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The action growth proposal relates the holographic complexity to the value of the action on the Wheeler-
de Witt patch. We introduce a new method of calculating the gravitational action using the “bulk” term, i.e.,
the part of the Einstein-Hilbert action quadratic in connection coefficients. We demonstrate how to address
the issue of noncovariance of the bulk action and evaluate it using the tetrad formalism. Due to the
boundary term-free nature of the bulk action, we can gain further insights into the spatial structure of the
action on the Wheeler-de Witt patch. We then argue that our entire scheme can be naturally covariantized

within the framework of teleparallel geometry.
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I. INTRODUCTION

The AdS/CFT correspondence established a relation
between a black hole in asymptotically anti—de Sitter
(AdS) spacetime and the dual field theory at its boundary
[1,2]. In addition to studying the properties of black holes
outside the horizon, there is currently interest in under-
standing how the physics is encoded holographically behind
the horizons. One approach is the holographic complexity
conjecture, which suggests that the quantum information
complexity is given by the value of the gravitational action in
the interior region of a black hole [3.,4].

The gravitational action in the holographic complexity
conjecture is taken to be the standard Einstein-Hilbert
action with the cosmological term and the Gibbons-
Hawking-York (GHY) boundary term [3,4],

S =35 [ VAIR=20) 42 [ = ()

where k =8z (in ¢ = G = 1 units), y,, is the boundary
metric, and K is its extrinsic curvature.

This action is evaluated in the interior region of a black
hole, W, known as the Wheeler-de Witt (WdW) patch,
where the crucial contribution comes from the boundary
term. In the case of a black hole with a single horizon, the
WdW patch at late times represents the whole under the
horizon region, and both the horizon and r = O are being
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effectively treated as boundaries. In the case of a black hole
with two horizons, the WdW patch at late times corre-
sponds to the region between them, and both horizons are
treated as boundaries.

We introduce here a new method of evaluating the
gravitational action for the holographic complexity by
integrating the bulk gravitational action. Our use of the
term “bulk” comes from the decomposition of the Einstein-
Hilbert (EH) Lagrangian [5-7],

Len = Louk + Lot (2)

where L, is the total derivative term and the bulk term,
Lyuk» s the term quadratic in connection coefficients.'

We motivate our approach by an observation that the
total derivative term is not dynamical since it can be
transformed into a surface term using the Stoke’s theorem.
The inclusion of the total derivative term introduces second
derivatives of the dynamical gravitational field variables,
which leads to a problem with the variational principle. The
standard solution to this problem is to add the GHY
boundary term to cancel out the variations of the total
derivative term [8,9], resulting in the total gravitational
action (1).

However, there is another solution to avoid the issue of
second derivatives by considering the bulk term only.
Indeed, it is well-known that both the EH and bulk actions
lead to the same field equations and hence, are dynamically
equivalent [5—7]. Our goal in this paper is to demonstrate
that this goes beyond the dynamical equivalence and that
we can evaluate the bulk action to obtain the same value of

'Note that the term “bulk” is commonly used in the literature to
refer to the entire Einstein-Hilbert action, but we refrain from
using this term in that way.
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the action on the WdW patch as using (1) to study
holographic complexity of black holes. We show that the
boundary term-free nature of the bulk action allows us to
study not only the action growth but also the Lagrangian
growth, providing us with further insights into the structure
of the action on the WdW patch.

While the total derivative term in (2) is not dynamical, it
ensures the covariance of the FEinstein-Hilbert action.
Therefore, if we consider the bulk term alone, we have
to face the issue of noncovariance of the bulk action. In the
standard metric formalism, the bulk term is given by the
Einstein Lagrangian [10] and requires evaluation in a
peculiar coordinate system, which we argue exists only
for the exterior solution and not for the interior solution on
the WdW patch that we are interested in. This motivates us
then to consider a tetrad version of the bulk term, where the
issue of noncovariance is not related to the choice of a
coordinate system but to the local Lorentz degrees of
freedom of the tetrad. We show that we can find a well-
behaved tetrad on the WdW patch that gives us the correct
answer for the action growth.

We will demonstrate that the issue of the noncovariance
can be resolved by reformulating general relativity using
the so-called teleparallel geometry. We argue that tele-
parallel geometry is a natural framework for this task due to
the fact that its connection is determined solely by the
choice of local Lorentz degrees of freedom, and covarian-
tizes the action without introducing second derivatives of
the dynamical field variables.

II. BULK ACTIONS FOR GENERAL RELATIVITY

The fundamental variable in the metric formalism is the
metric tensor g,,, from which we define the Christoffel
symbols, IV, and the Riemannian curvature tensor lead-
ing to the scalar curvature and the Einstein-Hilbert action.
The decomposition (2) in the metric case leads us to the
metric bulk term [5-7],

1
Lok = 2_1< v—99" D(Fprmrapu - Fﬂuurg/m), (3)

which is commonly known as the Einstein Lagrangian and
defines the FEinstein energy-momentum pseudoten-
sor [10,11].

The Einstein Lagrangian does not transform as a proper
scalar density under diffeomorphisms, and hence, its value
depends on the choice of a coordinate system. For instance,
in Minkowski spacetime, where gravity is absent and we
expect the action to be zero, the Finstein action (3) indeed
vanishes in Cartesian coordinates but diverges in the
spherical coordinate system.

When including gravity and dealing with a curved
spacetime, we must continue using a quasi-Cartesian
coordinate system to avoid the same type of divergent
actions. This is closely related to the well-known problem

of various pseudotensorial definitions of energy, which are
required to be evaluated in such special coordinates [5]. For
example, in the case of Schwarzschild, we use the isotropic
Cartesian coordinate system to find the energy. However,
such coordinates are only well-defined in the exterior
region of a black hole, and they do not exist in the interior
region that we are interested in.

This problem can be easily avoided by using the tetrad
formalism and utilizing its coordinate-free nature. We
select a set of four orthonormal vectors, h“,, called the
tetrad as the fundamental variable, which is related to the
metric by

G = nabhaﬂhbw (4)

where 7,, = diag(—1, 1,1, 1) is the tangent space metric.
The covariant differentiation is done using the Levi-Civita
spin connection,

1
oy, = Ehcy [foe +fe = el (5)

where f¢,, = h,/h,"(9,h¢, — 0,h°,) are the coefficients of
anholonomy. The curvature tensor of the spin connection is

a _ a a a ¢ a ¢
R buv — aya) bv — aua) bu + o cu®@ by — O @ py,s (6)

from where we define the scalar curvature and the tetrad
Einstein-Hilbert action. The decomposition (2) provides us
with the tetrad bulk Lagrangian,

L = ﬂh(wacawbcb - a)acbwbea)’ (7)

which was introduced originally by Mgller and used to
define the Mgller energy-momentum complex [12—15].

To illustrate the problem of noncovariance, we can
consider Minkowski spacetime again. The diagonal
Cartesian tetrad gives us the expected zero bulk action,
but the diagonal tetrad in the spherical coordinate system
h®, = diag(1, 1, r, rsin @) leads to a divergent action. We
can solve this problem by considering a local Lorentz
transformation of the tetrad,

h*, = A%,h",, (8)

with a local Lorentz matrix,

1 0 0 0

< 0 cos¢gsind cos¢cosf —sing

A b — . ) (9)
0 —cosl sin @ 0
0 sin¢gsind singcosf cos¢

which will lead to the finite zero action.
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Here, we can observe the usefulness of the tetrad
formalism, as it allows us to work both in spherical
coordinates and keep the desired properties of quasi-
Cartesian coordinates at the same time. The form of the
local Lorentz transformation (9) can be understood easily
from the fact that the tetrad (8) is obtained from the
diagonal Cartesian tetrad by just a coordinate change [16].

III. BULK ACTION GROWTH
OF AdS BLACK HOLES

For the holographic complexity
are interested in evaluating the action,”

sz/wz, (10)

with the total Lagrangian given by

conjecture, we

L = Lok + Ly + Lewms (11)

where £, = k~'hA = =3k~ 'hl~? is the cosmological term
and Lgy; is the Maxwell term.

The spherically symmetric spacetime is given by the
metric,

ds* = —f*d* + f72dr* + r?d6* + r* sin® 0dgp*,  (12)
that can be represented by a diagonal tetrad,
he, = diag(f, f~'.r, rsin@). (13)

We encounter a similar issue with this diagonal tetrad,
resulting in the same kind of divergence as discussed in the
Minkowski case. Fortunately, it has the exact same solution
even in the curved case, i.e., to use a tetrad (8) with the
same local Lorentz transformation matrix (9) but with h“,
given by (13).

A. Uncharged case

In the case of the uncharged AdS black hole, we consider
the action without the Maxwell term and the f function
given by

2M
fe1-4 (14)

We find the total Lagrangian (11) to be

B 2sin @

T M+ 7 +r(+3r1)(f=1)]. (15)

By integrating, we obtain the action,

*The integral here is [, = [dt [F d0 [3* d¢p [+ dr, where 7
and r_ are boundaries of the WdW patch.

3 2(1 — I
Sz/ﬁz/dthﬂf) . ()
w [ 0

leading to the action growth,

as
— =2M, 17
r (17)
which exactly coincides with the result obtained in [3,4]
using the standard action (1).

B. Charged case

The Reissner-Nordstrom solution is given by the same
metric (12) and the tetrad (8) as in the uncharged case, but
with the f function given by

2M  Q* ?
f2=1—7+7+l—2, (18)

from where two horizons r,. are found as the real solutions
to f(r i) =0.

The total Lagrangian, including the Maxwell term for a
point charge Lgy = k~'hQ?r~*, after evaluation takes the
same form as in the uncharged case (15) but with the f
function given by (18). By integrating, we obtain the bulk

action,
3 (1 - Ty
3_/5_/d;r+r—2(f) . (19)
w l r_
Using f(ry) = 0, we find the action growth to be
as (1 1
o - 2
dt Q (r_ r+>’ (20)

which is again exactly the result obtained in [3,4] using the
standard action (1).

IV. COVARIANTIZATION
AND TELEPARALLEL GEOMETRY

We would like to demonstrate that the teleparallel
geometry is a natural framework where the bulk action can
be covariantized. The basic idea underlying the teleparallel
approach to gravity is to replace the Riemannian torsion-
free connection (5) by the curvature-free teleparallel spin
connection [17,18],3

C:)ahﬂ = Aucay(A_l)cb’ (21)

where A?. is a local Lorentz transformation.

*We use a common convention that geometric objects with
respect to the teleparallel connection have “»” above them [17], to
distinguish them from the Riemannian geometry quantities.
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FIG. 1. The real (red) and imaginary (blue) parts of the Lagrangian growth G = K‘% (for @ = x/2), where L is given by (15), for: AdS
(upper left), charged AdS (upper right), Schwarzschild (lower left), Reissner-Nordstrom (lower right) black holes.

The torsion tensor Taﬂ,, = 20,h%, + 2c:)ah[ﬂh”,,] is gen-
erally nonzero and can be used to formulate a gravity theory
by considering the torsion-based Lagrangian (171"

* h *abc* cac °*b
‘CTG = _Z( [K Ko — K K cb]7 (22)
v . ca . ' .
where K . =3(T. ,+ Ty .—T p.) is the contortion
tensor. Using the Ricci theorem,
°q u *a
whﬂ:whﬂ+Khﬂ’ (23)

it is possible to show that (22) is equivalent to the EH action
up to a surface term [17],

. hoey
‘CEH - ‘CTG + a” <;T ”u> ) (24)

from where follows that the theory given by (22) is

dynamically equivalent to general relativity [17,18].
Moreover, we can relate the teleparallel (22) and bulk (7)

Lagrangians by using our previous result [16], where we

have derived a relation between ETG(h“”,é)abM) and

Lrg(h?,.0). Using the Ricci theorem (23), it is straightfor-
ward to see that the latter is equivalent to the bulk
Lagrangian (7). This leads to the relation,

. 1 .
L1 = Lyuk + ;aﬂ(hw ). (25)

The teleparallel Lagrangian (22) is invariant under
simultaneous local Lorentz transformation of the tetrad
and spin connection,

*We follow [3] and use (=, +, +, +) convention, unlike [17].

Wy = AR, @y = A0 g N N9 AC, (26)
where A,¢ = (A7), and can be viewed as a covarianti-
zation of the bulk Lagrangian (7).

Note that while the total derivative term in (2) cova-
riantizes the bulk action by introducing the second deriv-
atives of the dynamical field variables, the total derivative
term in (25) contains only second derivatives of the local
Lorentz degrees of freedom A%, which are not dynamical.

V. DISCUSSION AND CONCLUSIONS

We have introduced a new method of evaluating the
gravitational action on the WdW patch at late times, which
instead of the standard action (1) uses the tetrad bulk action
(7), and tested it on the asymptotically AdS black holes. In
addition to being a useful new tool for calculating the
action, our results are interesting from several perspectives.

The boundary term-free nature of the bulk action allows
us to not only calculate the action’s value but study the
Lagrangian as well. This helps us to gain a deeper under-
standing of the action’s structure on the WdW patch. We
plot the “Lagrangian growth” as a function of distance r in
Fig. 1. The upper two plots corresponds to the results for
AdS black holes from Sec. IIL

We observe a peculiar feature that the Lagrangian
becomes complex on the WdW patch. Although the total
action is real since the imaginary part is antisymmetric
around the center of the WdW patch, the presence of a
complex phase is intriguing and may play a role, for
example, in situations where we consider a gravitational
path integral [19] on a portion of the WdW patch.

It is also interesting to plot the Lagrangian growth for the
asymptotically flat black holes, which can be seen in the
lower two plots in Fig. 1. We observe that on the WdW
patch, the real part of the Lagrangian is constant. As a
result, the growth of the bulk action is determined just by
the radial length of the WdW patch.
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Our results are interesting not only in relation to the
holographic complexity proposal but also from the per-
spective of general relativity alone. While the dynamical
equivalence of the EH and bulk actions is well-established,
the bulk action is considered to be a rather obscure object
due to its noncovariance. Similarly, various pseudotensorial
definitions of energy momentum derived from the bulk
action, despite being known to give correct results [20],
have fallen out of favor recently.

We have demonstrated that this is mostly unjustified and
the bulk action can provide meaningful results as long as
we learn how to deal with its non-covariance properly.
We have demonstrated this in the tetrad case (7), where
we can use spherical coordinates and eliminate divergen-
ces through local Lorentz transformation (9). It remains an
open question whether we can use the metric bulk
Lagrangian (3) in the same fashion. The isotropic
Cartesian coordinates were used successfully in the exterior
region [21], but it is not clear how to proceed on the WdW
patch.

We have then explored an alternative framework where
instead of finding a well-behaved tetrad by applying (9)
on (13), we used (9) to define a teleparallel spin connec-
tion (21). The torsion tensor of this connection behaves
covariantly under transformations (26) and defines a covar-
iant teleparallel gravity [18,22,23]. Since the Lagrangian of
teleparallel gravity is equivalent to the bulk Lagrangian and it
is covariant, teleparallel gravity can be viewed as a natural
covariant framework for the use of the bulk action.

From another perspective, we can view our results as that
the physics is given solely by the bulk action. In the
standard approach, the bulk term is covariantized by
addition of the total derivative term (2), but this introduces
second derivatives of dynamical field variables that need to
be removed by the GHY term. Teleparallel gravity achieves
covariance of the bulk action by using the teleparallel
connection (21), which only contains nondynamical local

Lorentz degrees of freedom that fully remove divergences
of the bulk action caused by its noncovariance.

Furthermore, this is useful also from a rather practical
perspective as it allows us to utilize many results already
existing in the literature on teleparallel gravity in a new way.
In fact, we have here just used our previous results about the
teleparallel action in the exterior region of a black hole
[16,22] and applied them to the interior geometry. In recent
years, there has been significant interest in various modified
teleparallel theories of gravity, such as f(T) gravity [24,25],
where one of the central problems is finding well-behaved
tetrads [26-30] (see reviews [18,31,32] as well). While these
modified theories are rather speculative in their nature, the
results regarding these well-behaved tetrads are valid on
their own and can now be utilized towards studying holo-
graphic complexity using the bulk action growth.

Our proposal was tested here only in the limit of late
boundary times, where the WdW patch corresponds to the
region according to our definition. However, action growth
was studied in more general situations, including more
complicated null boundaries [33] and the WdW patch at
intermediate times [34,35]. It would be interesting to apply
our bulk action method in these more general scenarios,
which could turn out to be nontrivial tests of our proposal.
However, the main difficulty is that as we move away from
the limit of WdW patch at late times, we need to integrate
over discontinuous and singular functions, as seen in Fig. 1,
which cannot be done straightforwardly and requires
further investigation.
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