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Quadratic gravity in analogy to quantum chromodynamics:
Light fermions in its landscape
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We investigate a nonperturbative approach to quantum gravity built in terms of analogies between
quadratic gravity and quantum chromodynamics. This approach is based on a conjectured phase transition
between quadratic gravity in the trans-Planckian regime and an effective field theory, with general relativity
as the leading-order term, below the Planck scale. We point out that not all aspects of the analogy between
quadratic gravity and quantum chromodynamics are desired. A possible mechanism of chiral symmetry
breaking driven by quantum gravity fluctuations could make this setup incompatible with our observed
Universe. Here, we put forward a first investigation of chiral symmetry breaking in the context of quadratic
gravity. We find indication that gravity, despite being an attractive force, does not trigger chiral symmetry
breaking in a nonperturbative regime. This result is based on a (functional) renormalization group analysis
of four-fermion interactions coupled to quadratic gravity. We also comment on the particularities associated
with the single-flavor case. In summary, the analogy between quadratic gravity and chromodynamics

passes this first phenomenological viability test.
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I. INTRODUCTION

Since the seminal work by Stelle [1], it is known that
quadratic gravity, i.e., the Einstein-Hilbert action aug-
mented by curvature squared terms, is renormalizable
to all orders in perturbation theory. The underlying
reason is that the addition of curvature squared terms
enhances the graviton propagator from p~2 scaling to p~*
scaling, therefore reducing the degree of divergence
of Feynman diagrams involving graviton lines. A few
years after the proof of renormalizability of quadratic
gravity, it was also noted that couplings associated with
the curvature squared terms admit asymptotically free
trajectories [2—14].

At first glance, the properties of all-order renormaliz-
ability and asymptotic freedom seem to make quadratic
gravity a perfect contender in the quest for a UV-complete
theory of quantum gravity. Unfortunately, quadratic gravity
has a longstanding issue related to unitarity [1,15-17].
Schematically, the tree-level graviton propagator of quad-
ratic gravity behaves as
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where m~ is a massive parameter (proportional to the Planck
mass). According to the usual “rules” of perturbative
quantum field theory, the negative sign in the last term of
the propagator leads to states with negative norm, i.e., a
ghost. Since this ghost arises as a consequence of the higher-
derivative terms in the action of quadratic gravity, we name it
the higher-derivative ghost. In contrast to Faddeev-Popov
ghosts in gauge theories, we cannot remove the higher-
derivative ghost from the physical spectrum by means of
standard quantization methods. Therefore, in its usual
incarnation, the higher-derivative ghost spoils the unitarity
of quadratic gravity.

The unitarity problem in quadratic gravity has a classical
counterpart, namely, Ostrogradsky instabilities [18,19].
This type of instability is common in theories containing
higher-derivative terms and it is usually used to disregard
higher-derivative theories. Nevertheless, it has been
recently shown that, even at the nonlinear level, it is
possible to construct stable classical solutions in quadratic
gravity [20]. Classical aspects of quadratic gravity were
also explored in [21-30]. See also [31] for a discussion on
causality constraints in quadratic gravity.

Given the problem with unitarity in quadratic gravity and
considering the appearance of many alternative ideas to
quantize gravity [32,33], quadratic gravity was, for a long
time, left aside in the quest for a UV-complete theory of
quantum gravity.
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In recent years, there was a number of promising ideas
to rehabilitate quadratic gravity as a serious contender
for a UV-complete theory of quantum gravity [14,34-58].
Among the different proposals, there are claims that
quadratic gravity can be formulated as a unitary theory
by bringing back ideas from the Lee-Wick program for
higher-derivative theories [59-62]. For example, Anselmi
and Piva introduced a new prescription to define the
integration contour around propagator poles in the complex
plane, which allows us to remove the higher-derivative
ghost from the physical spectrum [47-53]. In this approach,
the higher-derivative ghost is interpreted as a fake-particle,
or a fakeon. As a second example, Donoghue and Menezes
[54-58] proposed that the higher-derivative ghost can be
reinterpreted as a particle traveling back in time, a Merlin
mode. The Merlin modes are unstable particles and, as
such, should not be included in the unitarity relations.
Using this property, they were able to prove S-matrix
unitarity of quadratic gravity [55]. It is important to
mention that both the fakeon and Merlin-mode proposals
trade unitarity violation with microcausality violation
[47,50,54,57,58]. The physical consequences of micro-
causality violation need to be better explored.

Another approach, by Holdom and Ren [63-65], is
based on a possible analogy between quantum gravity and
quantum chromodynamics (QCD). To our better under-
standing [66,67], QCD involves different phases: (i) at
high-energies, QCD is formulated in terms of Yang-Mills
theories with non-Abelian gauge fields (gluons) coupled
to fermions (quarks). This formulation enjoys the nice
property of asymptotic freedom, with gluons and quarks
behaving as free particles in the deep UV-limit [68,69]. As
we flow toward low energies, gluons and quarks become
strongly correlated, and, around the so-called QCD scale,
the theory transitions into a second phase. (i) At low
energies, QCD can be better described in terms of chiral
perturbation theory, where the propagating degrees of
freedom are bound states of gluons and quarks [70].
However, it is still unclear whether this picture is indeed
compatible with the dynamics of quadratic gravity. More
work in this direction is necessary to make sure that this
analogy is indeed viable.

The approach by Holdom and Ren proposes that a
similar picture could describe quantum gravity. In this
case, in the high energy regime (beyond the Planck scale),
the gravitational dynamics would be described by quad-
ratic gravity, a theory that is both renormalizable and
(under certain conditions) asymptotically free. In this
trans-Planckian regime, the spectrum of the theory con-
tains both gravitons and ghost-like states. In analogy to
QCD, it is conceivable that once we flow toward low
energies, the dynamics of quadratic gravity would enter a
strongly correlated regime. Within Holdom-Ren’s sce-
nario, the strongly correlated regime would happen
around the Planck scale. Below this scale, the theory

would transition to a second phase with effective dynam-
ics where the Einstein-Hilbert is the leading order term
[71-74]. Furthermore, it is conjectured that the ghost
would be removed from the physical spectrum due to
nonperturbative effects. Once again, this is based on the
analogy with QCD, where gluons and quarks are removed
from the physical spectrum due to confinement.

In this paper, we point out that not all the aspects of an
analogy between quantum gravity and QCD are desired
from the physical point of view. In QCD, the nonperturba-
tive dynamics favors the formation of bound states, leading
to a mechanism of chiral symmetry breaking (ySB) [75-93].
As a consequence of ySB, fermions acquire masses of
the same order of magnitude as the scale at which QCD
becomes strongly correlated. Given that gravity is an
attractive interaction, we can expect a similar mechanism
in a regime where quantum gravity is strongly correlated.
However, if this mechanism is indeed realized as part of a
theory of quantum gravity that is strongly correlated around
the Planck scale, we expect that all fermions would acquire
masses around the Planck mass [94,95]. This scenario
would be in serious contradiction with our observations at
low energies since we observe several fermions with masses
much lower than the Planck mass. Therefore, a quantum
gravity scenario based on an analogy with QCD must avoid
xSB around the Planck scale.

The goal of this paper is to present a first analysis of the
mechanism of ySB in the scenario of quadratic gravity
proposed by Holdom and Ren. We perform an analysis
based on functional renormalization group tools [96-99],
where we investigate the impact of graviton fluctuations on
the renormalization group flow of four-fermion interactions
[78]. We find indications that, as long as the curvature
squared couplings stay finite, four-fermion couplings are
not driven toward criticality. Therefore, despite gravity
being attractive, it is possible to avoid ySB even in a
strongly correlated regime.

This paper is organized as follows: In Sec. II, we review
the main aspects of quadratic gravity and its analogy to
QCD. In Sec. III, we present our setup of investigation. In
Sec. IV, we report the renormalization group equations
obtained from our setup. In Sec. V, we perform an analysis
of the phase structure of four-fermion couplings and
discuss its consequence to ySB. In Sec. VI, we present
our conclusion and perspectives.

II. QUADRATIC GRAVITY AND ITS ANALOGY
TO STRONG INTERACTIONS

We can define quadratic gravity as a theory whose
dynamics correspond to Einstein-Hilbert plus curvature
squared terms. In terms of an action, we can write

SqG = / V/ det(g) (‘MZR + = Chuap ~ LR2>’ (2)
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where M? is a mass parameter, f3 and f3 denote dimen-
sionless couplings, C,,; is the Weyl tensor and R denotes
the curvature scalar. Since the main results of this paper are
based on Euclidean methods, from now on we use con-
ventions that are compatible with Euclidean signature.
Here, we use the {Rz,Cﬁmﬂ}-baSis to define the action
for quadratic gravity. We can always translate to other bases
by expressing curvature squared invariants in terms of the
Gauss-Bonnet invariant, a boundary term in four dimen-
sions. The most general action for quadratic gravity also
admits a cosmological constant term. In this paper, we
ignore such a term since it does not play an important role
in our results.

In order to apply quantum field theory techniques to (2),
we introduce metric fluctuations £, according to the linear
split g,, = g, + hy,, where g,, denotes a background
metric. In Sec. III, we use over-bars to designate geomet-
rical quantities defined in terms of the background metric.
In the calculation of the renormalization group flow of four-
fermion couplings, we can take g, as a flat metric without
loss of generality.

In the perturbative treatment of quadratic gravity, the
mass parameter M? is usually identified with the Planck
mass M3, ~ G5! (where Gy denotes the Newton constant).
In the scenario proposed by Holdom and Ren [63-65], the
mass parameter M2 is not directly identified with M3 In
fact, in the analogy between quadratic gravity and QCD, we
take M?> — 0 in the trans-Planckian regime. Quadratic
gravity with M?> — 0 was also discussed in the context
of agravity [34,36] and conformal gravity (where we also
take f% — o00) [42].

The analogy between quadratic gravity and QCD starts
from the beta functions for the couplings f3 and f3. Here,
we focus on the one-loop beta functions for quadratic
gravity (minimally coupled to N,-vectors, N¢-Dirac fer-
mions and N,-scalars), previously computed in [13,14,63],
namely

1 (133 12N, +3N; + Ny .,
. 3
Pr =" 1em ( 0" 60 ) > (3)
1 (5 10
b =162 (ﬁ fo+5f6f3+ gf‘z‘) L@

The beta function ﬂfg (at one-loop) is strictly negative,

implying that the coupling f3 features the property of
asymptotic freedom, connecting f3 = 0 in the deep UV
with positive values of f3 in the IR. This situation is similar
to QCD, where the beta function for the non-Abelian gauge
coupling is negative, leading to asymptotic freedom.

The analysis of the beta function 2 is a bit more subtle
since it does not have a definite sign. For positive values
of f3 and f3, it is clear that 8 12 is positive, indicating that
we cannot have asymptotically free trajectories connected

10 s

P T
_ \\\ S
AN ——
A e ——
= w
[ P e —

R e Sy
= e
2 —10 \\Q“\\ 2?;33322“\
TR\ =
OO0 | e —
E“\\\\ \ o
0 \\\\\ll L?//ﬁ/':',;'::
\Q\\\ uff//;'j;’;’.:':'
§\\§\\X ll o=
e —  —]
I NN
~10 0 10 20 30

FIG. 1. Phase diagram of the gravitational couplings f3 and f3.
The green region corresponds to the basin of attraction of the UV
fixed point (f3,./3,) = (0.0).

to positive values of f2 and f3 in the IR. If f3 < O in the
infrared, it is possible to find asymptotically free trajecto-
ries for f3. In Fig. 1, we show the phase diagram of the
curvature squared couplings. In the presence of an Einstein-
Hilbert term in (2), f% < 0 leads to a tachyon in the
spectrum obtained from the tree-level propagator. Here, we
disregard such an issue, since we will work in a (conjec-
tured) setting where the tree-level propagator does not
capture the actual physical states of the theory.

In the scenario proposed by Holdom and Ren [63-65],
they conjectured that the analogy between quadratic gravity
and QCD goes beyond the running of f3 and f2. The main
conjecture is that the dressed propagator associated with
metric fluctuations should inherit certain aspects of the
dressed gluon propagator. In QCD, the tree-level gluon
propagator reads (apart from tensorial structures)

1
Dii(a) ~ 2 (5)

The tree-level gluon propagator suggests that QCD
describes colored massless particles as asymptotic states.
However, this picture seems to be in contradiction with
color confinement. The true spectrum of QCD should be
obtained from dressed propagators, where we expect that
nonperturbative effects will properly incorporate color
confinement. In general, we can write the dressed gluon
propagator as

2
DAA(qz) ~ FA/;i(zq)’ (6)

where the form factor F 44 (¢*) contains the nonperturbative
information. In the last two decades, the QCD community
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has made significant progress in obtaining nonperturbative
information about the gluon propagator from various
methods, including lattice simulations and functional
methods [81,90,100-113]. The different approaches to
nonperturbative QCD agree that the gluon propagator (at
least in the Landau gauge) features a decoupling regime
with D44 (0) approaching a positive and finite value. Lattice
simulations indicate that one can fit the gluon propagator
(modulo logarithmic corrections) by a four-parameter
function, producing the form factor

Fit (4) = Zq*(q* + M?) ‘
M q* + M3q* + M;

()

The fitting obtained with quenched SU(3) gauge fields
indicates that the dressed gluon propagator has only
complex poles [114,115]. Thus, it is not physically mean-
ingful to associate a particle interpretation to the poles of
the dressed gluon propagator. A possible interpretation is
that one can associate complex poles in the gluon propa-
gator with color confinement [116].

Now, we turn to propagators in quadratic gravity.
Keeping aside tensorial structures, the tree-level propagator
associated with metric fluctuations behaves as

Dl () ~ . 0
q

This type of behavior is problematic since it is difficult to
reconcile 1/g*-scaling with unitarity. Holdom and Ren
suggested that the tree-level propagator in quadratic gravity
is not the appropriate quantity to define asymptotic states in
quantum gravity. Instead, we should look at the dressed
propagator, which we parametrize as

2
Do) ~ Fq—(“ (9)

with F),;,(g?) representing a form factor. The conjecture by
Holdom and Ren is that, at the nonperturbative level, the
form factor F;,(q*) behaves similarly to F,,(g?). If this
conjecture is correct, we can write

Do) ~ %DAM). (10)

Thus, keeping in mind that the dressed gluon propagator
features only complex poles, the only real pole of D, (¢?)
is the one at g> = 0. This massless pole is what one can
interpret as the graviton, and this would be the only
asymptotic state in quadratic gravity. In this picture, the
original poles of the tree-level propagator D¢ would be
removed from the physical spectrum.

To complete the scenario, Holdom and Ren conjecture

that once gravity enters a strongly correlated regime, it will

undergo a phase transition, such that it would be described
by an effective field theory below the Planck, where the
massless graviton is the only propagating degree of free-
dom. Again, this is based on the analogy with QCD. The
physics of strong interactions is well described by chiral
perturbation theory for energies below the QCD phase
transition. In contrast with QCD, the effective theory of
quantum gravity below the Planck scale would still involve
metric fluctuations as its dynamical variable. However, the
dynamics below the Planck scale would be dictated by the
Einstein-Hilbert action plus corrections suppressed by
negative powers of the Planck mass.

While the scenario reviewed in this section is a con-
jecture, we can already ask some questions about it. In
particular, what aspects of QCD should be imported to
quantum gravity in this analogy? While the analogy at the
level of the dressed propagator is very welcome, there are
aspects of QCD that one needs to avoid in a theory of
quantum gravity that enters a nonperturbative regime
around the Planck scale. In QCD, ySB is the leading order
mechanism behind the generation of the mass of hadrons.
This mechanism relies on two main aspects: (i) quarks are
attracted to each other due to the exchange of gluons, which
favors bound-state formation; and (ii) the non-Abelian
interaction enters a strongly correlated regime around the
QCD scale Agcp ~ 10> MeV. As a consequence of ySB,
bound states of colored fermions acquire masses of the
same order as Agcp.

In the scenario discussed in this paper, gravity fulfills the
same conditions that are relevant for ySB: (i) gravity is an
attractive interaction; and (ii) quadratic gravity enters a
strongly correlated regime around the Planck scale. Thus, it
is reasonable to expect that quantum gravity effects can
trigger ySB around the Planck scale. If this is the case, we
would expect that all fermions in nature (as gravity is
universal) should form bound states with masses around the
Planck scale. This picture is in clear contradiction with our
Universe since we observe fermions that are much lighter
than the Planck mass. In the rest of this paper, we test
whether the scenario proposed by Holdom and Ren leads
to ySB.

III. TECHNICAL SETUP

The main goal of this paper is to investigate if quantum
gravity fluctuations would trigger ySB in the scenario of
quadratic gravity in analogy to QCD. One efficient way of
searching for ySB is by looking at the renormalization
group flow of four-fermion interactions. See, e.g., [78] for
a review on the role of four-fermion interactions in the
mechanism of ySB. In a nutshell, one can interpret
divergences in the flow of four-fermion couplings as
indications for ySB.

In this paper, we use the functional renormalization
group (FRQG) as a tool to derive beta functions in fermionic
systems coupled to quadratic gravity. The FRG is a
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practical implementation of the Wilsonian idea of defining
the renormalization group flow by a step-by-step realiza-
tion of (Euclidean) functional integrals in quantum field
theory [96-99]. Within the effective average action for-
mulation, the main idea is to deform the generating func-
tional by introducing a regulator function R;(g?) that acts
like a momentum-dependent mass term, with k denoting a
renormalization group scale. By construction, R;(g?)
should: (i) suppress IR modes characterized by ¢> < k?;
(ii) vanish for k — 0; (iii) diverge when k — oo0; and
(iv) approach zero in a sufficiently quick way when we
set q2 — oo with fixed k. For reviews on the FRG, see, e.g.,
Refs. [85,117-119]. For applications of the FRG in
quantum gravity, see, e.g., Refs. [119-122].

The main object of the FRG is the effective average
action I';, which is a functional that describes the effective
dynamics of a system at scale k, recovering the full
effective action I' at k =0 and the bare action at k —
Ayy (Agy is a UV cutoff, we can set it to infinity in
UV-complete theories). The functional I'; satisfies the
nonperturbative flow equation,

1
ko, T, = ESTr[(F,@ + R,k R, (11)

where F,(Cz) is a 2-point function derived from I, and the

super-trace STr accounts for functional and discrete traces,
and also for negative signs in the case of fermions.

The flow equation (11) is a powerful tool to derive beta
functions beyond standard perturbative approximations.
However, we cannot solve this equation exactly. We still
need to employ some form of approximation method.
Typically, we start with an ansatz, i.e., a truncation for
I, then we compute beta functions within the correspond-
ing truncated coupling space.

In this paper, we use the following truncation for I';

1 1
Fi= [ Vo (s o750
+ / \/det(g)F,[h. g]Y* (g)F,[h.g]

+ [ Vag)iz, ()i Dy,

+[C Vdet(9) <ﬂ+2<k) (V+A)+_2(k)(V—A)>.

(12)

The first and second lines correspond to the truncation of
the gravitational dynamics. We use a scale-dependent
version of the quadratic gravity action (with M? — 0),
plus a higher-derivative gauge-fixing term with [123]

Fﬂ[h’g} -

_ 1 .
(vyhﬂy - +4ﬁ ef vﬂhaa>, (13)

1
A/ 2agf
Yﬂu(g) = —g_]ﬂyvz + cgfv”vy - dgfvbvﬂ. (14)

Here, agy, fgf, Cop, and dy denote gauge parameters. In this
paper, we report results obtained with gauge choice ay =
3. Ba=313/(f3+ 7). and ¢y — dyr = (15— 2/3)/ (3/5).
This gauge choice is adjusted to remove off-diagonal terms
in the graviton 2-point function [10,13,123].

The third and fourth lines of (12) correspond to the
truncation of the fermion dynamics. Our truncation for
the fermion sector corresponds to a Nambu-Jona-Lasino
[124,125] type of action minimally coupled to gravity (via
vierbein formalism). In the fourth line, V and A denote,
respectively, the vector and axial-vector four-fermion
operators, namely

V=) and A=—(pyrsy)*. (15)

The index i represents a flavor-index, taking values
i€{l,...,N¢}. In the fermionic sector, we introduce a
wave-function renormalization Z,, (k) and two four-fermion
couplings A, (k) and A_(k) (with canonical mass dimention
—2). In order to derive beta functions that lead to autono-
mous dynamical systems, we define the renormalized four-
fermion couplings

A (k) = (2, (k)*k2) "2 (k). (16)

The system in (12) is symmetric under the global chiral
group SU(N¢)g x SU(Ng)g, corresponding to transforma-
tions of the form

wi =y = (Ur);Pry; + (UL)PLy;, (17)
Vi = J’jPL(UlTi)ji + ‘i’jPR(UDji’ (18)

where Ur € SU(N;)g and Up € SU(Ng);, and Ppj =
1(1+ys) are the chiral projectors. In addition, (12) is
also symmetric under the global chiral transformation, also
known as U(1), transformation,

wi > ph = ey and g e g = e s, (19)
for each one of the flavors.

For practical calculations with the FRG, we need to specify
the regulator function R;(g?). In this paper, we define

Ri(¢?) = T ()] gegsor (@), (20)

where we use (¢?) = ((k*/q*)* = 1)0(k* — ¢?) in the gravi-
tational sector, and r(q*) = ((k*/¢*)"/* = 1)0(k> — ¢*) in
the fermionic sector.
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IV. RENORMALIZATION GROUP EQUATIONS

Using the FRG, one can compute the beta-functions f3;
and f, by acting with functional derivatives with respect to
fermions on both sides of the flow equation (11), and
projecting it at vanishing fields. Schematically, we can
write

4
B = (242m)he + Pro kol (21)
where 7, = —Z;,lkakZV, is the fermion anomalous dimen-

sion, P, and P_ are operators that allow us to project on 4,

and A_, and F,@/W—,w is the fermion 4-point function
evaluated at vanishing momenta. At the technical level,
we use the Mathematica packages xAct [126-128],
FormTracer [129] and DoFun [130,131] to evaluate the beta
functions ;.

In the following, we report the explicit expressions for
p;, and f; in the perturbative approximation, where we
ignore the anomalous dimension 7, coming from the

regulator insertion kd; Ry,

2
_q0 [ , 811
=%+ 14172 - —
Pr. =P 28672712( R
Ay , 779 , 23
- — g, - = 22
1927r4<67f2 120772 8fOJr60ﬁf5>’ (22)

where ,651(? and ﬁ/(l(_)) denote the beta functions of four-
fermion couplings in the absence of gravity, namely

N;+1

0 3

pY =221, + i AT (23)
Ne=1, N

Y =2 + o Atk (24)

The beta functions [}Eﬁ) agree with the limit of vanishing
gauge couplings of the results reported in [80,85,132,133].

Concerning the renormalization group flow of the
gravitational parameters f3 and f2, we use the 1-loop beta
functions previously computed in the literature [cf. Egs. (3)
and (4)] [13,14,63]. Since we are interested in a system
containing only gravity and fermions, we set N, = Ny = 0,

resulting in
1 (133 Ny
y=—— (=42 25

Pri 167:2(10 +2o> z (25)

1 5 10
Po=1om (A SABHEA). (9

Ideally, we should not use 1-loop beta functions to explore
the strongly correlated regime. This is a limitation of our
current analysis. In Sec. V, we explore a toy model that

parametrizes the renormalization group flow of the gravi-
tational couplings in the strongly correlated regime.
V. xSB IN QUADRATIC GRAVITY?

In this section, we search for signs of ySB by looking at
the renormalization group flow of the four-fermion cou-
plings 4, and A_.

A. Switching off gravitation fluctuations
First, we note that if we switch off gravitational
fluctuations (f3 — 0 and f§ — 0), f;, reduces to /)’51(3.

The beta functions ﬂﬁ? feature one free fixed point,
(Ayido) = (0,0). (27)

and three interacting fixed points,

(Rosd,) = 167%(3 + Ny) 1677

Pt 945N+ 2N 9+ 5N +2N2 )]

(28)
1672 167%

Awd ) =|- , , 29

(v ) ( 1 -2N; 1—2Nf> (29)
1672

Apsdoy) =0, . 30

(i) = (0.725) (30)

See also Ref. [78] for a discussion on the fixed-point

structure of ﬂg(i). Here, we focus on the case Ny > 2. We

will discuss the single-favor (Ny = 1) case in Sec. V D.
We label the fixed points as FP(IO), FP%O), FPgO) and

FP&O), respectively. Concerning their stability properties,
we have that:
(1) FP<,O) is IR-attractive.

(i1) FPg)) and FPgO) have one UV-attractive and one
IR-attractive direction.
(ii1) FPE‘O) is UV-attractive.
This set of fixed points defines a region (cf. Fig. 2) in the
phase space of four-fermion couplings for which any initial
condition inside such region leads to safe trajectories
toward the IR, thus, avoiding ySB. We will use the
nomenclature chiral phase to refer to this region.

When we switch on gravitational contributions in the
beta functions f3; , the chiral phase will be deformed due to
nonvanishing values of f3 and f%. Hence, we can search for
signs of gravity-induced ySB by investigating deformations
of the chiral phase for nonvanishing values of f3 and f3. In
particular, if the chiral phase gets shrunk to a point for finite
values of f3 and f3, we can view this as an indication that
quadratic gravity would trigger ySB if it enters a non-
perturbative regime.
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FIG. 2. Phase diagram of four-fermion interaction with Ny = 2
and in the absence of gravitational contributions. The green
region indicates the chiral phase. Any UV-initial condition inside
this region leads to trajectories that are attracted to the IR fixed
point FP(IO). The red lines correspond to separatrix between the
different sub-regions of the phase diagram.

B. A brief detour into single-channel QCD

To better illustrate our strategy, let us briefly review
how to identify ySB in QCD with a simple setup where
we consider only the (S — P)-channel, associated with
a four-fermion coupling A,. Our discussion follows
[78,80,85,132,133]. In this single-channel approximation,
we search for ySB by looking at zeros of the beta function

1.

e

57

3
9P =20, — A2 -
? 7 256x°

As - 947 (31)
where ¢ denotes the SU(3) gauge coupling. In the
following, we will treat g as an external parameter. One

can define the chiral phase as the region between the fixed

(UV)

points (zeros of the beta function) /1((,1*R ) and Asx ~, Where

) _ 327 —16¢% — \/10247* — 102472 ¢* + 854
ok 24 )
(32)

NS

Lv) _ 3227 — 1647 +1/10247* — 10247°¢” + 85"
oo 24 :
(33)

1t 2, 1Y) e R, then any initial condition in the chiral
phase flows toward /121:) in the IR. However, we note
that the chiral phase exists only if the argument of the
square roots in the previous expressions remains positive.
Thus, the requirement of a nonvanishing chiral phase
leads to an upper bound ¢*> < g%, ~ 10.86. At ¢* = ¢,

we have /1551_1? = A&‘f,f), corresponding to a fixed-point
collision. For ¢ > .. AN and 2" run into the
complex plane, and the flow of the four-fermion coupling
1, becomes unbounded. Therefore, if the flow of ¢* stays
long enough above g2, then the four-fermion coupling 4,
runs toward a divergence, leading to ySB.

C. ¥SB in quadratic gravity: N; > 2

Next, we investigate if a similar situation happens in the
context of quadratic gravity. First, we look at a simplified
setting where we consider only gravitational contributions
associated with the transverse and traceless modes of the
fluctuation field #,,, i.e., the TT-approximation. In this
case, the beta functions of 1, reduce to

Sy 1
e (Ag).

(34)

f
204872

filr=p"+ (10f3-B;)

Treating f3 as an external parameter, this system of beta
functions has four fixed points with the following structure

FP;: 2, =AY + BV AW, (35)

where i € {1,2,3,4}. We sorted the fixed points such that
FP; — FPEO) (smoothly) when we switch off gravity. The

coefficients Ai) and Bgi) are polynomial functions of N
and f3, but their explicit forms are not relevant for our
discussion. A is also a polynomial function of N; and 13
Focusing on Ny = 2, we can write

A = AB) = 13421772807 — 1048576002° 3
— 64716807 f5 + 6346247 f§

+ 224458, (36a)
A® = A¥ = 335544320007° — 26214400007° 3

—2011136007* 5 + 12572416713

+ 5611258, (36b)

We can explicitly check that A() > 0 for positive values of
f3 (we are not interested in f3 < 0, as we cannot connect
this region with asymptotically free trajectories). We
explicitly checked that the same holds for N; > 2.
Therefore, we can conclude that all the fixed points of
f;, remain real, even for large values of f3, which allows
us to define a chiral phase even at large values of f3. We
will discuss the phase structure in more detail once we
lift the TT-approximation. The picture we are developing
here is qualitatively different from our QCD-example,
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70 {|— FP, — FP, — FP, — FP,
40
=10
—20
—50
0 40 80 120 160
f3

100 -— FP, = FP, — FP3; — FP, V
" /
0

—100

—150

80
fi

120 160

FIG. 3. We show the fixed-point values 4, , and A_, as a function of f3 in the TT-approximation. Different lines correspond to the
different fixed points FP; with i€ {1,2,3,4}. This plot corresponds to Ny = 2. The black dots indicate fixed-point collisions.

(H:) [,J*V) move into the complex plane for

where A, and /15;
large values of ¢>.

In Fig. 3, we plot l(i')* (i€{1,2,3,4}) as a function of
/3. Increasing the value of f3 we can see two fixed-point
collisions, one for each pair of fixed points. In contrast with
the QCD-example, in the present case, the fixed points do
not run into the complex plane after the fixed-point
collision. As we shall see later, the fixed points involved
in the fixed-point collision shown in Fig. 3 exchange their
stability properties. Moving away from the TT-approxima-
tion, we restore all modes of £,,. In this case, the flow of
the four-fermion couplings is described by the beta function
in (22), where we treat f3 and f3 as external parameters.
The fixed points of f, exhibit the same structure as
Eq. (35), but with different expressions for A(i), Bgé)
A, which now also depend on f3.

In Fig. 4, we show contour plots of A (i=1,2)asa
function of f3 and f3 for Ny = 2. We focus on f3 > 0 and
f (2) < 0 since this is the region in the space of gravitational

, and

—20

—40

2
fo

—60

—80

—100

100

couplings where we can take values (at finite k) that are
connected to the asymptotically free fixed point. We note
that A®) > 0 for all values of 3 and f3 in this range (we
also explored a larger region of the parameter space and the
result remains the same). Thus, we can conclude that the
fixed points of f;, remain real even at large (absolute)
values of the gravitational coupling f% and f%, strengthen-
ing the results obtained with the TT-approximation.

In Fig. 5, we plot l(il)* (i€{1,2,3,4}) as a function of
13, for 3 = 0. We also tested other values within the region
f3 < 0 and the qualitative conclusions reported here remain
the same. Similar to the TT-approximation, the fixed-point
structure obtained with all graviton modes also exhibits two
fixed-point collisions. Each one of these collisions defines a
line in the (f3, f§)-plane. These lines are represented in
Fig. 4, and they divide the (f3, f3)-plane into three regions,
which we call R, R,, and Rj (cf., caption of Fig. 4). As
we will see, these regions lead to different properties of the
phase diagram of four-fermion interactions.

243
2.03
1.63
1.23
0.83

043

FIG. 4. Contour plots showing how the quantities A() and A® [see Eq. (36)] vary with respect to the gravitational couplings /3 and
f3. This plot corresponds to N ¢ = 2. As we can see, A and A®) is mainly affected by changes on f3. The dashed lines indicate fixed-
point collisions on the (f3, f3)-plane. We define: (i) R as the region to the left of the first dashed line; (ii) R, as the region between the
dashed lines; (iii) R5 as the region to the right of the second dashed line.
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70 [— FP, — FP, — FP, — FPJ]
40
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—20
0 fi=0
0 20 40 60 80

f3

sof[— e — e — e — )
75
= 0
75
150 fi=0
0 20 40 60 80

13

FIG. 5. We show the fixed-point values A, , and A_, as a function of f3. Different lines correspond to the different fixed points FP;
with i €{1,2,3,4}. In this plot, we use Ny = 2 and f% = 0 as a representative case. The black dots indicate fixed-point collisions.

90 ; 150
—17.515 - 100
4 -55 - 250
—92.5 0
—130 : : —50 b=
—-30  -125 5 225 40 ~10 -5 0 5 10 —60 ~35 ~10 15 40
As As At

FIG. 6. Phase diagram of four-fermion interaction including gravitational contributions. The green region indicates the chiral phase. In

all plots, we show the results corresponding to Ny = 2.

The results we obtain with the inclusion of all graviton
modes also indicate that we can define a chiral phase even
at large (absolute) values of the gravitational couplings f3
and f%. To confirm this statement, we now look at the
phase diagram of four-fermion interactions. The qualita-
tive result is very little affected by variations of f3, thus,
we focus on f3 = —f3. In Fig. 6, we illustrate the general
behavior with the choices of f3 =20, f3 =40 and
f% = 60. These choices belong to R;, R, and R,
respectively. We note that the fixed points FP; and
FP, (FP; and FP,) interchange their stability properties
when we move from R; to R, (R, to R3). In Table I, we
summarize the stability properties in the various regions
of the (f3, f3)-plane.

If (3, f3) € R, we define the chiral phase as the basin
of attraction of the fixed point FP;. Meanwhile, if
(f3,f3) €R, or (f3, f3) € R3, we define the chiral phase
as the basin of attraction of FP,. The regions R; and R;
share some features. In both cases, all fixed points are
connected to the chiral phase. In contrast, in region R, we
cannot connect the fixed point FP, with points inside the
chiral phase. Nevertheless, in all cases one can define a

chiral phase, adding another piece of evidence that gravity
does not trigger spontaneous ySB in our setting.

To complete the analysis, in Fig. 7, we plot the
renormalization group trajectories A, (k) and A_(k) starting
from the free fixed point in the UV, for several choices of
boundary conditions of the gravitational coupling at the

TABLE 1. Stability properties on the various regions of the
parameter space ( f%, f%) in the multiflavor case (N; > 2). We use
the term “mixed stability” to indicate that a fixed point has one
UV- and one IR-attractive direction.

Region R, FP;: IR-attractive
FP, and FP;: Mixed stability
FP,: UV-attractive

Region R, FP,: IR-attractive
FP, and FP;: Mixed stability
FP,: UV-attractive

Region R; FP;: IR-attractive

FP, and FP,: Mixed stability
FP;: UV-attractive
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1 1.5 2 2.5 3
k/ke

Mg (kp)

20 40 60 80 100
13 (ke)

FIG. 7. Left: renormalization group trajectories of the four-fermion couplings 4,. We show trajectories corresponding to different
boundary conditions for the gravitational couplings at the Planck scale. Right: Planck scale value of 4. as a function of the gravitational
f3(kpy). In all cases, with focus on f3(kp) = —f3(kp) and Ny = 2.

Planck scale. One can see that, as long as f% and f (2) remain
finite at the Planck scale, the four-fermion couplings do not
run into divergences in the trans-Planckian regime. As we
run toward the IR, we can encounter a divergence in the
flow of 1, (k) and A_(k), which is generated by the Landau
pole in f3(k) and f3(k). This divergence is spurious since
the Landau pole in the gravitational sector is most likely an
indication of the breakdown of the beta functions (25) and
(26). In order to properly access the regime below the
Planck scale, we need an IR completion of quadratic
gravity. In the QCD-analogous scenario, the IR completion
is an effective field theory with the Einstein-Hilbert action
being the zeroth order term. However, up to the present
moment, it is not clear whether there is a dynamical
mechanism describing the transition from quadratic gravity
(in the trans-Planckian regime) to an effective field theory
(at low energies).

Here, we explore a toy model for the IR-completion
where we set the running of the gravitational couplings
according to

Fi(k) = fip 0(ke = k) + fioy ()O(k — kpi).  (37)
with i = 0, 2. We use 7y (k) to parametrize the flow in
the trans-Planckian regime [determined by (25) and (26)],
and we define f?p = f7y(kpy). In this toy model, the
gravitational couplings are constant below the Planck scale.
This toy model is meant to illustrate that the flow of the
four-fermion couplings does not run into divergences in the
IR, therefore avoiding ySB. This situation, although sim-
ple, shows a significant difference with QCD, since a very
similar toy model applied to the single-channel approxi-
mation in QCD exhibits features related to ySB. In Fig. 8,
the left-panel shows the flow of four-fermion couplings
under the influence of (37), while the right-panel shows a
the running of 4, in our toy model for the QCD case.

In conclusion, the collection of results presented in this
section shows evidence that in the QCD-analogous sce-
nario for quadratic gravity, the nonperturbative sector
does not lead to ySB induced by quantum gravity
effects. Therefore, the scenario proposed by Holdom

1
0.6
S ' =
202 <
—06 — Ae(R), f(ke) =30
= A-(k), f5(ke) =30
-1
107 107 107® 1072 10*  10%° 1074 107! 102
k/kpi k/kqep
FIG. 8. Left: renormalization group trajectories of the four-fermion couplings A. integrated down to IR-scales. The external
trajectories (full lines) correspond to the boundary condition f %(kP]) =— f(z)(kpl) = 30. For the internal trajectories (dashed lines) we use
boundary conditions f3(kp) = —f3(kp) € {15,20,25}. The four-fermion couplings remain finite even if we choose large boundary

conditions at the Planck scale kp;. Right: renormalization group trajectories of four-fermion coupling 4, in our single-channel toy model
for QCD. The full line corresponds to boundary condition ¢*(kocp) = 12. The dashed lines correspond to boundary conditions
¢*(kqep) € (8.9, 11}. In the QCD example, 4, (k) diverges if we choose large enough boundary conditions for the gauge coupling at the
transition scale kocp.
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FIG. 9. Phase diagram of four-fermion interaction in the single-
flavor case Ny = 1 and in the absence of gravitational contribu-
tions. The green region indicates the chiral phase. Any UV-initial
condition inside this region leads to trajectories that are attracted
to the IR fixed point FP<10). The red lines correspond to separatrix
between the different subregions of the phase diagram.

and Ren [63-65] seems to be compatible with the
existence of light fermions in our Universe.

D. ¥SB in quadratic gravity: Ny =1

In this subsection, we look into the special case Ny = 1.
As we shall see, this case exhibits a few differences in
comparison with Ny > 2 and, therefore, deserves a separate
analysis.

The first difference between Ny = 1 and Ny > 2 happens
already in the pure-fermion system, i.e., in the case where
we switch off gravity. In this case, the beta functions f,,
exhibit only three fixed points [78], namely

FP: (2,,.2..) = (0.0). (38)
150 :
— FP, — FP, — FP, — FP,
100 T T J
=f 0 :
= :
—50 1
~100 ;
150 !
0 20 40 60

FPY): (4. A_,) = (—4n?, —1?), (39)
FPY: (A,..A_,) = (1622, —1622). (40)
As we can see in (28), the would-be fixed point FPE‘O) runs

to infinity when we take the limit Ny — 1. The stability
properties of these fixed points are the same as in the
previous section. In Fig. 9, we plot the phase diagram of
four-fermion couplings in the case Ny = 1. As we did in
the previous section, one can define the chiral region as the
basin of attraction of FP<10). The main difference in
comparison with Ny > 2 (cf., Fig. 2) is that, in the single
flavor case, the chiral phase extends down to 1_ — —oo.

Switching on gravity and treating the gravitational
couplings as external parameters, we first look at the
structure of fixed points of £, as a function of f5 and
/3. Following the same notation as in the previous section,
we use FP; to indicate the fixed points that are connected to

F PEO) when we switch off gravitational contributions. To
simplify the discussion, let us focus on the case /3 = 0 (we
explicitly verified that our conclusions remain unchanged
for other values of f3). In Fig. 10, we plot the fixed-point
values of A, and A_ as a function of f3. At this point, one
can see a significant difference in comparison with the case
N; > 2. Starting at f% = 0, the fixed point FP, diverges
(with A_ — +o0) for a finite value f3 = f3 ., (~41.94, for
f5=0). At the particular value f3 = f3 . the beta
functions f,, have only two fixed-point solutions with
finite couplings. Slightly above f3 = f3 ;. one sees a third
fixed-point solution emerging from 1_ — —oco. However,
this fixed point has the same properties as FP, instead of
FP,. In particular, one can check that this fixed-point
solution corresponds to the limit N; — 1 of the fixed-point
solution FP, described in the previous section.

Besides the divergence at f3 = f3 .. the fixed-point
structure of the case Ny = 1 also exhibits two fixed-point

150 "

— FP, — FP, — FP; — FP,
100 [ ]

-50
—100
—150

0 20 40 60
£

FIG. 10. We show the fixed-point values 4, , and A_, as a function of f3 in the single-flavor case (N = 1). In this plot, we use /3 = 0
as a representative case. The black dots indicate fixed-point collisions, and the dashed lines mark the value of f3 for which A_, tends to

infinity.
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TABLE II. Stability properties on the various regions of the
parameter space (f3, f3) in the single-flavor case (N; = 1). We
use the term “mixed stability” to indicate that a fixed point has
one UV- and one IR-attractive direction.

FP,: IR-attractive
FP, and FP;: Mixed stability

FP,: IR-attractive
FP; and FP;: Mixed stability

FP, and FP;: Mixed stability
FP,: UV-attractive

FP; and FP,: Mixed stability
FP;: UV-attractive

Region R4
Region Rg<)
Region 'R<2>)

Region R;

collisions. The first, at f3 < f3 4. involves a collision
between FP; and FP,. The second, at f3 > f3 ;. . involves
a collision between FP; and FP,. In both cases, the fixed
points involved in the collision interchange their stability
properties. In this case, we can split the parameter space of

gravitational couplings into four regions: R, Rg<>, Rf)

and R;. The regions R; and R, are similar to the
corresponding ones that we introduced in the previous
section. Rg<> and Rf) are sub-divisions of the region R,
introduced in the previous section. Rg<) is below
13 = f3 4> while RS is above f3 = f3 .. In Table II,
we summarize the stability properties of the various regions
in the parameter space of gravitational couplings.
Because of the divergence of FP,, we can only define the
chiral phase based on a finite fixed point within region ;.
For the other regions of the gravitational parameter space,
the chiral phase corresponds to the basin of attraction of an
IR fixed point located at infinity. In Fig. 11, we show
examples of the phase diagram obtained with Ny =1,

within regions R;<), R<2>) and R3. We refrain from plotting
the phase diagram corresponding to region R since it does
not show any qualitative difference from the results
obtained with Ny > 2.

Finally, in Fig. 12, we look at the renormalization group
trajectories obtained with Ny = 1. Again, let us consider
our toy model for IR-completion where the running of

30 F—— 30 280 F— - N A

- = 9 Ao

, SN

175 125 20751 =7 N

g 5 J -5 2135 .

~75 —225 62.5

—920 —40 : —10 ¢ - 3
10 -20 -125 -5 2.5 10 -170  —115  —60 -5 50

A As

FIG. 11. Phase diagram of four-fermion interaction in the single-flavor case (N; = 1) with the inclusion of gravitational contributions.

The green region indicates the chiral phase. In the second and third plots, we define the chiral phase as the basin of attraction of an IR

fixed point lying at 1_ — +o0.

0
-30
g —60
< 90 . ;
— f3(kp) = =3 (ke1) = 55
—120 = f3(kp1) = —f3(kp1) = 60
— f3(kp) = —f3(kp) = 65
150 F3(kpr) = = f3 (k)
107* 107! 10? 10°

k/kp

105 — f3(kp) = —f3(kp) = 55

103 — f3kp) = = f3(kp1) = 60

— f3(kp1) = — f3(kp1) = 65
= 10

/(
107!
10°?
107 107 10? 10°
k/kp

FIG. 12. Renormalization group trajectories of A.(k) in the single-flavor case (N; = 1). We consider Planck scale boundary
conditions such that the gravitational couplings lie on region R;. With this choice, we see that four-fermion coupling A_ grows toward
the IR. This growth reflects the fact that these trajectories are attracted to an IR fixed point with at infinite (in the A_-direction).
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(1) ; (23) (31) @>< (50) (63)

(1b) (2b)

i o

FIG. 13.

(7a)

(3b)

First row: diagrams representing the gravitational contribution to the flow of four-fermion couplings in quadratic gravity.

Second row: diagrams representing the gluonic contributions to the flow of four-fermion couplings in QCD. These diagrams are FRG-
diagrams, thus, the vertices and propagators are derived from I";, not from the bare action. For simplicity, we omit the dependence on the

regulator insertion kd;R;.

gravitational couplings is given by Eq. (37). At this point,
we see a significant difference in comparison to the Ny > 2
case discussed in the previous section: if the Planck-scale
values of f3 and f2 are sufficiently large, such that they

belong to R§>> or R, the trajectories A, (k) and A_(k) grow
unbounded when we flow toward the infrared.
Nevertheless, this is not necessarily an indication of
¥SB, since the coupling A_ would tend to infinity only
at k — 0, not at finite k£ as in QCD.

In conclusion, although the results of this section
indicate that single-flavor case (N; = 1) exhibits a different
phase structure in comparison with N; > 2, we remain
without any indication of ySB at finite renormalization
group scale.

E. Quadratic gravity vs QCD

The results presented in this section go against the
expectation that quadratic gravity, due to its attractive
nature combined with a strongly correlated regime around
the Planck scale, could trigger ySB. In this subsection, we
confront quadratic gravity with QCD to identify the aspects
that differentiate both cases. The arguments presented here
are based in [94], where a potential mechanism of gravi-
tational induced ySB was investigated in asymptotically
safe quantum gravity.

First, we note several differences between quadratic
gravity and QCD at the level of the diagrams contributing
to the flow of four-fermion interactions (cf., Fig. 13). In the
case of QCD, the gluon contributions to the flow of four-
fermion interaction come from diagrams constructed in
terms of the four-fermion vertex and the gluon-fermion-
fermion vertex. In quadratic gravity, there are infinitely
many vertices involving fermions and metric fluctuations,
allowing additional one-loop diagrams.

Generically, we can trace the mechanism of ySB in QCD
back to the dominance of the 4;-independent terms in ;.
(diagrams 2b and 3b in Fig. 13) in comparison with terms
linearly proportional to 4; (diagram 1b in Fig. 13). In the
gravitational case, the situation is the opposite. Due to

nontrivial cancellations between the box and crossed-box
diagrams, the 4;-independent terms in 3, (diagrams 2a, 4a,
6a, and 7a in Fig. 13) are over-weighted by the terms
proportional to 4; (i.e., diagrams la, 3a, and 5a in Fig. 13,
plus the anomalous dimension 7,,), thus avoiding ySB in
quadratic gravity.

In physical terms, the 4;-independent terms in the flow of
four-fermion interaction are related to the attractive nature
of gravity. In contrast, the linear terms in A correspond to
the anomalous scaling of four-fermion interactions. Our
findings indicate that metric fluctuations in quadratic
gravity contributes to the anomalous scaling of four-
fermion couplings in such a way that it counteracts the
attractive nature of gravity. Thus, the physical picture is
similar to the results obtained in the context of asymptoti-
cally safe quantum gravity [94].

VI. FINAL REMARKS

In this paper, we explored the quantum gravity scenario
conjectured by Holdom and Ren based on analogies
between quadratic gravity and QCD. The goal of this
paper was to put forward a first investigation concerning
the phenomenological viability of this scenario, in particu-
lar, by confronting the existence of light fermions with a
possible mechanism of ySB around the Planck scale.

We performed a renormalization group analysis of four-
fermion interactions in order to investigate if quantum
gravity effects could trigger ySB. The main results of this
paper are:

In a system containing two or more fermions
(N¢ > 2), we found no indication for ySB in connection
with the nonperturbative regime of quadratic gravity.
The results were obtained based on: (i) the fixed-point
structure and general properties of the phase-diagram of
four-fermion interactions; (ii) finite renormalization group
trajectories obtained by matching quadratic gravity in the
UV with a toy model for IR-completion. In general, we
obtain a phase-diagram of four-fermion interactions that
shows significant differences with the QCD-counterpart.
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In a system containing only one fermion (N = 1), the
phase structure of the four-fermion couplings behaves differ-
ently from the Ny > 2 case. In particular, for sufficiently large
Planck scale values of the gravitational couplings, we found
that the four-fermion coupling grows unbounded toward the
IR. However, these results do not constitute an indication for
xSB at finite renormalization group scale k.

The results of this paper indicate that the scenario
proposed by Holdom and Ren passes the consistency test
on whether it can accommodate light fermions in its
landscape. Nevertheless, there is still a considerable
amount of work to be done in order to clarify whether
the analogy between quadratic gravity and QCD can be
dynamically realized. As a next step, we plan to investigate
nonperturbative correlation functions in quadratic gravity,
in particular, aiming to investigate whether 2-point func-
tions exhibit the desired properties discussed in Sec. II.

One of the attractive features of the analogy between
quadratic gravity and QCD is the possibility of importing
methods used in the context of QCD to access the non-
perturbative regime of quadratic gravity. For example,
functional methods such as FRG [117,119,134] and
Dyson-Schwinger [112,135] equations have been very
successful in the calculation of correlation functions in
QCD. Thus it is conceivable that the same tools can be
applied to the setup discussed in this paper. We plan to
report on this in future papers.

The setup discussed in the paper also resembles some of
the ideas proposed by Donoghue in the context of Einstein-
Cartan formulation of gravity [136] (see also [137]). In
[136], the author investigates whether there might be a
mechanism of confinement/condensation involving the
spin connection. The setup proposed by Donoghue also
begs the question of whether ySB can be triggered due to a
strongly correlated gravitational regime. We plan to look
into this direction in the future.

The results presented here are also aligned with inves-
tigations of ySB in the asymptotic safety approach to
quantum gravity. In Refs. [94,95], it was shown that a
nonperturbative fixed point regime in quantum gravity does

not trigger ySB. More recently, the interplay between ySB,
gauge fields, and gravity was used to impose lower bounds
on the number of fermions compatible with certain types of
UV-completion with asymptotically safe quantum gravity
[138]. In the future, it would be interesting to explore this
interplay within the context of quadratic gravity in analogy
with QCD.

One important caveat of the analysis presented in this
paper is that it does not take into account the anomalies
related to the U(1), transformations in Eq. (19). The
U(1),-anomaly plays an important role in the ySB
in QCD, with most visible effect being the #' mass [139].
The anomalous U(1) ,-breaking was also considered in the
context of asymptotically safe quantum gravity [140],
where the effects of the anomaly were modeled in
terms of instanton contributions to the beta functions of
4-fermion interactions. The main finding of [140] was that
the inclusion anomalous effects lead to nontrivial con-
straints on the allowed UV-completion of gravity coupled
to QCD systems. It is conceivable that similar constraints
would also exist in scenario explored in this paper. In
particle, one can expect a significant contribution of
anomaly induced terms in the single-flavor case, since in
the case the ySB analysis focuses in the breaking of U(1) ,-
symmetry. This could be a interesting path for future
investigations.
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