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We present a novel study of Kerr Compton amplitudes in a partial wave basis in terms of the Nekrasov-
Shatashvili (NS) function of the confluent Heun equation (CHE). Remarkably, NS-functions enjoy analytic
properties and symmetries that are naturally inherited by the Compton amplitudes. Based on this, we
characterize the analytic dependence of the Compton phase shift in the Kerr spin parameter and provide a
direct comparison to the standard post-Minkowskian (PM) perturbative approach within general relativity
(GR). We also analyze the universal large frequency behavior of the relevant characteristic exponent of the
CHE—also known as the renormalized angular momentum—and find agreement with numerical
computations. Moreover, we discuss the analytic continuation in the harmonics quantum number l of
the partial wave, and show that the limit to the physical integer values commutes with the PM expansion of
the observables. Finally, we obtain the contributions to the tree-level, point-particle, gravitational Compton
amplitude in a covariant basis through Oða8BHÞ, without the need to take the superextremal limit for Kerr
spin.
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I. INTRODUCTION

The study of black hole perturbation theory has seen a
resurgence in recent years after the observation of the
gravitational waves generated by the coalescence of binary
black holes [1,2]. This revitalization has led to the develop-
ment of novel perturbative approaches for examining black
holes’ responses to external perturbations. These methods
draw heavily from quantum field theory (QFT)-inspired
techniques, including (quantum) worldline effective field
theory (EFT) [3–9], on shell amplitudes [10–22], and the
effective one-body (EOB) approximation [23,24]. A crucial
aspect of these approaches is to match the physical observ-
ables derived from effective models with those calculated in
general relativity (GR), which is key to identifying unknown
parameters within the effective theories. Therefore, it is
important to exactly solve the differential equations inGR, as
well as providing organizing principles to interpret the
mathematical results.

This work aims to establish a connection between a
novel computational approach to solve the Teukolsky
master equation (TME) and the analysis of Compton
scattering amplitudes in a Kerr black hole (KBH) back-
ground. This computational scheme is grounded in trans-
forming the separated radial and angular components of the
TME into a second-order ordinary differential equation
(ODE), notably the confluent Heun equation (CHE) [25].
This transformation allows to relate the solutions of the
equation to classical Virasoro conformal blocks, as detailed
in [26]. By exploiting the known analytic properties of
these conformal blocks and their representation through the
Nekrasov-Shatashvili (NS) special function [27], new
explicit solutions for the connection coefficients of the
CHE could be derived [28]. This method has already been
applied to the study of physical observables in a variety of
gravitational backgrounds including (anti–)de Sitter [(A)
dS] black holes [29,30], fuzzballs [31–34], and the astro-
physically relevant KBH, with the first application appear-
ing in the context of the exact computation of the spectrum
of quasinormal modes [35], and more recent approaches to
compute the graybody factor, Love numbers [26,36] and
the study of the post-Newtonian (PN) dynamics in the two-
body problem [37].
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In this paper, we show that Kerr-Compton amplitudes
written in a partial wave basis can be directly expressed in
terms of the NS-function. As a consequence, the analytic
properties of the NS-function translate into sharp state-
ments for the Compton scattering phase shift. This allows
us to:

(i) Nonperturbatively characterize the polynomial
dependence on the KBH spin parameter of different
contributions to the phase shift directly related to the
NS-function;

(ii) By comparing to the more traditional method of
Mano, Suzuki, and Takasugi (MST) [38–41], to
resum the perturbative—post-Minkowskian (PM)—
expansion into exponential functions of derivatives
of the NS-function;

(iii) To study analytically the large frequency behavior of
the MST renormalized angular momentum and
compare the results to numerical predictions.

By studying the Compton phase shift in a PM-fashion—
namely ϵ≡ 2GMω ≪ 1—we find it naturally separates
into a dominating and a depleted contribution. This
hierarchical distinction aligns with the “far zone”
(conservative, point-particle, leading contribution) and near
zone (horizon completion) factorization recently proposed
in [42,43]. The near-far factorization is well-defined for
harmonics of generic-l values, i.e. analytically continues
from l∈N to l∈C. This continuation gives rise to
apparent divergences once the physical limit l∈N is
taken. In an MST language, this manifests as integer l-
poles in the MST coefficients [44,45]. In this work we show
such poles are spurious and get canceled when adding the
PM-expanded near and far zone contributions of the phase
shift together. The final results in this generic-l prescription
agree with the ones computed in a fixed-l prescription, i.e.
by solving the ordinary differential equations (ODEs) staring
with l∈N before PM expanding [44,45]. Therefore, we
conclude the PM and the l expansions actually commute.
Finally, we provide a new interpretations of the results
presented in [46] for the higher-spin, tree-level gravitational
Compton amplitude in terms of only far-zone physics, while
expanding the state of the art results to eighth-order in the
Kerr-spin multipole expansion. As mentioned, this far-zone
computation corresponds to the point-particle limit of the
BH, while being purely conservative and polynomial in the
KBH spin parameter χ; therefore, no analytic continuation in
χ is required.

II. SPIN-s PERTURBATIONS OFF KERR

The radiative content for perturbation of spin-weight s
off a Kerr black hole (KBH) of mass M and spin aBH is
fully encoded in the Teukolsky scalar sψ, which solves
TME. As shown by Teukolsky’s seminal work [47–49], sψ
admits separation of variables in the frequency domain.

Using ðt; r; ϑ;φÞ as the Boyer-Lindquist coordinates it can
be explicitly expressed as

sψðt; r; ϑ;φÞ ¼
X
lm

Z
dω e−iωtsRlmðrÞsSlmðϑ;φ; aBHωÞ:

ð1Þ

Here sRlmðrÞ solves the radial Teukolksy equation (RTE),
whereas sSlmðϑ;φ; aBHωÞ correspond to the spin-weighted
spheroidal harmonics. As mentioned above, both the RTE
and the angular equation can be reduced to CHE after a
suitable change of variables. The RTE has singularities at
the inner and outer horizons of the KBH, and at the
boundary at infinity. More broadly, Teukolsky equations
for a generic class of Type-D space-times correspond to
Heun’s equations of certain type, classified by the structure
of their singular point [50].
In this work we consider plane wave perturbations off

KBH imposing the physical boundary conditions for the
radial function to be purely ingoing at the BH horizon and a
superposition of an incoming and a reflected wave at future
null infinity (see Fig. 2),

sRin
lmðrÞ ¼ Δ−se−iω̃r� ; r� → −∞;

sRin
lmðrÞ ¼ sBinc

lm
e−iωr�

r
þ sBref

lm
eiωr�

rð2sþ1Þ ; r� → ∞: ð2Þ

Here ω̃ ¼ ω − mχ
2rþ

is the corotating frequency, χ ¼
aBH=ðGMÞ is the dimensionless spin of the KBH, r� ¼
GMð1� κÞ are the roots of Δ ¼ r2 þ 2GMrþ a2BH, and

κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
. The tortoise coordinate r� is determined

from the differential equation dr�
dr ¼ r2þa2BH

Δ [41].
The main objects of interest are the (Compton) scattering

phase shift sδPlm and the absorption probability sη
P
lm, which

are fully determined from the asymptotic behavior of the
radial functions [51]:

sη
P
lme

2isδPlm ¼ ð−1Þlþ1 sBref
lm

sBinc
lm

× ð2ωÞ2sAP
s ; ð3Þ

being AP
s a function of the Teukolsky-Starobinsky constant

[see (A11)], with P a parity label. sBinc
lm and sBref

lm are called
connection coefficients of the CHE since they allow us to
express a local solution close to a singular point in terms of
a local basis of solutions centered around a different
singular point. The Heun connection coefficients for
generic boundary conditions have been explicitly computed
in [28] (see Appendix B for a review of the derivation).
Using these results we find,
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sBref
lm

sBinc
lm

¼ −i
e2iϵðlogðj2ϵjÞ−1=2Þ

j2ωj2s e∂m3
F−L

2

P
σ¼�

Γð1−2σaÞΓð−2σaÞð−LÞσae−σ2∂aF
Γð1

2
−σaþm1ÞΓð12−σaþm2ÞΓð12−σaþm3ÞP

σ0¼�
Γð1−2σ0aÞΓð−2σ0aÞLσ0ae−

σ0
2
∂aF

Γð1
2
−σ0aþm1ÞΓð12−σ0aþm2ÞΓð12−σ0a−m3Þ

; ð4Þ

with the dictionary of parameters [35],

m1 ¼ i
mχ − ϵ

κ
; m2 ¼ −s − iϵ; m3 ¼ iϵ − s; L ¼ −2iϵκ;

u ¼ −λ − sðsþ 1Þ þ ϵðisκ −mχÞ þ ϵ2ð2þ κÞ; ð5Þ

and λ the spheroidal eigenvalue. a is implicitly determined
from the so-called Matone relation [52,53]:

u ¼ 1

4
− a2 þ L∂LFðm1; m2; m3; a; LÞ: ð6Þ

All the complexity in computing (4) is then hidden in the
special function Fðm1; m2; m3; a; LÞ. This is a so-called
NS-function, and it is given as a convergent series1 in L
whose coefficients are given explicitly in terms of combi-
natorial formulas (see Appendix B for concrete formulas).
NS-functions are a class of special functions which
appeared for the first time in the context of N ¼ 2
supersymmetric gauge theories and Liouville CFT
[27,55].2 Different NS-functions make their appearance
in the connection problem of Heun equations of different
types [28]. Since in this paper we are only dealing with the
CHE, we will not make a notational effort to distinguish the
NS-function F from its siblings. From (5), it follows that L
acts effectively as a PM-parameter, aligning the L expan-
sion of F with the standard PM-expansion used by the MST
method.3 This observation is crucial and allows for a direct
comparison of the two methods as we will see below.

For practical purposes, our strategy to compute (4) is the
following:

(i) Compute F up to order Lnmax ;
(ii) Invert (6) perturbatively in L to obtain aðmi; u; LÞ;
(iii) Plug aðmi; u; LÞ back in F and evaluate (4) sub-

stituting the dictionary (5) up to order ϵnmax.
We include the explicit expression for F up to OðL9Þ in the
Supplementary Material [56]. For concreteness, at leading
order one finds,

a ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2sÞ2 þ 4λ

p
2

þOðϵÞ ¼ −
1

2
− lþOðϵÞ2: ð7Þ

Note that in the ϵ ≪ 1 limit jLja ∼ e−ð1þ2lÞ logðϵÞ=2,
therefore only σ ¼ 1 terms contributes to the sums in (4)
at leading order. We call this the far zone contribution.
The σ ¼ −1 terms are thus suppressed by a factor of
jLj−2a ∼ ϵ1þ2l, which coincides with the order at which BH
horizon effects start to become relevant [43,57–59]. For this
reason, we call the factor containing these terms the near
zone. We therefore rewrite formula (4) in the more familiar
form,

sBref
lm

sBinc
lm

¼ e2iϵðlogðj2ϵjÞ−1=2Þ

j2ωj2s e∂m3
F−L

2eiπða−1
2
Þ Γð12 − a −m3Þ
Γð1

2
− aþm3Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

far zone

×
1þ e−iπaK

1þ eiπa cosðπðm3−aÞÞ
cosðπðm3þaÞÞK|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

near zone

; ð8Þ

where

K ¼ jLj−2a Γð2aÞΓð2aþ 1ÞΓðm3 − aþ 1
2
ÞΓðm2 − aþ 1

2
ÞΓðm1 − aþ 1

2
Þ

Γð−2aÞΓð1 − 2aÞΓðm3 þ aþ 1
2
ÞΓðm2 þ aþ 1

2
ÞΓðm1 þ aþ 1

2
Þ e

∂aF; ð9Þ

3An similar observation was made recently in [37] in the post-Newtonian context.

2In the gauge theory context, F appears as the instanton partition function of aN ¼ 2 SU(2) gauge theory with three hypermultiplets
of masses m1, m2, m3. L is the instanton counting parameter and a the Cartan vacuum expectation value in the Coulomb branch. a can
also be understood as the quantum-A period of the CHE. In the Liouville CFT, σ ¼ � denotes two different intermediate dimensions in
the conformal block expansion.

1For the convergence of Nekrasov partition functions (see [54]).
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thus resembling the near-far factorization proposed in [42]
for the coefficient-ratio written in the MST-language (see
(A5) below). The function K here is called the tidal
response function and we shall give a more detailed
explanation on it in Appendix A. From the above equation,
we observe that the far zone contribution can be written as
an analytic functions of L while the near zone is nonana-
lytic in L for generic values of a, hence sharing an analog of
the analytic structure in G discussed in [43]. A detailed
comparison with MST method will be done in the next
section.

III. NS-FUNCTION, MST PM-RESUMMATION,
AND THE HIGH-FREQUENCY LIMIT

Since the phase shift (3) depends on the NS-function via
the connection formula (8), the symmetry properties of F
are naturally imprinted in the Compton scattering ampli-
tudes. We start this section then by presenting some
properties of the NS-function (see Appendix B for con-
ventions and derivations).

A. Properties of the NS-function

The function,

F̃ðm1; m2; m3; a; LÞ ¼ Fðm1; m2; m3; a; LÞ −
m3L
2

; ð10Þ

is invariant under permutations of ðm1; m2; m3Þ and under
the reflection ðmi; LÞ → ð−mi;−LÞ. Accordingly, it only
depends on combinations that are left invariant under such
transformations, that is

ðm1m2m3ÞL; ðm1m2m3Þ2; L2;
X3
i¼1

m2n
i ;

ðm1m2Þ2n þ ðm2m3Þ2n þ ðm1m3Þ2n; ð11Þ

with n∈N. Furthermore, if F̃ is Taylor expanded in L,

F̃ ¼
X
n

cnðm1; m2; m3; aÞLn; ð12Þ

then

lim
mi→∞

cnðm1; m2; m3; aÞ ∝ mn
i : ð13Þ

Substituting the dictionary (5) in (11), we note that F̃ can
only depend on κ2 ¼ 1 − χ2, so, by (13), it follows that
factors of κ2 can only appear in the numerator of cn’s. This
therefore proves that F̃ depends only polynomially on the
spin χ. Moreover, since all the invariant combinations in
(11) are real after substituting the dictionary (5), we see that
F̃ is real at all orders in ϵ. Subtractingm3L=2 in the lhs and

rhs of (6) we see that a2 is also real4 and depends
polynomially on χ. As a consequence, we conclude that
the far-zone phase-shift is polynomial in terms of BH spin.
This polynomial structure aligns with spin-induced multi-
pole expansion used in the worldline EFT [60].
Let us also comment on the dependence of the NS-

function on a. F is invariant under a → −a, as indicated
in (4) and (6). Moreover, F has poles at a ¼ �n=2 for n∈N
[61]. Simple poles ata ¼ �n=2 appear at orderLn, and poles
of higher orders appear at higher orders in the L-expansion.

B. NS-function and PM-resummation

In the PM approach, it is customary to use the MST
method for solving the TME [38–41]. In this approach one
matches the asymptotic solutions converging in the near
(rþ ≤ jrj < ∞) and far (rþ < jrj ≤ ∞) zone perturbatively
in ϵ after imposing the boundary condition (2) (see Fig. 2).
In doing so, one introduces the so-called renormalized
angular momentum νðs;l; m;ωÞ, and the MST coefficients
aνn, which are computed perturbatively in ϵ from a three-
term recursion relation that is required by the convergence
condition. The connection coefficients sBinc

lm and sBref
lm are

then expressed in terms of infinite sums involving aνn and ν
[41]. We refer the reader to Appendix A for a review of the
MST method.5

Compared to the MST solutions, the CFT results suggest
the resummation of the MST sums for the far-zone and
near-zone, respectively,6

e∂m3
F ¼

Pþ∞
n¼−∞ð−1Þn ðνþ1þs−iϵÞn

ðνþ1−sþiϵÞn a
ν
nPþ∞

n¼−∞ aνn
; e∂a F ¼ X−ν−1

Xν
;

ð14Þ

where the nontrivial Xν sums are given in (A8), whereas the
renormalized angular momentum is found to be

a ¼ −
1

2
− ν: ð15Þ

We have checked that formulas (14) and (15) hold up 9-PM
order, and we expect them to hold true to all orders in
perturbation theory, for generic spin-weight s, angular
momentum l, and azimuthal number m. Indeed, we expect
it would be possible to analytically prove this formula
possibly along the lines of [62].

4In the small frequency expansion, a is real.
5For recent mathematical results on the perturbative expansion

of the connection formulas for CHE see instead [62].
6Indeed, this follows since aνn ∼ ϵjnj ∼ ðGMωÞjnj in generic-l

prescription as we will see below. Then, perturbative calculation
using aνn is equivalent to the PM-expansion of F.
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C. Towards high-frequency scattering

In some corners of the parameter space, the perturbative
series in L—which at the same time defines F—simplifies
drastically. An interesting example where such a simplifi-
cation takes place is the high-frequency limit; that is, when
GMω ≫ 1, which corresponds to

m3 þm2 ≃ 0; u ≃
1

4
−m2

3 þ
L
2
ðm3 −m1Þ: ð16Þ

As shown in detail in Appendix C, in this limit the NS-
function reduces to

F̃ ≃ −
Lm1

2
: ð17Þ

A direct consequence from the Matone relation (6), in
conjunction with (16) and (17), is therefore that a ≃m3,
hence one finds using (15) that

a ≃ 2iGMω ⇒ ν ≃ −2iGMω as GMω → ∞: ð18Þ

In Fig. 1 we test this expression against numerical pre-
dictions. The above relation we find is universal for all
s;l; m; χ ≪ GMω, a pattern verified in Fig. 1.

IV. GENERIC-l VS FIXED-l PRESCRIPTIONS

Physical angular momentum l attain positive integers
values with l ≥ jsj. However, when we fix l ¼ n∈N, from
(7) we observe a becomes a half-integer at leading order in ϵ.
This complicates the structure of the PMexpansion, sincewe
are expanding close to the poles of theNS-function andof the
gamma functions in (9). Considering for example the case
n ¼ 0 (s ¼ l ¼ m ¼ 0), a ≃ −1=2, the leading divergence
in terms of a in the NS-function can be written as [61]

F ∼
X∞
k¼1

ðm1m2m3LÞk
ð2aþ 1Þ2k−1 ¼ Oðϵ2Þ: ð19Þ

Substituting the Kerr dictionary (5), we see no 1=ϵ singu-
larities actually appear inF since the residue of the 2a ¼ −1
pole cancels such divergences.However, it is crucial to notice
that all termswith k ≥ 1 in theL series in (19) will contribute
to the ϵ2 order. In this sense, the naiveL-expansion no longer
coincide with the PM expansion, and a resummation is
needed. A similar argument can be made for the divergent
gamma factors entering in (9), and for any s;l; m. Note that
these complications appear when one hits the poles of the
NS-function, that is, after Oðϵ2lþ1Þ; no integer-l issue will
arise before the horizon effects start to become important.
To avoid this kind of difficulties, we instead follow the

route of analytically continue from l∈N to l∈C, per-
forming the low-frequency expansion in L ∼ ϵ ≪ 1 and
going back to the physical limit l∈N only at the final stage
of the computations; we dub this approach the generic-l
prescription [64].
We use the generic-l prescription at the level of the

phase shift (3). Let us then comment on the structure of

sδ
P
lm in this approach. For starters, even though F̃ is purely

real, ∂m3
F̃ in (8) breaks the symmetries of the invariants

combinations listed in (11), and therefore it contains both
real and imaginary parts. It is desirable to separate the real
and imaginary contributions to sδ

P
lm as they are associated

to conservative and dissipative effects respectively.
Interestingly, based on the conservation of energy flux
between infinity and the horizon, the identity [see Eq. (68)
in Ref. [40] ],

eRe½∂m3
F�
���� Γð12 − a −m3Þ
Γð1

2
− aþm3Þ

���� ¼ jAP
s j−1; s < 0; a∈R; ð20Þ

combined with Eq. (3), allows to conclude that in the low-
frequency limit, the far-zone scattering is purely elastic
whereas only the near zone contributes to the absorption
probability Γ ∼

P
P½1 − ðsηPlmÞ2] [43,59]. Indeed, by com-

bining (20) with Eqs. (8) and (3), one can straightforwardly
get the far and near contributions to the phase shift,

sδ
P;FZ
lm ¼ 1

2
Im½∂m3

F� − 1 − κ

2
ϵþ 1

2
Arg½AP

s �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
rational

þ ϵ logð2jϵjÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
tail

þ 1

2
Arg

�
Γð1

2
− a −m3Þ

Γð1
2
− aþm3Þ

�
þ π

2

�
lþ 1

2
þ a

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

transcendental

;

ð21Þ

sδ
P;NZ
lm ¼ 1

2
Arg

�
1þ e−iπaK

1þ eiπα cosðπðm3−aÞÞ
cosðπðm3þaÞÞK

�
; ð22Þ

FIG. 1. Numerical evaluation of the high-frequency behavior of
renormalized angular momentum ν using the Black Hole Per-
turbation Toolkit [63]. The solid lines represent ν for various
perturbation parameters. The dashed line is the analytic estima-
tion from (18).
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and

sη
P
lm ¼

���� 1þ e−iπaK

1þ eiπα cosðπðm3−aÞÞ
cosðπðm3þaÞÞK

����: ð23Þ

In Eq. (21), we also observe that the NS-function F only
contributes to the rational function of l while the trans-
endental contributions come from the ratio of gamma
function and the additional π factor. The logarithmic tail
terms represent the imprints from the long-range
Newtonian potential.
The drawback of the generic l prescription is that when

taking the physical limit l → N at a given order in ϵ, we
encounter spurious poles at l∈N [44,45] both in the near
and far zones.7 Consider for instance the s ¼ 0 perturbation
at order ϵ4; its exhibits the specific pole structure8:

0δ
FZ
l1 jl→1 ¼

χ

72ðl − 1Þ ϵ
4 þ const;

0δ
NZ
l1 jl→1 ¼ −

χ

72ðl − 1Þ ϵ
4 þ const: ð24Þ

To avoid these poles, the traditional MST approach uses a
fixed-l prescription, i.e. fixing l; m∈N before solving the
Teukolsky equation [44,45]. Intriguingly, as Eq. (24)
demonstrates, the poles in the near zone precisely cancels
those in the far zone, a pattern we have verified up to the
Oðϵ8Þ, for generic s;l; m. This cancellation suggests that
the poles encountered when l → N are essentially unphys-
ical, and thus should cancel in any physical interpretation.
A similar cancellation in an example of connection formula
for hypergeometric function was pointed out in Ref. [64].
For illustrative purposes, in Appendix A we include a
explicit example keeping the nondivergent terms contrib-
uting in (24). Moreover, a detailed comparison of the
constant piece shows that when adding near zone and far
zone together, the results obtained using the generic- and
fixed-l prescriptions completely agree with each other; we
thus propose,

ðsδP;FZlm þ sδ
P;NZ
lm Þjl→N ¼ sδ

P;FZ
ðl∈NÞm þ sδ

P;NZ
ðl∈NÞm; ð25Þ

indicating that the two limit l → N, ϵ → 0 actually
commute. In the remaining of this paper we only use
the generic-l formulation. We also stress here that the near-
far factorization is only well-defined in the generic l
prescription. In the fixed-l prescription, it is ill-defined
and applying it leads to the effect of propagating non-Kerr
particles in the s- and u-channels of the Compton

amplitude, as observed in Eq. (4.19) in [46]. This is
because for l∈N when expanded in ϵ, the two contribu-
tions σ ¼ �1 in (4) mix with each other, i.e. La and L−a

both scale has half-integer scaling power, and hence one
cannot separate the far-zone, σ ¼ −1 piece from that.
The generic-l prescription also makes manifest of the

locality structure of the scattering potential. This can be
seen by fixing ω such that ϵ < 1 and taking l → ∞, where
the near zone and far zone phase shift take following form,
respectively,

sδ
FZ
lm ∼ ϵ logðϵlÞ þ

X∞
n¼1

ϵnþ1

ln ; sδ
NZ
lm ∼ ϵ2lþ1 ∼ ðrsωÞ2lþ1:

ð26Þ

In this regime, except for the logarithmic dependence
logðlÞ, the far zone shows the power law decay while
the near zone features an exponential decay when l → ∞.
Physically, the logarithmic term reveals the long-rangenature
of the Newtonian GM=r potential. The power law behavior
1=ln indicates that all the PM-corrections share the nonlocal
power law decay in the potential ðGM=rÞn; n ≥ 2; n∈N
when the radius r → ∞. The near zone phase-shift reveals
the common feature for the scattering against a localized
potential, i.e. potentials with exponential decay also
known as “hard-sphere” scattering [65], where the low-
energy scattering at large l shares the universal behavior
ðωRÞ2lþ1, with R the range of the potential.

V. FAR-ZONE, TREE-LEVEL GRAVITATIONAL
COMPTON AMPLITUDE FOR KERR

In this section we analyze the point-particle limit of
massless perturbations of the KBH in the context of the
tree-level, helicity-preserving, gravitational Compton
amplitude. As discussed above, this limit can be studied
completely from the far-zone contributions to the phase
shift (21) while ignoring the near-zone tidal effects capture
by (22). We recall we use the generic-l prescription.
Consider then a s ¼ −2 plane wave scattering off KBH.

The wave impinges with momentum kμ2 and scatters with
momentum kμ3, over the BH with momentum pμ

1 ¼ Muμ.
The angle formed by the direction of the impinging wave
and the BH’s spin, aμBH, is γ. The far zone, helicity-
preserving amplitude is computed from the infinite sum
of harmonics [66],

A ¼
X
l;m

�
−2Slm

�
γ; 0;

ϵχ

2

�
−2Slm

�
ϑ;φ;

ϵχ

2

�
Al;m

�
; ð27Þ

where

Alm ¼ 2π

iω

X
P¼�1

ðe−2δ
P;FZ
lm ð2iÞ − 1Þ: ð28Þ

7Note that, in the low-frequency expansion, ϵ ≪ 1, the poles
l∈N come from the Taylor expansion of F in Eq. (21) and the
ratio of Gamma functions in Eq. (22).

8Parity, P ¼ 0 for perturbations of spin-weight s < 2, we
therefore drop the P label in this example.
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The sumoverP is due to the change from theparity to helicity
basis. As mentioned, we are interested in the contribution to
the phase shift of the form χiϵiþ1 ∼GMωðaBHωÞi; which
exhibits explicitly a tree-level scaling. From the analysis
based on the properties of the NS-function presented above,
we know that −2δ

P;FZ
lm not only captures purely conservative

effects, but it is merely a polynomial function in χ, making
straightforward to extract its tree-level contributions to the
amplitude. In fact, because of this polynomiality, these
contributions are exact for Kerr in the sense that no analytic
continuation in χ ≫ 1 is required.
Since we are using the generic-l prescription, at this

point one might worry that the l-poles discussed around
Eq. (24) will be problematic since we are dropping the near-
zone contributions responsible to cancel them. Fortunately,
this poles do not contribute to the tree-level amplitude and
can be safely ignored.9 In addition, since the ϵ-corrections
in a are of the form

P
i ciχ

iϵiþðn≥2Þ, we can simply use the
tree-level value a ¼ − 1

2
− l; this in turn provides a great

simplification in the computation of −2δ
P;FZ
lm .

At leading order in the PM-expansion, we can arrange
the amplitude modes (28) as

Alm ¼ 4πGMeiΦ
	
ψ ð0Þðl − 1Þ þ ψ ð0Þðlþ 3Þ

þ
X
i¼1

βðiÞlmðχϵÞi


; ð29Þ

where Φ ¼ 2ϵ logð2ϵÞ − ϵ → 0, and we have written the
explicit tree-level combinations ðχϵÞi, allowing for the β-
coefficients10 to be functions only of l and m. These
coefficients are real, which makes manifest the conserva-

tive character of (29). We include the βðiÞlm coefficients
needed to compute the tree-level far zone amplitude modes
(29), up to Oða8BHÞ in the Supplementary Material [56].
Following [46,68], we match11 amplitude (27) together

with (29), to a covariant tree-level classical ansatz of the
form12

A ¼ Að0Þðew−x þ fFZξ ðx; y; wÞÞ; ð30Þ

whereAð0Þ is the tree-level gravitational Compton amplitude
for Schwarzschild BH and ξ ¼ ðu · ðk2 þ k3ÞÞ2=ðk3 − k2Þ2,
is the scattering optical parameter. The contact term
function, fFZξ ðx; y; wÞ, is chosen in such way, the spurious
pole in w≥5, from expanding the exponential function
in (30), is canceled. Here we have used the conventions of
[75] to write the spin operators: x ¼ ðk3 þ k2Þ · aBH;
y ¼ ðk3 − k2Þ · aBH; w ¼ 2u·k2

u·ϵ2
ϵ2 · aBH, and the gauge

ϵμ2 ¼ h2jσμj3�ffiffi
2

p ½32� ∝ ϵ̃μ3 ¼ h2jσμj3�ffiffi
2

p h32i, with jii; ji� the spinors of the

massless momentum ki.
After uniquely matching the modes of (29) to those

obtained from (30), we finally obtain the contact terms
fFZξ ðx; y; wÞ, entering (30) to be

fFZξ ðx; y; wÞ ¼ 1

8! × 9
½−128ðw7ð2wþ 3x − 6ÞÞξ−2 þ 64υ1w5ξ−1 − 8υ2w3ðw − x − yÞðw − xþ yÞ

−4υ3wððw − xÞ2 − y2Þ2ξ − υ4ððw − xÞ2 − y2Þ3ξ2 − 278ððw − xÞ2 − y2Þ4ξ3� þOða9BHÞ; ð31Þ

where

υ1 ¼ −59w3 þ 3w2ð72 − 43xÞ þ wð5xð60 − 23xÞ þ y2 − 504Þ þ 3xðxð68 − 19xÞ þ y2 − 168Þ − 6y2 þ 756; ð32Þ

υ2 ¼ 1199w3þ33w2ð77x−114Þþ3wð2520þxð631x−1668Þþ23y2Þþ3xð1680−638xþ169x2Þþ33ðx−2Þy2−7560;

ð33Þ

υ3 ¼ 2285w3þw2ð3871x−5484Þþwðxð1949x−5172Þþ97y2þ7560Þþ9ðxðxð27x−104Þþ3y2þ280Þ−6ðy2þ70ÞÞ;
ð34Þ

9In the partial wave basis, the l-poles show up when the loop diagram has UV divergence [67].
10These receive contributions only from 1

2
Im½∂m3

F� þ κ
2
ϵ in Eq. (21).

11This match is to be done by expanding the spheroidal harmonics in (27), in a basis of spin-weighted spherical harmonics [66]. Since
the details of this matching have been widely discussed in [46,68], we shall not provide them here.

12In this work we used the all-orders in spin ansatz given by Eq. (3.47) in [46]. Additional Ansätze have been considered previously
[69–73], including those from higher-spin gauge theory [74,75]. We thank the authors of the last two references for sharing their
unpublished Oða8BHÞ gravitational ansatz with us.
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υ4 ¼ 3355w2 þ 6wð581x − 804Þ þ xð659x − 1752Þ þ 37y2 þ 2520: ð35Þ

Up to Oða6BHÞ, amplitude (31) agrees with the results
reported in Table 1 in [46] for α ¼ 1 and η ¼ 0, computed
from the MST-method using the fixed-l prescription.13 As
expected, the far-zone amplitude is independent of horizon
effects and the boundary conditions used at rþ. Notice then
that while in the fixed-l prescriptions used in [46], the
superextremal (SE) limit, χ ≫ 1, was needed to disentangle
near from far physics effects, in the generic-l prescription
this continuation is not needed. In fact, as one can show,
using the latter prescription, and after removing dissipative
contributions, the dropped near-zone pieces vanish in the
SE-limit (see Appendix A for a specific example). In
addition, terms tagged with α in the results reported in
[46] were interpreted as contributions coming from
digamma functions in the SE-limit.14 Their appearance
in the point-particle amplitude is just an artifact of using the
fixed-l prescription for computing the total phase shift,
which mixes the near and far zone effects, as explained
above. From the discussion here, we conclude then no
polygamma contributions actually appear in the point-
particle Compton amplitude.

A. Helicity reversing amplitude

In an analogous computation, we have checked that the
helicity reversing gravitational Compton amplitude
extracted purely from the far zone contribution to the
phase-shift (3), agrees with the minimal coupling expo-
nential ∼ey up to eighth order in spin.

VI. DISCUSSION

In this work we have shown a new perspective on black
hole perturbation theory computations based on the use of
NS-functions which makes manifest analytic properties and
symmetries otherwise obscured by using other methods. It
is desirable to further study the NS-function aiming to
provide additional nonperturbative analytic results in
classical physics.
Along these lines, in this work we have shown a natural

separation between near and far zone physics, based
on a generic-l prescription. As it is well known [68,86],
this prescription is powerful for estimating the eikonal
limit—l → ∞;ω → ∞ while ω=l is fixed—of the
classical observables. In this limit, results are universal
—independent of the spin-weight s of the perturbation—
and receive contributions purely from far-zone physics.

Studying the NS-function in this limit and its connection to
geodesic motion is left for future work.
It is interesting to note also how the near-far factorization

provides a natural separation of the spectrum of the theory.
As it is well know, it can be access through the poles of the
scattering amplitude. From (8), we thus identify two
distinct types of poles in the Compton amplitudes.
Firstly, in the eikonal limit—which only involves the far
zone contributions—and at leading order in ϵ, the infinite
sums of harmonics produce gamma functions whose poles
correspond to the bound states of the Newtonian potential,
whose locations are ϵ ¼ i; 2i; 3i; � � � [68]. The second type
of poles come from near zone physics; they correspond to
the quasinormal mode (QNM) resonances, for which the
exact quantization condition follows as [26,35]

1þ eiπa
cosðπðm3 − aÞÞ
cosðπðm3 þ aÞÞK ¼ 0: ð36Þ

This relation establishes a direct link between the tidal
response function K and the QNM spectrum. Interestingly,
we also find that K can be written in terms of the full
(instanton plus one-loop) NS free-energy Ffull [26,35]

eiπa
cosðπðm3 − aÞÞ
cosðπðm3 þ aÞÞK ¼ −e∂aFfull ; ð37Þ

which could lead to some hidden structures to be further
investigated. Additional methods based on the thermody-
namic Bethe ansatz have been used to study applications of
NS functions to QNMs [87,88] and it would be interesting
to study them in the context of scattering amplitudes.
Away from the point-particle limit, Compton amplitudes

receive contributions from the near-zone phase shift (22)
starting at order ϵ2lþ1; the order at which the BH horizon
effects become important. Intriguing, at this order the phase
shift comes with special polygamma functions of the form
ψ ðnÞði mχ

κ � lÞ. Inspection of near-zone phase shift (22)
suggests that when χ ≤ 1 the near-zone piece does not
provide any tree-level information (see also Appendix A for
a explicit example). There is however a subtlety with this
observation since from the

ψ ðnÞðz� lÞ ¼ ψ ðnÞðzÞ �
Xl−1þη�

k¼0þη�

ð−1Þnn!
ðz� kÞnþ1

; ð38Þ

for n;l∈Zþ and ðηþ; η−Þ ¼ ð0; 1Þ, polynomial contribu-
tion with tree-level scaling arise from (22), by means of the
sum term in (38). It is therefore ambiguous to extract tree-
level contributions from the near-zone phase shift without

13For recent uses of Compton amplitude in the two-body
context see [69–74,76–85].

14The α-tags were added after identity (38), relating special
polygamma functions, was used.
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invoking an analytic continuation in the Kerr spin param-
eter, since the association of polygamma contributions to
loop effects can be done either before or after identity (38)
has been used. Interestingly, since the additional tree-level
contributions arising from the sum term in (38) can appear
only once the square-root from κ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
is removed,

i.e. from κ2n terms, and since κ inside the polygamma
functions always comes accompanied by a factor of i (see
also (5)), then tree-level scaling implies that factors
involving ðiκÞ2n are purely real, signaling absorptive effects
in a 4-point amplitude can never come in tree-level form. In
an on shell language, matching of absorptive effects to
effective tree-level-like three-point has been consider
recently [89–91]. The inclusion/interpretation of near-zone
effects, their interplay with the constraints from dynamical
multipole-moment on the gravitational Compton amplitude
recently proposed in [92] and the translations of the
constrains imposed by the symmetry of the NS-function
to the Compton amplitudes written in the covariant basis
are left for future investigation.
Finally, the technology used here in the context of linear

perturbation theory can be naturally imported to the study of
nonlinear perturbations of KBHs, since, the second-order
Teukolsky equations are still of confluentHeun-type butwith
the addition of nonlinear source, obtained from the first-order
solution [93,94]. A comprehensive analysis utilizing this
novel method and their interplay with second-order self-
force approaches are left for future investigation.
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APPENDIX A: MST METHOD REVIEW AND
NEAR-FAR FACTORIZATION

We start this appendix by reviewing the MST method
[38–41] for solving TME using matching asymptotic
expansion, where the renormalized angular momentum ν
is introduced. As a consequence of the matching asymp-
totic expansion, we then discuss the near-far factorization
in the Compton scattering phase shift sδlm. Finally, we
explicitly show that in the generic l prescription, there are
spurious poles in the MST coefficients when l∈N and it
will be canceled when adding near zone and far zone.

1. MST method review

In the MST approach, one first constructs the near-
zone solution based on a double-sided infinite series of
hypergeometric functions which converges within rþ ≤
jrj < ∞.15 This convergence radius gives a natural definition
for the near-zone:

MSTnear zone∶ rþ ≤ jrj < ∞: ðA1Þ

Similarly, one then constructs the far zone solution based a
double-sided infinite series ofCoulombwave functionwhich
converges within rþ < jrj ≤ ∞, which can be used as the
definition of far zone:

MSTfar zone∶ rþ < jrj ≤ ∞: ðA2Þ

To get the solution that is converging everywhere, one
needs to match the near-zone solution with far-zone solution
in the overlapping region rþ < r < ∞. In Fig. 2, we show a
schematic diagram for the matching asymptotic expansion.
To ensure the convergence and the matching of the solutions
on both sides, one needs to introduce an auxiliary noninteger
parameter, the so-called renormalized angular momentum
νðs;l; m;ωÞ, which is a function of spin-weight s, angular
momentum l, azimuthal quantum number m, and the
frequencyω of the perturbation. In the low-frequency region
it has the form,

ν ¼ lþ 1

2lþ 1

�
−2 −

s2

lðlþ 1Þ þ
½ðlþ 1Þ2 − s2�2

ð2lþ 1Þð2lþ 2Þð2lþ 3Þ −
ðl2 − s2Þ2

ð2l − 1Þ2lð2lþ 1Þ
�
ϵ2 þOðϵ3

�
; ðA3Þ

15Here, the radial coordinate r takes the value in C∞.
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where ϵ≡ 2GMω. Formally, ν is known as the characteristic
exponent because it governs the following asymptotic behav-
ior of the near-zone ingoing solution [see Eq. (166) in [41] ]

sRnear
lm ∼ Kνrν þ K−ν−1r−ν−1; r → ∞: ðA4Þ

The coefficient ratio K−ν−1=Kν tells the relative amplitude
between the decaying r−ν−1 and the growing rν mode

which captures the BH tidal response. As mentioned
in the main text, a detailed comparison between CFT
method and MST method shows that K given in (8)
agrees with K−ν−1=Kν and thus we call K the BH
tidal response function. After performing the matching,
and imposing the appropriate boundary conditions (2),
one finally obtains the wave amplitude ratio as
follows16:

Brefl
slm

Binc
slm

¼ 1

ω2s

1þ ieiπν K−ν−1;s
Kν;s

1 − ie−iπν sinðπðν−sþiϵÞÞ
sinðπðνþs−iϵÞÞ

K−ν−1;s
Kν;s|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

near zone

×
Aν
−;s

Aνþ;s
eiϵð2 ln ϵ−ð1−κÞÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
far zone

; ðA5Þ

where

Aν
−;s

Aνþ;s
¼ e−πiðνþ1Þ

22ðs−iϵÞ
×
Γðνþ 1þ s − iϵÞ
Γðνþ 1 − sþ iϵÞ ×

Pþ∞
n¼−∞ð−1Þn ðνþ1þs−iϵÞn

ðνþ1−sþiϵÞn a
ν
nPþ∞

n¼−∞ aνn
; ðA6Þ

and

K−ν−1;s

Kν;s
¼ ð2ϵκÞ2νþ1

Γð−2ν − 1ÞΓð−2νÞΓðν − iτ þ 1ÞΓð−s − iϵþ νþ 1ÞΓð−sþ iϵþ νþ 1Þ
Γð2νþ 1ÞΓð2νþ 2ÞΓð−ν − iτÞΓð−s − iϵ − νÞΓð−sþ iϵ − νÞ ×

X−ν−1

Xν
: ðA7Þ

Here, κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
and τ ¼ ðϵ −mχÞ=κ. The function Xν is given by the product of two infinity sum of the MST

coefficients, an;−∞ ≤ n ≤ þ∞,

Xν¼
�Xþ∞

n¼0

ð−1Þn
n!

ð1þ2νÞnaνn
ð1þνþ sþ iϵÞn
ð1þν− s− iϵÞn

ð1þνþ iτÞn
ð1þν− iτÞn

�
×

� X0
n¼−∞

ð−1Þn
ð−nÞ!ð2νþ2Þn

ðνþ1þ s− iϵÞn
ðνþ1− sþ iϵÞn

aνn

�−1

: ðA8Þ

MST coefficients satisfy the following three-term recurrence relation along with the “renormalized” angular momentum
ν,

ανnaνnþ1 þ βνnaνn þ γνnaνn−1 ¼ 0; ðA9Þ

FIG. 2. A schematic diagram illustrates the convergence radius of near and far zone solutions. The blue region denotes the overlapping
region where the matching is performed.

16See Eq. (168) and Eq. (169) in Ref. [41] for more explicit expressions and Eq. (12) in [42] for the first proposal of the factorized
form.
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where

ανn ¼
iϵκðnþ νþ 1þ sþ iϵÞðnþ νþ 1þ s − iϵÞðnþ νþ 1þ iτÞ

ðnþ νþ 1Þð2nþ 2νþ 3Þ ;

βνn ¼ −sλ
m
l − sðsþ 1Þ þ ðnþ νÞðnþ νþ 1Þ þ ϵ2 þ ϵðϵ −mχÞ þ ϵðϵ −mχÞðs2 þ ϵ2Þ

ðnþ νÞðnþ νþ 1Þ ;

γνn ¼ −
iϵκðnþ ν − sþ iϵÞðnþ ν − s − iϵÞðnþ ν − iτÞ

ðnþ νÞð2nþ 2ν − 1Þ : ðA10Þ

We fix a0 ¼ 1 for convenience. These recurrence relations can be solved order-by-order in the PM expansion.
Let us finally provide the explicit expressions for the Teukolsky-Starobinsky constant AP

s entering (3),

A�
0 ¼ 1;

A�
−1 ¼ ½ð−1Qlm þ a2ω2 − 2amωÞ2 þ 4amω − 4a2ω2�1=2;

A�
−2 ¼ ½ðð−2QlmÞ2 þ 4aωm − 4a2ω2Þ½ð−2Qlm − 2Þ2 þ 36aωm − 36a2ω2�

þ ð2−2Qlm − 1Þð96a2ω2 − 48aωmÞ − 144ω2a2�1=2 � i12Mω; ðA11Þ

where sQlm ≡ sλlm þ sðsþ 1Þ. sλlm is the angular eigenvalue of the spheroidal harmonics.

2. Near-far factorization

The near-far factorization proposed in [42,43] shows that the Kerr-Compton scattering phase shift once expanded in the
small frequency limit, i.e. GMω ≪ 1 can be directly separated into the near-zone and far-zone contributions. The far-zone
phase shift has the following feature:

sδ
FZ
lm ∼ ðGMωÞ logðGMωÞ þ ðGMωÞ þ ðGMωÞ2 þ ðGMωÞ3 þ � � � ; ðA12Þ

which features integer power of G scaling except for the logarithmic term due to the scattering off long-range Newtonian
potential. Higher order in G corrections can be understood as the PM corrections upon the point-particle approximation.
The near-zone phase shift features nonanalytic behavior of G,

sδ
NZ
lm ∼ ðGMωÞ2νþ1ð1þ ðGMωÞ þ ðGMωÞ2 þ � � �Þ; ðA13Þ

for generic value of ν. Once performing the low-frequency expansion, the nonanalyticity leads to the logarithmic
corrections,

ðGMωÞ2νþ1jν¼lþOððGMωÞ2Þþ… ¼ ðGMωÞ2lþ1ð1þ ðGMωÞ2 logðGMωÞ þ � � �Þ; ðA14Þ

which have a natural understanding in terms of the renormalization group, where are running of “dynamical” Love numbers
for Kerr BHs appears [43].

3. Phase shifts for s= 0; l= 1; m= 1 perturbations

For illustrative purposes, let us close this appendix by explicitly showing the cancellation of the l-poles at the level of the
phase-shift in the scalar example presented in the main text. We keep up to Oðϵ4Þ, which for the s ¼ 0;l ¼ m ¼ 1 case, is
the order at which the first poles appear. In the generic-l prescription, the near- and far-zone contributions take the form,
respectively,

0δ
NZ
l1 jl→1 ¼

�
χ

72ðl − 1Þ þ
�
γE
18

−
7

54

�
χ þ 1

36
χ logð2ϵκÞ þ 1

36
χRe

�
ψ ð0Þ

�
iχ
κ
− 1

���
ϵ4 ðA15Þ

and
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0δ
FZ
l1 jl→1 ¼ ϵ logð2jϵjÞ þ

�
−
3

2
þ γE

�
ϵþ

�
19

60
π −

χ

4

�
ϵ2 þ

�
19

180
π2 −

7πχ

60
þ χ2

40
−
ζð3Þ
3

�
ϵ3

þ
�
−

χ

72ðl − 1Þ þ
78037

378000
π −

130þ 42π2

1080
χ þ 143

4200
πχ2 þ χ3

40

�
ϵ4: ðA16Þ

The same computation can be done in the fixed-l prescription. Using the MST coefficients listed in Appendix B in [45], we
have17

0δ11 ¼ ϵ logð2jϵjÞ þ
�
−
3

2
þ γE

�
ϵþ

�
19π

60
−
13χ

57

�
ϵ2 þ

�
19π2

180
−
1583χ2

137180
−
9πχ

95
−
ζð3Þ
3

−
5

228

�
ϵ3

þ
�
8100833χ3

831969264
−
17947πχ2

7201950
−
�

92867

2880780
þ 3π2

95

�
χ þ 1325203π

7182000

�
ϵ4

−
5χϵ2

228
þ
�

5

228
−

5π

228
χ þ 2005χ2

54872

�
ϵ3 þ ϵ4

�
5π

228
þ 2005π

54872
χ2 þ 63491993

4159846320
χ3

þχ

�
1

36
Re

�
ψ ð0Þ

�
iχ
κ
− 1

��
þ 1

36
logð2κϵÞ − 5π2

684
−
156832

720195
þ γE
18

��
: ðA17Þ

By combining (A15) and (A16), we find that the diverging terms 1=ðl − 1Þ cancel, aligning perfectly with the results shown in
(A17). The colors in the fixed-l results denote a hypothetical near-far factorization. From (A17), we see that with the fixed-l
prescription, there are no singular contributions in any region, but this comes at the cost of mixing the terms from the near and
far zones. For instance, the tree-level contributions, i.e. terms scale as χiϵiþ1, entirely come from the far zone in generic-l
prescriptions,

1

40
χ3ϵ4 þ χ2ϵ3

40
−
χϵ2

4|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
generic−l far zone

¼ −
13χ

57
ϵ2 −

1583χ2

137180
ϵ3 þ 8100833χ3

831969264
ϵ4|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

fixed−l far zone

−
5χ

228
ϵ2 þ 2005χ2

54872
ϵ3 þ 63491993χ3

4159846320
ϵ4|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

fixed−l near zone

; ðA18Þ

while the fixed-l prescription splits these terms into unusual and confusing mixes.

There is however a subtlety when extracting tree-level
contributions as showed in the discussion section. From
(A15) no apparent tree-level contribution arises for χ ≤ 1,
however if identity (38) was used, the tree-level, contri-
bution −χ3ϵ4=36 will be extracted from (A15). To avoid
this subtlety, and in order to extract tree-level contribution
in the point particle limit, in Refs. [46,68] the super-
extremal (SE) limit was necessary. However, because of the
near-far zone mixing in the fixed-l prescription used in
those references, in combination of the use of identity (38),
an apparent contribution from digamma function, tagged
with the α-label, appeared in the point-particle amplitude.

The α-label was added to the digamma appearing in the
right-hand side of (38). In the generic-l prescription, this
mix does not take place and, as one can explicitly check, no
tree-level contribution arises from (A15) in the SE-limit.
The resulting covariant tree-level amplitude computed

with (A18) agrees with the results in Eqs. (4.54)–(4.55) in
[68]. The extra χ3ϵ4=36 would change such results pre-
cisely canceling the contact terms modifying the Born
amplitudes Eqs. (4.54)–(4.55) in [68].
It is also interesting to analyze the contribution from the

dissipative pieces. The absorption probability Γ ∼
P

P½1 −
ðsηPlmÞ2� can be estimated from

0η
P
11 ¼ 1þ ϵ3

36
χ þ ϵ4

36

��
π − 2Im

�
ψ ð0Þ

�
iχ
κ
− 1

���
χ − ð1 − κÞð2χ2 þ 1Þ

�
: ðA19Þ

17As noted in Footnote 6, whereas in the generic l prescription, the MST coefficients aν�n scale symmetrically in ϵ; that is aν�n ∼ ϵjnj,
in the fixed-l prescription this symmetric scaling is lost.
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Interestingly, even after using identity (38), no tree-level
contribution arises from the imaginary part of the near-
zone. This signals dissipative effects arise purely as loop
contributions.
As a final remark, notice that from (A15), no real term of

the form χ2ϵ3 arises in the near-zone phase shift. This is
indeed corresponds to the vanishing of the static leading
Love number for s ¼ 0 perturbations off Kerr.18

APPENDIX B: CFT METHOD REVIEW

In this appendix we briefly review the argument of [28]
to compute the CHE connection coefficients. Let us start by
setting the notation; we consider Liouville CFT (for a
review of Liouville theory, see [95]), and parametrize the
central charge as c ¼ 1þ 6Q2, with Q ¼ bþ b−1. We
indicate primary operators of dimensions Δi ¼ Q2=4 − α2i
as VαiðziÞ, and the corresponding primary states as jΔii. αi
is usually referred to as the Liouville momentum. Crucial
for our discussion will be the so-called rank 1 irregular state
hμ;Λj [96–98], which is defined as the state such that

hμ;ΛjL0 ¼ Λ∂Λ; hμ;ΛjL−1 ¼ μΛhμ;ΛjL−1;

hμ;ΛjL−2 ¼ −
Λ2

4
hμ;ΛjL−2: ðB1Þ

1. Connection formula for CHE

Let us consider the Liouville correlator,

hμ;ΛjVα1ð1ÞΦ2;1ðzÞjΔα0i; ðB2Þ

where Φ2;1 is the level degenerate state of weight Δ2;1 ¼
− 1

2
− 3

4
b2 that satisfies

ðb−2L2
−1 þ L−2ÞΦ2;1ðzÞ ¼ 0: ðB3Þ

Since Virasoro generators act as differential operators when
inserted in correlation functions, Eq. (B3) turns into a
differential equation for the correlator (B2), that is the
Belavin-Polyakov-Zamolodchikov equation [99],

�
b−2∂2z þ

�
1

z
þ 1

z − 1

�
∂z þ

Λ∂Λ − Δ2;1 − Δ0 − Δ1

zðz − 1Þ þ Δ0

z2
þ Δ1

ðz − 1Þ2 þ
μΛ
z

−
Λ2

4

�
hμ;ΛjVα1ð1ÞΦ2;1ðzÞjΔα0i ¼ 0: ðB4Þ

This is a partial differential equation in Λ and z. In the semiclassical limit b → 0; αi; μ;Λ → ∞ such that ai ¼ bαi;
m3 ¼ bμ; L ¼ bΛ are finite, conformal blocks of (B2) behave as [100]

F ∼ ΛΔ exp

�
Fða1 þ a0; a1 − a0; m3; a; LÞ

b2
þWðL; zÞ þOðb−2Þ

�
; ðB5Þ

where F is the so-called classical conformal block and Δ ¼
Q2=4 − α2 (a being the semiclassicalmomentum limb→0 bα)
is the scaling dimension of the intermediate operator ex-
changed in the operator product expansion (OPE). The AGT
correspondence [55] relates the classical Virasoro block
Fða0 þ a1; a1 − a0; m3; a; LÞ19 to the instanton partition
function of an SUð2Þ N ¼ 2 supersymmetric gauge theory
with Nf ¼ 3 hypermultiplets of masses,

m1 ¼ a0 þ a1; m2 ¼ a1 − a0; m3 ¼ m3: ðB6Þ
in the NS phase of the Ω background. Besides its physical
significance, the AGT correspondence gives a very conven-
ient way of computing F as we will see in the following.
Note that the z-dependence in (B5) enters at a subleading

order in b, as one can expect from the fact that as b goes to
zero Δ2;1 is subleading with respect to Δi; μ;Λ. Crucially

Λ∂ΛF ¼ b−2
�
1

4
− a2 þ L∂LFðLÞ þOðb0Þ

�
≡ b−2ðuþOðb0ÞÞ: ðB7Þ

The Λ derivative decouples, leaving a new parameters, u, at
its place. u≡ 1

4
− a2 is usually called the accessory param-

eter in the mathematical literature. All in all, semiclassical
conformal blocks defined as

F ¼ lim
b→0

Λ−Δe−
1

b2
FF ðB8Þ

satisfy the ODE

�
∂
2
z þ

u − 1
2
þ a20 þ a21

zðz − 1Þ þ
1
4
− a21

ðz − 1Þ2 þ
1
4
− a20
z2

þm3L
z

−
L2

4

�
F ðzÞ ¼ 0: ðB9Þ

This ODE has two regular singularities at z ¼ 0; 1 excited
by the primary states, and an irregular singularity of rank 1

18Recall that Love numbers come from near-zone physics and
have the scaling ϵ2lþ1.

19In the following we will suppress the dipendence of F on
ai; m3 to ease the notation.
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at z ¼ ∞ generated by the irregular state: it is the CHE in
its normal form.
The z-dependence of F ðzÞ can be extracted by comput-

ing the OPE of the degenerate operator Φ2;1ðzÞ with the
other insertions. When Φ2;1ðzÞ fuses e.g. with another
primary one has

Φ2;1ðzÞVαiðziÞ ∼
X
�
ðz − ziÞ12�aiðVαi�ðziÞ þOðz − ziÞÞ:

ðB10Þ

Inserting (B10) into (B2) one can extract the z dependence
on the blocks for z ∼ zi. The � signs corresponds for the
two conformal dimensions exchanged by the OPE, and
accounts for the two linearly independent local solutions of
the ODE. More precisely, one finds around z ¼ 1

F ð1Þ
� ð1 − zÞ ¼ e∓1

2
∂a1

Fð1 − zÞ12þ�a1 ; ðB11Þ

and around z ¼ ∞

F ð∞Þ
� ð1=zÞ ¼ e∓1

2
∂m3

Fe�Lz=2L−1
2
∓m3z∓m3 : ðB12Þ

The connection formula can be worked out by using
crossing symmetries in the conformal correlators. We refer
the reader to [28] for more details, and just sketch the main
idea here. Crossing symmetry relates between each other
different OPE decomposition of the correlator (B2). As
mentioned above different OPE decompositions recon-
struct local solution of the ODE centered close to different
singular points. Schematically, crossing symmetry con-
straint take the following form:

X
�
ð3 pt functionsÞjFð1Þ

� ð1 − zÞj2 ¼
X
�
ð3 pt functionsÞjFð∞Þ

� ðz−1Þj2: ðB13Þ

The 3-point functions of Liouville CFT are nonperturbatively known [100,101]. One can then use (B13) to express e.g.

Fð1Þ
þ ð1 − zÞ as a linear combination of Fð∞Þ

� ðz−1Þ. Upon taking the semiclassical limit, this allows use to compute the
connection coefficients of the CHE. For the relevance of this paper, we quote the formula,

F ð1Þ
θ ð1 − zÞ ¼

X
θ0¼�

Mðθ; θ0ÞF ð∞Þ
θ0 ð1=zÞ; θ ¼ �; ðB14Þ

with the connection matrix

Mðθ; θ0Þ ¼
X
σ¼�

Lσa Γð1 − 2σaÞΓð−2σaÞΓð1þ 2θa1Þ
Γð1

2
þ θa1 − σaþ a0ÞΓð12 þ θa1 − σa − a0ÞΓð12 − σa − θ0m3Þ

eiπð1−θ
0

2
Þð1

2
−m3−σaÞe−σ

2
∂aF: ðB15Þ

2. Solving radial TME

Now, we apply the CFT method to solving the radial TME satisfied by sRlmðrÞ in (1). Performing the following changing
of variables:

ΨðzÞ ¼ Δsþ1
2 ðrÞsRlmωðrÞ; z ¼ r − r−

rþ − r−
; ðB16Þ

the TME takes the form (B9), the in-going solution to radial TME at the horizon can be written as

ΨinðzÞ ¼ sC−
lme

Lz
2 z−m3ð1þOðz−1ÞÞ þ sC

þ
lme

−Lz
2 zm3ð1þOðz−1ÞÞ; ðB17Þ

where sC�
lm are elements of the Heun connection matrix (B15). Explicitly,
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sC−
lm ¼

X
σ¼�

L−1
2
−m3þσa Γð1 − 2σaÞΓð−2σaÞΓð1þ 2a1Þ

Γð1
2
þ a1 − σaþ a0ÞΓð12 þ a1 − σa − a0ÞΓð12 − σa −m3Þ

e−
σ
2
∂aF−1

2
∂m3

F;

sC
þ
lm ¼

X
σ¼�

ð−LÞ−1
2
þm3þσa Γð1 − 2σaÞΓð−2σaÞΓð1þ 2a1Þ

Γð1
2
þ a1 − σaþ a0ÞΓð12 þ a1 − σa − a0ÞΓð12 − σaþm3Þ

e−
σ
2
∂aFþ1

2
∂m3

F: ðB18Þ

Mapping (B17) to the asymptotic behavior given in (2), we get (8) in the main text.

3. Computation of F and symmetry properties

As shown in (B5), F controls the z-independent part of the correlator (B2), that is

hμ;ΛjVα1ð1ÞjΔ0i: ðB19Þ

Small-Λ conformal blocks of (B19) are given by

Fðμ; αi; α;ΛÞ ¼ ΛΔeð
Q
2
þα1ÞΛ

X
Y⃗

ΛjY⃗jzvecðα⃗; Y⃗Þzhypðα⃗; Y⃗;−μÞ
Y
θ¼�

zhypðα⃗; Y⃗;α1 þ θα0Þ; ðB20Þ

where the sum runs over pairs of Young tableaux ðY1; Y2Þ, and α is the Liouville momentum of the intermediate operator
exchanged in the V1ð1ÞjΔ0i OPE. We denote the size of the pair jY⃗j ¼ jY1j þ jY2j, and [102,103]

zhypðα⃗; Y⃗; μÞ ¼
Y
k¼1;2

Y
ði;jÞ∈Yk

�
αk þ μþ b−1

�
i −

1

2

�
þ b

�
j −

1

2

��
;

zvecðα⃗; Y⃗Þ ¼
Y

k; l¼1;2

Y
ði;jÞ∈Yk

E−1ðαk − αl; Yk; Yl; ði; jÞÞ
Y

ði0;j0Þ∈Yl

ðQ − Eðαl − αk; Yl; Yk; ði0; j0ÞÞÞ−1;

Eðα; Y1; Y2; ði; jÞÞ ¼ α − b−1LY2
ðði; jÞÞ þ bðAY1

ðði; jÞÞ þ 1Þ: ðB21Þ

Here LYðði; jÞÞ; AYðði; jÞÞ denote, respectively, the leg
length and the arm length of the box at the site ði; jÞ of
the tableau Y (see Fig 3 for an example). If we denote a

Young tableau as Y ¼ ðν01 ≥ ν02 ≥ …Þ and its transpose as
YT ¼ ðν1 ≥ ν2 ≥ …Þ, then LY and AY read

AYði; jÞ ¼ ν0i − j; LYði; jÞ ¼ νj − i: ðB22Þ

Note that they can be negative if the box ði; jÞ are the
coordinates of a box outside the tableau. Also, the previous
formulas has to be evaluated at α⃗ ¼ ðα1; α2Þ ¼ ðα;−αÞ.
The explicit expression for the NS function, also known as
classical Virasoro confluent conformal block F, is finally
given by

FðLÞ ¼ lim
b→0

b2 logΛ−ΔFðm3=b; ai=b; a=b; L=bÞ: ðB23Þ

Finally, let us comment on the symmetry properties
discussed around Eq. (10). We start by proving that F is
invariant under ðm3; LÞ → ð−m3;−LÞ. F is defined in
terms of (B19), and the dependence on ðμ;ΛÞ is entirely
controlled by the irregular state. From (B1) we see that the
irregular state is invariant under ðμ;ΛÞ → ð−μ;−ΛÞ, so the
same must be true for the whole correlator. This property
descends to the conformal blocks (B19). In the semi-
classical limit (B23) this proves invariance of F
under ðm3; LÞ → ð−m3;−LÞ.

FIG. 3. Arm length AỸðsÞ ¼ 4 (white circles) and leg length
LYðsÞ ¼ 2 (black dots) of a box at the site s ¼ ð2; 2Þ for the pair
of superimposed diagrams Y (solid lines) and Ỹ (dotted lines).
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We now prove symmetry properties of F under permu-
tation of masses. First of all note thatX
Y⃗

ΛjY⃗jzvecðα⃗; Y⃗Þzhypðα⃗; Y⃗;−μÞ
Y
θ¼�

zhypðα⃗; Y⃗; α1 þ θα0Þ

ðB24Þ

is symmetric under permutations of ðα1 þ α0; α1 − α0; μÞ.
The only nonsymmetric term in (B20) is the overall
exponential term. However,

F̃ ¼ e−
1
2
μΛF; ðB25Þ

has the permutation symmetry. Upon taking the semi-
classical limit (B23), this proves that F̃ as defined in (10) is
symmetric under permutations of masses. Combining this
property with symmetry under ðm3; LÞ → ð−m3;−LÞ,
finally proves that F̃ is symmetric under ðmi; LÞ →
ð−mi;−LÞ for i ¼ 1; 2; 3.

APPENDIX C: PROOF OF LARGE FREQUENCY
BEHAVIOR

We now present a CFT argument to prove the fact that at
large ω, the renormalized angular momentum becomes
a ≈ 2iMω as indicated in (18) in the main text. We start
from the correlator

e−
1
2
Λμhμ;ΛjVα1ð1ÞjΔα0i: ðC1Þ

Exchanging μ and α0 þ α1 gives,

e−
1
2
Λðα1þα0Þhðα1 þ α0Þ;ΛjV α̃1ð1ÞjΔα̃0i; ðC2Þ

where

eα1 ¼ μ3 þ α1 − α0
2

; eα0 ¼ μ3 − α1 þ α0
2

: ðC3Þ

Note that (C1) and (C2) define the same F̃. Defining as
usual ã1;2 ¼ limb→0 bα̃1;2, the dictionary at large ω gives at
leading order.

a1þa0≃
−2iMω

κ
; ã0≃2iMω; ã1≃Oð1Þ; ðC4Þ

where ã1 is subleading with respect to the other parameters,
therefore one can neglect the insertion at 1 in (C2). This
gives

e−
1
2
Λðα1þα0Þhðα1þα0Þ;ΛjV α̃1ð1ÞjΔα̃0i
≃e−

1
2
Λðα1þα0Þhðα1þα0Þ;ΛjΔα̃0i¼ e−

1
2
Λðα1þα0ÞΛΔ; ðC5Þ

where we used the fact that hμ;ΛjΔii ¼ ΛΔi . This gives
for F̃

F̃≃ ¼ −
L
2
ða1 þ a0Þ; ðC6Þ

Inserting this in the Matone relation (6) we find the solution
a ≃m3 (fixing to þ the � ambiguity coming from the fact
that (6) is quadratic in a). As a consistency condition note
that this gives for u

u ≃
1

2
−m2

3 þ
L
2
ðm3 −m1Þ; ðC7Þ

consistently with the large ω limit of (5). Using (B6) into
(C6) we finally recover (17) in the main text.
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