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Effective graviton mass in de Sitter space
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We calculate the effective mass of gravitational perturbations induced by the interaction of the classical
gravitational field with quantum matter in the background of the Poincaré patch of de Sitter space. Using the
Schwinger-Keldysh diagrammatic technique, the one-loop effective action is calculated, and it is shown that
the graviton does not acquire mass for the most symmetric Bunch-Davies state. However, we have shown that
even in this case, there is a nontrivial modification of the theory at one loop in the scalar sector of gravity.
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I. INTRODUCTION

Quantum field theory in curved space-time is one of the
directions of modern theoretical physics, which possibly
can shed light on the problems of the cosmological constant
and the evolution of the early Universe. De Sitter space is a
convenient example for investigating these questions due to
the high number of symmetries, but there are still many
subtleties that have not been studied so far in sufficient
details, such as IR divergences in loop corrections [1-3],
vacuum instabilities [1,4-6], and the behavior of light
fields [2]. One way to explore the behavior of the system
and the response of quantum matter to external conditions
is to find the effective action for small perturbations of the
external field. This paper’s main objective is to study the
effective mass term for the graviton, which it may acquire
in the one-loop effective action in de Sitter (dS) and anti—
de Sitter (AdS) space-times. The motivation for this
question comes from the natural Gibbons-Hawking temper-
ature in dS [7,8], which suggests that photon and graviton
can acquire a nonzero mass as it happens in the physics of
plasma. Our work is inspired by the paper [7], where it is
shown that despite the fact that an observer would detect
some sort of thermal equilibrium with the canonical
temperature 74q = 2—7[ (H is the Hubble constant here),
there is no effective Debye mass for photon for the most
symmetric Bunch-Davies state of the matter. We extend this
discussion onto the case of the gravitational mass. The
graviton field itself is considered at the classical level as a
perturbation of the dS metric, and we consider free scalar
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field theory as the quantum matter. It is worth noting that
perturbation of the metric in an external field has several
physical modes that can exhibit different behavior in the
effective theory. Consideration of these cosmological
perturbations is important for understanding the propaga-
tion of gravitational waves and density fluctuations of
matter in the early Universe [9]. In addition, an important
point in this work is that we restrict ourselves only to the
Poincaré patch of dS. This is because in global dS the
isometry group is broken due to divergent IR behavior of
the one-loop corrections at past infinity [1,10], making one
to introduce a Cauchy surface at finite time—this can
obviously affect the effective theory at large distances and
requires separate study.

There are two well-studied types of massive terms [11,12]
that can be added to the gravity action,

Smass = /de |g|[€ghh2 + mgzg(h”yhyu - hz)]’ (11)

which break diffeomorphism invariance. The second one is
called Fierz-Pauli massive term, and it is known to bring
no ghostlike degrees of freedom to the linearized gravity, while
the first one is associated to the so-called “scalar ghost” and
leads to Ostrogradsky’s instability [12]. In our work, we
attribute the emergence of mass to the appearance of terms like
(1.1), if any, in the long-wave expansion of the effective action,
which in turn does respect gauge invariance. For instance,
given the Minkowski background, we have for Ricci scalar R
in the linear and second orders,

kb))
R(I)Nk2 (g/w_ 7(2 )hﬂ s

(V191R) " ~ k2 (1 = 1)+ 2k, 1y (0 = 1),

(1.2)
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FIG. 1.

Therefore, small and slowly changing perturbations of metric
acquire a mass if the effective action contains such covariant
contributions as

1 1
AFCH:/de\/|g| |:€ghRﬁR+méiR . (13)

In general, the situation is much more intricate due to
ultraviolet effects, renormalizations of cosmological con-
stant, conformal anomalies, and other factors. For example,
one of the primary contributions to induced gravity in two-
dimensional space is the Mabuchi action [13,14], which
originates from the integral of the Green function for the
covariant Laplacian taken at coincident points.

We have not been able to solve all the puzzles that arise
in this way up to this point. However, we define and
analyze the quantity of effective mass as a measure of the
backreaction of quantum matter immersed in the strong
gravitational background for the simplest case of Bunch-
Davies state in Poincaré patch of dS. As long as we treat the
gravitational sector at the classical level, the notion of
induced mass should not be referred to as some mass of the
particle graviton but must be considered as a characteristic
of matter’s behavior in the given state. For example, in the
case of large positive masses, gravitational interaction is
screened, and a negative squared mass corresponds to the
decay of the initial external background. In particular, in
the presence of classical stress-energy tensor, a negative
squared mass for thermal state of matter leads to the
well-known Jeans’ instability [9,15,16]. At the same time,
taking into account such loop effects as secularly growing
corrections [1,17-21], the stability of dS is a separate
interesting question with many unresolved problems,
because these contributions can drastically affect the
tree-level situation for different types of quantum fields
and various initial states. This is why we believe that more
approaches are needed to treat this issue.

Another curious aspect of the appearance of the gauge
field’s mass is the connection with the Higgs mechanism.
We expect that the field of spin-s swallows the Goldstone
boson of spin-(s — 1) to acquire a mass. In Minkowski
space with 1¢* potential, there are two diagrams, local and
nonlocal, which combine into a transverse structure and
shift the pole of the gauge field's propagator (see Fig. 1),
where crosses represent the vacuum expectation of the
Higgs field, and the pole at k> = 0 indicates the exchange

Higgs mechanism in Standard Model.

of the massless boson. If there is no potential with
spontaneous symmetry breaking mechanism and our pho-
ton or graviton interacts with free field theory, we have
bubble and tadpole diagrams instead of the contributions
of Fig. 1. For example, in the case of the graviton, the
analogue of the Higgs mechanism will occur if a pole
corresponding to the Goldstone vector appears in the
nonlocal part of the graviton’s self-energy. This is the case
when the state produced by the matter stress-energy tensor
T,,(x)|0) has a nonzero overlap with the state of Goldstone
vector, which can be easily seen if one inserts the sum
over all states into the nonlocal part of the self-energy
jap ~ Zstate<0|T;w|state><state|Ta/;|0>. As long as the
stress-energy tensor is quadratic in fields, the Higgs
mechanism requires the appearance of the Goldstone
vector in the tensor product of states in the matter spectrum,
which is a sum of infinite-dimensional positive-weight
unitary irreducible representations of the isometry group
of the space under consideration [22-24]. Although it is
difficult to imagine that the stress-energy tensor of a free
field theory can create a Goldstone vector as a bound state,
this actually happens under certain conditions in AdS: e.g.,
the presence of the Goldstone vector in the bubble diagram
is shown in [24,25] using the expansion of propagators at
large distances.

In dS, the spectrum of states is different [26], and we do
not expect the same phenomena to occur. Moreover, the
analysis in dS should be more careful as it is a nonsta-
tionary background, so one has to adopt the Schwinger-
Keldysh diagrammatic technique. In particular, it was
shown in [7] that Debye and magnetic masses of the
photon in dS are zero in the maximally symmetric and
analytic Bunch-Davies state. In this paper, we show that
the effective mass of the tensor mode of the graviton is
also zero up to a subtraction of UV divergent contact
terms, which are present in Minkowsky space as well.
Specifically, in Sec. II, we describe the particular model in
question and provide Schwinger-Keldysh diagrammatic
technique for it. In Sec. III, we derive the expression for
gravity’s induced action in terms of loop integrals and then
use it in Sec. IV to calculate the mass m, of the tensor mode
of the graviton. We give a definition to this quantity in a
manner of nonequilibrium condensed matter physics [27].
Finally, in Sec. V, we discuss some features that arise in the
scalar sector of gravity in the effective action. First, for
space-time dimension D > 2, the loop integral for the mass
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of the scalar mode diverges, requiring a more careful
regularization procedure that preserves the symmetries of
the problem for further analysis. Second, in dS space, this
mass already has a nonzero value at the classical level,
with both the massive and kinetic terms entering the
action with the wrong sign. This is not a problem in
classical theory since scalar modes do not propagate in it.
Third, we claim that divergent terms appear in a nonsta-
tionary gravitational background that are absent in the flat
case. This feature should be related to a deficiency in
defining effective mass as a term in the expansion of the
effective action into a series and should be eliminated
after resummation, so more detailed analysis needs to be
carried out in subsequent studies. We separately consid-
ered the case of two-dimensional spacetime, where
integrals converge and found that in dS, the effective
mass of the scalar mode differs significantly from its
formal value in flat space for light matter fields, indicat-
ing a significantly different response to external back-
ground in these two situations. Additionally, in
Appendix E, we show the presence of Goldstone scalar
and mass of a photon in one-loop photon’s self-energy in
AdS, following the spirit of work [24] to establish
differences between field theories in AdS and dS.

II. PRELIMINARIES AND DEFINITIONS

Consider the action for gravity coupled to the real
massive scalar field in D = d + 1 dimensions,
dPx

S[gw- ¢] = |91[R + 2A]

162G

1
45 [ @xVidlgragos - w2

where the A term is defined by the Hubble constant H as
A= WH{ G is a Newton’s constant, and below we
use the dimensionless mass parameter m = . We will split
the metric into the background in the Poincaré patch of

dS and small perturbation, #,,, over it,

1
=3 h,, §,=-—-=diag(l,—1,....—1), (2.2
9w gﬂb+ Hv Gu H2712 1ag< ) ( )

where 7 is the conformal time, which is related to the
inertial observer time coordinate as 1 = %e‘” . Below we
will also use the perturbation with raised indices
J L pa g hyp and the rescaled field 7%, = H**h,,, such
that g,, = H+:72[7/W + %, v = diag(1,—1,...,—1). The
field 7, is a more appropriate variable for the problem in
question, e.g., the equations of motion for the naive
linearized massive gravity take the form of the usual

Klein-Gordon equation for the fields, obtained from the
components of %, by means of linear operations [28].

We consider gravity as classical and quantize only the
scalar field.

A. The quantization of the scalar field

We quantize the scalar field in the standard way using the
creation and annihilation operators with the canonical
commutation relations,

dD—] . ) .
¢(’77 X) = /WDI—)I [&pfp(”)elpx + &l')f;;(n)e—sz]’

[ap. ag] = (22)"~'5(p ~ q),
D-2 D-1

foln) = H7=n=h,(pn), (2.3)

p=Ipl

Here, h,(pn) can be expressed in terms of the Hankel
function of the first kind Hﬁl)(z) for complementary

(m < 251) and principle (m > 251) series as follows:

lon) = e 5H ) (),

v=1\/m?- (D;il)z (principal series),
n(on) = 1 (),

V= (D ; L’ —m? (complementary series),

(2.4)
so that the mode functions f,(1) obey the equation,

m? D-2
Vs + (1 =0, V,=0,-P2

(2.5)

Note, that by choosing the harmonics in the form (2.4) and
by the condition a,|BD) = 0, we specify the Bunch-Davies
state of the scalar field theory in the Poincaré patch of
dSp—we will stick to this initial state throughout this paper
as it preserves the highest number of symmetries in loop
calculations [21], while the effects of various nontrivial
initial states will be considered elsewhere. Next, in order to
construct the Schwinger-Keldysh diagrammatic technique,
it is appropriate to introduce the fields after the Keldysh
rotation,

¢+ -
¢cl: +2 ’ ¢q:¢+_¢—;
v hm/ + h;ib v 1 v
R = *T Hy =t — he. (2.6)

Here, “+”- and “—"-parts are attributed to the upper and
lower branches of the Keldysh contour C on #-plane,
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FIG. 2. Keldysh contour on #- and #-plane.

The corresponding propagators of the scalar field in
these notations have the form (7. is the ordering operator
along the contour C on the Fig. 2),

G(x.x) = (Tep(x)p(x'))

= F(x,x') - % signe (7 —n')p(x. X'),
(Der(x)per(y)) = F(x,9), (g (x)Per(¥))
=i0(n—1n')p(x.y).
(Der(x)py (v)) = =i0(n' —n)p(x,y),
<¢q(x)¢q(y)> =0,

(2.7)

where the sign function signe is implemented along
the contour C, F(x.y) = ({p(x). $(»)}) and p(x.y) =
i{[p(x),p(y)]) are the Keldysh and spectral functions,
respectively [29]. The state that we consider is spatially
homogeneous, which implies that the spatially Fouriér-
transformed propagators depend on one momentum k and
two times 7 and 7/,

F(k|n.n') = / dUXF (11, | — y|)e- k)
= Re{fx(m/fi(n)}.
p(kln.7') =/dpr(;7 7, |x — y|)e-k(x)
= =2Im{f\(n)fx (")}, (2.8)

where we express the propagators in momentum space via
the mode functions (2.3). Also it is worth noting here that
the commutation relation [¢(x), z(y)] = i6!¥)(x —y) with
the canonical momentum 7z(x,?) = +/|g|lg®(¢)0,¢(x, 1)
implies the following property of the spectral function:

0o (K. 1)y = —H 292,
04Kl 1)y = HO-1P2 (2.9
while the causality requires p( ) = 0,0,p %

(k |’77 77/) |n:r/ =0.

B. Effective equation of motion

The propagators (2.7) allow us to find perturbatively the
Keldysh effective action T [h, h,], which is a powerful
tool to study dynamics of nonequilibrium systems [30-33].
To accomplish this, we extend the integration in (2.1) onto
the contour C, change the fields according to (2.6), expand
the functional integral over the matter fields in powers of
h,,, and calculate loop integrals using the propagators (2.7).
The contributions we are interested in are as follows (see
Fig. 3). As we will see, all the diagrams on the Fig. 3 are
important for the effective action to be gauge invariant in
the order under consideration. Also there can be some
additional counterterms J,,I" needed to cure the UV
divergences in these loops—we will discuss them in the
next section and show, that the first diagram on the Fig. 3
can be subtracted by the term 6, ., which renormalizes
the cosmological constant.

The graviton equation of motion (EOM) follows from
the effective action e[h,, h,] as

)

o0,

Feff[hclv hq”hfo =0. (2~10)

To derive these equations, we need the following interact-
ing parts in the action (2.1):

1
[1~| 1.4V rCl— ST~ 1, UV rel—c
AS:—/dDX |g|hI;Zle q—i/de |g|hg Tﬂi !

/ dPx\/ |9 HET b (2.11)
where
T = S 00 0,0 — m2 ') + ,410,48.
(2.12)
Cutep = g (s = 203l 70,0710, = ™
0O Bty O (213)

and the same for T/ replacing ¢ — ¢/ in (2.12). Note
that the bare correlation functions (2.7) contain theta
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L = “WWQ+W+WW@WW_

FIG. 3.

functions, while the bubble diagram on the Fig. 3 has
derivatives over time in the vertices as they appear in the
stress-energy tensor (2.12). Hence, there can be delta
functions in the bubble diagram,1 so we will collect these
local contributions Anifvclaﬁ to the total polarization oper-
ator along with the tadpole diagram into the one expression
|

—_EOM,,, ;"
162G uvap

where the “source” term on the rhs corresponds to the first
tadpole diagram on the Fig. 3 and

1
TTiap (1) = =5 ATLE, (1) + T (), (2.15)

Hbub

1
wiap T ATL)

B Tcl q + Tcl q
wlap =\ 5

5 Tf/;cl>. (2.16)

The operator E/OR/IWW; in the Eq. (2.14) appears due to

the FEinstein-Hilbert part of the action (2.1). Namely,
|

’7) / HD /D HBBFaﬁ(km/’ ’7)h}w(lﬁ 77/

Effective action.

H]"C‘aﬁ in what follows, while we will denote by HBEE:/)’ the

nonlocal contributions, where all the derivatives in vertices
act only on the Keldysh and spectral functions of the
propagators (2.7) in this diagram. Then the effective EOM
in the momentum space over the d space-coordinates has
the form,

1
)+ T (h (ko) = S(TGre!), (2.14)

following [9,16], we split the metric perturbation into
helicity components,

Zego =2,
hoow =ik Z+Z1,
Forg = =298, — 2k k E+ i (ke WT + K, WT)

+21T, (2.17)

where ki, ZT = kWT = kAT =0 and 211 = 0. We will
work in the gauge %, = 0. In this gauge, the linearized
Einsein’s tensor Gla) = Rl — 19wRY + (D = 1)H?h,, in
arbitrary dimension has the form,

Goy = _%’wﬁ’oo + Dz_ 20;77@/(/( + %512f0kk = 5 %10 Fek,
) = =25 Ohog = 50,0k + 500
G = ;ala Froo + laaﬁkk 1agﬁij+D2—;2anﬁ 152,@ 1(@@}(% T 00 )
+ 6; %ﬁm - D2_20 Togo + ;(3 oo + ;ar]ﬁkk - Dz—:lzaqﬁkk — %a,%kk + %a,ak/ék, . (2.18)

Note that (2.18) can be written as the action of linear
differential operator on the metric perturbation h,, =

H2 7l G ﬁ) = EOMMaﬁh’”’. In momentum space spatial

'Note, that in the operator formalism time derivatives do not
commute with the time-ordering operator: (T9,A(1)B(1)) #
0,(TA(1)B(r)). However, if time derivatives appear in vertices,
there additional noncovariant terms emerge in the interaction
Hamiltonian, which restore the accordance with the functional-
integral approach, where one can carry the time derivatives
through the functional integral [34].

I
derivatives d; in (2.18) must be identified with ik;, which
defines the action of the operator EOM,, |44 in the first line
of (2.14). We will use the Egs. (2.14)—(2.18) to properly

define the notion of the induced mass in the following
sections.

C. Implications of de Sitter isometries

In Bunch-Davies state, after the subtraction of the
A-renormalization counterterm S I from Iy, we are
left with the equation of motion of the form (2.14), but with
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no “source” term on the rhs and with renormalized local
part of the polarizatrion operator. This equation is invariant
under the gauge transformation in the zeroth order in
the metric perturbations §;h** = -4V, & — *V,&. In
order to obtain a general form of the linear equation
Dﬂy|aﬂh“ﬁ = 0, which respects both the dS isometry group

SO(1,D) and gauge invariance, we will use the
Lichnerowicz operator A;. It acts on the tensor, vector
and scalar fields in the following way:

Aphy, = =0y = 2R, ph™ + Rohyq + RSN,

~ 2A
ALV” — <—D _D—Z) V#,

Arp = -Uep,

(2.19)

where IAQWM, Rﬂy and 0 are Riemann tensor, Ricci tensor,
and the covariant Laplacian on the dS background corre-
spondingly. The action of A; in dS commutes with the
covariant derivatives, as explained e.g.,in [24,35,36]. Then
we can seek for the operator D wlap 10 the explicitly dS
invariant form,

EOM,, s = (A, +2(D — 1)H?)

D -2

7 a 1 NAVL VAV
Dﬁw\a/}h b= A(AL)h v T EB(AL)[V \Y% hznl + vzxv hwl]

+C(A)V, VNV V
+ D(AL)V, V1 + E(AL )3, he
+ F(AL) 3,V "V iy, (2.20)

where A,B,C,D, E, F are integro-differential operators,
which can be expressed in terms of A; and its Green
functions. Also, we set D = F immediately due to the
required symmetry under the switching of the pairs of
indices (uv) < (ap).

Below we show that the invariant one-loop corrected
effective equation of motion can include only two indepen-

dent operators, which we denote as Pﬂw\aﬂ’ 77;”‘
associated with the projectors onto the transverse traceless
part of the graviton and onto the scalar mode of the graviton
correspondingly. Namely, one can verify, using the explicit

expressions given below in (2.24) and (2.25), that the

op- They are

operator E/OI/[MO,/, from (2.14) can be written as

(AL + (D - 1)H?)?

ps 1, (2.21)

so that the effective linear EOM of the form @ﬂy|(,ﬁh"/’ =0
is as follows:

EOM,, osh + A(AL )P sh + E(AL)PS, ph =

(2.22)

uv|ap Hylaﬁ

Indeed, although we have five independent coefficients
in (2.20), the requirement of gauge invariance implies three
more constraints,

2A—<AL+ )B 0,

B+2D— 2C<AL + %) —0, (2.23)

E-D(a,+3%) =0,

so we are left with two independent coefficients and,
therefore, two independent dS invariant and gauge invariant
tensor structures, which act on the hﬂ,,. The first structure
for the projection onto the transverse traceless part of the
graviton iy, = Maﬂh“/’ can be fixed by the two additional

conditions A =1 and §*“hll, = g"”P’ sh* = 0. These
additional constraints lead to the followmg set of the

Piiep = D —1(A, + DH?) (A, 4+ 2(D - 1)H?) " b

coefficients for this projector (we express the cosmological
constant through the Hubble parameter):

B 2
AL +2(D

—1)H?>’
D-2

_ D-1
- (A, +DH?*) (A, +2(D
1 1
D—-1A; + DH?’
1 A+ (D-1)H?
D-1 A, +DH?

- 1)H?)’

F=-

E=-

(2.24)

The second independent operator ﬁfwmﬂ can be written in
the following simple form:

AY

)

P;Dl(l/)) = (g;w - A, — (D
9.9,
-1)H?)"

X | 0., —
(g"ﬁ A, - (D

With the use of an intuition of flat space where A; ~ k?, we
can observe that the IR behavior of A(A;) and E(A;)
provides us with the coefficients m, and ey, in (1.1). Hence,

A

(2.25)
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when all the symmetries are respected during our oper- III. EFFECTIVE ACTION
ations, it suffices to calculate the effective mass, e.g., only
for the sector of gravitational perturbations %4/ to restore
the whole “Fierz-Pauli term” in the induced gravity at large
distances. Finally, the statements of this subsection are
strictly working well exclusively for Bunch-Davies initial
state of the matter and for Poincaré patch of dS, because in
global dS the isometries are broken at the loop-level [1,10] .|

In this section, we find the expression for the effective
action ['.. The analysis of the nonlocal part H;liz\ba/} is given
in the Appendix A.

In order to obtain the expression for the tadpole diagram
we average the second-order term (2.13) over the rotation-

ally invariant state and get

11 1 1
Hggj|00 2 25/ aﬂan’F|i7’=n - 8H—47’]4 <£(’7)> H2772 1(’7)
HB“&Ok = H&C\]kl

1 1 1 1
Hgi(ikl - Ww( )>5k1+4H2 2/ [anan’F|'7"7 _ﬁsz O = H2n2 (1)

0,

1
d
o = —HTnzﬂz('l)@'z’

1 1 1 4 1
Ej‘?kz = S HTn“ <£(’7)> + HTnzm ) PZF] X (5ij5kz - 5ik5ﬂ - 5iz5jk) =t HT;72”3 (77)(5ij5k1 - 5ik5ﬂ - (Sil(sjk)7 (3-1)
where f f D <52, the Keldysh function F(p|n

integrals) is 1nc1uded in (3.1) at coincident time pomts n = 1’ as there is only one internal point in the tadpole diagram—we
comment on the UV divergences in these expressions below. In addition, we have introduced the averaged Lagrangian,

(et =1 [ 00yl - (72 +25)

Now, considering the terms, which arise from (2.16) when time derivatives act on the theta functions of the
propagators (2.7), we obtain

1) (for brevity we drop the arguments in the expressions above under the

: )]. (3.2)

1 1
AHB%C‘OO( ) §H2112/p anan’F|n’:n’ AHIO\Ok(']) AHB‘;‘CH( ): 0,

oc 1 1 » 11
ATTES, (1 )—Hz”zméik/pﬁp(pm,ﬂ), AT (1 )—2H2 2(s,c,/ana,,zt«*|,7,=n,
11
All 13\(:1(1( ) 2H2 25,]5k1/0,70,,/F|,’/”. (3.3)

Finally, summing up all the local contributions (3.1) and (3.3), we find from (2.15)

1 1 l—C 1 1 Cl—C 1 1 Cl—C
ng)c\oo( ) H2’12 Z <T0(l) l>’ HlO\COO (’7) H2172 Z <Ti; l>’ Hz)O,TOI(r/) - H2172 Z <T0(l) l>5il’
1 1
IS5, (n) = P {”3 (1) (801 — 6uwbji — 6udji.) — Z/,, anan’F|n’n6ij5kl}~ (34)

Having the explicit expressions for all important parts of the effective action, we can write it down as follows (we omit the
Einstein-Hilbert part):

1 [ dPx
Cer = _5 HDI]D q

*® d’l / v aff
+/ Hey (n K)TLS , (m)hg (n, k). 3.5
0 HD;,]D « 1 (’7 ) /w|a[)’( ) q (’7 ) ( )

1 [ d o dy
T n n n bub WP (n —
h <T2ﬂ >_2 0 HDnD ; HDi’]/D/h ( )H,,B\aﬂ( k|’7 77) ( 1, k)
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Let us emphasize at this point that all the local contributions
(2.15) and averaged Lagrangian (3.2) contain the Keldysh
function at coincident space-time points, which is the UV-
divergent quantity and requires an accurate regularization
procedure. Although the self-consistent study of the effec-
tive theory requires to fix all the counterterms, we deter-
mine only the counterterm to the cosmological constant in
the end of this section, which is sufficient when we
calculate the effective mass. Nevertheless, the terms (2.15)
are indispensable for gauge invariance. Indeed, one can
check the gauge symmetry of this action, using the trans-
formation in the zeroth and first orders in perturbation,

Seh = =N )& = WP oAV & = T, 8+ > v},
(3.6)

where F/(IL))" are the first order corrections to the exact

Christoffel symbols in the metric (2.2). The invariance in
the order O(¢) is guaranteed by the covariant conservation
of the stress-energy tensor. In Appendix B, we show how
to make sure of gauge invariance in the order O(||A, - &||)
with the expressions for the polarization operators given in
this section.

In the case of BD state, we must have (T¢) = 5/1@”“2
so that the first “source”—term in (3.5) is attributed to
the renormalization of the cosmological constant: A, =
A 4 87xGSA. More accurately, let us subtract the following
A-renormalization counterterm from the one-loop answer
(3.5), which we also write in terms of the fields (2.6) after
Keldysh rotation:

5AFeff=—/de\/g(x)5/1
1
— / dl>x\/§(s/1—5 / dPx\/G(x) ) WY X 52

1 TR n PN
—Z/dDX\/é(g/wga/}_gﬂaguﬂ_gﬂﬁgl/a)h/z;/hg/}X(S;t'

(3.7)

As we see, this renormalization affects only the local
contributions from the loops and, if we set

/

o0 dﬂ
{v”an + k2 — 327[G\/'7' Wes(k

i_l _ 22;/ 2
04 = =5 (L) —H'r 5— ppF(pIn,n), (3.8)

it eliminates the “source” term and the most of the local
parts (3.4),

ﬁgz)c\oo(’?) =0, IS

,.,'\00(77) =0, ﬁgﬁoz(’?) =0,

i 1 (.
1155, (n) = 0 {”3 (1) (810 — Oudji — 8:0x.)
1
-5 /,, a,,a,,,F|n,_n5ij5k,}, (3.9)
where
b=t L[ p2Fpiny) (3.10)
ﬂ374D—1 pp p’?v”l .

IV. EFFECTIVE MASS OF THE TENSOR MODE

Having the expressions for the quantum corrections to
the induced gravity action in terms of specific integrals, we
can investigate the effective equation of motion in detail. In
the case of the tensor sector %oy = %o; = 0, %;; = #4];' , the
only nonvanishing component of the Eq. (2.14) reads (see
Appendix A for the notations in the nonlocal part),

V0,4 + KA
Y dl’]l
_327[G\/r" I{DT,,I/D—ZeS(kVI’ n/)ﬁ;l;T(k, 7]/)

+ 64ﬂG7~r3(11)ﬁiiTjT(k, n) =0. (4.1)
We see that (4.1) is an integro-differential equation, so the
notion of mass requires accuracy. Following the approach
of [27], where the effective mass of photon in the systems
out of the thermal equilibrium was introduced, we expand
the integral part of the Eq. (4.1) in derivatives of %[ in
time. Namely, if we denote

/!

. © dn
Iy, ') = —32ﬂG/n, HDTn//D_zes(k

n.1"),

0, T (n,1') = 322G

I{DTT’]/D_Zej(k n.1), (4.2)

and then integrate (4.1) by parts, we arrive at

’7”7/)+64ﬂGﬁ3(n)}}%iTjT(kv’7)+ / dn' T (. )o 411 (k,n') = 0. (4.3)

n

*This statement is not trivial and can be seen explicitly only in the regularization schemes which preserves dS isometries, such as
dimensional regularization or point-splitting method [37—40]. It is a separate interesting topic, that even in the thermal state the situation is

much more subtle for the space-times with horizons [41].
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One can continue this procedure and expand the nonlocal
part of the effective action through multiple time derivatives
of %] (k,n). Then, for slowly varying field 7] (k,#) one

has the Klein-Gordon equation of type (2.5),

V,0,ATT +

k
SOy AT [kZ M] AIT 0. (4.4)
s
The last equation allows us to define an effective mass for
graviton as one does for nonequilibrium systems [27],

= —327Glim lim 7?

k—0n—0

(o) ;7/
x [/ HD—Zn/D—z es(kln,n') — 27, (’7):| .
n

In general situation, the order of the limits in (4.5) is very
important. In particular, in flat space another order leads to
the immediate zero value for the Debye mass [7,42]. We
define the limits in the way they are commonly taken in

|

2
mrr

(4.5)

dn

condensed matter physics [27,43], where this order is also
physically approved. However, it can be easily seen that in
our case, the quantity m?,(k, ) actually depends on the dS
invariant variable k7, so that the only limit we need to take
is the zero limit for physical momentum k7 — 0.

At first glance, it may seem that the integration over time
region from 7 to co may bring some infra—red effects to the
mass m7; and the local correction 73 just removes some
ultraviolet singularities. However, the quantum mechanical
perturbation theory (see Ref. [7] and Appendix C) provides
us with the formula,

/

0,,F(pln,n) = —2/ WF(PPW’I/)P(PMJ/)»
n

(4.6)

which reduces the first term on the rhs of (4.5) to the similar
local contribution as the second one. Now we use that
2F(pln,n) = 350, F and directly find in the limit k — 0,

P

0 dﬂ/ , 2 ) 5 (kp)z 2
— N pr— - F
/7 HD—2’,I/D—2 65( ) D(D _ 2) /’1 HD—Z},I/D—Z /p (p k2 (p n

k=0 1

TG

n")p( )

(kp)?

2
) 0, F(pln.n)

1 Q 0 2 3 1
_ _ d / dppDJrZ |:1 + :| apF

D(D — 2) (2r)4

1
- 2(2n)4(

where in the third line we have integrated over the angles
and then by parts over the absolute value of the momentum.
Eventually, we take the renormalized value 73 (3.10) and
find from the definition (4.5) that the mass of the spin-2
metric perturbation vanishes,
myp = 0. (4.8)
As it was noted in the Introduction, we believe that there
is a special reason why we have no mass generation for
photon [7] and graviton in dS, while it was proved that
there can be mass of the spin-2 graviton [24,25] in AdS4.3
Namely, the mass of the gauge fields generates if there is a
pole in the nonlocal part of the self-energy appears, which
corresponds to the Goldstone boson as on the Fig. 1. The
necessary condition for this is the presence of this

3Strictly speaking, quantum field theory in global AdS is ill
defined and suffers from unusual ultraviolet phenomena [44,45].
However, it serves us with a useful playing background to
investigate properties of QFT in different space-times with high
number of symmetries.

11
d
1)/ pPPF(plnn) = 55—

D-1 D>—1|2p

2F(plm n) (4.7)

I

Goldstone boson in the tensor product of the from
D(E,,0) ® D(E,,0), where D(E, Q) is an infinite-dimen-
sional, irreducible, positive-weight representation of the
isometry group of the embedding space (UIR), which
corresponds to the physical states of the scalar field theory.
Here, E and s correspond to the minimal energy and angular
momentum (spin) of the given representation, such that other
states in it are obtained by the action of the appropriate
creation operators [22]. In the case of AdS,, the isometry
group is SO(2,3), and we have the relations [23,24],

as E—s+1,
(4.9)

D(E,s) > D(s+1,5) ®D(s+2,5s—1)

D(E;.0) ® D(E»,0) =Y Y D(E; + E, + 1+ 2n.1).
=0 n=0

(4.10)

The first line (4.9) shows that the field of spin-s in the
massless limit £ — s + 1 decomposes onto the massless
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field from D(s + 1, s) of the same spin and the field of spin-
(s — 1). This decomposition tells us that the field becomes
massive after swallowing the boson from the representation
D(s +2,s — 1) in AdS,. In the cases of photon (s = 1) and
graviton (s = 2), the corresponding Goldstone bosons are
from D(3,0) and D(4, 1). The second relation (4.10) shows
that the states of these gauge bosons may appear in the
nonlocal contribution to the self-energy of either photon
or graviton in the case of conformally coupled scalar,
which corresponds to the choice E =1 or £ = 2. In the
works [24,25], it was shown that the Goldstone vector is
indeed present in the graviton’s self energy for certain
boundary conditions; hence, the mass of the graviton
generates in AdS,. In order to complete the considerations
of the mass of the photon in [7] from this point of view, we
investigate the scalar QED in AdS, with curvature radius L
in Appendix E.

In contrast to AdS, there are no such Goldstone bosons in
the tensor product of UIRs [26] for dS isometry group;
hence, the absence of the photon’s and graviton’s mass is
expected. However, dS is neither stationary nor stable
background, so it would be rather naive to proceed this way
and one would better adopt the nonequilibrium approach,
that we use in this paper. Moreover, it is argued in many
works [5,21,29,46,47] that there are a lot of IR peculiarities
in loop corrections in dS, which may affect the result
significantly.

V. DISCUSSION ON THE SCALAR SECTOR
OF GRAVITY

A. General remarks

Treating the problem in transverse-traceless gauge,
we apparently can get some information only about the
coefficient A(A; ) in (2.22). In order to say something about
E(A;), one has to include into consideration different
modes of metric’s perturbation (2.17). For instance, if we
naively set g,, = ez"gﬂy, we obtain from (2.22),

D-1
Feff X / |:6(AL + DHZ)U + 327[Gm

o <m>2E(AL) -0]. (5.1)

Let us make a few observations. First, we see that E(A;)
determines a shift to “mass” DH? which conformal
parameter ¢ already has. Second, it is crucial that both
the kinetic and mass terms enter the effective action with
the ghostlike sign. On the classical level in the presence of
classical matter this leads to Jeans’ instability [9,16]—it is
not surprising, however, that the classical equations of
motion do not have nontrivial solutions without matter [the
other constraints of (2.18) are not satisfied]: in this case,
the field ¢ is nonpropagating. On the other hand, nobody
exactly knows what happens in loop-modified gravity,

because, e.g., in the naive massive gravity [28], the scalar
ghostlike degrees of freedom become dynamical. To
answer these questions, more thorough investigation of
[ 1S necessary.

To find the terms which contribute to E(A;), it is
convenient to express the bubble diagram in terms
of commutator of stress-energy tensors in the operator
formalism,

1
T8, (k) = = 2 (BD [Ty, (k. 1), T (—k. )] |BD).

(5.2)

Then, using the relations derived in Appendix D, we can
write for the correction to ¢’s masslike term, which is given
by the trace of self-energy over 4 = v and a = f indices
(before taking the limit kn — 0),

© drl/
Sm2 /1 D=2, [D(D = 2)Hgojo0(K|n.77")

+ HAT\AT(ka n)l - Zni-?ﬁck’ (5.3)
where I1,7ar denotes the commutator of the form (5.2) for
AT defined in Appendix (D1). The quantity (5.3) is UV
divergent even in flat space, not mentioning the problems
with proper renormalization in dS* [48-51]. This is not
the end of the story. After the accurate subtractions of
required counterterms, we still may have some “spurious”
divergences left in the quantity 6m2 as a consequence
of definition of the induced mass as a coefficient in the
expansion of the effective action in time derivatives of % e
This is similar to the Taylor expansion of the function
e =1—x2 + - -+, where the whole function is conver-
gent in the limit x — oo, while each term in the expansion
is divergent. The appearance of such peculiarities can be
seen if one considers closely the first term in (5.3) in the
limit £k — 0 in x space,

/

) dn
D(D -2 / —— 11 0
( ) . HD_Z’/I/D_Z 00\00(

n.n) «

°</ﬂwiﬁ)—n—/ﬂBDHToo(O”?),/Too(x,n’)]|BD). (5.4)

X

Normally, the integral of T, is the conserved charge
(total energy), which commutes with any operator. For
example, the covariant conservation of the electrical current

4Actually, being a short-distance local phenomenon, UV
renormalization must be the same for any gravitational back-
ground at least at the leading order. Nevertheless, in order to
obtain correct values for IR quantities, one should preserve
symmetries of the theory at each step of the calculation, which,
for example, forbids the naive UV cutoff regularization scheme in
de Sitter.
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V" = 0,00 +2J0 -
Jo over the position space is J, =

0.J; =0 implies that the integral of
”,) x const. Hence, in any

commutator of the form (5.4) with electrical charge, the
dependence of the charge on time factors out and the result
is exactly zero, which leads to the vanishing Debye mass in
dS [7]. In contrast, the covariant conservation condition for
the stress-energy tensor includes additional term AT (D2),
which makes the analogy with the electric charge inappli-
cable. This conclusion establishes the fact that the energy
(at least defined as the integral of Ty) is not conserved in
nonstationary background and nontrivially commutes with
other operators. Therefore, although in flat space, one has
identically zero contribution from Iy to the dm2, in dS,
we obtain

/ dT/ - 15 =1 Im{100(&)00(67)} + .-,

2
(&) = (— <5>+¢h’<5>) (& + )R,

~

=

= |

. E=nmnp. (5.5)

T

Taking the mode functions (2.4), one can verify that in
D > 2, the are divergences in the UV region. Therefore, in
view of the fact that these divergences are not universal, we
believe that they contribute to some well-defined parts of
I after the resummation, but in this case, we should adopt
more accurate approaches, such as Killén-Lehmann
decomposition for the correlators in dS [52]. We leave
the treatment of the issues discussed in this subsection for
future work, and below we investigate the simplest case of
two-dimensional space-time.

B. Two-dimensional space-time

It is well-known that in 2D the Einstein-Hilbert action is
topological and the only independent component of met-
ric’s perturbation is the Weyl parameter . Moreover, the
kinetic term comes form the loops and also has ghostlike
sign in the effective action, if we take into account only the
matter field with positive central charge ¢ [53,54]—below
we insert the mass term to the action with ghostlike sign as
well, such as it appears in the KG equation of motion for ¢
as a standard mass, assuming ¢ > 0. In addition, it can be
seen that the tadpole diagram in 2D contributes only to the
cosmological constant’s renormalization, and the loop
diagram is given by the commutator of the form (5.2) of
two stress-energy tensor’s traces. Hence, because the only
covariant quantities which constitute to the effective action
is the covariant Laplacian [J and Ricci scalar R in two
dimensions, when we immerse the massive scalar field in
the curved background, we expect ', to have the follow-
ing form (in the second order in o):

1 1
reff:/ [5m2RR+ R=R+..|

02 9%z [ (56)

where the ellipsis stand, first, for further expansion of the
effective action in the powers of laplacian and, second, for
less trivial terms such as Mabuchi action [13,14,55,56],
which arises as a modification of the Liouville action for
nonconformal matter interacting with the metric on a
Riemannian manifold.” This action satisfies cocycle con-
dition, is bounded from below, and affects the calculation
of correlators in modified two-dimensional quantum grav-
ity [57]. Furthermore, it has a natural generalization to
higher dimensions, making the study of this contribution a
separate interesting task. We write 6m2 in (5.6) instead of
m2, because such terms as nonperturbative Mabuchi action
certainly lead to contributions to the quadratic part of [
being formally expanded in o [14,55],

) 1,
SMabuchi[gﬂwgyu]:/ V |g| <H6€2 +...>,

1. det(-0O+M?)
N rav |9, wg v E_log/\i
w9 Gl =3 det(-0+M?)
c 1
=—— [ R=R
967 O
M?A

+TSMabuchi[guw§ﬂv] +O(M4)7 (57)

where A is the area of the Riemann surface (here, we
assume the euclidean signature and zero genus), on which
this action is defined. Indeed, for the definition of m2 as in
the previous section, we find in flat space for the plane

= y%e‘iv PHM (we mea-
V2N PPAM?

sure mass in the units of H here),

wave harmonics f,(¢)

4
mt =gz [t [T dptm{ £, (OO 050}
m2
:%. (5-8)

For the dS background, we have [here A(&) denotes the
harmonic function (2.4) either for complementary or for
principal series],

_dm? [7E [Cdamprnaey. 69
T 1 T Jo

This integral is convergent and can be evaluated numeri-
cally (see Fig. 4). It is interesting, that the result in dS
considerably deviates for small masses of scalar field, while
the answer for the static Riemann manifold (5.7) is

5Although Mabuchi action is well-defined on Riemann sur-
faces of fixed area with boundary, appearance of its parts in the
induced gravity seems to be universal.
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FIG. 4. The dependence of m2 on the squared mass of the scalar field. The orange line depicts the value in flat space-time. All masses

are measured in the units of Hubble parameter.

supposed to be the leading contribution in this region. This
makes us believe that the IR behavior of light scalar field in
dS leads to amplification of Sm2 in the long-wave
expansion of the effective action (5.6). Meanwhile, we
see on the Fig. 4 that for large mass of the scalar field the
value of m2 approaches the flat-space value, which is not
surprising: very heavy fields decouple and do not feel the
effects of the background. Let us confirm this analytically
for fermionic matter.

1. Fermionic fields in 2D

Consider the standard kinetic term for Dirac fermions in
two dimensions (we will follow the article [58]),

i ) _
Sterm = / sz\/|g|5[wz”Vﬂw—V"wz"w—mW], (5.10)

where y# are gamma matrices in curved space, and the

action of covariant derivatives are determined by spin
|

) ©
= [ ar g [ 752 am{ O (ol ol (ol (p10))
o] —0 T

In the case of flat space w(*)(p|t)=e VP M (0)

w) (plr) = etV M (), we encounter logarithmic
divergence,
,  4m? / o dp (5.14)
ms; = —— B .
T 0 /p2 _|_ M2

connection; see Ref. [58] for details. In flat space, the
gamma matrices are chosen in the form,

y(’:((l) é); y1=<_01 é) (5.11)

Then we quantize the fermionic field with canonical
anticommutation relation conditions,

dp . Tz ~ -
wlex) = [ 52 by o)+ i (0]

{b,.bi} ={d,.d}} =275(p — q). (5.12)

where we denote by wgf)(t), l//(_)(t) the positive-

and negative-frequency solutions of Dirac equation, deter-
mined by (5.10). Then, using the Schwinger-Keldysh
technique for fermions [33,59], we obtain for the effective
mass of o,

(5.13)

|
which can be connected to the additional nonlocal
terms, which appear in deformation of Mabuchi action
for fermions [56]. Nevertheless, as we are interested
in the difference 6m2 = m2|45 — m2|yx let us proceed
naively and just subtract the UV region in (5.13).
As the UV behavior of the harmonics is the same
independently of the curvature, one will have the same
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FIG. 5.
and the second plot (b) is analytical approximation for fermions.

logarithmic divergence. In dS the mode functions are

as follows:
_lmW——lm(2i|k|’7)’
w2y ) K70
H im\ =LK1
(kln) = , | —
w' ) (kln) 27K ki),
k<0
—sz__ im (2i|k)
WT (2ilk|n),
W* (2ilk k>0
RV 0 ISl ,
2|k| —lmW . (2ilkn),
k<0
—W* 2z|k\;7
(5.15)

where W, ,(z) is a Whittaker function. Hence, after the
subtraction of the UV region in (5.13), the only
contributing range of integration over physical momen-

tum is 5 < |k|p <3, 1—%, so that with the use of
asymptotics of Whittaker function, we can estimate

oz =220 [ d—/ im( [re {0

The integral (5.16) can be calculated, and we find

(5.16)

2Si(1)\ m? sinh (zm)
dm2~4(1- —
o ( 7 ) 47 sinh (2zm)

where Si(x) is the sine integral function. The qualitative
dependence of ém2 on the mass of the matter field is

the same as for the scalar field, including the sign of

(5.17)

om
0.04}

q

0.02 H

0.01

1 1 1 1 1 1 m
0.5 1.0 1.5 2.0 25 3.0

(b)

The dependence of m2 on the squared mass of the matter fields. The first plot (a) depicts the numerical value for scalar field,

this quantity (see Fig. 5), which confirms our discus-
sion above. Note also that this answer is determined by
the IR behavior of the mode functions.

As we already noted, we define the mass term for ¢ in the
effective action with the wrong sign, so that the answers
depicted on Figs. 4 and 5 describe the positive mass in the
Klein-Gordon equation, because the central charge for the
scalar and fermion matter is 1 and %, correspondingly,

Da—l—%—ﬂémga—l—...zo. (5.18)
c

Let us stress here again that despite the expansion
over small momenta, the ellipsis here account for non-
perturbative contributions such as the Mabuchi action (5.7),
whose significance at different energy scales is yet to be
understood in more detail. Our conjecture is that m2 =
m2|4s — M2 |y describes the response of quantum matter
to the curved background at low energy scale. Further, if we
treat gravity at quantum level in two dimensions, we should
change ¢ — ¢ — 26 in (5.18), including into account the
central charge of ghosts [53]. In this case, the kinetic term
in the effective action can have the correct sign, and the 5m2
corresponds to the negative squared mass in the KG
equation (5.18), effectively describing a distortion of the
initial background. However, the more accurate under-
standing of the evolution of metric perturbations requires
further study of the effective action.

VI. CONCLUSION

The paper discusses the concept of massive terms in the
effective gravitational action, which are induced by quan-
tum fields of matter in dS background. Although it is
known that the initial state of quantum field theory in dS
must decay due to particle production [6,42]: (Out|In) # 1,
the comprehensive understanding of the physical conse-
quences of this phenomena requires the consideration of
the response of specific systems to external influences.
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Furthermore, the evolution of metric perturbations in the
presence of classical stress-energy tensor can tell us a lot
about the physics in the early Universe [9,16], while it is
also well understood in physical community that loop
corrections in dS can lead to drastic modifications of tree-
level results [2,3,18,19,21].

It turns out that spin-2 part of metric perturbations,
associated with the graviton, does not acquire a mass in
one-loop effective action. Although the notion of mass in
an expanding space-time enables us to work in nonequili-
brium framework and include some counterterms to the
effective action, we argue that this result is regularisation
scheme independent. This is due to the auxiliary argument,
that there is no “exchange” of the Goldstone vector, which
gives mass to the graviton, because it cannot be produced
by the stress-energy tensor of free field theory out of the
initial Bunch-Davies vacuum. It would be very interesting
to generalize our observations to self-interacting theories,
where we must take into account loop corrections [21].
Additionally, on physical grounds, we must investigate a
much larger scope of various initial states. Indeed, Bunch-
Davies vacuum preserves the highest number of sym-
metries of the problem, while in any real situation, most
symmetries are broken. For instance, in the context of the
early Universe, the most natural initial state is thermal state
with noncanonical temperature [41,60,61]. In this case, the
mean value of stress-energy tensor is not proportional to the
metric (:7,,: ) # 6Ag,, [41,60]; hence, one should expect
additional contnbutlons from tadpole diagrams on the
Fig. 3. Furthermore, we believe, that our analysis in
Secs. II-IV can be extended to more general geometries
as FLRW and global dS, so we also leave such questions for
further investigations.

Finally, in Sec. V, we have outlined the problems
we encounter when considering the scalar sector of

gravitational perturbations at the one-loop level. The
question of “scalar ghost” in gravity remains unresolved
[12,62,63], but the consideration of loop modified
gravity at classical level will allow us to improve
predictions about the behavior of matter in the
Universe at early stages incorporating the evolution of
scalar metric perturbations. In the simplest case of two
dimensions, we observe that light matter fields exhibit a
considerable response to an expanding background,
because these fields also have significantly different
infrared behavior. Therefore, we believe that further
study of this issue using various approaches will provide
answers about the stability and behavior of matter in
expanding gravitational backgrounds.
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APPENDIX A: BUBBLE DIAGRAM

In this subsection, we analyze the expression for the
nonlocal part Hb“‘ up of the bubble diagram. First of all, let

us implement the O(D — 1) rotational symmetry of dS,
rotational symmetry of the chosen quantum state, and the
property HEzFaﬁ( ) = =TI (=Kkli'.n) to write the
general expression for the polarization operator,

Hgg\boo = a, HBSFOk . ]]?26 b,
Mo = f18 + /2 kf f15lz+fzkkkl f(%—(D—U%),
M, = 16 + e 1
s, = ]':2 d\ 85 + id, i kk’ + idy [55 ]/zz + 5k Ig]
= k d15k1 + ’dzk ik + ld<5k1 (D-1) k£k1> +ids {5# ];]; +5f,-€%],
T, = e18%6% + { ; k]ilj" 5+ k]’;kl 5L] ki kk'gkkf
+ ey {5%,{ k;{fl + 85 k,iiq + 53 kk{:k + 5} kk/:k] + es[6355 + 565, (A1)
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where all the coefficient functions a,b, f’s,c’s,d’s, e’s depend on 1,7, Kk, and we have also used line to denote switching

variables, e.g., a(k|n, ;7) (k|71 n); 6kild£°f5k1 kkkl . In (A1), we encounter 14 coefficients, but they are not independent

because of the Ward identities Vaﬂzi‘baﬂ =0, Wthh can be written explicitly as follows:

bub
v, I,

1
oo = (=iki)IT ﬂv|0k+ (T1Peb  —T1°UP ) = 0, VIl = (=ik )T, = 0. (A2)

uv|00 | kk

The solution of (A2) can be chosen in the following form:

+m2 bV D-2 < N m? > n 2 m?
a=da;—da as, = a———-—1| a; a) — —5 a4y ——das,
’7/2 n ’7/ ’7/2 ’7/ 17/2

D-2- D-1 D-2

Cyr = —V,,]/B + 7 b + 7 b] + 7 bz,
n n n
m? m?
fi=ata——as, fzzkz{al—az 203}
n n
1

1
=2 kzD 3 (f2 +ﬁv,7,b) (hence f1 = f1 + f.fh ==V, b),

dy = b+ b, + by, dy, = K*(b + by), dy =V,

1 1
(dy =V,c;) (hence d| =d, +d.dy =V,c,),

T ®D-2
€y = —Vn/c_ll, €3 — —vn/az, €y = —V,?/(_l3,
2 1 1
=" ei—— v, f +d; A3
o= msses— s e =T~ (V] + @) (43)

Then we are left with seven independent coefficient functions a,, a, as, by, b,, ¢, es. The direct calculation of the stress-
energy correlators (2.16) gives the following expressions:

1 2 m?
ap = E 6,76”/Fd,70,7/p — kp - p - > 6,7/Fdﬂ/p s
P n
1 5 , m?
a, =5 | (kp=p7)|0,Fop — (kp—p~ =5 | Fp|.
p n

1 m?
as :E/,, [and,?p— <kp—p2—?>Fp},

m2

1
b, = —ZF X 5/,, [(k* = kp)o,Fp + kpFo,p],

1
by =2 x 2/ (kp — p?)[(k* —kp)9,Fp + kpFo,p],
p

1 1 , (kp)?
) =——=X= p°——5— 10,0, Fp + F0,0,p — 0,y F0,p — 0,F0,p],

p-2"2), k
4 1 (kp)2 2
S S 2_ F A4
o D(D—2)X2/p(p o) (A4)
where for brevity, we have denoted F = F(pln,7'),p = p(k — p|n,17'), and f f .. Thus, Egs. (A1), (A3), and (A4)

give the whole contribution of the nonlocal part to the bubble diagram through several loop integrals.
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APPENDIX B: GAUGE INVARIANCE OF THE EFFECTIVE ACTION

Let us pick up only the contributions to §:.I"*, which contain 1% in the order O(||h, - £||). For the “source” term in (3.5),
we take the contributions with 2% in (3.6) and get

1 a cl—c cl—c cl—c cl—c i /cl—c
_Eﬁf(hqﬁ<Talﬁ l>):h206n§0<T06 1> hOOfO<Tl l> 2anh20 O<Tl l>+2ah00 <Tl l>’ (Bl)

where we also use that in the rotationally invariant state, one has <T6§“" )y = 0,0;F(x,x) = 0, etc. The variation of the local
parts of (3.5) in the required order is

S s, )0 ) = =5 | (080 = 10 ) 5 + (0 = e ) rif<n (82)

Finally, we must take into account terms with the derivatives of the theta functions in (3.5) after the gauge variation
and integration by parts, while the derivatives of the polarization operator in this term is vanishing due to the Ward
identities (A2). Again, we use the commutation relations (2.9) to find the bubble contribution at coincident points and
obtain in the order under consideration,

1 1 dPx A
—iéf/hqﬂb“bhd = i/HD v hgo[a &o 0y F(x, x) + 0;£/ 0,0, F(x, x)], (B3)

(where the derivatives over 5’ and y/ are referred to the second argument of the Keldysh function). Therefore, the whole
variation in this order vanishes

1 dPx

o= =5 | 5o MR RTLT) =0 (B4)

In the similar way, one can check that all other components of 6 vanish.

APPENDIX C: INTEGRAL RELATION FOR GREEN FUNCTIONS

Consider the bare action for the scalar field (2.1) and the interaction term in the form,

dn =
6p2Sint - _/]7 /Wﬁp2¢cl(p’ ’1)¢q(_P’ 77) = _5p2 / de\/§¢cl(x)¢q(x)‘ (Cl)
Then the first-order correction to the exact Keldysh propagator is given by
SaF — _isp? | aP-1xqP-! dn/ ~ip(x-y)
p? (pln,n) = —iép X ZI{DTH/D_Z<¢cl(x’n)d)cl(z)d)q(z)qbcl(y’ n))e

0 dn/
- _5p22/ —5.5=3P P01 ) F(pln. ). (C2)
n H”

On the other hand, we have &, F(ply.n) = 6p*d,.F(p|n.n) by construction, and the relation (4.6) follows immediately.

APPENDIX D: RELATIONS FOR THE STRESS-ENERGY TENSOR

From the very definition (2.12), we have the relation,

Tii = —(D - I)TOO + (D - 1)0,7450,7(]5 + 6,¢0,¢ = —(D - I)TOO + AT. (Dl)
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In addition, the covariant conservation condition 6" T,,
0 reads

S 2 ; 1

V T;w - anTOO +ZT00 + 6 TiO - ZAT - O (D2)

In momentum space in the limit k — 0, the last equation gives

I

dn’
,,IID )

(81| Tw(0.0). [ ar(xa)|180) = s

(D—l)/nm;7

) dyl/
(D - 1)/ — 55 Hoojo (01, 1'),
n N

AT(k = 0,7) = [0, + 2]T(0]n). (D3)

In x-space language, the limit kK — O is equivalent to the
integral over x. Then first of all we can derive the equality

(below we write the stress-energy tensor in position space and
use translational symmetry of the correlator),

/

(10, +2)(8D! | To®.1). | Tl |18}

X

dy
1D-2

(51| Tw(0.0). [ Tutx)| 150}

(D4)

where in the last line, we have integrated by parts. We also can use the invariance of the correlation functions in x space under

transformations x — ax, 1 — an (1ndeed the correlators depend on the dS-invariant variable Z =

introduce new variables y = ax, ® = 7 to obtain

o dy
. },I/D -2

dn

1

n

where we again integrate by parts in the last line and in the
second line, we take a = % With the use of the derived

equations, we find

d /
/ ”/D 2H00|u(0‘77 77) 0,
n
d / d /
/ ’7'D —D=2 11\00(0\’7’7) —(D—l)/ 77'D znoo\oo (D6)
" n

APPENDIX E: THE MASS OF PHOTON IN AdS,

It is convenient for us to treat AdS, from the beginning
as a hyperboloid, embedded into the five-dimensional
pseudo-Euclidean space with coordinates X4: 5, XA X% =
L?, where 5,5 = diag(1,1,—1,—1,—1). Following the
approach developed in the papers [45,65], we first write
the bare action in the form,

S[B*, 4]
1 .
:/dﬂx[_4FABFAB+|(691+188A)¢|2_m2|¢|2 )

(E1)

a

(ol [ artxn). Tu(0.1)]18D) - |
= [ wdoten)]| [ a7tv.0). 70|18

n+11—xy

[6,64]) and

(o) [ arts.an 70, 120)

y

5 [N odotwd, + 280 [ Tuly.o). T0.n)]1BD) =0, (05)

|
where duy = 2L5(X?> — L*)d°X is the AdS-invariant
measure, d} = 0, —3:X,X'0; is the tangent derivative,
Fap = (04 — X4)Bg — (0% — X)B4 and B is a vector
potential, which is considered to be tangent to the hyper-
boloid: X4B, = 0, X* € AdS,. The vector potential in the
AdS, are obtained by a pullback of B,. Let us impose
additional transversal condition d,BZ = 0, so that the free
equation of motion for the vector potential simplifies to the
ordinary wave equation,

[X20* — (X -0)*=3(X-9)-2]B} =0. (E2)
This is the wave equation for the fields in the massless
representation D(2, 1) [22,23]. The corresponding gauge
variation [23] 5,B4 = X?0,¢ — X4X'0,¢ is determined by
the scalar ¢ € D(3,0). We can construct the projector onto
the transversal vector-potential BZ by the following gauge
transformation:

Bl = PiBy = B -
1
(X-0)*

(X204 — XA X' 0,0,

oCB,.

§0:X202_ _3(Xa) (E3)
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Connecting the ordinary mass term in (El) with the
parameter E in four-dimensional case m*L? = E(3 — E),
we write the equation for the Wightman function,

(1= 22)0% — 420, + E3 —E)|W,(2) =0,  (E4)

M . . . . .
where Z(X,Y) =% L);M is invariant variable. The solution

for E # 1,2 is [24,64]

1 T(E)T(E-1) 1 1
We(Z)= Fy( ELE—1;2E-2;— ).
H2)= F(2E-2) ZE'"? Z

(ES)

For conformally coupled scalar E = 1, 2, the solution looks
like

I I z
Wel2) = e (“22 1P 1>’ (E6)

2 2

m2, . m2,
Ol egr :p/dﬂXBAP?BBB ==
2 2

g iy @ By (X)—— L g

~—= [ duxduyd*B( )W?

duy [BABA + X?*B,

“Bc(Y),

where the choice of @, f corresponds to a different
boundary conditions. The Feynman propagator can be
obtained by the introduction of ie prescription: Gy (X, Y) =
W(Z + ie). The kernel of the inverse operator in (E3)
multiplied by L? is equal to iW5(Z + ie).

As long as the AdS, background is stationary and
stable, we might use as well the ordinary Feynman
diagrammatic technique in this case. Note that in the IR
region, we have

W,(Z) = — 1+0<w, Z- . (E7)

T 12127 zZ*

Therefore, if there is actually a nonzero mass of the photon,
we will find in its self-energy the term, proportional to the
projector (E3), and the following contribution in the
effective action:

1
X?0* — (X -0)*>=3(X-0)

oCB,

(E8)

where in the last line, we kept only the nonlocal part of its expression in the IR region. Now we straightforwardly integrate
out the scalar fields with conformal mass in (E1) and omit the terms, proportional to BAB, as they do not lead to the

structure of the form (ES8),

2

O =i [ duxduyB* (0B(Y)

62

where we have used that Y, = L?0,Z, X = L?0-Z and
introduced the function f(Z), which is the solution of
f" =2W.W¥ — W W — W/W?, decaying at infinity. The
solution of this differential equation indeed contains the

term, proportional to %

1 2

1624L*3

Substituting this result into the effective action (E9) and
comparing the coefficients with (E8), we find

f(Z) ~ Re(a*f) % +...  (E10)

2

€ *
mgh = WRC((Z ﬂ), (Ell)

Y X / "
L RWLwE - W w - wiwy
L

(E9)

|
which actually does not vanish when a and f both are
nonzero.

This result in AdS space at the simple example of the
scalar QED confirms the discussions of the papers [24,25],
that such peculiarities of AdS as discrete spectrum of
levels can lead to a presence of the Goldstone bosons as a
bound states created by the electric current or stress-
energy tensor even for free field theory. Indeed, in the
case of QED, we see the propagator of the boson
from D(3,0) in the Egs. (E8) and (E9), which is the
analogy of the pole at k> = 0 in the Higgs mechanism in
the Standard Model with the exchange of the massless
field on Fig. 1.
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