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The topology of photons in vacuum is interesting because there are no photons with k = 0, creating a
hole in momentum space. We show that while the set of all photons forms a trivial vector bundle y over this
momentum space, the R and L photons form topologically nontrivial subbundles y, with first Chern
numbers F2. In contrast, y has no linearly polarized subbundles, and there is no Chern number associated
with linear polarizations. It is a known difficulty that the standard version of Wigner’s little group method
produces singular representations of the Poincaré group for massless particles. By considering repre-
sentations of the Poincaré group on vector bundles we obtain a version of Wigner’s little group method for
massless particles which avoids these singularities. We show that any massless bundle representation of the
Poincaré group can be canonically decomposed into irreducible bundle representations labeled by helicity,
which in turn can be associated to smooth irreducible Hilbert space representations. This proves that the R
and L photons are globally well defined as particles and that the photon wave function can be uniquely split
into R and L components. This formalism offers a method of quantizing the electromagnetic field without
invoking discontinuous polarization vectors as in the traditional scheme. We also demonstrate that the spin-
Chern number of photons is not a purely topological quantity. Lastly, there has been an extended debate on
whether photon angular momentum can be split into spin and orbital parts. Our work explains the precise
issues that prevent this splitting. Photons do not admit a spin operator; instead, the angular momentum
associated with photons’ internal degree of freedom is described by a helicity-induced subalgebra

corresponding to the translational symmetry of y.
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I. INTRODUCTION

Following the breakthrough discoveries of the quantum
Hall effect, the Berry connection, and the existence of
topological insulators in condensed matters with periodic
lattice structures, topology has played an increasingly impor-
tant role in physics. It is now understood that there is inherent
topology in wave physics, and researchers have studied the
topological properties of waves in various continuous media
such as fluids [1-6] and plasmas [7—12]. Here, we examine the
topology of a simpler system, that of Maxwell’s equations in
vacuum. That this system can exhibit topologically nontrivial
behavior is due to the fact that there are no photons with wave
vector k = 0, creating a hole in the momentum space M.
We will show that the collection of all wave solutions in
Fourier space form a vector bundle y over M, which we call the
photon bundle.

Using this framework, we give an extensive study of the
topological properties of photons by examining the topo-
logical properties of y and its subbundles. We give two
proofs that the photon bundle y is topologically trivial. The
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first is an abstract proof using Chern numbers and results
from low-dimensional topology. The second proof involves
an explicit construction of two linearly independent,
globally defined polarization vector fields via the clutching
construction from algebraic topology [13]. These are
complex polarization vectors perpendicular to the wave
vector k, and are mathematically equivalent to sections of
the complexification of TS?, the tangent bundle of the two-
sphere. It has been claimed in some quantum field theory
textbooks [14,15] that such global polarization vectors do
not exist as they would violate the hairy ball theorem,
which states that the tangent bundle of the sphere 7'S? is
nontrivial ([16], Theorem 1). However, as we show, the
hairy ball theorem only applies to 7'S?, not its complex-
ification, which resolves the apparent paradox.

While the total photon bundle is trivial, we show that the
right (R) and left (L) circularly polarized photons form
globally well-defined nontrivial subbundles with first
Chern numbers F2. These Chern numbers were also
obtained by Bliokh et al. in their study of the quantum
spin Hall effect [17]. They calculated the Chern numbers
via the Berry connection, which is a geometric quantity, but
the concepts of vector bundle and subbundle were not
defined or discussed. We emphasize that it is crucial to
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establish the topological structures of vector bundles before
calculating their Chern numbers. Owing to the Chern-Weil
homomorphism, a deep result from differential geometry,
the Berry connection can be used to calculate the topo-
logically invariant Chern numbers [18]. Generally though,
quantities derived from the Berry connection will depend
on the geometry as well as topology of the underlying
vector bundle. Indeed, while Bliokh ef al. [17] also define
the spin Chern number of light, we show that this quantity
is not a true topological invariant like the ordinary Chern
numbers.

To further illustrate the importance of vector bundle
structures, we investigate the familiar linearly polarized
photons. As circularly polarized photons have nontrivial
topology characterized by nonvanishing Chern numbers,
one might guess the same is true of linear polarizations. We
show that this question is actually ill defined as there are no
linearly polarized subbundles of y. This implies that linear
polarization is only a locally defined concept in momentum
space, and it is meaningless to discuss its topology or Chern
number.

Inaddition to these purely topological results, we study the
interplay of this topology with the geometry of light, that is,
with Poincaré symmetry. Poincaré symmetry plays a funda-
mental role in the theory of photons as elementary particles,
both massive and massless, are defined as unitary irreducible
representations of the Poincaré group. Conventionally, these
are assumed to be vector space (in particular, Hilbert space)
representations, and are classified via Wigner’s little group
method [19,20]. This theory works well for massive par-
ticles; however, a topological singularity occurs when the
mass is taken to zero. In this limit, the momentum space
jumps from being a topologically trivial mass hyperboloid to
the nontrivial light cone. This results in nonsmooth massless
representations generated by the standard little group
method. This difficulty has been noted by others [21,22].
Here, we present a solution to this problem by considering
vector bundle representations rather than vector space
representations. Such representations are known to mathe-
maticians under the name of equivariant vector bundles, but
they are rarely used in physics. As such, we will develop
the necessary theory here. Using these vector bundle
representations, we present a version of the little group
theory for vector bundle representations that does not
encounter discontinuities. We prove that massless irreduc-
ible unitary vector bundle representations of the Poincaré
group induce corresponding unitary irreducible representa-
tions on the Hilbert space of bundle sections, and thus
correspond to particles by the conventional definition. We
apply this method in the case of photons to show that R- and
L-polarized photons are a massless unitary irreducible vector
bundle representation of the Poincaré group labeled by
helicity, and thus correspond to globally well-defined
particles.

This equivariant bundle formalism also lends itself to
other problems in the theory of photons. The standard quan-
tization of the electromagnetic field in the Coulomb gauge
involves expanding the field in global R- and L-polarization
bases which cannot be continuous [14,15,23]. While con-
tinuous global R- and L-polarization vectors do not exist,
the R- and L-photon bundles are well defined. Using
projections onto these bundles, we show that the electro-
magnetic field can be quantized to obtain the usual QED
creation and annihilation operators without using discon-
tinuous bases.

Lastly, there has been a long debate as to whether photon
angular momentum can be split into spin and orbital parts
[17,24-30]. It is known that the most commonly proposed
“spin and orbital angular momentum operators” satisfy
peculiar commutation relations, different from the 80(3)
commutation relations expected of angular momentum
operators [25,26,30]. Our theoretical study of the massless
vector bundle representation confirms that photons do not
admit a spin operator. We show that the proposed “‘spin
angular momentum operator” is neither spin nor angular
momentum, but a three-dimensional commuting subalge-
bra corresponding to the R? translational symmetry of the
photon bundle characterizing the photons’ internal degree
of freedom.

This paper is organized as follows. In Sec. II, we
construct the total photon bundle y and give two proofs
that it is trivial. The second proof is used to explicitly
construct two linearly independent global polarization
vector fields. In Sec. III, we show that R and L photons
form well-defined subbundles of y that are topologically
nontrivial. We also show that no analogous linearly
polarized subbundles exist. In Sec. IV, we define vector
bundle representations and develop a modified little group
construction. These are used to classify photons as unitary
irreducible vector bundle representations of the Poincaré
group. We prove that massless irreducible vector bundle
representations of the Poincaré group naturally induce
unitary irreducible Hilbert space representations, and thus
correspond to particle via the conventional definition. In
Sec. V, we apply our theory to three problems in the theory
of photons: the geometric nature of the spin Chern number,
the quantization of the electromagnetic field, and the
decomposition of photon angular momentum into spin
and orbital parts.

II. TOPOLOGY OF THE PHOTON BUNDLE

Consider photons in the vacuum, defined as the eigenm-
odes of Maxwell equations,

0, €E=VxB (1)

oB=-VxE& (2)
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V-£E=0 (3)
V-B=0, (4)
where ¢ has been normalized by 1/c¢ and has the unit of

length. Via the Fourier transform, the fields can be
expressed as

4

B - | (jﬂ’; b B(0) (s)
4

B0) = [ e B0 (©

where we have used the four-vector notation x* = (z,x)
and k" = (w,k), along with the flat spacetime metric
N = diag(—1, 41,41, +1). As Maxwell’s equations have
areal discrete spectrum, the momentum space fields can be
written as

B(k) = 22) 0w — (k) E; (k) (7)

B(k) =25 8( — ;(k))B; (k). (®)

where the w; and E; are solutions of the eigenvalue

problem
E; E;
) ols) 0
B; B;

S

k-E,=0 (11)
k-B;=0. (12)

The spectrum of H has six eigenmodes (photons) divided
into three twofold degenerate groups:

(I) Two transverse photons with @, = |k|=
NCEEE
(2) Two transverse antiphotons with w_; = —|k|.

(3) Two longitudinal photons with @y = 0.

The longitudinal photons are forbidden by the trans-
versality conditions (11) and (12), although they can appear
as virtual photons in QED [31]. Furthermore, since the
spacetime fields £ and B are real, the momentum space fields
must satisfy E_; (k) = Ej(—k) and B_, (k) = Bj(—k), and
thus the transverse antiphotons are not independent of the
transverse photons. Therefore, we need only analyze the

transverse photons, which will henceforth be referred to just
as photons with E = E| and B = B;. The condition ® = |k|
says that photons reside on the forward light cone £, in
4-momentum space. Note that the origin is not contained in
L. Physically, this corresponds to the fact that &# =0
modes are stationary and do not propagate at the speed of
light, and therefore are not photons. Mathematically, the
origin must be removed in order for the forward light cone to
be a regular submanifold of Minkowski space. £, is a three-
dimensional manifold homeomorphic to R*\ {0} with coor-
dinates givenby k = {k,, k,. k. } # 0. Ateachk, the twofold
degenerate photon eigenvectors form a C? vector space
consisting of vectors E satisfying E -k = 0. Note that
B =k x E, so these vector spaces can be described purely
in terms of the electric field. Since H is smooth and the
dimension of the eigenspaces is constant, the eigenspaces for
all values of k fit together to form a rank-2 complex vector
bundle z: y — £ over the light cone, which we term the
photon bundle. Here, 7 is the projection of the bundle y onto
the base manifold, and y (k) will denote the fiber at k. y is a
Hermitian bundle with respect to the Hermitian product
inherited by embedding E in C>. That is, for two vectors
vectors E,, E, € y(k),

(E,.Ep) = E; - E,. (13)

We are concerned here with the topology of photons,
which is equivalent to the topology of the bundle y. If the
base manifold £, were contractible, then y would neces-
sarily be trivial ([13], Corollary 1.8). Recall that a rank-r
vector bundle over M is trivial if it is isomorphic to the
trivial bundle M x C’, or equivalently, if there exist r
nonvanishing sections of the bundle which are pointwise
linearly independent. For example, for massive particles,
the momenta k* form a mass hyperboloid (k°)> —k -k =
m? which is homeomorphic to R3 and thus contractible. As
a result, massive particles in vacuum do not allow for
nontrivial topology. However, for massless photons, the
base manifold £, = R*\{0} is not topologically trivial in
the sense of homotopy, so it is not obvious if y is a trivial
bundle. The following theorem is one of the main results of
this paper:

Theorem 1. The photon bundle y — R3\{0} is trivial.

We will give two proofs of this result in the next two
sections. The first is purely abstract using the machinery of
Chern classes and results from low-dimensional topology.
The second proof utilizes clutching functions which has the
advantage of giving an explicit construction of linearly
independent sections of y.

We give some remarks about Theorem 1 before present-
ing the proofs. It is often more convenient to work with y |,
the bundle obtained by restricting the base manifold of y to
the unit sphere S? € R3\ {0}, rather than with y itself. Since
R3\ {0} deformation retracts onto S, the bundles y and 7|
are essentially topologically equivalent. In particular, the
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rank-r vector bundles over R*\{0} and S? are in bijective
correspondence ([13], Cor 1.8). Bundles over R*\{0} map
to bundles over S? by restricting the base manifold. If we
denote by r: R3\{0} — $? the projection k — k, then the
inverse mapping sends a bundle & over S? to the pullback
bundle r*¢& over R3\{0}.

There are two main advantages to working with S?, the
first being the immediate observation that since the electric
field is transverse to k, y|q is isomorphic to TCS? =
TS? xp C, the complexification of the tangent bundle
TS? of the sphere. Thus,

Lemma 2. The photon bundle y is trivial if and only if
vl = TCS? is trivial.

This lemma allows the use of specialized techniques that
apply to bundles over spheres such as the clutching
construction. Unlike R*\{0}, S? also has the advantage
of being even dimensional and thus possessing Chern
numbers in addition to Chern classes. This is useful
because Chern numbers are simply integers rather than
cohomology classes.

By Lemma 2, the question of whether or not y is trivial
can be rephrased by asking if it is possible to smoothly
choose polarization vectors E for each direction k. It can
also be interpreted as asking is it possible to have photons
traveling in all directions simultaneously. This issue shows
up in many treatments of QED when quantizing the
electromagnetic field [14,15,23]. Just prior to quantization,
the Coulomb gauge vector potential is usually expressed in
the form

e~ e, (k)aj(k)

=3 7

3
T eler ()a (k)] K

(2z)>"

Here, €;(k) are polarization unit vectors which are sup-
posed to satisfy the transversality condition €;(k) -k =0
imposed by the Coulomb gauge condition V - A = 0. This
gauge condition imposes the same transversality constraint
on the €; that Gauss’s law imposes on E, and we see that
a;(k)e;(k) and its conjugate can be considered as sections
of y. Despite using this expansion, Tong [14] and Woit [15]
claimed that no continuous functions €;(k) actually exist.
Indeed, this is true if one requires the €; to be real, that is, if
one considers only linear polarizations. In particular, if the
e; are real, then they are sections of 7S? when restricted to
S2 By the hairy ball theorem, there are no continuous
nonvanishing sections of TS?. Despite this fact,
Staruszkiewicz attempted to construct real, global polari-
zation vectors [32]. These vector fields are not actually
global though as they are only defined on stereographic
coordinates and thus exclude one of the poles of the

(14)

momentum sphere. Since we are working in momentum
space, it is natural to work with complex polarization
vectors, not just linear polarizations. R- and L-circular
polarizations play a particularly important role due to their
invariance under Lorentz transformations. The question can
then be asked, is it possible to comb complex hairs on a ball
flat? By explicit construction, it is indeed possible.

Theorem 3. There exists at least one nonvanishing
section of the bundles y and y|g = TS?.

Proof. Consider the sections of y:

E, (k) = (0,k,.—k,), (15)
E,(k) = (=k,.0.k,). (16)

Then
u=E, + ik, (17)

is a nonvanishing section of y since

lu| = \/ K2+ k2 + 2k% > 0. (18)

By restricting # to S? one obtains a nonvanishing section
of }/|Sz ~ TC82, u
Thus, it is possible to consistently choose at least one of
the €. However, to prove Theorem 1, one would need to
construct a second linearly independent polarization, which
is a much harder task. For example, while one might guess
that u’ = E| — iE, may be such a vector field, u and u’ are
linearly dependent at any k where E; or E, vanishes. We
note that Folland [23] states without proof that two such
complex polarizations do exist. However, to our knowl-
edge, there is neither an explicit construction of such
polarizations nor a proof of their existence in the literature.
We fill in these gaps in the remainder of this section.

A. Proof of Theorem 1 via Chern numbers

The first proof of Theorem 1 relies on Chern classes, the
characteristic classes of complex vector bundles. An
advantage of this approach is that Chern classes are
commonly used in physical applications of topology, such
as in the study of topological insulators and the topological
properties of waves.

By Lemma 2, it is sufficient to show |, is trivial. We
begin by proving that all of the Chern classes ¢; of y| s,
are 0.

Definition 4 (Conjugate vector bundle). Let z: £ - M
be an n-dimensional complex vector bundle. On each fiber
E,, p€M, define multiplication of a complex number
a+ ib € C with a vector vE€ E, by

(a +ib)v = av — ibv, (19)
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which forms a new complex vector space E »- Then
E=E, (20)

is defined to be the conjugate bundle of E.

In general, complex vector bundles are not isomorphic to
their conjugates. However,

Lemma 5. The complexification E¢ = ER ®g C of a
real vector bundle E® is isomorphic to its own conjugate
bundle E® = ER ®g C.

See Ref. [33], Lemma 15.1 for a proof. This helps us
calculate Chern classes by the following lemma.

Lemma 6. Let E be a complex vector bundle. The Chern
classes c; of E and E are related by

c;(E) = (=1)/¢;(E). (21)
See Ref. [33], Lemma 14.9 for a proof.
Theorem 7. The Chern classes and Chern numbers of y |
are 0.
Proof. Since y|g is a vector bundle over the two-
dimensional manifold $? and ¢ ; 1s represented by a 2j-

form on $2, ¢;(y|s2) = Oforall j > 1. By Lemmas 5 and 6,

ci(rls) = Cl(TCSZ) = Cl(W)
=—a(T°) = —ailrlg),  (22)

so ¢i(y]s2) =0. The Chern numbers are integrals of
products of Chern classes, so it follows that the Chern
numbers are also 0. (]

While the Chern classes do not completely classify
general complex vector bundles, this is true for certain
low-dimensional, low-rank vector bundles. Here, we show
that the vanishing of the Chern classes is sufficient to prove
the triviality of the bundle y by using results about
symplectic vector bundles, relying heavily on results from
Ref. [34]. A symplectic vector bundle is a real vector
bundle z: E — M equipped with a symplectic 2-form .
Complex vector bundles and symplectic vector bundles
have the same characteristic classes, namely the Chern
classes [34]. We have the following classification theorem:

Theorem 8. Two symplectic vector bundles E and E’
over a closed (i.e., compact without boundary) oriented two
manifold are isomorphic if and only if they have the same
rank and the same first Chern number.

Proof. Reference [34], Theorem 2.7.1. [ ]

The relationship between symplectic and complex vector
bundles is given by the following theorem:

Theorem 9. For j =1, 2 let (E;, ;) be a symplectic
vector bundle over a manifold M and let J; be a complex
structure on E; satisfying w;(v,J;v) > 0 for all v€E;.
Then the symplectic vector bundles (E|, w;) and (E,, ®,)
are isomorphic if and only if the complex vector bundles
(Ey,J;) and (E,, J,) are isomorphic.

Proof. Reference [34], Theorem 2.6.3. =

In the context of y|g, the complex structures are just
multiplication by i. We combine the preceding three
theorems to prove the main result.

Theorem 10. y|q is trivial.

Proof. For j = 1,2,letw; = a; + iff; € | (k) for some
k, where a;, ;€ R3. | s, has the Hermitian structure

(Wiwa) =wi-wy = (ay-ay +f1-fo) +i(ay - fo =B - o).

(23)
Define the bilinear form  on y|g by
w(wi,wa) = ay - fr = i - . (24)
Equation (23) can be written as
(Wi, wa) = @(wy, iwy) + iw(wy, wy). (25)

Since w is nondegenerate and skew symmetric, it defines a
symplectic form on each fiber y|g, (k). Since the Hermitian
form is smooth in k, and since w is the imaginary part of the
Hermitian form, w is also smooth in k. Thus, (y|s, ®) is a
symplectic vector bundle. Furthermore,

o(wy, iw;) = |wi]* > 0. (26)

The definitions of the Chern classes for complex vector
bundles and symplectic vector bundles agree [34], so by
Theorems 7 and 8, (y|s¢,w) is trivial as a symplectic
bundle. By Theorem 9, | is trivial as a complex vector
bundle. [

B. Proof of Theorem 1 via the clutching construction

Here we give a second proof that y is trivial via the
clutching construction [13]. Again, we proceed by showing
TCS? is trivial. One advantage of this method is that it can
be adapted to explicitly furnish two independent vector
fields on TS

The clutching construction is a method for determining
the isomorphism type of a real or complex vector bundle
over S"; here, we only consider the case of rank-2 complex
bundles over S. Consider a rank-2 complex vector bundle
7. E — 5%, and decompose S” into its upper and lower
hemispheres, S? = D% U D?. Since each hemisphere is
contractible, the restricted bundles E|j. and Ep: are
trivial. Fix a trivialization for each of these bundles, and
let [v,4,v,.] be an orthonormal frame for D%. These
frames will generally not agree on the equator D3 N D? =
S! where the hemispheres overlap, and there is a function
f: S§' = U(2) which rotates one frame into the other on S!:
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(014, 24 ](P) = f(P)[vi-, v2_] (). (27)

f is referred to as a clutching function for E.

Conversely, given an arbitrary function f: S' — U(2),
one can construct a rank-2 complex vector bundle E (see
Ref. [13], p. 22). For smooth manifolds M and N, let [M, N]
denote the set of homotopy classes of maps from M to N, and
let Vect/-(S?) be the set of isomorphism classes of rank-r
complex vector bundles over S%. The following fundamental
theorem says that the homotopy type of a clutching function
determines the isomorphism class of a vector bundle.

Theorem 11. The map ®: [S',U(2)] - Vect’(S?)
which sends a clutching function f to the vector bundle
E; is a bijection.

Proof. This is a special case of Proposition 1.11
in [13]. n

[S',U(2)] = 7,(U(2)), where x; denotes the fundamen-
tal group, and x;(U(2)) = Z, so the complex vector
bundles over S? can be labeled by the integers, with the
trivial bundle corresponding to 0. It is well known that
SU(2) is simply connected (for example, by the fact that it
is diffeomorphic to S°), so we get the following corollary.

Corollary 12. If a rank-2 vector bundle z: E — S? has a
clutching function f which factors through SU(2), that is, if
f: 8" - SU(2) C U(2), then E is trivial.

Proof. Since SU(2) is simply connected, f is homotopic
to the constant map 1: S! — U(2) which sends every
element of S' to the identity of U(2). 1 is the clutching
function for the trivial bundle, so the corollary follows by
Theorem 11. (]

We now use this corollary to prove T¢S? is trivial. We
construct a clutching function for 7¢S? by adapting a
construction of a clutching function of TRS? given by
Hatcher ([13], p. 22). We start by constructing orthonormal
frames for the two hemispheres D2 of S2. Choose a vector
field v, by first picking some real tangent vector at the
north pole and then extending it along each meridian so that
it maintains a constant angle with the meridian (see Fig. 1).
Let v,_ be the vector field on the lower hemisphere D2
obtained by reflecting v, across the equatorial plane. We
can produce a second real vector field v,, on each
hemisphere by rotating v, by 90 degrees counterclock-
wise when viewed from the exterior of the sphere. Then
[v14, oy ] and [v,_, v,_] are orthonormal trivializations of
D% and D2, respectively. Explicitly, by using Cartesian
(x,y,z) and spherical (r,0,¢) coordinates related in the
standard way, and by choosing v, to be J at the north pole,
we have

vi; = sin(¢)6 + cos(¢)¢ (28)
vy = —cos() + sin(¢h)p (29)
v_ = —sin(¢h)0 + cos(¢)P (30)

FIG. 1. Vector fields v, on D% and v,_ on D2. The clutching
function relating them along the equator is a —2¢ rotation.

v,_ = —cos(¢p)0 — sin(¢)¢. (31)

On the equator, the two frames are related by rotating the
lower frame by —2¢:

cos2¢p sin2¢
—sin2¢ cos2¢

[vH,vH]—( )[Ul—,ﬁz—] =f(@)[vi-.v2-]

(32)

where f: S' — SU(2) C U(2) is the clutching function
and the matrix of f and the column vectors are expressed
in the (8,¢) basis. Since f factors through SU(2),
Corollary 12 proves the following.

Theorem 13. T¢S? is trivial.

C. Explicit construction of a frame on 7¢S? and y

Using methods related to the clutching construction,
we can explicitly construct two independent vector fields
on T¢S?, from which one can immediately obtain
corresponding independent vector fields on y. We do
this in three steps. First, we find an explicit homotopy in
SU(2) between the clutching function f: S' — SU(2)
and the identity 1. Second, we use this homotopy to
extend the domain of f to all of D%. From this we will
obtain a continuous, piecewise smooth frame for TCS2,
The last step is to modify the construction so that the
frame is everywhere smooth.

1. Homotopy from f to the identity

From the fact that f factors through SU(2), we showed
that [f] = 0, meaning that there exists a homotopy between

B cos2¢p sin2¢ B 1 0
f(¢)_(—sin2¢ cos2¢)> and 1]_<0 1)'
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1.0
0.8
0.6

t
0.4
0.2
0

FIG. 2. Tllustration of the homotopy F(t,¢): [0,1] x ST —
SU(2) from f(¢) to the identity 1. The image of F resides on
an embedding of S? in SU(2). The equator at = 0 corresponds to
f(¢) and shrinks down to the identity (1, 0, 0) at = 1.

We construct one such homotopy as follows. SU(2) is
homeomorphic to the unit three-sphere S3 via
x+iz y+wi

X —iz

(W, x,y,2) €ES® > ( ) eSuU(2). (33)

-y +wi
By setting w = 0, we obtain a map from S? into SU(2):

X+ iz y

(x,y,2) €S?* > ( > eSu(2). (34)

-y  x-—iz

Under this map, f(¢) corresponds to a loop along the
equator in the xy plane traversed twice, while T corresponds
to the fixed point (x,y,z) = (1,0,0). By shrinking the
equator down to (1, 0, 0) while remaining on S2. we obtain
the desired homotopy as illustrated in Fig. 2. Explicitly,
choose

x(1, ) = cos(2¢)cos? (’g) + sin? (’g) (35)

V{1, ) = sin(2¢) cos (’;) (36)
z(t, @) = sin?(¢p) sin(xt). (37)

Note that
x(1.9)? +y(t.4)* +2(t.4)* = 1, (38)

so these points reside on S2. Define the homotopy

F(t,¢): [0,1] x S' - SU(2) by
N )
Fled) = < S(nd) () izl 4»))' (39)

Since F(t,¢p +2n) = F(t,¢), F is well defined as a
function on [0, 1] x S'.

2. Constructing a piecewise smooth frame for T¢S?

On each hemisphere we have a frame, namely, v, v,,]
and [v,_,v,_]. We can transform [v,_,v,_]| along the
equator via f so that it agrees with [v;,, v,,]. If we can
extend f to a function F(6,¢) on all of D?, then
Flv,_,v,_] would extend [v,,,v,,] to a frame on all of
S2. The primary difficulty is ensuring that F is defined at
the coordinate singularity € = z. Note that even if the
matrix representation of F is independent of ¢» when 6 = z,
it may still be ill defined at this point since the matrix
representation is written in the (8, ¢) basis and & is not
defined at the singularity. One way of avoiding this issue is
to require that F(z, ¢) = 1 since the matrix representation
of the identity is basis independent. Thus, we can interpret
the desired function F(6, ¢) as a homotopy between f(¢)
and 1 with 0 €[r/2, z] as the homotopy parameter. By
reparametrizing from ¢t € [0, 1] to 6 € [z/2, z] in Eq. (39),
we obtain the desired function:

s (x(0.9)+iz(0.4)  y(6.¢)
en=("0n | semion)
x(0, ) = cos(2¢)sin?(6) + cos?(6), (41)
y(0, ¢) = sin(2¢) sin(0), (42)
2(0, ¢) = —sin’(¢) sin(26). (43)

Thus, the two vector fields [v;, v,] given by [v,,, v,,] on
D% and F(0,¢)[v;_,v,_] on D2 are independent and
nonvanishing on all of $2. While [v;, v,] are continuous
everywhere, they are not smooth at = /2, and thus form
a continuous, piecewise smooth frame. This is sufficient to
prove that T S? is trivial as a topological vector bundle, but
not as a smooth vector bundle.

3. Smoothing the frame

The last step is to modify the previous construction to
form smooth vector fields [?,, #,]. This is done using a
smooth step function as follows. Let g€ C®(R) be any
smooth monotonic function such that g(r < z/2) = n/2,
g(t>n)=m, and ¢"(x/2) = ¢")(x) =0 for all n > 1.
For concreteness, we can define

h(f) = {(e)—m >0 (44)

t <0,

and then set

h(0 - 7/2)
(1 T hO=7/2) + h(z— 9))‘ (43)

9(0) =

(SRR
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The desired smooth homotopy is obtained by replacing 8 by ¢(0) in Eq. (40):

moa = (" o

Since g is smooth, this replacement preserves smoothness
for 0 # z/2. At @ = n/2 we must show that

&éafs[m, Uz+]|9—m/2* = Jéaﬁ,ﬁs[vn_, U2—]|e—m/2+- (47)

Since 6 and g?ﬁ are smooth at z/2, it is sufficient to show
Eq. (47) holds when v, 1 and v, . are expressed as column
vectors in the (8,¢) basis. From Egs. (28)=(31), all
derivatives of the column vectors v, and v, vanish, so the
lhs vanishes for a > 1. Since also ¢ (z/2) = 0 for a > 1,
all 0 derivatives of F (0,¢) vanish as 6 — /27, so the
rhs is also O for a > 1. In the @ = O case, all ¢ derivatives
agree since

V14, ”2+]9=ﬂ/2,¢ = Fs[vl—’ ”2—]|e:n/2,¢- (48)

This completes the proof that the two vector fields [v,, v5]
given by [v1,,v,,] on D% and F(6,¢)[v,_, v,_] form a
smooth global frame on 7¢S2.

We can use v; and v, to write the trivialization of y:

D1a2(k) =01, <|11§_|> (49)

are global nonvanishing sections of y, and as such generate
trivial line subbundles z; and 7z, of y. By construction

y=1 @ 1. (50)

D. Vector potential formulation

We briefly outline the technical advantages of working
with the electric field &€ rather than the electromagnetic four
potential A* = (A°, A) in the vector bundle formulation.
Here, A = A(t,x) and A = A(k) refer to the potential in
spacetime and its Fourier transform in 4-momentum space,
respectively. We will discuss the two most commonly used
gauges, the Lorentz gauge and the Coulomb gauge. In the
Lorentz gauge, in which 9, A" = 0, the potential satisfies
the wave equation 0,0" A* = 0 [14]. Fourier transforming
gives k,A* = 0 and the dispersion relation k,k* = 0, i.e., k
is on the light cone £, . Note that if A were real, the former
equation would imply that (k, A) is in the tangent bundle of
the light cone 7L . Indeed, (k,¢) € TL, (k) if and only if
(k+¢€)e L, to order e, that is, if

(k, +¢€,) (k" + €) = 2k,e” =0, (51)

x(9(0), ¢) +iz(g(0), ¢)

0D Y o

x(9(0), ¢) —iz(9(0), $)

where we have neglected terms of order O(e?). Since A is
complex, the modes (k, A) actually form the complexified
tangent bundle of the light cone 7¢£_ . This is a rank-3
bundle despite there only being two physical wave modes,
reflecting the fact that the Lorenz gauge is not complete,
and has a remaining degree of redundancy [14]. This is
problematic because two linearly independent modes can
represent the same physical wave, making it difficult to
draw meaningful conclusions from the topology of this
bundle. One can remove the residual gauge freedom by
enforcing the Coulomb gauge condition k - A = 0, which
then implies A? = 0 [14]. We then see that in the Coulomb
gauge A and E are defined by the same equations, and thus
form the same bundle y. The analysis in the preceding
sections thus also describes the topology of the vector
potential bundle in the Coulomb gauge. However, a
difficulty arises in discussing the Poincaré symmetry of
Maxwell’s equation. The Coulomb gauge is not Lorentz
invariant [14], and generally a Lorentz transformation will
map a mode (k,A)€E€y out of the bundle y. In fact,
applying a Lorentz transformation to all (k,A) €y will
produce a new bundle, which will be isomorphic to y.
Working directly with this formulation is cumbersome
since one must keep track of the different isomorphisms
that result from each Lorentz transformation. We thus use
the simpler alternative of working with the physically
observable field E since Lorentz transformations must
keep (k,E) €y on the bundle y, as will be discussed at
length in Sec. IV. An alternative approach, developed by
Asorey et al. [35], is to work with the vector potential
bundle but to quotient out all gauge redundancy within
each fiber (without picking a particular gauge), giving a
new bundle in which the fibers are equivalence classes.
The resultant bundle is Lorentz invariant, but has a more
abstract description than y and it is not obviously
topologically equivalent to T¢S?. For our goal of simul-
taneously studying the geometry and topology of photons,
the bundle y is most suitable.

III. TOPOLOGY OF CIRCULARLY POLARIZED
SUBBUNDLES AND THE NONEXISTENCE OF
LINEARLY POLARIZED SUBBUNDLES

We have shown that the total photon bundle is trivial,
possessing global nonvanishing sections. This decomposes
y into two trivial subbundles 7, ,. However, because the
base manifold £, is not contractible, y can possess
topologically nontrivial subbundles. Indeed, we will show
that y also decomposes into R and L circularly polarized
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subbundles which are nontrivial. This decomposition is
important because, unlike the trivial decomposition, it is
Lorentz invariant, and therefore plays a special role in
particle physics.

We discuss three important types of photon polariza-
tions. There are the trivial polarizations constructed in the
previous sections. In physics, one frequently encounters
linear and circular polarizations as well. We will show that
these three types of polarizations are significantly different
in terms of their global properties. The trivial polarizations
form subbundles 7,, with global nonvanishing sections.
We will show that the R and L circularly polarized bundles
also form well-defined subbundles of y; however, they are
topologically nontrivial, and therefore do not admit global
nonvanishing sections. Linear polarizations, on the other
hand, do not even form vector bundles, and are thus not
globally well defined.

Definition 14 (Circularly polarized subbundles). A vector
vey(k) is defined to be R circularly polarized if v =
a(e; + ie,) where a € C and e, e, are real unit vectors in
y(k) such that (e,e,,k) form a right-handed orthogonal
coordinate system. The R circularly polarized vectors in
y (k) form a vector space denoted y (k). Collected together,
these vector spaces form the R circularly polarized vector
bundle y, = LIy, (k). The L circularly polarized bundle
y— is defined analogously, with (e;, e,, k) left handed.

We show that y, and y_ are in fact well-defined line
subbundles of y via the subbundle -criterion ([18],
Theorem 20.4):

Lemma 15 (Subbundle criterion). Let 7: E — M be a
smooth rank-r vector bundle and F' = 11, ¢, F,, a subset of
E such that for every p € M, the set F), is a k-dimensional
vector subspace of the fiber E,. If for every p € M, there
exist a neighborhood U of p and m > k smooth sections
S1 ..., Sy Of E over U that span F, at every point g € U,
then F is a smooth subbundle of E.

Theorem 16. y, and y_ are complex line subbundles of y
such thaty =y, @ y_.

Proof. We first prove that y, is a subbundle of y using the
subbundle criterion with m = k = 1. For k, € R*\ {0}, let
U be small ball centered around k, which does not contain
0. U is contractible, so there exists a smooth right-handed
orthonormal frame (fl,fz,fc) of y|y. s =f1 + if, isthen a
smooth section of y|,, consisting of right circularly polar-
ized vectors. To show that s spans y (k) for each k € U, let

ale, +iey) €y(k) with aeC. Since (e;.e,.k) and
(f1.f>.k) are both right-handed, they are related by a
rotation by some angle € about k:

cos @

eves =152 )6

—sind cosé@

Then at k we have

aels = ae(f, + if)
= af(cos Of | — sin6f,) + i(sin 6f | + cos 6f,)]
= a(e1 + iez), (53)

showing that s spans y, (k). Thus, y, is a rank-1 subbundle
of y by the subbundle criterion, as is y_ by an analogous
argument. For fixed k, R and L polarizations form a basis
for all polarization states. Allowing k to vary then shows
thaty =y, ®y_. m

An intuitive way to see that the complex line bundles y .
are nontrivial is to consider the underlying rank-2 real
vector bundles y% obtained by forgetting the complex
structure on y.. That is, ¥} consists of the same base
space and fibers as y ., but scalar multiplication is restricted
to R.

Theorem 17. The real vector bundles y%|s and TS? are
isomorphic, which implies that y, and y_ are nontrivial.

Proof. Let (k,v)€TS* and let Ry(%) denote a /2
rotation about k in the positive sense. Define the functions
hi: TS2 = }/E|52 by

ho(k,v) = <k, v+ iR, (g) v). (54)

h is aclearly a smooth, injective bundle map of real vector
bundles over S2. To show that it is also surjective, and thus
an isomorphism, note that by Definition 14 any vector
us €% (k) can be expressed as

Uy = a(w + iR, (g) w) (55)

for some we TS?(k) and a = (a + ib) €C. This can be
rewritten as

up =w £ iRw = hy(w') (56)
w = aw F bRy (g) we TS (k), (57)

showing that A, is surjective, and thus y% | = TS%.

If y, were trivial there would exist a nonvanishing
section of s of y.|s, which can then be considered as a
nonvanishing section of y%|s = TS? which contradicts the
hairy ball theorem. [

While the previous theorem shows that y ; are nontrivial, it
remains to classify them as complex line bundles. As with y,
itis easier to work with the restrictions y |¢2. 7 |2 and y_|
are quite similar as they are conjugate bundles y , |» = 7_|s.
Furthermore, they are isomorphic when considered as real
vector bundles by the previous theorem. However, they are
not actually isomorphic as complex vector bundles, as the
complex structure detects their different orientations. To see
this, note that by Lemma 6, the first Chern number of a line
bundle and its conjugate differ by a sign:
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Ci(r4lse) = =Cilr-|s). (58)
Complex line bundles over S? are completely classified by
their first Chern number C; [34], so C;(y+|g) # O as these
are nontrivial bundles. Equation (58) then implies these
bundles are not isomorphic. The next result fully classifies
v+|g. By the correspondence of bundles over $? and
R3\ {0}, this also classifies y..

Theorem 18. C(y+|s,) = F2.

Proof. We calculate the Chern numbers using the Berry
curvature. The Hermitian structure along with the identi-
fication of the electric fields of the fibers with vectors in C3
gives a natural Berry connection. For any local frame e (k)
of y+|¢ in some neighborhood U, the Berry connection
form is [36]

oy = (ey,de). (59)
On the neighborhood U consisting of all unit k not on the z
axis, we can choose the frames for y|s to be

ex = (0% i) (60)
Then,
w4 = Ficosfde, (61)
and the curvature form is given on U by
Q, =dw, = +isin0do A d¢p = +idA, (62)

where dA is the Euclidean area form on S2. Unlike the
connection forms, the curvature forms are always globally
defined. Since Q, = 4idA on a dense neighborhood U,
this relation holds on all of S2. The first Chern number is
then given by [18]

i
Ci(r+ls) Zﬁzgi$2- (63)
Since C; is nonzero, y. are nontrivial. [

One consequence of the nontriviality of y can be found
in the momentum space representation of the photon wave
function [27,37]. In this representation, the wave function
of a photon is written as a two component wave function,
with an R and L part:

)= (e )

where e (k) is a choice of unit R-polarization vector
and e_(k) =e% (k) is a corresponding L polarization.
Frequently, the vectors e are left implicit, and the wave
function is written in terms of the two scalar functions f as

70 = ( (64)

Fe (f+(k))' (65)
f-(k)

However, the e are sections of the nontrivial bundles y,
and thus no continuous e exist! If S, denotes the sphere of
radius a > 0 in momentum space R*\{0}, then e, must be
discontinuous for at least one point ky(a) on each S,,. For
f(k) to be continuous at ky(a), the component functions
must satisfy f(ko(a)) = 0. Thus, the photon wave func-
tion components f, are not free scalar functions. They
must obey the topological constraint of having a zero on
every closed surface enclosing k = 0.

Our calculation of C|(y.) is very similar to one done by
Bliokh et al. [17], although they use a different sign
convention for the Berry connection and Chern number,
resulting in an overall sign difference. Our approach differs
in that it emphasizes the underlying vector bundle struc-
tures, and in particular, shows that y, are in fact well-
defined bundles. This is important, for example, because by
analogy one might assume that linearly polarized photons
also possess some topological structure. However, we show
that unlike the circularly polarized subbundles y, or the
trivial subbundles 7,,, there are no linearly polarized
subbundles.

Definition 19 (Linearly polarized subbundle). Linearly
polarized vectors in y are those of the form ae where a € C
and e € R3; a rank 1 subbundle is linearly polarized if it
only contains linearly polarized vectors.

Theorem 20. There are no linearly polarized subbundles
of y.

To prove Theorem 20 we use the following known result.

Lemma 21. Any real line bundle over a simply connected
space is trivial. In particular, all real line bundles over S? are
trivial.

Proof. A real line bundle is trivial if and only if it is
orientable [38]. The result then follows from the fact that
every real line bundle over a simply connected space is
orientable ([39], Proposition 11.5). [

We can now prove Theorem 20 via a contradiction:

Proof of Theorem 20. Suppose y;;, is a linearly polarized
line subbundle of y. Then ¥, = .| is a subbundle of

v|s2 = TCS2. Each fiber 7, (k) contains a 1D real subspace

~

yr(k). The collection of these subspaces yr = L;yg (k)
forms a real line bundle over S? which is a subbundle of
TS?. By Corollary 21, yg is trivial and must therefore have
a nonvanishing section s. However, s would also then be a
nonvanishing section of TS?, violating the hairy ball
theorem. [

Although the total photon bundle y is topologically
trivial, the R and L circularly polarized photons form
nontrivial subbundles. This nontriviality embedded within
y can be detected in the associated frame bundle F(y) of y
by reducing the structure group. F(y) is a principal bundle
over R*\{0} where the local sections consist of local
frames of y. The most general structure group of F(y) is
GL(2,C). By considering only orthonormal frames, the
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structure group can be reduced to U(2). We showed in the
previous section that [v,, »,] forms a global orthonormal
frame of y, so the U(2)-frame bundle is trivial. However, we
can further reduce the structure group by considering local
frames of the form [w,,w_]| where w. are local orthonor-
mal sections of y,. The linear transformations preserving
such frames have the form

<e§] 8?92 ) (66)

for real 0, 0,, that is, the structure group is reduced to
U(1) x U(1). There are no global sections of this form, so
the U(1) x U(1)-frame bundle is nontrivial.

We have shown that y decomposes into both the trivial
bundles 7,, and the nontrivial subbundles y.. These are
not, however, the only possible decompositions. In fact, y
has an infinite number of nontrivial decompositions by the
following observation. The complex line bundles over S?
are labeled by the first Chern number [34]. By the
correspondence of bundles over $? and R\ {0}, the same
is true of line bundles over R*\{0}. Denote the complex
line bundle over R*\{0} with Chern number j € Z by 7.

Theorem 22.y = ¢; @ ¢_; for every j € Z. In particular,
y has a subbundle isomorphic to Z; for every j.

Proof. By the Whitney product formula [18], the first
Chern number is additive, meaning that if E; and E, are
vector bundles, then

C\(E| ® E;) = Cy(E)) + C(Ey). (67)
Thus,

As we previously argued, rank-2 vector bundles over
R3\{0} are also labeled by their first Chern number.
Thus, 7 ;i ® f_ j is trivial and therefore isomorphic
to y. ]

Despite the existence of these other nontrivial subbundles,
only the circularly polarized subbundles y, = 7., are
typically used in applications. From a practical standpoint
this is easy to understand, as y, have simple descriptions,
while finding explicit expressions for subbundles of y
isomorphic to Z; is a nontrivial task. However, from a purely
topological perspective, there is no reason to prefer the
circularly polarized subbundles over the other £;. We will
show in the next section that y, are special from a geometric
perspective when we consider the role of Poincaré symmetry.

IV. CLASSIFICATION OF PHOTONS AND OTHER
MASSLESS PARTICLES BY VECTOR BUNDLE
REPRESENTATIONS OF THE POINCARE GROUP

In this section we show how Poincaré symmetries of
vector bundles can be used to classify massless particles

such as photons. In quantum field theory, particles are
unitary irreducible representations of the Poincaré group on
a Hilbert space. We restrict our discussion to nonprojective
representations since this includes the photon case. The
conventional method for constructing and classifying such
representations is via Wigner’s little group method [20].
While this method produces smooth representations of
massive particles, obstructions form in the massless case
with the space of single-particle states becoming discon-
tinuous [21,22], resulting in nonsmooth representations on
the Hilbert space of wave functions. By this we mean
Poincaré transformations generally map smooth wave
functions to nonsmooth wave functions. We will see that
this issue traces back to a topological singularity that occurs
in the m — 0 limit as the mass hyperboloid of momentum
space becomes the topologically nontrivial light cone. We
will show that by considering vector bundle representations
on the single-particle states rather than vector space
representations, one can obtain globally well-defined rep-
resentations on the single-particle states. We prove that
massless unitary irreducible vector bundle representations
of the Poincaré group naturally induce unitary irreducible
representations on the Hilbert space of L? bundle sections,
and therefore such bundle representations correspond to
particles by the usual definition. We show that Wigner’s
little group method generalizes to this bundle formalism,
and can be used to decompose bundle representations into
irreducible representations and classify these irreducible
representations. In the case of the photon bundle, this
induces the decomposition y =y, @ y_, showing that R
and L photons are globally well-defined particles. An
important implication of this research is that a given global
photon wave function can be uniquely decomposed into
R- and L-photon components, even though there exist no
global bases for the R and L photons.

Our results complement the body of work which has
further developed Wigner’s original version of the little
group method. Mackey [40-42] developed the mathemati-
cian’s version of this theory which generalized the little
group method from the Poincaré group to any locally
compact group. Simms [43] showed that Mackey’s theory
had an underlying vector bundle structure, using what he
called G-Hilbert bundles which are very similar to the
modern notion of equivariant vector bundles which we
use. However, Simms worked with only topological vector
bundles, not smooth vector bundles, and as such his
theory did not resolve the nonsmoothness problem with
Wigner’s representations. Indeed, Simms’s bundle formal-
ism did not offer obvious advantages over Mackey’s theory,
and Mackey referred to the bundle formulation as a “digres-
sion” [42]. However, we show that our bundle formalism
produces smooth representations for massless particles.
Asorey et al. [35] connected the representations developed
by Mackey and Simms [40—43] to the covariant representa-
tions more commonly used in physics. Boya et al. [44] and
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Flato et al. [21] also noted singularities in the standard
massless representations of the Poincaré group. Flato ef al.
remedied this issue by developing a theory of twisted delta
(“twelta”) functions, which they use to represent single-
particle states. This produced smooth vector space repre-
sentations on the functionals of sections of vector bundles.
They primarily use field-theoretic techniques, with line
bundles appearing implicitly via transformation properties
of functions. Dragon [22] also recently approached this
problem, finding massless field representations with under-
lying vector bundle structures. The formalism we develop is
based on the notion of equivariant vector bundles and differs
from previous methods in that it considers Poincaré actions
directly on smooth vector bundles. This is useful, as we have
seen in the case of Maxwell’s equations that single-particle
states (eigenmodes) naturally form a vector bundle y.

This section is organized as follows. In Sec. IVA we
define our notation and conventions. In Sec. IV B, we
discuss vector bundle representations of symmetry groups.
In mathematics, these bundle representations are known as
equivariant vector bundles. Since equivariant vector bun-
dles are rarely used in physics, we will develop the
necessary theory here to discuss massless particles. In
Sec. IV C, we discuss the issues with the conventional little
group method for constructing irreducible representations
for massless particles. In Sec. IV D, we show that these
issues can be overcome by developing a modified version
of the little group method for bundle representations of
massless particles. In particular, we will see that R and L
photons are globally well-defined as irreducible bundle
representations of the Poincaré group, and are thus globally
well defined. In Sec. IV E we prove that unitary irreducible
massless bundle representations induce unitary irreducible
Hilbert space representations, and thus correspond to
particles in the usual sense.

A. Geometric notation and conventions

We use the (—, +, +, +) signature for Minkowski space,
with the minus sign on the time component. The spacetime
metric is denoted by

-1 0 0 O

) 0 100
n =N = 0 01 0 (69)

0 0 0 1

The Poincaré group, consisting of all isometries of
Minkowski space, is denoted by 10(3, 1), where the “I”
indicates the inclusion of inhomogeneous transformations.
Likewise, the Euclidean group ISO(n) = R" x SO(n) is
the group of all isometries of n-dimensional Euclidean
space and x denotes the semidirect product. The Lorentz
group O(3, 1) is the subset of I0(3, 1) consisting of only
homogeneous isometries. A generic element of [O(3, 1) can

be expressed uniquely as ac A, where a is a spacetime
translation and A€ O(3,1). The orthochronous Poincaré
and Lorentz groups, I07(3,1) and O"(3,1), consist of
transformations preserving the orientation of time:

107(3,1) = {acA€IO(3,1)|]A% > +1}  (70)
0F(3,1) = {A€0(3,1)|A% > +1}. (71)

The proper orthochronous Poincaré and Lorentz groups,
ISO*(3,1) and SO"(3,1), are the further restrictions of
I07(3,1) and O*(3,1) to transformations preserving the
orientation of space, that is, with det A = 1. The parity and
time inversion operators are the Lorentz transformations
defined by their action on the four-vector x = (x%,x) by

P(x% x') = (2% —x") (72)
T, x) = (—=x0, x7). (73)

SO™(3,1) is the connected identity component of O(3, 1)
and contains neither P nor T. 0" (3, 1) contains P but not T.

B. Representations on vector bundles

Representation theory is the method of representing
groups by their actions on a linear space. Typically this
linear space is taken to be a vector space. However, vector
bundles also possess a linear structure, albeit one that is
more complicated than that of a vector space. We now
define a representation of a Lie group on a vector bundle:

Definition 23 (Equivariant vector bundle). Let G be a Lie
group. A G-equivariant vector bundle is a vector bundle
. E — M equipped with a smooth group action Z: G X
E — E such that for each g€ G, X, = X(g,-): E—> Eisa
vector bundle isomorphism. In particular, there is an
induced diffeomorphism flg: M — M such that

b
*9>E

&

(74)

3
.<7
3

)
*9>M

<

commutes. We also say that (E, X) is a representation of G
on the vector bundle E. The action of g on a vector v € E or
basepoint m is sometimes written with the shorthand gv =
X,v or gm = igm when there is no chance of ambiguity.
We also frequently use the notation X(g) = X,.

E is said to be a homogeneous bundle representation if
the action £ on M is transitive. If E is a Hermitian bundle,
then we say the representation is unitary if the restriction of
X, to any fiber is unitary, ie., if Eg\Ep: E, = Es () is
unitary. If F is a subbundle of E with nonzero rank, then we
say (F,X) is a subrepresentation of (E,X) if X restricts to
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an action of G on F. E is irreducible if it has no proper
subrepresentations.

Definition 24 (Isomorphism of equivariant vector bun-
dles). An isomorphism between two G-equivariant vector
bundles 7z;: E; - M and n,: E, — M with group actions
2, and X, is a vector bundle isomorphism h: E; — E,
which preserves base points,

h(E1(m)) = Ex(m) (75)
for m € M, and which satisfies the equivariance property

h(Z1(g)(m, v)) = Zy(g)h(m, v) (76)

for any g€ G and (m, v) € E;(m). h is said to be a unitary
isomorphism if the actions X; and X, are unitary, and if / is
unitary. If such an isomorphism exists, the representations
are said to be equivalent or unitarily equivalent.

These definitions are analogous to those for ordinary
representations, with vector spaces and linear maps
replaced by vector bundles and bundle maps. As for
ordinary representations, a representation of a Lie group
G on a vector bundle E describes a G symmetry of the
system represented by E. We show that the photon bundle y
is unitary and equivariant with respect to the orthochronous
Poincaré group, 10" (3, 1), describing the Poincaré sym-
metry of the Maxwell system. We note that it is possible to
construct a bundle representation of the full Poincaré group
I0(3, 1) if one includes the backward light cone in the base
manifold of y. However, little is gained by doing so, and it
introduces two complications. First, the full light cone is
not connected while the forward light £, cone is. Second,
the representation would no longer be unitary since the
action of time inversion is antiunitary [45].

Let (k,E)ey where k = (|k|.k) is a lightlike four-
vector. Both k and E have well-known transformation laws
under Lorentz transformations. For A€ O(3,1), k trans-
forms like a four-vector: k — k' = (|k'|,k') = Ak. As L,
can be parametrized by k, we sometimes write k' = Ak for
the spatial part of k’. For equivariant bundles with base
manifold a subset of 4-momentum space, we will always
assume that the action £ on the base manifold is the four-
vector action. Under the subset of O(3, 1) consisting of
rotations in three space, E transforms like a three-vector,
since 3D rotations and the Fourier transform commute. Let
A, denote a boost by velocity v. Under this transformation,
the electric field E(x) becomes [46]

2
y or
E'(Ayx) = Lo E(x) +v x B(x)] = 20— (E(x) - vy,
YLor + 1
1
YLlor = 5" (77)
—
Then,

E/(Avk) — [ elNK) Y, B (x’)d4x’

™MW E (Ayx)d*x

—/wammdﬂAﬂMaMQfx

= VLor[E (k) +v x (k xE(k))] __Mhor

T (E(k)-v)v.

(78)

Note that for two four-vectors a* = (a”,a) and
b= (b°,B), both & (a* —b") = 8(a® — b9)5(a — b)
and a°5%(a — b) are Lorentz invariant [20], and therefore
so is (a®)7'8(a® — bY):
0 0 0_p0
5((Aa)? = (AD)?) _ 5(a’ = bY) (79)
(Aa)? a’

for any Poincaré transformation A. It then follows from
Eqgs. (7), (78), and (79) that

E(AK) = X

_mﬂpmwwwvx@xﬂmﬂ

Yior
T (50 vy (50

and thus the action of A, on (k,E) €y is given by

£0, (k. E) = (A, E) (81)
E = —|k‘ YiorE +V X (IAc x E)| — 47/%‘” (E - v)v}
|Avk| . YLor + 1

(82)

Similar calculations show that spatial inversion P and
spacetime translations a = (@, a) act via

Sp(k.E) = (=k,—E), (83)
Yo (k.E) = (k, e'ka-kla") gy, (84)

Any element of I0"(3,1) can be expressed as a
combination of boosts, spatial rotations, spacetime trans-
lations, and spatial inversion, so together these relations
define an action of IO (3, 1) on y. An essential property is
that k transforms independently of E, and thus the Poincaré
action preserves fibers: Z(A)y(k) Cy(E(A)k) = y(Ak).
This ensures that elements of 10" (3,1) are represented
by bundle maps, and therefore this action gives an
equivariant bundle structure on y. We have thus proved
most of the following theorem.
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Theorem 25. y is a homogeneous 0™ (3, 1)-equivariant
vector bundle under the usual Poincaré transformations of
the electric field described above. This representation is
unitary with respect to the Hermitian product (13).

Proof. The representation is homogeneous since
I0"(3,1) acts transitively on the base manifold £, . It
remains to prove unitarity. The Hermitian product induces a
norm on each fiber y(k) given by E| = VE* - E. The inner
product of two arbitrary vectors can be expressed purely in
terms of the norm via the polarization identity [47]:

(E\,E,) :%(|E1 + By~ |E, - Eo] - i|E, +iE,?
+i|E, — iE,|?). (85)
It is thus sufficient to check that
(SAE,Z\E) = (E,E) (86)

for all A€107(3, 1). Furthermore, it is sufficient to check
the cases when A is a spatial rotation, spatial inversion,
spacetime translation, or boost. The first three are trivial,
and for the latter one can show directly from Eq. (82) that

E"-E =E" -E, (87)

which completes the proof. n

As in the case of vector space representations, a
representation ~ of a Lie group G on a vector bundle
n: E — M induces an action ¢ of the Lie algebra Lie(G)
on that bundle in the following sense. For g € Lie(G), the
generator ¢, associates to each vector (m,v) € E a tangent
vector in 7', ,) E describing the infinitesimal group action.
Explicitly,

)
oy(m,v) = ar szZExp(tg) (m.v) €T (yE.  (88)

Thus, o, € X(E) where X(E) is the set of vector fields on
E. The next result says that 4 respects the vector bundle
structure of E in the sense that it is a lift of the
corresponding vector field on the base manifold M induced
by . Define the vector field 5 € X(M) by

. . d
Gg(m) = a

i“Exp(tg) (m) eTr, M. (89)
Proposition 26.
540M =T, 00, (90)

where 7, is the pushforward of z. That is, the diagram

FE-2 . TE

ﬂl ~ Jm (91)

M2 TM

commutes.

Proof. Tgyp(iq)(m,v) is a curve through (m,v) € E with
tangent vector o4(m,v) at t = 0. So

Ty Odg(m,V) - ﬂozExp(ig) (m,V)

t=0

E IZOZExp(tg)ﬂ<m’ V)

= Gg0n(m,v). (92)

=
X(E) is a Lie algebra with respect to the Jacobi-Lie
bracket

[X,Y]_ = —(XY - YX). (93)

The minus sign in this definition is needed for the next
result and accounts for the fact that  and o act on the left
rather than on the right. The following proposition justifies
calling o a Lie algebra bundle representation.

Proposition 27. o:Lie(G) — X(E) is a Lie algebra
homomorphism.

Proof. See Ref. [48], Theorem 20.18 (a). [

Following the notation of Weinberg [20], the infinitesi-
mal Poincaré transformations with homogeneous and trans-
lational parts

A, =0, 4+ o, (94)
at = ¢! (95)

define the generators of the Poincaré group iJ** and i P* by

1
(I +we) =1 —I—Ewgn(iJ"”) —¢,(iP?) + O(w?*, €*, we),
(96)

where w,, is antisymmetric. The generators are @ and €
independent and go by standard names: the Hamiltonian
H = P’ generating time translation, momentum P =
{P',P?,P?} generating spatial translations, angular
momentum J = {J?, 3 J12} = {J,,J,,J3} generating
spatial rotations, and boost K = {J, J9 j03} =
{K|,K,,K3} generating the boost transformations.
Given v €R3, these also define the generators J, = v -J
and K, =v-K. The generators satisfy the commutation
relations

[Jav Jb] = ieabc']cv [Jav Kb] = ieachc (97)

[Ka’ Kb] = _ieabc‘]c’ [Jav Pb] = ieabcPc (98)
(K, P, = iH,.  |K, H]=iP, (99)

Vo H] = [Py, H] = [P,, Py] = [H.H] = 0. (100)
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C. Singularities in massless vector space representations

In this section we illustrate how the conventional form of
the little group method [19,20] produces vector space
representations of the Poincaré group with singularities.
We will discuss this method in its modern form, as
presented by Weinberg [20], and in its original and slightly
more rigorous form as developed by Wigner [19]. In the
modern formulation, one constructs unitary representations
2 of the Poincaré group on the space of single-particle
states, that is, on the (generalized) eigenvectors ¥, , of the
momentum operator:

P/“I’k,a - kl“Pk.a' (101)
Here, a labels the internal degrees of freedom. It is assumed
that a is a discrete index, reflecting the fact that no particles
with continuous internal degrees of freedom have been
experimentally observed [20]. The little group method
seeks to construct all possible representations X as follows.
One begins by fixing some momentum &, and considering
the little group Hj, consisting of the elements in SO™ (3, 1)
stabilizing k:

H; = {A€SO*(3,1)|A(k) = k}. (102)

The little groups for different choices of k are conjugate to
each other since if A is any Poincaré transformation taking
k; to k,, then

sz :AHk]A_l. (103)
Thus, up to isomorphism, H; is independent of k. The
single-particle states at k form a representation of the little
group, since for A € Hy,

Z(A)‘Pl_c.a - ZDab (A)l}ll_cb (104)
b

for some scalars D, (A). Itis much easier to classify the little
group representations since the little group is smaller than the
Poincaré group. For massive particles, the momentum space
is a mass hyperboloid, and one can choose the reference
momentum k = (1,0,0,0) as that of a particle at rest. The
little group is then clearly SO(3). The finite-dimensional
representations are 2s + 1 dimensional and labeled by the
spin s. For nonprojective representations, s is restricted to
positive integer values. The situation is considerably differ-
ent for massless particles. In this case the momenta are
lightlike, and there is no preferred reference momentum as
there is no rest frame. One typically chooses the reference
momentum k = (1,0,0,1). One can show that the little
group is ISO(2) [20]. In contrast to SO(3), the finite-
dimensional representations of ISO(2) are all one-dimen-
sional. They are labeled not by spin but by the helicity A
which, for nonprojective representations, can take on all

integer values. The change in the momentum space atm = 0
accounts for the fact that massless particles such as photons
are characterized by helicity rather than by spin.

To construct representations of SO*(3,1) from repre-
sentations of the little group, one must relate the states
with momentum k to those with other momenta. The
conventional method for doing so is to assign to each k in
the momentum space M a Lorentz transformation L(k)
such that

L(k)k = k. (105)
Thus, L: M — SO™(3,1). Up to normalization, one then
defines the single-particle states of momentum k in terms of
those of the reference momentum k by [20]

Wia = Z(L(K)¥; (106)

Then, the action of an arbitrary A € SO (3, 1) is given by

Z(A)¥, = Z(L(AK))Z(L(AK)'AL(K))¥r,.  (107)
Since L(Ak)"'AL(k) € Hj, the action in Eq. (107) is
completely determined by Egs. (104) and (106).
Equation (107) thus extends the little group action to a
Poincaré action on all single-particle states. However, the
validity of this procedure relies on being able to smoothly
define L: M — SO™(3, 1) satisfying Eq. (105). If L is not
smooth, then the space of single-particle states constructed
in Eq. (106) does not have a smooth structure. It is then not
possible to say that the Poincaré group acts smoothly on the
single-particle states, and therefore the formal representa-
tions described by Eq. (107) are not actually Lie group
representations.

For massive particles this is not an issue. For the
reference momentum k = (1,0,0,0), one can smoothly
choose L (k) to be the unique boost taking k to k. However,
for massless particles there are no smooth choices of L.
This result was proved by Boya et al [44] using the
principal bundle structure of SL(2, C). We present a short
alternative proof based on the fact that the R- and L-photon
bundles are Poincaré symmetric:

Theorem 28. Let k€ L,. There exists no smooth
function L: £, — SO™(3, 1) satisfying Eq. (105) for all k.

Proof. Suppose there were such a function L (k). We will
prove in Theorem 37 that R- and L-polarization states are
preserved under the action X of SO (3, 1). Additionally, a
photon will appear as a propagating wave in any reference
frame, so under a Lorentz transformation a wave (k, E) €y,
with E # 0 will transform into another wave with nonzero
electric field. This can also be seen by taking the dot and
cross product of Eq. (81) with v. If one fixes a choice of
(k.E.) ey (k) with E. # 0 then £, ) (k. E), considered
as a function of k, is a continuous nonvanishing section of
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7., contradicting the fact that y, is a nontrivial bundle.
Thus, no continuous function L (k) exists. L]
As an example, Weinberg [20] chooses

L(k) = exp(i¢J3) exp(i6J,)B([k|). (108)

where

k = |k|(1,sinOcos ¢, sin@sing,cosf)  (109)
and B is a boost in the z direction. However, L(k) is
discontinuous at = 0 and 8 = & since

lim exp(ighJ3) exp(i6J>) = exp(ih3).

éi_rgexp(igbh)exp(i@]z) = —exp(ipJ;)  (110)
both depend on the value of ¢. This illustrates that the
modern formulation of the little group method [20,49] fails
for massless particles.

This issue presents slightly differently in Wigner’s
original and more rigorous formulation on the little group
method [19]. The single-particle states used by Weinberg
do not themselves form a Hilbert space (for example, they
are are delta-function normalized [20]). Weinberg instead
builds representations on the Hilbert space of L?> wave
functions y(k, a) where again a is a finite index. Given a
unitary matrix representation of the little group Hj in which
A+ D, (A), Wigner defines the Hilbert space represen-
tation

[E(A)](k,a) = Dy (LK) AL(ATK))w(A'k, b).
b
(111)

In the massless case, L is discontinuous for at least one k’.
Thus, if y is smooth, the transformed wave function X(A )y
is discontinuous at k" and Ak’. The trivial exceptions to this
are when A is the identity or when D, is the trivial
representation with D,,(A) = 1 for every A. The latter is
interesting because it shows that the massless helicity 0
representation is smooth. However, all the nonzero helicity
representations are not smooth. We do note that such
discontinuous wave functions are still elements of the L?
Hilbert space, and Wigner showed that these representa-
tions can be regarded as continuous in the technical sense
that if A, — A, then |Ayy|— |Ay| in the L? norm.
Nevertheless, such nonsmooth representations are both
practically awkward and physically unnatural.

One way to understand this issue is that the conventional
little group method constructs representations on the
“wrong” Hilbert space for massless particles. From a
mathematical standpoint, there is a single infinite-dimen-
sional Hilbert space since between any two Hilbert spaces
‘H, and 'H,, there exists a (nonunique) unitary isomorphism

F: 'H; — 'H,. However, there are many concrete manifes-
tations of this Hilbert space, for example, the spaces
L?*(R") of C-valued square-integrable functions on R”.
For a massive particle with spin s, Eq. (111) gives a
smooth representation on the 2s + 1 component wave
functions over the mass hyperboloid, that is, on the
Hilbert space H = @,,.,L*(R?). However, for any other
Hilbert space, say L?(R), there exists a unitary isomor-
phism F: H — L?(R), which then induces a representa-
tion on L?(R). Of course, there is no guarantee that F will
map smooth wave functions into smooth wave functions,
and thus, the induced representation on L?(R) is generally
not smooth. This is to say, it is possible to describe a spin s
particle by a single wave function over the real line, but it
would behave pathologically under Poincaré transforma-
tions, and is thus unnatural from a physical standpoint.
Indeed, such representations are never used in physics. In
this sense, one might regard L?(R) as the “wrong” Hilbert
space to represent spin s particles. That the conventional
little group method produces nonsmooth massless repre-
sentation on L?(L, ) suggests that L*(L.,) is not a well-
suited Hilbert space for massless particles (except when
h = 0). We will show in Sec. IV E that L? sections of vector
bundles over £, support smooth representations, and thus
form natural Hilbert spaces for massless particles.

D. The little group method for massless
vector bundle representations

We can resolve global nonsmoothness issues in the
massless case by considering vector bundle representations
of the Poincaré group over the light cone. We will show that
a vector bundle version of the little group method can be
used to canonically decompose any unitary ISO™(3,1)-
equivariant vector bundle z: E — L, into irreducible
bundle representations labeled by helicity.

We begin by defining bundle representations of the
little group.

Definition 29 (Stabilizing vector bundle representation).
A G-equivariant vector bundle z: E — M with group
action (%, %) is said to be stabilizing if £, is the identity
for every g€ G, that is, if

Z,(Ey) CEy (112)
for every ke M.

Definition 30 (Little group of a vector bundle represen-
tation). Let #: E — M be a homogeneous G-equivariant
vector bundle. The isotropy group at k € M is defined by

H, = {g€G|Z (k) = k}. (113)
The little group H of the representation is defined as the
isomorphism type of H;, which is independent of k because
Hs , = gH;g™' and E is homogeneous.
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In the case that G is the Poincaré group, H and H, are
restricted to elements of SO™ (3, 1), that is, they are defined
in terms of the corresponding proper orthochronous
Lorentz action.

Theorem 31 (Little group representation). Letz: £ — M
be a homogeneous G-equivariant vector bundle with action
(Z,%) and little group H. Let H, denote the little group at
ke M. Suppose f: Hx M — G is a smooth map such that
f(h, k)€ Hy for all h, k, and for each fixed k, f(h, k) is a
group homomorphism from H to G. Such an f induces a
stabilizing bundle representation of H on E with action 1
given by

Hh(k, ’U) = Zf(h,k)(k7 ’l}) (114)

for (k,v)€E. II is unitary if X is unitary. A bundle
representation of H induced by such an f is called a little
group representation.

Proof. 11 is smooth because X and f are. It is a vector
bundle representation because

0, 5, (K, 0) = Z 0.k (ks ©) = Zpiny sy p iy (Ko v)  (115)

= 2y ) 2y b (K, 0) = T, Ty, (K, ).

It is stabilizing since f(h, k) € Hy. Since II can be written
in terms of X, if X is unitary then so is IT. [

By the definition of the little group H, for each k there
exists an isomorphism f;: H — H;. Note that f is not
typically unique. One can then define

f(h k) = fi(h).

However, this f is not generally smooth since there is no
guarantee that the choices of f} fit together smoothly. Our
first goal is construct a canonical smooth f for an arbitrary
ISO™ (3, 1)-equivariant vector bundle z: E — £, which
will then furnish a canonical little group representation.
Note that any such bundle E is homogeneous since
ISO*(3,1) acts transitively on L, .

For a fixed k€ L, any A € Hj, satisfies £(A)E; C Ej,
so X gives a finite-dimensional vector space representation
of Hy = ISO(2) on the fiber Ey; we will use =¥ to denote
this restriction of X to Ej.

Consider first the special case of k= (1,0,0,1).
Weinberg [20] showed that the little group of this k can
be described by a function of three parameters

WX(6, a, f): ISO(2) — ISO*(3,1) and is represented by

(116)

(117)

S(WEO, o, p)) = exp (iaA + ifB + i6J5),
A - J2 + Kl?

Under the isomorphism with ISO(2), J; generates 2D
rotations while A and B generate translations. They satisfy
the commutation relations

[J3.A] = +iB, (119)
[J3. B] = —iA, (120)
[A,B] = 0. (121)

It is known that all finite-dimensional irreducible repre-
sentations of ISO(2) are one-dimensional. The general case
was proved by Schwarz [50]; simpler proofs for unitary
representations of ISO(2) are presented by Weinberg [20]
and Maggiore [49]. Therefore, on each such irreducible
representation, J3, A, and B must all be multiplication
operators and thus commute. Equations (119) and (120)
then imply A = B = 0 on each irreducible representation,
which in turn implies A = B = 0 on all of Ej. Thus,

J,+K, =0, (122)

-J1+K,=0 (123)
when restricted to yz. We note two subtleties here. First, the
relations (122) and (123) hold only on the fiber E;. Second,
J, and K are not independently operators in the little group
representation since neither generate transformations leav-
ing k invariant. However, since J, + K; = 0 in the little
group representation, this relation holds also in the bundle
representation when restricted to E, and in this sense the
perpendicular boosts and angular momenta are related by
J2 = _Kl and J] = K2 on E]'c

Since A = B =0, the irreducible representations are
completely determined by the action of the generator J;.
In fact, they are just the eigenspaces of J3. Let ¥y, be the
eigenvectors with eigenvalues h:

J3¥ = ¥, (124)
h defines the helicity of each irreducible representation of
Hj. Since
ei27r131P],(!h — eZHihlPlE,h — le],(’h’ (125)
h must be an integer. Note that if one allows projective
representations, 71 may also be a half integer [20].

These results generalize easily to arbitrary k =
(|k|.k)€ L, as there is nothing special about k =
(1,0,0,1). Choose any f.f,€R3 such that (f.f,.k)
form a right-handed orthonormal coordinate system. Then
the little group H, is given by a function W*(0,a,f3)
represented by

(W0, a, B)) = exp [iaAk + ipB* +i0(k-J)],  (126)
Ak =f,-J+f -K=0, (127)
B*=—f-J+f,-K=0. (128)
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The latter two equations say that the boosts and
perpendicular angular momentum are related on E; by

J,=—kxK, =-kxK (129)

where
(130)
(131)

The only nontrivial generator of the little group is k - J, and
its eigenspaces are again labeled by integer helicities. For
systems with a well-defined spatial-inversion symmetry,
such as the photon system, it can further be shown that the
eigenvalues must come in +A pairs [20].

We would like to show that the fiberwise little group
representations fit together to form a bundle representation
of the little group ISO(2) via Theorem 31. However,
Wk(8, a, f) considered as a function from ISO(2) x £
to ISO™(3,1) is not smooth because it is not possible to
smoothly choose (f;(k),f>(k)) by the hairy ball theorem.
However, the fiberwise little group representations have the
important property that the translations A* and B* act
trivially. Thus, f: ISO(2) x £, — SO*(3,1) given by

F((0.0.B). k) = WH(6.0.0) (132)
is smooth and produces precisely the same action as
Wk, a, f) under X:

Z(f((0.a.p). k) = Z(WHO.a.8)).  (133)
Applying Theorem 31 to this f then gives a canonical little
group action.

Theorem 32. Every ISO™ (3, 1)-equivariant vector bun-
dle z: E — L, with group action X has an associated little
group representation of ISO(2) with action II given by

(0. a. B) (k. v) = (k. %) = (k, ei0®)y) (134)

where

x=k-J (135)
is the helicity operator. If X is unitary, then so is I1.
Note that the helicity operator can be written as

—I}J—EJ—lPJ
AT T

(136)
This operator is smooth on the vector bundle since H =
|k| # 0 on the light cone and is thus invertible. Note that
H™! commutes with P and J. Furthermore, for each
ae{l,2,3}, P, and J, commute, so P-J=J-P.

Thus, the terms in Eq. (136) can be rearranged, and there
is no ordering ambiguity in the definition of y. The
following is an important property of y.

Theorem 33. The ISO™ (3, 1) action X and its associated
little group action I1 commute.

Proof. We prove this by showing that y commutes with
all generators of the ISO*(3, 1) action. In the following
calculations, we implicitly sum over all repeated indices.
That y commutes with the spacetime translation generators
and the Hamiltonian H is trivial. For the generators P,
we have

r, Py = [&prb] :&Uavpb]

H H
=ie H'P,P. = 0. (137)
For Jb,
b(’]b] = H_I[Pa‘]a’-]b}
=H Y (P,J . Jp] + [Pas Tp)T )
= iH_l (eabcPaJc + eabcPcJa)
=0. (138)
To show that y commutes with boosts, note that
[H_I,Kb] = H_le - KbH_l
=H'K,HH™' —H'HK,H™!
=H'K,,HH™' = iH'P,H™!
=iH?P,. (139)

Thus,

v Kp] = [H'PoJ . K]
=H'"P,[J . Ky +[H Py KplJ
=i€qpcH'P K +H '[Py, Kyl + [H K, |PoJ,
=—iH Y (PxK), —i5,J,+iH*P,P,J,

=i(=Jy— (kxK), +ky(k-J)). (140)

By the relation (129) between the boost and rotation

generators for massless representations, these terms cancel
giving

[x.Kp] = 0. (141)

|

We can now show that the massless unitary irreducible

bundle representations of ISO*(3,1) are the constant

helicity representations.
Theorem 34. Let #: E — L, be a unitary ISO™ (3, 1)-
equivariant vector bundle of rank r such that a spacetime
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translation by a€R* acts on a vector (k,v)€E; by
2a(k,v) = (k, e*3v). Then E can be decomposed as

E=E & - ®E, (142)
where the E; are unitary irreducible ISO* (3, 1)-equivariant
line subbundles of E. Each E; has definite helicity 4 in the
sense that every element of E; is an eigenvector of y with
helicity h;.

Proof. Choose some k € L. Let (v, ..., v,) be a basis of
the fiber E; consisting of eigenvectors of y with helicities
(hy. ..., h,). Define the subset E; C E as the orbit of (k, v;)
under the group action and scalar multiplication:

E; ={cZ(L)(k,v;)|L€ISOT(3,1),ceC}.  (143)
We will show that each E; is a rank-1 subbundle of E by the
subbundle criterion. Partition E; as
E; = Uyer E(k), (144)
where E;(k) is the subset of E; consisting of vectors at k.
Each E;(k) is a vector space, and it is nonempty since if
L(k) is any Poincaré transformation taking k to k, then
Y(L(k))(k,v;) € E;(k). Thus, E;(k) is at least one-dimen-
sional. Suppose (k,w,) and (k,w,) are both in E;(k) and
nonzero. Then

(kowy) = ¢, Z(Ly) (k. v)) (145)

(k,wp) = (L) (k, v)) (146)
for some nonzero scalars (¢, c,) and Poincaré transfor-
mations (L, L,). As L3'L; leaves k invariant, it must be a
combination of a spacetime translation by some a and an
element of the little group Hy, so

S(L3'Ly) (K, v;) = (R, e @0ty ) (147
for some 6. Then
(kowi) = 1 Z(Ly)E(L3 Ly ) (k, v;)
_ Clcglei(ﬁhﬁkﬂa#)(k’ Wz), (148)

so (k,w;) and (k,w,) are linearly dependent. This shows
that every E;(k) is one-dimensional.

Now, let kg € £ be arbitrary and U be a small ball about
ko. Choose the radius of U to be small enough that it does
not enclose the origin. We construct a smooth function
L: U— SO"(3,1) such that L(k)ky = k. Note that we
showed in Theorem 28 that it is not possible to construct
such a function if the domain is all of £,. However, it is
possible to construct such a function locally. Indeed, we can

simply choose L(k) = R(k)B(k) where B(k) is the boost

parallel to k, taking k, to kO\Ik% and R(k) is the unique

rotation by angle 0 < 8 < z along the great circle connect-

ing ko‘kio“ to k. Let (ko, v) be a nonzero vector in E; (ko).

Then X(L(k))(kg. v) is a smooth section of E over U that
span E;(k) for each k€U. Thus, each E; is a line
subbundle of £ by Lemma 15. They are unitary equivariant
subbundles by their definitions in Eq. (143). Every vector
(k,wy) € E is an eigenvector of y with helicity /; since by
Theorem 32,

x(k,wy) 2)(6‘12([41)(7‘: Uj)
= 1 Z(Ly )y (k, v;)

= hj(k, wy). (149)

n

In this bundle decomposition, it is possible for multiple
line bundles E; to have the same helicity. The next result
says that such representations are equivalent, showing that
the irreducible bundle representations of ISO*(3,1) are
completely characterized by their helicity.

Theorem 35. Suppose n: Ey — L and ny: E;, —» L
are unitary ISOT(3,1)-equivariant line bundles with
actions X; and X, and helicities /#; and h,, and such that
spacetime translations by a act via multiplication by e’¥3.
They are unitarily equivalent representations if and only
lf h 1 = hz.

Proof. If E| and E, are equivalent representations, then
there exists an isomorphism g¢g: E; - E, as in
Definition 24. Let y; and y, be the helicity operators
induced by X, and %,. For (k, v) € E|, linearity gives

9@ (k. v)) = gle™O (k. v)) = eMIg(k,v).  (150)
By equivariance,
gl (k,v)) = e gk, v) = e™Og(k,v). (151

Thus, l’ll = l’l2.

Conversely, suppose iy = h,. We will construct a unitary
isomorphism of representations g: E; — E,. Fix some
(ko, Uo) GEI and (ko,Wo) €E2 such that |Uo| = |W0| ?é 0.
We define

g(ko,ﬂ()) = (kOvWO)’ (152)
and extend this relation by equivariance and linearity. That s,
for every L €SO (3, 1) and ¢ € C, define

9(Z1(L)(ko, vg)) = Zo(L)(ko» wo), (153)

g(ky, cvg) = c(ko, w). (154)

Any (k,v) € E| can be expressed as
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(k, v) = cZ;(A)(ko, vo) (155)
for some choice of ¢, A. Indeed, if one chooses a
Lorentz transformation A such that Ak, =k, then
%(A)(ky, v9) € E| (k). Since E| is a line bundle, any other
vector in E (k) can be obtained by scalar multiplication. We
must still show that g is single valued under this definition.

Suppose Z] (Ll)(ko, Uo) = Z] (Lz)(ko, Uo). We need to
show

25 (L) (ko, wo) = Za(Ls) (ko wo) (156)
or equivalently,
25 (L' L) (ko. wo) = (k. wy). (157)

Since L5'L; leaves ky invariant, it corresponds to
ao(f,a,p) where a is a spacetime translation and
(0.a.p) is an element of H, =~1SO(2). It thus acts on
the fibers E;;, and E,; via multiplication by c¢; =

¢/01k62,) By assumption

2 (L3 L) (k. vo) = (k. vo). (158)
so ¢; = 1 and Eq. (157) holds. Next, suppose

Z; (L) (ko. vo) = (Ko, cvp). (159)
We need to show that

Iy (L) (ko. wo) = (ko, cwy). (160)

Again, since L leaves k; invariant, it can be expressed as
ao(,a,p), and it thus acts on both E;, and E,; via
multiplication by "% Thus Eq. (159) implies Eq. (160),
showing that g is well defined.

g is a basepoint preserving unitary vector bundle
isomorphism by its defining properties. All that remains
to show is that ¢ is equivariant, that is,

9(ZE1(L) (k. v)) = Zo(L)g(k, v)

for arbitrary (k, v) € E; and L € ISO" (3, 1). Choose some ¢
and A such that Eq. (155) holds. Then, using Egs. (152)—(154)
we have

(161)

9(Zi(L)(k, v)) = cg(Zi(LA) (ko, vo))
= cZy(LA)(ko, wo)
= cZy(L)Za(A) (ko wo)
= (L) g(cZi (A)(ko, v9))

= Z,(L)g((k, v)). (162)

Thus, E; and E, are equivalent representations. ]

We can apply this vector bundle version of the little
group method to decompose the photon bundle y into
Poincaré invariant line bundles. First note that y, have
definite helicity.

Proposition 36. The R and L bundles y, have definite
helicities +-1.

Proof. An arbitrary vector v, €y, can be written as

A

vy = ae; £ ie;) where (e, e,, k) is real, right handed,
and orthonormal. R(6) = ¢'*J) describes a passive rotation
by 6 about k. Using the (e}, e,) basis,

cosd sind 1
R(O = =, . (163
O)v- <—sin9 cos@) (ii) vy (163)

Differentiating with respect to 6 gives

qve = (k-J)vy = v, (164)
|
We now show that y_ are irreducible subrepresentations
of the representation X on y, provided we restrict £ from
I07(3,1) to ISO* (3, 1). This restriction is necessary since
the parity operator P maps y, to y, and therefore the R
and L bundles are not P symmetric.
Theorem 37. y, and y_ are unitary irreducible vector
bundle representations of ISO*(3,1).
Proof. By Theorem 34, y decomposes as
y=E ®E, (165)
into two unitary irreducible line bundle representations of
ISO™ (3, 1) with definite helicity. By Proposition 36, these
line bundles must be y . m
This result shows that R and L photons are globally well
defined. In particular, this construction avoids the singu-
larities that appear in the conventional little group method
for massless particles.

E. Vector bundle representations as particles

We have shown that the solutions of Maxwell’s equations
fit together into a smooth vector bundle y. Furthermore, y
splits into two unitary irreducible bundle representations of
the Poincaré group, y, and y_. It is thus natural to consider
these bundle representations to be particles. However, by
the conventional definition, particles are unitary irreducible
Hilbert space representations of the Poincaré group [19,20].
In this section we bridge the gap between these two view-
points, proving that massless unitary irreducible bundle
representations of the Poincaré group generate correspond-
ing unitary irreducible Hilbert space representations, and can
thus be considered particles under the standard definition.
These Hilbert space representations are smooth, avoiding the
singularities described in Sec. IV C that occur in Wigner’s
little group construction. We note that this method of
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generating Hilbert space representations from bundle rep-
resentations was described by Simms [43]. Our work differs
in that we use smooth bundles rather than topological
bundles, which allows us to resolve the nonsmoothness
issues with massless representations.

A representation of G on the vector bundle E naturally
induces a vector space representation of G on the infinite-
dimensional vector space I'(E) of smooth sections of E. We
refer to this as the sectional representation.

Proposition 38. A G-equivariant vector bundle (E,X)
induces a vector space representation of G on I'(E). Given
g€ G and a section y: M — E, g is represented by X7,
defined by

[Zwl(m) = 2,y (E (m))].

Proof. The linearity of the action in I'(E) follows from
the fact that X, is a bundle map. That the identity e € G acts

trivially on I'(E) follows from X, = I. If g;, g, € G, then

(166)

[(Z9,.01(m) = Zg, g, [w (Z(g,,)-1m)]
= 3,2y, [y (g1 2y (m))]
=2, [(Z,y) (E01 (m))]
= [Z5, (Z5,w)](m),

showing that X , = X7 ¥7 . Lastly, Xy is smooth since
2y, 1, and y are smooth. (]

As an example which will be used in Sec. V C, the ISO
(2) little group action on y has a corresponding sectional
representation on I'(y), which can be simply expressed due
to the splitting y =y, @ y_. A section E(k) €T'(y) can be
uniquely written in terms of sections £, of y,:

(167)

E(k) = E, (k) + E_(k). (168)

That is, there are unique projections P.: I'(y) = I'(y4).

Theorem 39. Let E €T'(y). The sectional representation

corresponding to the canonical ISO(2)-little group repre-

sentation on y is given by

(0,0, )E = eE = e*E, + e E_.  (169)

Since the translations @, f§ act trivially, the little group

action can be considered as an SO(2) = S! action:

OE = ¢"’E = ¢"E_ + ¢ "E_. (170)

Proof. Since little group elements act trivially on k, the
sectional action defined in Eq. (166) is given by

(6. a. B)E](k) = f((0. . B). k) [E(k)] = e*°E(k) ~ (171)
=e¢"E, + e E_. (172)

Ideally, if X is unitary, then the sectional representation
X% on I'(E) would also be unitary. However, this would
imply that the Hermitian structure on E induces a Hermitian
product on I'(E), which is not generally true. Suppose then
that one additionally specifies a G-invariant volume form
d¢ on the base manifold M, and denote by I'(E, d§) the
smooth sections which are L? normalizable with respect to
the volume form dé. Then there is an induced Hermitian
structure on I'(E, d&):

wiws) = [ nlmannas. (73)
In the present case, the photon bundle has the light cone as
its base manifold which has a canonical Lorentz invariant

volume form d¢é = %. We will assume this volume form

whenever the base manifold of £ is L.

Proposition 40. Suppose n: E — M is a G-equivariant
vector bundle and d¢ is a G-invariant volume form on M. If
the bundle representation is unitary on E, then the sectional
representation on ['(E, d€) is unitary with respect to the
induced Hermitian product (173).

Proof. For y,w, €T'(E) and g€ G, we have

(S Zpwn) = [ () (0, (i) 0)
- Al (Z,lw 1 (g7'k)] Zy o (97 k)] dE
=A<wl(g‘1k),v/z(g‘lk)>d§
— [ v ) (@)

= (v, v2), (174)

where ¢*(dé) = dé follows from the G invariance
of dé. m
I'(E, d¢) is not a Hilbert space but rather a pre-Hilbert
space since it is not complete. In particular, a sequence of
smooth sections can converge in the norm to a discontinuous
section. This issue is typical fo L?> spaces, and to remedy it,
one can work with the Hilbert space completion of I'(E, d&),
denoted by L*(E, d¢), which is the closure of I'(E, d&) in the
norm. A unitary sectional action X* on I'(E, df) extends to a
Hilbert space action on L2(E, d€) in the following way. If
g€ Gandy € L*(E, d¢), then there is a Cauchy sequence
in I'(E, d¢) with y; — . Since X°(g) acts unitarily on
[(E.d¢), Z°(g)y; is also Cauchy in I'(E,d&), and thus
converges in L?(E, d£). We can then define
=gy = limZ* (g)y;. (175)
Proposition 38 shows this representation is smooth since it
maps smooth sections to smooth sections. We have thus
proved the following:
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Theorem 41. A unitary G-equivariant vector bundle
w: E - M equipped with a G-invariant volume form dé
on M induces a smooth unitary representation on
L*(E, d¢). In particular, the sectional representations of
10%(3,1) on L2(y,d¢) and 1SO*(3,1) on L?(y..&) are
unitary.

The massless representations constructed in the standard
little group representations are representations on the space
of C-valued L? functions over £, which is equivalent to the
space of sections of the trivial line bundle on £, . This leads
to nonsmooth representations when 7z # 0. By considering
representations on sections of nontrivial bundles, one can
obtain smooth massless representations.

To complete this picture and prove that massless unitary
irreducible bundle representations of ISO*(3,1) are par-
ticles, it is necessary to show that the corresponding
sectional representations are also irreducible:

Theorem 42. Suppose X is an irreducible unitary bundle
representation of ISO*(3,1) on z: E — £, such that a
spacetime translation by a € R* acts on a vector (k, v) € E;
by Z,(k,v) = (k, e« v). Then the induced Hilbert space
representation X° on L2(E, d¢) is irreducible.

This is harder to prove than the previous results in this
section since it depends on specific properties on the
Poincaré group. Indeed, it not generally true that unitary
irreducible bundle representations of an arbitrary Lie group
G generate irreducible sectional representations. A counter-
example can be found in elementary quantum mechanics.
Consider the trivial line bundle E = S? x C over S with

generic element (k, ¢) € E and with the irreducible SO(3)
action which acts by rotations on k and trivially on the fiber:

(176)

The sections I'(E) are just C-valued functions on S2, and the
sectional representation is

(Rf)(k) = f(R™'k). (177)
This is the standard action of SO(3) on functions on S?, and is
reducible using spherical harmonics. For example, the
constant functions are a one-dimensional subrepresentation.
In fact, the sectional representation will always be reducible
when G is compact. This is because L2(E, d€) is an infinite-
dimensional vector space; meanwhile any unitary irreduc-
ible representation of a compact group is finite dimensional
([51], Theorem 3.9). However, this does not apply to non-
compact groups, such as ISO* (3, 1).

We first prove a simplified version of Theorem 42
assuming a smoothness condition. This allows for a more
transparent proof and motivates the measure theoretic
techniques used in the general proof. Given a representation
of ISO*(3,1) on L*(E, d¢), one can decompose it into
irreducible Hilbert subrepresentations H,,:

L*(E, d¢) = @H,.

a

(178)

It is not clear a priori that any H, contains a smooth section
other than the zero section; that is, there is the possibility
that every nonzero smooth section is a linear combination
of nonsmooth elements from the H,. We call the repre-
sentation normal if at least one of the H, contains a smooth
section which is not identically zero.

Theorem 43. Theorem 42 holds under the additional
hypothesis that the sectional representation X* is normal.

Proof. By assumption, L?*(E,dé&) has an irreducible
subrepresentation H which contains a smooth section
which is not the zero section. We will prove that
L*(E,dé) = H. Consider the vector space V) generated
by the orbit of y:

vz{Zci[z%m)w}(k>|c,-ec,A,-elso+<3,1),neN}.

(179)

V C H since H is invariant under the ISO™(3, 1) action.
The closure of V in L%*(E,&), denoted by V, is a
closed subspace of L?(E,¢) and thus a Hilbert space.
Furthermore, V C H since H is complete. V is also a
representation of ISO™ (3, 1) since if 3°;7 | ¢;;Z*(A;;)wo —
Wo and L€ISOT(3,1), then >0, ¢ (LA )y —
(L), because the action X is continuous. Since H is
irreducible by assumption, H = V. Decompose L?(E, d&) as

L*(E d&) =V & (V)" (180)
where (V) is the orthogonal compliment of V. The proof is
complete if we show that (V) = {0}. Ify* (k) € (V)*, then

(k)" - (2 (A)wol (k)

(Wt 2 (A)wo) = / 7 dk' = 0

(181)

for every A€ISO™ (3, 1). As yy(k) is smooth and not the
zero section, there is some small ball U € £_ containing
a point ky, on which v is nonvanishing. For each fixed
ke L, choose a homogeneous Lorentz transformation
L, €SO™ (3, 1) such that Lk, = k. Note that no continuous
choice of L; exists, but this is irrelevant to the current
argument. Consider the action of a o L; where a denotes an
arbitrary spacetime translation in only the spatial dimensions
a=(0,a):

Fu(@) = s B (ao Low)
1 oik'a wh (k)" - [Z5(Ly)yol(K')
=@y / X dk
-0, (182)
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Fr(a) is the 3D Fourier transform of the function

Fk(k/) = l//J_(kl)* i Wk(k/) ,

where

i = 2 (Le)yo. (184)
Since Fy(a) =0 for all a€R3, and since the Fourier
transform is an isomorphism, Fj(k’) =0 almost every-
where. E is irreducible and therefore a rank-1 vector bundle
by Theorem 34. Thus, if Fy(k') =0 for some k', either
w (k') = 0 or yy (k') = 0. By construction, yy (k') is non-
zero for k' in a neighborhood of k, and so y* must vanish
almost everywhere in that neighborhood. By varying k, we
obtain that y* vanishes almost everywhere, and in particular
is the zero section of L?(E, d&) since L? space is defined up to
equivalence almost everywhere. Thus, (V)* = {0} and
L*(E,d¢) = V = H is irreducible. "

While the assumption that the sectional representation is
normal in Theorem 43 appears reasonable, it is known that
mathematical pathologies are common in quantum
mechanics [23,52]. It is thus important to show that the
theorem holds in the absence of this smoothness condition.

Without assuming the representation is normal,
cannot necessarily be chosen to be smooth. However, L?
functions are, by definition, measurable [53], and we will
use measurability as a substitute for smoothness. We will
borrow standard results from measure theory and the theory
of Hilbert spaces; references for these topics are [53-55].
Let £ be the measure on the £ = R3\ {0} associated to the

Lorentz invariant volume form d& = % That is, if A C

R3\{0} is (Lebesgue) measurable, then

) = [ ae

& can be extended to a measure on all of R? by assigning
£({0}) = 0, which is consistent with Eq. (185) since

. . dk
§(10}) = limé(B,(0)) = lim 5,0 k|

(185)

0.  (186)

Note that if 4 denotes the standard Lebesgue measure on
R3, then (A) = 0 if and only if A(A) = 0, and we can refer
unambiguously to such sets as measure 0.

We will use a technical result of Buczolich [56], for
which we recall a few definitions. k €R? is a point of
Lebesgue density of the measurable set A C R3 if

lim/I(B,(k) NA)

B (187)

A function f: A — B between two subsets of R? is bi-
Lipschitz if it is invertible and if both f and f~' are
Lipschitz.

Lemma 44 (Buczolich [56], Theorem 1). Suppose that A
and B are measurable subsets of R and f: A — B is bi-
Lipschitz. Then f maps points of Lebesgue density of A
into points of Lebesgue density of B.

Corollary 45. Suppose A is a measurable subset of £ =
R3\{0} and consider A €ISO" (3, 1) as a function on L.
Then A maps points of Lebesgue density of A to points of
Lebesgue density of A(A).

Proof. By the lemma, it suffices to show that the action
of A is bi-Lipschitz. Furthermore, one can consider only the
cases when A is a pure translation, rotation, or boost. The
first two are obviously bi-Lipschitz. For the latter case,
without loss of generality, suppose that A is a boost by

velocity vk,. A acts on k = (k.. k. k) by

A(k) = <7L0r(kx - U|k )7 ky’ kz)’ (188)
so the Jacobian of the transformation is
vk,
|DA|(k) = 7Lor 1 _W < 7/Lor(1 + |1)|) (189)

Since the differential has a uniform bound for all k£, A is
Lipschitz. A" is a boost by —vk,, and thus |[D(A™")| is also
bounded above by y;..(1 + |2]), so A=! is Lipschitz. Thus,
A is bi-Lipschitz. L

With these results in place, we can adapt the proof
Theorem 43 to prove Theorem 42.

Proof of Theorem 42. Let H be an irreducible sub-
representation of L*(E, d&), and fix some section y, € H
which is not identically 0, and define V as the vector space
generated by its orbit as in Eq. (179). Again let V be the
Hilbert space completion of V, (V)* be its orthogonal
complement, and w* € (V)*. V is a subrepresentation of
L*(E, &) contained in H, so VV = H. The strategy is again to
show that (V)* contains only the zero section. Fix some
ko€ £, which will be specified later. For each ke L,
choose a homogeneous Lorentz transformation L, such that
Lyky = k. By precisely the same argument as in the proof
of Theorem 43, for each fixed k, at almost every k'’ either

wi(K)=0 or y(k')=0 (190)
where
v = X (Li)yo. (191)
Define the subsets
Ry ={k' €L, |wo(K')| # 0} (192)
Re={k' €L |yi(K')| # 0} = LyRy  (193)
R, ={KeLl |y (k) #0} (194)
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where |wol,|yx| and |y | are L?(d&) functions and thus
measurable, so the sets Ry, R, and R, are measurable.
Equation (190) says that R, and R are almost disjoint for
every k:

Let Qy, Ok, and Q| be the sets of points of Lebesgue
density of Ry, Ry, and R,. By the Lebesgue density
theorem ([53], Corollary 1.5), a measurable set and its

set of points of Lebesgue density differ at most by a set of
measure 0, so

A(Ro) = A(Qo) (196)
A(Rye) = A(Qx) (197)
ARL) = Q1) (198)

By assumption, y, is not the zero section in L?(E, d&), so
Ry has nonzero measure, and therefore so does Q,. We
have not yet specified how k; was chosen; choose kq € Q.
Then k € Q) by Eq. (193) and Corollary 45.

We next establish that

0 NO=0 (199)

for every k. Indeed, if K’ € Q| N Oy, by the definition of
Lebesgue density in Eq. (187), there would exist a § > 0
such that

SABAK)) < A(B,(K) N R.).

SABAK)) < ABA(K') 1 Ry). (200)

By Eq. (195), the intersection of Bs(k') N R, and Bs(k') N
R;, has measure 0. One would then obtain the contradiction

A(B;(k')) 2 A(B5(K') 0 (R U Ry))
= A(B5(k') N R1) + A(Bs(K') N Ry)

> A(Bs(K')). (201)

establishing Eq. (199). Thus, k & O, since k € Q. This
holds forevery k€ L, so O, = @, and therefore A(R ) =
0 by Eq. (198). Thus, w, is only nonzero on a set of

measure 0, and is therefore equal to the zero section in
L*(E, d¢). Then, (V)* = {0}, and
LY(E,d&) =V ="H (202)

is irreducible. ]

V. APPLICATIONS

In this section we discuss additional applications of
the vector bundle description of photons. In particular, we
discuss applications to the spin Chern number of light,
the quantization of the electromagnetic field, and the spin-
orbital decomposition of photon angular momentum.

A. Geometry of the spin Chern number

Theorem 37 shows that the splitting y = y, @ y_ makes
sense geometrically as well as topologically. Another way to
see the geometry inherent in y. is to note that these bundles
are also induced by the Berry curvature, another geometric
structure. In particular, it has been shown that the R- and
L-polarization states diagonalize the Berry curvature [17].

The geometric nature of y, is important for under-
standing the so-called spin Chern number of light. The
Chern classes c; are the characteristic classes of complex
vector bundles, and as such, are topological invariants.
Integrals of the Chern classes define the Chern numbers C;
which are also topological invariants and commonly used
in physics. Although the Chern numbers are typically
calculated using a connection, which is a geometric
quantity, they are true topological invariants and indepen-
dent of the choice of connection [18]. We have shown that
Ci(y) =0 and C;(y+) = F2. In addition to the usual
Chern number, a more mysterious quantity has been
defined for light, the so-called spin Chern number which
is physically related to the quantum spin Hall effect [17].
Letting 4. = %1 denote the helicities of y.., the spin Chern
number of light has been defined as

Cspin =h.C <}’+> +h_C; (7/—) =4 (203)
However, this definition clearly depends on decomposition
y =y, @ y_ of the total photon bundle. From a topological
standpoint, we showed in Theorem 22 that there are an
infinite number of possible splittingsy = ¢; @ ¢_;. The y,.
decomposition is only preferred when one considers the
geometry of y either via Poincaré symmetry or the Berry
connection. Furthermore, the definition of Cgy;, explicitly
involves helicity, which is a geometric quantity. Thus, the
spin Chern number is not a purely topological quantity,
instead reflecting both topological and geometric properties
of the bundle y. As such, the spin Chern number of light
may not be as robust as the Chern number against
perturbations to the underlying Maxwell system, particu-
larly if those perturbations alter the geometric properties of
the system.

B. Quantization via projection operators

We return to the problem of quantizing the vector
potential in the Coulomb gauge. If one uses the expansion
(14) for A, we argued that the polarization vectors €;(k)
cannot be linear. Since we showed that y is trivial and
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decomposes into two trivial bundles y =7 @ 7,, it is
possible to take €; to be global nonvanishing sections of z;,
thus giving a smooth global choice of polarization vectors.
However, there are issues with using the trivial bundles 7;
since they are not Lorentz invariant, that is, they are not
representations of the Lorentz group. The splitting that
makes sense both geometrically and topologically is
y =7y, @ y_. Indeed, the helicity labels two different types
of photons, and from a technical standpoint R and L
photons are different particles, although it is conventional
to call them both photons [49]. Thus, the €;(k) would
ideally be chosen to be R and L polarizations. The issue
again though is that . are nontrivial and thus no consistent
choice of such €; exists. However, since y,. are well-defined
vector bundles, the splitting y =y, @ y_ allows a section
A(k) €T’(y) to be uniquely written in terms of sections A,
of y,:

Ak)=A, (k) + A_(k). (204)
That is, there are unique projections P.: I'(y) = I'(yy).
Thus, instead of expanding the vector potential in a basis,
we write it in terms of projections:

1 —ik,x" ei may ﬁ
AW = [ 3 A + AR
(205)

In this form all quantities are well defined and smooth. We
can then quantize the field via the usual scheme [14], by
promoting the A,(k)* and A, (k) to creation and annihila-
tion operators:

[As(k1). Ay (ka)] = [A(K:). Ay (ko) = 0 (206)

(A (K1), A; (ko)) = (22)°6776%) (ki —ks).  (207)
Thus, by using projection operators instead of vector
expansion, it is possible to quantize the electromagnetic
field and obtain the standard QED theory without invoking
discontinuous bases as in the standard approach.

Note that since the Coulomb gauge itself is not Lorentz
invariant, the bundle A(k) is equal to the y bundle only in
the chosen frame where the Coulomb gauge is imposed. To
make the quantization Lorentz invariant, the two-dimen-
sional bundles A(k) in other frames need to be determined
by the requirement of Lorentz invariance.

C. Spin and orbital angular momenta of light
The last application of our vector bundle methods is to an
extended debate about the possibility of splitting photon
angular momentum into spin and orbital parts [17,24-30]:

J=J,+1,. (208)

Note that while photons are massless and thus technically
possess helicity not spin, we use the established term spin
angular momentum. We work in the sectional representa-
tion of the Poincaré group so that the angular momentum J
is represented as an operator on the vector space I'(y). We
will show that J, and J, do not satisfy 80(3) commutation
relations, and thus cannot properly be considered angular
momentum operators. These nonstandard commutation
relations have been found by others, although there is no
consensus on the implications of them [25,26,30]. We will
use the vector bundle formalism to help explain the
meaning of these peculiar commutation relations.

The angular momentum operator J for a section of the
photon bundle is determined according to the fact that E (k)
transforms as a three-vector when x rotates in R?, as stated
in Theorem 25. Direct calculation shows

J=S+L (209)
Sy = —ieu, (210)
L=—i(kxa), (211)

where S is a three-vector of rank two tensors. Here, J and L
resemble expressions of the total angular momentum and
orbital angular momentum for a massive particle, and S
assumes the form of the spin-1 operator [26]. If J and S
were well-defined operators on the vector space I'(y), then
Eq. (209) would furnish a split of the angular momentum
into spin and orbital parts. The advantage of this decom-
position is that L and S satisfy 80(3) commutation
relations, and thus generate rotations as angular momentum
operators should. The fundamental issue is that they are ill
defined for photons. The operators should act on sections
E(k) of the photon bundle where E is embedded in C3.
However, L and S generally give E(k) a nonzero compo-
nent in the k direction, violating the transversality condition
imposed by Gauss’s law. That is to say, L(E) and S(E) are
not sections of y. To see the origin of this issue, we start
from the derivation of J for a representation of SO(3) on 3D
vector fields y (k) subject to no constraints. The action of a
rotation R € SO(3) is given by

[Ry](k) = Rlw(R™'k)] = (Fgo Fraw) (k). (212)
where F and F are operators on vectors and functions,
respectively:

Fgv = Ry (213)

(Frf)(k) = f(Rk). (214)
Let R,(0) be a rotation by 6 about the a axis. The angular
momentum operators J, are defined by the infinitesimal
action of these rotations, and by the chain rule, split into
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two parts:
w10 = 5 R(OWIE) 15)
d d -
= (@ g:oFR"(9)>W(k) + <% HZOFR;I(Q))'I’(k)
(216)
= S (k) + Ly (k). 1)

We see that the spin angular momentum, the S,y (k)
term on right-hand-side of Eq. (217), is associated with
internal rotations, which only change the direction of y
without acting on the momentum. It is inherently associated
with a finite-dimensional representation as it arises from an
action of SO(3) on R>. On the other hand, orbital angular
momentum, the Ly (k) term, is associated with an action
on functions, and is thus associated with an infinite-
dimensional representation of SO(3). The issue in applying
this to the photon bundle is that due to the transversality
condition, neither F nor F are well defined as operators on
sections of y; only the composite action in Eq. (212) is well
defined. That is, if E(k) €I'(y), neither R[E(k)] nor E(Rk)
are generally in I'(y). As such, the split of angular
momentum into spin and orbital parts as suggested by
Eq. (217) does not apply for w €I'(y). However, Eq. (217)
itself is still valid for y €T'(y), when the right-hand side is
viewed as a single operator.

The failure of splitting angular momentum into spin and
orbital parts for photons, however, motivates another
potential splitting. In the massive case, we saw that the
spin angular momentum is associated with the symmetry
group which does not change the momentum k. This is
precisely how the little group is defined—it is the subset of
the Poincaré group which preserves the momentum. In the

massless case, this produces the helicity operator y = J - k.
The helicity is the k component of the angular momentum

J, so it appears reasonable to define

Jo = (J - k)k = yk, (218)

Jo=J. =J—yk. (219)

These are indeed well-defined vector operators since

[Jav Js,b] = ieabc"s,c” (220)

{Jaﬂ ]o.b] = ieabcjo,c (221)
as one can show from Egs. (97)—(100). In the literature, J
and J, are referred to as “spin angular momentum” and
“orbital angular momentum,” respectively. This splitting of
the photon angular momentum has been proposed based on

a number of different arguments [25-27]. The issue with
this splitting is that the J, and J, satisfy the peculiar
commutation relations

sasI50) =0, (222)
[Jo,m Js,b} = ieabc*]s,m (223)
[Jo,a’ Ja,h] = ieabc(']().c - Jx,c)' (224)

In particular, these are not 80(3) commutation relations,
meaning they do not generate rotations. Thus, J, and J,
cannot be considered angular momenta in the usual sense.
This conclusion was also reached by van Enk and Nienhuis
[25] and Leader and Lorcé [30]. However, if these operators
do not generate rotations, what do they generate? One can
explicitly check from the commutation relations that the J ;
and J,; satisfy the Jacobi identity, and therefore form a
well-defined Lie algebra g.

We examine first the fact that the J;; commute. There is

a notable difference between the helicity y = J - k and the
operator J; = )(l:t Per Theorem 39, the helicity is associated
with the little group action of SO(2) on I'(y):

OE(k) = ¢?E(k) = ¢“E_ (k) + e "E_(k). (225)
In contrast, the “spin angular momentum” J is associated
with an R3 action. If v € R3, then

vE(k) = e?®VE(K) = ¢/ ®VE (k) + e~ ®VE_(k). (226)

Thus, the Jg ; are associated with a translational symmetry
of y, explaining why they form a three-dimensional
commuting Lie subalgebra of g. On the other hand, the
J, do not form a Lie subalgebra as seen by Eq. (224). Thus,
J, is not associated with any symmetry of the photon
bundle. Since neither J, nor J, are related to rotational
symmetries of the Maxwell system, they do not achieve a
spin-orbital decomposition of the angular momentum. This
traces back to the fact that photons are massless, and thus
have helicity rather than spin. Indeed, it can be said that the
“spin angular momentum” J is neither spin nor angular
momentum. Instead, we have seen that J is associated with
a helicity-induced translational symmetry of the photon
system. We emphasize that even though J, and J, are not
truly angular momenta, the splitting is well defined and has
proved useful in experimental optics; see Bliokh e al. [57]
and references therein. Thus, a proper understanding of the
operators J, and J, is of both theoretical and experimental
import in various applications [58-63].

We note that discontinuous polarization bases have
appeared in some treatments of the photon angular momen-
tum. Bliokh et al. [26] write the electric field in the
helicity basis

et (k) = e*m(ey(k) + ie,(k)), (227)
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where e, and e, are the usual polar unit vectors and m is an
integer. This basis, however, has singularities at the poles,
and is thus not globally well defined. Similarly, I
Bialynicki-Birula and Z. Bialynicki-Birula [27] incorrectly
assume that global polarization vectors for the R and L
polarizations exist. An advantage of using the equivariant
bundle formalism to discuss photon angular momentum is
that there is no need to invoke discontinuous polarization
bases. As shown in Eq. (168), every photon wave function
can be uniquely decomposed into the R and L components
through the projection operators.

VI. CONCLUSION

Despite the simplicity of the Maxwell system, it exhibits
surprisingly rich and subtle topological behavior. While the
total photon bundle is trivial, it has important topologically
nontrivial subbundles such as the R and L bundles. This
nontrivial topology traces back to the hole in momentum
space at k = 0, accounting for the fact that photons are
massless and have no rest frame. This nontrivial topology
frequently obstructs the smoothness of constructions that

work in topologically trivial cases, such as the little group
construction on Hilbert space representations and the
quantization via expansion in a polarization basis. We
showed that vector bundle methods can be used to avoid
these continuity issues. In particular, equivariant vector
bundles have precisely the right structure to simultaneously
study the topology and symmetry of waves. In the present
case of photons, this formalism allows for versions of the
little group construction and quantization of the electro-
magnetic field without encountering discontinuities. It also
elucidated the symmetry issues that occur in attempts to
separate photon angular momentum into spin and orbital
parts. The equivariant bundle formalism is very general,
and can be applied to any waves with arbitrary symmetry
groups. As such, we believe that it could be a useful
framework for the general study of topological properties
of waves.
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