w,* as

a
Wy

(3.39)

=w," - Ze”“ +ap,“,
in terms of a new field f,“. Recall that although we have
introduced the bosonic Lagrangian (2.18) as a second order
Lagrangian L[e,*, w,“], it may alternatively be considered
as a first order Lagrangian with (2.27) carrying an a priori
independent spin connection w,“ which is then determined
by its field equation. We can take the TMG limit for
both formulations simultaneously. To this end, we plug the
expansions (3.38), (3.39) into the bosonic Lagrangian
(2.18) and expand in «@. After some computation this
leads to

A
Lios = ae™? | —ce,“R[w)],,, + = eapce, e, e,
bos H vpa 3 abc®u “v €p

1
+ ;ﬁcs (0] = 2ae"?B,*D(w],e,, + O(a?)

= a['TMG + O(az). (340)
Up to an overall scaling factor a, this precisely reproduces
the first order Lagrangian Ltyg of TMG [36,37] if the
spin connection w,“ is considered as an independent field
such that vanishing torsion is imposed by the Lagrange
multiplier f,. If instead w, is taken to be the torsionless
Levi-Civita connection, the last term in (3.40) identically
vanishes, and the resulting Lagrangian is the second order
TMG Lagrangian [13].

In order to extend the computation to the full super-
symmetric Lagrangian (3.5), we find the expansion for
the coupling constant # from combining (3.7) and (3.38).
Explicitly, we choose the branch

n= 1+a<n;o—a) + 0(a?), mg = +/—Ny/0,

(3.41)

noting that the other branch does not allow for a smooth
limit @ — 0. This limit requires Ay/o < 0 which indeed is a
necessary condition for the supersymmetrizability of the
TMG equations (3.37).

In analogy to (3.39), we redefine the gravitino y, as

a

Xy =~ (mow, +71,7,R) + ab,,

2 (3.42)

in terms of a new field 6. Plugging this into the fermionic
part of the Lagrangian (3.5) we obtain after some compu-
tation

7 R 5 u oy OM0 wp
Eferm =a GWﬂR +ZR y}lyl/R +T£ YY)

_ 1 .
- /’leﬂypaﬂyuep + 5 8”Dpﬂyal//ﬂ7/al//p> + O(a2)7

(3.43)
where we have used among others the identity

Yoty = 2001 + 26,0y, = 25,1 (3.44)
Indeed, this Lagrangian is precisely the supersymmetric
extension of TMG in its first order formulation [27,28]. We
may also perform the limit directly on the fermionic field
equations (3.34) which leads to the known super TMG
equations
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1
0=—0C"
204

1
+ R+ 2 moy™w,, (3.45)

with the Cottino vector-spinor from (3.35). Note that in the
TMG limit the supersymmetry transformation rules (3.12)
reduce to

1_ m
See, " = Ey/ﬂy“e, Sy, = Dlo] e + 70]//46, (3.46)
for ¢, and y,. On the other hand, we may find the

supersymmetry transformation of the fermionic auxiliary
field 6, by expanding the variation of (3.42) in a. To lowest
order in the fermions this leads to the transformation

1
5.0, = ——EGND et

(TMG) 10
X 2z St et S eye,  (3.47)

KAV H

G)

of ¢, into the bosonic field equations 5,((?; obtained as

(TMG)
6£TMG = 8’“4)56 uS vp.a

(3.48)
This is consistent with the fermionic field equations 6, = 0.

Finally, we may study the limit of further matter
couplings according to the construction of Sec. IID.
From (3.40) and (3.43), we find that the relevant term in
the matter Lagrangian (2.40) is identified upon expansion

altMs + O(a?) = T,, = aTiMC + O(a?).
(3.49)

ﬁ matter —

On the level of the field equations (2.42), and noting that

32 P |
Syu :?gﬂb+sﬂv = _0529””+O<a)’ (350)

we find a contribution from the source tensor (2.43)

T, = —uTHS + O(a). (3.51)

IV. (A)dS VACUA

We will now explore the landscape of (A)dS vacua of the
MMSG model. We will show that this model in general
admits two maximally symmetric (A)dS/Minkowski vacua
but only one of them preserves supersymmetry. We then
compute the associated central charges in Sec. IV C. The
linearization of the model around its AdS vacua is studied
in Sec. IVD. Finally, in Sec. IVE we determine the
conditions on the parameters of the model such that there
are no tachyons and ghosts and both central charges are
positive for the AdS vacua. In particular, we localize
the bulk/boundary unitary AdS vacua discovered in [16].

It turns out that the bulk/boundary clash can be avoided for
both AdS vacua but not simultaneously.

Before analyzing the vacua of the model, let us recall
that the fermionic couplings of the supersymmetric model
are given in terms of a parameter # that is related to the
parameters of the bosonic model by (3.7), that is:

i=1 +123 L
12\ 3’7‘5’7,(-

Supersymmetrizability of the bosonic MMG model thus
depends on the existence of real roots (for ) of this
equation. A necessary and sufficient set of conditions for
the existence of such real roots is

(4.1)

-l i2>0,
K

. 1
ecither—>—-1 or —>-—
KT T —KT

(4.2)

There are in general up to 4 real roots, pairwise related by

1
-— 4.3
= (4.3)
Specifically, these are given by
1 37 1
ne=1£T)+4/A£0)2>+—, TI:= ———+1,
KT 5 KT
(4.4)

together with those obtained by the flip (4.3), which
corresponds to flipping the sign in front of the square root
in (4.4). Let us note that for the parameters m and f defined
in (3.16), the flip (4.3) amounts to

(4.5)

m— —m,

p— b

which leaves A invariant, while for the roots (4.4) we find

1 1
ﬂ:t :E <l’]if—ni—’<) = (1 :l:F)T

(4.6)

In summary, a given bosonic MMG model thus can
admit different supersymmetric extensions. We will map
out the landscape of these models in the following, together
with their maximally symmetric vacua.

A. Existence, location, and supersymmetry of vacua

For maximally symmetric vacua where G,, = —Ag,,,
the bosonic MMG field equations (2.23) give a quadratic
equation for the cosmological constant A

086014-12



MINIMAL MASSIVE SUPERGRAVITY AND NEW THEORIES OF ...

PHYS. REV. D 109, 086014 (2024)

2 2 2 47
A2+ (4% + 62)A + 9% +
K

= (A +32)? + 472 <A + 3) =0. (4.7)
K
The existence of real solutions for A requires that
T
30—-=+17220. (4.8)
K

In terms of the original parameters of the MMG equa-
tion (2.26), this translates into the condition %52 > yA,.
Specifically, the values of the cosmological constant
determined from (4.7) are given by

- (4.9)

A=A, = —12<(1 j:I“)2+i>,
withI" > O defined in (4.4), such that A, < A_. If the MMG
model admits a supersymmetric extension, Eq. (4.8) is
contained in (4.2). Every supersymmetric model thus pos-
sesses maximally symmetric vacua. Specifically, using the
value of 4 given in (4.1) the condition (4.8) is equivalent to
[n(n — 2)xz — 1] > 0 and hence identically satisfied. In this
case we find I'yysg = |§— 1| where f is defined in (3.16)
and we obtain the values of cosmological constants (4.9) as

(1 + n’kz)? 1
Asusy = ) =T
SUS l’ﬂsusy
1 8+2 —4)?
Agy = B2l =47k )
4nx
with
Agyyy = A Ny =Ap  f 'B>
susy — 434> ns — A\ or ;<1. (411)

Using the parameters introduced in (3.16), the cosmological
constants (4.10) can be expressed as
5 T

—m :—ﬂz—;,

Ans = _m2 +4T(ﬁ_7) = _(ﬂ_ 21)2 _E’

A

susy —

(4.12)

Note that both, Ay, and Ay, are invariant under the flip
(4.3). We also have the following useful identities

Agusy + 34 = =21,
M= —2f+ L
K

Aps + 34 =27(p - 21),
(4.13)
The first vacuum in (4.10) is AdS (or Minkowski) and

preserves part of the supersymmetry with the Killing spinor
defined by

1
D[w],e ———7y,e=0.
: 2l’ﬂsusy g

(4.14)
From (3.12), it then follows that oy, = 0 is satisfied in the
standard way for AdS (or Minkowski), whereas oy, =0
holds identically, as a consequence of (2.11). On the other
hand, for the nonsupersymmetric vacuum A, in (4.10), the
Killing spinor equations for y, and y, (3.12) cannot
simultaneously be solved. The transformation
p— 2r—p, (4.15)
leaves A the same while interchanging supersymmetric
and nonsupersymmetric maximally symmetric vacua
Agsy <> Ay as can be seen from (4.12) and (4.13). This
corresponds to switching , <> n_ from (4.6).

B. Parameter space of bosonic
and supersymmetric models

We can now map out the full landscape of bosonic
and supersymmetric models and their vacuum structure.
In Fig. 1, we depict the parameter space of the bosonic
models (2.18), parametrized by the combinations Tiz and é

FIG. 1. Different regions in the parameter space of bosonic
models. As long as the MMG model possesses an AdS vacuum,
i.e. with the exception of the gray and yellow areas, it admits at
least one supersymmetric extension. Along the parabola (4.25),
there is always one Minkowski vacuum together with an (a)dS
vacuum. The red line is the so-called merger line [19], " = 0, in
which both (a)dS vacua of the model coincide. The dashed blue
line is the chiral line (4.33) on which one of the central charges of
the dual theory vanishes. The AdS vacua avoiding the bulk/
boundary unitarity clash are all situated in region V, c.f. Sec. IV E.

086014-13



DEGER, GEILLER, ROSSEEL, and SAMTLEBEN

PHYS. REV. D 109, 086014 (2024)

both invariant under the scaling symmetry (2.21). Let us
discuss the different regions separately.
0: This is the region in which

1 31
KT T

(4.16)

i.e., condition (4.8) is not satisfied. Accordingly, the
models in this region do not possess maximally
symmetric vacua. Moreover, it follows from (4.2)
that these models do not admit supersymmetric
extensions.

I: This region is defined by

2
—(3—/12> <—<min<1+%,—l), and A<O.
2t KT T
(4.17)

According to (4.8), these models do admit maximally

symmetric vacua, however it follows from (4.9) that

both of these vacua are of dS type, i.e. AL > 0. Since

the second condition of (4.2) is violated, these

models do not admit supersymmetric extensions.
II: This region is defined by

1 31\2
—<—=—.
KT 272

(4.18)
In this region

1 1
1-TP+—<0<(1+0)2+—, (4.19)
KT

KT
thus #_ in (4.4) is imaginary and only n, >0
together with (4.3) define two supersymmetric
extensions of the bosonic model. The cosmological
constants (4.9) satisfy
AL <0 <A_, (4.20)
i.e. A, describes an AdS vacuum, and A_ is dS.
Comparing to (4.10) shows that the AdS vacuum
A, is supersymmetric.
II: This region is defined by

1 31
0<—<1+4+-3,
T

- (4.21)

and not covered by the Lagrangian of [16]. All four
roots of (4.1) are real and define supersymmetric
extensions. It follows from (4.9) that both vacua
AL are of AdS type. Regarding supersymmetry,
Eq. (4.10) show that

Asusy(”li) =Ar = Ay (77:;:)7 (422)

for the supersymmetric extensions (4.4), and like-
wise for those related by the flip (4.3). For each of
the vacua A, of the bosonic model, there is thus a
supersymmetric extension in which it is super-
symmetric while the other vacuum is nonsuper-
Symmetric.

IV: This region is defined by

34 1 3
—min(1, <21_2)2> << min(O, 1+ 12> and

A<0. (4.23)
All four roots of (4.1) are real and positive and
define supersymmetric extensions with both vacua
AL of AdS type. Equation (4.22) still holds and
shows that for each of the vacua A of the bosonic
model, there is a supersymmetric extension in
which it is supersymmetric while the other vacuum
is nonsupersymmetric.

V: This region is defined by

32\2 1
=] <—<0,
<ZT2> KT
Again, all four roots of (4.1) are real, with
n_ <0 <n,, and define supersymmetric exten-
sions with both vacua A, of AdS type. Equa-
tion (4.22) still holds and shows that for each of the
vacua A, of the bosonic model, there is a super-
symmetric extension in which it is supersymmetric
while the other vacuum is nonsupersymmetric.
In particular, the analysis of the parameter space shows that
every bosonic MMG model that possesses an AdS vacuum
(i.e. lives within the regions II-V of Fig. 1) admits at least
two supersymmetric extensions [with parameters # related
by (4.3)] in which this vacuum is supersymmetric. In
regions III-V where the model possesses two AdS vacua,
there are different supersymmetric extensions, such that a
given AdS vacuum is supersymmetric in one extension and
nonsupersymmetric in another.
The models along the parabola

1 31\2
w=(3)"
separating the different regions in Fig. 1, all possess one
Minkowski vacuum together with another maximally
symmetric vacaum. When A, = 0 on the parabola, one
finds that > 0 is needed and moreover either nxz(,/n —
2)? = =1 ornrr(y/n+ 2)* = —1. When Ay = 0 we have

1 + n*xz = 0 which gives 1 = —2/(3x*p?).
The red line in the figure is the so-called merger line [19]

1 32

—=1l+5<=TI=0,
KT T

and 1>0. (4.24)

(4.25)

(4.26)
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FIG. 2. Different regions in the parameter space of supersymmetric models as a function of the parameter . The blue lines correspond
to the parabola (4.25) of Fig. 1, separating the different regions. The red line is the merger line, in which both (a)dS vacua of the model
coincide. The dashed lines are the chiral lines (4.35), (4.36) on which one of the central charges of the dual theory vanishes. This map is a
covering of part of Fig. 1 with different supersymmetric models mapping onto the same bosonic model as indicated for the different
regions. The AdS vacua avoiding the bulk/boundary unitarity clash are all situated in region V, they are supersymmetric for # < 0 and

nonsupersymmetric for # > 0, cf. Sec. IVE.

in which both (a)dS vacua (4.9) of the model coincide. For

f—z > —% the vacuum is supersymmetric with

T
Asusy = Ans = Amerger = _; (1 + KT)' (427)

In particular, the model at the point

3

1
—=—1=142,
+

KT

(4.28)

adjacent to regions 0, I, II, IV, has a single supersymmetric
extension (with # =1) and a single supersymmetric
Minkowski vacuum. In this point, the parabola (4.25)
meets the merger line (4.26) as well as the dashed chiral
line (4.33) on which one of the central charges of the dual
theory vanishes. At this point, Eq. (2.25) give 6 = Ay = 0
for the parameters used in [16].

Let us also note that the two regions k7 < 0 and xz > 0
of the parameter space are not connected, since the model
(2.1) degenerates for xr = 0, and # =0.

In order to visualize the different supersymmetric exten-
sions of a given bosonic model, it is instructive to plot the
full landscape of supersymmetric models underlying the
bosonic models of Fig. 1. In Fig. 2 we depict the parameter
space of the supersymmetric MMSG Lagrangian (3.5)
parametrized by 7 and % both of which are invariant under
the scaling symmetry (2.21). The different regions mapping
onto the same bosonic model of Fig. 1. are separated by the
red merger line (in which both AdS vacua of the model
coincide) and the blue lines corresponding to the parabola
(4.25). Also, we note that the four quadrants of the

parameter space in Fig. 2 are not connected since the
model (3.5) degenerates for é =0and n=0.

C. Central charges

We now turn to the computation of the central charges
for which we follow the method and formulas of [38].
This requires starting from a bosonic Lagrangian expressed
in terms of a spin connection Q,“, a vielbein ¢, and an
auxiliary field h,“ such as (2.29) above. Additionally, in
[38], it is necessary to work with a torsionless connection,
so we perform in (2.29) the shift €, — Q,* —ah,“, ie.
we go back to w,* from (2.28). Examining the equations
of motion of this new Lagrangian, for the AdS back-
ground with an Ansatz h,” = c,e,“, one finds that the
proportionality constant ¢, is determined by the equations
of motion as

[

A 3

art \ 2

The remaining equations can be used to obtain the
quadratic equation (4.7) for A. One can then apply the
formula for the central charges c., given in [38], to find

1 3¢
= —Goo — +- —, 4.30
Ct < e — Chn9nQ Lﬂggsz> 2G, ( )
with £ = +A > 0. Here, 9,0, 9ra, 9o are the coefficients
in front of the 2¢%7¢,%0,Q,,, 26""h,"d,Q,, and
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erQ,90,Q,, terms of the shifted Lagrangian. For com-
pleteness, we have also reintroduced the three-dimensional
Newton constant G3 which was set to 1 in the above.
Putting everything together, one obtains”

2G; K K

This reproduces the central charges of [16] (also given in
Eq. (5.21) of [38]). For the supersymmetric AdS vacuum
with the cosmological constant given by Ay in (4.10),
Eq. (4.31) simplifies to

2G 11
3—; Cousyr = 3 " . (4.32)
—(1 + nxr)

The two central charges are exchanged under the flip (4.3)
of n. In the TMG limit (3.41) the expressions (4.32)
approach the familiar expressions %csusyi —a(c F %)
The factor « is eliminated by multiplying the action with
a~! as seen in the limit (3.40).

At the so-called chiral points one of the two central
charges of the dual theory vanishes. Using (4.7) and (4.31),
we see that this happens when

1 T 7
Aepizg] = ——= + — — —, 4.33
chiral 12K2 2K 4 ( )
and the cosmological constant is given by
! 2 2
Achiral = _4K2 (1 + KT) - _(ﬁ - T) . (434)

These points lie on the dashed blue line in Fig. 1 which
intersects with regions II-V. For the supersymmetric AdS
vacuum, using (4.12), (4.13), this condition implies that the
parameter 7 satisfies

(n=1)mxkr+1) =0, (4.35)

in accordance with (4.32). On the other hand, for the
nonsupersymmetric AdS vacuum, one finds

nn=3kr=1+n. (4.36)

4Taking the flat space £ — oo limit of ¢, is slightly subtle, as it
naively diverges. In this regard, it is interesting to note that the
limits ¢; = limy_ (¢, —c_) and ¢, = limy_ (¢, + c_)/¢ are
well-defined. These limits reproduce the central charges of the
asymptotic BMS-symmetry algebra of flat space TMG from
those of the asymptotic Virasoro x Virasoro algebra of TMG
around AdS; [39] and were also applied in studying the flat-space
limit of MMG in [40].

These chiral points lie on the curves depicted as dashed
blue (4.35) and dashed black (4.36) lines in Fig. 2.

D. The linearized spectrum

In this section, we perform a linearized analysis of the
MMSG model around an arbitrary AdS vacuum. This
allows us to determine the spectrum of modes propagated
by MMSG, as well as critical points in the parameter space,
at which degeneracies in the mode spectrum occur. The
linearization moreover serves as the starting point for the
next section, where we will identify the unitarity regions in
parameter space, in which MMSG around AdS is both
perturbatively stable and has an asymptotic symmetry
algebra with positive central charges.

To linearize the MMSG Lagrangian (3.5) around an AdS
vacuum with cosmological constant A = —1/#2, we split
the bosonic fields e,*, w,“ and @,* in background values
e, ", @,", and @, and fluctuation fields e,“, w,“, and v,*
in the following manner

, )

a _ 5 da a
=0, +xw, o

C =, +v,f. (4.37)
Here, we have introduced a parameter » to keep track of
orders in fluctuation fields. We assume the background
values of the fermionic fields to be zero, so that y, and y,
are fields of order O(x) in what follows. In order not to
overload the notation, we will denote the fluctuations of v,
and y, with the same symbols, i.e., linearization replaces
w, and y, by sy, and xy,. Note that evaluating (2.11) on
the AdS background implies that

1
@, = B, — - (A 32)2,"

u (4.38)

Expanding the Lagrangian (3.5) to O(x?), one finds the
following linearized Lagrangian

Liin = #*Liinpos + %*Liin ferm- (4.39)

with

_ Vpa a ~ Upa a ~
‘Clin.bos =2¢/ peﬂ D[a)]ywpa + et peﬂ D[a)]pepa

b

+ ket PV, D[],V pq + P E 8, W, W,

1
+ 3 (34 = N)e"Pe,p.8,%, ,°

+ 27e"Pe € ”“V,,b €,

— B (A4 30,0, v ¢ 4.40
2 H
T

and
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1 _ _ - i
Liin ferm = Zgﬂw)[(l/’ﬂ +Zﬂ)D[w}y(Wﬂ JF)(/)) - ﬂlllﬂD[le//,,]

1 1

ML LSRCTTC (b - (N30 (W + 7,7,
(Wp +)(p) — T Wﬂyy)(p
1 1 _ .

+ Z <(77 - Z)T + 77K> e /l//yyul//p» (441)

v = p a
where 7, = ¢€,%,.

1. Bosonic spectrum

At generic points in the parameter space of MMSG, one
can redefine the bosonic fluctuation fields as

= fid + i)+ Puas

Lo 1w 1
W/ngflm _?f;m - T+Z(A+3/1) Pua>
1/1 T\ (
,ua___<§(3)“+A)_?>f/(w)

vV, =
T

1/1 o\ o 1
—;(5(3/1+A)+?>fw = Pua-

In terms of f,(,j;), Pua» the bosonic part (4.40) of the
linearized Lagrangian then takes on the following diagon-
alized form

(4.42)

vp a ~ b~ c
Lyos jin = a1 € /f/(4+) <D[w]pf/()j;) - ubcfl/ €, >

+(1_8”Dpf/(t_) ( [@ ]fpa +f€abcfl/ e c)

+ (Z()E'”Uppﬂa (D[@]Dppa + Mpgabcpvbépc)’ (443)

where
2 k (1 72

ay = (:F L;—FT-I-? (5(/\"‘3/1) i?) )’

1 1
ap = ——T——(A+3/1) s (444)

K T
and

1

This shows that generically, the spectrum of bosonic modes
of MMSG around an AdS vacuum consists of two massles
modes f,(,ﬁ) (with m# = +£1) and one massive mode p,,
with mass M ,. The coefficients a_ and a, can be slightly
simplified by using (4.7) as

21< 2 2K

2 K

2% Tf(

a = A+32),

(4.46)
Note that from (4.46) using (4.7) we then have

4k T 4k
a+a _I,ﬂT <7-'2+ (A+3ﬂ) _E> = —ﬁao

At the chiral point (4.33), (4.34), the bosonic mass M,
given in (4.45), is equal to v—A or —v/—A, such that the
massive mode disappears from the spectrum. Moreover,
the field redefinition (4.42) is no longer invertible and with
(4.47) it follows that the coefficients in (4.44) satisfy

(4.47)

ay=0 and either a, =0 or a_=0, (4.43)
indicating that the linearized Lagrangian (4.40) is no longer
diagonalizable. In order to clarify the structure of the
spectrum at the chiral point, we perform the following

(invertible) field redefinition

€0 = 2Kf ya — 2Kg,(,la) - 2Kg;(¢2a>,
— (KT + 1)fﬂa
Vg = 2KTf 0 + 29,(,9 + 3gﬁ),

+ (kT + 1)9,312 + gﬁ),

(4.49)

that brings the linearized Lagrangian (4.40) into the form

Loosin = 4x(1 + k1) g D] gbes
+ (5« + 4K21)€””pg<2)aD[d)]bg,(,%,>
=2(1 + k1)%e"Pe . e, gﬁ) 922)6

1 .
_ 5 (5 + Tkt + 2K21.2)gﬂupgabcéﬂagl(/z)bg/(?)c
+ 2k(1 + k7)™ f <2D[a")]yfpa

1 _
+ <r + ;) eabcfybepc> )

The linearized equations of motion that follow from this
Lagrangian are then given by

(4.50)

Dwg(z) =0,

D[ﬂfl’]a =0, vla

= 1 1 ~ 2)c
D[,lgi]; + Ergabceblbgf/]) =0, (451)
where we have introduced differential operators D and D
that act on fluctuations f,, and g,, as follows
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. 1 1 g
D[yfu]a = D[(U} [;4fb]a + 5 <T + ;) gabce[ﬂbfb]c’

_ i 1 1 L
D[ﬂgl/]a = D[O)}wgb]a - E (T + E) 8abce[ﬂbgv] : (452)

Since (74 1/k) = £2v—A, see (4.34), the first two
equations of (4.51) imply that f,, and g,(,za) correspond to

massless modes. Acting on the fluctuation g,(,z) with the
operator D gives the mode g,(,za) that is itself annihilated by
D. By definition, g,(,la> is then a so-called logarithmic mode
associated to the massless mode g,(fl). Its presence indicates
that the dual CFT of MMSG at the chiral point (4.33) is a
nonunitary logarithmic CFT [41-47].

In the following, we will turn our attention to the
spectrum of fermionic modes. We will distinguish between
two cases, according to whether the AdS vacuum under
consideration is supersymmetric or not. We will be inter-
ested in investigating at which points in parameter space
MMSG can be unitary. Since we just saw that at the chiral
point (4.33), MMSG can not be described by a unitary CFT,
we will not consider what happens at the special points of
section IV B.

2. Supersymmetric vacua

The linearized fermionic Lagrangian (4.41) around a
supersymmetric AdS vacuum can be written as

1 o .
‘clin,ferm, susy — EE’WPKW” +)(/4>D[w]b(l//p +)(p)
_ ~ m .
—np,Ddy,] + o &
m .
- 2_17 (’7 - l)gﬂvpl//ﬂyvl//p
p m .
+ (5 ~ o T X p-

Assuming that # # 1 (which is a chiral point which we
discussed above), this Lagrangian can be brought into the
following diagonalized form

(4.53)

Llin.ferm.susy

m

— 0" =17, (DIl + 57
_ ~ m -
=0 D= (458 ). (459

where p,; and p,, are defined via the following field
redefinitions
(4.55)

V=P +p;42’ Xu = (’1 - ]‘>pﬂ2‘

Since 1/|m| is equal to the AdS length £, of the
supersymmetric vacuum, it follows that p,; corresponds
to a massless spin-3/2 mode. On the other hand, p,, is a
massive spin-3/2 mode, with mass parameter M, given by

s g B0 (1)

For A = Ay, the bosonic mass M, (4.45) can be
expressed as

1—n(n—2)«z
2k ’

M, =

(4.57)
Together, the system has one massive bosonic and one

massive fermionic mode, with masses related by

1

M, oy = MpE sy — 3 (4.58)

in accordance with supersymmetry. For future reference,
we also note that the coefficients (4.44) for the super-
symmetric vacuum take a nicely factorized form

ay =02 (1=nx (1 + k),
a_ ="' (1 + nxr) (1 + nPkr),

ay = -~ (1 =)~ (1 + nxr). (4.59)

3. Nonsupersymmetric vacua

In the generic case, where A, # 0, the field redefinitions

Yy :T<p~ﬂ1 +ﬁl42)7
1 m\ _ m 1
X = (5\/ —Aps —5>P,41 - <E+§

bring the linearized fermionic Lagrangian (4.41) to the
diagonalized form

AW m =
ﬁlin,ferm.ns = ’7_1 (_ 2 + (T - 5) V _Ans> et ppﬂl
. 1 —
X <D[w]ypp1 + 5 _Ansyuppl>
1 Ans m =
+n 5 T T_E vV =Ny Sﬂl’/’pﬂz
- I
X |:D[w]ypp2 - E _Ans}’ypp2:| .

_Ans) ﬁﬂZ ’ (460)

(4.61)

This shows that the fermionic spectrum of MMSG around a
nonsupersymmetric AdS vacuum consists of two massless
spin-3/2 modes. Unlike (4.58) they no longer form a
multiplet with the bosonic mode of mass (4.45).
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E. Unitarity analysis

We finally analyze the conditions for absence of tachy-
ons and ghosts as well as for positivity of the central
charges for the AdS vacua of our theory to identify the
region in which the clash of bulk-boundary unitarity is
avoided and the interplay with supersymmetry. All these
unitarity conditions are properties of the bosonic model,
i.e., can be characterized by the parameters «, 7, and 4 of the
Lagrangian (2.18). The parameter 5 selecting the super-
symmetric extension on the other hand encodes the fact if
the AdS vacuum is supersymmetric or not.

For the general AdS vacuum, using the value of M,
given in (4.45), the no-tachyon condition M%¢* > 1 takes
the form

2 4 (A+32) - E > 0. (4.62)
According to the discussion of [16] the no-ghost condition
is given as qyM |, < 0, with o from (4.44). With (4.45), this
condition becomes

- (# +(A+32) - E) (1 + % (A+ 3@)) >0. (4.63)

Combining this inequality with the general no-tachyon
condition (4.62) we find

_<1 +2i72(/\+31)> -0, (4.64)

For the analysis of the positivity of the central charges,
comparing (4.31) with (4.46) we see that

(4.65)

Since requiring both central charges to be positive
implies —a,a_ >0, we deduce from the no-tachyon
condition (4.62) together with (4.47) that unitarity always
requires k7 < 0.

Finally, the analysis of unitarity is sensitive to changing
the action by an overall minus sign. Whereas the no-
tachyon condition (4.62) remains invariant under this
change, this will induce a minus sign in the no-ghost
condition (4.64) and also in the central charges (4.31). Note
that, k7 <0 is still required since this follows from
imposing the no-tachyon condition and the product of
central charges to be positive, both of which are unaffected
by the sign change of the action.

As for the special points, note that the no-tachyon
condition (4.62) is violated at the chiral points (4.33).
Meanwhile, at the merger line we have # = 7 which implies
A + 32 = =272 which violates the no-ghost condition (4.63).
The situation for Minkowski vacua is more subtle and
requires further investigation as discussed above.

After these general remarks, we now proceed to a
detailed analysis of unitarity conditions and their interplay
with supersymmetry. The analysis of Sec. IV B has shown
that every AdS vacuum is supersymmetric in some super-
symmetric extension, i.e., for some choice of 5. Without
loss of generality we may thus start with the supersym-
metric AdS vacuum (4.10). In this case, the no-tachyon
condition (4.62) takes the factorized form

n(1 =n)kr(1 + nkz) > 0. (4.66)

It turns out that the sign of # is crucial for the rest of this
analysis and only one choice works. Let us first assume
1 < 0 or equivalently 78 < 0.” In this case, the no-tachyon
condition (4.66) is identically satisfied as a consequence of
kt < 0. Positivity of the central charges (4.32) requires an
overall minus sign in front of the action and furthermore
imposes the conditions
I1-n>0, and

1 4 nxz > 0. (4.67)

These conditions are also satisfied with our assumptions
n <0 and k7 < 0. Finally, with the overall sign in the
action, the condition for absence of ghosts (4.63) becomes

(1 +nxt) —n(n — 1)kt > 0, (4.68)

which also is identically satisfied, and hence does not
further restrict the parameters. It is easy to show that the
other choice for 7, namely # > 0, cannot avoid the clash. To
summarize, all supersymmetric AdS vacua in the region
n < 0 and k7 < 0, i.e. within the full lower-right quadrant
of Fig. 2, are bulk and boundary unitary. In the bosonic
model, these are the AdS vacua situated in region V of
Fig. 1, with cosmological constant Agy(7-) = A_, c.f.
(4.22). These vacua have first been found in [16]. In the
bosonic parameter space, the unitarity region is thus
defined by (4.24)

< 31 ) LA |
(53] <—=<0,
2t KT

In terms of the TMG parameters (3.38) (and with the choice
1 + ao > 0), these conditions translate into

and 1> 0. (4.69)

4% (1 + ao)?

A0< 3

. (4.70)
Moreover, the condition of an overall minus sign in front
of the action is equivalent to the condition a <0
[or equivalently y > 0 from (2.25) and (3.38)] found by
multiplying our action with @~!, which is necessary to get a
nonzero action in the TMG limit (3.40). This is precisely

As mentioned above, this region of parameter space was
not considered in the analysis of [1] where 1 was represented

as n = 2.
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consistent with the findings of [16,40] (see, in particular
Eq. (60) of [40]).

According to the analysis of Sec. IV B, these unitary
AdS vacua also arise as nonsupersymmetric vacua in the
supersymmetric models in region V with parameter . > 0.
These are the models in regions V in the lower-left quadrant
of Fig. 2.

To summarize, all AdS vacua in regions II-IV suffer from
the bulk/boundary unitarity clash. In contrast, all models in
region V (4.69) admit an AdS vacuum that evades the
unitarity clash as found in [16]. This vacuum is super-
symmetric in the extension with = #_ < 0 from (4.4), and
nonsupersymmetric in the extension with n =#n, > 0.

V. CONCLUSIONS

The starting point for this work, which details the
findings of [1], has been the new and universal action
principle (2.1) to build third-way consistent gravitational
field equations presented in section II. This variational
principle allows to recover known models such as e.g.,
minimal massive gravity (MMG), exotic massive gravity,
and exotic general massive gravity, but also new models
which were missed in [20] and which are of increasingly
higher order. Apart from this possibility of constructing
new bosonic models, the advantage of our action principle
is to allow for a systematic description of the matter
couplings. In particular, the coupling to fermionic matter
has enabled us to obtain a supersymmetric extension (up to
and including quartic order in the fermions) of minimal
massive gravity (MMSG) in Sec. III. It is the first time that
a third-way consistent gravity model is made supersym-
metric, and as a by-product of the construction topologi-
cally massive supergravity can also be recovered.

In Sec. IV we have performed a detailed analysis of the
AdS vacua of the new MMSG model. This establishes that
whenever a bosonic MMG model has an AdS vacuum then
it admits up to four supersymmetric extensions. For all the
AdS vacua we have computed the (bosonic and fermionic)
mass spectra and the central charges, key to the discussion
of unitarity. We have summarized the regions of parameter
space in which the unitary vacua are compatible or not with
supersymmetry on Figs. 1 and 2.

There are many interesting directions to explore, having
to do on the one hand with the bosonic theories alone, and
on the other hand with their supergravity features. A few
interesting prospects are as follows:

(i) Having established the supersymmetric extension
of MMG, it would be interesting to construct and
classify its supersymmetric BPS solutions. This
investigation should be facilitated by the observa-
tion that after eliminating the auxiliary fields,
i.e. at the level of the metric field equations, the

supersymmetry transformations of MMSG are the
same as those of super TMG (3.46) (with the
constant m replaced by m). With the Killing spinors
of both theories of the same form, it would be
interesting to compare with the results of [35].

(ii) The construction should allow an extension to super-
symmetric matter couplings, including N/ = 1 scalar
and vector multiplets. It would be interesting to
investigate how further couplings affect the unitarity
analysis presented for the minimal model.

(iii) A challenging task would be the supersymmetriza-
tion of the higher order extensions of the model
[20,32]. The action (2.1) which naturally accom-
modates all such generalizations provides a natural
starting point. A universal construction of such third-
way consistent supersymmetric models would pre-
sumably require a superspace formulation. For
superspace formulations of 4-dimensional massive
supergravity see, e.g., [48-53].

(iv) We have identified (up to four) different minimal
supersymmetric extensions of the same bosonic
MMG in which different vacua of the bosonic model
appear supersymmetric. This points at an underlying
structure of extended supersymmetry into which
these models could be embedded and recovered
by different truncations, as in the so-called twin
supergravities [54]. As a technical challenge this
would require to embed the single massive spin-2
degree of freedom into some extended multiplet.
More generally, this raises the question of whether
there exists a possible upper bound for the number of
supercharges N/, like in the Yang-Mills case which
does not allow N > 1 [24].

(v) Relatedly, one could try to understand the presence
of the massive spin-3/2 mode in MMSG as an effect
of spontaneous breaking of a local symmetry of the
Chern-Simons theory based on an appropriate super-
algebra in analogy to the MMG case [55].

We hope to come back to these points in the future.
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