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The primary constraints for general teleparallel quadratic gravity are presented. They provide a basic
classification of teleparallel theories from the perspective of the full nonlinear theory and represent the first
step towards a full-fledged Hamiltonian analysis. The results are consistent with the limit of metric and
symmetric teleparallel quadratic gravity. In the latter case we also present novel results, since symmetric
teleparallel theories have only been partially studied so far. Apart from the general results, we also present
the special cases of teleparallel theories classically equivalent to general relativity, which differ by a
boundary term from the formulation of Einstein and Hilbert. This affects the constraint algebra as the
primary constraints involve a mix of torsion and nonmetricity, implying that the symmetries of general
relativity are realized in a more intricate way compared to the teleparallel case. In this context, a more
detailed understanding will provide insights for energy and entropy in gravity, quantum gravity, and
numerical relativity of this alternative formulation of general relativity. The primary constraints are
presented both in the standard formulation and in irreducible parts of torsion and nonmetricity. The special
role of axial torsion and its connection to the one-parameter of viable new general relativity is confirmed.
Furthermore, we find that one of the irreducible parts of nonmetricity affects the primary constraint for shift

but not lapse.
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I. INTRODUCTION

After more than a hundred years since its conception,
general relativity (GR) has garnered affirmation through
various experiments and observations, thus confirming its
position as a fundamental piece in comprehending gravity
and the Universe. Nonetheless, despite being the most
widely accepted theory of gravity, GR exhibits certain
deficiencies and limitations [1]. It clashes with quantum
mechanics [2] and with the related description of gravity at
small scales; it fails to wholly elucidate phenomena like
dark matter and dark energy, presumed to constitute the
bulk of the Universe’s composition [3]; it predicts the
existence of singularities where conventional physics
breaks down and lacks a self-consistent theory of quantum
gravity aiming to merge GR and quantum mechanics [4,5].
For all these reasons, throughout the years, the motivations
for going beyond GR has grown even stronger [6].
Consequently, alternate gravity explanations have emerged,
aiming to address specific GR drawbacks such as dark
matter and energy, cosmic structure formation, and early-
time gravity behavior [7-14].
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Some notable modified gravity theories include e.g.,
modifications to the Einstein-Hilbert gravitational action,
by introducing higher-order curvature invariants [15-17] or
couplings between geometry and scalar fields [18-21]. The
most basic extension, f(R) gravity, incorporates a function
of the scalar curvature within the action, resulting in field
equations of the fourth order [22-27]. Some formulations
of this theory can yield modifications in the Newtonian
potential [28], thus addressing the Galaxy rotation curve
issue without relying on dark matter, as well as elucidate
the Universe’s exponential expansion without invoking
dark energy [29]. In this framework, particular interest
was gained by the Starobinsky model [30], which includes
a quadratic term in the scalar curvature to accounts for
cosmic inflation.

Another class GR alternatives breaks the assumption of
Levi-Civita connection, which is fundamental in Einstein’s
gravity in order to obtain metric-compatible connections
and fully get the dynamics from the starting line element.
By relaxing the assumption of symmetric connections,
for instance, torsion arises in the given spacetime [31,32].
In certain instances, this deviation leads to the violation of
the equivalence principle [33] and offers a means to
describe gravity at smaller scales [34,35]. Particularly,
by mandating spacetime to be governed solely by torsion
rather than curvature, a self-consistent theory of gravity
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can be developed, mirroring GR’s dynamics precisely. This
theory, dubbed “teleparallel equivalent of general relativ-
ity” (TEGR) [36,37], has undergone extensive studies in
recent years, becoming the focus of numerous investiga-
tions and analysis [38—41].

TEGR represents a theoretical framework that frames
gravity as a consequence of torsion in spacetime fabric. In
this context, the gravitational force is described via a set of
tetrad fields (also termed “vierbeins”), forming the basis for
spacetime geometry depiction. These tetrad fields define a
torsion tensor, acting as gravity’s source in the theory and
representing the antisymmetric part of the Christoffel
connection.

Within these alternative models, the most studied along
with TEGR is the so-called “symmetric teleparallel equiv-
alent of general relativity” (STEGR), based on nonmetricity
of the spacetime. Nonmetricity accounts for the possibility
that the spacetime might not adhere to the metric compat-
ibility condition, which is a fundamental assumption in GR.
As torsion emerges in direct relation to the antisymmetry of
the affine connection, nonmetricity arises when considering
a nonzero covariant derivative of the metric tensor, that
is vﬂgaﬂ ?é 0.

While entirely equivalent to GR in terms of field equations,
TEGR and STEGR fails to address the limitations GR poses
on larger scales. Hence, akin to f(R) gravity in metric
formalism, the Lagrangian density of TEGR can be modified
in various ways [42], such as an arbitrary function of the
torsion scalar, giving rise to the so-called f(7) gravity
[43,44]. The latter has been proposed as a solution to late-
time issues, like the Universe’s accelerated expansion
[45,46], offering novel solutions and alternative models.
However, its capability to better explain gravity’s observed
behavior than GR remains unclear, necessitating further
research to ascertain its viability as a gravitational theory.

It is important to note that, despite actions involving
f(R), f(T), and f(Q) (with R being the Ricci curvature
scalar, T the torsion scalar and Q the nonmetricity scalar, as
detailed in Sec. II) are not in principle equivalent, intro-
ducing corresponding boundary terms enables their equiv-
alence [47,48].

The features of f(7T) and f(Q) gravity are currently
under investigation in literature, particularly in applications
within cosmology and astrophysics. For example, in
Ref. [49] the authors demonstrate that a power-law model
of f(T) fits the galaxy rotation curve. On the other hand,
Ref. [50] explores ways to address the H(, tension within
f(T) models. In Ref. [51] the authors derive an equation of
state from f(7') that tackles the dark energy issue.

In the context of f(Q) gravity, the work in Ref. [52]
studies big bang nucleosynthesis, while Ref. [53] considers
the early stages of the Universe to investigate the slow-roll
inflation. In [54] the authors explore bouncing cosmologi-
cal models within f(Q) gravity, whereas Ref. [55] provides
wormhole solutions within static and spherically symmetric

backgrounds. Also, in Ref. [56] gravitational waves are
studied in the context of f(Q) model, searching for
deviations from GR.

Leading to the same dynamical field equations, GR,
TEGR, and STEGR are often referred to as “geometric
trinity of gravity”. However, it is worth pointing out that
recent discoveries have shown that there is either strong
coupling or ghosts in nonlinear extensions to the trinity of
gravity [57,58].

To overcome the latter issue, another possible extension of
TEGR, known as “new general gelativity” (NGR), was
introduced in [59]. In contrast to f(7), NGR does not
involve a nonlinear extension. Instead, it incorporates torsion
contractions at the same derivative order as in TEGR. This
theory has been restricted to a one-parameter viable theory by
requiring the absence of ghosts in its extension of TEGR,
based on these assumptions. Additionally, it was discovered
that the PPN-parameters align with those of GR, suggesting
consistency with solar system tests [60]. This theory was
found to contain strongly coupled fields [61,62] casting
doubt if NGR could be considered viable. Recently, there has
been a renewed interest in NGR [63] finding that, contrary to
previous statements, although not completely problem-free
NGR is not generically plagued by ghosts.

Based on TEGR, STEGR, and their related extensions, it is
also possible to consider in the starting gravitational action
both torsion and nonmetricity, properly contracted as pro-
vided in Sec. II, giving rise to the so-called “general tele-
parallel quadratic gravity” [64]. Within this geometry it is
possible to formulate the “general teleparallel equivalent of
general relativity” (GTEGR). Generally, TEGR, STEGR,
and GTEGR belong to the so-called metric-affine theories of
gravity, whose fundamental aspects and applications have
been extensively studied in the literature [6,40,65-73].
Despite being probably the least explored sector of metric-
affine gravity, GTEGR has shown promise to act as an
alternative, or possibly even an improvement, to the notion of
energy and entropy in gravity [74], and this hints towards
possible developments in canonical quantization of GR.

The first approach to face the latter issue is the so-called
Arnowitt-Deser-Misner (ADM) formalism [75] and emerged
as an attempt to address challenges in reconciling GR with
quantum mechanics. Through a 3 4+ 1 decomposition of the
metric, the formalism yields a gravitational Hamiltonian and
establishes quantization rules, leading to a Schrodinger-like
equation, known as the Wheeler-DeWitt (WDW) equation,
initially formulated in [4,76,77]. However, the ADM for-
malism is no longer seen as the definitive solution for
quantizing GR, due to its inability to provide a complete
theory of quantum gravity. Additionally, it involves an
infinite-dimensional superspace that poses challenges for
handling.

Nevertheless, the 3 + 1 decomposition represents the
very first step towards setting up the Hamiltonian formal-
ism for the given theory and, eventually, find a link between
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gravity and quantum mechanics. In addition, the restriction
of the superspace can be useful in view of applications to
quantum cosmology, which in turn has provided interesting
insights in describing the early stages of the Universe
evolution. Specifically, cosmological restrictions enable a
reduction of the configuration superspace to a finite-
dimensional minisuperspace, allowing analytical solutions
to the WDW equation. Quantum cosmology, thus, offers
insights into the Universe’s early stages through the “wave
function of the Universe”, a solution to the WDW equation.
Interpreting this wave function is not straightforward due to
the absence of a Hilbert space and a definite-positive inner
product in gravitational theory, though various interpreta-
tions have been proposed [78—82].

In this paper, we study the 3 4+ 1 decomposition and the
Hamiltonian constraints of some alternative gravity models,
including TEGR, STEGR, GTEGR, and their extensions.
Specifically the paper is organized as follows. In Sec. II we
introduce the main properties of TEGR, STEGR, GTEGR,
and general teleparallel quadratic gravity, to subsequently
study the corresponding 3 + 1 decompositions in Sec. III. In
Secs. IV and 'V, the primary constraints of f(7), f(Q), and
f(G), namely the extensions of TEGR, STEGR, and
GTEGR, are considered, as well as the conditions for primary
constraints in the irreducible representation of torsion and
nonmetricity. The shifted algebra among constraints is
evaluated in Sec. VI. Finally, in Sec. VII we conclude the
work with final considerations and perspectives.

II. GENERAL TELEPARALLEL QUADRATIC
GRAVITY

In this section we review the main aspects of those models
modifying the assumption of Levi-Civita connection, namely
TEGR, STEGR, and GTEGR. We also introduce the action
for general teleparallel quadratic gravity, which is an exten-
sion to GTEGR and the main theory studied in this article. As
is widely known, within nonflat spacetimes, the arrangement
of geodesic paths relies on the nature of the connection I,
In GR, adopting a metric-compatible and torsionless con-
nection leads to describing the dynamics only by knowing
the form of the metric. However, by relaxing these assump-
tions, it becomes feasible to define two rank-3 tensors
associated with the asymmetric part of 7, and the covariant
derivative of the metric, that is respectively the “torsion
tensor” ', and the “nonmetricity tensor” Q,,,,, defined as

Fa/w = 21"(1[/“/]’ Qp/w = vpg/w # 0. (1)
Therefore, the most general Christoffel connection including
both contributions (in addition with the Levi-Civita contri-
bution) reads,

Fp/w = l\i‘/)/w =+ Kp;w + Lp;w’ (2)

with I v being the Levi-Civita connection and

1
Kp;w = Eg/”l(Tﬂ/lu + Tzz/lﬂ + Tl;w) = _K/)uyv (3)

1

L, 3

gpl(_Q;wﬂ - QI//M. =+ Ql;w) = Lpuy' (4)
In GR, both the contorsion tensor K” w and the disformation
tensor L”,,, vanish identically. However, the latter is just a

possible choice and, depending on the form of the con-
nection, three main models can be considered, namely,]

GR - L*,, = K”,, =0,
TEGR — R¥,,,(T) = L”,, =0,
STEGR — R*,,,(T") = K”,,, =0, (5)

where R¥,,,(T") is the Riemann tensor. These three theories
are completely equivalent at the level of field equations and
this can be shown by evaluating the corresponding actions.
Specifically, using the definitions,

SPHY = KHP — gPVToH 4 gPRTOV (6)

1 ~
Q = _Z Q(lm/ |:_2L(1;w + g/w(Qa - Qa)

1
-5+ 00| )

0, =0, 0, = Q4" T=TM"S,,. (8)

the three actions

Sor = g / d*x\/=gR + S (9)
Srecr == [ d*x\/=gT + 8™ 10
TEGR =7 Xy/=gl + , (10)

K
SsrEGR = 5/ d*x\/=gQ + 8™, (11)

result equivalent up to a four-divergence. The field equations
of TEGR, STEGR, and the related extensions can be found
e.g., in [43,46,49,83—-88] and will not be further examined
here. Another interesting extension of GR, which deals with
both torsion and nonmetricity, is GTEGR. The latter can be
obtained as a specific subcase of the general teleparallel
quadratic gravity action, i.e.,

'In TEGR and STEGR I w18 not present, even though it is not
strictly zero.
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1
S| :—1‘42 /d X\/— [alTa,wT“’“’ +a, Ty, T + a3T,T"

=+ lea;wTDaﬂ + bZQﬂT” + bSQyTﬂCIQa/wQa’w
+ C2Qa;u/Qlwa + C3 Q”Qﬂ + C4Q;¢Qﬂ =+ Cs QﬂQﬂL (12)

by setting the coefficients to

11

(a15a25a3): <Z’59_]>7 (bl,bz,b3):(—1,1,—l)

(13)

and (Cl,Cz,C3,C4,C5): (%,—%,—%,0,%), (14)
where M, represents the Planck mass and we follow
the same convention’ as Ref. [64], with T, =T%,, and
Qﬂ = Q% In order to recover TEGR, one must further
require b; = ¢; = 0, whereas for STEGR one has to impose
a; = b; = 0. Both subcases are obviously limits of GTEGR
taking nonmetricity and torsion to zero, respectively. As
better detailed in Sec. III, the above alternative models can be
formulated in terms of tetrads and spin connection. In TEGR,
for instance, the involvement of the spin connection does not
affect the field equations. Consequently, setting it to zero
does not have physical implications and allows the theory to
be exclusively expressed through the tetrad field. However,
in nonlinear modifications of TEGR, this becomes more
complex, as a null spin connection leads to the so-called
Weitzenbock gauge, influencing the options available for
choosing the tetrad. For this reason, in the covariant
formulation of TEGR, the inclusion of the spin connection
is essential. Yet, there is the possibility to adopt a specific
gauge where the spin connection vanishes, without altering
the degrees of freedom. A detailed discussion on the gauge
fixing for the spin connection can be found e.g., in [90-94].

III. 3+1 DECOMPOSITION AND PRIMARY
CONSTRAINTS

In adopting the 3+ 1 formalism, our fundamental
variables will be a, ', h;;, L*,,, but we will realize primary
constraints from the torsion sector, by using Lorentz indices
and to transform the indices we use tetrads. We denote the
tetrad and its inverse respectively as 64 x and ey, thus the
torsion and the nonmetricity tensors defined in Sec. II can
be written as

’In [64] there is an obvious typo, where the coefficients c; and
¢, are the same (realized by the symmetries of nonmetricity).
Furthermore, the GTEGR coefficients contain a couple of sign
mistakes for the mixed terms. This was, however, corrected
n [89].

TAIW = 26[,,9“‘,,] + QB[DFAMB,
Qam/ = 09 — 2Fﬂa(ﬂgv)ﬂv (15)

where teleparallelism implies that the connection can be
cast in the following way [95]:

re, = (L-

1774 1)(1/10;414/11/' (16)

Here, L#, € GL(4,R) and has sixteen components. In the
limit of symmetric teleparallel geometry L¥, = d,&" and a
coordinate choice making the connection vanish, known as
“the coincident gauge”, can always be made. In this way, the
components of & can be thought as Stiickelberg fields,
manifesting that the coincident gauge is physically equiv-
alent to the covariant formulation [95]. Similarly, in metric
teleparallel geometries, transforming the coordinate indices
of L#, to tangent indices with the use of a tetrad, allows to
introduce the so-called spin connection @ p, = A0, A€,
which depends on Lorentz matrices A% g
given by

. Torsion is then

TA”U = 20[”9‘4,/] + Za)AB[ﬂHBU], (17)

and one can always perform a Lorentz transformation such
that the spin connection vanishes [92]. However, in general
teleparallel geometries, the coincident gauge cannot be
adopted, as it automatically implies vanishing torsion, as
follows from the definition (1).

The 3 + 1 decomposition involves constant-time hyper-
surfaces X, and a normalized normal vector & that
complies with the condition &,&# = —1. As outlined and
detailed in Ref. [96], this split exclusively applies to
spacetime indices, excluding Lorentz indices. The hyper-
surfaces X, form a manifold denoted by spatial indices
i,j,k, ..., and feature the induced metric y;;. Following this
division, the tetrads are characterized by

04 = att + o, (18)

with a being the lapse function, $' the shift vector and
1 .
fA = _EEABCDeBiQCjGDkel]kv (19)

is normal to hypersurfaces of constant time slices. We use a
3 4+ 1 decomposition in the ADM formalism, so that the
metric takes the well-known form,

—R B
G = ]ﬁ ﬁ ]ﬂ , (20)
hi;p’ hi;

where h;; = 04,68 Mg 18 the induced metric, with 77, being
the Minkowski metric. For brevity, we present results with
noncanonical index positions, like ; = h; jﬂf . However, note

084078-4



PRIMARY CONSTRAINTS IN GENERAL TELEPARALLEL ... PHYS. REV. D 109, 084078 (2024)

that this is a shorthand notation, especially when one for

example applies derivatives or variations t0 such objects. 7 = £ = oL + pip oL +p oL +p/ oL .
Our canonical variables are a, ', h,;, L*, and to realize ohij  0Qy;; 9Q000 0Q00; 9Q00
the primary constraints we will perform the irreducible (24)

decomposition of velocities (and their conjugate momenta)

1[16né1 zrl ;h;_grgo]tatlon group O(3), as has been done in Next we need to find the conjugate momenta with

respect to L, namely the rank-2 tensor P,” := (W , which
A, = VL, + AL HNOA + 5L ke, (21) s outtobe
. o . 2
We here omit the full decomposition and combine the trace 0_¢@ _1\0 1N\ _1\0 p 1\ Bi
P=7(—-a(L LY B.—(L P12t
with the trace-free part, since this sector is of less interest a ”( L)+ (L) = (L), a (L)% a
for primary constraints, as we shall see later in this section. ' ' wt g b
By making a ADM decomposition of torsion and non- —2m,(p(L7")°, +(L7") ) =78, + 7S], (25)

metricity and applying the chain rule one gets,

a OL oL
ni=—=-2a . (22)
dax 9Q000 s
Pc=pP0 -8, + S ~0. (26)
B oL oL ey (23)
ﬂi = — = i
ap' 9Qq0’ aQOOO The other twelve components of P can be written as
|
;1 _ oL . _ _ 'y B e
P =308 (Lo = 200 (B, + (L7 ) + 28((@ = (), = (L))

0i
+2ﬁigj(ﬁj(L_1)0ﬂ+(L_l)jﬂ>+4%<2aﬂi(vl)ﬂ @l - Mtﬁf)

1 oL
= EGBM(L_I)ABaTA '+727 IS, + S —ﬁ’erS] +7rS’ (27)

The vector momenta is obtained by the following particular contraction

. oL
VPI =2 DLC [lP i A , 28
¢ DécC =¢ 0TA01 (28)
and similarly one obtains the antisymmetric and symmetric momenta,
Aplill — 2.C o gD kP i w9k
P =2L DEC H kl’l Pﬂ = HAkh (29)
T ojy”
1 . oL N b

SP(”) :LCDeC"Hthk(jPMi> :EeAkhk(] +LCDeCM9thk<]£—l)SM —LcDeC”Hthk(fﬂ’)Jﬁth,j; +%LCD€CM9thk(jSL>

o7 g1
+ L pec0P ik Unks,,

1 . oL N o p B

=§9Akh"<f T +LCpect P W Umi)S, — LE et 0P WHip) T ;S FRLE pefOP ST +LCpect P H kS,
0|i
1 Yy N
= _ Q4 WU ST, 30
2 oA T (30)

forming the whole set of primary constraints for GTEGR. The primary constraints can be obtained from the above conjugate
momenta, specifically looking at conditions for which they become independent of velocities. By defining

a a a
Al=ci+cey+ce3+cq4+c5, Ay =2c¢3+ ¢5 and Az = b, + b3, the conjugate momentum with respect to the lapse
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function can be recast as

"‘ QOOiﬂi
)

a

“2A,

% _ \/_ 2./41 QOOO Qiogﬂ
a a

) a
+ 4A1 QlU]ﬁﬂ + 2./41 Q()l]ﬂﬂ AZ%
N DN j gk
_ (2C4 + Cs) QO Qﬂ —2./41 Qljkﬂﬂ ﬁ
(Z
a Q.p a TALQ, a TA.pO,
+A2Q’f — A U A, ﬂz A (31)
(04 (04 a

When the torsion vanishes, the above expression is
consistent with Ref. [100]; moreover, a primary constraint
arises if and only if the rhs is independent of velocities, i.e.,
when the nonmetricity term Q,,, and the torsion term 7T,
cancel each other out. As a first approximation, the primary

a
constraint can be simply obtained by setting A, = A, =
a
A; = 0 resulting in the following constraint:

&=y Mo/
a

[(2c4 +¢5)(Qo — Qi) = 0. (32)

Before writing the explicit expression of the shift
p
conjugate momentum, it useful to define A, = 2¢; + ¢, +

B
¢4 and A, = b; — b3, so that Eq. (23) can be written as

J/r},- pl\/_ 2A1 Qoo, — 24, Qoqz'ﬂj B 2511 Qjoiﬁj
o o o
—2(2¢y +¢5) Qiojﬂ' —cs % + (2¢, + c5) Q’OO
+(2¢5 4 cs )Q’f"ﬂ » 1o, Pl Qf”‘ﬂﬁ ~2c 49
L, TAO"SA L4, TA"iAﬂ b, "fA . (33)

From the above equation, it turns out that the associated

p p
primary constraints appear if and only if A; = A4, =0,

giving,

. p. M \/E 2¢,+c¢ . S S
C'=rn'- p; [( 2013 5) (Qlo0 + O i B =20 )
i i T:
—ng—2C4g—b3—:| NO (34)
a a a

Also here, Eq. (34) is consistent with Ref. [100], but it is
worth noticing that torsion arises due to the presence of
mixed terms. For this reason, it is expected that diffeo-
morphism will be realized from the Hamiltonian analysis in
a more complex way than GR and STEGR.

Let us now consider the vector irreducible part of the
conjugate momentum (28), which, by means of the

definitions .Al =2a; + a, + a3 and Az A2 = by — b3,
can be recast in the following compact form:

Vpi Pl\/_ Y A ipj B Aji
P'=- AlafA 0 —AlafAT jﬂ"—asae j’1ABT /
V v
+22 Qoo'——/fQ,’+ w012 S0
V
1 i i j AZ inj
_E(bl +b,)Q' 00+ (b1 +b,2)0 Ojﬂj—ijo 4
V
As o i 1 i pipgk
+7ijﬁjﬁ —E(b1+b2)ijﬁjﬁ . (35)
v v
By setting A; = A, = 0, we obtain the following primary
constraint:
, - M, \h
VCI:VP1+ Pl2 |:_a3a98j’7ABTAjz 2Qz 3 2Q1
1 . S
—§(b1 +52)Q' 00+ (by +b2) Qi
1 S
SCREAT B (36)

With regard to the antisymmetric irreducible part of the

A
conjugate momentum, it is enough to define A; = 2a; —
a, to get

hM
Apliil = ‘/— Al 2 [2A1TA g, —2.A1TA ’9A1+2A1TAJ"ﬂk9A
+2A1TAkiﬂk9Aj+4aza§ATAU—bla3Qjoi
+b1&* Q') +b1aQ7* By — b a Q] (37)

A
and the primary constraint occurs as soon as .4; = 0, where

we have

Acliil = Aplii

[4a2E4TA — b1 o? Q7'+ by a? Q'

1 VhM,,
4

+ b Q7B — b, QVFBi] % 0. (38)
The presence of nonmetricity in Eq. (38) demonstrates the
influence stemming from mixed terms. Before looking at
the symmetric momenta P it is useful to define the
following: SAl = bl + 2&1 + aj, SA2 = b2 + as, SA3 ==
b2 + b3, SA4 == b2 +4C3, SAS == 26’3 + Cs, SAﬁ = b1+
dey, SA;=c +cy+c3+ces+cs, and SAg=2c;+
¢y + ¢4. The momenta takes the following form:

084078-6



PRIMARY CONSTRAINTS IN GENERAL TELEPARALLEL ... PHYS. REV. D 109, 084078 (2024)

Spil = % 254,00,/ TA )" — 254,00,/ TA ) — 45AaToh' + 45457, s
o a
il igj ko
4 ﬁ 3+ 2SA5)Q000 — — 8547000 & ﬁ (SA; + 25A5)Q00kﬁ_ h"
i pj pk kal
+16SA7Q00kﬁ Ll — 454300 ’ﬂ— — 4544 Qoo’ ﬂ— +2(54; + ZSAS)QOkthU
i gk gl k k
—-854; QOklﬁ ﬂ ﬂ 4 + 4545001 % 45 A5 i? ﬂ — 25460 Q" | + 58U + 511V, (39)

where the purely spatial part is given by

plf

8§ii = SAaT*%iB,0," + SA,aT*¥0,7 — byaT*,'0,%p! — byaT* 70,5 p

= 31 k
+ah’JTAkl(9Alﬂk(2a3 + 2b2) 2SA3/ ﬂ ﬂ

ﬁk ﬁl ﬁm

T4404" + SA QiR + aQyfFh' (bs + 2cs)

—(5A; + 25A45)h" Qp + SAsa QI p* + g QB (by + ¢p) + g QU pi(by + )

k gl Bigkpl i pj gk gl gm  pigkpl
—25A4505/ ﬁﬁ L ZSAst/M%ﬂ + 4S-A7lemﬁﬂ ifﬂ + ijlﬂﬂ £ (=2¢; —c¢s5)

k gl k k
0, ﬂ’”( 263 = e5) = 2450220 1 2ciadip + 20000 + 0,208 (e, - 2es)
+csaQlipi + csan‘ﬂf} . (40)

If we plug the aforementioned coefficients making null the velocities, we get the following primary constraint:

pl\/_

Scij — SPij

{bﬂTA ‘O ) + byaTH 0, B + Q"kﬂk( by +c3) + g Q7 Bi(=by + c2)

ik pl k ol
+ij1ﬂﬁaﬂ ( by > 40l ﬂ’ﬁﬂ < %) 420,00 + 2¢,a0'f

BB
a

+ Ok

(=4cy — by) +32anﬂ" +22aQ"ﬂJ} ~ 1 % 0, (41)

There are also primary constraints associated with the induced metric, whose occurrence automatically yields no
propagating spin-2 field. Thus, if such conditions are satisfied, the resulting theory cannot be understood as a gravity model,
but rather as a different theory relying on a rank-2 tensor. The momentum reads,

M2\
a3

i) = [=2c102QpY = 2c30?h Qg + (23 + ¢5)h Qoo

+2(2¢3 4 ¢5)h Qoo Py + 2(2¢3 + ¢5)h Qo'

—csha? Qg = (2¢3 + ¢5)hY Qo' + 2(2¢3 + ¢5)h Qo'

+2¢102 QT B* + 20 QU B + €207 QT By + 2c3h 1 P Qi f

+eshia? Qpt — (2¢3 + ¢5)h Q'™ — bra® RITA 0, — bya®TH,10,7)

+b1aTA U BIEY — by TA o I 5Y]. (42)
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TABLE I. Classification of general teleparallel quadratic theories based on primary constraints.
Number of free
Name Theory Constraints parameters
Gl A # OV Ie{a ﬂ V,A S T} No constraints 10
G2 Az A =0 c 7
b
G3 .A1 = .A2 =0 o 8
G4 VAl = VAQ =0 VCi 8
G5 A4, =0 Acbil 9
a a a B p a p .
G6 A] = Az .Ag A] ./42 =0 C, c! 5
a a a .
G7 Ay =Dy = Ay = VA = VA, = C.Vc 5
a a .
G8 A = ,42 + 2A3 A4, =0 C,Aclil 7
b .
G9 Al .Az VA =0 civc 7
B b .
G10 Al — A2 — AAl =0 Cl,AC[]l] 7
Gll1 VA =VA, =44, =0 Ve, Al 7
a a a p B p
G12 A] :Az :Ag :Al ..AQ VA] =0 8,Cl,vcl 4
a a a B a p
G13 A=A = Ag A = A2 A4, =0 C.CH ACl 4
a a
Gl4 A = Ay = Ay = VA = VA, =44, =0 C, Vi, Acli 4
s s B . . .
Gl15 A = A2 = VA1 =44, =0 ci,vei Acll 6
a a a a ﬂ . . e
G16 A=Ay =A;=VA = A. =VA, =44, =0 C,CiYci Acl 3
a B .oa Bi .
G17 SA,‘ - A,‘ - A,‘ - VA,' =0 SC”, C, C B VC’ 2
a B oa Pl . .
G18 SAi=A =A =VA,=44,=0 Scii, c,C Vi, Acl] 1
G19 bi=by=c,=c3=c5=0 NG (i) 5
- 1 2
For general and symmetric teleparallel theories, the follow- Reasonably, the condition c; = —c, + 4% gives rise to

ing choice makes the spin-2 field nondynamical,
by=by=c =c3=1c¢5=0, (43)
gives rise to the following six primary constraints,
NGe(i) = 7(1) % 0, (44)

where NG stands for “No Gravity”. As stated in [100], the
imposition ¢; = ¢3 = ¢5 = 0 gives us primary constraints
for symmetric teleparallelism.

In the context of symmetric teleparallelism, primary
constraints have not been derived, except for STEGR
[100,101] and f(Q) [102-105]. In [100], the analysis of
the Hessian reveals that primary constraints occur either
=—cy+ %, though the
explicit expression of the primary constraints is not
presented. However, it can be seen that ¢; = ¢3 = c5 gives
primary constraints for the full symmetric part in symmetric
teleparallel gravity. In symmetric teleparallel quadratic
gravity, it is possible to get the explicit expression of six
primary constraints, occurring if ¢ =c3=c5=0.

when ¢y =c3=c5=0 or ¢4

one primary constraint associated to the trace, but this
scenario will not be further investigated here, since this
sector is nongravitational due to the absence of spin-2
fields. In metric teleparallelism the primary constraints
related to the nongravitational sector are trivial [96], as
discussed in Sec. IV C.

In this study, we aim to present the conditions for primary
constraints in general teleparallel quadratic gravity, from
which it is possible to classify their different combinations
and count the number of possibilities. Note that, as already
demonstrated in the case of metric teleparallelism [98] and
symmetric teleparallelism [100], often degeneracy can occur.
Hence, certain combinations derived from combinatorial
analysis, can represent trivial theories; on the other hand, a
combination of specific primary constraints could impose an
additional constraint. All possibilities are listed and dis-
played respectively in Table I and in Fig. 1.

In the Table I we have introduced the index i for brevity.
It should be understood as running through all possible
labels of the corresponding .A. For example one should

a a a

view A as taking any of the values A, A,, As.
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FIG. 1.

o~
Ai=ec1+eca+eca+eg+es

Az =2¢3+c5

As=by+bs

8

A1 =21 +e+ey

8

Az =by — b3
VA, =2a; +az+a3
VAy = by — by
AA; =20, —az
SAy = b, +2a, +ay
SAy=by+as
SA3 =by+by
SAy=by+4cy
SAs =2¢c3+¢5
SAg = by +4ey

SAr=a+etatate
5A8=2C| +c+cy

Visualization the constraints that G1-G19 theories satisfy, respectively. The lower-left region (NC) is the most generic theory

with no constraint. The lower-right corner (NG) stands for “no gravity” and is constrained such that the spin-2 field is nonpropagating.
The five corners, i.e., @, f, V, A, S, represent the parameter spaces that have primary constraints for lapse, shift, vector, antisymmetric,
and symmetric, respectively. The combinations for coefficients that impose primary constraints are collected to the right.

IV. PRIMARY CONSTRAINTS IN THE TRINITY
OF GRAVITY AND ITS NONLINEAR EXTENSIONS

Let us begin by recalling the values to which the
coefficients ¢; must be set to restore GTEGR,

11
(a1, ay,a3) = (Z’E’_l>’ (b1, by, b3) = (-1,1,-1),

(45)
1 1 1 1
and (Cl,Cz,C3,C4,C5): (Z,—E,—Z,O,E>. (46)

Notice that these coefficients satisfy the conditions for the
presence of primary constraints, except for N6C¥/ (or their
irreducible parts). The case of TEGR is obtained in the limit

bl:b2:b3:C1:C'2:C3:C4:C'5:0, while to
get STEGR we must set by =b, =bs=a,=a, =
az = 0. Consequently, we can obtain the primary con-
straints for the tinity of gravity by simply plugging these
coefficients into the result obtained in the previous section.
Note that we still have the following theory-independent
constraints’:

a? gl
Pc=pP0-1S,+m.S,~0, (47)
The GTEGR coefficients have a similar role for non-
linear extensions. Let us then assume that extended
GTEGR model can be recast as a second-order theory

*The same constraints will be used throughout the rest of the
paper.
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nonminimally coupled to a dynamical scalar field,
namely,

Sf(G):%M?)l/d4x\/_f( )——M2 /d“x\/—_g
< (pG = V(). (48)

where G is defined as the argument of the action in
Eq. (12), with the coefficients set as in Eqs. (45) and
(46), namely

1
G=-T,,T" + > Top T =T, TH — Qg T"™ + Q, TV

Bl —

- 1 1 1
- QﬂTﬂ + Z Qa[w Qa/w - z Qanylwa - Z Q/,l QM

1 -
+ 2 0,0 (49)

This is not proved and we take it for granted, assuming
that under conformal transformations modified GTEGR
behaves like f(R) [106] and f(Q) [103] gravities. By
imposing vanishing nonmetricity or torsion, f(7) and f(Q)
models are respectively restored. In all cases, we can
immediately note the primary constraints yield,

It is worthwhile stressing the difference between f(G) and
f(R) gravity. In the latter case, the velocities ¢ appear
because of the presence of second-order derivatives in R,
which can be cast in terms of time derivatives of ¢ prior
integrating by parts. The same does not occur in the latter
case, namely in f(G), since G does not contain higher-
order derivatives. The presence of the scalar field alters the
primary constraints in the trinity of gravity, due to a
rescaling of the conjugate momenta. This introduces a
relative factor of ¢ alongside other terms within the primary
constraints (if present), correspondingly breaking the sym-
metry, while activating new degrees of freedom found in
the nonlinear extensions to the trinity of gravity. In the
following subsections we will list the primary constraints of
the trinity of gravity as well as the primary constraints in
their nonlinear extensions.

A. GTEGR and f(G)

Let us start by writing the GTEGR primary constraint
related to lapse function «,

gf—%—l—M;(l;z/_(Qo—Qiﬂi)NO’ (51)

which coincides with the corresponding primary constraint
in STEGR. By plugging the coefficients (45) and (46) into

the shift primary constraint (34) we get,

s M,Vh ' ‘
cm=pm pé {2 3 (Qioo + Qi = 20i0;8)
Qm T N
+ % - 7:| ~ 0, (52)

which is equivalent to the corresponding primary constraint
of STEGR, except for the presence of an additional torsion
term. This result suggests that diffeomorphism invariance
emerges in a more intricate way than the case of STEGR.
Adopting the same procedure for the vector constraint
yields,

VCi _V Pi +

M, h A A
# ijﬂABTA]l+§Ql—§Ql ~0. (53)

Here we notice that the primary constraint is influenced by
the mixed term and this gives rise to the presence of
nonmetricity. If one assume nonmetricity to vanish, the
corresponding primary constraints for TEGR can be
recovered. The final primary constraint is given by the
antisymmetric irreducible part and reads as

Ac[jl] :AP[]I] _ \/_4 p! [2§ATAU +a2Q]01 —aleoj
— 0"* By + QY B 0. (54)

Also in this case, the above constraint contains nonme-
tricity terms in addition to the expected torsion term. This
means that both diffeomorphism and Lorentz invariance are
realized in a more complicate way, if compared to canonical
gravity, STEGR and TEGR. Finally, the symmetric con-
straints associated with the relation between metric and
affine connection reduces to

. . M, vh . . . ) ..
SCl]:SPlj_ plz\/_ [aTAklaAkﬁ] _I_aTAkjeAkﬂl_%aQﬂkﬁk
(04
3 k gl Bi k pl i j Rk
2 QB + 0, ﬂﬁﬂ+Q,/ﬂﬁ kﬁﬁﬂ
4 a
1 . . -
+5aQIp +5aQtﬁf] — ST ~ 0.
(55)

Extending this result to the nonlinear extension of
GTEGR is straightforward by recasting the f(G) model
in the Jordan frame, namely as a scalar tensor theory of the
form presented in Eq. (48). As shown in Refs. [96,103], the
equivalence between the two frames can be realized both in
f(T) and f(Q) gravity. From this ansatz it follows that the
aforementioned primary constraints will be deformed by a
factor ¢, which in turn carries an additional constraint.
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Thus the whole set of primary constraints in f(G) gravity
reads as

T ~0, (56)
« M, h
Cf(G) 7T+¢ 512 (QO - Qﬂl> (57)
p m B o M 1\/5 1 i j
floy ="+ 5 {2—053 (Qioo + Qb B = 20i0;)
Q" T™
— ——| ~0, 58
2a  «a ] 5
_ . MuVh i Yo% p
VC}((;) =Vl + ¢# |:93j77ABTAﬂ + 3 Q' - 3 o'
(59)
i 1 VhM y » i
ACJ["](]G) — Aglji] _ ¢TPI RETAT 4+ 20l — a2 Q'
— Q7+ Q) 0 (60)
SCii = Spii _ 1’”/_ [aTA O, + aT* O, B!
3 k gl j gk gl
——aQ”kﬂk _Z“Q”kﬁk + ijlﬂﬂ ! +0' 4 ﬂ 4
B j Rk 1 o . ..
—Qkﬁﬁﬁ +_anﬂl+_anﬂJ —SHUNO.
a 2 2
(61)

One can conclude that calculating the Poisson brackets
needs cumbersome computations and that the intricate
realization of symmetries in GTEGR will be consequently
deformed.

B. STEGR and f(Q)

The limit of STEGR can be obtained by assuming a
vanishing torsion in the action’ (12) and properly setting
the values of the coefficients a;, b;, c¢;. The vector and
antisymmetric irreducible parts are pure tetrad contribu-
tions that trivially vanish Vz' = “zlil = 0, as symmetric
teleparallelism can be formulated completely in terms of
the metric. The conjugate momenta with respect to lapse
and shift are, in contrast to canonical gravity, dependent on
nonmetricity itself,

“Note that one cannot simply take the primary constraints of
GTEGR and set the torsion to zero, since they originate from a
variation with respect to torsion.

Eoi MoVhio gm0, (@)
20
] M, Vh[ 1 , ;
Cm—fpm % {ﬁ (Qioo + Qijkﬂ]ﬂk = 20i;/)
o"|
+z] ~0. (63)

Notice that the former constraint turns out to be the same as
in GTEGR. Finally, there are momenta with respect to the
connection related to primary constraints. Apart from the
four temporal constraints, mentioned at the beginning of
this section, we also have the following twelve constraints
occurring for any symmetric teleparallel theory:

Vei = Vpi %0, Aclill = Apliil 0,

SC =Spi -5V ~ 0. (64)
This is consistent with the findings of Refs. [93,95], though
the expressions provided in the latter reference differ since
they do not adopt the ADM variables. In other words, the
coincident gauge is always allowed in symmetric tele-
parallel theories, but the same does not hold in general
teleparallel theories.

The nonlinear extension f(Q), can be dealt with by
considering the action (48) and setting b, = c¢; = 0.
Moreover, similarly to the case of f(Q) it is convenient
to consider the Einstein frame, so that a further constraint
arises due to the presence of the scalar field ¢. The whole
set of primary constraints in f(Q) gravity is

¢ ¢
Cro) =7 =0, (65)
« M,Nh .
Cro) =+ =2 (00— 0 %0, (66)
p
Cho) = m+¢ pl[[z (Qioo + Qijuh B* —2Qi0;)
Qm
20{} 0. (67)

Nevertheless, an alternative form of the primary constraints
is presented in the literature [102—105], with a nontrivial

expression for ?; which is claimed to be obtained after an
integration by parts. The references also made different
conclusions regarding the number of propagating degrees
of freedom, which suggests that the Hamiltonian structure
for symmetric teleparallel theories needs to undergo a more
extensive analysis in order to clarify disputing results.
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C. TEGR and f(T)

Let us finally consider the most well-studied theory
within the trinity of gravity, TEGR. Enforcing nonmetricity
to vanish at the level of the action, it is straightforward to
realize that there are no time derivatives in the lapse and
shift sectors, thus %z = #z; = 0. However, as pointed out in
[96], the primary constraints for the antisymmetric and
vector parts contain torsion, contrary to the case of
canonical gravity. The primary constraints then read,

. . M, Vh -
Vi = Vi + p{lx\/_ ijrlABTAjl ~ 0, (68)
and
. y hM -
AClill — Agliil _ %2@#” ~0. (69)

They both differ from the GTEGR case due to the absence
of nonmetricity. In the absence of nonmetricity, Eq. (61)
does not trivialize, no associated primary constraint can be
found and L, plays the role of a tetrad. It is known that the
affine connection can be split in two parts, associated with
tetrad and spin connection [39]. On the other hand, one can
always choose the so-called Weitzenbock gauge, where the
dynamics is contained into the tetrads [90,107], which
appear along with the primary constraints. Alternatively,
the same can be realized by coordinate transformation in
the tangent space [92]. Here we found a new perspective
for the Hamiltonian analysis, by simply using the sixteen
components of L*, as our starting point, instead of the
sixteen components of the tetrad, but assuming the
Weitzenbock gauge. Previous works in the covariant
formulation include six additional degrees of freedom
associated with the spin connection and, in some cases,
even curvature is included in the action as Lagrange
multipliers. Note that, in metric teleparallel gravity, it is
still possible to get primary constraints in the symmetric
sector. However, this kills the degrees of freedom of the
spin-2 field, contrary to the requisite for having a gravi-
tational theory [61] (the explicit expressions can be found
in [96] and references therein).

The most well-studied extended teleparallel theory is
f(T) and, although suffering from inconsistencies [96],
several studies about the Hamiltonian analysis reveals the
existence of five degrees of freedom [108]. The existing
literature in this context agrees upon the form of the
primary constraints to be

¢ ¢
Cf(T) =n=0, (70)
. - M, Vh )
VCiigy = VE' + ¢7f’a 08 mapTV %0,  (71)

v iy hM
ACE{(’]T — Agliil _ ¢7\/-4 pl

: 26,TA %0, (72)

V. CONDITIONS FOR PRIMARY CONSTRAINTS
IN THE IRREDUCIBLE REPRESENTATION
OF TORSION AND NONMETRICITY

Torsion and nonmetricity can be decomposed in irre-
ducible parts [70,72,109-111], one of which plays a crucial
role in the one-parameter healthy class of metric teleparallel
quadratic gravity [91,112].° The most famous irreducible
part of nonmetricity is accounted for the Weyl vector W,,.
To complete the irreducible decomposition of nonmetricity,
four terms are needed (including the Weyl vector), i.e.,

1
Wﬂ = Z Q,p (73)
(Qﬂ - W/l)’ (74)

3
QM = — |:€;u//m'pr1 + e, <4Ap — Wp>:| s (75)

Do = Q) = YWy — %9(,4»/\4)- (76)
For the torsion we have three terms, namely
v, =T, (77)
a, = eﬂllp,/T’ll’”, (78)
2 1
Lyw = Topw — §g/1[l/T/4] - g%wa” , (79)

named the vector, axial, and tensor parts, respectively.
According to this representation, the GTEGR scalar G can
be recast as

kll(lﬂyt(lﬂy + kzaﬂa” + k3 ’U”Uﬂ -+ k4€ﬂyaﬂl‘ﬂ”ygiag + ksUﬂWIl
+ k6 UyAM + k7Qaﬂyqaﬂy + kSQaﬂyQaﬂy + kQAyA”
+ koW, WH + kW, A (80)

Most of the terms in the above expression can be written
explicitly in terms of Weyl vector, torsion and nonmetricity.
In particular, we have

k7q}4wq/1//w = k7 [Q(lﬂu)Q(iﬂy) - 2Q(/1;w)g(lw Wﬂ)
3
- 5 Q(/l;w)gwy/\l) + g(;u/V[//l)g(”yvv}L>

3 9
59w W™ AY + = g, Ay g ”A’l)}

16
=k 1 Ui 1 Ay 1~ A
= K7 EQ/WQ +§Q/1WQ +%Q1Q
0,001 0,0 (81)
72%* 18<4% |

°In [113], the statement that other theories propagate ghosts
was proven to be incorrect and from this point of view the harsh
conclusions of the viability of those theories can be weakened.
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3 3
kSQX”DQﬂﬂy —_ |:€Mv/m le_/1 + e;u//)/1 (Z Ap _ Wp>:| |:€ﬂyaﬂQrI/)’ﬂ + €ﬂyal <Z A2 — Wa>:|

3 3
— (Hvpo ng/1 €vap Qaﬂl + ghvpo on‘ﬂ 6/“/0/ (Z A% — Wa> + e, (4 A w > yyaﬂQ afil

3 3
+¢QQM—WJ%JQA—W>

2 2_ _, 4
=20, 0 =20, QP — 3 0,0" - 3 0,0" + 3 0,0%, (82)
|
16 [ 1 - 1 16 - -
oA, A = 1O (Q,, ——Qﬂ) (0-30) =502 000" = 00 (3 -2%). (8
Q,,Q 37 QMQ ; (83) 7 5 1 : :
0,0"=0,0" ( 72k gkg +8_1k9 +1_6k10_£k“)’
koW, W+ = “’ 16 Q0" (84) (88)
1 _ 1
e =L (Qﬂ__Qu), S TR
o 9=H 4 (85) c40,0" = Q,0" —ﬁlﬁ _§k8 +ﬁk9 +§k11 . (89)
from which it is possible to get the following system of
linear equations in the symmetric teleparallel case: 8
cSQﬂQ" QﬂQ“ k7 + 3k8 81 —ko |, (90)
c10,,,0" = 0y, Q’W( ky +2k8> (86) L
whose solution is
|
k7:C1+02 Clzék7+2k8
kszcl%z 02:%k7—2k8
k9:%cl 485C2_%C5 _uk7—2k8 “r‘sl—lkg +%k10—%k11 (91)
klO: 16C3 +4C4+10€5 Cy = 18k 2k8+ k9+ kll
k1]:902+9C4+18C5 05:—§k7+§k8—§k9_
If we substitute the STEGR-coefficients in the above a . ! ! !
solution, we obtain that the only nonvanishing coefficients A1 = ghs 45k + 1k + 1K1
k; are y
Azzﬁlﬁ—%/@‘f‘%km—%kn (93)

ky = -1

ky =2

ko = -8 (92)
k10:

ki =3,

so that conditions for primary constraints take the following
form:

p
.A] :%]ﬁ +%k8 +é—?k9 +ék11.

Note that the term kSQﬂ”Q‘W is only involved in the
condition for constraints related to shift, and not for lapse.
However, the whole set of coefficients c; are involved in the
primary constraint for lapse, in the standard action formu-
lation for symmetric teleparallel theories. Furthermore, we
also notice that koW, W* is not involved in the condition
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for primary constraint related to the shift sector. However,
this is not an improvement from the previous formulation,
as neither c3 nor cs determine any condition for this
primary constraint.

In future works it would be interesting to check the
further restrictions that can be obtained by demanding the
Hamiltonian to be linear in lapse and shift.

The case of metric teleparallelism is already known (see
Ref. [114] for details) and leads to the following solution
for the coefficients a;:

_1 1
ap _Ekl _ﬁkZ

dz :%kl +%k2

kl = % (201 + (12)
ky = 6(a, —a) (94)

a3:k3—%k1 k3:%(2(11+(12)+a3,

from which the conditions for primary constraints auto-
matically follow

V.Al :k1+k3

A4, Z%lﬁ —%kz

Sa 3 . (95)
A[ _ik]

TA, = 3k;.

Finally, in order to evaluate the case of quadratic metric
teleparallel theories of gravity, it is necessary to consider
nonvanishing trace and symmetric sectors, thus imposing
ki, k3 # 0, otherwise no propagating spin-2 field occurs
and the physical relevance of the corresponding theory is
consequently lost. Fixing one of them with the Planck mass
and the ghost-free condition YA, = 0, makes k, the only
free parameter. The latter governs the axial part and, if set to
ky = %k], allows to restore TEGR, though the remaining
parameters lead to a new physics that have been shown to
suffer from the strong coupling problem [61,62].

Similarly to the previous case, by considering the explicit
expression of k; coefficients, namely

k4€ﬂyaﬁtﬁyvglaﬂ = _12T/1/4DQ”M’ (96)
ksv, WH = L k5T, 08
5UﬂW —Z 5T”Q s (97)
4 ~ 1
k6’l)MAﬂ = k6§T/4 Qﬂ —ZQﬂ s (98)

we can write the following system of linear equations:

leapuTyaﬂ = _12k4Qa;u/Tyaﬂ7 (99)
1 1

szﬂTﬂ = Q”Tﬂ <Zk5 _§k6)7 (100)

b;0,TH —4k 101

30, T = g ke (101)

whose solution yields,

k4:—%b1 b] :—12k4
ks =4by +3b3{ by =gks —gks  (102)
kﬁng?} b3:%k6.

Finally, the symmetric constraint related to GTEGR read,

SAI :—12k4+%k1
SAQI%kS—%k6+k3—%kl
SA3 :iks +%k6
Ay = ks —gks +1gks — Sks + 51k + 1Ko — gk
SAs Zf—2k7—%k9+%k10—f—gkn
SAg = —12ky + 2k; + 8k
6 4 7 8
SA7 = gky + 5 ko + 15 ko + 13k
SAg = G kg + S ks + 43 ko + ki1

(103)

From the results within the scope of this article, we cannot
see any advantage of writing torsion and nonmetricity into
irreducible parts. However, as noted for quadratic sym-
metric teleparallel gravity, we found kSQ,l"”Q’lW to play a
special role regarding the primary constraints for lapse and
shift, such as axial torsion plays a special role in metric
teleparallel quadratic gravity.

VI. SHIFTED ALGEBRA AMONG CONSTRAINTS

It is well-known that the trinity of gravity (including
GTEGR) gives rise to the same field equations as GR. The
degrees of freedom are, hence, two (or four in phase-space)
and there must exist enough symmetry to constrain the
extra introduced components of the tetrad and spin con-
nections. The first point to stress is that the spin connection
is purely gauge, which has support in the literature: (i) for
the case of metric teleparallelism [90-92,113,115]; (ii) for
the case of symmetric teleparallelism [93,115]; (iii) but not
for the case of general teleparallelism. Thus, in metric and
symmetric teleparallel theories we are allowed to choose
the so-called coincident gauge [116—118] where the affine
connection drops out and the focus shifts only on the 10 (or
20 in phase space) degrees of freedom of the metric. This
means that the associated primary constraints are expected
to be of the first class, removing the degrees of freedom of
the affine connection, whereas the case of GTEGR works
differently. As a matter of facts, spin connection is pure
gauge in any teleparallel theory, but the affine connection
can be made to vanish only in symmetric teleparallelism. In
other words the Weitzenbock gauge is always available, but
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the coincident gauge is available only for symmetric
teleparallelism [95].

For the canonical Hamiltonian analysis, however, the
output is influenced by boundary terms [119]. This in turn
affects the algebra among constraints and, consequently,
the way to restore the symmetries of GR. We name this
feature “shifted algebra among constraints” and this section
is dedicated to shading light in this framework by compar-
ing both the three corners of the trinity of gravity and
GTEGR.

A. The case of canonical gravity

In the canonical case, namely with the Einstein-Hilbert
action as the starting point, the spin connection is not
present. Since the theory is fully invariant under Lorentz
transformations, it is conventionally formulated in terms of
metric rather than tetrad [75], especially because residing to
the tetrad formulation makes the analysis more cumber-
some. Nevertheless, the latter approach can be consistently
pursued at the same level of the metric one, as demonstrated
in [120,121]. The tetrad formulation includes the antisym-
metric part of the conjugate momenta, which introduces
primary constraints simply providing

7 %0, (104)
This can also be written in the canonical form, with
opposite indices with respect to those of the tetrad, if
one adopts the V, A part of the irreducible decomposition
with respect to the rotation group O(3). However, for
simplicity, in this section we follow the standard formu-
lation based on the metric. The primary constraints restrict
the additional six components arising when passing from
the metric to the tetrad formulation. By calculating the
Poisson brackets with the Hamiltonian, it turns out that
the well-known Lorentz invariance of GR follows from the
Lorentz algebra provided by the Poisson brackets.

Let us start by considering, in the metric formulation, the

trivial primary constraints associated with lapse and shift,

70, (105)
They are related to diffeomorphism invariance and with the
intrinsic nature of lapse and shift, which are purely gauge
degrees of freedom. However, them being first class only
reduces the number of degrees of freedom to six (or 12 in
phase space). This happens because diffeomorphism invari-
ance in canonical gravity does not only give rise to primary
constraints, but also to secondary constraints and, for this
reason, diffeomorphism invariance can be thought as
“hitting twice” [107]. The latter consideration finally brings
the counting down to two degrees of freedom (or four in
phase space). The secondary constraints are realized by the
observation that the final expression for the Hamiltonian
turns out to be linear in lapse and shift. In the following we

will demonstrate how the counting of degrees of freedom
goes similarly in the trinity of gravity. The symmetries are
the same, but their generators are shifted, as it can be
realized by the more intricate expressions for the primary
constraints provided in Sec. IV.

B. The case of TEGR

The case of TEGR is particularly interesting in our
formulation, since the metric was only introduced through
nonmetricity. Thus, in the metric teleparallel limit, we only
have degrees of freedom related to L¥,. It turns out that the
latter takes the same role as the tetrad in the Weitzenbodck
gauge and torsion can also be rewritten in terms of tetrad
and the spin-connection derivatives [122]. Consequently,
one can choose 16 components of the tetrad plus six
components of Lorentz matrices as the starting point. The
Hamiltonian then reveals that all Lorentz matrix compo-
nents are subjected to primary constraints [90,94] and
choosing the Weitzenbodck gauge is physically fully con-
sistent [92,122]. In this approach the starting point is the
covariant formulation, as the coincident gauge is incon-
sistent with general teleparallelism (torsion would vanish
and the geometry would reduce to symmetric teleparallel-
ism). However, instead of considering tetrad plus Lorentz
matrices (or spin connection), one can also start from L#,,
which structurally appears in the same way as the tetrad
appears in the Weitzenbock gauge. This means that L#, can
be associated with the “Lorentz gauge-invariant variables in
metric teleparallel theories™ [92].

We found primary constraints for all general teleparallel
theories associated with the temporal part of L¥, [see
Eq. (26)]. In the Weitzenbock analysis, this corresponds to
the four primary constraints associated with lapse and shift
[96]. Thus, the sixteen degrees of freedom coming from L*,
or 6 reduce to twelve, if these are of first class. Additionally,
there are the vector and antisymmetric constraints given by
Eqgs. (68) and (69).° They are not independent of torsion,
which makes the calculations of the Poisson brackets
among constraints more difficult, compared to canonical
gravity [Eq. (104)]. However, these computations have
been performed (see [124]) and it can be shown that they
form the Lorentz algebra. Therefore, though the Lorentz
symmetry is realized by the Hamiltonian analysis, the
generators are shifted. The remaining six degrees of free-
dom coincide with those of canonical gravity evaluated at
the level of primary constraints, namely without consider-
ing secondary constraints from the Hamiltonian. Following
the evaluation of these secondary constraints in TEGR
[68,124], the final conclusion is two degrees of freedom
(or four in phase space), which is consistent with GR.

®In the case of TEGR and its nonlinear extension f(7T)-gravity,
it is possible to combine the three vector primary constraints with
the three antisymmetric primary constraints, to get six Lorentz
constraints [36,123].
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An interesting note is that there are no primary constraints
associated with SP"/, contrarily to the cases of GTEGR and
STEGR. This lack is due to the fact that the momentum SP%/
in metric teleparallelism takes the role of momentum for the
induced metric. If this momentum was subjected to primary
constraints, the spin-2 field would become nondynamical,
which is inconsistent with the properties we expect for a
gravitational theory and, certainly, not the case of GR.

C. The case of STEGR

For STEGR introducing tetrad fields is not needed since,
like canonical gravity, the metric is enough and the
antisymmetric part of the conjugate momenta vanishes
when adopting the tetrad formalism. Furthermore, it can be
seen that there exist primary constraints associated with
each component of L*,, which is consistent with [93] and
with the claim that the coincident gauge is valid for any
symmetric teleparallel theory [95]. STEGR differs from
canonical gravity by the presence of (linear) time deriva-
tives of lapse and shift. Thus, their conjugate momenta do
not vanish, but rather are proportional to nonmetricity (not
containing time derivatives). This allows to recover the
primary constraints given by Eqs. (62) and (63).

Comparing this to canonical gravity, the primary con-
straints related to lapse and shift are shifted, similarly to
how the vector and antisymmetric constraints were shifted
in the case of TEGR. In most cases, the evolution of these
primary constraints is not considered, but they are instead
referred to as gauge fixing. However, it is important to
avoid any gauge fixing in the Hamiltonian analysis, as
pointed out in [107]. This is due to the fact that the gauge
fixing of lapse and shift leads to missing control to the
“hitting twice” of diffeomorphism invariance.

Before providing more details on this topic, some
comments about the state of art for the Hamiltonian
analysis for symmetric teleparallel gravity are in order.
Only recently, progresses on this topic have been pursued
[100-102,104,105,125], and the preservation of these
constraints in time have never been investigated. In fact,
the earliest article [101] made an integration by parts
and found the correct boundary term to supplement in order
to make it identical to canonical grawity.7 In [125] the same
boundary term is added, but then the authors discarded a term
that is mistakenly identified as a boundary,

a\/f_lDi(Qi -0 = a@i(\/l_z(Qi - 0Y),

obviously failing to be a boundary due to the presence of
lapse. In Refs. [101,125], the interesting effect coming from
the boundary term, which makes the difference between
STEGR and canonical gravity, is avoided by integration by

"Note that in canonical gravity something similar is done to the
Einstein—Hilbert action [75], with the aim to neglect higher-order
time derivatives.

parts (in particular involving time derivatives). In [105] it is
stated the proposition; Surface terms do change canonical
momentum variables but do not change the symplectic
structure. Thus, the boundary term that was added in
[101] is not incorrect, but in our opinion less interesting,
since it simply leads to canonical gravity. In future works it
would be interesting to perform the full Hamiltonian analysis
of STEGR without adding this kind of boundary terms. This
will reasonably shift the algebra among constraints similarly
to the case of TEGR.

Out of the ten free components occurring in the metric
(20 if one includes the conjugate momenta), the afore-
mentioned primary constraints are not enough to reduce the
degrees of freedom to two (or four in phase space). The
missing ingredients are the secondary constraints, conven-
tionally called “Hamiltonian” and “momenta” constraints.
They are realized by the Hamiltonian that turns out to be
linear in lapse and shift, and together with the primary
constraints for lapse and shift, there are eight constraints
which can be proven to be of first class. This reduces the
number of dynamical degrees of freedom to two (or four in
phase space), as expected. In [101,104,105] it is demon-
strated that the Hamiltonian, along with the Poisson
brackets among the Hamiltonian and the momenta con-
straints, form the ADM algebra, proving they are indeed of
first class.

D. The case of GTEGR

With the list of primary constraints, we can now sketch
the counting of degrees of freedom in GTEGR. We know
that the latter is a gravitational theory including diffeo-
morphism and Lorentz invariance and that the number of
degrees of freedom should be two (or four in phase space).
Therefore, it is reasonable to assume that all constraints are
of first class, so that the count of degrees of freedom in the
phase space is no longer needed. The metric and L*, have
10 + 16 degrees of freedom, four of which are related to the
temporal part of L#,, like in any general teleparallel theory.
The vector and antisymmetric constraints remove six more
degrees of freedom (also here associated to L*,), so that the
count drops to 10 + 6, where ten are linked to the metric
and six to L#,. The final six degrees of freedom related to
L*, are fully constrained by the symmetric constraints SP"/.
Thus, if a given model carries the aforementioned primary
constraints, then the connection does not contain any
dynamical degree of freedom, with the consequence that
the corresponding gravitational theory can be always
framed within symmetric teleparallel theories. On the other
hand, the lapse and momentum constraints remove four
additional degrees of freedom from the ten related to the
metric. Therefore, we end up having only six metric
degrees of freedom, as in canonical gravity. The last four
constraints, which are needed to drop the degrees of
freedom count to the known number two, are expected
to come from the secondary (Hamiltonian and momentum)
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constraints, though further analyses in this direction are
needed to investigate the nature of such constraints.

More specifically, in GTEGR time derivatives appear
linearly on both lapse and shift, as well as the antisym-
metric part of L¥,. The primary constraints are given by
Egs. (47) and (51)—(55) and they are all different from
canonical gravity due to the presence of torsion and
nonmetricity and also contain additional primary con-
straints related to L*,. So far, no previous work dealing
with the Hamiltonian analysis of general teleparallel
theories has been done. However, all primary constraints
of GTEGR should be preserved in time and it is also
expected that the Hamiltonian reveals linearity in lapse and
shift. Starting with the aforementioned 10 + 16 compo-
nents of metric and L¥,, one can see that there are sixteen
primary constraints in GTEGR associated with L#, [see
Eq. (47) and Eqgs. (53)—(55)]. Then we essentially end up
with the starting point of canonical gravity, where one
needs to find constraints for the ten metric components. The
primary constraints related to lapse and shift are reported in
Egs. (51) and (52), whereas we expect that secondary
constraints can be found from the Hamiltonian, similarly to
canonical gravity. However, the primary constraints are
more than those occurring in canonical gravity and most of
them contains both torsion and nonmetricity. Notice that
GTEGR is an alternative formulation that only differ from
GR by a boundary term, meaning that the algebra among
constraints will eventually provide the same results as
Einstein’s theory, i.e. two dynamical degrees of freedom.
Nevertheless, analyzing how the algebra closes can be of
extreme interest for future studies, especially considering
that the primary constraint contains both nonmetricity and
torsion, meaning that the latter are both needed to realize
diffeomorphism and Lorentz symmetry, or rather the
combined group GL(4,R). It remains to see how different
the Hamiltonian and momenta constraints are with respect
to the canonical case, though we expect that the Poisson
brackets among constraints will realize GL(4, R) in a way
that is much less straightforward than the cases of TEGR
and STEGR, because of the complex form taken by
Hamiltonian and momenta constraints.

VII. CONCLUSIONS AND OUTLOOK

We have derived all primary constraints for general
teleparallel quadratic theories of gravity. They have
been shown to be consistent with previous works
[36,68,96,98,100,123,124]. The most remarkable insight
from the primary constraints is that they contain both
torsion and nonmetricity, which is a feature also enjoyed by
in GTEGR. Since general teleparallel quadratic gravity is
equivalent to GR (modulo a boundary term), diffeomor-
phism and Lorentz invariance of both type I and II
(following the conventions of [92,93]) have to be realized.
Moreover, the primary constraints are “shifted” by involv-
ing torsion and nonmetricity, with the consequence that the

Poisson brackets among constraints vanish on shell in a
much less trivial way.

We also note that, while the Hamiltonian analysis for
metric teleparallel theories has been widely studied (see [96]
and references therein), the case of symmetric teleparallel
gravity has gotten attention recently (see [ 103] and references
therein). Furthermore, in STEGR [101,125], an integration
by parts essentially yielding the case of canonical gravity has
been pursued in Ref. [75], whereas the study of the nonlinear
extension exhibited strong disagreements [102—105]. More
precisely, the disagreement in the number of degrees of
freedom in f(Q) can be compared with the recent result from
perturbation theory [57,58,126] revealing seven degrees of
freedom, among which at least one ghost degree of freedom.
Perturbations around backgrounds revealing less degrees of
freedom will instead suffer from strong coupling [57].

We have classified general teleparallel quadratic theories
based on the (non)presence of primary constraints. In total we
find 19 distinct teleparallel quadratic theories (see Table I and
Fig. 1) with all of them having up to ten free parameters.
Among these, we find one nongravitational theory, though it
is expected that a few more can be found. The other 18
theories have at least one free parameter. However, consid-
ering that GTEGR does not manifest any free parameters, itis
expected that conditions for secondary constraints will
introduce more branches in the tree of general teleparallel
theories, fixing the final parameter. If restricting the geometry
to metric teleparallelism, one gets nine classes of theories
with 0-2 free parameters, all containing the Hamiltonian and
momenta constraints (secondary constraints ensuring diffeo-
morphism symmetry) [98,127]. For the case of symmetric
teleparallel quadratic gravity, conditions for secondary con-
straints are unknown, but a similar classification of theories
was done in [100]. It is easy to see that our results are
consistent with metric and symmetric teleparallel limits.

Alternatively, general teleparallel quadratic theories can be
written in terms of irreducible components of torsion and
nonmetricity, as shown in Eq. (80). We found that the
kg Q1 Q,, -term does not affect conditions for primary
constraints related to lapse. Furthermore, as already known
from the literature, the axial part of torsion (i.e., k,a,a") can
be associated with the one-parameter family of ghost-free
metric teleparallel quadratic gravity [112,114]. Our study
also introduced a smoother way to perform the Hamiltonian
analysis in covariant metric teleparallel theories, namely
using L*, instead of tetrad plus spin connection, which is
equivalent to adopt the Weitzenbdck gauge.

Our results open up several directions towards further
investigating the Hamiltonian analysis of general telepar-
allel theories, which in turn can be considered to determine
the viability of the given model and the number of degrees
of freedom,® as well as for the application to quantum

$This may efficiently be done for the 19 different theories, by
extending the method developed in [128].
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cosmology [42,104,129-131]. In the trinity of gravity,
GTEGR stands out as the most promising candidate to
improve the notion of energy and entropy in GR [74] and it
would be interesting to further investigate this through a
full-fledged Hamiltonian analysis. Moreover, as stated in
Sec. VI, another future perspective is to get the full picture
about the way in which the Poisson brackets among
constraints vanish in the trinity of gravity (which we only
know for the case of canonical gravity and TEGR, but not for
STEGR and GTEGR). Finally, one may also investigate if
TEGR, STEGR, or GTEGR models have an advantageous

formulation for numerical relativity as pointed out in
[101,125,132].
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