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We construct Carrollian higher spin field theories by reducing the bosonic Fronsdal theories in flat
spacetime to future null infinity. We extend the Poincaré fluxes to quantum flux operators, which generate
Carrollian diffeomorphism, namely supertranslation and superrotation. These flux operators form a closed
symmetry algebra once including a helicity flux operator, which follows from higher spin superduality
transformation. The superduality transformation is an angle-dependent transformation at future null
infinity, which generalizes the usual electromagnetic duality transformation. The results agree with the
lower spin cases when restricted to s ¼ 0, 1, 2.
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I. INTRODUCTION

Recently, Carrollian manifolds [1,2] have received much
attention due to their relations to null geometries. It has been
shown that various physically interesting symmetries could
be embedded into the geometric symmetry of Carrollian
manifold [3–5], including the BMS groups [6–12],
Newman-Unti group, etc. Moreover, the Carrollian diffeo-
morphism, which preserves the null structure of Carrollian
manifolds, is nontrivial [13–15] since one can construct
corresponding quantum flux operators at future null infinity
for lower spin (s ¼ 0, 1, 2) theories. The quantum flux
operators are obtained by analyzing the Poincaré flux
densities, which are radiated to future null infinity. They
form a faithful representation of Carrollian diffeomorphism
for scalar field theory up to an anomalous term, which is the
intrinsic central charge of the theory. For massless theories
with nonzero helicity, the superrotation calls for super-
duality transformation, and one should also consider the
corresponding helicity flux operators. The results can
also be extended to various null hypersurfaces in general
dimensions [16].
In this paper, we will study the quantum flux operators

associated with Carrollian diffeomorphism for higher
spin (HS) theories (s > 2) in four dimensions. Although
there is no nontrivial S matrix for flat space massless HS

theories [17–21], it is still valuable to study the HS theories
on null hypersurfaces. At first, while there exist extensions
of HS supertranslation and superrotation in the literature
[22–25], it would be nice to show that the symmetry
algebra found in the previous paper [15] still remains valid
for general spin theories. Indeed, we find a similar
helicity flux operator in the HS theory, which corresponds
to superduality transformation at the null boundary.
Actually, the electromagnetic duality, originating from
the exploration of magnetic monopole by Dirac [26], has
been extended to various vector theories [27–30], p-form
gauge theories [31–33], gravitational theories [34–41],
supersymmetric theories [42–45], and HS theories [46–53].
The superduality transformation is an angle-dependent
generalization of the usual duality transformation.
Secondly, there are consistent interacting HS gauge theo-
ries in AdS (dS) spacetime [54–57], and the result in this
paper is expected to be valid for more general null hyper-
surfaces. Third, interacting HS theories in flat spacetime
indeed exist [58–66], and this work may provide insight on
the analysis of these theories at future null infinity. Finally,
the construction of Carrollian HS theories is an interesting
topic in its own right.
The structure of the paper is as follows. In Sec. II, we will

introduce the basic ingredients of the Carrollian manifold
and review the coordinate systems we adopt in this article.
In Sec. III, we will introduce minimal background on the
Fronsdal theory in the flat spacetime. In Sec. IV, we will
reduce the bulk HS theories to future null infinity and find
the boundary equation of motion as well as the symplectic
form. We will construct quantum flux operators and
compute the Lie algebra they generate in the following
section. The helicity flux operator is discussed in Sec. VI.
We will conclude in Sec. VII, and technical details are
relegated to several appendices.
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II. CARROLLIAN MANIFOLD
AND COORDINATE SYSTEMS

In this work, we will use the Greek alphabet
μ; ν; ρ; σ; λ; κ to denote tensor components in Cartesian
coordinates. For example, the Minkowski spacetime R1;3

can be described in Cartesian coordinates xμ ¼ ðt; xiÞ

ds2 ¼ −dt2 þ dxidxi ¼ ημνdxμdxν; ð2:1Þ

where μ ¼ 0, 1, 2, 3 denotes the spacetime components, and
i ¼ 1, 2, 3 labels the spatial directions. We will also use the
Greek alphabet α, β, γ, δ to represent components in retarded
coordinates. As an illustration, the metric of the Minkowski
spacetime in retarded coordinates xα ¼ ðu; r; θ;ϕÞ is

ds2¼−du2−2dudrþr2γABdθAdθB; A;B¼1;2: ð2:2Þ

The capital Latin alphabet A;B; � � �will be used to represent
the components of tensors on S2 in spherical coordinates.
The future null infinity Iþ is a three-dimensional Carrollian
manifold

Iþ ¼ R × S2; ð2:3Þ

with a degenerate metric

ds2Iþ ≡ γ ¼ γABdθAdθB; ð2:4Þ

which could be obtained by choosing a cutoff r ¼ R, using a
Weyl scaling to remove the conformal factor in the induced
metric and taking the limit R → ∞ with the retarded time u
fixed. The spherical coordinates θA ¼ ðθ;ϕÞ are used to
describe the unit sphere whose metric reads explicitly as

γAB ¼
�
1 0

0 sin2 θ

�
: ð2:5Þ

We will also use the notation Ω ¼ ðθ;ϕÞ to denote the
spherical coordinates in the context. The covariant derivative
∇A is adapted to the metric γAB, while ∇μ adapts to the
Minkowski metric in Cartesian frame. The integral measure
on Iþ is abbreviated as

Z
dudΩ≡

Z
∞

−∞
du

Z
S2
dΩ; ð2:6Þ

where the integral measure on S2 is

Z
dΩ≡

Z
S2
dΩ ¼

Z
π

0

sin θdθ
Z

2π

0

dϕ: ð2:7Þ

The Levi-Civita tensor on S2 is denoted as
ϵ ¼ 1

2
ϵABdθA ∧ dθB, with

ϵθϕ ¼ −ϵϕθ ¼ sin θ; ϵθθ ¼ ϵϕϕ ¼ 0: ð2:8Þ

The Dirac delta function on S2 is

δðΩ − Ω0Þ ¼ sin−1 θδðθ − θ0Þδðϕ − ϕ0Þ: ð2:9Þ

Besides the metric (2.4), there is also a distinguished null
vector

χ ¼ ∂u; ð2:10Þ

which generates the retarded time direction. The Carrollian
diffeomorphism is generated by the vector field

ξf;Y ¼ fðu;ΩÞ∂u þ YAðΩÞ∂A; ð2:11Þ

where f ¼ fðu;ΩÞ is any smooth function of Iþ, while
YA ¼ YAðΩÞ is time independent and only a smooth vector
field on S2. The Carrollian diffeomorphism generated by
ξf ¼ fðu;ΩÞ∂u is called general supertranslation (GST),
while the one generated by ξY ¼ YAðΩÞ∂A is referred to
special superrotation (SSR).
In the following, we may also use stereographic project

coordinates on S2, which are defined by

z ¼ cot
θ

2
eiϕ; z̄ ¼ cot

θ

2
e−iϕ; ð2:12Þ

and the metric of S2 becomes

γ ¼ 2γdzdz̄; γ ¼ 2

ð1þ zz̄Þ2 : ð2:13Þ

The volume form reads

d2z≡ −iγdz ∧ dz̄; ð2:14Þ

with the Levi-Civita tensor being

ϵzz̄ ¼ −ϵz̄z ¼ −iγ; ϵzz ¼ ϵz̄ z̄ ¼ 0: ð2:15Þ

The Dirac delta function is defined by

δð2Þðz − z0Þ ¼ iγ−1δðz − z0Þδðz̄ − z̄0Þ: ð2:16Þ

In this coordinate system, any rank s symmetric
traceless tensor TAðsÞ can only have two nonvanishing
components

TzðsÞ; Tz̄ðsÞ: ð2:17Þ

Here, we use the short notation

TAðsÞ ¼ TðA1���AsÞ ¼
1

s!

X
π∈ Ss

TAπð1ÞAπð2Þ���AπðsÞ; ð2:18Þ
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to represent a rank s symmetric tensor when it causes no
confusion. The element of the permutation group Ss is
denoted as π in the above equation. The round brackets
ð� � �Þ represent complete symmetrization for the indices
inside them. Similarly, the square brackets ½� � �� imply
complete antisymmetrization; e.g.,

T ½AB� ¼
1

2
ðTAB − TBAÞ: ð2:19Þ

We will also use the abbreviation

∇ATAðs−1Þ ≡ 1

s

Xs
i¼1

∇Ai
TA1���Ai−1Aiþ1���As

¼ ∇ðA1
TA2���AsÞ;

ð2:20Þ

which is a slight abuse of notation. Here, the same lower (or
upper) indices As are totally symmetrized automatically.
One should not be confused with the Einstein summation
convention where lower and upper indices are denoted by
the same letter.

III. METRICLIKE FORMULATION

In this section, we shall review the metriclike formu-
lation of free massless fields of arbitrary spin s. We shall
mainly concentrate, however, only on bosonic fields [67] in
flat spacetime, while leaving the fermionic HS fields [68]
and HS fields in AdS or dS [69] spacetime for future
study [70]. As a generalization of the electromagnetism and
linearized Einstein gravity, a spin s HS gauge theory
(s > 2) is described by a totally symmetric and doubly
traceless Fronsdal field fμðsÞ

fμðsÞ ¼ fμ1���μs ¼ fðμ1���μsÞ; f00μðs−4Þ ¼ 0; ð3:1Þ

where we use a prime to denote the trace of the HS field

f0μðs−2Þ ¼ ημð2ÞfμðsÞ: ð3:2Þ

Therefore, a double prime f00μðs−4Þ is the double trace of the
HS field

f00μðs−4Þ ¼ ημð2Þημð2ÞfμðsÞ: ð3:3Þ

A totally symmetric rank s field has1

Cd−1
sþd−1 ¼

ðsþ d − 1Þ!
s!ðd − 1Þ! ð3:4Þ

independent components in general d dimensions.
Therefore, the number of independent components of a
spin s field is

Cd−1
sþd−1 − Cd−1

sþd−5: ð3:5Þ

In four dimensions, this number reduces to 2ð1þ s2Þ. The
spin s field satisfies the Fronsdal equation

F μðsÞ ≡□fμðsÞ − s∂ν∂μfμðs−1Þν þ
1

2
sðs− 1Þ∂μ∂μf0μðs−2Þ ¼ 0;

ð3:6Þ

which is invariant under the linearized gauge trans-
formation

δfμðsÞ ¼ s∂μξμðs−1Þ; ð3:7Þ

where the rank s − 1 tensor ξμðs−1Þ is totally symmetric and
traceless

ξμðs−1Þ ¼ ξðμ1���μs−1Þ; ξ0μðs−3Þ ¼ 0: ð3:8Þ

The corresponding action is

S½f� ¼
Z

d4xL½f�; ð3:9Þ

where the Lagrangian density is

L½f� ¼ −
1

2
ð∂ρfμðsÞÞ2 þ

1

2
s∂αfβμðs−1Þ∂βfαμðs−1Þ −

1

2
sðs − 1Þ∂νf0μðs−2Þ∂ρfνρμðs−2Þ

þ 1

4
sðs − 1Þð∂ρf0μðs−2ÞÞ2 þ

1

8
sðs − 1Þðs − 2Þð∂νf0μðs−3ÞνÞ2: ð3:10Þ

The action reduces to the Pauli-Fierz action for s ¼ 2 and the Maxwell action for s ¼ 1. The Lagrangian density may be
expressed as a compact quadratic form

L½f� ¼ LρμðsÞσνðsÞ
∂ρfμðsÞ∂σfνðsÞ; ð3:11Þ

where the rank 2sþ 2 tensor LρμðsÞσνðsÞ is symmetric in the index sets μðsÞ and νðsÞ separately. It is also doubly traceless
with respect to these two sets of indices

1In Appendix A, we review this result in detail.
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L00ρμðs−4ÞσνðsÞ ¼ 0; L00ρμðsÞσνðs−4Þ ¼ 0: ð3:12Þ

It may be obtained by taking the symmetric and doubly traceless part of the following rank 2sþ 2 tensor

L̃μμ1���μsνν1���νs ¼ −
1

2
ημνημ1ν1 � � � ημsνs þ 1

2
sημν1ηνμ1ημ2ν2 � � � ημsνs

þ 1

4
sðs − 1Þð−ημμ1ηνμ2ην1ν2 − ημν1ηνν2ημ1μ2 þ ημνημ1μ2ην1ν2Þημ3ν3 � � � ημsνs

þ 1

16
sðs − 1Þðs − 2Þðημμ1ηνν1 þ ημν1ηνμ1Þημ2μ3ην2ν3ημ4ν4 � � � ημsνs ; ð3:13Þ

with respect to two sets of indices μðsÞ and νðsÞ separately.
Gauge fixing condition. We may choose the following

gauge fixing condition

Gμðs−1Þ ≡ ∂
νfμðs−1Þν − s − 1

2
∂μf0μðs−1Þ ¼ 0; ð3:14Þ

to reduce the Fronsdal equation to

∂
2fμðsÞ ¼ 0: ð3:15Þ

The gauge fixing condition (3.14) is always possible. More
explicitly, we may start from a general field configuration
with Gμðs−1Þ ≠ 0 and choose the gauge parameter ξμðs−1Þ
such that

Gμðs−1Þ þ ∂
νδfμðs−1Þν − s − 1

2
∂μδf0μðs−2Þ ¼ 0: ð3:16Þ

This is equivalent to the equation

∂
2ξμðs−1Þ ¼ −Gμðs−1Þ; ð3:17Þ

whose solution always exists after imposing appropriate
initial and boundary conditions. The residue gauge para-
meter should satisfy the equation

∂
2ξμðs−1Þ ¼ 0; ð3:18Þ

which could be used to set the Fronsdal field to be traceless

f0μðs−2Þ ¼ 0: ð3:19Þ

This is always possible since the solution of (3.15) and
(3.18) is

fμðsÞ ¼ εμðsÞðkÞeik·x; ξμðs−1Þ ¼ κμðs−1ÞðkÞeik·x; k2¼0;

ð3:20Þ

in terms of plane waves. There is no more constraint on the
polarization tensors εμðsÞ and κμðs−1Þ except that κμðs−1Þ is
traceless and εμðsÞ is doubly traceless

κ0μðs−3Þ ¼ 0; ε00μðs−4Þ ¼ 0: ð3:21Þ

Considering a solution fμðsÞ, which is not traceless

ε0μðs−2Þ ≠ 0; ð3:22Þ

we may always find a tensor κμðs−1Þ such that

kνκνμðs−2Þ ¼ −
1

2
ε0μðs−2Þ: ð3:23Þ

Therefore, we can always set the HS field to be transverse
and traceless. The remaining number of degrees of freedom
for the polarization tensor εμðsÞ is

ðCd−1
sþd−1−Cd−1

sþd−3Þ−ðCd−1
sþd−2−Cd−1

sþd−4Þ¼2sþ1; for d¼4:

ð3:24Þ

Similarly, the remaining number of degrees of freedom for
the polarization tensor κμðsÞ is 2s − 1. We may impose a
further condition

nνfνμðs−1Þ ¼ 0; ð3:25Þ

to reduce the number of degrees of freedom to 2. This is the
number of propagating degrees of freedom in four dimen-
sions. When we reduce the theory to future null infinity, the
fundamental field FAðsÞ that encodes the radiation infor-
mation has exactly two independent components (see the
next section). The condition (3.25) in retarded coordinates
becomes

frαðs−1Þ ¼ 0: ð3:26Þ

Such a condition requires

εrαðs−1Þ þ skðrκαðs−1ÞÞ ¼ 0; ð3:27Þ

which has 2s − 1 components and will exhaust the degrees
of freedom of καðs−1Þ.
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IV. ASYMPTOTIC EQUATION OF MOTION AND
SYMLECTIC FORM

Near Iþ, we may impose the falloff condition

fμðsÞ ¼
X∞
k¼1

FðkÞ
μðsÞ
rk

ð4:1Þ

for the HS field in Cartesian coordinates. We will abbre-
viate the leading coefficient as

FμðsÞ ¼ Fð1Þ
μðsÞ: ð4:2Þ

The transformations between retarded and Cartesian coor-
dinates are

Jαμ ≡ ∂xα

∂xμ
¼ −nμδαu þmμδ

α
r −

1

r
YA
μ δ

α
A; ð4:3aÞ

J̄μα ≡ ∂xμ

∂xα
¼ m̄μδuα þ nμδrα − rYμ

Aδ
A
α ; ð4:3bÞ

where these newly appearing vectors can be found in
Appendix B. The components of the HS field in retarded
coordinates can be expressed as

fαðsÞ ¼ J̄μðsÞαðsÞfμðsÞ; ð4:4Þ

where we have used the notation

J̄μðsÞαðsÞ ¼ J̄μ1α1 � � � J̄μsαs : ð4:5Þ

By introducing the symbols

Nα
μ ¼ −nμδαu þmμδ

α
r − YA

μ δ
α
A; ð4:6aÞ

N̄μ
α ¼ m̄μδuα þ nμδrα − Yμ

Aδ
A
α ; ð4:6bÞ

we may define an infinite tower of fields FðkÞ
αðsÞ on Iþ

through the relation

fμðsÞ ¼
X∞
k¼1

r−kNαðsÞ
μðsÞF

ðkÞ
αðsÞ; ð4:7Þ

where NαðsÞ
μðsÞ used the same convention as (4.5). Similar

to (4.2), we will always denote

FαðsÞ ¼ Fð1Þ
αðsÞ: ð4:8Þ

Combining (4.4) with (4.7), we find

fαðsÞ ¼ J̄μðsÞαðsÞNβðsÞ
μðsÞ

X∞
k¼1

r−kFðkÞ
βðsÞ: ð4:9Þ

Using the identities in Appendix B, the falloff conditions
(4.1) are transformed to

fAðmÞα̂ðs−mÞ ¼ rm
X∞
k¼1

FðkÞ
AðmÞα̂ðs−mÞ

rk

¼ rm−1FAðmÞα̂ðs−mÞ þOðrm−2Þ; m¼0;1; �� �;s
ð4:10Þ

where the indices α̂ may be chosen as u or r. Note that
when m ¼ s, the falloff condition for the totally angular
components is

fAðsÞ ¼ rs−1FAðsÞ þ � � � ; ð4:11Þ

which agrees with the lower spin cases (s ¼ 0, 1, 2).

A. Asymptotic expansions
of gauge conditions and EOM

As has been mentioned, we may impose the following
gauge conditions:

∂
νfνμðs−1Þ ¼0; f0μðs−2Þ ¼0; nνfνμðs−1Þ ¼0; ð4:12Þ

for free HS gauge theory without sources. In retarded
coordinates, the third condition leads to

FðkÞ
rαðs−1Þ ¼ 0; k ¼ 1; 2; � � � : ð4:13Þ

Moreover, the traceless condition (3.19) becomes

−2furαðs−2Þ þ frrαðs−2Þ þ r−2γABfABαðs−2Þ ¼ 0; ð4:14Þ

and it follows that

γABfABαðs−2Þ ¼ 0: ð4:15Þ

This is the traceless condition on the sphere S2, which is
equivalent to

γAB
X∞
k¼1

r−kFðkÞ
ABCðs−2Þ ¼0⇒ γABFðkÞ

ABCðs−2Þ ¼0; k¼1;2; �� �:

ð4:16Þ

The transverse condition (3.25) is

0 ¼ ∂
νfνμðs−1Þ ¼

�
−nν∂u þmν

∂r −
1

r
Yν
A∇A

�

×

�
NαðsÞ

μðs−1Þν
X∞
k¼1

r−kFðkÞ
αðsÞ

�
; ð4:17Þ

where
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NαðsÞ
μðs−1Þν ¼ Nαðs−1Þ

μðs−1ÞNαs
ν: ð4:18Þ

Using the identities which are shown in Appendix B, we
find

ðk−2ÞNαðs−1Þ
μðs−1ÞF

ðkÞ
uαðs−1Þ þ∇A½Nαðs−1Þ

μðs−1ÞF
ðkÞ
Aαðs−1Þ�¼0;

k¼1;2;� �� : ð4:19Þ

By multiplying the inverse tensor N̄μðs−1Þ
βðs−1Þ, the above

equation becomes

ðk − 2ÞFðkÞ
uβðs−1Þ − ðs − 1ÞδAβFðkÞ

βðs−2ÞAu þ∇CFðkÞ
Cβðs−1Þ ¼ 0:

ð4:20Þ

(1) For βðs − 1Þ ¼ uðs − 1Þ, we find

ðk − 2ÞFðkÞ
uðsÞ ¼ −∇CFðkÞ

Cuðs−1Þ: ð4:21Þ

The components FðkÞ
uðsÞ are completely fixed by

FðkÞ
uðsÞ ¼ −

1

k − 2
∇CFðkÞ

Cuðs−1Þ; ð4:22Þ

except for k ¼ 2. When k ¼ 2, we have

∇CFð2Þ
Cuðs−1Þ ¼ 0; ð4:23Þ

and Fð2Þ
uðsÞ is free.

(2) In general, βðs − 1Þ ¼ AðmÞuðs − 1 −mÞ, the equa-
tion (4.20) leads to

FðkÞ
AðmÞuðs−mÞ ¼ −

1

k − 2 −m
∇CFðkÞ

CAðmÞuðs−1−mÞ;

m ¼ 1; 2; � � � ; s − 1 ð4:24Þ

except for k ¼ 2þm.
Therefore, at least for k ¼ 1, all the components like
Fuαðs−1Þ are either zero or determined by the symmetric
and traceless one FAðsÞ.
Asymptotic equation of motion.We still need to solve the

EOM (3.15). From the identity

∂
2 ¼ −2∂u∂r −

2

r
∂u þ ∂

2
r þ

2

r
∂r þ

1

r2
∇A∇A; ð4:25Þ

we find

∂
2fμðsÞ ¼

�
−2∂u∂r −

2

r
∂u þ ∂

2
r þ

2

r
∂r þ

1

r2
∇A∇A

��
NαðsÞ

μðsÞ
X∞
k¼1

r−kFðkÞ
αðsÞ

�

¼
X∞
k≥1

r−k−1
h
2ðk − 1ÞNαðsÞ

μðsÞḞ
ðkÞ
αðsÞ þ ðk − 1Þðk − 2ÞNαðsÞ

μðsÞF
ðk−1Þ
αðsÞ þ∇A∇AðNαðsÞ

μðsÞF
ðk−1Þ
αðsÞ Þ

i
: ð4:26Þ

This leads to an infinite tower of equations for the boundary
fields

2ðk − 1ÞḞðkÞ
βðsÞ þ ðk − 1Þðk − 2ÞFðk−1Þ

βðsÞ

þ N̄βðsÞμðsÞ∇A∇AðNαðsÞ
μðsÞF

ðk−1Þ
αðsÞ Þ ¼ 0: ð4:27Þ

It is obvious that there is no dynamical equation for the
mode with k ¼ 1, while all the descendants with k ≥ 2 are
determined through the boundary equations after imposing
suitable initial conditions.

B. Symplectic form

We can find the presymplectic form from the variation
principle

δS ¼
Z

EOMþ
Z

ðd3xÞμΘμ; ð4:28Þ

where

Θρ ¼ 2LρμðsÞσνðsÞδfμðsÞ∂σfνðsÞ: ð4:29Þ

The symplectic form can be obtained by a further variation

ΩHðδf; δf; fÞ ¼ 2

Z
H
ðd3xÞρLρμðsÞσνðsÞδfμðsÞ ∧ ∂σδfνðsÞ;

ð4:30Þ
where we have chosen a hypersurface H to evaluate the
symplectic form. The symplectic form at Iþ is the limit

ΩðδF;δF;FÞ¼ lim
r→∞;ufixed

ΩHrðδf;δf;fÞ

¼2

Z
dudΩmρLρμðsÞσνðsÞδFμðsÞ∧ ð−nσÞδḞνðsÞ

¼
Z

dudΩδFAðsÞ∧ δḞAðsÞ; ð4:31Þ

where Hr is the constant r slice. It follows that the
fundamental commutators are
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½FAðsÞðu;ΩÞ;FBðsÞðu0;Ω0Þ�¼ i
2
XAðsÞBðsÞαðu−u0ÞδðΩ−Ω0Þ;

ð4:32aÞ

½FAðsÞðu;ΩÞ;ḞBðsÞðu0;Ω0Þ�¼ i
2
XAðsÞBðsÞδðu−u0ÞδðΩ−Ω0Þ;

ð4:32bÞ

½ḞAðsÞðu;ΩÞ;ḞBðsÞðu0;Ω0Þ�¼ i
2
XAðsÞBðsÞδ0ðu−u0ÞδðΩ−Ω0Þ;

ð4:32cÞ
where the function αðu − u0Þ is

αðu − u0Þ ¼ 1

2

�
θðu0 − uÞ − θðu − u0Þ�; ð4:33Þ

and the rank 2s tensor XAðsÞBðsÞ is constructed by

XAðsÞBðsÞ ¼
1

s!

X
π∈ Ss

X̃A1���AsBπð1Þ���BπðsÞ − traces; ð4:34Þ

where

X̃A1���AsB1���Bs
¼ γA1B1

� � � γAsBs
: ð4:35Þ

It should be symmetric and traceless among the indices of
the same letter2

XAðsÞBðsÞ ¼ XðA1���AsÞðB1���BsÞ;

γA1A2XAðsÞBðsÞ ¼ γB1B2XAðsÞBðsÞ ¼ 0: ð4:36Þ

The explicit form of XAðsÞBðsÞ is3

XAðsÞBðsÞ ¼
X½s=2�
p;q¼0

aðp; q; sÞγðA1A2 � � � γA2p−1A2p

× X̃
A2pþ1���AsÞðB2qþ1���Bs
p;q γB1B2 � � � γB2q−1B2qÞ; ð4:37Þ

with the coefficients aðp; q; sÞ being

aðp; q; sÞ ¼ ð−1Þpþq s!½2s − 2p − 2�!!
2pp!ðs − 2pÞ!ð2s − 2Þ!!

×
s!½2s − 2q − 2�!!

2qq!ðs − 2qÞ!ð2s − 2Þ!! : ð4:38Þ

The commutators (4.32) can also be derived from canonical
quantization, which we have checked in Appendix E.

After defining the vacuum j0i through the annihilation
operator in the boundary theory, we obtain the correlation
functions

h0jFAðsÞðu;ΩÞFBðsÞðu0;Ω0Þj0i¼XAðsÞBðsÞβðu−u0ÞδðΩ−Ω0Þ;
ð4:39aÞ

h0jFAðsÞðu;ΩÞḞBðsÞðu0;Ω0Þj0i ¼ XAðsÞBðsÞ
δðΩ − Ω0Þ

4πðu − u0 − iϵÞ ;

ð4:39bÞ

h0jḞAðsÞðu;ΩÞFBðsÞðu0;Ω0Þj0i¼−XAðsÞBðsÞ
δðΩ−Ω0Þ

4πðu−u0− iϵÞ;

ð4:39cÞ

h0jḞAðsÞðu;ΩÞḞBðsÞðu0;Ω0Þj0i¼−XAðsÞBðsÞ
δðΩ−Ω0Þ

4πðu−u0− iϵÞ2 ;

ð4:39dÞ

where the function βðu − u0Þ is defined by

βðu − u0Þ ¼
Z

∞

0

dω
4πω

e−iωðu−u0−iϵÞ: ð4:40Þ

V. QUANTUM FLUX OPERATORS

For any conserved current jμ, one may construct the
corresponding flux across a hypersurface H through the
formula

F ½j� ¼
Z
H
ðd3xÞμjμ: ð5:1Þ

To find the Poincaré fluxes, the conserved current should be
chosen as

jμξ ¼ Tμ
νξ

ν; ð5:2Þ

where Tμν is the stress tensor of the theory, and ξ is the
Killing vectors of Minkowski spacetime. To discuss the
fluxes radiated to Iþ, we may choose constant r slices Hr
in retarded coordinates and then take the limit r → ∞while
keeping the retarded time u finite

limþ ¼ lim
r→∞; u finite

: ð5:3Þ

It follows that the Poincaré fluxes at Iþ are

F ξ ¼ limþ

Z
Hr

ðd3xÞμTμ
νξ

ν: ð5:4Þ

We may read out the flux density operators from the fluxes
arrived at Iþ per unit time and per unit solid angle. The

2This property will be referred to as doubly symmetric trace-
less (concerning two sets of indices). We hope it will not cause
confusion with the symmetric and doubly traceless Fronsdal
field fμðsÞ.

3We have derived this formula in Appendix D.
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quantum flux operators are the (generalized) Fourier trans-
formation of the normal-ordered flux density operators.
However, the definition of the stress tensor in HS theories is
rather subtle. The conserved gauge invariant Bel-Robinson
tensor [71,72], a direct generalization of the canonical
stress tensor, is not the quantity we sought for s ≥ 2 since it
has 2s derivatives. Though there are various discussions
on the gauge invariant conserved currents in the literature
[73–77], it is believed [78] that there is no gauge invariant
stress tensor for s ≥ 2 due to the no-go theorem of
Weinberg and Witten [20]. However, there are gauge
noninvariant conserved currents, akin to the Landau-
Lifshitz pseudotensor [79] in general relativity, which give
rise to the gauge invariant conserved charges [80].
Nevertheless, we will treat the HS fields as ordinary matter
and use the formula

Tρσ ¼
−2ffiffiffiffiffiffi−gp δS

δgρσ
; ð5:5Þ

to obtain the “stress tensor”. It turns out that this “stress
tensor” leads to reasonable flux operators at Iþ.

A. Fluxes

Substituting the Fronsdal action into (5.5), we find

Tρσ ¼
−2ffiffiffiffiffiffi−gp δS

δgρσ

				
g→η

¼ ηρσL½f� − 2
∂LλμðsÞκνðsÞ

∂gρσ
∂λfμðsÞ∂κfνðsÞjg→η: ð5:6Þ

With the conditions (3.14) and (3.19), only the first two
terms in the Lagrangian density contribute to the stress
tensor

Tρσ ¼ −
1

2
ηρσ∂νfμðsÞ∂νfμðsÞ þ

s
2
ηρσ∂ν1fν2μðs−1Þ∂

ν2fν1μðs−1Þ þ ∂ρfμðsÞ∂σfμðsÞ

þ s∂νfρμðs−1Þ∂νfσμðs−1Þ − s½∂ρfνμðs−1Þ∂νfμðs−1Þσ þ ðρ ↔ σÞ�
− sðs − 1Þ∂ν1fν2ρμðs−2Þ∂ν2fν1μðs−2Þσ : ð5:7Þ

The stress tensor can be expanded asymptotically near Iþ

Tρσ ¼
X∞
k¼2

tðkÞρσ

rk
; ð5:8Þ

where the first few orders are

tð2Þρσ ¼ nρnσḞAðsÞḞAðsÞ; ð5:9aÞ

tð3Þρσ ¼ nρnσX1 þ nðρYC
σÞXC þ YB

ðρY
C
σÞXBC þ d

du
Xρσ; ð5:9bÞ

where

XC ¼ 2ḞAðsÞ∇CFAðsÞ þ 2ðFCAðs−1Þ∇DḞDAðs−1Þ − ḞCAðs−1Þ∇DFDAðs−1ÞÞ
− 2sðsḞuAðs−1ÞFC

Aðs−1Þ þ ḞAðsÞ∇AFC
Aðs−1Þ þ ḞuAðs−1ÞFC

Aðs−1Þ − FuAðs−1ÞḞC
Aðs−1ÞÞ; ð5:10Þ

and the explicit form of X1, Xρσ as well as XBC are not
important in this work. For more details on the calculation,
we refer to Appendix C. We may compute the Poincaré
fluxes generated by Killing vectors ξ

F ξ ¼ limþ

Z
Hr

ðd3xÞρTρσξσ: ð5:11Þ

For the spacetime translation generator labeled by a
constant vector cμ,

ξc ¼ cμ∂μ; ð5:12Þ

we find energy and momentum fluxes

F ξc ¼ cν
Z

dudΩmμtð2Þμν

¼ cμ
Z

dudΩnμḞAðsÞḞAðsÞ: ð5:13Þ

For the Lorentz transformation generator,

ξω ¼ ωμνðxμ∂ν − xν∂μÞ ⇔
ξσω ¼ ωμν½ðrnμ þ um̄μÞδσν − ðrnν þ um̄νÞδσμ�; ð5:14Þ

with ωμν being a constant antisymmetric tensor; the angular
momentum and center-of-mass fluxes are
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F ξω ¼ limþ

Z
Hr

dudΩmρTρσξ
σ
ω

¼ ωμν

Z
dudΩumρðm̄μδ

σ
ν − m̄νδ

σ
μÞtð2Þρσ

þ ωμν

Z
dudΩmρðnμδσν − nνδσμÞtð3Þρσ

¼ ωμν

Z
dudΩ

u
2
∇AYA

μνḞAðsÞḞAðsÞ

−
1

2
ωμν

Z
dudΩYA

μνXA: ð5:15Þ

At the second line, we decompose tð3Þρσ as (5.9b). The total
derivative term containing X2 has no contribution after
integration by parts. The terms proportional to nρnσ or
YB
ðρY

C
σÞ are also vanishing due to the identities

mρðnμδσν − nνδσμÞnρnσ ¼ 0; ð5:16aÞ

mρYA
ρ ¼ 0: ð5:16bÞ

Using the relation,

FuAðs−1Þ ¼
1

s
∇CFCAðs−1Þ; ð5:17Þ

the angular momentum and center-of-mass fluxes become

F ξω ¼ ωμν

Z
dudΩ

u
2
∇CYC

μνḞAðsÞḞAðsÞ

− ωμν

Z
dudΩYD

μν

�
ḞAðsÞ∇DFAðsÞ

− sðḞCAðs−1Þ∇CFAðs−1Þ
D − ḞAðs−1Þ

D ∇CFCAðs−1ÞÞ
�
:

ð5:18Þ

From the Poincaré fluxes, we find the following two flux
density operators:

Tðu;ΩÞ ¼ ∶ḞAðsÞḞAðsÞ∶ ; ð5:19aÞ

MAðu;ΩÞ¼
1

2
PABðsÞCDðsÞð∶ḞBðsÞ∇CFDðsÞ−FBðsÞ∇CḞDðsÞ∶Þ:

ð5:19bÞ

The tensor PABðsÞCDðsÞ is doubly symmetric traceless

PABðsÞCDðsÞ ¼PAðB1���BsÞCD1���Ds
¼PAB1���BsCðD1���DsÞ; ð5:20aÞ

PABðsÞCDðsÞγBð2Þ ¼ PABðsÞCDðsÞγDð2Þ ¼ 0; ð5:20bÞ

and can be obtained from the following tensor:

P̃AB1���BsCD1���Ds

¼ ðγACγB1D1
þ sγAB1

γCD1
− sγAD1

γCB1
ÞγB2D2

� � � γBsDs
:

ð5:21Þ

We have discussed this tensor extensively in Appendix D.
We have added the normal ordering symbol ∶ � � � ∶ to
remove the annihilation operators to the right-hand side of
the creation operators. Similar to the lower spin cases, two
smeared quantum flux operators can be defined as

T f ¼
Z

dudΩfðu;ΩÞTðu;ΩÞ; ð5:22aÞ

MY ¼
Z

dudΩYAðu;ΩÞMAðu;ΩÞ; ð5:22bÞ

where the function f and vector YA can be time and angle
dependent.

B. Supertranslations and superrotations

The commutators between the quantum flux operators
(5.22) and the fundamental field FAðsÞ are

½T f; FAðsÞðu;ΩÞ� ¼ −ifðu;ΩÞḞAðsÞðu;ΩÞ; ð5:23aÞ

½MY; FAðsÞðu;ΩÞ� ¼ −iΔAðsÞðY;F;u;ΩÞ

þ i
2

Z
du0αðu0 − uÞΔAðsÞðẎ;F;u0;ΩÞ;

ð5:23bÞ

where

ΔAðsÞðY;F;u;ΩÞ ¼ YD∇CFBðsÞρDBðsÞCAðsÞ

þ 1

2
∇CYDFBðsÞPDBðsÞCAðsÞ: ð5:24Þ

The rank 2sþ 2 tensor ρABðsÞCDðsÞ is

ρABðsÞCDðsÞ ¼
1

2
ðPABðsÞCDðsÞ þ PADðsÞCBðsÞÞ ¼ γACXBðsÞDðsÞ:

ð5:25Þ

After integration by part, the quantum flux operator MY
can be rewritten as

MY ¼
Z

dudΩ∶ ḞAðsÞðu;ΩÞΔAðsÞðY;F; u;ΩÞ∶: ð5:26Þ

When the test functions f and YA are time independent,
the quantum flux operators can be interpreted as super-
translation and superrotation generators. In the literature,
the supertranslation and superrotation vectors ξf;Y are
expanded as
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ξf ¼ f∂u þ
1

2
∇A∇Af∂r −

∇Af
r

∂A þ � � � ; ð5:27aÞ

ξY ¼ 1

2
u∇AYA

∂u −
1

2
r∇AYA

∂r þ
u
4
∇C∇C∇ · Y∂r

þ
�
YA −

u
2r

∇A∇BYB

�
∂A þ � � � ; ð5:27bÞ

in asymptotically flat spacetime. The Lie derivative of the
spin s field along the direction of ξf;Y is

LξfμðsÞ ¼ ξρ∂ρfμðsÞ þ s∂μξρfμðs−1Þρ: ð5:28Þ

We can read out the variations of the fundamental field
under supertranslation and superrotation from the leading
order of the components fAðsÞ as

δfFAðsÞ ¼ fḞAðsÞ; ð5:29aÞ

δYFAðsÞ ¼
1

2
u∇BYBḞAðsÞ −

1

2
ðs − 1Þ∇BYBFAðsÞ

þ YB∇BFAðsÞ þ sFAðs−1ÞC∇AYC: ð5:29bÞ

For the supertranslation of the field FAðsÞ, we find

δfFAðsÞ ¼ i½T f; FAðsÞ�: ð5:30Þ

We conclude that the quantum flux operator iT f is the
generator of supertranslation for f being time independent.
For the superrotation of the field FAðsÞ, we should replace
the variation (5.29b) induced by Lie derivative with the
covariant variation [14,15]

=δYFBðsÞ ¼ δYFBðsÞ − sΓA
BðYÞFABðs−1Þ; ð5:31Þ

where the connection is a symmetric traceless tensor

ΓABðYÞ ¼
1

2
ΘABðYÞ ¼

1

2


∇AYB þ∇BYA − γAB∇CYC
�
:

ð5:32Þ

After some algebra, we find

=δYFAðsÞ ¼ i½MY; FAðsÞ� þ i½T f¼1
2
u∇CYC; FAðsÞ�; ð5:33Þ

for YA being time independent. In this case, after sub-
tracting a term related to supertranslation, the quantum flux
operator iMY should be regarded as the generator of
superrotation. As a consistency check, one can show that
T f and MY may also be derived from the Hamilton
equation δHξ ¼ iξΩ using the above variations.
In [13–15], the supertranslation and superrotation gen-

erators have been extended through quantum flux operators
by including the time dependencies for the functions f and
vectors Y. However, closing the algebra requires Ẏ ¼ 0,
and then we realize the Carrollian diffeomorphism (inter-
twined with superduality transformation), which will be
shown in the next subsection for the higher spin theory. It
has also been extended in general dimensions and general
null hypersurfaces in [16].

C. The algebra among flux operators

Now it is straightforward to compute the commutators
for the quantum flux operators

½T f1 ; T f2 � ¼ CTðf1; f2Þ þ iT f1ḟ2−f2ḟ1 ; ð5:34aÞ

½T f;MY � ¼ −iT YA∇Af þ iMfẎ þ i
2
sOẎA∇BfϵBA

þ i
4
Q d

duðẎA∇AfÞ; ð5:34bÞ

½MY;MZ� ¼ CMðY;ZÞ þ iM½Y;Z� þ isOoðY;ZÞ þNMðY;ZÞ;
ð5:34cÞ

½T f;Og� ¼ iOfġ; ð5:34dÞ

½MY;Og� ¼ CMOðY; gÞ þ iOYA∇Ag þ NMOðY; gÞ; ð5:34eÞ

½Og1 ;Og2 � ¼ COðg1; g2Þ þ NOðg1; g2Þ: ð5:34fÞ

The results are quite similar to the lower spin cases. We will
discuss these commutators term by term.
(1) New local operators. The operator Og is

Og ¼
Z

dudΩgðu;ΩÞ∶ ḞDBðs−1ÞFE
Bðs−1Þ∶ ϵED

¼
Z

dudΩgðu;ΩÞ∶ ḞDAðs−1ÞFEBðs−1Þ∶ ϵEDγA1B1
� � � γAsBs

≡
Z

dudΩgðu;ΩÞ∶ ḞAðsÞFBðsÞ∶ QAðsÞBðsÞ; ð5:35Þ
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where the rank 2s tensor QAðsÞBðsÞ is doubly symmetric
traceless

QAðsÞBðsÞ ¼ QðA1���AsÞðB1���BsÞ;

γAð2ÞQAðsÞBðsÞ ¼ γBð2ÞQAðsÞBðsÞ ¼ 0: ð5:36Þ

It can be obtained from the tensor ϵB1A1
γA2B2

� � � γAsBs
using

the formula in Appendix D. This operator is the helicity
flux operator associated with HS duality transformation,
which will be discussed in the next section. The other new
operator Qh is defined as

Qh ¼
Z

dudΩhðu;ΩÞ∶ FAðsÞFAðsÞ∶ : ð5:37Þ

Its commutator with the fundamental field FAðsÞ is non-
local, and we do not find a physical interpretation for this
operator. Therefore, we will not pay more attention to it in
the following.
(2) The central terms come from two-point functions for

the quantum flux operators

CTðf1; f2Þ ¼ −
iδð2Þð0Þ
24π

If1
⃛f2−f2 ⃛f1

; ð5:38aÞ

CMðY; ZÞ ¼
Z

dudu0dΩdΩ0YAðu;ΩÞZB0 ðu0;Ω0Þ

× ΛðsÞ
AB0 ðΩ − Ω0Þηðu − u0Þ; ð5:38bÞ

CMOðY; gÞ ¼ −2sδð2Þð0Þ
Z

dudu0dΩYAðu;ΩÞ

× ∇Bgðu0;ΩÞϵABηðu − u0Þ; ð5:38cÞ

COðg1; g2Þ ¼ 4δð2Þð0Þ
Z

dudu0dΩηðu − u0Þ

× g1ðu;ΩÞg2ðu0;ΩÞ; ð5:38dÞ

where

ηðu − u0Þ ¼ −
βðu − u0Þ − 1

4π

8πðu − u0 − iϵÞ2 þ
βðu0 − uÞ − 1

4π

8πðu0 − u − iϵÞ2 ;

ð5:39Þ

and

ΛðsÞ
AE0 ¼ PABðsÞCDðsÞPE0F0ðsÞG0H0ðsÞ

�
XBðsÞF0ðsÞδðΩ −Ω0Þ∇C∇G0 ðXDðsÞH0ðsÞδðΩ −Ω0ÞÞ

−∇CðXDðsÞF0ðsÞδðΩ −Ω0ÞÞ∇G0 ðXBðsÞH0ðsÞδðΩ −Ω0ÞÞ�: ð5:40Þ

The identity operator If is defined by

If ¼
Z

dudΩ fðu;ΩÞ: ð5:41Þ

The divergence of the Dirac delta function δð2Þð0Þ has been
regularized to 1

12π using the Riemann zeta function or heat
kernel method [16].
(3) Nonlocal terms. The nonlocal terms are

NMðY; ZÞ ¼
i
2

Z
dudu0dΩαðu0 − uÞΔAðsÞðẎ;F; u0Þ

× ΔAðsÞðŻ;F; uÞ; ð5:42aÞ

NMOðY; gÞ ¼
i
2

Z
dudu0dΩαðu0 − uÞΔAðsÞðġ;F; uÞ

× ΔAðsÞðẎ;F; u0Þ; ð5:42bÞ

NOðg1; g2Þ ¼
i
2

Z
dudu0dΩαðu0 − uÞΔAðsÞðġ1;F; u0Þ

× ΔAðsÞðġ2;F; uÞ: ð5:42cÞ

Here, the tensor ΔAðsÞðg;F; uÞ is a shorthand of
ΔAðsÞðg;F; u;ΩÞ, and one should distinguish it from
ΔAðsÞðY;F; u;ΩÞ, which is the superrotation varia-
tion of the fundamental field FAðsÞ. Actually, it is
defined as

ΔAðsÞðg;F; u;ΩÞ ¼ gðu;ΩÞQAðsÞBðsÞFBðsÞ; ð5:43Þ
which relates to the commutator

½Og; FAðsÞðu;ΩÞ� ¼ −iΔAðsÞðg;F; u;ΩÞ

þ i
2

Z
du0αðu0 − uÞ

× ΔAðsÞðġ;F;u0;ΩÞ: ð5:44Þ

(4) There is a closed algebra for Ẏ ¼ ġ ¼ 0, which is
similar to the intertwined algebra in the lower spin
cases

½T f1 ; T f2 � ¼ CTðf1; f2Þ þ iT f1ḟ2−f2ḟ1 ; ð5:45aÞ

½T f;MY � ¼ −iT YA∇Af; ð5:45bÞ
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½MY;MZ� ¼ iM½Y;Z� þ isOoðY;ZÞ; ð5:45cÞ

½T f;Og� ¼ 0; ð5:45dÞ

½MY;Og� ¼ iOYA∇Ag; ð5:45eÞ

½Og1 ;Og2 � ¼ 0: ð5:45fÞ

This algebra is one of the main results of this paper.
The spin s on the right-hand side of (5.45c) can be
absorbed into the definition of Og, and the resulting
algebra is isomorphic to each other for s ≠ 0.

VI. DUALITY TRANSFORMATION

In this section, we will confirm that the operatorOg is the
helicity flux operator associated with special superduality
transformation.
Curvature tensor. For a HS field fμðsÞ, we may define a

curvature tensor [52]

Rμ1ν1μ2ν2���μsνs ¼ −2δρ1σ1μ1ν1 � � � δρsσsμsνs∂ρðsÞfσðsÞ; ð6:1Þ

where the tensor δαβμν is

δαβμν ¼ δαμδ
β
ν − δανδ

β
μ; ð6:2Þ

and

∂ρðsÞ ¼ ∂ρ1 � � � ∂ρs : ð6:3Þ

Due to the antisymmetric property of δαβμν

δαβμν ¼ −δβαμν ¼ −δαβνμ ¼ δβανμ ; ð6:4Þ

the curvature tensor is antisymmetric under the exchange of
indices μi and νi

Rμ1ν1���μiνi���μsνs ¼ −Rμ1ν1���νiμi���μsνs ; i ¼ 1; 2; � � � ; s: ð6:5Þ

It is also invariant under the exchange of any pair of indices
ðμiνiÞ and ðμjνjÞ

R���μiνi���μjνj��� ¼ R���μjνj���μiνi���; i; j ¼ 1; 2; � � � ; s: ð6:6Þ

The cyclic identity

R½μ1ν1μ2�ν2��� ¼ 0; ð6:7Þ

and the Bianchi identity

∂½ρRμ1ν1�μ2ν2��� ¼ 0; ð6:8Þ

are also satisfied similar to the Riemann tensor. The
Fronsdal equation is equivalent to the vanishing of the
“Ricci” tensor

Rμ1ν1μ2ν2���μsνsη
ν1ν2 ¼ 0: ð6:9Þ

The dual of the curvature tensor is defined through the
Levi-Civita tensor

R̃μ1ν1μ2ν2���μsνs ¼ −
1

2
ϵμ1ν1ρσR

ρσ
μ2ν2���μsνs ; ð6:10Þ

and has the same symmetry as the curvature tensor. It also
obeys the Bianchi identity

∂½ρR̃μ1ν1�μ2ν2���μsνs ¼ 0; ð6:11Þ

and satisfies the equation of motion

R̃μ1ν1μ2ν2���μsνsη
ν1ν2 ¼ 0: ð6:12Þ

Duality transformation and the corresponding flux. The
duality transformation is a rotation between the curvature
tensor and its dual

Rμ1ν1���μsνs → Rμ1ν1���μsνs cosφþ R̃μ1ν1���μsνs sinφ; ð6:13aÞ

R̃μ1ν1���μsνs → −Rμ1ν1���μsνs sinφþ R̃μ1ν1���μsνs cosφ; ð6:13bÞ

with φ a constant angle. We may introduce a dual Fronsdal
field f̃μðsÞ, which has the same symmetry as the Fronsdal
field and relate it to the dual curvature tensor

R̃μ1ν1μ2ν2���μsνs ¼ −2δρ1σ1μ1ν1 � � � δρsσsμsνs∂ρðsÞf̃σðsÞ: ð6:14Þ

Thus, the duality transformation may be induced by
rotating the fields f and f̃

f0μðsÞ ¼ fμðsÞ cosφþ f̃μðsÞ sinφ; ð6:15aÞ

f̃0μðsÞ ¼ −fμðsÞ sinφþ f̃μðsÞ cosφ; ð6:15bÞ

whose infinitesimal transformations are

δϵfμðsÞ ¼ ϵf̃μðsÞ; δϵf̃μðsÞ ¼ −ϵfμðsÞ; ð6:16Þ

with ϵ a small positive parameter.
Similar to the vector and gravitational cases, we intro-

duce a symmetric Fronsdal action

S½f; f̃� ¼ 1

2
ðS½f� þ S½f̃�Þ: ð6:17Þ
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There is a parallel dual gauge transformation generated by a
symmetric traceless tensor ξ̃μðs−1Þ

δf̃μðsÞ ¼ s∂ðμ1 ξ̃μ2���μsÞ: ð6:18Þ

From Noether’s theorem, we can find a conserved current
associated with the global duality transformation

jρduality ¼
1

2

∂L½f�
∂∂ρfμðsÞ

δϵfμðsÞ þ
1

2

∂L½f̃�
∂∂ρf̃μðsÞ

δϵf̃μðsÞ

¼ LρνðsÞσμðsÞðf̃νðsÞ∂σfμðsÞ − fνðsÞ∂σ f̃μðsÞÞ: ð6:19Þ

In the last step, we have omitted the constant parameter ϵ.
We may expand the dual Fronsdal field as

f̃μðsÞ ¼
X∞
k¼1

r−kNαðsÞ
μðsÞF̃

ðkÞ
αðsÞ ð6:20Þ

near Iþ and impose the gauge fixing conditions

∂
νf̃νμðs−1Þ ¼ 0; f̃0μðs−2Þ ¼ 0; nνf̃νμðs−1Þ ¼ 0: ð6:21Þ

Then the helicity flux which radiates to Iþ is

limþ

Z
Hr

ðd3xÞμjμduality ¼
Z

dudΩF̃AðsÞḞAðsÞ

¼
Z

dudΩḞAðsÞQAðsÞBðsÞFBðsÞ:

ð6:22Þ

We can read out the helicity density operator

Oðu;ΩÞ ¼∶ ḞAðsÞQAðsÞBðsÞFBðsÞ∶; ð6:23Þ

and construct the helicity flux operator

Og ¼
Z

dudΩgðu;ΩÞOðu;ΩÞ: ð6:24Þ

This operator is exactly the same as (5.35). According to
the terminology of [15], it becomes the generator of duality
transformation for g ¼ const and generates special super-
duality transformation when g ¼ gðΩÞ.
Why helicity flux? Now let us show why we call Og

helicity flux operator by substituting the mode expansion of
the fundamental field in Appendix E into Og. We focus on
the special case g ¼ 1

Og¼1 ¼
Z

dudΩQAðsÞA0ðsÞ
Z

∞

0

dωffiffiffiffiffiffiffiffiffi
4πω

p
Z

∞

0

dω0ffiffiffiffiffiffiffiffiffiffi
4πω0p

X
lm

X
l0m0

∶ ½−iωcμðsÞ;ω;l;mYμðsÞ
AðsÞYl;me−iωu þ h:c:�½cμ0ðsÞ;ω0;l0;m0Yμ0ðsÞ

A0ðsÞYl0;m0e−iω
0u þ h:c:�∶

¼ −i
Z

dΩQμðsÞμ0ðsÞ
Z

∞

0

dω
X
lm

X
l0m0

c†μ0ðsÞ;ω;l0;m0cμðsÞ;ω;l;mYl;mY�
l0;m0 ; ð6:25Þ

where the tensor QμðsÞμ0ðsÞ is the Cartesian version of
QAðsÞA0ðsÞ

QμðsÞμ0ðsÞ ¼ QAðsÞA0ðsÞYμðsÞ
AðsÞY

μ0ðsÞ
A0ðsÞ: ð6:26Þ

Equivalently, it is constructed from

γμν ¼ YA
μYB

ν γAB and ϵ̄μν ¼ YA
μYB

ν ϵAB: ð6:27Þ

The next step is using the bulk creation and annihilation
operators to express the boundary ones [see (E11)], and we
obtain

Og¼1 ¼ −i
Z

∞

0

d3k
ð2πÞ3Q

μðsÞμ0ðsÞðΩkÞ

×
X
αα0

ε�αμðsÞðkÞεα
0

μ0ðsÞðkÞb†α0;kbα;k: ð6:28Þ

We work in a representation where the particles have either
right-hand or left-hand helicity. What follows is

QμðsÞμ0ðsÞðΩkÞε�αμðsÞðkÞεα
0

μ0ðsÞðkÞ¼ iσαα
0

3 ; α¼R;L; ð6:29Þ

where σ3 is the third Pauli matrix. Therefore, we find

Og¼1 ¼
Z

d3k
ð2πÞ3 ðb

†
R;kbR;k − b†L;kbL;kÞ

¼
Z

d3k
ð2πÞ3 ðnR;k − nL;kÞ; ð6:30Þ

where nR=L;k ¼ b†R=L;kbR=L;k is the particle number with
right/left-hand helicity. Therefore, Og¼1 is the difference
between the numbers of particles with right-hand and left-
hand helicity.
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VII. DISCUSSION AND CONCLUSION

In this paper, we have reduced the bosonic Fronsdal
theory in Minkowski spacetime to future null infinity Iþ.
The boundary HS theory is characterized by the funda-
mental field FAðsÞ with a nontrivial symplectic form. All the
descendants are determined by the fundamental field by
the boundary constraint equations up to initial data. This
extends the lower spin Carrollian field theories to general
spin s. The symmetry algebra (5.45), which is formed by
extending Poincaré and helicity flux operators, shows the
same structure as the ones in the lower spin theories.
All the flux operators are quadratic in the fundamental
fields and could be interpreted as generators of super-
translation, superrotation, and superduality transformation,
respectively. The superduality transformation is the angle-
dependent extension of the HS duality transformation
(6.15) at the null boundary. In Table I, we list the corres-
pondences between the bulk global symmetry transforma-
tions and the boundary local transformations. These results
lead us to the conjecture that each bulk global symmetry
transformation may extend to a boundary local symmetry
transformation at the null hypersurfaces. These local sym-
metry transformations are related to the radiative flux
operators from bulk to boundary. It would be interesting
to check this conjecture in the future. There are still many
open questions to explore.

(i) Further extension of the Carrollian diffeomorphism.
There are HS extensions of BMS symmetry in the
literature [22,24,81,82] where the supertranslation
and superrotation are large HS gauge transformations.
The HS BMS algebra has been extended further
for Carrollian conformal scalar theory [25], which
is expected to be dual to a nontrivial interacting HS
theory in the bulk [66]. On the other hand, we work
out the quantum flux operators following from Car-
rollian diffeomorphism, which relates to spacetime
geometry and differs from the ones concerning HS
gauge fields. It would be interesting to seewhether it is
consistent to combine HS supertranslation and super-
rotation with Carrollian diffeomorphism.

(ii) General null hypersurfaces. The symmetry algebra
found in this work should be valid for general null
hypersurface, as has been shown in [16] for scalar
theory. The general null hypersurface is intriguing
since one may consider massive or nonflat spacetime
HS theories.

(iii) Superduality transformation. As has been mentioned
in the introduction, duality transformations are
found in various gravitational and gauge theories.
It would be better to discuss their associated super-
duality transformations on null boundaries. Besides,
it is rather interesting to discuss the physical origin
of superduality transformation and its various con-
sequences.
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APPENDIX A: NUMBER OF INDEPENDENT
COMPONENTS

In this appendix, we will review the number of inde-
pendent components for a symmetric tensor in d dimen-
sions. The results can be found in any book on the
representation of Lie groups, and we use the review
reference [83]. For a d-dimensional vector space V, the
symmetric tensors of rank s form a vector space SymsV.
The number of independent degrees of freedom is equal to
the dimension of the space dimðSymsVÞ. The symmetric
tensor forms an irreducible representation of the general
linear group GLðd;RÞ and corresponds to the Young
diagram with one row of length s as shown in Fig. 1.
The dimension of any irreducible representation Vλ of

GLðd;RÞ associated with Young diagram λ ¼
ðλ1; λ2;…; λrÞ is given by the formula

dimðVλÞ ¼
Y
ði;jÞ

d − iþ j
hook length

; ðA1Þ

TABLE I. Bulk global transformations are extended to boun-
dary local transformations.

Bulk global transformations Boundary local transformations

Translation Supertranslation
Lorentz rotation Superrotation
Duality transformation Superduality transformation

FIG. 1. Young diagram for a rank s symmetric tensor.

FIG. 2. Young diagram of type λ ¼ ðλ1; λ2;…; λrÞ.
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where ði; jÞ denotes the box in the ith row and jth column
in the Young diagram, as shown in Fig. 2. The product is
over all boxes in the diagram, and the hook length is the
number of squares directly below or to the right of the
square ði; jÞ, counting itself only once. For the symmetric
representation SymsV, there is only one row with s boxes.
Therefore, the dimension dimðSymsVÞ is

dimðSymsVÞ ¼ dðdþ 1Þ � � � ðdþ s − 1Þ
sðs − 1Þ � � � 1 ¼ Cs

dþs−1: ðA2Þ

APPENDIX B: IDENTITIES INVOLVING
COORDINATE TRANSFORMATION

In the context, we defined the four vectors in Minkowski
spacetime as follows:

nμ¼ð1;niÞ; n̄μ¼ð−1;niÞ; mμ¼ð0;niÞ; m̄μ¼ð1;0Þ;
ðB1Þ

where ni is the normal vector of the unit sphere S2. The
vectors YA

μ are related to the first three vectors by

YA
μ ¼ −∇Anμ ¼ −∇An̄μ ¼ −∇Amμ: ðB2Þ

These vectors satisfy various identities that are collected
in [16]. In this appendix, we can derive more identities
associated with Nα

μ and N̄μ
α in the following:

Yμ
AN

α
μ ¼ −δαA; YA

μ N̄μ
α ¼ −δAα ; ðB3aÞ

nμNα
μ ¼ δαr ; nμN̄μ

α ¼ −δuα; ðB3bÞ

mμNα
μ ¼ δαr − δαu; mμN̄μ

α ¼ δrα; ðB3cÞ

n̄μNα
μ ¼ δαr − 2δαu; n̄μN̄μ

α ¼ δuα þ 2δrα; ðB3dÞ

m̄μNα
μ ¼ δαu; m̄μN̄μ

α ¼ −δrα − δuα; ðB3eÞ

and

∇ANα
μ¼YμAðδαu−δαr Þ−mμδ

α
A;

∇AN̄μ
α¼−Yμ

Aδ
r
α−γABmμδBα ; ðB4aÞ

Yμ
B∇ANα

μ ¼ δABðδαu − δαr Þ;
YB
μ∇AN̄μ

α ¼ −δBAδrα; nμ∇ANα
μ ¼ −δαA; ðB4bÞ

as well as

J̄μαNβ
μ ¼ δuαδ

β
u þ δrαδ

β
r þ rδAαδ

β
A

¼ δβα þ ðr − 1ÞδAαδβA
¼ rδβα þ ð1 − rÞ½δuαδβu þ δrαδ

β
r �; ðB5aÞ

Nα
μN̄μ

β ¼ δαβ; N̄μ
αNα

ν ¼ δμν ;

Nα
μNβμ ¼ −δαuδ

β
r − δβuδαr þ δαrδ

β
r þ γABδαAδ

β
B; ðB5bÞ

N̄μ
β∇ANα

μ ¼ −δrβδαA þ γABδ
B
β ðδαr − δαuÞ;

Nα
μ∇ANβμ ¼ δαAðδβr − δβuÞ − δβAðδαr − δαuÞ: ðB5cÞ

APPENDIX C: ASYMPTOTIC EXPANSION
OF STRESS TENSOR NEAR I +

The partial derivatives of the HS gauge field are

∂νfμðsÞ ¼
X∞
k¼1

r−k
�
−nνN

α1
μ1 � � �Nαs

μs Ḟ
ðkÞ
αðsÞ − ðk − 1ÞmνN

α1
μ1 � � �Nαs

μsF
ðk−1Þ
αðsÞ − YA

ν∇AðNα1
μ1 � � �Nαs

μsF
ðk−1Þ
αðsÞ Þ�: ðC1Þ

Therefore, we find the following quadratic terms consisting of the stress tensor:

∂νfμðsÞ∂νfμðsÞ ¼
2ḞAðsÞFAðsÞ

r3
þ � � � ; ðC2aÞ

∂ρfμðsÞ∂σfμðsÞ ¼
nρnσḞAðsÞḞAðsÞ

r2
þ 1

r3
�
2nρnσḞAðsÞḞð2ÞAðsÞ þ 2nðρmσÞḞAðsÞFAðsÞ

þ 2nðρYB
σÞḞAðsÞ∇BFAðsÞ þ 2snðρYB

σÞðḞuAðs−1ÞF
Aðs−1Þ
B − ḞBAðs−1ÞF

Aðs−1Þ
u Þ�þ � � � ; ðC2bÞ

∂νfρμðs−1Þ∂νf
μðs−1Þ
σ ¼ 1

r3

�
2nρnσḞuAðs−1ÞF

Aðs−1Þ
u þ 2nðρYC

σÞ
d
du

ðFuAðs−1ÞF
Aðs−1Þ
C Þ þ YB

ρYC
σ
d
du

ðFBAðs−1ÞF
Aðs−1Þ
C Þ

�
þ � � � ;

ðC2cÞ
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∂ρfσμðs−1Þ∂σfρμðs−1Þ ¼
2ḞAðsÞFAðsÞ

r3
þ � � � ; ðC2dÞ

∂ρfνμðs−1Þ∂νf
μðs−1Þ
σ ¼ 1

r3
�
nρnσðsḞuAðs−1ÞF

Aðs−1Þ
u þ ḞAðsÞ∇A1F A2���As

u Þ

þ nρYB
σ ðsḞuAðs−1ÞF

Aðs−1Þ
B − FuAðs−1ÞḞ

Aðs−1Þ
B þ ḞCAðs−1Þ∇CF Aðs−1Þ

B Þ
þ nσYB

ρFBAðs−1ÞḞ
Aðs−1Þ
u þ nρmσḞAðsÞFAðsÞ þ YB

ρYC
σ ḞCAðs−1ÞF

Aðs−1Þ
B

�þ � � � ; ðC2eÞ

∂λfνρμðs−2Þ∂νf
λμðs−2Þ
σ ¼ 1

r3
d
du

�
Nα

ρFαAðs−1ÞNβ
σFβ

Aðs−1Þ�þ � � � : ðC2fÞ

APPENDIX D: DOUBLY SYMMETRIC
TRACELESS TENSOR ON S2

We will study the doubly symmetric traceless tensors
XAðsÞBðsÞ; QAðsÞBðsÞ and PABðsÞCDðsÞ in this appendix.
The trace-free representation of the fully symmetric rank

k tensor TaðkÞ
0 is given by the formula [84,85] in three

dimensions and [86] in general dimensions

TaðkÞ ¼ TaðkÞ
0 þ

X½k=2�
p¼1

ð−1Þp k!½dþ 2k − 2ðpþ 2Þ�!!
2pp!ðk − 2pÞ!ðdþ 2k − 4Þ!!

× ηða1a2 � � � ηa2p−1a2pTa2pþ1���akÞ
p ; ðD1Þ

where Taðk−2pÞ
p is obtained by taking the trace of TaðkÞ

0 p
times

T
a2pþ1���ak
p ¼ ηa1a2ηa3a4 � � � ηa2p−1a2pTa1a2���ak

0 ; ðD2Þ

and ηa1a2 is the metric of the manifold. Note that the
formula can be simplified to

TaðkÞ ¼
X½k=2�
p¼0

ð−1Þp k!½dþ 2k − 2ðpþ 2Þ�!!
2pp!ðk − 2pÞ!ðdþ 2k − 4Þ!!

× ηða1a2 � � � ηa2p−1a2pTa2pþ1���akÞ
p : ðD3Þ

In our case, i.e., d ¼ 2, k ¼ s, the trace-free part of a fully

symmetric, rank s tensor TAðsÞ
0 , is

TAðsÞ ¼
X½s=2�
p¼0

aðp; sÞγðA1A2 � � � γA2p−1A2pT
A2pþ1���AsÞ
p ; ðD4Þ

where

aðp;sÞ¼ð−1Þp s!½2s−2p−2�!!
2pp!ðs−2pÞ!ð2s−2Þ!! ; p¼0;1; �� �; ½s=2�:

ðD5Þ

For later convenience, we extend the definition of aðp; sÞ to
p ¼ −1 with

að−1; sÞ ¼ 0: ðD6Þ

In [86], this is checked up to rank 8 by computer. It may be
proved by noticing the identity

γA1A2
γðA1A2 � � � γA2p−1A2pT

A2pþ1���AsÞ
p

¼ bðp; sÞγðA3A4 � � � γA2p−1A2pT
A2pþ1���AsÞ
p

þ cðpþ 1; sÞγðA3A4 � � � γA2pþ1A2pþ2T
A2pþ3���AsÞ
pþ1 ; ðD7Þ

with

bðp; sÞ ¼ 4pðs − pÞ
sðs − 1Þ ; ðD8aÞ

cðpþ 1; sÞ ¼ ðs − 2pÞðs − 2p − 1Þ
sðs − 1Þ : ðD8bÞ

The coefficients aðp; sÞ; bðp; sÞ and cðp; sÞ satisfy the
identity

aðp;sÞbðp;sÞþaðp−1;sÞcðp;sÞ¼0; p¼0;1; �� �;½s=2�:
ðD9Þ

Note that we have used að−1; sÞ ¼ 0 in the above equation.
Therefore, the trace vanishes
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γA1A2
TA1���As ¼

X½s=2�
p¼0

aðp; sÞ�bðp; sÞγðA3A4 � � � γA2p−1A2pT
A2pþ1���AsÞ
p þ cðpþ 1; sÞγðA3A4 � � � γA2pþ1A2pþ2T

A2pþ3���AsÞ
pþ1

�

¼
X
�
s=2

�

p¼0

½aðp; sÞbðp; sÞ þ aðp − 1; sÞcðp; sÞ�γðA3A4 � � � γA2p−1A2pT
A2pþ1���AsÞ
p

¼ 0: ðD10Þ

1. Doubly symmetric tensor XAðsÞBðsÞ
Now we will prove the formula (4.37) in the context.

Introducing the notation

X̃
A2pþ1���AsB2qþ1���Bs
p;q

¼ γA1A2
� ��γA2p−1A2p

γB1B2
� ��γB2q−1B2q

X̃ðA1���AsÞðB1���BsÞ; ðD11Þ

this is obtained by taking traces p and q times for
the indices As and Bs, respectively. When p ¼ q ¼ 0,
we have

X̃A1���AsB1���Bs
0;0 ¼ X̃ðA1���AsÞðB1���BsÞ: ðD12Þ

We use the vielbeins eAâ to decompose the metric γAB as

γAB ¼ eAâe
Bâ; ðD13Þ

and thus,

γA1B1 � � � γAsBs ¼ eA1

â1
� � � eAs

âs
eB1â1 � � � eBsâs : ðD14Þ

It follows that

X̃ðA1���AsÞðB1���BsÞ ¼ 1

s!

X
π∈ Ss

γAπð1ÞB1 � � � γAπðsÞBs

¼ 1

s!

X
π∈ Ss

e
Aπð1Þ
â1

� � � eAπðsÞ
âs

eB1â1 � � � eBsâs

¼ VA1���As
â1���âs e

B1â1 � � � eBsâs : ðD15Þ

In the first step, the indices A1 � � �As are symmetrized using
the permutation group Ss. In the second step, we use the
formula (D13). In the last step, we define the symmetric
tensor

VA1���As
â1���âs ¼ 1

s!

X
π ∈ Ss

e
Aπð1Þ
â1

� � � eAπðsÞ
âs

; ðD16Þ

where

VA1���As
â1���âs ¼ VðA1���AsÞ

â1���âs ¼ VA1���As
ðâ1���âsÞ: ðD17Þ

Therefore, the indices B1 � � �Bs is symmetrized automati-
cally. We may rewrite

X̃ðA1���AsÞðB1���BsÞ ¼ VA1���As
â1���âs V

B1���Bsâ1���âs : ðD18Þ

The pth trace of VA1���As
a1���as is

V
A2pþ1���As

p;â1���as ≡ γA1A2
� � � γA2p−1A2p

VA1���As
â1���âs : ðD19Þ

We could find the following product:

V
A2pþ1���As

p;â1���as V
B2qþ1���Bsâ1���âs
q

¼ γA1A2
� � � γA2p−1A2p

VA1���As
â1���âs γB1B2

� � � γB2q−1B2q
VB1���Bsâ1���âs

¼ X̃
A2pþ1���AsB2qþ1���Bs
p;q : ðD20Þ

Then the trace-free part of the tensor X̃ðA1���AsÞðB1���BsÞ with
respect to AðsÞ and BðsÞ is

XAðsÞBðsÞ ¼
X½s=2�
p¼0

aðp; sÞγðA1A2 � � � γA2p−1A2pV
A2pþ1���AsÞ
p;â1���âs

X½s=2�
q¼0

aðq; sÞγðB1B2 � � � γB2q−1B2qV
B2qþ1���BsÞâ1���âs
q

¼
X½s=2�
p;q¼0

aðp; sÞaðq; sÞγðA1A2 � � � γA2p−1A2pV
A2pþ1���AsÞ
p;â1���âs γðB1B2 � � � γB2q−1B2qV

B2qþ1���BsÞâ1���âs
q

¼
X½s=2�
p;q¼0

aðp; q; sÞγðA1A2 � � � γA2p−1A2pX̃
A2pþ1���AsÞðB2qþ1���Bs
p;q γB1B2 � � � γB2q−1B2qÞ; ðD21Þ
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with the coefficients aðp; q; sÞ being

aðp; q; sÞ ¼ aðp; sÞaðq; sÞ ¼ ð−1Þpþq s!½2s − 2p − 2�!!
2pp!ðs − 2pÞ!ð2s − 2Þ!!

s!½2s − 2q − 2�!!
2qq!ðs − 2qÞ!ð2s − 2Þ!! : ðD22Þ

As a consistency check, we will list the tensors XAðsÞBðsÞ
for several cases of lower spin in the following.
(1) s ¼ 2. The tensor X̃ðA1A2ÞðB1B2Þ is

X̃A1A2B1B2 ¼ 1

2
ðγA1B1γA2B2 þ γA1B2γA2B1Þ; ðD23Þ

whose traces are

X̃B1B2

1;0 ¼ γB1B2 ; X̃A1A2

0;1 ¼ γA1A2 ; X̃1;1 ¼ 2:

ðD24Þ

With the formula (D21), we find

XA1A2B1B2 ¼1

2
ðγA1B1γA2B2 þγA1B2γA2B1Þ−1

2
γA1A2γB1B2 :

ðD25Þ

(2) s ¼ 3. The tensor X̃ðA1A2A3ÞðB1B2B3Þ is

X̃ðA1A2A3ÞðB1B2B3Þ ¼ 1

3!



γA1B1γA2B2γA3B3 þ γA1B1γA3B2γA2B3 þ γA2B1γA1B2γA3B3

þ γA2B1γA3B2γA1B3 þ γA3B1γA2B2γA1B3 þ γA3B1γA1B2γA2B3

�
; ðD26Þ

and its various traces are

X̃AiB1B2B3

1;0 ¼ γAiðB1γB2B3Þ; X̃ðA1A2A3ÞBi
0;1 ¼ γðA1A2γA3ÞBi ; i ¼ 1; 2; 3; ðD27aÞ

X̃
AiBj

1;1 ¼ 4

3
γAiBj ; i; j ¼ 1; 2; 3: ðD27bÞ

Therefore, the doubly symmetric traceless tensor XA1A2A3B1B2B3 should be

XA1A2A3B1B2B3 ¼ X̃ðA1A2A3ÞðB1B2B3Þ −
3

4
γðA1A2X̃A3ÞðB1B2B3Þ

1;0 −
3

4
γðB1B2X̃B3ÞðA1A2A3Þ

0;1 þ 9

16
γðA1A2X̃A3ÞðB1

1;1 γB2B3Þ: ðD28Þ

(3) s ¼ 4, the symmetric tensor X̃ðA1���A4ÞðB1���B4Þ is

X̃ðA1���A4ÞðB1���B4Þ ¼ 1

4!
ðγA1B1γA2B2γA3B3γA4B4 þ permutations of A1A2A3A4Þ; ðD29Þ

and its various traces are

X̃
AiAjB1B2B3B4

1;0 ¼ 1

12

�
γB1B2ðγAiB3γAjB4 þ γAiB4γAjB3Þ þ γB1B3ðγAiB2γAjB4 þ γAiB4γAjB2Þ

þ γB1B4ðγAiB2γAjB3 þ γAiB3γAjB2Þ þ γB2B3ðγAiB1γAjB4 þ γAiB4γAjB1Þ
þ γB2B4ðγAiB1γAjB3 þ γAiB3γAjB1Þ þ γB3B4ðγAiB1γAjB2 þ γAiB2γAjB1Þ�; ðD30aÞ

X̃B1B2B3B4

2;0 ¼ 1

3
ðγB1B2γB3B4 þ γB1B3γB2B4 þ γB1B4γB2B3Þ; ðD30bÞ

X̃
A1A2A3A4BiBj

0;1 ¼ 1

12

�
γA1A2ðγBiA3γBjA4 þ γBiA4γBjA3Þ þ γA1A3ðγBiA2γBjA4 þ γBiA4γBjA2Þ

þ γA1A4ðγBiA2γBjA3 þ γBiA3γBjA2Þ þ γA2A3ðγBiA1γBjA4 þ γBiA4γBjA1Þ
þ γA2A4ðγBiA1γBjA3 þ γBiA3γBjA1Þ þ γA3A4ðγBiA1γBjA2 þ γBiA2γBjA1Þ�; ðD30cÞ
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X̃A1A2A3A4

0;2 ¼1

3
ðγA1A2γA3A4 þγA1A3γA2A4 þγA1A4γA2A3Þ;

ðD30dÞ

X̃
AiAjBkBl

1;1 ¼1

6
½γAiAjγBkBl þ3ðγAiBkγAjBl þγAiBlγAjBkÞ�;

ðD30eÞ

X̃
AiAj

1;2 ¼ 4

3
γAiAj ; ðD30fÞ

X̃
BiBj

2;1 ¼ 4

3
γBiBj ; ðD30gÞ

X̃2;2 ¼
8

3
: ðD30hÞ

The doubly symmetric traceless tensor
XA1A2A3A4B1B2B3B4 should be

XA1A2A3A4B1B2B3B4 ¼ X̃ðA1A2A3A4ÞðB1B2B3B4Þ − γðA1A2X̃A3A4ÞB1B2B3B4

1;0 − X̃A1A2A3A4ðB3B4

0;1 γB1B2Þ

þ γðA1A2X̃A3A4ÞðB1B2

1;1 γB3B4Þ þ 1

8
γðA1A2γA3A4ÞX̃B1B2B3B4

2;0 þ 1

8
γðB1B2γB3B4ÞX̃A1A2A3A4

0;2

−
1

8
γðA1A2γA3A4ÞγðB1B2X̃B3B4Þ

2;1 −
1

8
γðB1B2γB3B4ÞγðA1A2X̃A3A4Þ

1;2

þ 1

24
γðA1A2γA3A4ÞγðB1B2γB3B4Þ: ðD31Þ

2. Other doubly symmetric traceless tensors
and related identities

In (5.20), we also defined a doubly symmetric traceless
tensor PABðsÞCDðsÞ. Using the identity

γACγBD þ sγABγCD − sγADγCB ¼ γACγBD þ sϵACϵBD;

ðD32Þ

we find

P̃AB1���BsCD1���Ds
¼ ðγACγB1D1

þ sϵACϵB1D1
ÞγB2D2

� � � γBsDs
;

ðD33Þ

and the doubly symmetric traceless tensor becomes

PABðsÞCDðsÞ ¼ γACXBðsÞDðsÞ − sϵACQBðsÞDðsÞ: ðD34Þ

There are various identities associated with the tensor
XAðsÞBðsÞ; QAðsÞBðsÞ, and PABðsÞCDðsÞ.
(1) To calculate the commutator between T f and the

fundamental field FAðsÞ, we need the identity

XAðsÞBðsÞFBðsÞ ¼ FAðsÞ: ðD35Þ

(2) To compute the commutator between MY and the
fundamental field FAðsÞ, we need the identity

PABðsÞCDðsÞXBðsÞ
EðsÞ ¼ PAEðsÞCDðsÞ: ðD36Þ

(3) To calculate the commutator between Og and the
fundamental field FAðsÞ, we need the identities

QBðsÞ
CðsÞXBðsÞAðsÞ ¼ QAðsÞCðsÞ; ðD37aÞ

QBðsÞAðsÞ ¼ −QAðsÞBðsÞ: ðD37bÞ

(4) By exchanging the indices A and C in the tensor
PABðsÞCDðsÞ, we find the tensor ρABðsÞCDðsÞ

ρABðsÞCDðsÞ ¼
1

2
ðPABðsÞCDðsÞ þ PADðsÞCBðsÞÞ

¼ γACXBðsÞDðsÞ: ðD38Þ

(5) To obtain the commutator ½T f;MY �, we used the
following identities:

ΔAðsÞðfY;FÞ ¼ fΔAðsÞðY;FÞ

þ 1

2
YD∇CfFBðsÞPDBðsÞCAðsÞ;

ðD39aÞ

ΔAðsÞðY; fFÞ ¼ fΔAðsÞðY;FÞ þ YD∇DfFAðsÞ;

ðD39bÞ

ρABðsÞCDðsÞḞBðsÞḞDðsÞ ¼ γACḞBðsÞḞBðsÞ; ðD39cÞ

PABðsÞCDðsÞḞDðsÞFBðsÞ ¼ γACḞBðsÞFBðsÞ

− sϵACϵDEḞ
Bðs−1Þ
D FEBðs−1Þ:

ðD39dÞ
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(6) For the commutator ½MY;Og�, we need the integral
identity

Z
dΩQAðsÞBðsÞgFBðsÞΔAðsÞðY; ḞÞ

¼ −
Z

dΩQAðsÞBðsÞḞAðsÞΔBðsÞðY; gFÞ; ðD40Þ

which follows from the algebraic identity

QEðsÞAðsÞPDBðsÞCAðsÞ þQAðsÞBðsÞPDEðsÞCAðsÞ

¼ 2γCDQEðsÞBðsÞ: ðD41Þ

(7) For the commutator ½MY;MZ�, we need the identity

ΔAðsÞðY;ΔðZ;FÞÞ − ΔAðsÞðZ;ΔðY;FÞÞ − ΔAðsÞð½Y; Z�;FÞ ¼ soðY; ZÞQBðsÞAðsÞFBðsÞ: ðD42Þ

To prove this formula, we may rewrite the left-hand side as

LHS ¼ terms withF þ terms with∇F þ terms with∇∇F: ðD43Þ

The terms with the second derivative of F are

ZGYD∇C∇HFEðsÞρGEðsÞHBðsÞρDBðsÞCAðsÞ − ðY ↔ ZÞ ¼ ZDYC½∇C;∇D�FAðsÞ

¼ −ZDYCRE
A1CD

FEA2���As
− � � � − ZDYCRE

AsCDFA1���As−1E

¼ −sYCZDRCDEðA1
FA2���AsÞ

E: ðD44Þ

The terms with only the first derivative of F are

�
YD∇CZG∇HFEðsÞρGEðsÞHBðsÞρDBðsÞCAðsÞ þ

1

2
YD∇HZG∇CFEðsÞPGEðsÞHBðsÞρDBðsÞCAðsÞ

þ 1

2
ZG∇CYD∇HFEðsÞPDBðsÞCAðsÞρGEðsÞHBðsÞ

�
− ðY ↔ ZÞ − ½Y; Z�D∇CFBðsÞρDBðsÞCAðsÞ

¼ 0: ðD45Þ

The terms linear in F are

�
1

2
YC∇C∇HZGFEðsÞPGEðsÞHAðsÞ þ

1

4
∇CYD∇HZGFEðsÞPGEðsÞHBðsÞPDBðsÞCAðsÞ

�
− ðY ↔ ZÞ − 1

2
∇C½Y; Z�DFBðsÞPDBðsÞCAðsÞ

¼ terms with∇∇Y or ∇∇Z þ terms with∇Y∇Z; ðD46Þ

where the first part can be turned into commutators

terms with ∇∇Y or ∇∇Z ¼ 1

2
YC∇C∇HZGFBðsÞPGBðsÞHAðsÞ −

1

2
ZC∇C∇HYGFBðsÞPGBðsÞHAðsÞ

−
1

2
YH∇C∇HZDFBðsÞPDBðsÞHAðsÞ þ

1

2
ZH∇C∇HYDFBðsÞPDBðsÞCAðsÞ

¼ 1

2
YC½∇C;∇H�ZDFBðsÞPDBðsÞHAðsÞ − ðY ↔ ZÞ

¼ 1

2
YCZERD

EC
HFBðsÞPDBðsÞHAðsÞ − ðY ↔ ZÞ

¼ s
2
YCZEðRDECðA1

þ RCDEðA1
ÞFA2���AsÞ

D − ðY ↔ ZÞ: ðD47Þ

Utilizing the Bianchi identity RA½BCD� ¼ 0, we find that the above results are canceled by (D44). With the identity

PGEðsÞHBðsÞPDBðsÞCAðsÞ ¼ PDEðsÞCBðsÞPGBðsÞHAðsÞ; ðD48Þ
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the terms with ∇Y and ∇Z are

terms with∇Y and ∇Z ¼ 1

2
∇EYF∇GZIFBðsÞðγIEPFBðsÞGAðsÞ − γFGPIBðsÞEAðsÞÞ

¼ s
2
∇EYF∇GZIFBðsÞðγFGϵIE − γIEϵFGÞQAðsÞBðsÞ

¼ −
s
4
∇AYB∇CZDðϵBCγAD þ ϵACγBD þ ϵBDγAC þ ϵADγBCÞQAðsÞBðsÞFBðsÞ

¼ soðY; ZÞQBðsÞAðsÞFBðsÞ: ðD49Þ

We have used the Fierz identity

γABϵCD þ γACϵDB þ γADϵBC ¼ 0: ðD50Þ

Therefore, we finish the proof of the identity (D42).
(8) To compute the central charge in the commutator

½T f1 ; T f2 �, we need the square of XAðsÞBðsÞ

XAðsÞBðsÞXAðsÞBðsÞ ¼ 2: ðD51Þ

(9) To compute the central charge CMOðY; gÞ, we need
the identity

PABðsÞCDðsÞQBðsÞDðsÞ ¼ −2sϵAC; ðD52Þ

which follows from the identities

XAðsÞBðsÞQAðsÞBðsÞ ¼ 0; QAðsÞBðsÞQAðsÞBðsÞ ¼ 2:

ðD53Þ

3. Tensors and identities in stereographic
project coordinates

The previous identities may be checked in stereographic
project coordinates. The nonvanishing components of the

doubly symmetric traceless tensors in this coordinate
system are

XzðsÞz̄ðsÞ ¼ Xz̄ðsÞzðsÞ ¼ γs; ðD54aÞ

PAzðsÞCz̄ðsÞ ¼ γsðγAC − isϵACÞ; ðD54bÞ

PAz̄ðsÞCzðsÞ ¼ γsðγAC þ isϵACÞ; ðD54cÞ

QzðsÞz̄ðsÞ ¼ −Qz̄ðsÞzðsÞ ¼ iγs; ðD54dÞ

ρAzðsÞCz̄ðsÞ ¼ ρAz̄ðsÞCzðsÞ ¼ γACγ
s: ðD54eÞ

For example, the square of XAðsÞBðsÞ can be found to be

XAðsÞBðsÞXAðsÞBðsÞ ¼ XzðsÞz̄ðsÞXzðsÞz̄ðsÞ þ Xz̄ðsÞzðsÞXz̄ðsÞzðsÞ ¼ 2:

ðD55Þ

One can also use the coordinate transformation to find the
doubly symmetric traceless tensors, e.g.,

XAðsÞBðsÞ ¼
∂zðsÞ
∂θAðsÞ

∂z̄ðsÞ
∂θBðsÞ

XzðsÞz̄ðsÞ þ
∂z̄ðsÞ
∂θAðsÞ

∂zðsÞ
∂θBðsÞ

Xz̄ðsÞzðsÞ ¼ γs
�
∂zðsÞ
∂θAðsÞ

∂z̄ðsÞ
∂θBðsÞ

þ ∂z̄ðsÞ
∂θAðsÞ

∂zðsÞ
∂θBðsÞ

�
; ðD56aÞ

QAðsÞBðsÞ ¼
∂zðsÞ
∂θAðsÞ

∂z̄ðsÞ
∂θBðsÞ

QzðsÞz̄ðsÞ þ
∂z̄ðsÞ
∂θAðsÞ

∂zðsÞ
∂θBðsÞ

Qz̄ðsÞzðsÞ ¼ iγs
�
∂zðsÞ
∂θAðsÞ

∂z̄ðsÞ
∂θBðsÞ

−
∂z̄ðsÞ
∂θAðsÞ

∂zðsÞ
∂θBðsÞ

�
: ðD56bÞ

In terms of the projective stereographic coordinates, the flux density operators are simplified greatly

Tðu; z; z̄Þ ¼ 2γ−sḞ ˙̄F; ðD57aÞ

Mzðu; z; z̄Þ ¼
1

2
ð1 − sÞγ−sð ˙̄F∇zF − F̄∇zḞÞ þ

1

2
ð1þ sÞγ−sðḞ∇zF̄ − F∇z

˙̄FÞ; ðD57bÞ

Mz̄ðu; z; z̄Þ ¼
1

2
ð1þ sÞγ−sð ˙̄F∇z̄F − F̄∇z̄ḞÞ þ

1

2
ð1 − sÞγ−sðḞ∇z̄F̄ − F∇z̄

˙̄FÞ; ðD57cÞ

Oðu; z; z̄Þ ¼ iγ−sð ˙̄FF − Ḟ F̄Þ: ðD57dÞ
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APPENDIX E: CANONICAL QUANTIZATION

1. Mode expansion

We can also use the mode expansion to quantize the
fundamental field. After imposing the De Donder gauge,
the EOM becomes a wave equation whose solution can be
expanded in terms of plane waves

fμðsÞðt; xÞ ¼
X
α

Z
d3k
ð2πÞ3

1ffiffiffiffiffiffiffiffi
2ωk

p

× ½ε�αμðsÞðkÞbα;ke−iωtþik·x þ εαμðsÞðkÞb†α;keiωt−ik·x�;
ðE1Þ

where εαμðsÞðkÞ is the polarization tensor. Here, the creation
and annihilation operators satisfy the canonical commutator

½bα;k; b†β;k0 � ¼ ð2πÞ3δα;βδð3Þðk − k0Þ; ðE2Þ

while other commutators vanish. One can choose appro-
priate polarization tensors such that they obey the following
completeness relation

X
α;β

ε�αμðsÞðkÞδα;βεβνðsÞðkÞ ¼ XμðsÞνðsÞ; ðE3Þ

where XμðsÞνðsÞ is the doubly symmetric traceless part of
X̃μ1���μsν1���νs

X̃μ1���μsν1���νs ¼ γμ1ν1 � � � γμsνs : ðE4Þ

Here, γμν has been defined as

γμν ¼ ημν −
1

2
½nμðkÞn̄νðkÞ þ n̄μðkÞnνðkÞ� ¼ γABYA

μYB
ν ðΩkÞ;
ðE5Þ

with

nμðkÞ¼ð−1;niðkÞÞ; n̄μðkÞ¼ð1;niðkÞÞ; niðkÞ¼
ki
jkj:

ðE6Þ

In the context, our polarization tensor satisfies

ε0μðs−2Þ ¼ 0; kνενμðs−1Þ ¼ 0; εrμðs−1Þ ¼ 0; ðE7Þ

which imply the corresponding properties of (E3). The
property of being symmetric and traceless is obvious due to
the construction of XμðsÞνðsÞ, while the others are satisfied by
the definition of γμν, namely kμγμν ¼ 0 and

YA
r ¼ YA

μ∂rxμ ¼ YA
μnμ ¼ 0 ⇒ γrν ¼ γABYA

r YB
ν ¼ 0: ðE8Þ

As in the context, we impose the falloff

fμðsÞðt; xÞ ¼
FμðsÞðu;ΩÞ

r
þOðr−2Þ; ðE9Þ

which leads to

FμðsÞðu;ΩÞ ¼
X
α

X
l;m

Z
∞

0

dωdΩk

� ffiffiffiffi
ω

p

4
ffiffiffi
2

p
π2i

ε�αμðsÞðkÞbα;ke−iωuYl;mðΩÞY�
l;mðΩkÞ þ h:c:

�

¼
Z

∞

0

dωffiffiffiffiffiffiffiffiffi
4πω

p
X
l;m

½cμðsÞ;ω;l;me−iωuYl;mðΩÞ þ h:c:�; ðE10Þ

with

cμðsÞ;ω;l;m ¼ ω

ð2πÞ3=2i
Z

dΩk

X
α

ε�αμðsÞðkÞbα;kY�
l;mðΩkÞ; ðE11aÞ

c†μðsÞ;ω;l;m ¼ iω

ð2πÞ3=2
Z

dΩk

X
α

εαμðsÞðkÞb†α;kYl;mðΩkÞ: ðE11bÞ

Converting to retarded frame, we obtain

FAðsÞðu;ΩÞ ¼ FμðsÞðu;ΩÞð−Yμ1
A1
Þ � � � ð−Yμs

As
Þ

¼
Z

∞

0

dωffiffiffiffiffiffiffiffiffi
4πω

p
X
lm

½ð−1ÞsciðsÞ;ω;l;mYiðsÞ
AðsÞYl;mðΩÞe−iωu þ h:c:�: ðE12Þ
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It is straightforward to compute the commutation relation between boundary creation and annihilation operators

½ciðsÞ;ω;l;m; c†i0ðsÞ;ω0;l0;m� ¼
ωω0

ð2πÞ3
Z

dΩkdΩ0
kε

�α
iðsÞðkÞY�

l;mðΩkÞεα0i0ðsÞðk0ÞY�
l0;m0 ðΩ0

kÞ½bα;k; b†α0;k0 �

¼ δðω − ω0Þ
Z

dΩkXiðsÞi0ðsÞY�
l;mðΩkÞYl0;m0 ðΩkÞ: ðE13Þ

Now we are prepared to calculate the fundamental commutator

½FAðsÞðu;ΩÞ; FBðsÞðu0;Ω0Þ� ¼
Z

∞

0

dωffiffiffiffiffiffiffiffiffi
4πω

p dω0ffiffiffiffiffiffiffiffiffiffi
4πω0p

�
YiðsÞ
AðsÞY

i0ðsÞ
BðsÞ

×
X
lm

Yl;mðΩÞe−iωu
X
l0m0

Y�
l0;m0 ðΩ0Þeiω0u0 ½ciðsÞ;ω;l;m; c†i0ðsÞ;ω0;l0;m0 � þ h:c:

�

¼ i
2
αðu − u0ÞδðΩ −Ω0ÞYiðsÞ

AðsÞY
i0ðsÞ
BðsÞXiðsÞi0ðsÞ

¼ i
2
XAðsÞBðsÞαðu − u0ÞδðΩ − Ω0Þ; ðE14Þ

which agrees with our previous result from boundary
symplectic form.
We can also use the mode expansion to derive the

antipodal matching conditions

Fþ
μðsÞðω;ΩÞ¼−F−

μðsÞðω;ΩPÞ; Fþð2Þ
μðsÞ ðω;ΩÞ¼F−ð2Þ

μðsÞ ðω;ΩPÞ;
ðE15Þ

up to the first 2 orders, where ΩP ¼ ðπ − θ; π þ ϕÞ is the
antipodal point of Ω ¼ ðθ;ϕÞ on the sphere, and þ (−)
denotes fields at Iþ (I−). This result has also been checked
using Green’s function for retarded and advanced solutions
of the wave equation with source.

2. Polarization tensors

In this subsection, we discuss the polarization tensors in
HS theory.
Spin one and special momentum. For simplicity, we

consider the case of s ¼ 1 and take a special momentum
kμ ¼ jkjð1; 0; 0; 1Þ, which is followed by

γμν¼

0
BBBBB@

0

1

1

0

1
CCCCCA
; ϵ̄μν¼

0
BBBBB@

0

0 1

−1 0

0

1
CCCCCA
: ðE16Þ

We need the polarization vectors to satisfy the orthogon-
ality and completeness relations

γμμ
0
ε�αμ ðkÞεα0μ0 ðkÞ ¼ δαα

0
; ðE17Þ

X
α;β

ε�αμ ðkÞδα;βεβνðkÞ ¼ γμν; ðE18Þ

and the transverse condition

kμεαμðkÞ ¼ 0: ðE19Þ

A natural choice is

εRμ ¼ 1ffiffiffi
2

p ð0; 1; i; 0Þ; εLμ ¼ 1ffiffiffi
2

p ð0; 1;−i; 0Þ; ðE20Þ

which also satisfy the condition

ϵ̄νμðΩkÞε�αμ ðkÞεβνðkÞ ¼ iσαβ3 ; ðE21Þ

and thus agree with (6.29).
General momentum. For a general momentum kμ, the

construction of the polarization vectors may be rather
complicated. However, we find that the properties that
they need to satisfy happen to be the ones of YA

μ , namely

YA
μYB

ν γAB ¼ γμν; ðE22Þ

γμνYA
μYB

ν ¼ ημνYA
μYB

ν ¼ γAB; ðE23Þ

and nμYA
μ ¼ 0, except for (E21). Therefore, one can

introduce the vielbeins

eA1 ¼ 1ffiffiffi
2

p
�

1

sin−1 θ

�
; eA2 ¼ 1ffiffiffi

2
p

�
1

− sin−1 θ

�
; ðE24Þ

such that
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δαβeAαeBβ ¼ γAB: ðE25Þ

It follows that the polarization vectors can be expressed as

εAμ ¼ εαμeAα ≡ YA
μ : ðE26Þ

One can invert the relation to obtain

εαμ ¼ YA
μeαA; eαA ¼ eBβ γABδ

αβ: ðE27Þ

With the choice (E26), we find

ϵ̄μνYA
μYB

ν ¼ ϵCDYμ
CY

ν
DY

A
μYB

ν ¼ ϵAB ¼ −ϵαβeAαeBβ ; ðE28Þ

⇔ ϵ̄νμε�αμ εβν ¼ ϵαβ; ðE29Þ

which is not the last property (E21) superficially. However,
one can combine the polarization vectors to get

εRμ ¼ 1ffiffiffi
2

p ðε1μ þ iε2μÞ; εLμ ¼ 1ffiffiffi
2

p ðε1μ − iε2μÞ; ðE30Þ

which satisfy

ϵ̄νμε�αμ εβν ¼ iσαβ3 ; α; β ¼ R;L; ðE31Þ

as we want.
General spin. The key point to derive the HS polarization

tensors is noting that (E30) can be rewritten as

εRμ ¼ 1

2
½ð1þ iÞYθ

μ þ ð1 − iÞ sin θYϕ
μ �

¼ 1

2
ð1þ iÞðYμ þ iỸμÞθ ≡ 1

2
ð1þ iÞYμ; ðE32aÞ

εLμ ¼ 1

2
½ð1 − iÞYθ

μ þ ð1þ iÞ sin θYϕ
μ �

¼ 1

2
ð1 − iÞðYμ − iỸμÞθ ≡ 1

2
ð1 − iÞȲμ; ðE32bÞ

where we have defined

ỸA
μ ¼ YB

μ ϵB
A ¼ ð0; ỸA

i Þ; ðE33Þ

which can also be interpreted as a Hodge dual

ỸA
μ ¼ ỸA

0μ¼
�
0;
1

2
ϵijkYA

jk

�
; ỸA

μν¼
1

2
ϵμνρσYρσA: ðE34Þ

One can easily find

Yμ ¼ ðYμ þ iỸμÞθ ¼

0
BBB@

0

− cos θ cosϕ − i sinϕ

− cos θ sinϕþ i cosϕ

sin θ

1
CCCA; ðE35Þ

and its complex conjugate Ȳμ, which agree with the
expression in the literature, such as [87]. Now we can
construct the polarization tensors for the HS theory

εRμðsÞ ¼ εRμ1 � � � εRμs ¼
ð1þ iÞs

2s
Yμ1 � � �Yμs ¼

ð1þ iÞs
2s

YμðsÞ;

ðE36aÞ

εLμðsÞ ¼ εLμ1 � � � εLμs ¼
ð1 − iÞs

2s
Ȳμ1 � � � Ȳμs ¼

ð1 − iÞs
2s

ȲμðsÞ:

ðE36bÞ

A nice property is that these expressions are automatically
symmetric and traceless, since we have

ημνðYμ þ iỸμÞAðYν þ iỸνÞB
¼ γμνðYμ þ iỸμÞAðYν þ iỸνÞB ¼ 0; ðE37aÞ

ημνðYμ − iỸμÞAðYν − iỸνÞB
¼ γμνðYμ − iỸμÞAðYν − iỸνÞB ¼ 0; ðE37bÞ

due to the identities nμYA
μ ¼ nμỸA

μ ¼ n̄μYA
μ ¼ n̄μỸA

μ ¼ 0

and

YA · YB ¼ ỸA · ỸB ¼ γAB; YA · ỸB ¼ ϵAB: ðE38Þ

Now we need to check the orthogonality and complete-
ness relations, as well as (6.29). The orthogonality relation
is straightforward

XμðsÞνðsÞε�αμðsÞε
α0
νðsÞ ¼ δαα

0
; ðE39Þ

since we have

γμνȲμYν ¼ 2; γμνYμYν ¼ γμνȲμȲν ¼ 0: ðE40Þ

The completeness relation reads

ε�RμðsÞε
R
νðsÞ þ ε�LμðsÞε

L
νðsÞ

¼ 2−s½Ȳμ1 � � � ȲμsYν1 � � �Yνs þ c:c:� ¼ XμðsÞνðsÞ; ðE41Þ

which is a bit difficult to prove. For s ¼ 1, we know that it
is satisfied

ȲμYν þ c:c: ¼ 2γμν: ðE42Þ

For s ¼ 2, we find
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Xμð2Þνð2Þ ¼
1

2
ðγμ1ν1γμ2ν2 þ γμ1ν2γμ2ν1 − γμ1μ2γν1ν2Þ

¼ 1

2
×
1

4

�ðȲμ1Yν1 þ c:c:ÞðȲμ2Yν2 þ c:c:Þ þ ðȲμ1Yν2 þ c:c:ÞðȲμ2Yν1 þ c:c:Þ − ðȲμ1Yμ2 þ c:c:ÞðȲν1Yν2 þ c:c:Þ�

¼ 1

4
½Ȳμ1Ȳμ2Yν1Yν2 þ c:c:�: ðE43Þ

In general, we find that the right-hand side of the completeness relation is

DST½γμ1ν1 � � � γμsνs � ¼ 2−sDST½ðȲμ1Yν1 þ c:c:Þ � � � ðȲμsYνs þ c:c:Þ�; ðE44Þ

which contains a same number of Ȳ and Y. The notation “DST[� � �]” represents the doubly symmetric traceless part of the
expression inside the square brackets. To be doubly symmetric traceless, we must have

DST½ðȲμ1Yν1 þ c:c:Þ � � � ðȲμsYνs þ c:c:Þ� ∝ Ȳμ1 � � � ȲμsYν1 � � �Yνs þ c:c:; ðE45Þ

due to the relations (E40). Then the overall coefficient is easily to be determined.
At last, we can check

QμðsÞμ0ðsÞε�αμðsÞε
α0
μ0ðsÞ ¼ iσαα

0
3 ; α; α0 ¼ R;L; ðE46Þ

where we need to use

Yμ
AȲμ ¼ Yμ

AðYμ − iỸμÞθ ¼ γθA − iϵAθ; ðE47Þ

and thus,

1

2
ϵ̄νμȲμYν ¼

1

2
ϵABYν

AY
μ
BȲμYν ¼ i: ðE48Þ
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