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The explicit covariant actions and propagators are given for fields describing particles of all spins and
masses, in any spacetime dimension. Massive particles are realized as “dimensionally reduced” massless
particles. To obtain compact expressions for the propagators, it was useful to introduce an auxiliary vector
coordinate sμ and consider “hyperfields” that are functions of space Xμ and sμ. The actions and propagators
serve as a basic starting point for concrete high spin computations amenable to dimensional regularization,
provided that gauge invariant interactions are introduced.
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I. INTRODUCTION

The modeling of particles with spin higher than 3=2 has a
long history, dating back to at least the work of Dirac in
1936 [1]. Equations of motion for free massive particles of
arbitrary spins were written down in [2], and it was noted
then that introducing interactions in this framework will
generically not preserve the physical degrees of freedom of
the high spin particle. It was suggested that a way to fix this
was to formulate an action principle for the higher spin
field. Subsequently, the first actions for free massive
particles of arbitrary spins were written down in [3,4],
and then their massless counterparts in [5,6].
The problem of introducing interactions persisted. For

massless higher spin particles, general arguments [7–9]
were made which essentially invalidate the existence of
spins higher than 2 in asymptotically flat space, assuming
they interact with gravity in a way which obeys the
equivalence principle.1 We know on the other hand that
massive higher spins exist in nature [11], and so we expect
there to be a way to model them and their interactions.
In spite of this, the task of finding consistent interactions

for massive higher spins remains a challenging one.
Along with the aforementioned change in degrees of
freedom issue, it was realized that minimally coupling
spins higher than 3=2 to an electromagnetic background
will generically allow superluminal propagation [12].

Coupling massive higher spins to gravity has also been
shown to violate causality [13,14]. For spin 3=2, both of
these problems can be solved when it is realized within the
framework of supergravity [15]. For higher spins, the only
known solution to both is to realize them within string
theory [16]. It is clear based on the explicit construction
in [16] that a consistent set of interactions with electro-
magnetism is by no means unique. A construction of the
space of consistent interactions from first principles is still
warranted.
To facilitate this, one must formulate massive

higher spins in a way which makes the introduction of
interactions straightforward. The actions [3,4] are not
suited for this task for at least two reasons. First, these
actions are only consistent in four spacetime dimensions,
and based on experience with string theory, the consistency
of interactions appears to depend sensitively on the space-
time dimension. Thus we should find a way to formulate
massive higher spins in arbitrary spacetime dimensions d.
Finally, these actions do not have an organizing principle
such as gauge invariance which helps decide what kinds of
interactions will preserve the particle’s degrees of freedom.
In this paper, we will write down covariant actions for all
massive spins which addresses both of these points.
Another important aspect of massive higher spins is the

complexity of their propagators. Explicit propagators for
the physical spin s field resulting from the actions [3,4]
were written in [17]. A different set of propagators was
written in [18,19], without any reference to an action. They
both find spin s propagators which grow like ∼p−2þ2s in
momentum space. Although these works find propagators
for the physical spin s field, they do not find propagators for
the various auxiliary fields needed in any action formu-
lation of massive particles with spin s ≥ 3=2. These must
be included in one’s Feynman rules, and are therefore
important for doing any concrete computation of Feynman
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1There is of course, a notable theory [10] of massless higher
spins in anti-de Sitter space.
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diagrams. Propagators for spins 1 and higher are not
unique, and we demonstrate this nonuniqueness as a
manifestation of gauge invariance within this formalism.
In this paper, we instead find propagators for all fields
needed in the description which grow like ∼p−2 and ∼p−1

for all integer and half integer spins, respectively. This
discrepancy is understood as a natural extension of the
well-known fact that massive spin 1 propagators can have
different high energy behavior depending on the gauge one
picks, e.g. unitarity or Rξ gauges. The improved high
energy behavior is achieved at the cost of introducing
unphysical polarizations into the propagator, but as in
Yang-Mills theory, as long as gauge invariant interactions
are present, these unphysical polarizations should not
contribute to observables. Furthermore, because the propa-
gators are valid in any spacetime dimension d, dimensional
regularization can be used readily.
The expressions for the propagators are compactlywritten

in terms of Gegenbauer polynomials. This is made possible
by introducing an auxiliary vector coordinate sμ, and
writing propagators for the fields 1

n!ϕμ1���μnðXÞsμ1 � � � sμn .
In particular, this allows us to write the propagators so that
the spin s ¼ n; nþ 1=2 is a freely tunable parameter,
enabling analytic control over the large spin asymptotic
limit n → ∞. Indeed, using known properties of
Gegenbauer polynomials [20], we find simple asymptotic
n → ∞ expressions for the propagators. This may be
particularly helpful in the current research program of using
effective field theory techniques to model black hole binary
dynamics with classical values of spin [21–32]. Indeed, a
main motivation for this work is to develop a formalism
which allows one to take an n → ∞ limit without computing
a few low spin examples and having to extrapolate.
Finally, by virtue of the gauge symmetry inherent in this

formulation, finding interactions which preserve the higher
spin particle’s degrees of freedom from first principles is
equivalent to maintaining some form of gauge invariance.
Formulating massive higher spins in a way that can be used
as a starting point for straightforwardly introducing
interactions is a main motivation for the current work.
The formulation we arrive at is similar to previous work
[33–37]. All such formulations, including ours, are pre-
sumably related via field redefinition, yet vary in their
complexity.
Previous attempts at introducing consistent interactions

to these actions have restricted to constrained background
fields, e.g. [33,34,38–40]. The difficulty in constructing
interactions with general dynamical fields is in part due to
the inherent complexity of high spin actions. One virtue of
the current work which alleviates this difficulty is the
elucidation of natural objects F μ1���μn , F μ1���μn−1 , F μ1���μn−2 ,
F μ1���μn−3 for the integer spin case, and Sμ1���μn , Sμ1���μn−1 ,
Sμ1���μn−2 for the half integer spin case, which are gauge
invariant and satisfy Bianchi-like identities, described in
Secs. V and VI. This is possible because we formulate d

dimensional massive particles as “dimensionally reduced”
dþ 1 dimensional massless particles, which themselves
have gauge invariant field strengths satisfying Bianchi-like
identities. Dimensional reduction of massless particles was
first discussed in detail for integer spins in [41], elaborated
in [42,43], and further studied in [33,34,44,45]. We differ-
entiate our work from theirs by organizing the explicit
actions in terms of the natural objects F μ1���μn−i and Sμ1���μn−i ,
and also finding the explicit propagators, including that of
the auxiliary fields. Furthermore, the manifest gauge
invariance of the massive higher spin actions we arrive
at is guaranteed by the properties of F μ1���μn−i and Sμ1���μn−i
discussed above, whereas in previous formulations it is less
obvious. This allows a simpler and more organized
formulation for constructing gauge invariant interactions.
We delay a detailed discussion of interactions within this
formalism for future work.

A. Conventions

Throughout this paper, we use the metric signature
η ¼ diagð−1;þ1;…;þ1Þ. Subsequently, the standard
massless and massive Feynman propagators for spins 0
and 1=2 are respectively,

G0ðX − YÞ ¼
Z

ddp
ð2πÞd

−i
p2 − iϵ

eip·ðX−YÞ;

GmðX − YÞ ¼
Z

ddp
ð2πÞd

−i
p2 þm2 − iϵ

eip·ðX−YÞ; ð1:1Þ

Δ0ðX − YÞ ¼
Z

ddp
ð2πÞd

−=p
p2 − iϵ

eip·ðX−YÞ;

ΔmðX − YÞ ¼
Z

ddp
ð2πÞd

−=p − im
p2 þm2 − iϵ

eip·ðX−YÞ: ð1:2Þ

These will be basic building blocks for their higher spin
generalizations. We will define all correlation functions via
analytic continuation of their Euclidean space versions.
Because of this, when writing correlation functions such as
hO1ðX1Þ � � �OnðXnÞi, we leave the time ordered product T
as implicit.
Frequently used in this paper is the notation Oðμ1���μnÞ,

which denotes the total symmetrization of the indices
enclosed by the parentheses. The normalization we use
for instance for the symmetrization of two indices is

Oðμ1μ2Þ ≡
1

2
ðOμ1μ2 þOμ2μ1Þ: ð1:3Þ

B. Outline

In Sec. II, we introduce the “hyperfield” formalism,
which will enable compact expressions for the covariant
actions, propagators, and interactions in subsequent
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sections. Then in Secs. III and IV, we review the formu-
lation of free massless higher spins [5,6], and we compute
their propagators in a special gauge, as well as characterize
their gauge ambiguities. This review importantly sets the
stage for Secs. Vand VI, where we do the same for massive
higher spins, defining them via “dimensional reduction” of
their massless counterparts as in [41]. Finally in Sec. VII,
we discuss our results and present some directions for
future research.

II. HYPERFIELDS

In this section, we introduce the notion of a hyperfield,
which greatly simplifies the analysis of fields with arbitrary
spin. Similar techniques have been used in the high spin
literature, including but not limited to [46–49]. We will find
in later sections that covariant actions and propagators
admit particularly simple closed form expressions within
this formalism.
Particles with spin are covariantly described by totally

symmetric tensors ϕμ1���μnðxÞ or spinor tensors ψμ1���μnðxÞ.
Totally symmetric tensors have ðdþn−1n Þ independent com-
ponents, and 2bd=2cðdþn−1n Þ if there is an additional Dirac
index,where bxc is the floor function.2 This is far in excess of
the physical degrees of freedomneeded to describe a particle
with spin n or nþ 1=2. To maintain covariance, one must
impose additional constraints on the fields ϕμ1���μnðxÞ,
ψμ1���μnðxÞ, outlined in later sections, which remove
unnecessary degrees of freedom. This procedure is quite
unwieldy for arbitrary spins, as evidenced by their covariant
actions [3–6], so much so that many physicists opt to
study the effects of high spin particles using alternative
methods [14,26,28,50–54]. To study the effects of high spin
particles in a fully covariant and off-shell manner, a new
formalism which simplifies calculations is warranted.
In this paper the approach will be to introduce an

auxiliary vector coordinate sμ, and consider “hyperfields”
ΦnðX; sÞ ¼ 1

n! i
−n=2ϕμ1���μnðXÞsμ1 � � � sμn , where the factor

i−n=2 is added for later convenience. If ΦnðX; sÞ has no
external Lorentz indices, the component field will be a
totally symmetric rank n tensor, which will describe an
integer spin n particle after appropriate constraints are
imposed. If the hyperfield has an external Dirac index,
which we will henceforth denote ΨnðX; sÞ, the component
field will similarly describe a half integer spin nþ 1=2
particle. More generally, one can consider a hyperfield
ΦðX; sÞ which is a general function of sμ, with its formal
Taylor expansion generating all totally symmetric tensors

ΦðX; sÞ ¼
X∞
n¼0

1

n!
i−n=2ϕμ1���μnðXÞsμ1 � � � sμn : ð2:1Þ

Such hyperfields are sufficient to describe the leading
Regge trajectory of string theory. One can further consider
introducing N auxiliary vectors sμi , and if N > d, the
corresponding hyperfield ΦðX; fsigÞ would contain all
representations present in string theory. This is of course
precisely how string field theory packages all of its particle
states into a single object [55]. For the purposes of the
present paper, we make no attempt at making contact with
string theory, or its generalizations [56–58]. The author
hopes to return to this possibility in future work.

A. Hyperfield basics

In this section we quickly review how to perform basic
operations on ϕμ1���μnðXÞ relevant for the covariant formu-
lation of spinning particles, at the level of a hyperfield
ΦnðX; sÞ. For instance, one often has to take traces of the
fields ϕλ

λμ3���μnðXÞ. This can be achieved at the level of
ΦnðX; sÞ by taking the Laplacian with respect to sμ

i∂2sΦnðX; sÞ ¼
1

ðn − 2Þ! i
−ðn−2Þ=2ϕλ

λμ1���μn−2ðXÞsμ1 � � � sμn−2 :

ð2:2Þ

The divergence ∂λϕλμ2���μnðXÞ may also be written in terms
of ΦnðX; sÞ,

i1=2∂s · ∂XΦnðX; sÞ ¼
1

ðn − 1Þ! i
−ðn−1Þ=2

× ∂
λϕλμ1���μn−1ðXÞsμ1 � � � sμn−1 : ð2:3Þ

The symmetric derivative ∂ðμ1ϕμ2���μnþ1ÞðXÞ is written in
terms of ΦnðX; sÞ via

i−1=2s ·∂XΦnðX;sÞ¼
1

n!
i−ðnþ1Þ=2∂ðμ1ϕμ2���μnþ1ÞðXÞsμ1 � ��sμnþ1 :

ð2:4Þ

One can also contract indices between two equal rank n
hyperfields AnðX; sÞ and BnðX; sÞ,

Z
ddsdds0

ð2πÞd eis·s
0
AnðX;sÞBnðX;s0Þ¼

1

n!
aμ1���μnb

μ1���μn : ð2:5Þ

These four operations are sufficient for the formulation of
integer spin fields, as we will see in Secs. III and V. For
half integer spin fields, contraction with gamma matrices γμ

will also be necessary. For a Dirac hyperfield ΨnðX; sÞ, we
have

2In this paper we consider for simplicity only parity invariant
representations.
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i1=2=∂sΨnðX; sÞ ¼
1

ðn − 1Þ! i
−ðn−1Þ=2γλψλμ1���μnðXÞsμ1 � � � sμn :

ð2:6Þ

The formula (2.5) is particularly interesting, as it
suggests introducing a (pseudo) inner product on the space
of hyperfields,

ðAn; BnÞ ¼
Z

ddX
ddsdds0

ð2πÞd eis·s
0
ÃnðX; sÞBnðX; s0Þ

¼
Z

ddX
1

n!
a�μ1���μnb

μ1���μn ð2:7Þ

where ÃnðX; sÞ ¼
1

n!
i−n=2a�μ1���μnðXÞsμ1 � � � sμn ð2:8Þ

and we may consider the (pseudo) Hilbert space
of hyperfields ΦðX; sÞ with finite (pseudo) norm3

ðΦ;ΦÞ < ∞ [59]. Note that ði−1=2sμA;BÞ ¼ ðA; i1=2∂μsBÞ,
and so for instance, the divergence and symmetric derivative
are anti-Hermitian adjoints of each other ði1=2∂s · ∂XÞ† ¼
−i−1=2s · ∂X in this space.
Crucial operators for the analysis in subsequent sections

are the projection operators Pd
n;ηðs; tÞ, Pd

n;γðs; tÞ on to the
subspace of η traceless rank n hyperfields i∂2sΦnðX; sÞ ¼ 0

and γ traceless rank n hyperfields i1=2=∂sΨnðX; sÞ ¼ 0,
respectively. We define operators to act on the hyperfields
via

ðPΦnÞðX; sÞ ¼
Z

ddtddt0

ð2πÞd eit·t
0
Pðs; tÞΦnðX; t0Þ: ð2:9Þ

The projection operators can be straightforwardly found
from the equations ∂

2
sPn;ηðs; tÞ ¼ ∂

2
t Pn;ηðs; tÞ ¼ 0,

=∂sPn;γðs; tÞ ¼ Pn;γðs; tÞ⃖=∂t ¼ 0, and they have simple
expansions in terms of classical Gegenbauer polynomials
Cα
nðxÞ [20]; they read

Pd
n;ηðs; tÞ ¼

1

ðd−2
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n
C

d−2
2
n

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
; ð2:10Þ

Pd
n;γðs; tÞ ¼

1

ðd
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n
C

d
2
n

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�

þ i
=s=t
2

1

ðd
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n−1

C
d
2

n−1

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
;

ð2:11Þ

where ðxÞn ¼ Γðxþ nÞ=ΓðxÞ is the Pochhammer symbol.

III. MASSLESS INTEGER SPINS

In this section, we will use the hyperfield formalism of
Sec. II to review massless integer spin fields. We will find
compact, closed form expressions for their covariant
actions and propagators. First, we review the standard
description of massless integer spin fields ϕμ1���μnðXÞ.
The covariant formulation of massless integer spin

fields ϕμ1���μnðXÞ was first worked out in [5]. In this
description, Fronsdal found that it was possible to write
down a covariant action for ϕμ1���μn which is quadratic in
derivatives, provided that ϕμ1���μn is a real, symmetric tensor
that satisfies the unusual double traceless condition
ϕλ

λ
ω
ωμ5���μn ¼ 0. The equations of motion are

F μ1���μn ¼ ∂
2ϕμ1���μn − n∂ðμ1∂

λϕλμ2���μnÞ

þ 1

2
nðn − 1Þ∂ðμ1∂μ2ϕλ

λμ3���μnÞ ¼ 0 ð3:1Þ

where we will call F μ1���μn the Fronsdal field strength,
which may be thought of as the spin n generalization of the
linearized Ricci curvature tensor Rμν ¼ ∂

2hμν − ∂μ∂
λhλν −

∂ν∂
λhλμ þ ∂μ∂νh obtained from the metric gμν ¼ ημν − 2hμν.

F μ1���μn satisfies the spin n generalization of the second
contracted Bianchi identity

∂
λF λμ1���μn−1 −

1

2
ðn − 1Þ∂ðμ1F λ

λμ2���μn−1Þ ¼ 0: ð3:2Þ

As with Maxwell theory and linearized gravity, the
equations of motion (3.1) have a gauge redundancy.
Under the gauge transformation

ϕμ1���μnðXÞ0 ¼ ϕμ1���μnðXÞ þ n∂ðμ1ϵμ2���μnÞðXÞ ð3:3Þ

the Fronsdal field strength is invariant provided that ϵμ1���μn−1
is a symmetric and traceless, but otherwise arbitrary
function, i.e.

δF μ1���μn ¼
1

2
nðn − 1Þðn − 2Þ∂ðμ1∂μ2∂μ3ϵλλμ4���μnÞ ¼ 0: ð3:4Þ

This gauge redundancy allows us to impose a gauge
fixing condition. The natural choice is the spin n gener-
alization of the Lorenz and de Donder gauge conditions

∂
λϕλμ1���μn−1 −

1

2
ðn − 1Þ∂ðμ1ϕλ

λμ2���μn−1Þ ¼ 0: ð3:5Þ

In this gauge, the equations of motion (3.1) reduce to

F μ1���μn ¼ ∂
2ϕμ1���μn ¼ 0 ð3:6Þ

and so the particles described by ϕμ1���μn are indeed
massless. In this gauge there remains a residual gauge
symmetry under a gauge parameter ϵμ1���μn−1 satisfying3ðA; BÞ is only positive definite in Euclidean signature.
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∂
2ϵμ1���μn−1 ¼ 0. In total then, the number of degrees of
freedom removed from ϕμ1���μn is twice that of ϵμ1���μn−1 . The
final degrees of freedom N0ðd; nÞ of this field in d
dimensions is then

N0ðd; nÞ ¼
�
dþ n − 1

n

�
−
�
dþ n − 5

n − 4

�

− 2

��
dþ n − 2

n − 1

�
−
�
dþ n − 4

n − 3

��

¼ 2nþ d − 4

d − 4

�
dþ n − 5

n

�
ð3:7Þ

which reduces to the two helicities of a massless spin n
particle when d ¼ 4.
The Bianchi identity (3.2) implies that some components

of (3.1) offer constraints on ϕμ1���μn . Indeed, the following
components of the gauge invariant field strength

F 0j1���jn−1 ; F 0
0j1���jn−2 − F i

ij1���jn−2 ; ð3:8Þ

where the i, j indices run over spatial components, are first
order in time. These constraints do not affect the counting
of N0ðd; nÞ, because in the gauge (3.5), these components
turn into dynamical equations. In other gauges the counting
of these constraints may become relevant.
In the aim of constructing a gauge invariant, quadratic

in derivatives action for ϕμ1���μn, one must introduce an
object Gμ1���μn that is linear in F μ1���μn whose divergence is a
pure trace. The appropriate object is Gμ1���μn ¼ F μ1���μn −
1
4
nðn − 1Þηðμ1μ2F λ

λμ3���μnÞ. This object may be thought of as
the spin n generalization of the linearized Einstein tensor
Gμν. The divergence of Gμ1���μn is

∂
λGλμ2���μn ¼ −

1

4
nðn − 1Þðn − 2Þηðμ2μ3∂λFω

ωλμ4���μnÞ: ð3:9Þ

This is a direct consequence of (3.2). Using this, one can
construct a gauge invariant action that generates the
equations of motion (3.1), which we will write in terms
of F μ1���μn ,

Sn¼
1

2

Z
ddXϕμ1���μn

�
F μ1���μn −

1

4
nðn−1Þηðμ1μ2F λ

λμ3���μnÞ

�
:

ð3:10Þ

And hence the equations of motion derived from this is the
spin n generalization of the linearized Einstein field
equations,

Gμ1���μn ¼F μ1���μn −
1

4
nðn−1Þηðμ1μ2F λ

λμ3���μnÞ ¼0; ð3:11Þ

which is equivalent to (3.1). From (3.10) it is in principle
possible to calculate the propagator hϕμ1���μnðXÞϕν1���νnðYÞi.

However, the many indices and symmetrizations involved
makes such a computation prohibitive for general n.

A. Transition to hyperfields

The transition to hyperfields is straightforward, and we
simply list some of the various formulas above in terms of
ΦnðX; sÞ:

ϕλ
λ
ω
ωμ5���μn ¼ 0 ⟶ ð∂2sÞ2ΦnðX; sÞ ¼ 0; ð3:12Þ

δϕμ1���μn ¼ n∂ðμ1ϵμ2���μnÞ

⟶ δΦnðX; sÞ ¼ i−1=2s · ∂Xϵn−1ðX; sÞ; ð3:13Þ

ϵλλμ3���μn−1 ¼ 0 ⟶ ∂
2
sϵn−1ðX; sÞ ¼ 0; ð3:14Þ

F μ1���μn ¼ ∂
2ϕμ1���μn − n∂ðμ1∂

λϕλμ2���μnÞ

þ 1

2
nðn − 1Þ∂ðμ1∂μ2ϕλ

λμ3���μnÞ ¼ 0;

↓

F nðX; sÞ ¼ ∂
2
XΦnðX; sÞ − s · ∂X∂s · ∂XΦnðX; sÞ

þ 1

2
ðs · ∂XÞ2∂2sΦnðX; sÞ ¼ 0: ð3:15Þ

The action for ΦnðX; sÞ then takes the form

Sn ¼
1

2
n!

Z
ddX

ddsdds0

ð2πÞd eis·s
0ΦnðX; sÞ

�
1 −

1

4
s02∂2s0

�
× F nðX; s0Þ: ð3:16Þ

The messy algebraic combinations of ϕμ1���μn needed to
describe massless particles are now recast as differential
operators in the 2d dimensional space ðXμ; sμÞ.
Gauge invariance of (3.16) is guaranteed by the identity

(3.2),

∂s · ∂XF n −
1

2
s · ∂X∂2sF n ¼ 0: ð3:17Þ

B. All propagators

We now compute the propagator hΦnðX; sÞΦnðY; tÞi
from (3.16), which will give the expressions for all
massless integer spin propagators hϕμ1���μnðXÞϕν1���νnðYÞi.
This action is gauge invariant under δΦn ¼

i−1=2s · ∂Xϵn−1, and so there will be an ambiguity in how
we define the propagator. To see this, consider adding an
external hyperfield source J nðX; sÞ to the equations of
motion �

1 −
1

4
s2∂2s

�
F n ¼ −J n: ð3:18Þ
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The left-hand side is double traceless, and satisfies (3.9).
Consistent external sources J n must be such that these
constraints are maintained. This imposes constraints on J n,

ð∂2sÞ2J n ¼ 0; ∂s · ∂XJ n ¼ −i1=2s2Kn−3 ð3:19Þ

for some traceless hyperfield Kn−3. Solving (3.18) for
ΦnðX; sÞ, we expect a formula of the sort

ΦnðX; sÞ ¼ i
Z

ddY
ddtddt0

ð2πÞd eit·t
0
GðX − Y; s; tÞJ nðY; t0Þ:

ð3:20Þ

The transformation δGðX − Y; s; tÞ ¼ i−1=2s · ∂XΠðX−
Y; s; tÞ, where ΠðX − Y; s; tÞ is a rank n − 1 traceless
hyperfield in s and a rank n double traceless hyperfield
in t, amounts to a gauge transformation on ΦnðX; sÞ, so
GðX − Y; s; tÞ itself has a gauge redundancy. For the same
reason, GðX − Y; s; tÞ cannot be interpreted as a Green’s
function for (3.18). Because of the underlying gauge
invariance, the kinetic operator has a zero mode, so it is
not possible to solve the equation

�
1 −

1

4
s2∂2s

�
ð∂2X − s · ∂X∂s · ∂X

þ 1

2
ðs · ∂XÞ2∂2sÞGðX − Y; s; tÞ

¼ 1

n!
iδdðX − YÞPd

n;η2ðs; tÞ ð3:21Þ

where Pd
n;η2
ðs; tÞ is the projection operator onto rank n

double traceless hyperfields, which is

Pd
n;η2
ðs; tÞ ¼ 1

ðd−2
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n
�
C

d−2
2
n

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�

þ
�
d − 2

2
þ n − 2

�
C

d−2
2

n−2

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

��
: ð3:22Þ

Instead, it is possible to find a GðX − Y; s; tÞ that satisfies
�
1−

1

4
s2∂2s

��
∂
2
X−s ·∂X∂s ·∂Xþ

1

2
ðs ·∂XÞ2∂2s

�
GðX−Y;s;tÞ

¼ 1

n!
iδdðX−YÞPd

n;η2
ðs;tÞþi−1=2t ·∂YΩðX−Y;s;tÞ ð3:23Þ

for some function ΩðX − Y; s; tÞ which is a rank n double
traceless hyperfield in s and a rank n − 1 traceless hyper-
field in t. The GðX − Y; s; tÞwhich solves (3.23) provides a
consistent solution to (3.18) of the form (3.20) because

Z
ddY

ddtddt0

ð2πÞd eit·t
0
i−1=2t · ∂YΩðX − Y; s; tÞJ nðY; t0Þ ¼ 0

ð3:24Þ

for a source J n which satisfies (3.19). In total then,
GðX − Y; s; tÞ is ambiguous up to transformations

δGðX − Y; s; tÞ ¼ i−1=2s · ∂XΠðX − Y; s; tÞ
þ i−1=2t · ∂YΩðX − Y; s; tÞ: ð3:25Þ

The discussion above holds equally true for the propa-
gator hΦnðX; sÞΦnðY; tÞi, i.e. it must satisfy Eq. (3.23) and
is ambiguous up to transformations (3.25). The particular
form of ΩðX − Y; s; tÞ in (3.23) amounts to a partial gauge
choice.
In practice, we can gauge fix ΦnðX; sÞ so that the

propagator is unambiguous. For integer spins there is a
Lorentz covariant gauge choice which makes the calcu-
lation of the propagator simple. The gauge choice we make
is (3.5)

�
∂s · ∂X −

1

2
ðs · ∂XÞ∂2s

�
ΦnðX; sÞ ¼ 0: ð3:26Þ

In this gauge, we have F nðX; sÞ ¼ ∂
2
XΦnðX; sÞ, and the

action becomes

Sn ¼
1

2
n!

Z
ddX

ddsdds0

ð2πÞd eis·s
0ΦnðX; sÞ

�
1 −

1

4
s02∂2s0

�
∂
2
X

×ΦnðX; s0Þ: ð3:27Þ

To find the propagator, we must find the inverse of
ð1 − 1

4
s2∂2sÞ∂2X in the subspace of double traceless hyper-

fields ð∂2sÞ2Φn ¼ 0. To make this simpler, we decompose
Φn into its traceless components ΦnðX; sÞ ¼ AnðX; sÞ þ
s2Bn−2ðX; sÞ, with ∂

2
sAn ¼ ∂

2
sBn−2 ¼ 0. In this gauge, An

and Bn−2 decouple,

Sn ¼
1

2
n!

Z
ddX

ddsdds0

ð2πÞd eis·s
0�
AnðX; sÞ∂2XAnðX; s0Þ

þ Bn−2ðX; sÞðdþ 2ðn − 2ÞÞ
× ðdþ 2ðn − 3ÞÞ∂2XBn−2ðX; s0Þ

�
: ð3:28Þ

The propagators for An and Bn−2 satisfy the equations

∂
2
XhAnðX; sÞAnðY; tÞi ¼

1

n!
iδdðX − YÞPd

n;ηðs; tÞ; ð3:29Þ

ðdþ 2ðn − 2ÞÞðdþ 2ðn − 3ÞÞ∂2XhBn−2ðX; sÞBn−2ðY; tÞi

¼ 1

n!
iδdðX − YÞPd

n;ηðs; tÞ; ð3:30Þ
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where the insertion ofPd
nη from (2.10) on the right-hand sides

are necessary tomaintain tracelessness. These two equations
can be solved, and when combined back into Φn gives

hΦnðX; sÞΦnðY; tÞi ¼ G0ðX − YÞ 1
n!

Pd−2
n;η ðs; tÞ ð3:31Þ

¼G0ðX−YÞ 1
n!

1

ðd−4
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n

×C
d−4
2
n

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
ð3:32Þ

whereG0ðX − YÞ is the standardmassless spin 0 propagator.
This formula follows directly from the recursive relation
ðnþ αÞCα

n ¼ αðCαþ1
n − Cαþ1

n−2Þ. This propagator agrees with
previous work [47,60].
For d ¼ 4, the Gegenbauer polynomials showing up in

the propagator reduce to Chebyshev polynomials of the
first kind TnðxÞ

lim
d→4

1

ðd−4
2
Þn
C

d−4
2
n ðxÞ ¼

(
1 n ¼ 0
2
n!TnðxÞ n > 0

: ð3:33Þ

The massless spin n propagators hϕμ1���μnðXÞϕν1���νnðYÞi
from (3.10) can be obtained from hΦnðX; sÞΦnðY; tÞi by
applying derivatives,

hϕμ1���μnðXÞϕν1���νnðYÞi ¼ in
∂
n

∂
μ1
s � � � ∂μns

∂
n

∂
ν1
t � � � ∂νnt

× hΦnðX; sÞΦnðY; tÞi: ð3:34Þ

Since the ðs; tÞ dependence of the propagator is nicely
factored out of the spacetime dependence, we list the index
dependence of the first few propagators:

n ¼ 0∶ 1; ð3:35Þ

n ¼ 1∶ ημ1ν1 ; ð3:36Þ

n¼2∶
1

2
ðημ1ν1ην2μ2þημ1ν2ην1μ2Þ−

1

d−2
ημ1μ2ην1ν2 ; ð3:37Þ

n ¼ 3∶
1

6
ðημ1ν1ην2μ2ημ3ν3 þ ημ1ν1ην2μ3ημ2ν3 þ ημ2ν1ην2μ3ημ1ν3

þ ημ1ν2ην1μ2ημ3ν3 þ ημ1ν2ην1μ3ημ2ν3 þ ημ2ν2ην1μ3ημ1ν3Þ

−
1

3d
ðημ1μ2ημ3ν1ην2ν3 þ ημ1μ2ημ3ν2ην3ν1 þ ημ1μ2ημ3ν3ην1ν2

þ ημ2μ3ημ1ν1ην2ν3 þ ημ2μ3ημ1ν2ην3ν1 þ ημ2μ3ημ1ν3ην1ν2

þ ημ3μ1ημ2ν1ην2ν3 þ ημ3μ1ημ2ν2ην3ν1 þ ημ3μ1ημ2ν3ην1ν2Þ:
ð3:38Þ

The number of terms in the propagator with exposed
indices grows factorially with n, making it impractical to
do calculations with them. Instead, calculations can be
done strictly in terms of the propagator (3.31), using the
operations (2.2), (2.3), (2.4), and (2.5).
Possibly the most one gains from the expression (3.31) is

the ability to have full control of the large spin limit.
Classical Gegenbauer polynomials have well studied large
n asymptotic limits [20], allowing hΦnðX; sÞΦnðY; tÞi
to be written in terms of simple trigonometric functions
at large n,

hΦnðX; sÞΦnðY; tÞi ∼G0ðX − YÞ 1

2nðn!Þ2
�
−i

ffiffiffiffiffiffiffiffi
s2t2

p �
n

×
2 cosððnþ d−4

2
Þθ − π

2
d−4
2
Þ

ð2 sin θÞd−42 ð3:39Þ

as n → ∞, where cos θ ¼ s · t=
ffiffiffiffiffiffiffiffi
s2t2
p

, for 0 < θ < π.

C. Other gauges

Often it is useful to compute observables using propa-
gators in different gauges as a consistency check.
Furthermore, there may be gauges other than (3.31) which
make computations simpler. For instance, using the gauge
transformation (3.25) one may always in momentum space
add a term to the propagator like

ξðp2Þ−i
p2

s · pt · p
p2

1

ðd−α−2
2
Þn−1

1

n!

�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s · A · st · A · t
p �

n−1
C

d−α−2
2

n−1

�
s · A · tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s · A · st · A · t
p

�
ð3:40Þ

where ξðp2Þ is an arbitrary function, and AμνðpÞ is a projection matrix of rank d − α. Some covariant choices of AμνðpÞ
include e.g. ημν, or ημν − pμpν=p2. One special modification of the propagator is

hΦnðp;sÞΦnð−p;tÞi¼
−i
p2

1

n!

�
1

ðd−4
2
Þn

�
1

2

ffiffiffiffiffiffiffiffi
s2t2

p �
n
C

d−4
2
n

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
−
s ·pt ·p
p2

1

ðd−2
2
Þn−1

�
1

2

ffiffiffiffiffiffiffiffi
s2t2

p �
n−1

C
d−2
2

n−1

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

��
: ð3:41Þ

Indeed, this choice may be thought of as the spin n generalization of the spin 1 Landau gauge, because
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�
p · ∂s −

1

2
s · p∂2s

�
hΦnðp; sÞΦnð−p; tÞi ¼ 0: ð3:42Þ

Though because this propagator satisfies the Bianchi
identity (3.26), we refer to this as the Bianchi gauge.

IV. MASSLESS HALF INTEGER SPINS

In this section, we will use the hyperfield formalism of
Sec. II to review massless half integer spin fields. In order
to display uniform results for any dimension, the discussion
will be restricted to Dirac spinors; similar results can be
found for other spinor representations. We will again find
compact, closed form expressions for their covariant
actions and propagators. First, we review the standard
description of massless half integer spin fields ψμ1���μnðXÞ.
The covariant formulation of massless half integer spin

fields ψμ1���μnðXÞ was first worked out in [6]. In this
description, Fang and Fronsdal found that it was possible
to write down a covariant action for ψμ1���μn which is linear
in derivatives, provided that ψμ1���μn is a symmetric tensor
that satisfies the unusual triple γ traceless condition
γμ1γμ2γμ3ψμ1���μn ¼ γωψλ

λωμ4���μn ¼ 0. The equations of
motion are

Sμ1���μn ¼ =∂ψμ1���μn − n∂ðμ1γ
λψλμ2���μnÞ ¼ 0 ð4:1Þ

where we will call Sμ1���μn the Fang field strength. Sμ1���μn
satisfies a fermionic analog of the Bianchi identity (3.2)

γλ=∂Sλμ1���μn−1 − ðn − 1Þ∂ðμ1Sλ
λμ2���μn−1Þ ¼ 0: ð4:2Þ

As with Rarita-Schwinger theory, these equations of
motion (4.1) have a gauge redundancy. Under the gauge
transformation

ψμ1���μnðXÞ0 ¼ ψμ1���μnðXÞ þ n∂ðμ1ϵμ2���μnÞðXÞ ð4:3Þ

the Fang field strength is invariant provided that ϵμ1���μn−1 is a

symmetric and γ traceless, but otherwise arbitrary,
function i.e.

δSμ1���μn ¼ −nðn − 1Þ∂ðμ1∂μ2γλϵλμ3���μnÞ ¼ 0: ð4:4Þ

This gauge redundancy allows us to impose a gauge
fixing condition. The natural choice is the fermionic analog
of (3.5),

γλ=∂ψλμ1���μn−1 − ðn − 1Þ∂ðμ1ψλ
λμ2���μn−1Þ ¼ 0: ð4:5Þ

In this gauge, the γ trace of the equations of motion (4.1)
reduces to

=∂ðγλψλμ1���μn−1Þ ¼ 0: ð4:6Þ

Applying =∂ on to Sμ1���μn in this gauge then implies

=∂Sμ1���μn ¼ ∂
2ψμ1���μn ¼ 0 ð4:7Þ

and so the particles described by ψμ1���μn are indeed
massless. Just as in the bosonic case, in this gauge there
remains a residual gauge symmetry under a gauge param-
eter ϵμ1���μn−1 satisfying ∂

2ϵμ1���μn−1 ¼ 0. Finally, one should
consider the constraints on ψμ1���μn which are a result of the
Bianchi identity (4.2). The following components of the
gauge invariant field strength

γ0S0j1���jn−1 − γiSij1���jn−1 ð4:8Þ

contain only spatial derivatives. In contrast to the bosonic
case, these remain as constraints in the gauge (4.5) we
picked. In total then, the number of degrees of freedom
removed from ψμ1���μn is thrice that of ϵμ1���μn−1 . The final
degrees of freedom N0ðd; nþ 1=2Þ of this field in d
dimensions is then

N0ðd; nþ 1=2Þ ¼ 2bd=2c
�
dþ n − 1

n

�
− 2bd=2c

�
dþ n − 4

n − 3

�
− 3

�
2bd=2c

�
dþ n − 2

n − 1

�
− 2bd=2c

�
dþ n − 3

n − 2

��

¼ 2bd=2c
�
dþ n − 4

n

�
ð4:9Þ

which reduces to 4, corresponding to the 2 helicities of a
massless spin nþ 1=2 particle and antiparticle when d ¼ 4.
Again, in order to construct a gauge invariant, linear

in derivatives action for ψμ1���μn, one needs an object
T μ1���μn that is linear in Sμ1���μn whose divergence is a pure
γ trace. The appropriate object is T μ1���μn ¼ Sμ1���μn−
1
2
nγðμ1γ

λSλμ2���μnÞ −
1
4
nðn − 1Þηðμ1μ2Sλ

λμ3���μnÞ, and its diver-
gence is

∂
λT λμ2���μn ¼−

1

2
nðn−1Þγðμ2γλ∂ωSωλμ3���μnÞ

−
1

4
nðn−1Þðn−2Þηðμ2μ3∂λSω

ωλμ4���μnÞ: ð4:10Þ

This is a direct consequence of (4.2). Using this, one can
construct a gauge invariant action that generates the equa-
tions of motion (4.1), whichwewill write in terms ofSμ1���μn ,

LUKAS W. LINDWASSER PHYS. REV. D 109, 085010 (2024)

085010-8



Snþ1=2 ¼ −
Z

ddXψ̄μ1���μn
�
Sμ1���μn −

1

2
nγðμ1γ

λSλμ2���μnÞ

−
1

4
nðn − 1Þηðμ1μ2Sλ

λμ3���μnÞ

�
; ð4:11Þ

where ψ̄μ1���μn ¼ ðψμ1���μnÞ†iγ0. The equations of motion
derived from this action are therefore

T μ1���μn ¼ Sμ1���μn −
1

2
nγðμ1γ

λSλμ2���μnÞ

−
1

4
nðn − 1Þηðμ1μ2Sλ

λμ3���μnÞ ¼ 0 ð4:12Þ

which is equivalent to (4.1).

A. Transition to hyperfields

We now transition to hyperfields, listing some of the
various formulas above in terms of ΨnðX; sÞ:

γωψλ
λωμ4���μn ¼ 0 ⟶ ð=∂sÞ3ΨnðX; sÞ ¼ 0; ð4:13Þ

δψμ1���μn ¼ n∂ðμ1ϵμ2���μnÞ
⟶ δΨnðX; sÞ ¼ i−1=2s · ∂Xϵn−1ðX; sÞ; ð4:14Þ

γλϵλμ2���μn−1 ¼ 0 ⟶ =∂sϵn−1ðX; sÞ ¼ 0; ð4:15Þ

Sμ1���μn ¼ =∂ψμ1���μn − n∂ðμ1γ
λψλμ2���μnÞ ¼ 0;

↓

SnðX; sÞ ¼ =∂XΨnðX; sÞ − s · ∂X=∂sΨnðX; sÞ ¼ 0: ð4:16Þ

The action for ΨnðX; sÞ then takes the form

Snþ1=2 ¼ −n!
Z

ddX
ddsdds0

ð2πÞd eis·s
0Ψ̄nðX; sÞ

×

�
1 −

1

2
=s0=∂s0 −

1

4
s02∂2s0

�
SnðX; s0Þ ð4:17Þ

where Ψ̄nðX; sÞ ¼ 1
n! i

−n=2ψ̄μ1���μns
μ1 � � � sμn . Gauge invari-

ance of (4.17) is guaranteed by the identity

ð=∂s=∂X − s · ∂X∂2sÞSnðX; sÞ ¼ 0: ð4:18Þ

B. All propagators

We now compute the propagator hΨnðX; sÞΨ̄nðY; tÞi
from (4.17). The discussion in Sec. III B on the gauge
ambiguity of the propagator equally applies in this case.
The propagator hΨnðX; sÞΨ̄nðY; tÞi will solve the equation
�
1 −

1

2
=s=∂s −

1

4
s2∂2s

�
ð=∂X − s · ∂X=∂sÞhΨnðX; sÞΨ̄nðY; tÞi

¼ −
1

n!
iδdðX − YÞPd

n;γ3
ðs; tÞ þ i−1=2t · ∂YΩðX − Y; s; tÞ

ð4:19Þ

where Pd
n;γ3
ðs; tÞ is the projection operator onto rank n

triple γ traceless hyperfields, which is

Pd
n;γ3
ðs; tÞ ¼ 1

ðd
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n
�
C

d
2
n

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
þ
�
d
2
þ n − 2

�
C

d
2

n−2

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

��

þ i
=s=t
2

1

ðd
2
Þn−1

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n−1

C
d
2

n−3

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
ð4:20Þ

and ΩðX − Y; s; tÞ is some function which is a rank n triple
γ traceless hyperfield in s and a rank n − 1 γ traceless

hyperfield in t ð=∂sÞ3Ω; Ω⃖=∂t ¼ 0. Because of this, the
propagator is ambiguous up to transformations

δhΨnðX; sÞΨ̄nðY; tÞi ¼ i−1=2s · ∂XΠðX − Y; s; tÞ
þ i−1=2t · ∂YΩðX − Y; s; tÞ: ð4:21Þ

To find the propagator, one might proceed as in the
integer spin case by gauge fixingΨnðX; sÞ. A natural gauge
to pick is (4.5)

ð=∂s=∂X − s · ∂X∂2sÞΨnðX; sÞ ¼ 0: ð4:22Þ

In the case of half integer spins however, this choice does
not simplify the analysis, and there does not appear to be a
gauge choice which simplifies the analysis in an analo-
gous manner to the gauge choice for integer spins (3.26),
so we instead proceed directly by finding the simplest
solution to (4.19). Working in momentum space, one can
classify all possible structures which have a simple pole at
p2 ¼ 0, have a numerator linear in momentum, and are not
of the form (4.21), which are triple γ traceless in both s
and t, and make an ansatz that hΨnðX; sÞΨ̄nðY; tÞi is a
linear combination of these in momentum space.
These structures can be obtained from the three basic
structures
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=p
p2
ðs · tÞn; =s=p=t

p2
ðs · tÞn; s2t2

=p
p2
ðs · tÞn ð4:23Þ

and applying various combinations of Pd
n;γ , Pd

n;η, and Pd
n;γ3

on either side. A tedious but straightforward calculation reveals

that this ansatz is sufficient and the propagator can be taken to be

hΨnðX; sÞΨ̄nðY; tÞi ¼ Δ0ðX − YÞ 1
n!

1

ðd−2
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n
C

d−2
2
n

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�

−
i
2
=sΔ0ðX − YÞ=t 1

n!
1

ðd−2
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n−1

C
d−2
2

n−1

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
ð4:24Þ

where Δ0ðX − YÞ is the standard massless spin 1=2 propagator. This propagator agrees with previous work [60]. As in the
integer spin case, the massless spin nþ 1=2 propagators hψμ1���μnðXÞψ̄ν1���νnðYÞi from (4.11) can be obtained from
hΨnðX; sÞΨ̄nðY; tÞi straightforwardly by applying derivatives

hψμ1���μnðXÞψ̄ ν1���νnðYÞi ¼ in
∂
n

∂
μ1
s � � � ∂μns

∂
n

∂
ν1
t � � � ∂νnt

hΨnðX; sÞΨ̄nðY; tÞi: ð4:25Þ

We list here the numerator of the first few propagators in momentum space:

nþ 1=2 ¼ 1=2∶ =p; ð4:26Þ

nþ 1=2 ¼ 3=2∶ =pημ1ν1 þ
γμ1=pγν1
d − 2

; ð4:27Þ

nþ 1=2 ¼ 5=2∶ =p
�
1

2
ðημ1ν1ην2μ2 þ ημ1ν2ην1μ2Þ −

1

d
ημ1μ2ην1ν2

�

þ 1

2d
ðημ1ν2γμ2=pγν1 þ ημ2ν1γμ1=pγν2 þ ημ1ν1γμ2=pγν2 þ ημ2ν2γμ1=pγν1Þ; ð4:28Þ

nþ1=2¼7=2∶=p
�
1

6
ðημ1ν1ην2μ2ημ3ν3þημ1ν1ην2μ3ημ2ν3þημ2ν1ην2μ3ημ1ν3þημ1ν2ην1μ2ημ3ν3þημ1ν2ην1μ3ημ2ν3þημ2ν2ην1μ3ημ1ν3Þ

−
1

3ðdþ2Þðημ1μ2ημ3ν1ην2ν3þημ1μ2ημ3ν2ην3ν1þημ1μ2ημ3ν3ην1ν2þημ2μ3ημ1ν1ην2ν3þημ2μ3ημ1ν2ην3ν1þημ2μ3ημ1ν3ην1ν2

þημ3μ1ημ2ν1ην2ν3þημ3μ1ημ2ν2ην3ν1þημ3μ1ημ2ν3ην1ν2Þ
�
þ 1

3ðdþ2Þ
��

1

2
ðημ2ν2ημ3ν3þημ2ν3ημ3ν2Þ−

1

d
ημ2μ3ην2ν3

�
γμ1=pγν1

þ
�
1

2
ðημ2ν1ημ3ν3þημ3ν1ημ2ν3Þ−

1

d
ημ2μ3ην1ν3

�
γμ1=pγν2þ

�
1

2
ðημ1ν2ημ3ν3þημ3ν2ημ1ν3Þ−

1

d
ημ1μ3ην2ν3

�
γμ2=pγν1

þ
�
1

2
ðημ2ν1ημ3ν2þημ3ν1ημ2ν2Þ−

1

d
ημ2μ3ην1ν2

�
γμ1=pγν3þ

�
1

2
ðημ1ν2ημ2ν3þημ2ν2ημ1ν3Þ−

1

d
ημ1μ2ην2ν3

�
γμ3=pγν1

þ
�
1

2
ðημ1ν1ημ3ν3þημ3ν1ημ1ν3Þ−

1

d
ημ1μ3ην1ν3

�
γμ2=pγν2þ

�
1

2
ðημ1ν1ημ3ν2þημ3ν1ημ1ν2Þ−

1

d
ημ1μ3ην1ν2

�
γμ2=pγν3

þ
�
1

2
ðημ1ν1ημ2ν3þημ2ν1ημ1ν3Þ−

1

d
ημ1μ2ην1ν3

�
γμ3=pγν2þ

�
1

2
ðημ1ν1ημ2ν2þημ2ν1ημ1ν2Þ−

1

d
ημ1μ2ην1ν2

�
γμ3=pγν3

�
: ð4:29Þ
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As before, this propagator has a well-defined large n asymptotic limit,

hΨnðX; sÞΨ̄nðY; tÞi ∼
�
Δ0ðX − YÞ þ s · t

s2t2
=sΔ0ðX − YÞ=t

�
1

2nðn!Þ2
�
−i

ffiffiffiffiffiffiffiffi
s2t2

p �
n 2 cosððnþ d−2

2
Þθ − π

2
d−2
2
Þ

ð2 sin θÞd−22

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2t2 − ðs · tÞ2

p
s2t2

=sΔ0ðX − YÞ=t 1

2nðn!Þ2
�
−i

ffiffiffiffiffiffiffiffi
s2t2

p �
n 2 sinððnþ d−2

2
Þθ − π

2
d−2
2
Þ

ð2 sin θÞd−22 ð4:30Þ

as n → ∞, where cos θ ¼ s · t=
ffiffiffiffiffiffiffiffi
s2t2
p

, for 0 < θ < π.

C. Other gauges

Just as for the integer spin propagator, it may be useful to perform computations in different gauges as a consistency
check. Using the gauge transformation (4.21), possible terms one may add to the propagator (4.24) in momentum space
include

ξðp2Þ
p2

1

ðd−α
2
Þn−1

1

n!

�
ðs · p̃=tþ t · p̃=sÞ

�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s · A · st · A · t
p �

n−1
C

d−α
2

n−1

�
s · A · tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s · A · st · A · t
p

�

−
1

2
=̃sðs · p̃=tþ t · p̃=sÞt̃

�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s · A · st · A · t
p �

n−2
C

d−α
2

n−2

�
s · A · tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s · A · st · A · t
p

��
ð4:31Þ

where ξðp2Þ is an arbitrary function, AμνðpÞ is a projection
matrix of rank d − α, and =̃s for instance stands for
contracting sμ with Aμνγ

ν.
The propagator (4.24) is already in what may be thought

of as the fermionic Bianchi gauge, in the sense that in
momentum space

ð=∂s=p − s · p∂2sÞhΨnðp; sÞΨ̄nð−p; tÞi ¼ 0: ð4:32Þ

V. MASSIVE INTEGER SPINS

In this section, we will use the hyperfield formalism of
Sec. II to study massive integer spin fields. We will find
compact, closed form expressions for their covariant
actions and propagators.

Historically it was realized that the following system of
equations is sufficient for describing a freely propagating
spin n massive particle with positive definite energy [2,61],

ð∂2 −m2Þϕμ1���μn ¼ 0; ð5:1Þ

∂
λϕλμ2���μn ¼ 0; ð5:2Þ

ϕλ
λμ3���μn ¼ 0; ð5:3Þ

for a symmetric rank n tensor. Wewill refer to the system of
equations (5.1)–(5.3) as a Fierz-Pauli system. The trans-
verse and traceless conditions ensure that the correct
number Nmðd; nÞ of degrees of freedom for a spin n
particle in d spacetime dimensions propagate with mass m

Nmðd; nÞ ¼
�
dþ n − 1

n

�
−
�
dþ n − 3

n − 2

�
−
��

dþ n − 2

n − 1

�
−
�
dþ n − 4

n − 3

��

¼ 2nþ d − 3

d − 3

�
dþ n − 4

n

�
ð5:4Þ

which reduces to 2nþ 1when d ¼ 4. Attempts to construct
a covariant action whose equations of motion imposes
(5.1)–(5.3) was met with considerable difficulty for over
three decades. It was noted in [2] that it is impossible to
construct an action principle which produces a Fierz-Pauli
system out of just a symmetric and traceless field ϕμ1���μn .
Additional auxiliary fields are in general necessary to
impose the transverse constraint (5.2). How these auxiliary
fields are introduced is not unique, but there is a “minimal”
set of auxiliary fields necessary in this construction.

A minimal covariant Lagrangian formulation of massive
integer spin fields ϕμ1���μn in four spacetime dimensions
was first worked out in [3]. In it, Singh and Hagen needed
to introduce, apart from the symmetric and traceless
rank n tensor, symmetric and traceless tensors of rank
0; 1; 2;…; n − 2 which intricately couple so that all fields
of rank lower than n vanish on shell, and the rank n tensor
made up a Fierz-Pauli system. Note that this field content is
equivalent to using symmetric rank n and n − 3 tensors,
with no tracelessness conditions.
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Because this formulation only works in four spacetime
dimensions, we will not present the action, and will opt in
the following subsection instead to construct a formulation
which works in any dimension. What will continue to be
the same is the minimal number of auxiliary fields needed
in the action. Interestingly, the massless limit of [3]
decouples all fields of rank 0;…; n − 3, enabling one to
consider only the rank n and n − 2 fields. These two fields
can be combined into a single, double traceless rank n field
ϕμ1���μn , resulting in precisely Fronsdal’s formulation [5],
which is valid for any dimension.

A. Massive particles from dimensional reduction

Instead of constructing a covariant action for a massive
spin n from the ground up, we note as in [41] that one
reliable way of getting a massive particle of mass m in d
dimensions is by starting with a massless particle in dþ 1
dimensions, and compactifying one of the spatial directions
to be a circle of radius 2π=m. Compactifying in this way
will generate an infinite tower of massive particles,
corresponding to different windings around the circle. If
the dþ 1 dimensional theory is free as in our case, the
particles with varying masses do not interact, and we may
freely throw away all particles except for the one with mass
m without any problems. This procedure is different from
compactification, and so instead we refer to it as “dimen-
sional reduction.”
As a simple check that dimensional reduction of a

massless spin n particle in dþ 1 dimensions yields a
massive spin n particle in d dimensions, we note that this
procedure is equivalent to fixing the magnitude of one
component of the massless particle’s momentum, and that
N0ðdþ 1; nÞ ¼ Nmðd; nÞ. The degrees of freedom of a
dimensionally reduced dþ 1 dimensional massless spin n
particle is therefore the same as that of two d dimensional
massive spin n particles, one for each sign of the fixed
momentum component.

The benefit of this starting point is that it is valid for any
spacetime dimension d, making it possible to easily write
down results as a function of d. Furthermore, the apparent
nonuniqueness of the massive description is manifestly
understood to arise from the dþ 1 dimensional massless
gauge symmetry that is inherited. At the level of the d
dimensional massive theory, the gauge symmetry presents
itself as a Stückelberg gauge symmetry, and different
gauges amount to a different choice of auxiliary fields.
We therefore start with the massless hyperfield action

(3.16) in dþ 1 dimensions, with coordinates ðXμ; XdÞ
and an auxiliary dþ 1 dimensional vector ðsμ; sdÞ for
μ ¼ 0;…; d − 1, and enforce that the real hyperfield
ΦnðX;Xd; s; sdÞ has the following dependence on the Xd
coordinate:

ΦnðX;Xd; s; sdÞ ¼ eimXdΦmðX; s; sdÞ þ e−imXdΦ̃mðX; s; sdÞ
ð5:5Þ

where ΦmðX; s; sdÞ will generate the fields necessary to
covariantly describe a massive spin n particle in d dimen-
sions. The additional auxiliary component sd has the effect
of generating nþ 1 d dimensional hyperfields

ΦmðX; s; sdÞ ¼
Xn
k¼0

1

k!
i−k=2ðsdÞkΦn−kðX; sÞ: ð5:6Þ

At the level of an individual dþ 1 dimensional massless
rank n field ϕμ1���μn , this is the same as decomposing ϕμ1���μn
into its d dimensional tensors ϕμ1���μn ;ϕdμ1���μn−1 ;…;ϕdd���d.
The d dimensional hyperfields Φn−kðX; sÞ are not
all independent of each other, because they descend
from a dþ 1 dimensional massless hyperfield which
satisfies the dþ 1 dimensional double traceless condition
ð∂2s þ ∂

2
dÞ2Φn ¼ 0, where ∂d is a derivative with respect to

sd. All Φn−k with k > 3 can be written in terms of Φn,
Φn−1, Φn−2, and Φn−3

ΦmðX; s; sdÞ ¼
Xbn=2c
k¼0

ð−1Þk
ð2kÞ! ðsdÞ

2k
�ð1 − kÞ∂2ks Φn þ ik∂2ðk−1Þs Φn−2

�

þ i−1=2
Xbðn−1Þ=2c
k¼0

ð−1Þk
ð2kþ 1Þ! ðsdÞ

2kþ1ðð1 − kÞ∂2ks Φn−1 þ ik∂2ðk−1Þs Φn−3
� ð5:7Þ

where Φn;…;Φn−3 are unconstrained d dimensional hyperfields. The gauge symmetry of the massless theory acts on
ΦmðX; s; sdÞ via

δΦm ¼ i−1=2s · ∂XϵmðX; s; sdÞ þ i1=2sdmϵmðX; s; sdÞ ð5:8Þ

for some dþ 1 dimensional traceless hyperfield gauge parameter ϵmðX; s; sdÞ, which may be written in terms of its
independent, unconstrained, d dimensional hyperfield components ϵn−1ðX; sÞ and ϵn−2ðX; sÞ
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ϵmðX; s; sdÞ ¼
Xbðn−1Þ=2c
k¼0

ð−1Þk
ð2kÞ! ðsdÞ

2k
∂
2k
s ϵn−1 þ i−1=2

Xbðn−2Þ=2c
k¼0

ð−1Þk
ð2kþ 1Þ! ðsdÞ

2kþ1
∂
2k
s ϵn−2: ð5:9Þ

The Stückelberg gauge symmetry may then be expressed in terms of the gauge parameters ϵn−1 and ϵn−2, acting on
Φn;…;Φn−3:

δΦn ¼ i−1=2s · ∂Xϵn−1; δΦn−1 ¼ i−1=2s · ∂Xϵn−2 þ imϵn−1;

δΦn−2 ¼ −i1=2s · ∂X∂2sϵn−1 þ 2imϵn−2; δΦn−3 ¼ −i1=2s · ∂X∂2sϵn−2 þ 3m∂
2
sϵn−1: ð5:10Þ

The d dimensional massive action is written in terms of Φn;…;Φn−3, and the independent components F n;…;F n−3 of
the dþ 1 dimensional double traceless Fronsdal field strength F nðX;Xd; s; sdÞ:

Sn ¼
1

2
n!

Z
ddþ1X

ddþ1sddþ1s0

ð2πÞdþ1 eis·s
0ΦnðX; sÞ

�
1 −

1

4
s02∂2s0

�
F nðX; s0Þ;

Sn ¼ n!
Z

ddX
ddsdds0

ð2πÞd eis·s
0
	Xbn=2c

k¼0

ð−1Þk
ð2kÞ!

��
1 −

3k
2

�
∂
2k
s Φ̃n∂

2k
s0 F n þ i

k
2
∂
2k
s Φ̃n∂

2ðk−1Þ
s0 F n−2

þ i
k
2
∂
2ðk−1Þ
s Φ̃n−2∂

2k
s0 F n −

k
2
∂
2ðk−1Þ
s Φ̃n−2∂

2ðk−1Þ
s0 F n−2

�

þ
Xbðn−1Þ=2c
k¼0

ð−1Þk
ð2kþ 1Þ!

��
1 −

5k
2

�
∂
2k
s Φ̃n−1∂

2k
s0 F n−1 þ i

3k
2
∂
2k
s Φ̃n−1∂

2ðk−1Þ
s0 F n−3

þ i
3k
2
∂
2ðk−1Þ
s Φ̃n−3∂

2k
s0 F n−1 þ

k
2
∂
2ðk−1Þ
s Φ̃n−3∂

2ðk−1Þ
s0 F n−3

�

ð5:11Þ

where

F n ¼
�
∂
2
X −m2 − s · ∂X∂s · ∂X þ

1

2
ðs · ∂XÞ2∂2s

�
Φn −

i
2
ðs · ∂XÞ2Φn−2 − i1=2ms · ∂XΦn−1; ð5:12Þ

F n−1 ¼
�
∂
2
X − s · ∂X∂s · ∂X þ

1

2
ðs · ∂XÞ2∂2s

�
Φn−1 −

i
2
ðs · ∂XÞ2Φn−3 þ i−1=2m∂s · ∂XΦn − i−1=2ms · ∂X∂2sΦn; ð5:13Þ

F n−2 ¼
�
∂
2
X − s · ∂X∂s · ∂X −

1

2
ðs · ∂XÞ2∂2s

�
Φn−2 −

i
2
ðs · ∂XÞ2∂4sΦn − im2

∂
2
sΦn

þ 2i−1=2m∂s · ∂XΦn−1 − 2i−1=2ms · ∂X∂2sΦn−1 þ i1=2ms · ∂XΦn−3; ð5:14Þ

F n−3 ¼
�
∂
2
X −m2 − s · ∂X∂s · ∂X −

1

2
ðs · ∂XÞ2∂2s

�
Φn−3 −

i
2
ðs · ∂XÞ2∂4sΦn−1 − 3im2

∂
2
sΦn−1

þ 2i1=2ms · ∂X∂4sΦn þ 3i−1=2m∂s · ∂XΦn−2 þ i−1=2ms · ∂X∂2sΦn−2: ð5:15Þ

That (5.11) is invariant under the gauge transformation (5.10) is guaranteed by the fact that F n;…;F n−3 are themselves
gauge invariant, and that they satisfy the identities

∂s · ∂XF n −
1

2
s · ∂X∂2sF n þ

i
2
s · ∂XF n−2 þ i1=2mF n−1 ¼ 0; ð5:16Þ

∂s · ∂XF n−1 −
1

2
s · ∂X∂2sF n−1 þ

i
2
s · ∂XF n−3 þ

1

2
i−1=2m∂

2
sF n þ

1

2
i1=2mF n−2 ¼ 0; ð5:17Þ

which is a direct consequence of (3.17).

COVARIANT ACTIONS AND PROPAGATORS FOR ALL SPINS, … PHYS. REV. D 109, 085010 (2024)

085010-13



The Stückelberg gauge symmetry (5.10) can be used to
set for instance Φn−1 and Φn−2 to zero, leaving Φn and
Φn−3 unconstrained. This is precisely the minimal field
content of [3]. Massive spin 0, 1, and 2 particles then do not
require additional fields to describe them off-shell. It is only
for spins higher than 2 that additional fields are necessary.
The action (5.11) is for complex massive integer spin

particles. For real massive integer spin particles, it is
sufficient to impose the reality conditions Φ̃n ¼ Φn,
Φ̃n−1 ¼ −Φn−1, Φ̃n−2 ¼ Φn−2, and Φ̃n−3 ¼ −Φn−3.

B. Equations of motion

By virtue of the fact that the dþ 1 dimensional field
strength F nðX;Xd; s; sdÞ is set to zero by the equations of
motion, the d dimensional massive equations of motion are

F n¼0; F n−1¼0; F n−2¼0; F n−3¼0: ð5:18Þ

That these equations describe massive integer spin particles
amounts to showing that they imply that Φn−1, Φn−2, and
Φn−3 can always be set to zero, and that Φn is a Fierz-Pauli
system in hyperspace,

ð∂2X −m2ÞΦn ¼ 0;

∂s · ∂XΦn ¼ 0;

∂
2
sΦn ¼ 0: ð5:19Þ

The gauge symmetry (5.10) may be used to setΦn−1 ¼ 0
and Φn−2 ¼ 0 before imposing the equations of motion, so
(5.18) becomes

F n ¼ ð∂2X −m2 − s · ∂X∂s · ∂X þ
1

2
ðs · ∂XÞ2∂2sÞΦn ¼ 0;

ð5:20Þ

F n−1 ¼ −
i
2
ðs · ∂XÞ2Φn−3 þ i−1=2m∂s · ∂XΦn

− i−1=2ms · ∂X∂2sΦn ¼ 0; ð5:21Þ

F n−2¼−
i
2
ðs ·∂XÞ2∂4sΦn− im2

∂
2
sΦnþ i1=2ms ·∂XΦn−3¼0;

ð5:22Þ

F n−3 ¼
�
∂
2
X −m2 − s · ∂X∂s · ∂X −

1

2
ðs · ∂XÞ2∂2s

�
×Φn−3 þ 2i1=2ms · ∂X∂4sΦn ¼ 0: ð5:23Þ

A quick inspection of these gauge fixed equations of
motion shows that if Φn−3 ¼ 0, then Φn satisfies (5.19).
What remains is to show that Φn−3 may always be set to
zero via the residual gauge symmetry of this system,

δΦn ¼
1

m
ðs · ∂XÞ2ϵn−2;

δΦn−3 ¼ 2i1=2∂s · ∂Xϵn−2 þ 2i1=2∂2sðs · ∂Xϵn−2Þ: ð5:24Þ

These transformations keep Φn−1 ¼ Φn−2 ¼ 0 provided
that ϵn−2 satisfies4

s · ∂X∂2sðs · ∂Xϵn−2Þ − 2m2ϵn−2 ¼ 0: ð5:25Þ

This is indeed the case, as guaranteed by dimensional
reduction. To demonstrate this, we decompose Φn into its
transverse and traceless part Φ0n, and a part which is not
transverse or not traceless ΔΦn,

Φn ¼ Φ0n þ ΔΦn; ð5:26Þ

and note that in order for (5.21) to be consistent, ΔΦn
cannot have a term like An or s · ∂XBn−1 for An and Bn−1
transverse ∂s · ∂XAn ¼ ∂s · ∂XBn−1 ¼ 0. Hence we may
write ΔΦn suggestively as

ΔΦn ¼
1

m
ðs · ∂XÞ2ϵn−2 ð5:27Þ

for some hyperfield ϵn−2. Solving for Φn−3 in terms of ϵn−2
using (5.21) yields

Φn−3 ¼ 2i1=2∂s · ∂Xϵn−2 þ 2i1=2∂2sðs · ∂Xϵn−2Þ: ð5:28Þ

Plugging these forms into (5.20), we find ð∂2X −m2ÞΦ0n ¼ 0

and an ϵn−2 satisfying (5.25). ΔΦn and Φn−3 can therefore
be gauged away, leaving a massive integer spin field Φ0n
satisfying (5.19).

C. All propagators

We now compute the correlation functions
hΦn−iðX; sÞΦ̃n−jðY; tÞi, which will give expressions for
all correlation functions hϕμ1���μn−iðXÞϕ�ν1���νn−jðYÞi with
i; j ¼ 0;…; 3. These 16 correlation functions are needed
to fully specify the physical integer spin n propagator.
First, we detail the ambiguity in the correlation functions

arising from the Stückelberg gauge symmetry (5.10).
Coupling Φn, Φn−1, Φn−2, and Φn−3 to external sources
J n, J n−1, J n−2, and J n−3, respectively, will lead to
inconsistencies unless it is done in a gauge invariant
way. The gauge invariant coupling of Φn−i to J n−i is

ΔS ¼ n!
Z

ddX
ddsdds0

ð2πÞd eis·s
0�Φ̃nJ n þ Φ̃n−1J n−1

þ Φ̃n−2J n−2 þ Φ̃n−3J n−3 þ c:c:
� ð5:29Þ

4Note that this residual gauge symmetry does not exist when
n ≤ 2.
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provided that the sources satisfy

∂s · ∂XJ n þ is2∂s · ∂XJ n−2 þ i1=2mJ n−1 − 3i−1=2ms2J n−3 ¼ 0; ð5:30Þ

∂s · ∂XJ n−1 þ is2∂s · ∂XJ n−3 þ 2i1=2mJ n−2 ¼ 0: ð5:31Þ

We expect the solution to the equations of motion for Φn−i when coupled to this source to be of the form

Φn−iðX; sÞ ¼ i
Z

ddY
ddtddt0

ð2πÞd eit·t
0
GijðX − Y; s; tÞJ n−jðY; t0Þ ð5:32Þ

where the sum over j is implied. The transformation δGijðX − Y; s; tÞ ¼ N ijðX − Y; s; tÞ, where

N 0j ¼ i−1=2s · ∂XΠ1j; N 1j ¼ i−1=2s · ∂XΠ2j þ imΠ1j;

N 2j ¼ −i1=2s · ∂X∂2sΠ1j þ 2imΠ2j; N 3j ¼ −i1=2s · ∂X∂2sΠ2j þ 3m∂
2
sΠ1j; ð5:33Þ

and Π1jðX − Y; s; tÞ, Π2jðX − Y; s; tÞ are arbitrary rank n − 1 and n − 2 hyperfields in s, and rank n − j hyperfields in t,
respectively, amounts to a Stückelberg gauge transformation on Φn−iðX; sÞ, and so GijðX − Y; s; tÞ itself has a gauge
redundancy. GijðX − Y; s; tÞ is further ambiguous up to transformations δGijðX − Y; s; tÞ ¼Mij, where

Mi0 ¼ i−1=2t · ∂YΩi1; Mi1 ¼ i−1=2t · ∂YΩi2 − imΩi1;

Mi2 ¼ −i1=2t · ∂Y∂2tΩi1 − 2imΩi2; Mi3 ¼ −i1=2t · ∂Y∂2tΩi2 − 3m∂
2
tΩi1 ð5:34Þ

for similarly arbitrary hyperfields Ωi1ðX − Y; s; tÞ and Ωi2ðX − Y; s; tÞ, precisely because

i
Z

ddY
ddtddt0

ð2πÞd eit·t
0
MijðX − Y; s; tÞJ n−jðY; t0Þ ¼ 0: ð5:35Þ

In total then, GijðX − Y; s; tÞ is ambiguous up to transformations

δGijðX − Y; s; tÞ ¼ N ijðX − Y; s; tÞ þMijðX − Y; s; tÞ: ð5:36Þ

This ambiguity equally applies to the correlation functions hΦn−iðX; sÞΦ̃n−jðY; tÞi, i.e. if we change them by
δhΦn−iðX; sÞΦ̃n−jðY; tÞi ¼ N ij þMij, they represent the same massive particle.
Instead of pursuing the exact form of the massive propagators directly from (5.11), we recognize that the massive

propagator can be straightforwardly obtained from the massless propagator (3.31) in dþ 1 dimensions. In the gauge (3.26),
the dimensionally reduced action may be written as

Sn ¼ n!
Z

ddX
ddþ1sddþ1s0

ð2πÞdþ1 eis·s
0Φ̃mðX; s; sdÞ

�
1 −

1

4
ðs02 þ s02d Þð∂2s0 þ ∂

2
d0 Þ
�
ð∂2X −m2ÞΦmðX; s0; s0dÞ: ð5:37Þ

The propagator for ΦmðX; s; sdÞ in this gauge can be obtained in the same way it was in Sec. III B; it is

hΦmðX; s; sdÞΦ̃mðY; t; tdÞi ¼ GmðX − YÞ 1

ðd−3
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s̄2 t̄2

p �
n
C

d−3
2
n

�
s̄ · t̄ffiffiffiffiffiffiffiffi
s̄2t̄2
p

�
ð5:38Þ

whereGmðX − YÞ is the standard massive spin 0 propagator, and s̄ ¼ ðs; sdÞ and t̄ ¼ ðt; tdÞ are dþ 1 dimensional auxiliary
vectors. All that remains is to decompose this propagator into its independent d dimensional components
hΦn−iðX; sÞΦ̃n−jðY; tÞi using (5.6)

hΦnðX; sÞΦ̃nðY; tÞi ¼ Gm
1

ðd−3
2
Þn

1

n!

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n
C

d−3
2
n

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
; ð5:39Þ
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hΦnðX; sÞΦ̃n−2ðY; tÞi ¼ iGm
1

2
s2

1

ðd−1
2
Þn−1

1

n!

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n−2

C
d−1
2

n−2

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
; ð5:40Þ

hΦn−2ðX; sÞΦ̃n−2ðY; tÞi ¼ Gm
2

n!

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n−2

�
1

ðd−1
2
Þn−1

�
d − 6

2
þ n

�
C

d−1
2

n−2

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
þ 3

2

1

ðdþ1
2
Þn−2

C
dþ1
2

n−4

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

��
;

ð5:41Þ

hΦn−1ðX; sÞΦ̃n−1ðY; tÞi ¼ Gm
1

ðd−1
2
Þn−1

1

n!

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n−1

C
d−1
2

n−1

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
; ð5:42Þ

hΦn−1ðX; sÞΦ̃n−3ðY; tÞi ¼ iGm
3

2
s2

1

ðdþ1
2
Þn−2

1

n!

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n−3

C
dþ1
2

n−3

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
; ð5:43Þ

hΦn−3ðX; sÞΦ̃n−3ðY; tÞi ¼ Gm
6

n!

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n−3

�
1

ðdþ1
2
Þn−2

�
d − 8

2
þ n

�
C

dþ1
2

n−3

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
þ 5

2

1

ðdþ3
2
Þn−3

C
dþ3
2

n−5

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

��

ð5:44Þ

and all other correlation functions are either zero or related via Hermitian conjugation. One can straightforwardly consider
the n → ∞ asymptotic limit of these expressions, as we did for the massless propagators. We omit the explicit asymptotic
limits for the sake of brevity.
Recall that the hyperfields Φn−iðX; sÞ correspond to fields ϕμ1���μn−i for i ¼ 0;…; 3. In a simplified notation, the massive

spin n action in terms of these fields is

Sn ¼
Z

ddX

	Xbn=2c
k¼0

�
n
2k

���
1 −

3k
2

�
ϕ�ðkÞ0 · F ðkÞ0 −

k
2
ϕ�ðkÞ0 · F ðk−1Þ2 −

k
2
ϕ�ðk−1Þ2 · F ðkÞ0 þ

k
2
ϕ�ðk−1Þ2 · F ðk−1Þ2

�

þ
Xbðn−1Þ=2c
k¼0

�
n

2kþ 1

���
1 −

5k
2

�
ϕ�ðkÞ1 · F ðkÞ1 −

3k
2
ϕ�ðkÞ1 · F ðk−1Þ3 −

3k
2
ϕ�ðk−1Þ3 · F ðkÞ1 −

k
2
ϕ�ðk−1Þ3 · F ðk−1Þ3

�

ð5:45Þ

where OðkÞi denotes the k-fold trace of Oμ1���μn−i , and the dot
product (·) contracts the remaining indices. The massive
spin n correlation functions hϕμ1���μn−iðXÞϕ�ν1���νn−jðYÞi from
(5.45) can be obtained from hΦn−iðX; sÞΦ̃n−jðY; tÞi by
applying derivatives

hϕμ1���μn−iðXÞϕ�ν1���νn−jðYÞi

¼ in−ðiþjÞ=2
∂
n−i

∂
μ1
s ���∂μn−is

∂
n−j

∂
ν1
t �� �∂νn−jt

hΦn−iðX;sÞΦ̃n−jðY;tÞi:

ð5:46Þ

VI. MASSIVE HALF INTEGER SPINS

In this section, we will use the hyperfield formalism of
Sec. II to study massive half integer spin fields. Wewill find
compact, closed form expressions for their covariant
actions and propagators.

The half integer spin case was also considered in [2,61],
but an alternative formulation was given in [62]. In it,
Rarita and Schwinger noted that the following system of
equations is sufficient for describing a freely propagating
spin nþ 1=2 massive particle,

ð=∂þmÞψμ1���μn ¼ 0; ð6:1Þ

γλψλμ2���μn ¼ 0; ð6:2Þ

for a symmetric rank n tensor ψμ1���μn, with an additional
implicit Dirac index.Wewill refer to the system of Eqs. (6.1)
and (6.2) as a Rarita-Schwinger system. Any Rarita-
Schwinger system is also a Fierz-Pauli system. The trans-
verse and γ traceless conditions ensure that the correct
number Nmðd; nþ 1=2Þ of degrees of freedom for a spin
nþ 1=2 particle in d spacetime dimensions propagate with
mass m
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Nmðd; nþ 1=2Þ ¼ 2bd=2c
�
dþ n − 1

n

�
− 2bd=2c

�
dþ n − 2

n − 1

�
−
�
2bd=2c

�
dþ n − 2

n − 1

�
− 2bd=2c

�
dþ n − 3

n − 2

��

¼ 2bd=2c
�
dþ n − 3

n

�
ð6:3Þ

which reduces to 2ð2nþ 2Þ when d ¼ 4.
A minimal covariant Lagrangian formulation of massive

half integer spin fields ψμ1���μn in four spacetime dimensions
that imposes (6.1)–(6.2) was first worked out in [4]. In it,
Singh and Hagen needed to introduce, apart from the
symmetric and γ traceless rank n Dirac tensor, a symmetric
and γ traceless rank n − 1 Dirac tensor, and two of each
symmetric and γ traceless Dirac tensors of rank
0; 1; 2;…; n − 2 which couple so that all fields of lower
rank than n vanish on-shell, and the rank n field made up a
Rarita-Schwinger system. Note that this field content is
equivalent to using symmetric rank n and n − 2 Dirac
tensors, with no tracelessness conditions.

A. Massive particles from dimensional reduction

In this section, we will construct an action for massive
half integer spins which work in any spacetime dimension
d using dimensional reduction. The dimensional reduction
procedure will be similar to the integer spin case, but will
differ in some basic ways.
An immediate difference is that N0ðdþ 1; nþ 1=2Þ ¼

Nmðd; nþ 1=2Þ only when d is even, and so dimensional
reduction appears not to work for odd d. The origin of this
mismatch is that the spinor representation being used in
the d dimensional theory will always have a γd with
γ2d ¼ 1 and fγd; γμg ¼ 0 for μ ¼ 0;…; d − 1. For the Dirac
representation, this is only possible when d is even. When
d is odd then, the d dimensional fields are not in the Dirac
representation, but in some larger one. The mismatch is
therefore a difference in choice of spinor representation,
which does not affect the spin of the particle. Shortly, we
will write down a suitable field redefinition which

removes all instances of γd in the formulation, so that
even for odd d, we may choose fields in the Dirac
representation. As we will see, the result of performing
this field redefinition is a formulation of massive half
integer spin fields whose equations of motion are inde-
pendent of d, and is conveniently well defined for the
Dirac representation in d spacetime dimensions, whether
even or odd. For odd d then, we may replace the larger
representation obtained from dimensional reduction with
the irreducible Dirac representation. A straightforward
analysis of the equations of motion in Sec. VI B will
reveal that this formulation has the correct degrees of
freedom for a massive spin nþ 1=2 Dirac particle in any
dimension d.
We therefore start with the massless hyperfield action

(4.17) in dþ 1 dimensions, and enforce that the hyperfield
ΨnðX;Xd; s; sdÞ has the following dependence on the Xd
coordinate:

ΨnðX;Xd; s; sdÞ ¼ eimXdΨmðX; s; sdÞ: ð6:4Þ

The additional auxiliary component sd generates nþ 1 d
dimensional hyperfields

ΨmðX; s; sdÞ ¼
Xn
k¼0

1

k!
i−k=2ðsdÞkΨn−kðX; sÞ: ð6:5Þ

The hyperfields Ψn−kðX; sÞ are not all independent of each
other, because they descend from a dþ 1 dimensional
massless hyperfield satisfying the dþ 1 dimensional triple
γ traceless condition ð=∂s þ γd∂dÞ3Ψn ¼ 0. All Ψn−k with
k > 2 can be written in terms of Ψn, Ψn−1, and Ψn−2

ΨmðX; s; sdÞ ¼
Xbn=2c
k¼0

ð−1Þk
ð2kÞ! ðsdÞ

2kðð1 − kÞ=∂2ks Ψn þ ik=∂2ðk−1Þs Ψn−2Þ

þ
Xbðn−1Þ=2c
k¼0

ð−1Þk
ð2kþ 1Þ! ðsdÞ

2kþ1ðkγd=∂2kþ1s Ψn þ i−1=2=∂2ks Ψn−1 − ikγd=∂2k−1s Ψn−2Þ ð6:6Þ

where Ψn;Ψn−1;Ψn−2 are unconstrained d dimensional hyperfields. We would like to get rid of the γd’s in this expression.
This is achieved by making the field redefinitions Ψn−i → e−iπγd=4Ψn−i,
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ΨmðX; s; sdÞ ¼ e−iπγd=4
Xbn=2c
k¼0

ð−1Þk
ð2kÞ! ðsdÞ

2k
�ð1 − kÞ=∂2ks Ψn þ ik=∂2ðk−1Þs Ψn−2

�

þ e−iπγd=4
Xbðn−1Þ=2c
k¼0

ð−1Þk
ð2kþ 1Þ! ðsdÞ

2kþ1�ik=∂2kþ1s Ψn þ i−1=2=∂2ks Ψn−1 þ k=∂2k−1s Ψn−2
�
: ð6:7Þ

The dþ 1 dimensional γ traceless hyperfield gauge parameter ϵmðX; s; sdÞ may also be written in terms of an
unconstrained, d dimensional hyperfield component ϵn−1ðX; sÞ

ϵmðX; s; sdÞ ¼ e−iπγd=4
� Xbðn−1Þ=2c

k¼0

ð−1Þk
ð2kÞ! ðsdÞ

2k=∂2ks ϵn−1 − i
Xbðn−1Þ=2c
k¼0

ð−1Þk
ð2kþ 1Þ! ðsdÞ

2kþ1=∂2kþ1s ϵn−1

�
: ð6:8Þ

The Stückelberg gauge symmetry may then be expressed in terms of the gauge parameter ϵn−1 acting on Ψn;Ψn−1;Ψn−2,

δΨn ¼ i−1=2s · ∂Xϵn−1;

δΨn−1 ¼ −is · ∂X=∂sϵn−1 þ imϵn−1;

δΨn−2 ¼ −i1=2s · ∂X∂2sϵn−1 þ 2i1=2m=∂sϵn−1: ð6:9Þ

The d dimensional massive action is written in terms of Ψn;Ψn−1;Ψn−2, and the independent components Sn;Sn−1;Sn−2
of the dþ 1 dimensional Fang field strength SnðX;Xd; s; sdÞ,

Snþ1=2 ¼ −n!
Z

ddþ1X
ddþ1sddþ1s0

ð2πÞdþ1 eis·s
0Ψ̄nðX; sÞ

�
1 −

1

2
=s0=∂s0 −

1

4
s02∂2s0

�
SnðX; s0Þ; ð6:10Þ

Snþ1=2 ¼ −n!
Z

ddX
ddsdds0

ð2πÞd eis·s
0
	Xbn=2c

k¼0

ð−1Þk
ð2kÞ!

��
1 −

3k
2

�
∂
2k
s Ψ̄n∂

2k
s0 Sn þ i

k
2
∂
2k
s Ψ̄n∂

2ðk−1Þ
s0 Sn−2

þ i
k
2
∂
2ðk−1Þ
s Ψ̄n−2∂

2k
s0 Sn þ

k
2
∂
2ðk−1Þ
s Ψ̄n−2∂

2ðk−1Þ
s0 Sn−2 − i−1=2k∂2ðk−1Þs Ψ̄n−1=∂s

 
∂
2ðk−1Þ
s0 Sn−2

þ i−1=2k∂2ðk−1Þs Ψ̄n−2=∂s0∂
2ðk−1Þ
s0 Sn−1 þ ik∂2ðk−1Þs Ψ̄n−1=∂s

 
=∂s0∂

2ðk−1Þ
s0 Sn−1

�

þ
Xbðn−1Þ=2c
k¼0

ð−1Þk
ð2kþ 1Þ!

�
−i
�
1

2
þ 3k

2

�
∂
2k
s Ψ̄n=∂s
 
=∂s0∂2ks0 Sn −

k
2
∂
2k
s Ψ̄n=∂s
 
=∂s0∂

2ðk−1Þ
s0 Sn−2

−
k
2
∂
2ðk−1Þ
s Ψ̄n−2=∂s

 
=∂s0∂2ks0 Sn þ i

k
2
∂
2ðk−1Þ
s Ψ̄n−2=∂s

 
=∂s0∂

2ðk−1Þ
s0 Sn−2

þ 1

2
i−1=2∂2ks Ψ̄n=∂s

 
∂
2k
s0 Sn−1 −

1

2
i−1=2∂2ks Ψ̄n−1=∂s0∂2ks0 Sn

þ i1=2k∂2ðk−1Þs Ψ̄n−2=∂s
 
∂
2k
s0 Sn−1 − i1=2k∂2ks Ψ̄n−1=∂s0∂

2ðk−1Þ
s0 Sn−2 þ

�
1

2
− k

�
∂
2k
s Ψ̄n−1∂

2k
s0 Sn−1

�

ð6:11Þ

where

Sn ¼ ð=∂X þm − s · ∂X=∂sÞΨn þ i1=2s · ∂XΨn−1; ð6:12Þ

Sn−1 ¼ ð=∂X − s · ∂X=∂sÞΨn−1 þ i1=2s · ∂XΨn−2 þ i−1=2m=∂sΨn; ð6:13Þ

Sn−2 ¼ ð=∂X −mÞΨn−2 þ is · ∂X=∂3sΨn þ i−1=2s · ∂X∂2sΨn−1 þ 2i−1=2m=∂sΨn−1: ð6:14Þ

LUKAS W. LINDWASSER PHYS. REV. D 109, 085010 (2024)

085010-18



That (6.11) is invariant under the gauge transformation
(6.9) is guaranteed by the fact that Sn;Sn−1;Sn−2 are
themselves gauge invariant and satisfy the identity

=∂sð=∂X −mÞSn − s · ∂X∂2sSn − i1=2ð=∂X −mÞSn−1

þ is · ∂XSn−2 ¼ 0 ð6:15Þ

which is a direct consequence of (4.18). As promised (6.11)
has no instance of γd, making this action valid for the Dirac
representation in any spacetime dimension.
The Stückelberg gauge symmetry (6.9) can be used to set

Ψn−1 to zero, leaving the fieldsΨn andΨn−2 consistent with
the minimal field content of [4].

B. Equations of motion

The massive equations of motion are equivalent to setting
the dþ 1 dimensional field strength SnðX;Xd; s; sdÞ
to zero,

Sn ¼ 0; Sn−1 ¼ 0; Sn−2 ¼ 0: ð6:16Þ

That these equations describe massive half integer spin
particles amounts to showing that they imply that Ψn−1 and
Ψn−2 can always be set to zero, and that Ψn is a Rarita-
Schwinger system in hyperspace

ð=∂X þmÞΨn ¼ 0;

=∂sΨn ¼ 0: ð6:17Þ

The gauge symmetry (6.9) may be used to set Ψn−1 ¼ 0
before imposing the equations of motion, so (6.16)
becomes

Sn ¼ ð=∂X þm − s · ∂X=∂sÞΨn; ð6:18Þ

Sn−1 ¼ i1=2s · ∂XΨn−2 þ i−1=2m=∂sΨn; ð6:19Þ

Sn−2 ¼ ð=∂X −mÞΨn−2 þ is · ∂X=∂3sΨn: ð6:20Þ

In this gauge, if Ψn−2 ¼ 0, then Ψn satisfies (6.17). What
remains is to show that Ψn−2 may always be set to zero via
the residual gauge symmetry of this system,

δΨn ¼ i−1=2s · ∂Xϵn−1;

δΨn−2 ¼ −i1=2s · ∂X∂2sϵn−1 þ 2i1=2m=∂sϵn−1: ð6:21Þ

These transformations keep Ψn−1 ¼ 0 provided that ϵn−1
satisfies5

s · ∂X=∂sϵn−1 −mϵn−1 ¼ 0: ð6:22Þ

To show that this is the case, we decompose Ψn into a
transverse and γ traceless part Ψ0n and a part ΔΨn which is
not transverse or not γ traceless,

Ψn ¼ Ψ0n þ ΔΨn: ð6:23Þ

We may always write ΔΨn suggestively as
ΔΨn ¼ i−1=2s · ∂Xϵn−1, for some hyperfield ϵn−1.
Plugging this into (6.18), we find ð=∂X þmÞΨ0n ¼ 0, and
an ϵn−1 satisfying (6.22). Finally, we solve for Ψn−2 using
(6.19) and (6.22),

Ψn−2 ¼ −i1=2s · ∂X∂2sϵn−1 þ 2i1=2m=∂sϵn−1: ð6:24Þ

Hence, ΔΨn and Ψn−2 can be gauged away, leaving a
massive half integer spin field Ψ0n satisfying (6.17).

C. All propagators

We now compute the correlation functions
hΨn−iðX; sÞΨ̄n−jðY; tÞi, which will give expressions for
all correlation functions hψμ1���μn−iðXÞψ̄ν1���νn−jðYÞi with
i; j ¼ 0; 1; 2. These 9 correlation functions are needed to
fully specify the physical half integer spin nþ 1=2
propagator.
The discussion in Sec. V C on the gauge ambiguity of the

correlation functions equally applies here. Coupling Ψ̄n,
Ψ̄n−1, and Ψ̄n−2 to external sourcesQn,Qn−1, andQn−2 via

ΔS ¼ n!
Z

ddX
ddsdds0

ð2πÞd eis·s
0

× ðΨ̄nQn þ Ψ̄n−1Qn−1 þ Ψ̄n−2Qn−2Þ ð6:25Þ

is gauge invariant provided that the sources satisfy

∂s ·∂XQn− i1=2=s∂s ·∂XQn−1þ i1=2mQn−1þ is2∂s ·∂XQn−2−2im=sQn−2¼0: ð6:26Þ

Because of this, the correlation functions hΨn−iðX; sÞΨ̄n−jðY; tÞi are ambiguous up to the transformations

δhΨn−iðX; sÞΨ̄n−jðY; tÞi ¼ N ijðX − Y; s; tÞ þMijðX − Y; s; tÞ ð6:27Þ

where

5Note that this residual gauge symmetry does not exist when n ≤ 1.
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N 0j ¼ i−1=2s · ∂XΠ1j; Mi0 ¼ i−1=2t · ∂YΩ̄i1;

N 1j ¼ −is · ∂X=∂sΠ1j þ imΠ1j; Mi1 ¼ −it · ∂YΩ̄i1=∂t
 

− imΩ̄i1;

N 2j ¼ −i1=2s · ∂X∂2sΠ1j þ 2i1=2m=∂sΠ1j; Mi2 ¼ −i1=2t · ∂Y∂2t Ω̄i1 − 2i1=2mΩ̄i1=∂t
 ð6:28Þ

for arbitrary hyperfields Π1jðX − Y; s; tÞ and Ω̄i1ðX − Y; s; tÞ.
The massive correlation functions in a specific gauge are obtained straightforwardly from the dþ 1 dimensional massless

propagator (4.24). After dimensionally reducing, the ΨmðX; s; sdÞ propagator is

hΨmðX; s; sdÞΨ̄mðY; t; tdÞi ¼ Δ̃mðX − YÞ 1

ðd−1
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s̄2t̄2

p �
n
C

d−1
2
n

�
s̄ · t̄ffiffiffiffiffiffiffiffi
s̄2t̄2
p

�

−
i
2
=̄sΔ̃mðX − Y Þ̄=t 1

ðd−1
2
Þn

�
−
i
2

ffiffiffiffiffiffiffiffi
s̄2 t̄2

p �
n−1

C
d−1
2

n−1

�
s̄ · t̄ffiffiffiffiffiffiffiffi
s̄2 t̄2
p

�
ð6:29Þ

where Δ̃mðX − YÞ is the massive spin 1=2 propagator, whose mass is proportional to γd

Δ̃mðX − YÞ ¼ −
Z

ddp
ð2πÞd

=pþmγd
p2 þm2 − iϵ

eip·ðX−YÞ ð6:30Þ

and s̄ ¼ ðs; sdÞ and t̄ ¼ ðt; tdÞ are dþ 1 dimensional auxiliary vectors. We now decompose this propagator into its
independent d dimensional components hΨn−iðX; sÞΨ̄n−jðY; tÞi, remembering also to perform the field redefinition
Ψn−i → e−iπγd=4Ψn−i:

hΨnðX; sÞΨ̄nðY; tÞi ¼ Δm
1

ðd−1
2
Þn

1

n!

�
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ffiffiffiffiffiffiffiffi
s2t2

p �
n
C

d−1
2
n

�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�

−
i
2
=sΔ−m=t

1

ðd−1
2
Þn

1

n!

�
−
i
2

ffiffiffiffiffiffiffiffi
s2t2

p �
n−1

C
d−1
2

n−1

�
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�
; ð6:31Þ

hΨnðX; sÞΨ̄n−1ðY; tÞi ¼
1

2
i1=2=sΔ−m

1
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C
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2
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�
s · tffiffiffiffiffiffiffiffi
s2t2
p

�
; ð6:32Þ

hΨnðX; sÞΨ̄n−2ðY; tÞi ¼
1

2
is2Δm

1
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; ð6:33Þ

hΨn−1ðX; sÞΨ̄n−1ðY; tÞi ¼ Δm
1
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hΨn−1ðX; sÞΨ̄n−2ðY; tÞi ¼ i1=2=sΔ−m
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ð6:35Þ
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hΨn−2ðX; sÞΨ̄n−2ðY; tÞi ¼ −2Δ−m
1
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where now ΔmðX − YÞ is the standard massive spin 1=2 propagator, obtained by replacingmγd with im in (6.30). All other
correlation functions are related via Hermitian conjugation. Again, we omit their asymptotic n → ∞ limits for the sake of
brevity.
Recall that the hyperfields Ψn−iðX; sÞ correspond to fields ψμ1���μn−i for i ¼ 0, 1, 2. In a simplified notation, the massive

spin nþ 1=2 action in terms of these fields is

Snþ1=2 ¼ −
Z

ddX
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ð6:37Þ

where now OðkÞi denotes the k-fold γ trace of Oμ1���μn−i applied from the left, and ŌðkÞi denotes the k-fold γ trace of Ōμ1���μn−i
applied from the right. The massive spin nþ 1=2 correlation functions hψμ1���μn−iðXÞψ̄ν1���νn−jðYÞi from (6.37) can be

obtained from hΨn−iðX; sÞΨ̄n−jðY; tÞi by applying derivatives

hψμ1���μn−iðXÞψ̄ν1���νn−jðYÞi ¼ in−ðiþjÞ=2
∂
n−i

∂
μ1
s � � � ∂μn−is

∂
n−j

∂
ν1
t � � � ∂νn−jt

hΨn−iðX; sÞΨ̄n−jðY; tÞi: ð6:38Þ

VII. DISCUSSION

In this paper, we have outlined the covariant formulation
of free particles with any mass m and spin s, in any
spacetime dimension d. For massless particles with integer
spins, their covariant action is (3.10), first written down in
[5], and their propagator is (3.31), in agreement with [47].
For massless particles with half integer spins, their covar-
iant action is (4.11), first written down in [6], and their
propagator is (4.24). For massive particles we arrived at
their covariant actions (5.45), (6.37) and their correspond-
ing propagators (5.39)–(5.44), (6.31)–(6.36) by following

the prescription of dimensional reduction of massless
particles in dþ 1 dimensions first described in [41].
The formulation of massive particles exhibits a gauge

symmetry (5.10), (6.9). Because of this, we were able to
arrive at propagators which grow like ∼p−2, and ∼p−1,
respectively, at the cost of including unphysical polar-
izations. Because of the gauge invariance, there must exist a
gauge which only includes physical polarizations. The
physical gauges for integer and half integer spins are
obtained by completely exhausting the gauge freedom.
An example of a physical gauge is respectively
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integer spin∶ Pd
η

�ð1 − kÞ∂2ks Φn þ ik∂2ðk−1Þs Φn−2
� ¼ 0 k ≥ 1;

Pd
η

�ð1 − kÞ∂2ks Φn−1 þ ik∂2ðk−1Þs Φn−3
� ¼ 0 k ≥ 0; ð7:1Þ

half integer spin∶ Pd
γ

�ð1 − kÞ=∂2ks Ψn þ ik=∂2ðk−1Þs Ψn−2
� ¼ 0 k ≥ 1;

Pd
γ

�
ik=∂2kþ1s Ψn þ i−1=2=∂2ks Ψn−1 þ k=∂2k−1s Ψn−2

� ¼ 0 k ≥ 0; ð7:2Þ

where Pd
η and Pd

γ are the projection operators onto traceless and γ traceless hyperfields, respectively, defined in Sec. II A. In
these physical gauges, we are left in the action with traceless rank n; n − 2; n − 3;…; 0 hyperfields for integer spins, and γ
traceless rank n, n − 1 hyperfields, and two series of γ traceless rank n − 2; n − 3;…; 0 hyperfields for half integer spins.
These are precisely the minimal auxiliary field contents used in the Singh-Hagen actions [3,4]. The equations of motion in
this gauge imply thatΦn andΨn Fierz-Pauli and Rarita-Schwinger systems (5.19), (6.17), respectively, while the remaining
hyperfields vanish. Operators which vanish on-shell make correlation functions vanish after insertions except at coincident
points. The physical gauges are then such that correlations functions withΦn−1,Φn−2,Φn−3, ð∂2X −m2ÞΦn, ∂s · ∂XΦn, ∂2sΦn,
Ψn−1, Ψn−2, ð=∂X þmÞΨn, or =∂sΨn inserted vanish except at coincident points. In momentum space, this forces the
correlation functions to be of the form

hΦnðp; sÞΦ̃nð−p; tÞi ¼ GmðpÞ
1
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�
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hΦn−iðp; sÞΦ̃n−jð−p; tÞi ¼ polynomial j ¼ 1; 2; 3; ð7:4Þ
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þ polynomial; ð7:5Þ

hΨn−iðp;sÞΨ̄n−jð−p;tÞi¼polynomial j¼1;2; ð7:6Þ

where Pμν ¼ ημν þ pμpν=m2. The physical poles in (7.3),
(7.5) are uniquely determined by demanding that
∂
2
shΦnðp; sÞΦ̃nð−p; tÞi, p · ∂shΦnðp; sÞΦ̃nð−p; tÞi, and
=∂shΨnðp; sÞΨ̄nð−p; tÞi, as well as the equivalent expres-
sions in t are polynomials in p. The normalization is
determined such that there exists gauge transformations
(5.36), (6.27) between this gauge and the expressions
(5.39) and (6.31). It would be interesting to find the
specific polynomials which appear in (7.3)–(7.6).
The exact forms of the propagators in this physical gauge

are however not necessary to have. Indeed, as long as
interactions are introduced in a gauge invariant way, the
propagators (5.39)–(5.44), (6.31)–(6.36) are sufficient. In
the case of spin 1 particles, gauge invariance implies
generalized Ward identities which guarantee that all
Feynman diagrams with external legs with unphysical
polarizations vanish [63,64]. Thus whenever perturbation
theory is valid, the gauge invariant interacting theory can
continue to describe a spin 1 particle at the level of the S-
matrix. A natural expectation is that this general result will

continue to hold for higher spins, although an independent
proof of this is necessary. One complication of such a proof
is that when interactions are introduced, one generally needs
to correspondingly deform the gauge symmetry, as is what
happens for instance in Yang-Mills theory and general
relativity. The exact form of the generalized Ward identities
in turn depend on the gauge symmetry. One should therefore
first find a consistent set of interactions and corresponding
deformations of the gauge symmetry in the way outlined for
instance in [65]. Previous work in this direction includes
[32,39,40,66]. A particularly important application is find-
ing consistent interactions of massive higher spins with
electromagnetism and gravity to model black hole binary
dynamics [21–32]. An analysis of introducing interactions
within this formulation is postponed for future work.
Finally, with the explicit expressions for all propagators,

this work may be thought of as “solving” every Poincaré
and parity invariant free theory when, importantly, d ¼ 4.
When d > 5, there are more irreducible representations of
the little group which are not covered by totally symmetric
representations, corresponding to Young tableaux with
more than one row. In the future it would be useful to
do the same for more general representations with mixed
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symmetry, along the lines of the formulation of massless
particles in [67], to complete the program of solving every
free theory. Having a complete understanding of such
representations, much more control is to be gained when
constructing more general theories with the same field
content as string field theory by using a hyperfield
ΦðX; fsigÞ as described in Sec. II, allows one to find
classes of interactions which result in UV complete
amplitudes, and avoids the causality violations inherent
with interacting massive particles [12–14].
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