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In this paper we parallel the construction of Tong of a gauge theory for shallow water, by writing a gauge
theory for the Euler fluid in 2+ 1 dimensions. We then extend it to a Euler fluid coupled to an
electromagnetic background. We argue that the gauge theory formulation provides a topological argument
for the quantization of 2 4+ 1 dimensional Euler Hopfion solution. In the process, we find a (nongauge)
action for the Euler fluid that can be extended to any dimension, including the physical 3 + 1 dimensions.
We also discuss several aspects of the Arnold-Beltrami-Childress flow.
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I. INTRODUCTION

In a very interesting paper [1], Tong rewrote the shallow
water equations, with variables: 2 4 1 dimensional velocity
ii(x,y,t) and height h(x, y, 1), in terms of a gauge theory."
In the case of linearized theory, one obtains a Maxwell-
Chern-Simons theory, which is known to have boundary
chiral modes, that are now identified with the coastal
Kelvin waves of the shallow water equations, giving them
a topological reason. An action for the shallow water and
the equivalent gauge theory is also obtained. He also
suggests that a similar analysis could be made for Euler
fluids with equation of state P = Cp” [so barotropic,
P = P(p)], though that is not done.

In this paper, we show that indeed, similar to the
construction in [1], one can rewrite the 2 + 1 dimensional
Euler fluids as a gauge theory. For that purpose we map the
magnetic field B to the density of the fluid p, instead of
the height function, and find that the magnetic term in the
action is linear, and not quadratic in B. The resulting action
describes fluids, not necessarily barotropic, such as to
include the case of the 2 + 1 dimensional fluid Hopfion
with constant p, but nontrivial P, considered in [3,4]. We
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also consider the case of Euler fluids coupled to electro-
magnetism, as considered by Abanov and Wiegmann [5]
and for which nontrivial a Hopfion solution was found
in [6]. The quantization of the Hopfion solution will then be
related to the quantization of the Chern-Simons level.

In the process, we write an action principle for the Euler
fluid, which generalizes to any dimension, though only in
2 4+ 1 dimensions is rewritten as a gauge theory.2 Writing
an effective action for an Euler fluid was considered before
in quantum field theory formalisms, starting with [8] (based
on AdS/CFT holographic arguments), and various con-
structions were attempted in [9-13] (see also other refer-
ences therein), but here the action principle is based simply
on the fluid variables. We also briefly discuss several
aspects of the Arnold-Beltrami-Childress (ABC) flow. In
particular, we review its Clebsh formulation, and for a
special case of the ABC flow, we map it to electric and
magnetic fields, which we also write in terms of the
Bateman construction.

The paper is organized as follows. In Sec. IT we put the
Euler fluid in gauge theory form, and we also compare the
energy-momentum tensors of the fluid and gauge forms. In
Sec. Il we couple the system to electromagnetism, and find
that this is very natural in the gauge picture. As a further
application, we also couple the shallow water equations to
electromagnetism, and write it in the gauge picture. In
Sec. IV we describe the main application of the gauge
theory picture, describing the Euler fluid Hopfions as
topological modes in the gauge theory. In Sec. V we first
write an action for the Euler fluid in any dimension, and

*The action is in fact equivalent to an action written in [7], as
we became aware after the paper was first posted on the arXiv.
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then write a gauge theory form for it, and we consider the
ABC flow, and present its Clebsh parametrization and a
gauge field representation. We conclude in Sec. VI.

II. EULER FLUID IN GAUGE THEORY FORM

We consider the 2 + 1 dimensional Euler (nondissipa-
tive) fluids, with the following variables: the flow velocity
u(x,y,t), the fluid density p(x,y,7), and the pressure
P(x,y,t). The well-known equations of motion are

- -
op+ V- (pu) =0,

. L= Du =
p@,ul—l—aiP—l-p(u-V)u’:Oc»pE:—VP, (2.1)
where we have defined the “covariant derivative,’

D L =

We then define the chemical potential u, as usual, by

aP _du

= (2.3)

It would seem like we need a barotropic fluid, P = P(p),
in order to integrate the relation and find y, but actually, we
see that the other case of interest for us, nontrivial P and p
constant, is also included in it. In general then, all we need
is to be able to integrate dP/p.

We note that in the appendix of [1] it was stated that we
could consider the barotropic Euler fluid with P = Cp?, in
which case, in the action below (2.5), we would replace the
term with Bd,ji by a term with B7~!. However, one of the
reasons we consider our gauge theory action for the Euler
fluid is that we want to obtain a topological gauge
description for the fluid Hopfion (just like Tong obtained
a topological gauge description for the coastal Kelvin
waves), and for the Hopfion P as a function of space,
but p is constant.

Further, we define ji by

U
Ogfi = —, 2.4
(2 m ( )

which is introduced because we want to make /i a variable
in the action, and by partial integration its equation of
motion is dy on what it multiplies equals zero, rather than
just what it multiplies equals zero.

The result of this is that the j equation of motion will
enforce dyB = 0, so dyp = 0 (density constant in time), and

by the continuity equation this also means v. (put) = 0.
We could find no way to avoid such a restriction, so we
obtain a gauge description of the Euler fluid only in
this case.

We then write the gauge theory action for the fluid

B 3
S = / dt / d*x {E—Bao,z—eﬂvaﬂabAp . (2.5)

where E,B is the gauge field strength that describes the
fluid (note that, since i, p are observables, they could only
be related to field strengths, not to gauge fields themselves),
via the definition

B = P, Ei = el-jpuj, (26)
and AM is an auxiliary gauge field, defined through the
usual Clebsch parametrization as

A, =0+ po,a. (2.7)
with a, S, y real functions that are considered the actual
variables (instead of A”).
The action in terms of these variables reads

E 3
S = /dt/ d’x [ﬁ — Boyji — €"PA,0,(po,a) |,  (2.8)

Thus, in fact, y does not show up in action.

This action is manifestly not Lorentz invariant and
instead it is invariant under rotation transformations, and
space-time translations. Due to the CS term the action is
also not invariant under parity and time-reversal trans-
formations. It is obviously also invariant under gauge trans-
formation of A, - A, +d,4 assuming that e””/’/ldyfip
vanishes on the boundary of space-time, and separately
under gauge transformations of Aﬂ.

A comparison between this action and the one used
in [1 J4 reveals the following differences: (i) here we have a
term linear in B whereas in [1] it is quadratic; (ii) in the
latter there is a term linear in A that couples to the Coriolis
parameter that our action lacks. We have not introduced this
term, since it is not present in (exactly) 2 4+ 1 dimensional
Euler fluids, only in the shallow water fluids (2 + 1
dimensional velocity, but also height of the water, however
small). Formally, we could consider such a term without
worrying about where it comes from, just an fe"u/ on the
right-hand side of £, and then, like for [1], this would give
an fA term in the action. But this is implicitly added in the
next section, where we couple to external electromagnetic

’The Clebsch parametrization in the case of fluids was
described in gauge theory language in [14], which also discusses
anomalies. In [15], the group theory version was used to construct
various topological terms.

*In [16], the fluid equations of [15] were also found to be
equivalent to a Chern-Simons action, using a Clebsch para-
metrization for the gauge field.
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fields Ee,Be: we just need to shift the external magnetic

field as
e e
—B,»>—B,+f, (2.9)
m m

and we obtain the desired term.

Next we consider the equations of motion associated
with the variations of A, fi, ¥, @, and 8. We see now that the
ji equation of motion gives

0yB = dpp = 0 = B = constant(t), (2.10)
instead of just B = p = 0 in the case we wrote simply y/m
and not dy/i in the action, which would have made it a trivial
fluid. As it is though, the action only describes time-
independent densities p, but that is enough for our
purposes.5

Then, first we see that y is a pure gauge, so it has no
equation of motion, whereas the equations of motion of
and « are

Ba + €E;0;a =0, BB+ €E0;p=0, (2.11)
and then defining E; and B as the “electric” and “magnetic”
fields of Aﬂ, such that for instance

E; = poa — (0,f); (2.12)

from the above a and S equations of motion we get

~ Ei ~
E,=—B.

= (2.13)

Then the Gauss constraint, i.e., the A, equation of
motion, gives

(2.14)

and, considering that E;/B = €;;u/ and that 9;(¢Vu;) = @
is the 2 + 1 dimensional vorticity, replacing in the above
equation of motion we get

The Bianchi identity for the gauge field A, is
€9, (0,A,) =0, (2.16)

and it becomes

*Note that [2] consider a term BP in the Lagrangian for their
shallow water action, but that is necessarily an external pressure
field, not a dynamical one as we take here.

00B + € (0,E;) = 0 = dpp + 9;(pu’) = 0, (2.17)
i.e., the continuity equation. Since from the equation of
motion of f, dyp = 0, it implies that the action describes
flows for which
=1 —
V - (pu) = 0. (2.18)
Finally, the Euler equation appears from the A; equation
of motion of the action, combined with the relation E; =

€; juj , obtained previously. Indeed, the A; equation is

E\ 1 E 8
which translates into
N R oP
60(€iju‘l) +§€,j()](u2) + €ij17 = EUE] = —u;w, (220)

and it is easy to see that, by multiplying the equation by €/,
the left-hand side, minus the term on the right-hand side,
becomes equal to

—0,(u*) — u;0;u — 0P =0, (2.21)

i.e., the Euler equation.
An interesting observation is that, taking d; on the A;
equation of motion (2.19), and using (2.14), we obtain

E .
000; (E) — 9B = €0, E}, (2.22)

which is a Maxwell equation in 2 + 1 dimensions for A/r

A. The energy-momentum tensor

For the calculation of 7', the CS term does not count (it

is independent of the metric), so consider the action

E2
S= [ dt | d®x|= — Boyj|.
o 55 53]
We will consider the Belinfante energy-momentum
tensor. In general, we first couple to a metric, and then write

ro—_ 2 8=eL) oL
HY \/_—g 59;41/ 59141/

(2.23)

+ g L. (2.24)

First, we need to understand the fluid system better, to
understand what we will be comparing against. For a fluid,
we have

T, = putu? + P(n,, + u,u,), (2.25)
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where, however, p refers to the comoving (in the local
center of mass of the fluid) total energy density, so is really

dN
P = Po = Moy = Mo~

2.26
v, (2.26)

where my, is the rest mass of the fluid particle, and dV, is
the volume element in the center-of-mass system, related
to the moving frame by dV, = ydV. In a nonrelativistic
approximation, u® =y, so ug~—1—2%/2, and u’ = yv',
so u; ~ v'. Then, in the moving frame,

Too=71p=p+pv?,  To=—pv,

T;j~pvv; + PS (2.27)

ijs

and p really refers to p,. The energy of the fluid is then

2
E:/dVyzp:y/dVOp:/dVo {p—l—p%]. (2.28)

However, to this rest + kinetic energy of the fluid parti-
cles we can add the subleading term of the potential
energy [dV,P.

In the nonrelativistic approximation, the total energy
contains the term with the rest energy density p, and we
integrate over the rest volume, as well as the kinetic energy
density. With the map E; = ¢;;pv;, B = p, the action S
above contains only the kinetic energy density (thus
omitting the rest mass energy), minus a potential term
which, for constant p, is just PdV,. The rest mass energy is
neglected since we consider the case d,p = 0.

The continuity equation and the Euler equation appear,
as usual, from the 0 and i components of &7, = 0 for the
fluid, respectively (after we use the O component in the i
component also). The difference now is that d,p = 0 and,
instead, we keep just the subleading term with 9,(pv?/2), in
the 0 component.

To construct T, from the action S, we couple to the
metric as follows. First, since —E; = Fy; and F;; = ¢;;B,
€1, = +1, and we keep these relations even in the case of a
nontrivial metric, we write

E = —FoF" = —FoiF 9" "
== (FOiFOjgoogij + FOjFikQOigjk) .
2B = g*g"e; i F i, (2.29)

and we obtain

;o2 85 28 (P Boi
0= =959 2B \2B K
_, -
=73 + Boyji <> P + poyji. (2.30)

The T; components are obtained from the Lagrangian
density term

Oj ik F .
L__{w]_;_ ., (2.31)

2B
SO we obtain

oL

0i 6901

—e;; B < —puv;. (2.32)

The T;; components are obtained by varying both the E
terms and the B terms with respect to ¢”/, so

N

E N
+ <ﬁ - Ba()/,t> 51-]-

2 2
_EE+ By (E >5U

2 88§  EE; E
=—— I+E5,]+2Baoﬂ6”

— + Bopji
B + Boyji

5 (2.33)

Explicitly, this gives

E? E? v? v

B 2B 2
E? [E* 2 (pR
Ty = —L 4+ [ == + Boyji 24 (=4 poyji
2 B+<2B+ oﬂ)<—>P2+<2+Poﬂ>
E\E, V10
T, =— — 2.34
12 B =P 3 ( )

We see that we obtain the correct fluid energy 7'

Ju» EXCEPL
for an extra term pv?/26; j» an extra momentum flux that
should be related to the nonrelativistic corrections to p
that we kept: in 0°T; + ¢/ T;;=0, we get an extra
—,;0,(pv?/2) from the first, and an extra 0;(pv*/2) from
the second, cancelling under the assumption of a kinetic
energy depending explicitly only on time.

A much more interesting case would have been the
viscous Navier-Stokes case. However, it is not easy to
generalize to the presence of the viscous term in the energy-
momentum tensor, because of the complicated nature of the
equations in the gauge theory form. We have not been able
to find the gauge theory action that corresponds to the
Navier-Stokes fluid.
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III. EULER FLUID COUPLED TO
ELECTROMAGNETISM IN GAUGE
THEORY FORM

In this section we consider the Euler fluid equations
coupled to external electromagnetism, as considered by
Abanov and Wiegmann [5]6 in 3 + 1 dimensions, and then
by us [6] in 2 4+ 1 dimensions, with equations of motion

=1 -
op+ V - (pii) =0,

R

poul + 0P+ plii- Vyu == (E, + i x B,), (3.1)
m
which in 2 + 1 dimensions gives the Euler equation
Du' e, . -
o+ 0;P = —~ (EL + B.e'u;), (3.2)

where Ee,Be are the true, external (i.e., nondynamical),
electromagnetic fields, and we have put ¢ =1 for
simplicity.

It is perhaps clear (at least a posteriori, after figuring it
out), that the correct way to incorporate the electromagnetic
fields into the gauge theory action is to add another Chern-
Simons term (or rather, BF term) coupling the gauge fields
A, and Aj (electromagnetic), so the final action is

E? 3 »
S= / dt / d*x [ﬁ — Boyji — €"7A,0,A,

+— W’AﬂaﬂA;} (3.3)

Then the a, # equations are unchanged, so is the Bianchi
identity for A,, giving the continuity equation, but the

Gauss law constraint (equation of motion for A,) gets a new
contribution from the added term, so is now

E; L e
;=] —-B+—B°=0, 34
(5)-5+2 (34)

and gives

~ e
B=w+—B°. (3.5)

m

From the a and f equations, we get
- E; . . e .

Then the equation of motion of A; contains two extra
terms, one directly from the coupling of A; to EZ, and one

%See also the earlier paper [17] for Euler fluids coupled to
electromagnetism and anomalies.

indirectly, from the fact that now E; contains the extra B¢
term above, giving

oo G Hoe e
D,(e"u) —|—€’~’0j%+%u B¢ —ge”Ej, (3.7)
which is nothing but the Euler equation coupled to external
electromagnetism, as we wanted.

The Maxwell equation for A 4 in (2.22) is then modified as

Ei B € ne ij L € re
606,<E> :a()(B_ZB ) :€]61<EJ_ZE/> (38)

A. Shallow water equations coupled to
electromagnetism, and gauge theory form

Here we make a small aside, and note that we can also
couple the shallow water equations to electromagnetism,
and write it in gauge theory form, just as above for the
Euler case.

Indeed, the shallow water equations coupled to electro-
magnetism (for velocity u’ and height & of the fluid) are

- -
Oh+hV i =0,
Du'
Dt

L e . .
= felu = goih +— (E +€;;u'B,), (3.9)

where f is the Coriolis parameter, g is the gravitational
acceleration, and E%, B, are the true external electric and
magnetic fields.

Again, the correct way to introduce the coupling to
Ei, B, in the gauge theory formulation is to introduce an
extra BF term, of the type AdA,, namely to modify the
gauge theory action in [1] to (here, as before, we have the
Clebsch parametrization Aﬂ = 0 + fo,)

E g .
S= / did*x [ﬁ - EB2 + fAg— €A, 0,A,

+ %e”’“/’AﬂdyA;] . (3.10)

Indeed, again one finds that only the Gauss constraint
(equation of motion for A) is modified, adding a term > B,

to B, which becomes

B=w+f+iB, (3.11)
m
and also implies (from the @ and f equations of motion)

- E; - i, e
E,-:EZBzefuJ(a)—f—f—f—;Be), (3.12)
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as well as the A; equation of motion, in which we get an
extra term from the coupling of A; to EJ, and an indirect
term, via the contribution of B to E; above,

E; 1 E* ~ e j
at <§l> —1—56116 <?> + geljajB - €1JE/ + Ze,-jEé =0.

(3.13)

When substituting the map to the fluid, we get indeed the
shallow water equation coupled to electromagnetism,

D, (ew) + ful +g€ij0,~h+£uiBe ~C gl =0. (3.14)
T m m

IV. 2+1 DIMENSIONAL HOPFION AS A GAUGE
THEORY TOPOLOGICAL MODE

Similar to the way Tong found the coastal Kelvin waves
of the shallow water equations as chiral boundary modes
(topological modes) in the effective Chern-Simons theory
obtained for small fluctuations [1], in this section we want
to see if the 24 1 dimensional Hopfion solution with
constant p can be similarly understood from topological
considerations in the corresponding gauge theory.

The 2 + 1 dimensional Hopfion solution was obtained
in [3,4] by dimensional reduction of the 3 + 1 dimensional
Hopfion, which is a null (z? = 1) fluid solution obtained
from the analogy to 3 + 1 dimensional electromagnetism
with a Hopfion solution (that is also null in electro-
magnetism).

The 2 + 1 dimensional Hopfion solution has p =1, is
time independent, and has

B 2
I TN
2y
Uy =3 2"
I4+x"+y
2x
= —_— 4.1
“y 1+ x> +y° (4-1)

which gives the vorticity

4

ey 2

w = eifdiuj = -

which integrates to —4x.

A. The winding number in the gauge picture

We translate the winding number which is the integral
over the vorticity to the gauge theory language,

H= /dzxw(t, x,y) = /dzx(qu'v - ayux)

- [ E).

We would like to check if this quantity is conserved in
time. For that purpose we use the equations of motion for
A;, or more precisely the Maxwell equations (2.22) derived
from them, and find that

(4.3)

oH = / d*xd,B = / d’x€'0;E;

= / d*x€0,(0,p0,a — 0;a0,). (4.4)

Thus, the winding H is conserved in time, since it is a
total derivative, so a boundary term, that can be put to zero.
We also note that, in the more general case of coupling to an

electromagnetic field B,, Ee, if we have a constant B, and
vanishing E,, the same result applies.

B. Linearized fluctuations

Again following the logic in [1], we write a linearized
theory by expanding around a background with &. 3, p,, A "
but with a small (perturbation) velocity u' = du' and
w = 6w, s0 E;/B = ¢'u;, as

B=pB+p.
010,64 — 0,0,& = k = 0,$0,& — 0,9;& = ke,
B=py+6b, E;=de;,
A, =A,+6A,  Ay=0

a=a+gq,

= 0,A; — 0,A; = p, (4.5)
and writing simply A, for 6A,,, so B for 6b = 6p and E; for
Se; = poe'/u;. Note that we have defined
B = 0,$0,6 — 0,0,a = k, (4.6)
but the Gauss constraint of the action (3.3) is, in the above
notation for linearization,
- e
kEB:a)—i—EBe(—i—f), (4.7)
where we have put an f which is just a shift of B,, but we
have assumed that @ is a perturbation, @ = dw, so the only
way to assume k is not (as we will see that we need) is to
say that B, or f are large. That, in turn, means that the
Hopfion solution (4.1) is not valid, as it was derived at
B, = f = 0. Nevertheless, we would still like to see if there

is a quantization condition possible in this (as of yet not
considered) case for the Hopfion.
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Then the action becomes
)
» | E ~ ~ .
s— [ar [ a x[— — podoi — 8b0oji — popd
2pg

+ €VE;(q0, - paja)} . (4.8)

The equations of motion for p, g (coming originally
from Aﬂ) are

pog = —€"E;0;a, pop = —€E;0;3,  (4.9)
the equation of motion for A; is
E; = —poe;0;00fi — po€ij (51',39 —0,ap), (4.10)

and the equation for A, (Gauss constraint, for the Ag = 0
gauge) is

Replacing pgg and pgyp from the equations for g and p
into the equation for A;, and using a.,-ﬁa,& - 6,30.,-& = kej,
we obtain

But also using the solutions
pg = —€VA;0;a, pp = —€A 0 (4.13)

of the equations for p and ¢, and using 0jﬁdl& -
6,/3@& = kej;, we obtain that the Gauss constraint in the
Ay = 0 gauge becomes

and the effective action for the linearized fluctuations
becomes

S:/dt/dzx{

whose A; equation is the same as (4.12), so that the full
action (including Ay) is

AL ba i ciAA (4.15)
— Bopfi + 5 —€/AiA; |, .
2py ¢ 2po ’

1
S= " dt/ dzx[E2 —2Bpy0yfi — ke””/’Aﬂ()yAp}, (4.16)
£0

which contains now a true CS term (not a BF term like the
full nonlinear theory).

Note that in fluid variables, the Gauss constraint
0,E; = kB becomes, at this linearized level,

- k
0.E; ~ poe'du; = pyw = kép = o = —dp.  (4.17)
Po

But then, from the quantization of the coefficient of the
CS term, we obtain (k/pgy) € 2xZ, so w/Sp € 2xZ, which is
the topological reason we wanted for the quantization of
vorticity @ when we perturb the constant density p, by dp,
in the background of a constant density po =1 and a
constant external magnetic field B, (or Coriolis term f).

Finally, that means that the 2+ 1 dimensional fluid
Hopfion with quantized vorticity appears because of the
existence of quantized linearized modes in the gauge theory
action.

V. AN ACTION FOR A EULER FLUID IN ANY
DIMENSION AND A 2+1 DIMENSIONAL
GAUGE ACTION

Like in the appendix of [1] (for the shallow water case
h, i), one can start with an action for the 2 + 1 dimensional
Euler fluid (with variables p, i, P), and derive the same
gauge theory action directly from it. However, now we will
focus on the Euler fluid action, and generalize it to higher
dimensions.

We start with the Euler fluid action

=2 a

pu - Dp = . Do
=—- — V. - —_— A
L 5 pao,u+¢(Dt+p u> PP Dr (5.1)

where ¢ is a Lagrange multiplier and o, 3, are variables
from a Clebsch parametrization of the velocity i, as we
will see.

In this action, the first two terms are obvious. Indeed, the
first term is just the kinetic term of the fluid, the second is
= —pu/m, where —ou/m = —dP /p, so the term is just (at
least if p is constant) P, so for the Lagrangian L (not the
Lagrangian density £) this would be — [ PdV, giving a
potential energy. The third term just enforces the conser-
vation of the energy density p,

+ ¥V (pii) = 0, (5.2)

with the Lagrange multiplier ¢. The last term is more
unusual but is the exact analog of the corresponding term
for the shallow water action in [1].

We then have equations of motion for the varia-
bles p, i, P, a, p,,.

We want to obtain the Euler equation from the
Lagrangian, which in our definitions is

—
pi VP = =
e = _Vu=-Vau. .
D p H o (53)
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(1) The equation of motion for p gives

D¢ i* oP

= 4
Dt 2 p (54)

(ii) The ¢ equation of motion gives, as we said, the
conservation of p (the continuity equation),

= -
o,p+ V- (pu)=0. (5.5)
(iii) The a” equation of motion gives
g -
at(pﬂa) + V- (pﬂau) =0, (56)

but using the conservation of p above, this gives the
conservation of f,,

Dp,

—
Dt = atﬁa + V. (ﬂau) =0. (57)
(iv) The pB, equation of motion gives the conservation
of a?,
D a
T 0. (5.8)
Dt

(v) The equation of motion of i gives the form of 4 in a
Clebsch-like parametrization,
. — —
u=V¢+p,Va (5.9)
Now the Euler equation is obtained as a combination of
the u, a%, B,, and p equations.

We first use the # equation of motion (the resulting
Clebsch-like parametrization) to calculate first

Du!
Dt

=ou + V. Vi

= 0,0, + 0,(f,0,0") + u/0;(0;p + f,0;0")

= 0,0, + (0;)0;¢p + (0,8,) (;0") + (w/9;,,)(d;x")
+ Budida + B (00,0, (5.10)

In the last expression, we use the p equation of motion
D¢ /Dt = 0 in the first line, the second line vanishes due to
the a* equation of motion (that used also the ¢ equation, the
p conservation, as we saw) Df,/Dt = 0, and in the third
line we use the g, equation of motion Da“/Dt =0, to
obtain

Du' o o 7
- = ~Pu(duw)ojat — (Fu)oyp+ I = 00

= —0'0,i. (5.11)

where in the last equality we have used again the equation
of motion of u;, that d;¢ + f,0;a" = u;.

We see that we finally obtained the Euler equation, as we
wanted.

The above action is trivially generalized to 3+ 1
dimensions, as nothing in it, not the action, and not the
above derivation, depends on dimension.

The equation of motion for i in the above action gives
the Clebsch parametrization for the velocity (5.9), which is
true in any dimension. In particular, it has been used in
3 4+ 1 dimensions, as we note in the next subsection.

.
We can also integrate by parts Dp/Dt = d,p + i - Vp,

in order to obtain p as a common factor of the action,

obtaining the Euler action in general dimension’

Da“
Dt

u? D¢
L=p|=——0pji———
P 3 oM Dt

Pa (5.15)

The transition to a gauge theory action works, however,
only in 2 + 1 dimensions.

We introduce the Lorentz covariant parametrization
C, = 0,¢, and consider now C, as the independent field,
and impose the parametrization with the new Lagrange
multiplier = gauge field A,, via a new term in L,

=2 ) Da*
Lop % = dufi = (Co + W' C) = | + €7 A,0,C,.
(5.16)

Then the equation of motion for C gives

BEa]AZ—azAl =p, (517)

"This action has essentially been used by [7], as we became
aware after the first version of this paper was posted on the arXiv.
Indeed, in [7], one uses the Lagrangian

1
L=-ja, +§p172 -V, (5.12)

where V is some potential giving a pressure (or force), and

J* = (cp, p¥), a, = 0,0+ a'd,p, (5.13)
so the auxiliary gauge field @, is given in a Clebsch para-
metrization.

Writing explicitly, we have

¥ V. DO  Dp
a

(5.14)

We see that it is basically our action, since — [ V/p = [ dpfi. It
is not clear to us whether [7] meant for it to be used in any
dimension (since in fact, they did not have indices i on o, #, but
rather a single set).

Note that the extension of [7] to cases with spin was done in [18].
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the equation of motion for C; gives

E; = —(0A; — 0iAg) = €ijﬂ”j7 (5.18)

and the rest are as before.

Imposing these equations of motion amounts to dropping
the terms —p(Cy + u'C;) and e"’A,0,C, from the action,
and replacing (p, u') with (B, E;) according to the above
map, which gives

pit E
2 2B’
Da“ )
ﬂaﬁ = (p)ﬁaataa + (puj>ﬂaajaa

= (0142 — 0A1)B.0,0" — (9,A; — 9;Ag)e™B,0;0"

= e"”ﬂ(aﬂA,,)ﬂaapa“. (5.19)
Thus the action becomes
2
L= 2B Boyji — e"”/’(aﬂA,,)ﬂaapa“, (5.20)

which is just the action (2.5) with the Clebsch paramet-
rization (2.7).

A. The ABC flow, in Clebsh and gauge field

representations
As an example of the Clebsch parametrization for Euler
flow in the case of 3 + 1 dimensions, the standard ABC
flow® solution of the Euler equations in 3 4 1 dimensions,
u, =x=>bsiny — ccosz,

U, =y =csinz—acosx,

u,=z=asinx—bcosy, (5.21)
can be written in the Clebsch parametrization,
o — — —
u=Veo+pVa +p Va2, (5.22)
where [19]
¢ = z(asinx — bcosy),
p1 =bsiny —ccosz—azcosx,
Pr =csinz —acosx — bzsiny,
a; = X,
a = y. (5.23)

*We thank P. Wiegmann for bringing the ABC flow to our
attention.

Can one map the ABC flow to a gauge field configura-
tion? In [3,4] we proposed a map between fluid and gauge
dynamics by mapping the corresponding components of the
energy-momentum tensor. This map to ordinary Maxwell
theory in 3 4 1 dimensions is valid for #*> = 1 (null motion,
uu, = 0) and takes the form (here a =1, 2, 3)

- -

1= =
Too = p <—>§(E2+Bz), Ty = pu, <> [E x BJ..

(5.24)

We start with the degenerate ABC flow where

b=c=0,a = 1. In this case the flow vector is given by

7 = (0, —cos x, sin x), p=1. (5.25)

It is easy to check that in this case the corresponding
electric and magnetic fields are given by

E=(1,0,0),

- . — - -

B = —(0,sinx,cosx) =V xA=A
= —(0, sinx, cosx) = B. (5.26)
It is interesting to note that the dual (electromagnetic)

of this special ABC flow is a “null configuration” [20]

obeying

-

E-B=0, E =B (5.27)

As such the electromagnetic fields admit conserved
nontrivial helicities, in particular the nonzero magnetic-
magnetic helicity,

Ho = /d3x;{-§ = /d3x(coszx+ sin? x) = /d3x.
(5.28)

Note however that this magnetic field B does not obey
the (free, vacuum) Maxwell equations, since

VxB= —(0, sinx, cos x) = B, (5.29)

so at most it can be interpreted as being sourced by a current
J= —(0, sinx, cosx) = B (but the electromagnetic helic-
ities are usually defined for Maxwell fields in vacuum).

Next we can express the electric and magnetic fields in
terms of two complex scalar fields @ and f using the
Bateman formulation [20], namely

= - - — —
F=E+iB=VaxVg. (5.30)
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The complex scalar fields that yield the electric and
magnetic fields given above are
=Yy —IiCOoSX,

p = z+ isinx. (5.31)

In the Bateman formulation, half of the (free, vacuum)

Maxwell’s equations are automatic, ? F= 0, while the
other half are

— — — - —

V xF=id,F = i(0aVh-0pVa)=F=Vax VA,

and these are not satisfied, since d,a = 9, = 0, a statement
equivalent to

g - -

V XE+9B#0,

— - -
V x B—09,E #0, (5.33)

which we already noted happens in this case

(V x B — 0tE =B now).

Can we map a more general ABC flow to electromag-
netism? The answer turns out to be no, as we see now.
Basically, the problem is that the map is only valid for
#? = 1, which for the ABC flow becomes

a’> 4+ b> + ¢* — 2bcsiny cos 7 — 2ac sin y cos x

—2absinxcosy = 1, (5.34)
which we can easily see that it cannot be solved for
arbitrary x, y, z in the case of nonzero a, b, c. In fact, in
order to have a solution at arbitrary x, y, z, we need to have
at least two of a, b, ¢ vanish, so that ab = bc = ac = 0.

We also note that the special case considered, with
b =c =0, obeys the two-dimensional relations (here
i=1,2)

E?, B=|E

. (535)

where B = B, and E; = (E,, E,) correspond to the for-
mulation of the 2+ 1 dimensional electromagnetism
(though, of course, it is not quite 2 4+ 1 dimensional, since
all are functions of the third coordinate, z).

Finally, in this case, also the space-space components of
the energy-momentum tensor match between the fluid and
electromagnetism, since (replacing B, = BS,; = |E" |63 in
the electromagnetic T ;)

Ty = pitgty, = |E*|6, — E,Ep — |E* 8,383, (5.36)
which we can check separately for the cases a =3 =z
and a,b #3 =z.

VI. CONCLUSIONS AND DISCUSSION

In this paper, we have written a gauge theory for the
Euler fluids in 2 4+ 1 dimensions, with or without a coup-
ling to electromagnetism. Using it, we were able to obtain
the quantization of vorticity of 2 + 1 dimensional Hopfion
solutions from the quantization of the level of Chern-
Simons. As a small aside, we have also coupled the shallow
water equations to electromagnetism, and wrote the result-
ing equations in gauge theory form. We have also written an
action for the Euler fluid in any dimension, using the
Clebsch parametrization for the Velocity.9

There are several open questions that deserve further
research. In particular, we note the following:

(i) Animportant challenge is the quest for gauge theory
formulation that corresponds to the Navier-Stokes
fluid in 2 + 1 dimensions.

(i) We derived the action for an Euler fluid coupled to
an electromagnetic background. A not less interest-
ing phenomenon is the incorporation of the electro-
magnetic interactions of the fluid itself.

(iii) The action we derived for the Euler fluid in any
dimensions includes a Lagrange multiplier term for
the continuity equation. It would be more elegant to
have an action that yields that equation not due to a
Lagrange multiplier.

(iv) The study of the interplay between fluid flows and
topologically nontrivial electromagnetic solutions
has been touched upon in this paper. There are
several additional questions about it, in particular,
the use of special conformal transformation to derive
novel solutions following [20].
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