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We study effective dynamics of the nonsupersymmetric two-dimensional CP(N — 1) model in the large
N limit. This model is deformed by a mass term m preserving Z symmetry of the Lagrangian. At small m
the theory is strongly coupled and resembles the undeformed CP(N — 1) model, while at large m it is in a
weakly coupled Higgs phase with spontaneously broken Z,. We find the phase transition point and discuss
the fate of the kink-antikink “mesons” at strong coupling. We also resolve an issue of instability that arose

in previous studies of this model.
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I. INTRODUCTION

The Seiberg-Witten scenario of quark confinement,
discovered in the seminal works [1,2], is based on a
cascade gauge symmetry breaking. The symmetry group
surviving at low energies is Abelian, in the simplest case
given by U(1). A small mass y for the adjoint multiplet
breaks supersymmetry from N' =2 to /' =1 and forces
condensation of monopoles. As a result, confining string of
the Abrikosov-Nielsen-Olesen (ANO) type [3] emerges in
this theory.

Later this scenario was further extended to allow for a
non-Abelian symmetry group at low energies. Non-Abelian
flux tubes (vortex strings) were originally discovered in the
N = 2 supersymmetric QCD (SQCD) with gauge group
U(N) and N, = N flavors of quark hypermultiplets [4—7]
(see [8—11] for a review). They are responsible for the
“instead-of-confinement” phenomenon in this theory [12].

In the AV =1 SQCD limit (large u), the non-Abelian
string ceases to be BPS saturated. As a result, the low
energy theory on the non-Abelian string describing the
dynamics of internal orientational moduli becomes non-
supersymmetric, and turns out to be a two dimensional
u-deformed sigma model with CP(N — 1) target space
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[13,14]. (The deformation yu is a supersymmetry breaking
parameter.) Nonzero quark masses in four dimensional
SQCD yield a so-called twisted-mass [15] deformation of
this CP(N — 1) model. This motivates the detail study of
the dynamics of the mass deformed nonsupersymmetric
CP(N — 1) model.

In this paper we solve the twisted-mass deformed non-
supersymmetric CP(N — 1) model in the large N limit.
Originally, the large N approximation was used to solve
nonsupersymmetric as well as N =(2,2) CP(N -1)
model at zero mass deformation [16—18]. In particular, it
was shown that the auxiliary U(1) gauge field A, becomes
physical and remains massless in the nonsupersymmetric
case. The low energy spectrum of this theory consists of
neutral “mesons” formed by particle-antiparticle pairs of
charged matter fields. The Z, symmetry remains unbroken.

The twisted mass deformation is introduced in the model
with the help of another auxiliary complex scalar field o (in
the supersymmetric case this field is actually a superpartner
of the photon A,). This scalar field, having dimension 1,
naturally enters with a new dimensionless coupling constant.
In quantum theory this gives rise to a new dynamical scale A,
in addition to the usual scale A of the CP(N — 1) model (both
coupling constants are asymptotically free). There is no
reason to assume any particular relation between these two
scales, and in this paper they are treated as independent. In an
earlier work [19], however, a specific relationship between
these two constants was assumed, which became a source of
an instability (to be discussed below).

At small values of the deformation mass parameter m,
the system stays in the strong coupling regime with
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unbroken Z, symmetry. Namely, it is in the Coulomb/
confinement phase found by Witten [16] in the zero mass
limit. When m is large enough, Z, nonsinglets develop
vacuum expectation values (VEVs), breaking this sym-
metry. The theory now is in the weak coupling regime.

The large N method employed in this paper allows us to
identify these two phases and determine the phase transition
point location. Previously the existence of such a phase
transition was argued in [20] based on flux tubes in a four-
dimensional gauge theory and then this phase transition was
studied in [19]. In this paper we revisit large-N solution of
CP(N — 1) model and resolve the issue of instability at small
values of m present in the solution found in [19].

We were also able to show that the scalar field o,
auxiliary at the classical level, together with the photon
becomes dynamical due to quantum effects at strong
coupling. Close to the phase transition point, ¢ become
light, so the kink-antikink mesons decay. It is analogous to
the curves of marginal stability in supersymmetric theories.
At large N the region where ¢ becomes light stays finite,
which allowed us to study this phenomenon.

Moreover o becomes massless at the transition point and
we identify the conformal field theory at the critical point as
a free theory of massless field o.

The paper is organized as follows. In Sec. II we introduce
the CP(N — 1) model and its twisted mass deformation and
discuss the two phases in the weak coupling and strong
coupling limits. In Sec. III we employ the large N
expansion to derive the effective potential and study vacua
of this theory at different values of the mass deformation.
We also determine the phase transition point and calculate
vacuum energies on both sides of the phase transition. In
Sec. IV we derive the effective action and discuss dynamics
in different phases in more details. Section V presents our
conclusions. The Appendices contain some technical com-
putational details.

II. OVERVIEW OF THE CP(N -1) MODEL
AND ITS PHASES

In this section we introduce the CP(N — 1) model and its
twisted mass deformation with the mass parameter m. Then
we briefly discuss two distinct phases that occur at small
and large m (in the sense to be defined below).

A. CP(N -1) model action and its mass deformation

Let us start with the nondeformed model. For our
purposes, the most convenient representation of the
CP(N — 1) model action is the linear gauge sigma model
formulation introduced in [16,17]. The auxiliary U(1)
gauge field allows us to cast the Lagrangian in a form
bilinear in the complex matter fields n’:

5= / PA{|Da P+ AP =)}, (1)

where D, =09, —iA,. The matter field index runs
£=1,...,N, and summation over repeated indices is
assumed. The field A is a Lagrange multiplier that enforces
the CP(N — 1) manifold condition,
|n?|? = r,. (2.2)

The radius of the CP manifold r, plays the role of the
(inverse) coupling constant of the theory. By integrating out
the auxiliary field A, one can recover the nonlinear sigma
model Lagrangian. This model enjoys SU(N) global
symmetry, with n’ transforming in the fundamental
representation.

This CP(N — 1) model is asymptotically free [21]. The
bare coupling constant r, gives rise to the dynamical scale
of the theory A via the relation

drr
-

(2.3)

where M, is the UV cut-off scale.
The “twisted mass” deformation mentioned above is
introduced by adding to the action (2.1) an extra term

S :/dzx{z|(6—mf)nf|2—102|0'—mf2}.
=1 /=1
(2.4)

Here, o is a new auxiliary complex scalar field. Note that
the masses in (2.4) explicitly break the global SU(N)
symmetry present in (2.1),

SU(N) — U(1)N-1. (2.5)

We choose the masses as

2rit
N

m,f:mexp< ), £=0,1,...N—-1, (2.6)

where the parameter m is real and positive. This choice of
masses preserves Z, symmetry:

2k
0—>exp<i%>6, ngy — ngyy, forfixedk=1,...,N.

(2.7)

The first term in (2.4) is motivated by supersymmetry [22]
(the field o is actually a superpartner of A, in the super-
symmetric setup). The second term in (2.4) represents a
“mass” term of the field ¢. Since o has classical dimension
1, the constant 7 is actually dimensionless. Note that 7,
enters the action (2.4) with a sum of N terms; in order to
have a smooth large-N limit, we need to hold

ro/N = fixed, as N — oo.

7, = fixed, (2.8)
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In the context of the nonsupersymmetric CP(N — 1)
model a similar mass deformation was studied in [19].
However, in the latter paper the second term in Eq. (2.4)
was absent.

While on the classical level one could set 7, to zero, on
the quantum level this term is generated by loop corrections
and therefore must be included. We will see later that this
new coupling is also asymptotically free and gives rise to its
own dynamical scale A, which can be defined by

A2 = M2, exp(—4nrzy). (2.9)

There is no a priori reason for assuming any particular
relation between the scales A and A, so in this paper we
treat these scales as independent. Below we will see that the
only constraint imposed by self-consistency is A, > A.

To summarize, the mass deformed nonsupersymmetric
CP(N — 1) model has two independent model defining
dynamical scales A and A, associated with two aymptoti-
cally free coupling constants in contrast to the A" = (2,2)

supersymmetric CP(N — 1) model which has only one
scale A [22].

B. Weak coupling regime

Let us start with the classical analysis of the minima of
the action (2.1) with the mass deformation (2.4). Varying
with respect to the Lagrange multiplier 1 gives the con-
dition |n’|> = ry; one can always choose the vacuum
configuration so that only one of the n-fields develops a

nonzero VEV:

n’o = \/rq,

Since a field charged under U(1) develops a VEV, and there
is no dynamical massless gauge field in this phase, we call
it a Higgs phase.

Varying the action (2.1) with respect to ¢ gives an
equation

and n’ =0 if £+ £, (2.10)

Z(f’ —myg)|n" P =1 Z(G —my) =0.

1 =1

N N
(2.11)
= _

Substituting (2.10) into Eq. (2.11), the latter is solved by

o

o =my, (2.12)

ro —NT()’

One can immediately see that at ry = N7y we ran into a
trouble. For now let us assume the inequality

ro > NT(), (213)
so that the VEV of ¢ is finite. Later in this paper we will see

that a relation analogous to (2.13) is actually necessary for
self-consistency of this model on the quantum level.

The classical VEV of ¢ in (2.12) is proportional to the
mass parameter m. At large masses m > A, A,, the RG
flow of the couplings is frozen at this large scale (c). The
theory is at weak coupling, and as we will see below the
vacuum configuration is still given in the large N limit by
Egs. (2.10) and (2.12) with bare coupling constants
replaced by renormalized ones. There are N degenerate
vacua labeled by the order parameter (o); in each given
vacuum the Zy symmetry (2.7) is spontaneously broken.

C. Strong coupling regime

At small m the theory flows to strong coupling, and the
quasiclassical approximation is no longer applicable. For
m = 0 this theory was solved at large N in [16-18]; let us
briefly review here some features of this solution.

The VEVs of the n’ fields at strong coupling vanish
exactly, and SU(N) symmetry of the theory is restored. In
the massive theory the Zy symmetry (2.7) is unbroken [19].
The model has a unique ground state together with ~N
quasi-stable local minima. The relative splittings between
them is of order ~1/N, and false vacuum decay rates scale
as N~! exp(—=N) [23,24] at large N. The order parameter
which distinguishes different quasivacua is the value of the
constant electric field or topological density

i

1 > i
Q = 2ﬂ8a/ja Aﬁ = %8(1/}0 niaﬁn (214)

At the one loop level in the large N approximation,
the (classically auxiliary) U(1) gauge field A, acquires a
kinetic term and thus becomes dynamical. Kinks n and
anti-kinks 7, interpolating between the aforementioned
quasi-vacua, have masses of order A [the latter is defined
by Eq. (2.3)]. They are charged under the U(1) with a weak
constant to mass ratio e,/m, ~ 1/ V/N, and transform as
(anti)fundamentals under the SU(N).

The Coulomb potential in one-dimensional space is
linear, which leads to formation of weakly bound states
with zero net charge, niit mesons with constant electric field
stretched between n and 7 states. There are no charged
states in the spectrum. This motivates to call this Coulomb/
confining phase. Above mentioned quasivacua are formed
by nii mesons, so the n(7) state plays a role of a kink
(antikink) separating region occupied by a meson from true
vacuum, see [19] for details.

D. Transition point

To reiterate, the behavior of CP(N —1) model is
qualitatively different at small and large mass deformations.
(1) At small m the ground state is unique, the Zy
symmetry is unbroken, and the U(1) gauge field is
massless. It is responsible for the confinement of
charged n states. We will call this phase the
Coulomb/confining phase.

085021-3



E. IEVLEV, G. SUMBATIAN, and A. YUNG

PHYS. REV. D 109, 085021 (2024)

(i) Atlarge m the ground state multiplicity is N, the Z,
symmetry is spontaneously broken, and there is no
dynamical gauge field; we will call this phase the
Higgs phase.

The order parameter that distinguishes between these two
phases is the VEVof ¢, or, equivalently, the VEVs of n” fields.

Below we are going to apply the large N method to solve

this model for all values of the mass deformation m. We
will see the phase transition point and calculate the vacuum
energy on both sides of this transition.

III. LARGE-N SOLUTION AT NONZERO
MASS DEFORMATION

In this section we use Witten’s [16] large-N method
to solve the twisted-mass deformed CP(N — 1) model.
The starting point for our calculations is the action
comprised of (2.1) and (2.4), which in Euclidean space
reads:

5= [ @x{ipnP a0 =

N N
+> No=mn’P =1 |o - m/}. (3.1)

=1 /=1
Here, D, = 9, — iA,, masses are defined in (2.6), while r

and 7, are the bare couplings.

A. Effective potential

The first thing that we are interested in are the quantum
vacua of the model under consideration. These can be
determined with the help of the effective potential.

In order to derive the effective potential to the leading
order at large N, we integrate over the n? fields in the path
integral with the action (3.1). We are interested in Lorenz-
invariant vacua; therefore, we will assume that the vector
field A, vanishes and that the scalar fields 4 and o are
constant. The action (3.1) is quadratic in n,, so we are
actually calculating a Gaussian integral.

As was outlined in Sec. II, there are two phases
depending on the value of m, with the order parameter
being the VEVs of n’. Without loss of generality we can
always take the field n” with # = 0 to have a nonzero
expectation value in the Higgs phase. Thus, in order to
be able to distinguish between the Coulomb and the
Higgs phases we integrate only over the fields n’,
£=1,.. — 1, leaving the field n® =n as the order
parameter

Gaussian integration over the remaining n’ yields a
determinant

N-1

H [det(d% + A+ |6 — my*)]™!
=1

(3.2)

AN

Calculation of this determinant is straightforward; intro-
ducing the UV cutoff M, and keeping only the terms that
depend on 1 and o, we obtain the following contribution to
the effective action:

1 N-1 sz
>ty

— ™ 1. (33)
—1 A+ |6 mf|2

Now, from the definitions (2.3) and (2.9) we can express the

bare couplings as
N

= 1In ,
4 A2

My o1 MG
O 4n AL

fo = (3.4)

Adding together all the contributions to the effective
potential and using (3.4), we finally arrive at

Veir = (A4 |o — mg|*)|n]?

1 N /1+ lo —m,|?
N A0~ el
g2 (el [ -
| N
+—Y |o—m|’c. (3.5)
4r £

The renormalized coupling r., read off the effective
potential is given by

! A+ |o—m|?
rrenzazln A2 ,

while constant ¢ parametrizes the relation between the two
dynamical scale in this model,

(3.6)

A2
c= lnA—g. (3.7)

Below we will see that for self-consistency we need ¢ > 0.

Note that in A = (2,2) supersymmetric version of
CP(N — 1) model there is no need to introduce a second
coupling constant 7, due to the cancellation of the
UV divergent term in (3.3) proportional to > ,|c —
my|*In M2, with similar contribution coming from fer-
mions, see [25]. As a result there is only one scale A in the
supersymmetric version of the model.

By minimizing the effective potential (3.5) with respect
to 4, n and o to the leading order in large N, we obtain a set
of equations that determine the vacua:

|n)* = Fren, (3.8)
A+ |6 —myl)n=0 (3.9)
1 & A+ |o—mg?
e M I
N
+4—ca—0 (3.10)
n
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where r,., and ¢ are defined in (3.6) and (3.7) respectively.
The vacua are found by solving these equations.

The first of them, Eq. (3.8), is a renormalized version of
the bare condition (2.10).

The second equation (3.9) allows for two possibilities:
either n = 0 or A+ |6 — my|> = 0, n # 0. The first option
corresponds to the Coulomb/confining phase, while the
second describes the Higgs vacuum.

The third equation (3.10) determines the VEVs of o.
In [19] this equation was used to determine the value of ¢ in
terms of the masses m,, which actually lead to incon-
sistencies in the Coulomb/confining phase. In this paper we
rectify this by keeping ¢ as a fixed, independent of m
parameter defining the model.

Below we are going to investigate solutions to above
equations. We will show that there is indeed a phase
transition point at m = /cA, separating the Coulomb/
confining and Higgs phases.

B. The Higgs phase at large N

1. VEVs

At large m we expect the VEVs of n and ¢ to flow to the
classical values, Eq. (2.10) and (2.12) respectively. Since
n # 0 in this limit, we expect that the Higgs phase is
stretching from m — oo down to the phase transition point.

The fact that n # 0 implies that

A= —|o —myl, (3.11)

see Eq. (3.9).
Substituting (3.11) and (3.8) into (3.10), we obtain an
equation on ¢ only:

1 o —mg|> —|o—mo|> N
—E;(mo—mf) In e +ECG:0.
(3.12)

The Z, symmetry ensures that we have N degenerate
vacua in the Higgs phase, each associated with the
particular field n; iy =0,...,(N —1) developing VEV
and the particular VEV of . Just Egs. (3.8), (3.11), and
(3.12) describes only one of them with nonzero VEV of
n = ngy. All other N —1 vacua are described by similar
equations with the replacement ny — n; and my —
ml-o io = 1, caey (N— ])

From the fact that my = m is real and positive and Re
m, < m, one can show that the solution of Eq. (3.12), o,
must be also real and positive. With this knowledge we can
simplify this equation; using the explicit formula for the
masses (2.6), after some algebra we arrive at (see
Appendix A for the details):

mlnﬂ—l—m—ca:O.

2 (3.13)

For ¢ > 0, Eq. (3.13) has exactly two solutions; these can
be found approximately by the iteration method, see
Appendix B. At large m, the solution corresponding to
the minimum of the effective potential is given by an
approximate formula

m m2

~—In—s;. 3.14

R eA? (3.14)
This gives the VEV of 6. To obtain the VEV of n, we need
to compute the renormalized coupling r,.,. Substituting the
expression for 4 Eq. (3.11) into the formula for r,, (3.6),
we obtain after some algebra (see Appendix A)

Fren(0,m) = %ln(j\—n;. (3.15)
This gives an exact expression for the renormalized
coupling as a function of the field ¢ and the parameter
m in the Higgs phase. Using the approximate formula for
the VEV of ¢ (3.14) yields and approximate formula for the
VEV of |n|?:

N 2
‘n|2 = Tten z_lnm—

Ly (3.16)

As we see, at large m it becomes large.

2. Comparison with classical minimum

It is instructive to compare the classical solution for o,
see Eq. (2.12), and the quantum VEV Eq. (3.14). Using
definitions of the bare couplings Eq. (3.4), we can rewrite
the classical formula (2.12) for o as (recall that we are in the
vacuum corresponding to £y = 0):

o o mérx
Oglass = M =m =—
s ro — Nty NipMy _NpMi ¢ N
Az N2 An T A2

(3.17)

On the other hand, using the quantum formulas Egs. (3.14)
and (3.16) we can express the VEV of ¢ as

mérx
O quant :?Nrrcn+"'a

(3.18)
where the dots stand for terms subleading at large m.

Comparing Egs. (3.17) and (3.18), we see that they
indeed agree to the leading order. At smaller m quantum
corrections to the classical formula start to become more
pronounced.

Note that if coupling 7, were equal to zero like in [19] we
would have ¢ =m for the VEV of o, see (3.17).
Equation (3.14) shows that our result in this paper is
logarithmically enhanced at large m.
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3. Vacuum energy and hints of a phase transition

Vacuum energy is calculated as the value of the effective
potential in its minimum determined by the vacuum
equations. First, let us compute the effective potential as
a function of ¢ only. Substituting the expressions for 7,
(3.6) and A (3.11) into the effective potential (3.5), after
some algebra we arrive at (see Appendix A for details)

. m? c. om A
(3.19)

One can easily check that the extreme point condition

6V?f‘fg/ do = 0 indeed gives the vacuum equation (3.13)
above.

Note that the theory is stable only if ¢ > 0. Therefore, for
self-consistency we require ¢ > 0. This condition appears
in the quantum theory replacing the classical one in (2.13).

At m > \/cA the minimizing value of ¢ is given by
Eq. (3.14). The second derivative of the effective potential
(3.19) is positive at this point, which confirms that itis indeed
a minimum of the potential. Substituting (3.14) into the
effective potential (3.19), we obtain for the vacuum energy

i miN (l m2>2

— 3.20
dze \ " cA? (3.20)

Thus we see that at large m vacuum energy becomes large
and negative.

From the approximate formulas we can expect that the
absolute value of vacuum energy (3.20), VEV of ¢ (3.14)
and ry, (3.16) approach small values, when we go toward
smaller m. However, since 7., = |n|?, we have a constraint

Fren = 0. (3.21)
Therefore, r,., cannot decrease indeterminately. As we will
see shortly, 7, turns to zero at a finite value of m; this
shows that a phase transition occurs at this value of m.

The phase transition point can be determined by solving
simultaneously two equations, the vacuum equation and the
vanishing of r,:

(3.22)

In?2 =0

Hig
Ve _ {mln‘/’\’?er—co-:O
do o
T, AT T

ren(o—v m) =0
Here we used Eqgs. (3.13) and (3.15). The solution of this
system is given by
A
Ocrit = %
In fact this transition point also corresponds to another
phenomenon. At large m potential Vi in (3.19) has two

Meri = Ve, (3.23)

extrema in ¢, one maximum and one minimum. As we go
toward smaller values of m, these two extrema get closer to
each other. Precisely at the point (3.23) they merge; at this
point not only the first but also the second derivative of the
effective potential vanishes,

02 vHig
——dt =0, (3.24)
do

crit

At even smaller m the potential V?flfg has no extrema
anymore.

Equation (3.24) shows that the field o becomes massless
at the transition point. This suggests that we are dealing
with a phase transition of the second order and field o is
responsible for the critical behavior at the transition point.
Below we will confirm these expectations.

To conclude this subsection, let us analyze the behavior
of the vacuum energy near the critical point (3.23). We
write o and m as

A
6 =—+ b0, m = +/cA + ém,

N

substitute this into the vacuum equation (3.13) and find an
approximate1 solution:

(3.25)

2

(3.26)
The behavior of the renormalized coupling and the VEV of
|n|? is found by substituting Eq. (3.26) into Eq. (3.15):

N N om
Tomc AN AT

Note that |n|* = ry, as a function of m has a cusp at the
critical point (3.23). In then next section we will see that the
VEV of ¢ is discontinuous (it jumps to zero in the Coulomb
phase at m < m,,). For the visual representation see Fig. 1.

Substituting Eq. (3.26) into Eq. (3.19), we get the
vacuum energy near the transition point:

(3.27)

|,/l|2 = rren

N N (¢ =1)A
EMig  — (% + 1)A2+—u

ype v sm + O((6m)3/?).

(3.28)

This series runs in half-integer powers of ém. Incidentally,

the term linear in ~+/dm is absent; this can be traced back
to Eq. (3.24).

'Note that because at the critical point (3.23) the second
derivative (3.24) vanishes, to find an approximate solution one
needs to Taylor expand up to the third derivative in do, see
Appendix B.
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0.5 1
0.0 A %
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(a) o is discontinuous

4
aInl?

2
— |n|4, exact
1.0 Inl

——- |n|?, asympt
0.8
0.6
0.4

0.2 1

0.0 1

>|3

(b) |n|? has a cusp

FIG. 1. Behavior of ¢ and |n|? near the phase transition point m = +/cA. (For this plot ¢ = 1.) Black solid lines are the exact numerical
solution, red dashed lines show the asymptotic expressions (3.26) and (3.27) respectively.

C. The Coulomb/confining phase at large N

As we discussed above, the Witten’s solution at zero m
[16] shows that |n|* vanishes in the quantum vacuum, see
also [17,18]. Moreover, as we just established, going down
in m from the Higgs phase one encounters a critical point at
finite m (3.23) where |n|* = 0.

Therefore, it is reasonable to look for a solution of the
vacuum equations where |n|*> = 0 over a finite range of the
mass parameter m. The second vacuum equation (3.9) is
then trivially satisfied, while the other two equations (3.8)
and (3.10) are solved by

n=20,
A= A2—m?, (3.29)
c=0.

Equation (3.29) becomes an m # 0 generalization of the
Witten’s saddle point condition which was used to deter-
mine VEVof 1in [16], see also [19]. Since the VEV of the ¢
and n field vanish, we are in a Zy symmetric phase.
Substituting (3.29) into (3.5) we find vacuum energy in the
Coulomb phase:

N

EClmb —
V¥4

(A% + m?c). (3.30)

To get more insight and to make sure that our solution
(3.29) indeed corresponds to a minimum, let us derive a
formula for the effective potential as a function of ¢. In
closed form this can be done in a small ¢ approximation. To
integrate out A, we write down the condition r,, = 0 and
Taylor expand around (3.29). For a real ¢ and 1 = (A% —
m?*) + 54 we have

1 (N> —m?) + 64+ |6 — m,|?
0= Vren :EZIH

AZ
NN A+ 0% me?
A A ) (3:31)
from which obtain
~ A2 _ 2 2 m_2_
AN —m*+o A 1]). (3.32)

Substituting |n|* = 7, = 0 and 4 from Eq. (3.32) into the
effective potential (3.5), we obtain

N 2
yEimb y {Az + cm? + co? <1 - %)] . (333

From the potential in the form (3.33) we can immediately
learn following consequences.

First of all, at ¢ > 0 and m < \/cA the solution (3.29)
indeed corresponds to a stable theory, as second derivative
of the effective potential is positive. When ¢ < 0, the
effective potential does not have a minimum. Thus for self-
consistency we need to require ¢ > 0; this agrees with our
conclusions from the Higgs phase.

In this regard we remark that in [19], ¢ was taken to be a
certain function of the mass parameter m, which at small m
behaves as

2

m
czl—i—lnp. (3.34)

One can see that (3.34) turns negative at sufficiently small
m, which as we discussed leads to an instability. We do not
have this problem in the approach taken in the cur-
rent paper.
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Next, at the critical point m = /cA the second deriva-
tive of the potential (3.33) vanishes, and the field o
becomes massless. Luckily, this critical value of m coin-
cides with the critical value that we inferred from the Higgs
phase, cf. (3.23). Thus, the field 6 becomes massless when
we move from both Coulomb/confining and Higgs phases
to the phase transition point and is responsible for the
critical behavior at this point.

One can actually show that we are dealing with a phase
transition of the second order by comparing the vacuum
energies in the Coulomb and Higgs phases on the two sides
near the phase transition point m = /cA, Egs. (3.30) and
(3.28) respectively. The vacuum energy has the same value
on both sides of this point,

' N
EClmbltranspt = Eng|lranspt = <C2 + 1)A27

g (3.35)

while the first derivative with respect to m is discontinuous:

0 N
% EClmb|trans pt — Z 2N,
17 R— N | ; A
— EHig =—|cA-——|. 3.36
el = 5 [¢A -] (336)

This shows that the phase transition between Coulomb and
Higgs phases is a second order phase transition. Moreover,
if we formally continue the Coulomb vacuum energy (3.30)
beyond the transition point m = \/cA to the region of
larger masses it goes higher than the vacuum energy in the
Higgs phase, see numerical results for the vacuum energy
in Fig. 2. This confirms that m = \/cA is a transition point.

—— Ground state energy
=209 —-=- Coulomb false vacuum

>3

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

FIG. 2. Vacuum energy and phase transition. Solid black line
is the ground state (true vacuum) energy. Dashed blue line
shows the would-be Coulomb phase energy analytically con-
tinued beyond the phase transition point m = \/cA. (For this
plot ¢ = 1.).

IV. MORE ON DYNAMICS IN THE COULOMB/
CONFINING AND HIGGS PHASES

In this section we discuss the dynamics in the Coulomb/
confining and Higgs phases in more details.

A. Effective action and light fields
in the Coulomb phase

In this subsection we are going to derive and analyze the
low-energy effective action in the Coulomb/confining phase.

Witten’s large-N solution [16] demonstrates that at
m = 0 a kinetic term for the gauge field A, is generated
at one loop. In the twisted-mass deformed model consid-
ered here, there is another auxiliary field, o, which also
receives loop corrections. The one-loop effective potential
was computed in Sec. III. To find the full effective action,
we need to compute the one-loop kinetic terms that arise in
the theory at hand.

The corresponding loop diagrams are shown on Fig. 3;
they were computed in [26]. The effective Lagrangian has
the form (Minkowski spacetime)

1 1 1
L Clmb _ __ngﬂ +—— 04 Reo|? _|_62_ |0, Imo|? — V.

2
46}/ €Res Imo

(4.1)

The last term is the effective potential (3.5). The inverse
coupling constants in front of the kinetic terms in (4.1) are
given by

with the VEVs (1), (o) determined from minimizing the
effective potential, and (o) is assumed to be real (this is a
valid assumption as long as the parameter m is real).
Substituting the Coulomb/confining phase VEVs from
Eq. (3.29), we arrive at

n n

n n

(a) Photon kinetic term (b) Scalar o kinetic term

FIG. 3. Loop corrections to the A, and ¢ propagators.
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1 N 11 Nm? (43)
e% T 12zA%° e2Rw N elzma C 24nAY '

It is instructive to compare the result (4.3), valid in the
Coulomb/confining for m in the interval 0 < m < mg;, to the
Witten’s result at m = 0 [16]. First, it turns out that e, is
exactly the same. Second, at m = 0 the scalar field couplings
1/ek., and 1/e2  vanish, and the field ¢ remains auxiliary
without kinetic term while its VEV is given by (3.29); this
again agrees with Witten’s solution that did not have ¢ at all.
Now, let us calculate masses of the fields entering the
effective Lagrangian (4.1). Since n is the only field charged
under U(1) and does not develop a VEV, the U(1) gauge

field A, is massless,
m, = 0. (4.4)
Masses of n” field are read off the action (3.1). In the

Coulomb phase (3.29) we have:
m2, = () +1(6) = mJ? = A2, (4.5)

which again coincides with Witten’s result [16].

However, as we discussed in Sec. II, the spectrum
actually consists of nii pairs. The binding energy AFE is
small at large N; we can estimate it as follows (see also [16]
for an alternative derivation with the same result). Given a
separation a between the two particles in the nii meson, the
Coulomb potential due to the massless photon is given by

127A?
N

Ula) = ela = a. (4.6)
Let us take a to be a characteristic distance between n and 7
in the lowest energy state. From the uncertainty principle
we can then estimate the characteristic momentum of n or i
as p ~ 1/a, which makes the total binding energy of the
meson

AE p? + 127A? 1 " 1272A?
~— a~—
m, N Ad? N

a. (4.7)

Minimizing this energy with respect to a gives

NY/3 A

These results confirm weak binding at large N. The upshot
of this is that we can estimate the mass of the lightest meson
simply as twice the mass of an n particle,

2m,, = 2A. (4.9)

Mmeson =

In order to correctly determine the mass of ¢, we need to
integrate out the nondynamical field A. The corresponding

potential VEI™® () for real o is given by Eq. (3.33); the

mass of Re o is then calculated as

:6”;4<1 mz). (4.10)

21/Clmb
2 , 10V _
o M cA?

MReos = eRerr'z 662

From Eq. (4.3) and symmetry of the potential V. (3.5)
around ¢ = 0, we also have m3,, = m%,,.

At m — 0, o becomes heavy and decouples, confirming
our analysis above. The only stable particles in the
spectrum are the nii mesons with masses of 2A (4.9).
However, near the phase transition point m < +/cA, o
becomes light, even lighter than the nii mesons. The
borderline value of the deformation parameter m is deter-
mined by equating the scalar and meson masses:

3 3
m2Re¢7 = mrzneson = m= @A = \/;mcrit' (411)

Atthe value of the deformation parameter m (4.11), o and ni-
mesons are marginally stable. Closer to the phase transition
point those nii-mesons that are singlets with respect to the
U(1)N=! global symmetry (2.5) decay into pairs of ¢ + &,
and the latter become absolutely stable. At the phase
transition point m = /cA the field 6 becomes massless.
Thus, in the region of the deformation parameter

3
ZeAr < m? < eN?

5 (4.12)

the low-energy effective theory consists of a massless U(1)
gauge field A, and a scalar field ¢. This is a free theory,
since o does not interact with A, in the leading order in
1/N, and all the self-interactions are also suppressed at
large N (to see this one can rescale ¢ — ¢/ V/N).

Since in two dimensions the gauge field A, does not have
physical degrees of freedom we conclude that at the
transition point the conformal field theory, which describes
the critical infrared dynamics is a theory of a free massless
field o.

B. Discussion of the Higgs phase dynamics

In the Higgs phase, m > m;, there are no massless
photon, no confinement and no mesons. The spectrum
consists of perturbations of the n’ field and heavy kinks
interpolating between N vacua. Photon and ¢ are heavier
then lightest n*’s and therefore, do not represent stable
bound states. To see this note that if, as in Sec. III B, we are
in the vacuum where n° # 0, then e.g. the mass squared of
the n! field is suppressed at large N:

. 2n 1
m?, = () +|(6) — me* N2 = 2m(o) (1 —cosN> ~

(4.13)
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Here we used the definition of masses Eq. (2.6), expression
for (1) (3.11) and the fact that (5) is real in the vacuum
under consideration.

Seemingly, the photon and ¢ become massless at the
transition point. In the Higgs phase say, the photon mass
squared is proportional to r., and near transition point
where r, = 0 behaves as

m? ~ N2\/5m, (4.14)
where we use (3.27) and ém = m — mg;,. Therefore, the
photon would become lighter then the lightest of n’’s at

(4.15)

The above result is obtained in the large N approxima-
tion. However the interval of masses near the transition
point in (4.15) is too narrow at N — oo0. We cannot trust our
analysis based on the large N approximation in such close
vicinity of the critical point, see [19]. The same applies to
the o field.

V. CONCLUSIONS

In this paper we studied the twisted-mass deformed
CP(N — 1) model at large N. By calculating the effective
potential and effective action in the leading order of 1/N
expansion, we were able to study the vacua and the spectrum
depending on the value of the mass deformation m.

Let us to point out that if one considers mass deformed
nonsupersymmetric CP(N — 1) model as a certain two-
dimensional sigma model on its own right one needs to
include the second asymptotically free coupling constant
[the second term in (2.4)] and treat two scales A and A, as
independent model defining parameters.

On the other hand if we view CP(N — 1) model as an
effective world sheet theory describing the dynamics of
orientational modes of the non-Abelian string all parameters
of the world sheet model should be fixed by parameters of the
four-dimensional theory. One relevant example is given by
non-Abelian strings in SQCD with A/ = 2 supersymmetry
broken down to N = 1. It was considered in [27], see
also [13]. As the breaking parameter increase the non-
Abelian string ceases to be BPS saturated and N = (2,2)
supersymmetry in the world sheet model is broken. The
analog of A, scale in this case is determined by the mass of
gauge bosons of the four-dimensional SQCD, which plays
the role of the physical UV cutoff in the world sheet theory.

Let us summarize the main results of this paper. The
nonsupersymmetric CP(N — 1) model is asymptotically
free and has two dynamical scales, A corresponding to the
CP(N — 1) coupling constant, and A, corresponding to the
mass deformation. It is convenient to describe the model in
terms of one dimensionful parameter A and one dimension-
less parameter

A2
CEIHA—g. (5.1)

We found that this model is self-consistent only at ¢ > 0.

Depending on the value of the deformation mass
parameter m, we found two phases.

(1) At small m the model is in the Coulomb/confining
phase at strong coupling, resembling the Witten’s
solution [16]. The CP(N — 1) fields n” have zero
VEVs and are charged under a dynamically generated
massless photon A,. There is also an extra massive
complex scalar 6. The Z, symmetry is unbroken.

(i) At large m the model is in the Higgs phase at weak
coupling. Fields n” and ¢ develop VEVs. There are
N vacua and Zy symmetry is broken.

These phases are separated by a second order phase
transition at mg = +/cA. The conformal field theory
which describes the infrared dynamics in the transition
point is given by a free theory of massless field o.

These results are consistent with the study of the
CP(N — 1) model with broken supersymmetry that arises
as a world sheet effective theory in NV = 1 supersymmetric
QCD [13,27].

At strong coupling and m < mg;+/3/5 the spectrum
consists of nni-pair mesons with masses of 2A, bounded by
the linear Coulomb potential due to the massless photon.
However, the scalar ¢ becomes light near the phase
transition point; in the interval mg\/3/5 < m < mg;, it
becomes the lightest state in the spectrum, going massless
at m = mg;. Therefore, if we adiabatically raise m end
enter this interval, the nin mesons that are singlets w.r.t. the
U(1)"=! global symmetry (2.5) decay, forming o particles.
This picture can also be reversed: near the phase transition
point ¢ is the only stable excitation, but decays to n# kink-
antikink mesons for lower values of m.

Above the phase transition point in the Higgs phase,
m > My, there are no massless photon and no confine-
ment. The spectrum consists of weakly interacting n’ fields
and heavy solitons. Photon and ¢ are heavier then lightest
n’’s and do not represent stable bound states.

We can draw parallels with the instead-of-confinement
phase in asymptotically free versions of A =2 super-
symmetric QCD SQCD [28], see also [12] for a review.
These theories support non-Abelian strings responsible for
confinement of monopoles. The low energy theory on the
world sheet of such a string is a supersymmetric (weighted)
CP(N — 1) sigma model.

In [29,30] the instead-of-confinement phenomenon was
explicitly demonstrated: perturbative states that exist at
weak coupling (corresponding to screened quarks and
Higgsed gauge bosons), decay into confined monopole-
antimonopole pairs at strong coupling. A similar thing
happens in the current model at strong coupling: the field o
decays into niz mesons when we lower the parameter m.
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APPENDIX A: TECHNICALITIES
OF LARGE-N SUMMATIONS

Throughout this paper we repeatedly dealt with finite
sums in the large-N limit. These sums can be calculated by
passing to the Riemann definite integral. In this Appendix
we present the details of these calculations.

We are going to need the following formulas:

Nz:: [1 —cos( ;)] _N, (A1)
:Z_llln {1 ~ cos (2;:%)}
i)
Nzeon A 1 In(1 —cos(2zx))dx = =N In 2,  (A2)
2 (1 ~ cos (27[%)) In [1 ~ cos (m%ﬂ
Nzeoy /0 '(1 = cos(2x)) In(1 — cos(2zx) )dx
=N(1-1n2). (A3)

With these results at hand, we can calculate what we
need. Let us start by computing r,., in the Higgs phase, for
concreteness choosing a vacuum where o is real. Using
Egs. (2.6) and (3.11) in Eq. (3.6) we see that it involves the
sum of the terms of the form

|6 —mg* —|o —mo]> . 20(my —Rem,)
In 5 =In
A A?

2 4
= ln%+ In {1 — cos <2ﬂN>}

(A4)

Carrying out the summation 3-> ]
we obtain

and using Eq. (A2)

po o Npem Ny, N

4 A2 4n 4r nﬁ (A3)

Thus we prove Eq. (3.15).

The vacuum equation (3.13) for real o is derived
similarly. Using Egs. (2.6) and (3.11), we rewrite each
term of the sum in Eq. (3.12) as

|‘7—mf|2 - |C’—mo|2

(m() - mf) In A2

e () (32 1o o)

(A6)

This can be easily summed over # with the help of
Egs. (A1) and (A3). Assembling all the contributions we
recover Eq. (3.13).

To derive the effective potential in the form Eq. (3.19),
we take the original formula (3.5) and rewrite (again,
assuming o to be real)

o — my|? = (0 — m)? +2am[1—cos(2ﬂ§>} (A7)

After that, the large-N sums are calculated as above, with
the resulting Eq. (3.19).

APPENDIX B: DETAILS OF SOLVING VACUUM
EQUATIONS IN THE HIGGS PHASE
First, let us comment on the iteration method of solving

Eq. (3.13),

(B1)

mlni\—rg—l—m—cazo.

This equation has two solutions at ¢ > 0.
To find the solution corresponding to (3.14) at large m
and ¢ > 0, we rewrite Eq. (B1) as

mi. [om L
c=—
c A2
Taking ¢¥) = m/c as the starting approximation, we get
for the first iteration

(B2)

(B3)

which coincides with (3.14) at large m. Note that at large m,
the derivative of the right-hand side (rhs) of Eq. (B2) is
~m/o ~1/1In m < 1, which shows that it is a contraction
mapping, thus validating this iteration scheme.

The second solution of Eq. (B1) actually corresponds to
a maximum. It can be found by rewriting Eq. (B1) in the
form

2
eco’/m—l

(B4)

o =
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and performing iterations. For the starting approximation it

is suggestive to take ¢(?) = 0, then the first iteration gives
A2

o) ="—. (B5)
me

This iteration procedure is valid for any value of c. One
can show that for large enough m the map (B4) is also
contracting.

Lastly, let us comment on solving the vacuum equations
near the phase transition point. Take the effective potential
V(o,m) with A and n integrated out, then the vacuum
equation can be written as

V'(e,m) =0, (B6)
where the prime denotes a derivative with respect to o.
Now, near the phase transition point at m = m.; we can do

perturbation theory on Eq. (B6). Writing ¢ = o + 00,
m = me;, + om and recalling that at the phase transition
point V” =0 [see Eq. (3.24)], we have to the lowest
nontrivial order:

V/// avl
—_— (50’)2 + %57}1 ~ 0,

; (B7)

from which we find, writing the derivatives explicitly,

3
BT

S0 =~ (5m)1/2 . Pl el

(B8)

The derivatives here are calculated at the phase transition
point (3.23). Evaluating this expression with the potential
(3.19) yields the solution (3.26).
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