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Relevance of quantum corrections to the matter stress-energy tensor
in eternally expanding universes
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We study a toy model of continuous infinite expansion of space-time with the flat start. We use as the
gravitational background a conformally flat metric with an exponentially growing factor in conformal time.
We aim to clarify some properties of quantum fields in such a gravitational background. In particular, we
calculate one-loop corrections to the Keldysh propagator to verify the fact of secular growth of the
occupation number and anomalous quantum average in the massless scalar field theory with self-
interactions. We perform the calculation in arbitrary dimensions with the use of the Schwinger-Keldysh
technique. We get a secular growth that is not of a kinetic type. We provide some results for the case of

generic interaction %qﬁb.
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I. INTRODUCTION

One of the most intriguing questions in modern cosmol-
ogy is a set of properties of the very early Universe. Among
those properties we have in mind the geometry of the initial
Cauchy surface, basis of modes of the fields, initial Fock
space state of quantum fields and etc. To address this
question now, when there is no any possible experimental
test of the very early expansion, it is necessary to consider
as many and as generic initial conditions as possible and
see their consequences during and after the initial rapid
expansion of the Universe.

The common wisdom since the original works [1-7] is
that at the GUT scale of inflation all other fields, except the
classical gravitational background, although being quantum
should be taken at the tree level. Quantum loop effects are
supposed to be contributing only the renormalization of
coupling constants, masses, and other parameters of the
theory. In any case, it is usually assumed that loop
corrections do not drastically modify the tree-level (calcu-
lated with the uses of tree-level correlation functions)
expectation value of the stress-energy tensor of matter fields.

However, there is a substantial evidence that quantum
loop corrections in nonstationary situations can play a
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crucial role (see Ref. [8] for a short recent review
and [9-20] for an incomplete list of related works).
Inflationary expansion is of course represented usually
by the de Sitter space-time. Meanwhile it is obvious that,
for our Universe, even if it was initially represented by de
Sitter space-time with high curvature, this representation
was only approximate. In fact, de Sitter isometry was
violated from the very beginning either by the background
itself or by the initial state of the matter fields. These
observations partially clarify our statement formulated at
the end of the first paragraph.

To clarify these observations in the earlier paper of our
group [21] we have considered a text book example of the
short expansion between flat past and future infinities [22].
In that paper we have shown that even in such a simple
situation quantum loop corrections can substantially modify
the tree-level expectation value of the stress-energy tensor,
which is calculated in text books. Namely, we have shown
that loop corrections to the stress-energy tensor are growing
with time and sooner or latter (depending on the theory and
initial conditions) overcome the tree-level flux. However,
the question remains on whether the same situation will
appear for the eternal expansion, which seems to be capable
to dilute essentially any initial density of particles. In this
paper we show that loop corrections to the stress-energy
tensor even in the case of eternal Friedmann—Lemaitre—
Robertson—Walker (FLRW) type expansion with the flat
start grow with time and can cause strong backreaction on
the gravitational background. That happens even for the
initial Fock space ground state.

The paper is organized as follows. In Sec. II we set up the
problem—define the theory and the background. In Sec. I1I
we specify the mode functions and the initial state of the
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theory. In Sec. IV we single out leading secularly growing
(with time) loop corrections to the two-point propagator
that is sensitive to the state of theory. In Sec. V we compare
tree-level contribution and loop corrections to the stress-
energy tensor. We show that while tree-level expression of
the tensor vanishes at the future infinity, the loop correc-
tions grow with time. We conclude in Sec. VI.

II. THE BACKGROUND GEOMETRY AND SETUP
OF THE PROBLEM

We consider the real scalar field theory with the action
“+00
swigl= [ 7 e2lp.g

o v0,¢0, 2 2
= [T (T ),

(2.1)

with an integer b in the background metric as follows:

ds? = C(t)(df* — dx?),
{A. B} eR",

where C(t) = A + Be',

p >0, (2.2)
which describes a model of eternal expansion. To simplify
equations below we make a suitable transformation of

Ay =
ln/()B), v pVA to express

the metric in the following form:

; _t
coordinates t — N/ +

ds®> = C(t)(df* — dx?), where C(t) =1+¢”.  (2.3)

At past infinity » — —oo, the metric is flat. At the same time
as t —> +oo:

ds* ~ e’ (dt* — dx?). (2.4)

pt
2z
s

Then, introducing the proper time 7 = %e we obtain the

asymptotic metric as follows:

(2.5)
|

X
ds? ~ dt* — dez, as 7 — 400,

which is a metric of Friedman-Lemaitre-Robinson-
Walker type.

We want to calculate the flux of the produced particles at
the tree and loop levels in such a background. We assume
that the curvature of this space-time initially is large,
although it decays with time.

Mainly we perform the calculations for the ¢> theory.
That is done to simplify the equations. Meanwhile essen-
tial physics is contained in this unstable theory. We assume
that there is an additional small interaction gp*, g < 4, to
stabilize the theory. But we assume that quantum correc-
tions due to quartic term start to play a role at much later
times than the corrections from A’ term.

III. MODE EXPANSION

To begin with, let us find the free modes of the theory
(2.1) in the background (2.2). Solving the free equations of
motion

9,(9"0,\/9) + /gm*$ = 0. (3.1)

in the form

G (1, %) = fr(1) ek, (3.2)

one obtains the equation as follows:

(U e )45 = 1) s @) + (14 )10

+ m*(A + Be™")2f(1) = 0. (3.3)
We hide the index k of f(¢) for simplicity.

We cannot express solutions of (3.3) via known special
functions when m # 0 and continue with the case of
massless field m = 0. Making the change of the parameters
of the form:

Folt) = Cem*,F, <d— iK —iVK: —dd—iK +iVEK: - &1 - 2iK; —eﬂf)

+ CyeitiyF, (d +iK—iVK = dd+iK + iVK? — &1 + 2iK: —eﬂf), when K > d,

and

Filt) = Cre™yF, (d K=V —K%:d-iK + Vd* — K21 - 2iK; —e”’)

+ Cyelti, F, (d FiK =& —K%:d+iK+ V& - K1+ 2K; —ef”), when K < d,

where ,F(a; b; c; z) is the hypergeometric function.

K D-2
K?=—, d= , 3.4
> . (34)
we obtain the temporal part of the modes:
(3.5)
(3.6)
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Now we will derive asymptotics of (3.5) and (3.6) to find . dP-k
the in modes. In the limit t+ » —oco the modes under ’x)E/W ~¢m* ﬂ+a”¢ln(f f)))
consideration behave as
dD_lk T rinx —ik% in k%
(2”)0_1( arfi(t)e™™ +apfi(t)e™), (3.8)

¢l;(t - —00,.;) ~ Cle—ierrikf 4 Czeikt+ikf. (37)
and its conjugate momentum, as follows from the

For the in modes (single waves at past infinity) we should Lagrangian (2.1), is

set C, = 0. 0

The coefficient C; for the in modes is fixed from the (1, X) = = (14 e”)9,(t,%). (3.9)
canonical commutation relations. The field operator is 00y (1, X)

|
Here
£in(t) = Cre i, F, (d —iK—iVK =& d—iK+iVK2— &1 - 2K, —e’”),
(1) = Cje*l,F, (d+ iK —iVK = d?.d + iK + iVK* — &, 1 + 2iK, —e’”) (3.10)
|

The canonical commutation relations are ,Fi-hypergeometric function:

1,X),7(t,y)] = i6(xX —y), .al] = (2x)P-15(k - I'(c)[(b -
HD AT = 0E =5, lapa) = o o= D@ - a)

(3.11) [(c—a)l'(b)
I'(e)'(a—»b

From these relations, we find the normalization condition + (—x)7° F( (b T ) (3.14)
for Cy: ¢~ b)(a)
0,11 (1) F* (1) — 0, (1) fin ()] (1+ e = —i. (3.12) Thus, as t — +oo for the in modes we obtain the following:

tJk k ]k k =-r
This equality must be true for any moment of time because (¢ - —c0) ~ 1 e—ikt
of the equations of motion (3.3). So, setting t - —oco0, we k 2k ’
obtain ) 1 . .

| 0t — +oo) & —— e (D, (k)" + D, (k)e~i®W)r),
C=—. (3.13) v2k
V2k when k > pd,

Moreover, one can explicitly check that the normalization 1

condition (3.12) is satisfied when r — +oc0 and C| is given N(t = +00) & —=e U (E (k)e" X + E,(k)e™r 1)

by (3.13). To see that one has to use asymptotics of the in V2k

modes at t — +o0. when k < pd. (3.15)
The behavior of the in modes in the limit ¢ - +o0

can be found using the asymptotic form of the  Here, we use the following notations:

|
I(2ivVK? — d*)I(1 - 2iK)

El

(k) TT(l—d—iK+ VK- @) (d—iK+ VK — &)
Dy (k) = I(-2iVK? = d)I(1 - 2iK)
r(1—d—iK - iVK*=d)(d - iK —iVK* = &%)
E,(k) = r2vVd® - K)r(1 - 2iK)
r(1—d—iK+Vd®—K)I'(d-iK + V& - K>’
I(-2Vd* — K)[(1 - 2iK)
) = Sk VB = KON — K -V =K
(k) = pV K> - d?, y(k) = pV d* — K>, (3.16)

Where d and K are defined in (3.4).
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IV. QUANTUM LOOP CORRECTIONS
IN %dﬂ THEORY

In this section, we calculate loop corrections to the
propagators. As the situation that we consider is nonsta-
tionary, we have to use the Schwinger-Keldysh technique,
where each field is described by three propagators:

G (r.x.1, ’)E%({qﬁ(z‘ xX), (. %)}),
G*(1,%,1,") = 0(t — 1) ([¢(1. %), (', X)),

GA (1,30, %) = —0(¢ — ){([p(1.5). (7. F)]).  (4.1)

{ <a£aﬁ> = n;6(k —p). (azaz) =
Mg = N_jp- kg = K g

Then, spatial Fourier transformations of the propagators
from Eq. (4.1) are

K(t,0,8) = kLD F() + e (1) i (')

+( ) (O f0() 1 FEOF (Y], (43)
and

GE(1,1.k) = =0(1 = ) [fI* (O f () = FR ()£ (1),

(4.4)
GA(t.0. k) = 0(¢ = 1)[fr* (1)

CO) = RO )] (45)

As can be seen from these expressions, GX(1,%,7,X')
contains information about the state of the theory. At the
same time, the tree-level retarded and advanced propagators
GRA(1,X,1,X') are state independent but dependent on the
spectrum of the theory. We are mostly interested in the
corrections to the Keldysh propagator, G¥, because we
would like to trace the destiny of the state of the theory.

FIG. 1. Diagrams of the first type.

In principle one can consider any reasonable initial state for
the problem. In high energy physics one usually considers
the Poincare invariant vacuum state, which is reasonable
since then one considers scattering cross sections of
particles in the vacuum inside accelerators. Of course
one does not yet know the initial state of the very early
Universe just before the stage of rapid expansion. But
obviously it is not natural to assume that the state was
Poincare invariant or even was a vacuum of any sort. In this
note we consider a model example of the expanding
universe and our main goal is to show that quantum loop
corrections are relevant for the backreaction problem.
Because of that we propose to consider a simple and
generic enough initial state. Namely, we consider a spa-
tially homogeneous initial state, in which

(k +p), (a’ a1;> = K*5(k —|—p) (42)

The diagrams that we will calculate in this section are
shown in Figs. 1 and 2. Diagrams from Fig. 1 we will call
“diagrams of the first type” or tadpole diagrams. Diagrams
from Fig. 2 we will call “diagrams of the second type.”
Below, we will prove that for the initial conditions that we
consider below the tadpole diagrams will result only in the
mass and mode functions renormalization. Meanwhile, the
occupation numbers and anomalous averages are affected
only by the diagrams of the second type. They are of the
main interest for us because they show the change in the
state of the theory. We will calculate them in Sec. IV B.

O
OO

FIG. 2. Diagrams of the second type.
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A. Tadpole diagrams

We start with the concise discussion of the first type or tadpole diagrams. The contribution of the tadpole diagrams from
Fig. 1 to the Keldysh, G¥, retarded, Gg, and advanced, Gé, propagators in the coordinate representation are as follows:

12

+oo
GF tapoles (- X') = -5 / dy%dz’ / dP~ydP=17\/g(y)g(2)
lo

x |GE(x.)GE (7. 2)GE (2. 2) G (v.2) +

GE (x, )G (2. »)GE (2.2) G4 (..

12 +o00 N .
G adpoles (1.7) = =5 / dydz" / 15017/ [ G5 (v, 1) GE (. GE (. G (0. 2)| . (46)
0

These equations can be generalized to the Dyson-Schwinger equations for the resumed propagators containing only

diagrams of the tadpole type:

12
thgdpoles (X, )C/)

+ G (. )GE (0. 2)GE (2. 2) Gl 04 .

+o0
= GK(x,x') —2/ dyodzo/dD‘lydD‘lz 9()g(2) [G{f(x, Y)G§ (v, 2)Gg (2, 2) G gpoes (0, X')
Iy

A [+ .
Ggéﬁoles(x,x’):Gg/A(x,x’)—E / dy’dz” / dP-5dP'7\/g(v)g(2) [GS/A(x,y)Gﬁ(y,z)G{f(z,Z)Gta{ipoleg( x')},

Iy

where GK:RA

I tadpoles are the one-loop corrections, while G

K.RA
tadpoles

(4.7)

are the resummed expressions. If one applies the operator

L= 9" 0,,/g to both sides of each equation in (4.7), one finds the following relations:

L iA? +oo o
{L+5 Va0 [ e [ a2 /a08 0 )65(6.2) | O e0) =0

/12 >
{L+I_1/ / d7° /dD ZVg GR (x,2) GK (2, Z)}Ggéﬁoles( x')

From these expressions one can see that besides the leading
UV singularity, which are independent of the background
field and the state of the theory, these expressions also
contain subleading singularities which may depend on the
background field and the state. Such singularities lead to a
change of the modes beyond the mass renormalization (see
Ref. [21]). Nevertheless, we will not discuss in detail such
changes and assume that the physical (renormalized) mass
is vanishing and all other physical quantities are taking their
such values as are given in (2.1). Namely, we do not
discuss, e.g., the interaction constant renormalization,
which emerges already in the fourth order of A and has
the form A(") ~ 23, Such vertex renormalization diagrams
appear in powers of 4 strictly greater than 2, and they can be
added into diagrams of the first and second types with bold
vertices. We just assume that we work with the physical

= is(t—1)6(F - 7). (4.8)

(UV renormalized) mass and the interaction constant and
study only infrared effects. On general physical grounds we
assume that UV effects do not affect the dynamics of the
background state of the theory. Meanwhile we will see
below that IR effects do strongly affect the state of the
theory.

B. Diagrams of the second type

Now we continue with contributions of the diagrams of
the second type, but only up to the second order in 1. We are
not yet ready to perform the resummation of the leading
contributions coming from such diagrams. The reason for
that we explain below.

The GX, GX, and Gj corrections in the coordinate
representation, following from Fig. 2, are

085012-5
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A2 [+ - -
Glaype®¥) = =5 / dy°dz’ / dPydP'7 \/g(y)g(z) [Gg (x, ¥)(G§ (v, 2))*Gj (2, ¥')
)

+ %Gée(x,y)(Gée(y, 2))*Gj(z.x') + inf(x, Y)(G§(y.2))*Gy(z.x)
+2G§(x,y)G§ (v, 2)G§ (v, 2)G§ (2, X') + 2G§ (x,¥)GE (v, 2) G5 (v, 2) G (2, X)),

G ettt == [ a0\ [g0g(2) [ P15 EGE (x00)GE 0,68 0. )GE )] (@)
0

We are interested in the form of these corrections in the following time limit:

{t—|—t’—>—|—oo

) 4.10
t —¢ = const ( )

where both points of the propagators are taken to the future infinity. This limit allows one to trace the destiny of the state of
the theory in the future. To simplify expressions below we introduce the notation:

txt =Ty > +oo. (4.11)

It can be seen that in the limit (4.10) and (4.11) corrections to G1 2 —type from (4.9) are negligible:

T, IR
Gt e Xt 1 = To) =22 [ dy’dz°/ g(y°)g(z°) / dP~lyd 'z
0
< 0(To —y")0(y* = 22)0(z" = Ty) x [G§ (x.y)G§ (y. 2)GG (v, 2) GG (2. )] = 0. (4.12)
This happens due to the presence of the theta functions—the essential element of the retarded and advanced propagators at
any loop order [23,24]. Moreover, this result can be generalized to any perturbative order due to the causality.

Thus, the most interesting contribution from our point of view is the correction to G§ from the diagrams of the second
type from Eq. (4.9). In terms of the spatially Fourier transformed propagators this contribution can be written as

2 +oo dP- II;' dP- 1 N
0 -
G12 type(t’t’k) /to dy’dz’ V9 / 2”)0 1 (27) A ND-1 5(k—p—s)
1 . . R
X [G{f(fvyo’k)Gg(yovZo,ﬁ)G(’f(yO,Z°7§)G6‘(Z°,t’,k)+ZG§(t,y°,k)G§(y°,zo,p)Gg(yO,zo,E’)Gé(zo,t’,k)
+- GR(: YO, R)GA(G, 20, 5)GA(, 20,5)GA (0,7 k) + 2GE (1,50, k) GK (3°, 20, F) GE (1°, 20,5) GK (20, 7 k)
+2GE (1.0, K)GE (30,20 5)GA (Y. 2. §)GA (2 ,z,k)] (4.13)

From this expression, one can find corrections to the occupation number (ON) and the anomalous quantum average (AA).
To do that, one should use in (4.13) expressions (4.3), (4.4), (4.5) for both tree-level, GR AX and the corrected, Gk 2-types

propagators in the limit (4.10), (4.11) (with the initial and corrected ON and AA, correspondingly). Then the leading
corrections to the ON (the element of the corrected propagator) is contained in

P [t e [ o = =5 0
R ACOVHETE >f;ﬂ<z>x[<1+nk><1+n,,>< 1) = mnpn,|
2 OO RO ) X (L4 1) (14 my)n, = men, (1 -+ n,)]
LR OO () x [(1+ mmpn, = m(1 4+ my) (140} +He  (4.14)
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while for the AA is in
/12
10 w7 [ st foly /
fo

X[(14n,)(1+

X[(1 4+ n,)ng 4+ n,(1 + ny)) + sign(y° — 2°)(1 4 2n) (1 + n,)ng — n, (1 +ny)

dD lﬁ
27;;D1

le o - o )
D 16(k_p_s)flkn(yo) }(n(z())

X{f}?(y )5 @O )f”‘*(zo)
]

ng) + npng) + sign(y? = 20)(1+2m) (14 n,) (1 + ny) = nyny)

+2fin( )fm*( O)fm*( )fm(ZO)
)1} (4.15)

where n, is the initial value of the occupation number. Meanwhile initial x; is assumed to be zero.

We are interested in the leading secular corrections from
the last expressions to ON and AA, which means the largest
correction as a function of 7 = 1 ;’2, when it is taken to the
future infinity. To single out such contributions we perform
the change of variables:

Yo+ 2o

5 (4.16)

T =20 Yo T=

Let us now divide the regions of the integration in (4.14)
and (4.15) in to three intervals (zy,7), (7,7), (7, Ty), where
i~ —/% and 7~ /lf The first interval is the flat start of the

expansion, where the modes behave as single oscillating
exponents. The second interval is the transition between flat
space and the eternal expansion. We can neglect contribu-
tion from this interval, because it provides subleading
contribution in the limit in question: the duration of the
interval is finite. The third interval is the expansion region,
which becomes very large in the limit that we consider. On
general grounds it can be expected that the largest con-
tribution to AA and ON will come from the region of
integration in (4.14) and (4.15) when both z; and y, lie in
the third interval.

In fact, when either y, (or z) lies in the first interval
while z (or yy) lies in the third interval we will obtain
subleading oscillating correction to the propagator, because
as t - —oo the modes behave as single exponents with the
frequency k (3.15), while in the third region (as t - +o0)
they behave as the superposition of exponents, oscillating

for high momenta with frequency +/k*> — p*>d?* (or real for
low momenta). Hence, in such a situation it is impossible to
obtain nonoscillating contributions under the integrals on
the rhs of (4.14) and (4.15). As a result there are no growing
with time contributions, which come from these regions.
Another unimportant situation is when both y, and z, lie
in the first interval. Here, the modes are almost free single
plane waves. Also volume factor is approximately equal to
unity. Hence, on the rhs of (4.14) and (4.15) we obtain the
same expressions as in the flat space. The resulting largest
contribution from grows linearly with time and has the form

of the rhs of the Boltzmann’s kinetic equation. Such a
contribution is known to be equal to zero for the thermal
(Planckian) value ON. Moreover, such a secular growth has
a simple physical meaning—it describes the thermalization
process: for any initial state (close to the equilibrium) we
can take the initial Cauchy surface to the past infinity,
to — —oo, and assume that by the start of the expansion the
AA are equal to zero and ON are equal to the thermal
distribution [25].

Now, from (3.15) it can be seen that in the infinite future
the behavior of the modes strongly differs for low and high
momenta. Hence, we have to consider separately several
situations depending on whether external or internal (loop)
momenta are low or high.

1. Diagrams of the second type with high
external momenta

First, let us concentrate on the situation when the
momentum of the external legs is large, i.e., obeys the
condition k > pd. Naively it can be expected that leading
loop corrections will come from the internal loop momenta
also greater than pd, because processes of tunneling through
the potential gap are suppressed. However, such naive
arguments are not valid. For the integrity we will estimate
and compare contributions from all values of momenta in
the loop. We will show that small measure of integration in
the interval (0, pd) is not only compensated by the growth
in the time of observation but also contribution from this
region of momentum space leads to much greater correc-
tions to ON and AA. In the remainder of this subsection we
will explicitly show the result only for ON, due to the
similarity of the integrals in (4.14) and (4.15).

Consider the situation when both momenta in (4.14) are
high (s, p > pd). To obtain the leading contribution to
(4.14) in the limit (4.11), we always can neglect every term
from the product of the modes which gives oscillating
functions of 7" under the integral over dT [see the definition
of the notations in (4.16)]. At the same time, after the
integration over 7 one will obtain a sum of § functions in
each contribution in (4.14). Each 6 function we can interpret
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as a kind of the energy conservation law.' Combing these “energy conservation laws” with the momentum conservation, one
obtains three possible conditions for the presence of the secular contributions in (4.14):

k=p—+s5s
\/k2_p \/p 2d2+\/s2—p2d2

{k p+s (4.17)

VIR =p*d® = +\/p? = pPd* T \/s* — p*d

Here, effectively masses are imaginary and the processes under considerations are possible, unlike the situation with the real
mass. This is in accordance with the fact that there is no energy conservation in proper sense in time dependent backgrounds.
After some simplifications and symmetrization one obtains that the leading correction to ny, in the limit (4.10), (4.11) for the
large external momenta k > pd is of the form:

(2.1) o 72 —L50T, d"'p d"-'s
nk>>pd(T0> ~T6¢€ 2 prpd (27)PT fp>pd 27)P-T 5(k p - Ej ps

x ANk pos) x [(1+m) (14 m,)(1+ 1) = mnyn,|

+ 205k, pos) X [(1+ (1 my)ny = mny (14 )| 19
N3k ps) x [ (1 mmyny = m(1 4 m,)(1+ )]}
Here, we use the following notations:
N (k. p.s) = 8(@(k) = (p) = (s)) x | D1 ()Da(p)Da(s) + Da(K)Dy () Dy (s)|
+26((K) + @(p) = @(s)) X [Di (0D (p)Da(s) + Da(k)Da(p) Dy (s)]
Nk p.s) = 8(@(k) = @(p) = o(s)) x | D1 (0Da(p)D}(s) + Da(k) Dy (p) D3 (s)|
+8((k) + alp) - als)) x [Py (0D (p)Di(s) + Da(k)Da(p)D3(s)|
8(@(k) = w(p) + @(s)) x |Dy(K)Ds(P)D3(s) + Da(k)D1 (p)Di (5)]
Ns(k.p.s) = 8a(k) = o(p) - a(s)) x 101 (KD} (p)D3(5) + Da(K)D3(p)Ds(s)|
+28(@(k) + w(p) - w(s)) x | Dy (OD3(p)Di(s) + Da(k)D}(p) D3 (5)] (4.19)

where coefficients D; and D, are defined in (3.16).

Before continuing our analysis, let us clarify a few things about the time dependence (on 7)) that we have obtained
in (4.18). It is straightforward to see that the exponential growth of (4.18) comes only from two sources: volume factor in
every vertex and damping exponents from each mode. In such a situation it is easy to find the corresponding power of the
exponent for arbitrary dimension and degree of interaction (when all momenta in the loop are higher than pd). The result for

Ap? theory in D dimensions is the following:

2 2[) b k

1 (To) ~ 2?2100 ( A) (4.20)
2 2D—, bD —2) k

Kippa(To) ~ 22?20 <1>< A) (4.21)

'Note, however, that in such a background as (2.2) there is no exact energy conservation, because the modes are not simple exponents.
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where b is the degree of the interaction. For example,
2D —b(D —2) =0, when D =4, b = 4. Then we get the
linear growth in time, as the integrand of d7 in the
generalization of (4.14) and (4.15) for Ag® theory in D
dimensions is independent of 7. From this point of view it
becomes clear that this factor in the exponent is connected
to the renormalizability conditions of the Ap” theory in D
dimensions.

Now let us look at the contribution to (4.14) and (4.15)
coming from the region when only one of the momenta in
the loop is higher than pd, for example p > pd, and the
other is smaller than pd. While the integration over small
momenta in the loop integrals has small measure, the
behavior of the modes with small momenta radically differs

|

2k [ dQ /spd s
0

(2) ~ 4
”k>pd,p>pd,s5ﬂd(T0) R Ao a)k/ (271’)3

x {4y (k)P D2 ()P (1 + 2m) (1 +2n,) = (D1 (R + D2 (k)PP (1 + )},

where d€2; is the measure of integration over the angles of
p. The obtained integral can be estimated by the steepest
descent method, and one can see that such a contribution

ezﬂTO . . .
Nirs Such a time dependence is valid

only for the in-vacuum state, namely when 7 is equal to
Zero.

However the situation becomes more complicated for the
thermal initial distribution. As we work with the massless
scalar field, the thermal distribution behaves as n;, ~ % when
k — 0. Hence, the remaining integral in the expression

under consideration, multiplying the factor 62/%, contains
0

grows with time as

the IR divergence. The origin of this divergence is very
similar to the one in the kinetic equation for the massless
fields in flat space. The question of how to deal with such a
divergence becomes critical, when one is going to perform
the resummation of leading contributions from all loops. In
such a situation the mode function renormalization from
tadpole diagrams can play an important role. In any case
this question demands a separate careful study.

The analysis for the situation when both § and p lie in the
interval (0, pd) is much more simple. Every term from the
product fi*(y9) fin(z%) gives only an oscillating contribu-
tion. And these oscillations cannot be compensated by the
modes of momenta ﬁ or §, as the latter are real. Thus, the
contribution from the region (s, p < pd) does not lead to a
secular growth.

In all, the contribution to ON with k > pd from the region
(p,s > pd) contains the growth of the form e’To (4.18),
while the contribution from the region (s < pd, p > pd)

52/7T0

contains the growth of the form Nin (4.22). Thus, the largest

contribution to the ON comes from the region where only

(27)*

from the modes with high momenta as can be seen from
(3.15), (3.16).

As the modes with momenta s < pd do not oscillate,
from the integrals over 7 one will approximately obtain
terms with & functions of the form &(wy —w,) and
8(wy + w),), instead of terms with & functions with three
frequencies as in (4.19). Terms with §(wy; +w),) are
always vanishing, while the other § function imposes
the equality k = p. Furthermore, one can neglect every
term which contains exponent from the modes of momenta
s with negative power. Combining all these observations
together one can write down the leading correction to ON
from the integration region under consideration in the
following form:

o . . 1 E 2 2 /pzdz—.YzTO
5(k—p—S)*| l(s)| €

S pi2 /p2d2—s2

(4.22)

[

one of the momenta in the loop is higher than pd. The
situation with AA is similar. Such a result differs from
the well-studied cases, where the largest contribution for the

high external momenta is coming from also high momenta
in the loops [12,14].

2. Diagrams of the second type with
low external momenta

Let us concentrate now on the case when the momentum
in the external leg in (4.14) and (4.15) obeys k < pd. First,
let us consider contribution to ON from the high momenta
in the loop, s, p > pd. To obtain the leading contribution
to (4.14) in the limit (4.11) from such a region of integration
we can neglect every term from the product of modes which
contains oscillating functions of 7 [see (4.16) for the
definition] under the d7 integral. Then, in the leading
terms there will be present §(w; — @,,), appearing after the
integration over 7. In the resulting expression the time
dependence is contained only in the volume factors and
external leg modes. So the corresponding correction grows
with time in the following way:

(2) <T0) o epTOEZ\/pZdZ—kZTO'

nks,od,p.s>pd

(4.23)

Second, consider the contribution from the region of
integration when only one of the loop momenta, for
example p, is greater than pd. But this situation is similar
to the situation when k > pd,s, p < pd. There will be
only oscillating contributions under the integral in (4.14)
and (4.15). As a result, this region of integration does not
bring any growing with 7'y corrections.
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Finally, the largest contribution to (4.14) and (4.15) comes from the region of integration where all momenta, &, p, s, are
lower than the pd bound. For such a case we will also show the largest contribution to AA (apart from the one to ON) as this
is the main result. In the situation under consideration the integration over y, and z, is especially simple, as there are no any
oscillations, because all the modes in the integral are real exponential functions. As a result, after the integration over d7" one
obtains that

—§)AVIEST NP ED T (&, ps),

2 32 33
@ ~ 2emogrerr 110 / (dp 5 50 - (4.24)

nkSpd,p,SSﬂd(TO) ~ 2% 271.)3 (2”)3

where H(k, p, s) is a function depending only on k, p, s. We will specify this function in the final expression below. The

only important fact at this point is that the function e2V?'@="T0e2V?@=P’To is very fast in the limit (4.11). So the

corresponding integral can be estimated by the steepest descent. To do that let us make the change of variables:

—) —>

7 )
2

Then after the integration over L we obtain the following:

AZe/JTO 62\//)25[2—sz |E1 (

/ d*l
2% ) (2n)

() ~
nkS[)d,p,SS/)d(TO) ~

L=p+5. (4.25)

2/ p*d* +l Toe \/ P 2dz———l TOH kl

2 oTo 2V P E=RTy 40/ P 5T, |Eq (k)2 |E1( HIra+ Z”K)z (4.26)
3 2 .
T 283G+ \/pPd* — I+ 24/ p*d® - K)
Similarly for AA one can obtain the expression as follows:
@ £T0 2V P8R 4N P E=T0 B3 (k) | Ey (8)[*[(1 + 2m0)% + 2(1 + i)
KkSPd,p,SSpd(TO) X : = (4.27)

3 2
Ty 413 E + \/PPdE = 12 + 24/ p*d® - E)

It is not hard to see that these contributions are the largest in (4.14) and (4.15) in the limit that we consider.

Let us close this section by summing up our observa-
tions: we have calculated and analyzed time dependence of
the corrections to the ON [n;(T) from (4.14)] and the AA
[k(To) from (4.15)] in the % ¢* theory in D dimensions.
Here T is the average time of the corrected Keldysh
propagator. Corrections to ON and AA for large external
momenta k > pd coming from the large internal loop
momenta p, s > pd are of the form (4.18). They are both
exponentially suppressed for D > 6 and grow for D < 6. In
any case this is a subleading correction. Namely, we have
shown that the largest contribution for high external
momenta comes from the low internal momenta (4.22),

and grows as 6\7;—2
corrections to the n;(Ty) and ki (T,) for low external
momenta k < pd. We have shown that the largest contri-
bution in this case comes from the low internal momenta
p,s < pd and is given by the expressions (4.26) and (4.27).
In other words, the largest growing with T, contribution to
ON and AA goes to k < pd and it comes also from low

momenta in the loop p,s < pd. This observation will
drastically simplify the resummation of the leading cor-
rections from all loops.

V. THE EXPECTATION VALUE OF THE
STRESS-ENERGY TENSOR

In this section we analyze how loop corrections to ON
and AA affect the expectation value of the stress-energy
tensor (SET). We compare tree-level value of this quantity
with loop corrections to it. For simplicity in this section the
initial state is taken to be the in vacuum. The SET operator
is defined as follows:

2621, 9)
lglog™
= #¢(t,x) v¢(t’£)

= (g0, (1,80 p (1. %))

Ty (1, %) =

(5.1)
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The interaction term provides a subleading contribution due
to the presence of 4, which is assumed to be small. Then the
expectation value of the SET can be found as follows:

0 0 Y 0 0 .
<Tﬂy(t,i')>:lim[ 7—’7L’7"ﬂ ] K(6.%,1,5,).

— G
f-% [0xfoxs 27 ox{ox)
(5.2)

&Sk . o
(2”)3[ }{n*(t) }?(l‘)]elk(xl_xZ)

G(I)((t,fl, t,iz) == /

Q

<pd (2”)3

-

We use spacelike point splitting to obtain the real result.

Loop corrected ON and AA are changing in time as fast
as the mode functions. Hence, we can not neglect time
derivatives of n; and «;, in the expression for the SET. This
is a quite unusual situation in comparison with the standard
one in kinetic processes.

To calculate the SET let us rewrite the expression for the
tree-level Keldysh propagator in the following form:

37 -
/ d’k |:Al (k)e—pteZ\/pzzﬂ—kzt + Az(k)e—pt + A3 (k)e—/)te—Z\/pzaﬂ—kzt} eik(f, —X,)
k

d3k iS22 2 in 122 (R —%
+/ Bt [Bl(k)e—pteZt e—p*dit 4 Bz(k)e—pt + B3(k)e—pte—2m/k —p th} ezk(xl—xz)’ (53)
k>pd

(27)*

where the coefficients A, (k) and B,(k), n =1, 2, 3 are independent of 7 and ¥ and have the following form:

1

AR = ERP k) = 5 EOEE + EREEL Ak = EBEP
Bk = 5 DiKIDK).  Bolk) = o IO +ID(KFL. Balk) = o DIODAE).  (5.4)

Where E|,(k) and D, (k) are defined in (3.16).

As exponents are eigenfunctions of the derivative oper-
ator, the time dependence of the Fourier image of the SET is
essentially the same as of the propagator (5.3). Hence, we
can straightforwardly see that the tree-level expectation
value of the SET is decaying to zero in the future. This can
be expected on general grounds due to the expansion of the
space-time background.

However, in Secs. IV B 1 and IV B 2 we have shown that
loop corrections to ON and AA grow with time exponen-
tially. These quantities are elements of the Keldysh propa-
gator in (5.2) and they grow with the average time of this
propagator. Furthermore, the time dependence of each term
in the Fourier image of the SET coincides with time

dependence of the corresponding term from the Fourier
image of the Keldysh propagator Gg. We have found the
largest correction to ON and AA and, hence, to Gk in the
previous section. Then we can single out the leading loop
contribution to the SET (it comes from the low momenta
modes):

&k
T, (t ~ —
< ﬂl/( )l—loop> K<pd (27[)3

e4\//ﬂte4\/ﬂ2dq—%t
x C (k) . K. (5.5)

where we have neglected derivatives of the function %, while the tensor K ,w has the following form:
12

. / )R 27 .| 2\ R
Kﬂpzdlagli%(\/pwl—k% ﬂ2d2—2> Ty "3‘8< L Pde‘E) T
2 2 72 2 221622](2 2 2 72 2 221622](2

kK2 —8(\/p*d® — K + pd——4 +5 k2 —8| \/p?d* — k> + pd——4 +5

. (56

and C; is
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E(R)IE B (1 +2m)°

(pPd® - &)}

Ci(k) = 22

2
23 G+ P =1+ 2\[pPd — )

[EVG)*(1+2nm)* +2(1 + ng)m]

8(p*d? _|_k2_2)

/12

413 (8 + \/PPdE = 12+ 24/ p*d® = E)?

Now we can compare the time dependence of the tree-level
expectation value of the SET with the loop corrected
expectation value. The loop corrected expectation value
(5.6) grows with time, while the tree-level expectation
value is decaying towards future infinity. Hence, loop
corrections in such a situation are extremely significant:
they do not just go into coupling constants renormalizations
but also modify the energy fluxes. To get the complete
understanding of the physics in such a situation one has to
resum the largest growing contributions from all perturba-
tive orders. The obtained result, as was mentioned, has a
different character from the kinetic one. Hence, the resum-
mation of all perturbative orders in this situation is more
complicated than in the standard case. Problem of this kind
we will try to solve in the following papers.

VI. CONCLUSION

We have considered quantum loop corrections to the
occupation number and anomalous quantum average in A¢p®
theory in D dimensions. (We assume that stabilizing ¢*
terms are also present in the potential but with much
smaller coupling constants and correct our observations at
much larger timescales.) The theory was considered in a
FLRW space-time with flat start at past infinity and the
initial state was taken as the in-Fock space ground state.

We have show that the contribution of tadpole diagrams
can be absorbed into a change of the mode functions and
mass renormalization. At the same time diagrams of the
second type (shown in Fig. 2) lead to a change of the state
of the theory: to a change in time of the occupation number
and of the anomalous quantum average according to (4.14)
and (4.15). We look for the largest contributions to these
expressions in the limit (4.10), (4.11), when both points of
the propagator are taken to the future infinity. The growth
of these quantities with the average time 7'y of the Keldysh
propagator comes from the region of the expansion of the
space-time, if the initial state is stationary: the flat start and
transition regions in the FLRW space-time contribute
subleading corrections. The change of the occupation
number and of the anomalous quantum average in time

shows the change of the state of the theory during the
course of its evolution.

We have shown that the largest contribution to the
occupation number and anomalous quantum average with
(external) momenta k > pd comes from the region where
only one of the (internal) momenta in the loops is higher
than the pd bound. Such a result is quite counterintuitive:
on general grounds it can be expected that the largest
contribution for high external momenta should come also
from high momenta in the loops. At least that is the case in
de Sitter space-time [12,14]. Such an unusual phenomenon
we attribute to the specific behavior of the modes for low
momenta.

Finally, we have shown that the fastest possible growth
appears in occupation number and anomalous quantum
average for low (external) momenta, k < pd, and comes
also from the low (internal) momenta in the loops,
p,s < pd. In this case for future references we find the
expressions with all explicit coefficients in (4.26) and
(4.27). The dependence on time is not of a kinetic type,
which complicates the situation with the resummation of
loops for generic initial conditions.

We show that the change of the state of the theory that we
observe cannot be neglected as the loop corrected stress-
energy tensor (5.5) is much larger the tree-level one in the
future infinity. This result signals that for complete analysis
of the theory in such a background we need to perform a
resummation of the leading growing corrections from all
perturbative orders. Our observations show that one can
take care of only about the modes with low momenta. To
perform the resummation we need to check the growth of
the multiple point correlation functions and solve the
(system) of Dyson-Schwinger equations.
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