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Recently, an infinite family of one-parameter generalizations of the Veneziano amplitude were
bootstrapped using as input assumptions an integer mass spectrum, crossing symmetry, high-energy
boundedness, and exchange of finite spins. This new result was dubbed the hypergeometric Veneziano
amplitude, with a real-valued deformation parameter r. For concreteness we work in a setup where the
lowest-mass state is a tachyon of mass mg = —1 and using the partial-wave decomposition and the
positivity of said decomposition’s coefficients we are able to bound the deformation parameter to r > 0

and, also, to obtain an upper bound on the number of spacetime dimensions D < 26, which is the critical

dimension of bosonic string theory.

DOI: 10.1103/PhysRevD.109.086008

I. PROLOGUE

Bootstrapping scattering amplitudes of massless and
massive particles, see [1] for a recent summarized expo-
sition to advances and developments of the S-matrix
bootstrap, is an old theme in theoretical high-energy
physics. The idea behind it is to provide an alternative
approach to understanding and examining physics theories.
Concretely, we can formulate specific mathematical ques-
tions about the S-matrix and attempt to answer this kind of
questions, rather than resorting to Lagrangian descriptions
and sophisticated geometrical approaches. This, in turn,
implies that we can understand the theories of interest as
being fixed by constraints and conditions that are imposed
on scattering amplitudes.

In order to employ any bootstrap algorithm, we have to
choose a set of assumptions and conditions and then
impose them on a landscape of objects. For the purposes
of bootstrapping scattering amplitudes such a set can
consist of crossing symmetry, polynomial residues, and
high-energy boundedness.

An explicit four-point amplitude that satisfies the above
and is a meromorphic function, except for its simple poles,
was constructed by Veneziano [2] and is given by:

D=1+ ds))T(=(1 + 1))
[(=(1+ds)—(1+dt))

M(s.t) = (1.1)
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Today we know, of course, that it describes the 2 — 2
scattering of open-string tachyons of mass a/m3 = -1

It is worthwhile stressing that a scattering amplitude
violating the requirement of tame ultraviolet behavior is an
indication for the breakdown of unitarity and causality of
the theory [3.4]. Very robust expressions have been derived
describing bounds for theories that are gapped; the Regge
and the Froissart bounds.

The Veneziano amplitude has been studied quite exten-
sively, with the recent works of [5,6] focusing on the
coefficients of the partial-wave decomposition of the
amplitude and discussing its unitarity from tree-level
considerations, as well as the critical dimension of string
theory. Questions regarding its uniqueness were posed
since the early days of its discovery.

Along this particular line of investigation, an answer was
given in [7-9] that is nowadays known as the Coon
amplitude. This is another amplitude that satisfies the
criteria of polynomial boundedness, finite-spin exchange,
and meromorphicity. It comes with logarithmic Regge
trajectories, and for many years it was disregarded by
virtually everyone. Recently, however, it has received
revived activity [10-16]. The Coon amplitude is a defor-
mation of the Veneziano in terms of one-parameter and it
exhibits a mass spectrum with discrete levels converging to
an infinite density at an accumulation point that is followed
by a branch cut.

While the works of [10,17] raise concerns regarding the
status of unitarity of the Coon amplitude, it was realized
in [18] that string theory admits amplitudes behaving like

'We work with conventions in which o = 1 for open string
theory.
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that since they arise from the of open-string scattering with
open strings having their endpoints on a D-brane in AdS.

With the Coon amplitude being able to provide us with
an explicit and consistent generalization of the Veneziano
amplitude, people have been revisiting the question of
constructing more general four-point amplitudes that
are consistent with the principles of the S-matrix bootstrap
[19-22]. This can, also, be phrased as a question to the
uniqueness of string theory. Phrased in simple terms, since
string theory amplitudes satisfy particular constraints, are
they the only objects doing so?

In this work we focus our attention on an infinite
generalization of the Veneziano amplitude, recently derived
in [22]. Similarly to the Coon amplitude, it is, also, written
as a one-parameter deformation and has been dubbed the
hypergeometric Veneziano amplitude; this name will
become perfectly clear in the next section. Using the
partial-wave decomposition of the amplitude, we wish to
impose the positivity of the coefficients in order derive
bounds on the allowed values for the parameter r and the
spacetime dimensions D.’

The approach we take here, in order to derive bounds on
the allowed values of the deformation parameter r and the
spacetime dimension D, is to examine the positivity of
the coefficients of the partial-wave decomposition of
the amplitude. To do so, we compute the residues of the
amplitude at the location of its poles. Then, we proceed to
decompose the residues in a basis spanned by Gegenbauer
polynomials, which is valid for any number of spacetime
dimensions, D > 3.2 As we have already mentioned, the
task at hand is to find the numbers that multiply these
polynomials, since their non-negativity is tied to the
unitarity of the underlying theory. We proceed by utilizing
the orthogonality relations that these polynomials obey,
and we obtain a relation for the partial-wave coefficients as
an integral of those special polynomials and some non-
trivial function. Using the generating functions for the
special polynomials we can define a “pseudogenerating
function.” After some algebraic manipulations, which
consist of writing our expressions as power series expan-
sions we, effectively, have two polynomial expansions for
the original equation of the partial-wave coefficients. From

The authors of [22] have discussed constraints and bounds
resulting from unitarity using a numerical evaluation of the
partial-wave coefficients. More specifically, starting from the
integral representation of the coefficients, they were able to re-
express them as a double-sum and upon an explicit numerical
evaluation they were able to constrain the allowed values for the
deformation parameter, r, and the number of allowed spacetime
dimensions, D. Our analysis is a more systematic examination of
the partial-wave coefficients.

*In the special cases of D =4 and D =5 the Gegenbauer

polynomials reduce to the Legendre polynomials and the Cheby-
shev polynomials of the second kind.

that we can read off the terms of appropriate scaling in
order to derive the coefficients.

In addition to the above, we also resort to some
experimental guess-work, in order to derive additional
analytic expressions for the partial-wave coefficients of
subleading Regge trajectories. This means that, starting
from the original expression for the partial-wave coeffi-
cients given as an integral of the special polynomials times
some nontrivial function, we compute the integral for some
values, we make a guess for the general form of the answer
and we proceed to verify our claim by checking explicitly
some nontrivial values.”

The main results of this work is the derivation of
unitarity bounds for the deformation parameter r and
the number of allowed spacetime dimensions, D. For
the former we show r > 0, while for the latter we derive
D < 26. These results agree with the numerical evaluation
of the partial-wave coefficients presented in [22]. In
addition to these conclusions, we derive an analytic
expression for the partial-wave coefficients in general D
dimensions. Our representation of the coefficients is dis-
tinct, but equivalent, from the form presented in [22].
Furthermore, we provide analytic expressions for the
partial-wave coefficients on several Regge trajectories,
and the structure of those coefficients on any Regge
trajectory. These results have not appeared before.

The structure of this work is the following: in Sec. II we
set-up our notation and conventions. We move on to Sec. I1I,
where we specialize the discussion in the D = 4 case and
we derive the partial-wave coefficients for the leading
Regge trajectory, a,,.,. We, also, provide expressions
for the partial-wave coefficients of the subleading Regge
trajectories, a,,_,, with y ={0,1,...,10}. Finally, we
rewrite the original integral representation of the partial-
wave coefficients as multiple sums. In Sec. IV we analyse
the partial-wave coefficients for general dimensions. We
proceed to analyse the positivity constraints of those
coefficients in Sec. V and derive bounds on the parameter
r and the spacetime dimensions D. We conclude in Sec. VL.

II. GENERALITIES AND SETUP

The new infinite family of hypergeometric amplitudes is
given by [22]

[(=s—=1)(-t—1)
[(—s—1-2)
—s—t=2,14nr1),

A(s, 1) = Fo(-s—1,-t—1.r;

(2.1)
“In this context, by nontrivial we mean some values that were

not used in order to claim the answer of the partial-wave
coefficients.
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where in the above ;F,(a; b;z) is the generalized hyper-
geometric function.”®
It is obvious that the amplitude, .A(s, ), has poles in s at
s=n=-—1,0,1... and of course the same is true for t.
We start by calculating the residues at the s poles. We
have

!
ResA(s, 1) = — :

Res [CETEa] - Y ( (2.2)

t+2+r)n+l’

From the Gegenbauer expansion for arbitrary dimensions D
we know

n+1
2t
ResA(s.1) ==Y a, c<“)(1 +—), 23
s=n ( ) =0 A1 n-+ 4 ( )

where in the above the parameter a is related to the
spacetime dimensions D via a =233, Now we can just
equate Egs. (2.2) and (2.3) to get

| n+1 2t
(142 =Y a7 (1+—).
(n—l-r—l-l)!( F2H 2 it ( +n+4>
(2.4)

We can use the fact that the Gegenbauer polynomials
satisfy the following orthogonality condition

+1
/ A€ (1) C (x) (1 = X2y = 2K(£. ). (2.5)
-1
where in the above we have defined
(¢ +2
K(£,a) = - +20) (2.6)

T 2246 + a) P (a)

in order to derive the following expression for the partial-
wave coefficients of Eq. (2.4)

Note that relative to [22] we have a shift {s, 1} —
{s+ 1,¢t+ 1}. This shift precisely amounts to considering the
scattering of massive states with m(z) = —1, rather than massive
particles.

®Let us remind the reader of the definition of the
generalized hypergeometric function. It is given as a
formal power series; qu({al,az, v, AL Po o Pyti) =

o ()i(a)p...(a,) 1 k
20 BB K

r! 1 4 a3 /”*4 dtc(a)
a =
YT (140K a) |(n +4)? 0 ‘

X <1 - nit4> (t(n+4=1)"2(=t 4+ 2+ 1),

(2.7)

By examining Eq. (2.7) we make the following obser-

vations:

(1) Unlike the case of the Veneziano amplitude where
a,, = 0for n 4 £ equal to an even number, here we
do not have that. This is due to the presence of the
deformation parameter r. In the special case r =0
the coefficients are equal to 0 as they should.

(ii) We have, however, that a,, , = O for £ > n + 2, as is
the case for the Veneziano amplitude as well. The
vanishing of the partial-wave coefficients a,, , for the
values ¢ > n + 2 indicates that the states that are
present are of spins up to £ =n+ 1 for a fixed
mass m>.

We conclude this section here and discuss more the

above two points in Appendix A.

III. THE PARTIAL WAVE COEFFICIENTS
IN D=4 DIMENSIONS

Here we specialize the discussion in the D =4, or

equivalently a = %, case. Equation (2.7) simplifies to the

following expression

U 1427 [t
" i / dtP,
0

a"’f:(n—l—l—l—r)! n+4

2t
X <1—m>(—t+2+r)n+l, (31)

where in the above P,(x) denotes the Legenedre poly-
nomials.

We can proceed by utilizing the generating function of
the Legendre polynomials

P —

—_— 3.2
=0 V 1 _2xt+t2 ( )

and the representation of the Pochhammer symbol in terms
of the Stirling number of the first kind, s(ab),7

n

(), = D (1) Hsilk,

k=0

(3.3)

in order to obtain

"In some places in the literature it is written as s(a, b) but we
opt for the one that is closer to the Mathematica implementation.
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i 1 a_’l»j _ 1 HZH(_I)nJrI—kS(k)
= 2j+ 1h! (n+4)(n+1)!k70 ntl
/ —t+2+ r) . (3.4)
— 1)+
Ga(h)

In the above, Eq. (3.4), we have defined a “pseudo

generating function” gf{,{(h) which we can evaluate explic-
itly and is given by:

; 1 (n+4)! 4h k

Qi,,l(h) = e el (h—1)? +n—+4(2+ r)

x (ET =&7), (3.5)
with the shorthand

E+ = (h+1),F, L é'f(i)

2 ’
2
[ = hxl) (3.6)

(h=1)+22+7r)

Using the formal power-series definition for the hyper-
geometric function ,F(a, b, ¢;z)

(a,b,c;x) — Al (3.7)
2 ;y, C :
we can rewrite Eq. (3.5) as®
Wy 1 (TS (k)
gn,k(h> - 22k+1 hk+1 (2p + 1)pl
x <(h — 1)+ ) p >
m=0
2p+ 1
( )h"‘(l (=)™ (3.8)
m

A. The leading Regge trajectory

In Eq. (3.8) the function g(’)
that scale according to 1

(h) has in total k + 1 terms
s h2 .. h"_l“ It is a rather straight-
forward exercise to extract the h,(—lﬂ coefficient, which is
given by

8Note that the p-sum is terminated, however, this is natural
since (—a), =0 holds V b > a.

rn (n + 4)k+] k!
Dl’l,k - 22k+l \/7_7: :
<k + %) !

(3.9)

Let us recall at this point, that the point of the exercise is to
extract the partial-wave coefficient for the leading Regge
trajectory, d, ;. This is the term that scales like > in
Eq. (3.4). We have

1 1 r!

_ (n+1)~(r)
- D , 3.10
20+ 3 T A (n g 1) Tl (3.10)
which yields
a —L\/z_t(n +4)nt (n+1)! r! N
e ) nrrrnr

and Eq. (3.11) holds for any integer n > —1. Note, also, that
for r =0 since the amplitude reduces to the Veneziano
amplitude, the partial-wave coefficient of the leading Regge
trajectory, given by Eq. (3.11), should reduce to the result
derived for that case. We have checked against the result
derived in [5] and this is indeed the case.

B. More on the Regge trajectories

In this section we wish to provide some, hopefully,
useful expressions for the partial-wave coefficients of the
Regge trajectories. We start the discussion by considering
the case a,,,. We work in an experimental manner. That is,
we compute the coefficients of interest using Eq. (3.1) for
some low-lying values of n and manage to spot the pattern.
Subsequently, we perform numerous nontrivial tests of our
expression. By nontrivial we mean against values for the
quantum number 7 that lie outside the data range used to
obtain the original expression. We find the following

2n+1

Appn = Apptl 2r.

3.12
n+4 (3.12)

Let us make the comment that in the » =0 case the
coefficients given by Eq. (3.12) should coincide with those
of the undeformed Veneziano amplitude. It is useful at this
point to remind ourselves of the fact that for the unde-
formed Veneziano amplitude the partial-wave coefficients,
a, s, are always equal to zero when n+ ¢ is an even
number. This agreement is manifest in Eq. (3.12).

Working in a similar vein for a couple more Regge
trajectories, we observe that there is a striking pattern. All
the coefficients can be written as

2n—p)+11
nn—y = Anptl WE((_ly(r - 1)

+r+1)P,(n,r) (3.13)
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where in the above P, (n, r) is a polynomial in 7 and r. The
r-degree of the polynomial is 5 (=1)"((—=1)7(2y + 1) — 1)
and only the even powers in r appear. The degree in n is
L(=1)7((=1)7(6y + 1) —1). Unfortunately, we do not
have a closed-form expression for all Regge trajectories,
however, we have closed-form expressions for y =
{0,1,...,10}. We observed the general pattern using the
values y = {0,1,2,3,4} and the remaining values of y
served as checks of the pattern we found. Since the
polynomials become quite unwieldy, below we provide
the expressions for those that we will need in order to
constrain the parameter » and more expressions can be
found in Appendix B. The form of the first 2 the 3
polynomials presented in Eq. (3.14) were obtained for
values n <5 and checked up to n < 11. The third poly-
nomial was obtained from values n <6 and checked

Po(n,r) =2,
n* 19n 23
dn+ )P4 22
(4n + )r+6+ s T3
16n*> 4 2n®  43n?
Pz(n,r)=< 3n —§>r2+ . .

Pl (n, r) =
121n 50

3 T3 T3t
(3.14)

Before closing the section and for concreteness and
clarity we mention that the regime of validity in the
formulas presented above in Eq. (3.14) for n is such that
the spin is never negative. More concretely for y = 0 we
have n > 0, for y =1 we have n > 1, and for y =2 we
have n > 2. This logic holds for all the partial-wave

against data up to n < 11. coefficients.

C. The general coefficients

It is possible, with the relations that we have derived so far, to re-write the general partial-wave coefficients given by
Eq. (3.1). Algorithmically we will work in the same way as above for the leading Regge trajectory, a,, ;1. The task at hand,
now, is to compute the general term that scales like #~“~! from both sides of the #-expansion. We re-state below what we
have obtained, for the reader’s convenience. The relation that we need to use in order to get the a, , is given by:

o 1 1 7l n+1 1 1
- - - 1 n+1—k (k) 4 k
;2]+ 1h/+l an,j (n+r+ 1) kZ;( ) Sn+1 22k+1 (I’l—|— ) hk+l
(=) 4h R an gy Y |
p 2
Xy ——(h=1)"+——(r+2 A™(1+(=1)™). 3.15
;mmm[( Pt )] mz( L enm @)
We will use the binomial expansion
‘. /c
b)t = c=dpd 3.16
@by =3()a 310
in order to rewrite
4h k= SRk —p 4 k—p-t
h—1)>2 2 = 2 =P (h = 1) 17
m-rpaeen| T =3 () (e ) (h=1) .17
and subsequently
2r 2t
(h—1)* = Z( )( 1)2e=3 s (3.18)
=0 \ 8
thus arriving at
0 1 1 n+1
i n+1 k 4 k
jzzojzjﬂhf“a”’ n+r+1)'kz=; ”“2”‘+1 (n4)
k 2p+1 k—=p 2¢ 2p+1 k p>(2r>( 4 k—p—t
X (r+2))
%252 )0 G
Ry (=1)ehatmtk=p=r(] 4 (—1)™), (3.19)
P'(2P+ 1)
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From the above we can read-off the terms proportional to 4~“~! from both sides and the result yield59:

_ @+ . ik 0 1 k ~3S p<2p+l><k_p>< 2]: ) (_k)p
“"f_(n+r+1)!,;( D Sntl 5241 (n+4) ngmo =\ m r ptr—¢—m)p!2p+1)
4 k—p—1t
x <n+4(r+2)> (=1)PFre=rmm(] 4 (=1)™) (3.20)

D. A simpler expression for the general coefficients
We will derive a simpler expression for the a,, » coefficients compared to Eq. (3.20). To do so, we remind ourselves of the
definition of the “pseudo generating function” gﬁl’,{(h) in D = 4 which is given by:

n+4 —t+2
= / 24 (3.21)
4h
’ \/ Lyl
As we have seen, the integral in Eq. (3.21) can be performed analytically in terms of the ordinary Gauss hypergeometrics

functions, ,F(a, b, c;x). There exists another way of obtaining the integral in terms of the Appell hypergeometrics
function, F,(a;b, c;d;x,y). The answer is given by the following:

") (h :2kn+4F 1 kl'Z‘n+4 _ 4h 2
gn.k( ) h—1 1 2’ ,2+r’ (h—1)2 . (3 )

We recall now that the formal definition of the Appell hypergeometrics function as a power-series in the following manner

Fi(a;b,c;d;x,y) :iiel a)eﬂc—)()fxeyf, (3.23)

o= )e+d

and we also make note of the simplification:
2 =14+x+y, (3.24)

in order to obtain:

S S

I |+

— &
(]~
(e
: | —
d|.—t

Gy (h) = (r+2)* i_f): (i); (': i j) ' (— %) ) (3.25)

To proceed we perform the u-sum in the above relation and we obtain

G (h) = (r + 2)X( +4zk: Gy Sl 2u ) Cap (3.26)
r e e .
n.k h b:() b+ ) r+2 (/’L _ 1)2b+1
Now, we can use, once more, the binomial expansion
1 X /n+y-1
= —1)x, 3.27
(Es D M (A I 327

as well as the relation between the binomial coefficients and the Pochhammer symbol

“We have checked that our result, Eq. (3.20), matches the expression for the partial-wave coefficients in [22], Note that there is a shift
by one in the definitions of n between the two works; the n here has to be shifted as n — n + 1 to match the result in [22].
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x+y-—-1 X
( Y > _ Gy (3.28)
y y!
in order to rewrite
1 (2 + .
o ~20- IZ )2th, (3.29)
and thus the expression for Q;r,l(h) becomes
k l +4
Guuh) = (42 + 9 Z o ) -y
b=
=\ (20
X Z + 1)2 R, (3.30)

=0

Having obtained an explicit form as power series expansion for the “pseudo generatmg function,” G, ;(h), in terms of A,
Eq. (3.30), it is quite straightforward to extract the coefficient a, ,. It is given by 0,

<2f—~— n+1 e k
§ )" 2 4
It = 4 n+r+1)' h(r+2)n+4)
n+4 2v+1),_,
E F —k,1+1v;2 b— —4)p—___r=2 3.31

Note that, while Eq. (3.31), is completely equivalent to Eq. (3.20) they are distinct parametrizations of the partial-wave
coefficients. Equation (3.31) comes with only two sums, instead of the four ones that appear in Eq. (3.20). An argument can
be made in favor of both those equations in comparison to Eq. (3.1) as they are just sums, rather than integration of the
Legendre polynomials times nontrivial functions.

Also, note that for £ = 0 we have just a single sum

| n+1 —k _ k+1
_ r! 1=k g4 r+2 (r+2)*(n-r+2)
“"~°_(n+4)(n+r+1)z;( D s (r +2)0 <k+1+(_1)k K+ ) (3.32)

IV. THE PARTIAL WAVE COEFFICIENTS IN D DIMENSIONS

In this section, we wish to derive similar expressions as we did previously in D = 4 dimensions, Sec. III, but without
specifying the number of spacetime dimensions. The steps and basic relations that we need in order to manipulate the
expressions have already appeared in the previous section, and hence we will proceed with a faster pace here.

For the reader’s convenience we record here again, the basic relation, as an integral over the Gegenbauers, that gives the
partial-wave coefficients a,, »

& P! L / (1= Nt d = )t 424 1), (&)
a. = - n+4-— 2(— F) ot :
" r+ D)IK(Ca)n+4 \(n +4)? 0 ‘ n+4 s

In order to proceed, we want to make use of the generating function of the Gegenbauer polynomials

o )y 1
> () = , 4.2
¢ ) (1 =2xt +12)* (42)

the representation of the Pochhammer symbol in terms of the Stirling number of the first kind, see Eq. (3.3), and also

"“We have checked in this case as well that, Eq. (3.31), matches the expression for the partial-wave coefficients in [22] as we did
previously.
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(n+4-r)pt= ip<a _§> (=1)7 (n - dye=iorer. (43)

After using the above, we obtain the following:

- . r! 1 4 a— ] k ® fa-1 1
,C .’ n hl = -1 n+1-k (k) ( 2) —1)» +4 a—s—p
= Ur@)an, (n+r+1)n+4 {(n+4)2} ;( U ,,Z:% p C1p7n +4)
n+4 — kp+a—%
X/ d[( t+2+4r)t ’ @4
0
()

g(a)(’)(h)

n.k.p

where in the above relation, Eq. (4.4), we have defined the pseudo generating function Q,(f,y;) (h). The integral can be
performed analytically and we obtain

2(r +2)k

et S e 4_oz+p+l
2a+2p+1(n+ ) ’

1 3 n4+4 4k
F1<a+p+ —k,a;a+p+= = ) (4.5)

1
(h— 1) 2’ 27r+2" (h-1)?

Now, we can proceed as we did in Sec. III D, in order to rewrite Eq. (4.5) in a form that is appropriate for our manipulations.
Namely, we can use the definition of the Appell hypergeometrics function as a power-series, which is given by Eq. (3.23),
alongside with the simplification

(a+p+%)x+_y_ 1+2a+2p
(@+p+3),,, 1+2a+2p+2x+2y’

(4.6)

and then analytically perform the u-sum, after which we need to use the binomial expansion, Eq. (3.27), and the relation
between the binomial coefficients and the Pochhammer symbol given by Eq. (3.28) in order to obtain

k
(@)(7 wipii N~ (@ | 3 n+4
Gy (h) = 2(r +2)(n + 4) “’22? Fl( katptytoatpsbul o

=< (2 2a)
x (—4)°(— —2p— Zahbz b+ a) r(_l)thr_ (4.7)

r=

After the above simplifications, the equation we need to consider in order to extract the partial-wave coefficients is given by:

[e5) ) I"! n+1
- _ a—— n+1 —k
S b = g S (4 e
k
1 1 3 n—+4
—4)°, F, | —k, D, D;
XDZ o T 2a 2yt 1( At PRt pr Y +2>
% hP M(_l)%hr_ (4.8)

r!
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A. The leading Regge trajectory

Using Eq. (4.8) we can read-off from both sides the terms that scale as 2"*! in order to extract the expression for the
partial-wave coefficients on the leading Regge trajectory, a,, .. We have that:

! 2 2yl LSt —1)P(—4)®
e = eSS e G

(n+r+1)Kn+1,a) e e o! 1+2a+2p+2v

1 3 n+4\ (20+2a),,, .
Fi(-n-1, =+, VR 4.9
X 5 1( n—lLatptsto.atptsto +2> nr1-v) (4.9)

B. More on the Regge trajectories

While, Eq. (4.9) is a formal derivation for the partial-wave coefficients of the leading Regge trajectories in arbitrary
D-dimensions, it looks more like a simplified rewriting of the integral, rather than a helpful expression. Again, we can work
experimentally in order to derive

e o
Annt1 = an (D=3)(D—=1)(n+r+1)! <D2+1>

(4.10)

n—1

for the leading Regge trajectory. Note that in deriving the above relation, Eq. (4.10), we used as input data the results from
4<D<5and—1<n<5andcheckeduptod < 11 and n < 9. It turns out that a similar behavior to the one in the D = 4
case is observed here as well. The subleading trajectories can be expressed as

ey = s gy (L (V= 1) 1D =3+ 200 = )P, . D.1). (@.11)

where in the above P, (n, d, r) is a polynomial, which we do not have in a closed-form for all levels. For the first few we
have the expressions:

Po(n,D,r) =2,
Py (n.D.r) 12P2(D +2n —3) — Dn — 2D + n? +23n+54
6(n+4)
D +2n—3)(=Dn—-2D 25n 4 58) +4r2(D +2n—=5)(D +2n -3
py(n, D, r) — D21 = (D= 2D 4 1 4 250+ 58) + 42D + 21 = 5D+ 21 = 3) (4.12)

3(n+4)°

In order to derive the patter in (y, D) of Eq. (4.12) we used y = {0, 1,2} as input and checked against y = 3 and for the
dimensions 4 < D < 7 and checked up to D < 9. For the polynomials described in Eq. (4.12) we used n < 13 and D < 14
as input and checked up to d <17 and D < 17.

C. The general coefficients

Finally, it is a straightforward exercise to extract the 2% term from both sides of Eq. (4.8) in order to obtain the expression
for all partial-wave coefficients. It is given by”:

r! 1 e .y © (a-1
apy = (n+r+ 1)!,C<f’a)4a_72( 1>n+ (> (r+2) Z( )(_1>p

k=0 p=0\ P

4
1 1 3 n+4 (20 + 2a),_
—k, b, b; —4)® 2, 4.13
XDZ ! 1+2a+2p+2v> 1( aF Py TR at T +2>( ST (4.13)

""We have checked in this case also that, Eq. (4.13), matches the expression for the partial-wave coefficients in [22] as we did in the
previous cases.
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V. COMMENTS ON UNITARITY

The unitarity of the underlying theory, no matter what
the theory, is directly related to the positivity of the partial-
wave coefficients that we derived in the previous sections.
The reason is that negative partial-wave coefficients indi-
cate the exchange of ghost states. Hence, requiring that the
partial-wave coefficients are non-negative numbers, is
equivalent to the requirement that the theory is ghost-free.

The deformation parameter r that enters Eq. (2.1) can be
any real number. With that in mind, we start from the
expressions we derived for the D = 4 case. From Eq. (3.11)
and for n = 0 we obtain

1

o=

(5.1)

from which we conclude that » > —1 and this is our first
unitarity bound.

A second more stringent bound comes from the study of
a,, given by Eq. (3.12) already at n = 0. We obtain

1

=r—, 52
doo =71 1 (5.2)

and requiring positivity of the above yields
r<-1vr>0. (5.3)

From the above, we conclude that » > 0, since the r < —1
solution does not allow the deformation parameter r to
become 0 and thus undo the deformation of the Veneziano
amplitude. The study of coefficients derived from the
subleading trajectories, does not lead to further bounds
on the allowed values of the parameter r.

We continue to the general D dimensions and check if
we can derive any bounds on the allowed value of D. Here,
we have already derived r > 0 and we will use this as an
input. Note, also, that we are interested in integer spacetime
dimensions D. The first nontrivial constraints in this case
come from the a,,_; and n = 1. We have the expression

12(D-1)r* =3D + 78

= , 5.4
MO RO D+ 1)(r+2) 5:4)

the positivity of which leads to
(r>0AD<4D-1)r*+26)v2r>1vD <26. (5.5)

Clearly, the first part, which reads (r>0AD <4
(D —1)r* +26) is inconsistent as it does not allow the
deformation parameter to return to the value » = 0 and thus
to obtain the undeformed Veneziano amplitude. For the
same reason we can exclude the second solution, 2r > 1,
and we are only left with D < 26. Namely the underlying
theory has to live below the critical dimension of string

theory. Since, r > 0 one could imagine that the partial-wave
coefficients of the Veneziano amplitude going to negative
values above the critical dimensions of string theory could
become positive for some appropriate value of r, however,
such is not the case.

Before concluding this section we would like to add
some clarifying comments.

As we have already mentioned, in [22] the authors
provided an expression for all partial-wave coefficients as a
double-sum. Upon explicit evaluations of the relation, they
were able to derive bounds on the allowed values for the
deformation parameter, r and the number of spacetime
dimensions, D.

The results we have obtained here are in agreement with
those presented in [22] upon the appropriate shift that we
have already mentioned in the previous section and for the
special case of mj = —1. While our formulas given by
Egs. (3.20) and (3.31) for the special case of D =4 and
Eq. (4.13) for general-D dimensions are equivalent to the
result obtained in [22] they are distinct parametrizations of
the partial-wave coefficients.

Furthermore, the general expressions for all partial-
wave coefficients that appear both here and in [22] are not
expressed in terms of simple analytic functions, but rather
as sums. This is more of a formal rewriting of the
coefficients, rather than a straightforward expression that
allows the non-negativity of the said coefficients to be
manifest. Taking that into consideration, the formulas
describing the partial-wave coefficients on the Regge
trajectories, while not formally derived, appear to be more
useful in a practical sense.

VI. EPILOGUE
In this work, we focused on examining the following
hypergeometric deformation of the Veneziano amplitude
[(=s—1)(-t—1)
[(-=s—1-2)
—s—t=2,14nr1),

A(s, 1) =

Fo(-s—1,—t—1,r;
(6.1)

that was derived in [22]. Using the decomposition into
partial waves, we were able to derive bounds on the
deformation parameter r and the number of spacetime
dimensions D, namely
r>0, and D <26, (6.2)
based on the requirement that the coefficients in the partial-
wave decomposition are non-negative numbers. This
requirement is a consequence of the unitarity of the under-
lying theory.
We find it quite remarkable that even though the
deformation parameter r could be any real number at the
beginning, and naively one could expect that this would not
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allow to derive any bounds on the dimensions of the
underlying theory, the positivity of the coefficients in the
expansion requires that D is bounded from above. More
extraordinary is the fact that this upper bound matches
precisely the critical dimensions of the bosonic string.

Unfortunately, unlike the physical intrpretation that we
have on the bound of the spacetime dimensions, we do not
have a physical explanation for the bound on the deforma-
tion parameter. It should, also, be noted that the allowed
values of r strongly depend on the value of the mass, and
can be seen from the numerical analysis of [22] that in the
case of low masses negative values are allowed. As a
concrete example, we mention that for the scattering of
massless particles the parameter has to be r > %

As we have mentioned already in the introduction,
generalizing the Veneziano amplitude is motivated from
many different points of view, one of which is a question on
the uniqueness of string theory. Being able to derive the
critical dimension of the string from the examination of
the hypergeometric Veneziano amplitude, is not a proof that
string theory is unique, however, it can be seen as suggestive
evidence. Of course, as was explained in [21], one can argue
that the input assumptions used as constraints to bootstrap
Eq. (6.1) were neither strong nor restrictive enough, and
hence it is not a big surprise that new mathematical
functions were found that satisfy the bootstrap conditions.

We hope that this work is a first step toward the more
systematic study of these new and exciting hypergeometric
amplitudes, supplementing and extending the unitarity
analysis of [22].

There are many exciting and interesting avenues for
future work.

The first and most straightforward path, would be to
consider performing a similar analysis for different values
of m3, since in this work we specifically considered the
case of massive scattering with m3 = —1. There is already
numerical evidence from [22] that for different values of m3
the deformation parameter can be negative without violat-
ing the unitarity of the underlying theory.12

We still do not know the underlying theory of the
amplitude given by Eq. (6.1), if any. Taking our findings
into consideration, as well as the fact that this four-point
amplitude has an integral representation in terms of the
Koba-Nielsen formula [22]," perhaps the first and more

We are grateful to Grant Remmen for stressing this pos-
sibility to us.

It is worthwhile noting that from the point of view of the five-
point amplitude, the Koba-Nielsen formula, the fact that a careful
restriction of the parameters leads to a consistent four-point
amplitude does not come as a surprise. Truly, upon an appropriate
restriction of the parameters in the original Koba-Nielsen for-
mula, in such a way that the singularities of the resulting
expression are only in s and ¢ and with the choice s <> ¢ to
account for crossing symmetry, it is expected that the result is a
reasonable four-point amplitude.

natural place to try and look for an answer would be some

2 — 2 scattering process within string theory itself.
Furthermore, it is well known that the Veneziano and the

Virasoro-Shapiro amplitudes given by'*:

(=5 — 1)[(=1 — 1)
[(=s—t-2) '

[(—s = 1)(=t— 1) (s 41+ 3)

C(s+2)0(t+2)(=s—1=2) "

Aven =

Avs =

(6.3)

are related via the Kawai-Lewellen-Tye (KLT) relation [23]

_ sin(zs) sin(xt) e

~ zsin(z(=s — 1)) (64)
—_————

VS

kernel

It would be very interesting to examine if a similar relation
holds true for the hypergeometric deformations of the
Veneziano and Virasoro-Shapiro amplitudes, to derive the
kernel in this generalized context, and thus the generalized
KLT relation.

Finally, a straightforward path is to consider the hyper-
geometric Coon amplitude that was, also, derived in [22]
and attempt to obtain the corresponding unitarity bounds for
the deformation parameters, ¢ and r, and perhaps the
spacetime dimensions D in that case. Note that this is
the most general construction in terms of the hypergeo-
metric deformations that were discussed in that article and
certain limits can be taken in order to derive Eq. (6.1) from
that. We believe that the bounds derived here can be used as
useful input in order to derive bounds on the allowed region
of values that the parameters can have in the case of the
hypergeometric Coon amplitude.
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APPENDIX A: PARTIAL-WAVE COEFFICIENTS THAT ARE EQUAL TO ZERO

1. The effect of a nonvanishing value for the r-parameter

Let us discuss the first point of Sec. II at a bit more depth in order to showcase our argument. To do so, we remind ourselves
that in the case of the Veneziano amplitude, in order to prove that @, , = 0 when n + £ is equal to an even number, we have to

consider the shift # = n + 4 — #' [5]. Using the properties (—x),

integral of Eq. (2.7) becomes

= (=1)’(x—y + 1), and C¥ (=x) = (=1)*CY (x) and the

n+4 ((1) 2t ol
0 @c ! n+4 (t(n +4 = 1) (=1+2+ 1)y,

n+4 2
— —(=1 n+f/ dlC(a> <] —
(=1 [T (1=

where in the above we renamed ¢ as ¢ after using the
properties. Now, in the Veneziano case, which is the case
r = 0, the original integral is just re-written as —(—1)"+*
times itself, and hence for n 4 £ any even number the result
is zero. It is clear, that due to the presence of a nonzero r this
is no longer the case.

Before we proceed to show that a, , = 0 for £ > n + 2,
we briefly mention again that this indicates the presence of

states with spins up to # = n + 1 at mass m2.

2. Vanishing coefficients in D=4

Here we will specify the discussion to the case D = 4.
In this case, we have seen that the expression for the partial-

k—

Let us consider that a; is the coefficient of the term #/ in the
above and hence we have that Eq. (A4) becomes

n+1

D ai(n+4)HT(2.)),

J=0

(AS)

where in the above we have defined:

-5 ()( et

k=0

Notice that Eq. (A6) can be written as:

T@ﬁ—lhu@mx

)um+4—owﬂ4+z—ﬂﬁp

i(i) <f_’:k) <_nJlr4)k/0n+4d”k(_t+2>(—f+3)-~(—t+2+n+ o)

(A1)

wave coefficient simplifies drastically, see Eq. (3.1). Let us
focus on the integral of that expression, given by

! 4d P 1 2t 2 A2
t —_ _t .
A % 1 (=1 +24 1), (A2)

We will use that the Legendre polynomials satisfy

(1) -2 (D) () w

in order to rewrite Eq. (A2) as:

(n+1)—terms

with P,(z) being the shifted Legendre polynomial that
satisfy

Ps(z) = Py(1-22) = i(—l)"(i) (f Z k>zk. (A8)

k=0

Recall that the task at hand was to evaluate 7 (7, j). The
integral in Eq. (A7) can be evaluated to be

(=J)¢

R

(A9)

From Eq. (A9) we conclude that 7 (¢ >n+2,j) for
any j=0,1,...,n+ L
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3. Vanishing coefficients in any D

Now, we proceed to compute the integral and show the
vanishing of the partial-wave coefficients in any dimen-
sions for £ > n + 2. We begin by considering the following
representation of the Gegenbauer polynomials

1

2 1 -
( a)f F1<—n,2a+n,a+5;Tx>, (A10)

¢ ="

which can be written in the more convenient, for our
purposes, form

9 (x) — (2;!) ,ﬁ;@ ((2::5): <x5 1>j, (Al1)

Using Eq. (All), the integral appearing in Eq. (2.7)
becomes

LS

1 k

AN

( t+2+r>n+l

_|_

(A12)

T(t.).a) =§j(i)%<—l>k2

In the above, (—f + 2+ ), has in total (n + 1)-terms of
the form: (—t+247r)(—t+3+7r)...(—=t+2+n+r).
Additionally, we can use the binomial theorem to express

(=t 4 n+4)%7 as:

)P (n+4) P, (A13)

(~t+ntd) = i< >

p=0

is the coefficient of # in
(=t+24+n+r) and

Now, we consider that a;

(=t+2+7r)(=t+3+7r)...
Eq. (A12) becomes

n+l1
fza n+4)NT(¢ ja),  (Al4)
where in the above
a—; 2
—1)? . AlS5
< p >( ) 1 +2a+2j+2k+2p (A13)

The sums in Eq. (A15) can be performed analytically and we obtain

1 2 1 1
T(¢,),a) = [F<a+§>] r<a+J+ ) f2<{a+j+§,—f,f+2a};{a+

Clp}; {bl’bZ’

where in the above we have used p}'q({al,az, e

1
§,2a+j+1};1>, (A16)

,b,};z) to denote the regularized hypergeometric

function, which is given in terms of the generalized hypergeometric function as:

1

a,}: (b1 by by 2) =

fq({al,az, .

From Eq. (Al16) we can conclude that 7 (£ >
n+2,j,a) =0 for any number of spacetime dimensions
D and any j=0,1,....,n+ 1.

APPENDIX B: THE POLYNOMIALS FOR THE
REGGE TRAJECTORIES IN D=4 DIMENSIONS

In this appendix we provide some additional examples
for the polynomials governing the Regge trajectories in
D = 4 dimensions from Sec. III B. Before presenting the

[(b,)[(by)..T

)qu({al, ay, ..., ap}; {bl, b2, ey bq};Z), (A17)

(by

|
formulas for those, we clarify their derivations and checks.
For P; we used n < 9 and checked up to n < 13, for P, we
used n < 11 and checked up to n < 13, for Ps we used
n < 14 and checked up to n < 17, for Pg we used n < 16
and checked up to n < 18, for P; we used n <19 and
checked up to n < 22, for Pg we used n < 21 and checked
up to n <25, for Py we used n < 22 and checked up to
n <24, and for Py, we used n <25 and checked up to
n <28.
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1613 4 dn* 923 2150 23
773(n,r):< 3n —8n2—§+2)r4+<%+ 3n 3n —Tn—18>r2
_n° 40Int 136700 2350307 5923n , 523
36 360 90 360 0 15"
64n*  256m3  224n*  64n 16n° 376n* 1486n% 82n 116
1) = - At (- 36n° — S P
Pa(n.r) (15 15 5 15 )r+(9+9 oon 9 9 3>r
n® 218n° 4157n* 24743n3  55921n*> 2071n
- + + + - ~ 82,
9 45 60 90 180 30
12815 64n*  448n3 568n 28
)= - —30m% — 220
Ps(n.r) < 5 3 9 LTI 3>r
L (16n°  368n° 680n* 2440n°  3889n%  587n 310)
- — ——|r
9 9 9 9 9 9 3
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