PHYSICAL REVIEW D 109, 084070 (2024)

Bridging relativistic jets from black hole scales to long-term electromagnetic
radiation distances: A moving-mesh general relativistic hydrodynamics
code with the HLLC Riemann solver

Xiaoyi Xie®" and Alan Tsz-Lok Lam
Max Planck Institute for Gravitational Physics (Albert Einstein Institute), D-14476 Potsdam, Germany

® (Received 12 January 2024; accepted 29 March 2024; published 29 April 2024)

Relativistic jets accompany the collapse of massive stars, the merger of compact objects, or the accretion
of gas in active galactic nuclei. They carry information about the central engine and generate electromagnetic
radiation. No self-consistent simulations have been able to follow these jets from their birth at the black hole
scale to the Newtonian dissipation phase, making the inference of central engine property through
astronomical observations undetermined. We present the general relativistic moving-mesh framework to
achieve the continuity of jet simulations throughout space and time. We implement the general relativistic
extension for the moving-mesh relativistic hydrodynamic code, JET, and develop a tetrad formulation to
utilize the Harten-Lax-van Leer Contact Riemann solver in the general relativistic moving-mesh code. The
new framework is able to trace the radial movement of relativistic jets from central regions where strong

gravity holds all the way to distances of jet dissipation.
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I. INTRODUCTION

Relativistic collimated outflows, known as jets, are
associated with many astrophysical systems of vastly differ-
ent scales, from stellar to galactic and even to extra-galactic
levels. Phenomena like microquasars, young stellar objects,
gamma-ray bursts (GRBs), active galactic nuclei (AGN),
and quasars demonstrate the prevalence of relativistic jets
and highlight the ubiquity of the underlying physical
processes that give rise to these phenomena.

A central aspect shared by these varied astrophysical
systems is the phenomenon of accretion, in which matter is
attracted and pulled into a dense celestial body, like a black
hole or neutron star. As matter falls onto these objects,
gravitational and magnetic forces play crucial roles in
launching and collimating the relativistic jets. Studying
relativistic jets across different scales provides astronomers
with a unique opportunity to probe fundamental astrophysi-
cal processes and test our understanding of high-energy
physics in extreme environments.

Commencing with the Penrose process [1,2], numerous
theoretical investigations have been undertaken to explore
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jets and mass outflows near black holes. The Penrose
process initially elucidates energy extraction from infalling
matter into a rotating black hole. Subsequently, the seminal
work by Blandford and Znajek (BZ) [3] demonstrated that
jet energy could be extracted from the rotational energy of
large-scale magnetic fields surrounding spinning black
holes. Later, Blandford and Payne (BP) [4] highlighted
that matter could also depart from the surface of the
accretion disk due to magneto-centrifugal acceleration.

One of the fundamental questions in accretion disk
physics is how the angular momentum transfers within the
disk. Initially, Shakura and Sunyaev [5] introduced the “a-
disc” model. However, the source of the ad hoc viscosity in
this model remains questionable. In contrast, recent years
have seen widespread acceptance of magneto-rotational
instability (MRI; Balbus and Hawley [6]) as the primary
mechanism for angular momentum transport in accre-
tion flows.

Another fundamental question in accretion disk physics
is the generation of the large poloidal magnetic field as it is
pretty natural to assume a toroidal field configuration for
accretion flows. To begin with, the orbital differential shear
would predominantly amplify the toroidal magnetic field by
the shearing of seed poloidal magnetic field, the so-called €
effect. It took simulators many years to achieve the
necessary resolutions and finally report the self generation
of the large-scale poloidal magnetic field in black hole
accretion disk due to the a-effect (which relies on the
buoyancy and Coriolis forces to convert toroidal into
poloidal magnetic flux) [7,8]. The general mean-field

Published by the American Physical Society


https://orcid.org/0000-0002-2798-6880
https://orcid.org/0000-0002-1307-1401
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.084070&domain=pdf&date_stamp=2024-04-29
https://doi.org/10.1103/PhysRevD.109.084070
https://doi.org/10.1103/PhysRevD.109.084070
https://doi.org/10.1103/PhysRevD.109.084070
https://doi.org/10.1103/PhysRevD.109.084070
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

XIAOYI XIE and ALAN TSZ-LOK LAM

PHYS. REV. D 109, 084070 (2024)

dynamo theory (see, e.g., [9—13]) has been widely used to
investigate the generation of large-scale magnetic fields
from small-scale turbulence.

Recent long-term general-relativistic (GR) neutrino-
radiation magnetohydrodynamics (MHD) simulations of
the merger of the binary neutron star and black hole neutron
star have shown that effective viscous processes, a — Q
magnetic dynamo can lead to the generation of large-scale
magnetic field, and post-merger mass ejection [14—16]. The
analysis of the binary neutron star (BNS) merger remnant
and post-merger ejecta has been investigated in detail (see,
e.g., [17-19]). Still, the process of successfully launching a
relativistic jet is undoubtedly complex. For a comprehen-
sive understanding of the launching mechanism, general
relativistic magnetohydrodynamic (GRMHD) simulations
that integrate intricate microphysical processes are imper-
ative. On the other hand, relativistic outflows play a pivotal
role in a multitude of astronomical phenomena. For exam-
ple, it has been speculated that the BNS merger remnants
and relativistic ejecta are the central engines of gamma-ray
bursts [20-23] and kilo-nova [24-29]. Relativistic outflows
or jets are instrumental in shaping the emission profiles and
contributing significantly to the high-energy radiation
observed. Understanding these electromagnetic observa-
tions requires tracking the propagation of relativistic jets
and their interaction with the ambient medium for a long
period of time. However, simulating the complete journey of
relativistic jets and the related emission process is numeri-
cally challenging. Studies in literature split focus on various
parts of the whole process. Many studies conduct MHD/
GRMHD simulations to investigate the jet launching
process and early propagation (see, e.g., [30—41]). Some
other studies use special relativistic MHD/HD simulations
to investigate the jet’s interaction with the ambient medium,
away from the central compact region (see, e.g., [42-53]). In
this study, we propose a formulation to achieve the
continuum of jet simulations throughout space and
time and potentially bridge these research domains. The
formulation is built upon the development of the moving-
mesh technique [54-62], which has demonstrated its
efficiency in simulating ultrarelativistic jets (see, e.g.,
[51,63,64]). The extension of the moving-mesh technique
to the general relativistic hydrodynamics only appears in
recent years. We have seen several moving-mesh codes
been extended to include GR effects [60,62,65]. Most of
these moving-mesh codes use the Harten-Lax-van Leer
(HLL)/Harten-Lax-van Leer-Einfeldt (HLLE) Riemann
solver [66,67]. However, the Harten-Lax-van Leer
Contact (HLLC) approximate Riemann solver [68]
resolves not only the extremal waves but also the contact
discontinuity in the Riemann fan and is useful for
maintaining contact discontinuities with high precision.
Its implementation in fixed-mesh GR employs a local
frame transformation [69,70]. In this study, we provide the
mathematical formulation of incorporating the HLLC

Riemann solver into a general relativistic moving-mesh
code and demonstrate its robustness in simulating fluid
flows under strong gravity. In Sec. 1I, we implement the
general relativistic extension to the special relativistic
moving-mesh hydrodynamic code JET [57] using the
reference metric formulation [71-74]. In Sec. III, we
illustrate the tetrad formulation for solving the HLLC
Riemann problem in general relativity and the procedures
to incorporate it into the moving-mesh framework.
Section IV presents several code implementation tech-
niques. In Sec. V, we conduct several simulations with
fixed mesh to test the robustness of the GR extension in
the code. In Sec. VI, we conduct numerical tests with the
moving-mesh grid demonstrating the code’s capability to
track and resolve the relativistic outflow. For the first time
in literature, we successfully launch a relativistic jet from
the black hole-torus system and simulate its complete
propagation to the dissipation distance. Such simulation
provides additional evidence supporting the feasibility of
full-time-domain jet simulations, as discussed in our
earlier research [64]. Conclusions and future work are
discussed in Sec. VII.

Throughout this paper, we use the Greek indices
(a,p, u,v, ...) running from O to 3 to denote the spacetime
components, and the Latin indices (i, j, k, ...) running from
1 to 3 to denote the space components. We adopt the
geometric units G = ¢ = My = 1 throughout this paper.
All the length scales and timescales are expressed in units
of the gravitational radius r, = GM/ ¢ and ty=r,4/c,
respectively, unless stated otherwise.

II. GENERAL RELATIVISTIC HYDRODYNAMICS
IN A REFERENCE METRIC FORMULATION

The 2D special relativistic moving-mesh hydrodynamic
code JET adopts spherical coordinates assuming axisym-
metry. The cell interfaces orthogonal to the radial direction
are allowed to move radially. The code is essentially
Lagrangian in the radial direction, coupled laterally by
transverse flux. This setup is particularly suitable for
modeling relativistic radial outflows [55]. To minimize the
modifications for the code, we derive the general relativ-
istic hydrodynamic equations in a way that resembles the
special relativistic counterparts. In the following, we lay
out the implementation steps for clarity. Despite of the
axisymmetry property of the JET code, throughout this
paper we will show all the derivations without imposing
any symmetry for completeness.

In the standard 3 + 1 decomposition (see, e.g., [75-77]),
the spacetime is foliated by a family of spatial hypersurface
%, with future-pointing timelike unit normal vector denoted
by n*, which decomposes the line element as

ds® = —a?dt® +y;(dx' + pldr)(dx/ + pdr) (1)
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where a is the lapse function, /' is the shift vector, and y; ;s
the spatial metric induced on Z,. In terms of the lapse and
shift, the normal vector n* can be expressed as

n, = (-a,0,0,0), = (1/a,=p/a). (2)

We adopt a conformal decomposition of the spatial
metric y;;

v =v'y. ri =yl (3)
where y := (y/7)"/'? is the conformal factor, 7;; is the
conformal spatial metric, and y and ¥ are the determinants
of y;; and j;; respectively. Following the reference-metric
formulation (as shown in [78]), we define the residual

metric €ij as

€ij =iy = ¥ij» (4)

where 7;; is a time-independent background reference
metric. For our purpose, we specialize 7;; to be a flat
metric in spherical coordinate (r, 6, ¢) as 7;; := diag(1, r?,
r*sin® ). To make the conformal scaling unique, we set
y =7 = det(y;;) (see, e.g., [79]). We denote V,,, D;, D;, and
Dl as the covariant derivatives of spacetime metric g, 7;j,
7ij» and 7;; respectively.

The equations of relativistic hydrodynamics are based on
conservation of rest mass

Y, (pu) =0, (5)
and conservation of energy-momentum

v, (") =0, (6)
where p is the rest-mass density and u* is the fluid four-

velocity and 7* is the stress-energy tensor. Here we
assume perfect fluid for 7# in the form

" = phu'u” + Pg", (7)
where P is the pressure, ¢ is the specific internal energy, and

h:=1+4 e+ P/p is the specific enthalpy. In 3 + 1 decom-
position, 7" can be decomposed as

So = n,n,T" = phW? - P, (8a)
SJ = —yLnUT”” = /)thvi, (Sb)
SiJ = y”;y{;Tl‘” = pthvivj + P}’ij, (SC)

where W := au' is the Lorentz factor and v’ := u'/W +
B /a is the fluid velocity measured by the normal observer.

We adopt the Valencia formulation in reference metric
formulation following [72,80] to rewrite the hydrodynam-
ics equations in conservative form as

1 4
0g +—=0;[\/if] = 9)
1 \/)7 J \/7
with state vectors ¢ being the conserved variables
qp D
a=|as | =v"Vr/7| S |. (10)
q: T

where (D, S;,7) := (pW, phWu;, phW? — P — D) are the
density, momentum density, and energy density variables
in Valencia form respectively. f/ and s represent the flux
and source terms respectively written as

(fp) 0
F=1Us) | s=]ss | (11)
(ff)] ST

The detailed derivation is shown in Appendix A for the
readers’ interests.

One key ingredient of the reference metric method is to
evolve tensorial quantities in an orthonormal basis with
respect to the background metric. In this way, all tensor
components are explicitly free of coordinate singularities.
We will follow the notation of [80] to distinguish between
coordinate-basis and orthonormal-basis components. The
plain Latin indices represent the tensor components in the
standard coordinate basis, while the Latin indices sur-
rounded with curly braces denote the components in the
background orthonormal basis. We also introduce a set of
basis vector e{ } that are orthonormal with respect to the
background metric 7;;,

_ 5{k}{l}e{ ta {} (12)

For the flat background metric in spherical coordinates,
this leads to

él{k} = diag(1, r, rsin @), (13)

é’{‘i} = diag(1,1/r,1/(rsin®)). (14)

So any tensor A’ ; defined in the standard coordinate
basis can be decomposed into its orthonormal basis
counterpart At} as

i ai atll
Al =AW 80 (15)

As an example, the residual metric ¢;; can be expressed

in terms of the components in the orthonormal basis e{ )
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E{rH{r} T€{r}{0} rsin e,y
€= Tepe regyoy  rsinfegygy |, (16)
r sin 9€{r}{¢} r2 sin 96{9}{45} r2 SiIl2 9€{¢}{¢}

while for the conserved momentum we have (g, . gs,. qstp) =ywO\/7/7(S(y. rS(gy. rsinOS ).
The complete set of general relativistic hydrodynamic equations in 3D spherical coordinates under reference metric
formalism (9) can be derived as:

0 10 d
—(MD) + =—=—[rramMDpi"} — [sin @aMDp0] + Dyl 17
5 (MD) + o [PFaMD?v }—i—rsm p [sin QaM D] + r51n90¢[0:/\/l 7] =0 (17a)
0 1o, i J (0} 1 {#)
&(MS{r}) +ﬁ$ [I” (GM(S{r}U + P))] + 909 [sme(aMS{,}v )] + s 1n90¢ [OYMS{ }1} ]
2p /00 L 5{oHa} 4 Hh W2 1 ,
= Mla|= (£ +7 + 2P (0192 + p1912) 4 —yiSiko,e
r 2 r 2 :
|
+2(ph(W? = 1) +3P)d, In 1//} - Sp0,a + S(0,p1 — - (S8 + S{¢}ﬂ{¢})} (17b)
10 J 0) J )
(VMS{Q}) Zor [r a(r/\/lS{g}) ] 909 [r sm@a/\/l(S{g}v + P)] + Ha¢ [ra/\/lS{g}v ]

= M{a [(P;‘/{"’}{"’} +ytphW2pl?12) cot 9 + Ey/‘Sf'kagejk +2(ph(W? — 1) +3P)dyIn w}

— Sp0pa + S(1y 0B — Sy B9} cote} (17¢)
J, . 1o, ) 10 . )
E(rsm OMS4y) + i [r*a(rsin OMS 4)0"] t g0 [sin @a(r sin OM S, )01
d
+ rsin0og [rsin @aM (S5, 519} + P)]
1 . .
= /\/l{a [Z(ph(Wz —1)+3P)o;Iny + Ew‘*kaaqaejk} — Spoga + S{,-}a,ﬁﬁ{'}} (17d)
9 (Mz) + 19 [PaM (2ol + Polh)] + I [sin @aM (z5{%} 4 Pplfh)]
0, r? 6 rsin@ 00
1
@} 4 pylo}
trsin0ag laM(E) 4 poi#))
= aM[T®(p PK;; — ploa) + TOi(zﬁjKij —d,a) + TVK;j] (17e)

where K;; is the extrinsic curvature, M := w®\/7/7 and ol == o1} — pli} /o, alongside with the special relativistic
Eq. (A25) in Appendix A 4 for comparison (see also [81]). Noted that in practice we compute d€y;y ;) numerically in source
terms instead of die;; as

ke :él{} el }0k€{1}{ b €0 gmy Ok (€] elle { h, (18)

ij
while the second term 0, (€; ellle f }) is evaluated analytically.
III. TETRAD FORMATION AND THE HLLC RIEMANN SOLVER

To evaluate the numerical flux through cell interfaces, HLL-type (HLLE/HLLC) Riemann solvers have been designed
for relativistic hydrodynamics in Minkowski spacetime [68,82]. Most of the GRHD/GRMHD codes in the literature use
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the HLLE Riemann solver in curved spacetime (see, e.g.,
[83-86]). The HLLC Riemann solver that captures the
contact discontinuity in the wave fan has recently been
added for GR codes [69,70,87]. We follow previous works
for the implementation of the HLLC Riemann solver in
general relativity [69,70,88]. The basic idea is based on the
equivalence principle: physical laws in a local inertial
frame of a curved spacetime have the same form as in
special relativity. When we define such inertial frame, we
can then use the solution of Riemann problems in a local
Minkowskian frame to construct the corresponding sol-
ution in curved spacetime. The previous section derives the
general relativistic hydrodynamic equations in a reference
metric formulation. For the benefit of the coming dis-
cussion, we will revert to the original formulation [84] in
this section,

\/1__9 (a\/ajFO N agw’) g (19)

with g = det(g, ) satisfying \/=g = a,/7. The state vector
F? and the flux vector F' are given by

Fr = (pu, T/, —n, T — pu*)
= (pu*, phutu; + Pé’;,pth” — Pr* —put), (20)

and the source term in this formulation is denoted by S.
Since the source is irrelevant to the tetrad formulation in
following discussions, we here omit the explicit form of S.

Let us consider a single computational cell of our discrete
spacetime €2, bounded by a closed three-dimensional sur-
face 0€Q2. We take the 3-surface d€2 as the standard-oriented
geometric object made up of two spacelike surfaces
{Z0.Zp a0} plus timelike surfaces {Z %, } that join
the two temporal slices together, where x/, are the cell
boundaries of Q in £x' directions. The integral form of the
system (19) is

1 a,/—FO 1 a,/—FldQ /SdQ
= ay=g ox' o
(21)
where
= /=gdx® A dx' A dx? A dxP (22)

is the volume element of cell Q. From now we will drop the
wedge symbol A for simplicity. The integral form (21) can
be rewritten in the following conservation form

(F) 0, a0 = (F0),0 = =) (FL - FL) + / SdQ  (23)

i Q

where (F°) o is the volume integral of F° at x° given by

F) 0 = —gF dx dx“dx’,
FO FOdx'dx>dx? 24

EXU

and F'_ is the integrated spatial flux across the cell
interfaces x', given by

= / V=gFdx’] [ dx. (25)
Ty

J#i

A. Tetrad formulation

Instead of attempting a direct resolution of the Riemann
problem within the curved spacetime, our approach entails
deliberately converting the left and right states at a given
interface into a local Minkowskian frame of reference. This
methodology enables the utilization of developments in the
realm of special relativistic Riemann problems, as proposed
by [88,89].

To begin with, we define a new tetrad basis e that
satisfies a list of properties as shown in [69]:

(1) e(z must be orthogonal to e(;) for all u # v.

(2) Each e() must be normalized to have an inner
product of 1 with itself, with e, being timelike
and €3 being spacelike.

(3) e must be orthogonal to surfaces of constant x.

@) T&)e projection of e ; onto to the surfaces of constant
xY is orthogonal to the surface of constant x’ within
that submanifold.

Without loss of generality, let us only consider the con-

version of the volume integral (F°) o in Eq. (24) and the

first spatial flux integral ! in Eq. (23).

We define the following tetrad basis in the spherical
coordinates with x* = (¢,r,60,¢) (the detailed derivation
can be found in Appendix of [69,70]) as

e(i)” =,
= B(0.y".y"%.y"?),
(0 0, Yoo 79¢)
A/‘:CO 0,0,1), (26)

where the coefficients are given by

N 1
B = 7T’
14

~ 1
C=——7,

V¢
o 1
b= (27)

\/ }’¢¢(7097¢¢ - 75(/,)

The covariant components of the tetrad basis are given
by e = guew”. Specifically
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ety = B(.1,0.0),

—
~

>

Cow — (ﬁe}’(/u/) —ﬂ(/ﬂ’m/n YoV — VrgpY 0>
YooV pp — }’5(,5’ 0),
Chu = C(BpsVrps Yops Ypp)- (28)
The transformation of vector and tensor between the

tetrad frame and the original Eulerian observer frame
follows

Qe = e’ ew)” Qu (29)
and
Vi = e VP,
Qu = €(ue(n Q") (30)

Note that the upper and lower spatial tetrad components
are the same V() = Vi while we have v = i 40)
for temporal component in the local Minkowskian
frame f](ﬁ)(,@) = e(ﬁ)"e(ﬁ)”gﬂy = diag(—l, 1,1, 1).

Therefore, we can define F® as the tetrad transforma-
tion of F* in the form

(Fp)#®) pu
phWut — Pn# — put

Here for momentum components (£ S(ﬁ))(ﬁ) of F® we

J . .
need to perform one more tetrad transformation due to its
tensorial nature. Since we only focus on the flux along r

direction, the components FO and F?) are written as

¥ = (D.5;.7). (32a)
9= |p ”;V) .86, Mvt) + P8, (x4 P) u
= (Do, 55,5 + P(Sg;, (r + P)pM), (32b)
where
ul = el yv = —epu' =au' =W (33)
ug = ey

= (Wv"/\/y", D(Me}’(p(p — UyYop); Cud)) (34)

(36)

8" =1 for (#) = (j). otherwise 0.  (37)

(FD)(ﬁ)
F = e e(j)j(ASG))(ﬁ) , (38)
(FT)(/?)
which gives
1 (Fp)t)
Fl:a e(j)j.(ASm)(?) i (39)
(F)D
. (Fp)® (Fp)t
P ﬂa e0)y(Fg, )0 | + [ ey, )P
(Fo)® (F)®
(40)

In addition, we can reformulate the conservation form
Egs. (24) and (25) with the tetrad basis. Note that the

indexes (t,7,0,¢) and (7,7, 0,¢) are interchangeable
with (x0,x", 2%, %) and (), x(1), x®) x0)) respectively.
Making use of the following invariance property

/ V=gdtdrddp = / V/—gdidirdOdg  (41)
Q )
and transformation rule

dxt = e dx?), (42)

we can get (see also [84])

PN 1
/\/—gd?dad(/):/,/—gdrdedqﬁ, (43a)
% A

/ /—gdidOdp = / V7 /—gdtd0dp,  (43b)
%, .,

where § := det(#);;) = —1. This gives the volume integral of
F’ (24) and integrated spatial flux of F” (25) in local tetrad
basis as
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(£p)1)
(F0) 0 = / e);(Fs )0 |didddg, (44)
)
RANCAL
(Fp)®
5 /2 I
Fl = / dirdfdg | — el (Fg. )0
s, a )
) (Fo)®
(Fp)? 1\ ]
+ e(j)j(ASO))(?) . (45)
(F) )]
with nonzero interface velocity
(7) ar
interface ‘= E
(#) r
:ﬂ = ﬁ 7 (46)
a ay

from a nonzero drift in the direction of interest, in agree-
ment with [69,88].

With tetrad basis formulation, the procedure to obtain the
numerical flux across the first spatial direction involves the
following steps:

(1) Obtain the values of the primitive variables (p, P, u')

and tetrad basis ;)" at X, i

(2) Construct the conserved Vanable FO and flux O
for the left and right state in the tetrad frame.
(3) Solve the Riemann problem in the tetrad frame with

a nonzero interface velocity Vl(m)ertace X
(4) Once we have the updated solution of 7O and F,
we can obtain the numerical flux across the first
spatial direction in the Eulerian observer frame

according to Eq. (40).

B. HLLC Riemann solver in the tetrad frame
We solve the Riemann problem in the tetrad frame
by adopting a special relativity form. We calculate the

HLLC flux F®)
vation law [70]:

by solving the one-dimensional conser-

)0 + 9 F7 =0, (47)
with
D D@(’)
N NG )
U:=F0 = S(}) . FO = (S( )0 p(* )+p5(A)) (48)
T (t+P)o\")

interface 7;

initial condition at cell sl

Given an
described by

f](A 0) fJL if 7 < rj+2 (49)
r? - A 9
Up if 7> rj%

three characteristic waves and four states will be estab-
lished inside the Riemann fan as

I,:]L if /1L 2 Vn(m)erface

U; if i, <v0 <

) L L mterface , ( 5 O)
U, it <vP <l

interface

U if 1y <V

interface

0(0,7) =

and the corresponding numerical flux across interface

(F(ﬂ)L if A, > Vl(m)erface
» FOY; if A < VO <0
@), = § EE I < Ve <4 g
’ (F(r))7€ if /1* < vl(nt)crfdce < /?'R
(f?(ﬂ)R if Ag < th)erface

where 1, /r 18 the characteristic speed of the left/right going
)L/R = F (UL/R) The inter-

mediate state flux (F(7))x /g may be expressed in terms

nonlinear wave and (K

of IAJz /g through the jump condition

(FD); o = (FD) g + A1 p(O7 = Opye). (52)

Explicitly, we have the left or right state as

D*(A—=2") =D - "), (53a)
SiyA=1") = Sp(A-37) + P =P, (53b)
S )(Jl — 1) =84 (@A-1"), (53c)
S5 (A= A7) =S (A - ("), (53d)

(A=) =2(A— D)+ P2 = P, (53e)

To reduce the number of unknowns and have a well-
posed problem, we assume that S, = (7" + P* + D*)1*
(see [68]). If one defines E : =7+ D, one will get the
following expression, giving A* in terms of P* [68]:
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(AE = Sy + AP*)A" = S5y (A = D)) = P+ P (54)

By imposing P; = P} across the contact discontinuity,
we find the following quadratic equation for i

FRL(0)? = (EME 4 P + siE- =0, (55)

where
jRSfi«) - j,LS(L?> + ﬁg)L - Fg>R
S{-I;I;L _ N =, (56a)
AR — AL
ARER =2, E- + F<Er)L - ﬁg)R
EHLL _ —~ ' E £ (56b)
AR — A
Mk =) Al (S - S5
FHLL = ' — . (56¢)
@ AR — AL
1P _3 B0 L33 (BR_ pL
FELL _ )“RFE,L - iLF‘E’R +A/1R/1L (E —-E ) ’ (56d)
Ar — A
= B+ F 559

Once we obtain the speed of the contact discontinuity X,
P* can be obtained from Eq. (54). The conserved quantities
in the intermediate states are given by

Dy g(Agr — T)(Lr)R)

— = = , 57a

L/R AL/R _/1* ( )

(S6)s 0= 5— (57b)
()/LJR jL/R e

Sin), e (Aujr = 0V ) ) + (P* = Ppjg)sLs
x |( (j))L/R L/R—Vrg) + ( L/R) 1k
(57¢)
EL/R(ZL/R_{]Y}R) ‘l‘P*j.*—PL/R@g/)R
Ej g = R . (57d)
Apjr — 4
TZ/R = E’i/R - D’i/R- (57e)

The left and right characteristic speeds /AIL r follow
Davis’s estimate [68]

Ay = min(2”(0,). 27 (), (58)
A = max(2*(0,), 2" (Ug)), (59)

with

X 1
e[ -4)

e [(1=?)(1 =2 = (1= 2], (60)

where 1? = @G)T)(;) and ¢, is the speed of sound

PP
p* oe|,

2
s =—
$ dp

1 |oP
h

| (61)

&

Equivalent expressions for the (8, ¢) directions can be
easily obtained. In the Eulerian observer frame, the mini-
mum and maximum characteristic speeds A* are given by
[84,90,91]:

a

O P -

e/ (1= )y (1 = v2cd) — o' (1 - Q). (©)

Making use of Egs. (36) and (60), we can get the
following relation:

IE == +a/yIE. (63)

Note that Egs. (60) and (62) are derived in the special
relativistic and general relativistic setting, respectively.
Equation (63) establishes their relationship with the tetrad
method consistently.

In addition, we implement the HLLE Riemann solver
[67,92] for comparison. We adopt the same tetrad formu-
lation. The HLLE Riemann solver is constructed by
assuming an average intermediate state between the fastest
and slowest waves in the tetrad frame. The two character-
istic waves and three states inside the Riemann fan become:

0, ifl >v?

interface

ﬁ(o’ ?) = ﬁ* if jL < Vi@erface < jR (64)
IAJR if j“R < Vi(rfl)erface'

The corresponding numerical flux across interface
rj +% 1S:

(F(?)>L if ;IL 2 Vi(r:t)erface

(F(;’))* if j’L < Vi(rft)erface < j“R ’ (65)
(ﬁ‘(?)>R if ;1R < Vi(r;;t)erface

where U* and (F)* are the intermediate state and

flux. They can be derived from the jump condition [see

Eq. (52)] as:
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U — AgUg = 2,0, — (FD), + (D),

. (66)

C. HLLC Riemann Solver for the Moving-Mesh GR

For the moving mesh in the simulation domain, naturally,
we need to solve the Riemann problem on the moving
interface with its own coordinate velocity V := % =
(V, V9, V?). Let us denote the corresponding four-velocity

as ugﬁdface. In general, when we consider the 3 + 1 spacetime
foliation X,, we define a unit normal vector as n*, and this
unit normal vector corresponds by definition to the four-
velocity of the Eulerian observer [75]. When we define the
fluid’s four-velocity as u*, the velocity of the fluid with
respect to the Eulerian observer (v# = (0,v')) has the
following relation:

w = W(n" + o), (68)

where W = (1 — g, v#1*)~!/? is the Lorentz factor of the
fluid with respect to the Eulerian observer. When we move
from a given hypersurface to the next following the normal
direction, the change in the spatial coordinates is given
as [75]:

Xpyq = X1 =, (69)

B = (0, ") being the shift vector. Then v’ is related to the
coordinate velocity V by v =1 (Vi + f'). In our case, only
the cell interface orthogonal to the radial direction can move
with a coordinate velocity denoted as V”. Then the four-

velocity of our radially moving interface is

l %
Woridface = W<a . ;,0, 0>, (70)

(71)

b 9
a a o

i <V”+ﬂr P ﬂ"’)
V==, ].

In the above, we illustrate the explicit definition of
different velocities for clarity. For our moving-mesh code,
the grid moves radially, the integral of the radial flux at a
short time interval df becomes

/ V=4(F" = V'F")d1d0dd (72)
T,

with

dx _ e dx?)

Vi=— ="t
dt egp'dx?

= +a/yVH. (73)

Note that the above velocity equation relates to Egs. (46)
and (63). From Egs. (39) and (40), we have:

F' — V'F' = \/y" (kD — yOFD), (74)

Compared with the tetrad formulation for the static
) _ 7

mesh, we replace the interface velocity Vi . r.. == —

by Vi(;)erface =y® = % to incorporate the effect of the

moving interface into the flux integral.

In principle, the coordinate velocity for the moving
interface can be set freely. At each instantaneous time,
on the cell interface, the three characteristic waves and four
states inside the Riemann fan depends only on the values of
the primitive variables on the left and right sides of the
interface. The interface velocity will influence which state
the numerical flux across the interface will be selected [see
Egs. (50) and (51)]. Based on this flexibility, we choose the
contact discontinuity velocity as the interface velocity:

() =,

interface Virmerface = _ﬁr + (Z\/F " (75)

We find this choice performs well for the simulation of
ultrarelativistic jets.

For the derivation of the tetrad formulation and HLLC
Riemann solver, we express every metric and fluid variable
in the coordinate basis. For the implementation, we utilize
those variables in the orthonormal basis instead. For
example, in the tetrad basis calculation, we will use
vy =Wy = ¥ Guy +ey) instead of vy
itself. In this way, the geometric factors will not directly
appear in the tetrad basis calculation. The derivation itself
remains the same because of the invariance of spacetime
interval under coordinate transformation

ds* = g, dx'dx* = g{”}{y}dx{"}dx{”}. (76)

Making use of this invariance principle, we can handle
the moving mesh in another way. First, boost the coordinate
basis into the comoving coordinate basis of the interface:

Oxm)

dx®) =
* ox¥

dxt = A, W dx”. (77)

Second, boost the primitive velocities into the comoving
coordinate basis:

i) = A Wy, (78)

Third, making use of the invariance, calculate the corre-
sponding metric g,y components:
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ds? — g<ﬂ><b>dx<">dx<”> = g dxtdx’. (79)

Once we have the new lapse, shift, and spatial metric in the
comoving frame, we can derive the tetrad basis in the
comoving coordinate basis, and solve the HLLC Riemann
problem accordingly. We lay out this approach for readers’
interest as well as for a more complete discussion.

IV. NUMERICAL TECHNIQUES

A. Implementation of equations

For the numerical implementation, we discretize the
volume averages of Eq. (9). Using divergence theorem, the
discretized version of Eq. (9) in the cell (i,j) can be
expressed as (since our code is 2.5D, we will ignore the
discretization in the ¢ direction) [85]:

3@ = gy [0 84 ey = ('8 s

+ [Py = (288, ] b
+(8);; (80)

where the cell volume and volume average are defined as
AV = [ /pdx'dx2dx3,
cell

1

=— o /7dxldx2dx3, 81
AV ) V7 (81)

(*)
while the surface area and surface average is defined as

AA = / Vydui#
surface

1 e
<.>IEAAl. ) ol \/pdxdi#, (82)

Note that when we perform the volume average (¢) or
surface average (*)’, we could strip out the geometric factor
from the tensorial expressions in coordinate basis and
integrate them together with the volume factor /7. In this
way, the tensorial variables in orthonormal basis like Sy4,
become truly independent of the underlining geometry. For
example, in the spherical coordinates, the volume average
for the conserved momentum gg, will be calculated as

<ng>i.jAV = MSp 13 sin Odrdfde

cell

= (MS{e}),,j/

cell

r3sin@drdfdg.  (83)

For our moving-mesh scheme, the cells in the radial
direction will continuously merge and divide. When we

perform the above integral, the variables in orthonormal
basis like MS g, will be better conserved. As an example,
if we assume MSy4 is constant across cell;; and
cellij;1 j, when we merge these two cells, it gives a
combined conserved momentum as

(@5,)i AV i = (5,01 jAV i j +(qs,) i1 jAVis1

= (MSp)),_ / 3 sin0drd0dg,
et Jeell

inew.j)

(34)

where cell; ) is the combination of cell; ;) and cell;, )

’ne

with AV; . =AV;;+ AV, ;. From the combined
momentum, we can recover the variable M Sy, accurately.

In code implementation, the contribution of the source
term to the conserved variables inside a cell is defined as
(s); ;AV; ;. We perform volume integral on the singular
factors such as 1/r and cot(9) that appear in the source
term [see Eq. (17)]. Explicitly, the integral of 1/r factor
gives (2 —r2)/2 while the integral of cot(6) leads to
(sin(@, ) — sin(6_)). This practice turns out to reduce the
numerical error for the source term calculation near
singular points.

Finally, to work out the cell volume and cell surface, we
make the following definition

1 1
ri:riEAr, QizeiiAe, (85)

and calculate the area and volume as

2
AAl,, = 2ﬂ'<l" :I:%) <2sin€sin<%9)>,
AAgly, =2n <r2 + 1 (Ar)2> (Ar) (sin (9 + ﬁ) ) ,
= 12 2
AV =2zx <r2 + 1—12 (Ar)2> (Ar) (2 sin € sin (%)) )

(86)

B. Recovery of primitive variables

There are many possible ways to make the conversion
between conserved variables and primitive variables (e.g.,
[93]). Our current research focuses on relativistic jets
propagating in an ambient medium. We need to deal with
large variations of density and pressure in the jet simu-
lations. The following cons-to-prim method proves to be
robust for such a task. We use p, P, wollh = it
WpL Ja as our primitive variables where Wol is the
projected fluid velocity in orthonormal basis. For the
equation of state (EOS), we only consider the case of a
single-component perfect gas for now. In this case, the
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specific enthalpy h=1+¢+ P/p is a function of a
temperature-like variable ® = P/p only (see [94]). In the
literature, the most widely used EOS is the ideal gas EOS:
P = (I' = 1)pe, where P is the gas pressure and ¢ is the
specific internal energy density, which can be expressed as:

r

h(®)71+1“—1®’ (87)
where I is the adiabatic index. The ideal gas EOS has been
applied to the gas of either subrelativistic temperature with
I' = 5/3 or ultrarelativistic temperature with I' = 4/3. For
our simulations of relativistic outflow propagating in a cold
ambient medium, a variable equivalent adiabatic index
Fegq=(h—1)/(h—1-0) is desirable to account for
transitions between the nonrelativistic and the relativistic
temperature regime. There have been efforts to find EOSs
that better describe the thermal dynamics of relativistic gas.
Synge and Morse [94] derive the correct EOS for the single-
component perfect gas in a relativistic regime using modi-
fied Bessel functions. Mignone et al. [95] proposes an
approximate EOS (denoted as TM EOS) that is consistent
with the Taub’s inequality [96]:

(h—©)(h—40) > 1 (88)

for all temperatures. It differs by less than 4% from the
theoretical value given in [94]. Ryu et al. [97] proposes a
new EOS (RC EOS), which better fits the theoretical value.
Let us write the expression of the specific enthalpy for the
RC EOS:

602 440 + 1

h(®) =2
(©) 30 +2

(89)

Following the definition of the general form of poly-
tropic index n and the general form of sound speed c;,

oh . poh

=p——1, =, 90
n=py c; i o (90)
their values can be calculated for RC EOS as:
90? + 120 42
n=3———,
(30 + 2)2
O30 +2)(1802 + 240 + 5

* T 3(60% +40 +1)(90% + 120 +2)°

For both TM and RC, we have correctly ¢? — 50/3 in the
nonrelativistic temperature limit and ¢? — 1/3 in the
ultrarelativistic temperature limit [97].

We can use these expressions to convert the conservative
variables into primitive ones with a standard Newton-
Raphson method (NRM) [98], using ® as our independent

variable. We will use the (known) values of the
conservative variables
D =pW,

Siy =phW?vgy,  t=phW?—P-D. (92)

First, by squaring the momentum equation, we get

52 Ny
w2 =1 +W’ 52 =yl }{J}S{i}s{j} (93)
with h = h(®) given by the EOS. Using the relation
p=DO/W, we get the energy density (excluding rest
mass), 7 = DhW — DO/W — D. We can then derive the
following identity [98]:

1——=0. (94)

Together with Eq. (93), the derivative df /d® has the form:

ow?-1 1
_E_WT>_W 3)

af(e) n 1

do w (
where the relation W' = —h'(W? — 1)/(hW) has been used
[derived from Eq. (93), see also [98]].

The derivative dh/d® depends on the particular EOS
used. We adopt the RC EOS [see Eq. (89)] for the
simulations of relativistic jets and the ideal gas EOS for
the remaining numerical tests.

C. Reconstruction

We reconstruct the primitive variable (denoted with Q) to
the left and right sides of each cell with the total variation
diminishing (TVD) method described in [99]:

fi:t% - ;Ei
A¢;

0F =(0); +AQ; (96)
where AL; = &0 — &im1/2 1s the cell width, and £ is the

cell center. And AQ; is a slope-limited gradient function
written in terms of a nonlinear limiter function ¢(v):

_ AQP
AQ; = AQFp(v) where v = AQT (97)
AQf‘ — Af, <<Q21+1 - £Q>l> (98)
Siv1— &
(0)i - <Q>i—l>
AOB = A&, LA . 99
o —ag (=@ (99)

We adopt the same modified monotonized central (MC)
limiter in [99],
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@M€ (v) = max [o, min< (100)

1
;v,cf,c?v>]
F:EHI_%LCB:ZEZ'_&—I

ey G-y

2

where ¢

(101)

To reconstruct the left and right states of the cell i, the
above stop limiter utilizes the cell average values of (Q);_;,
(Q);, and (Q),,,, defined at the cell center &_j,&;, & .
This algorithm takes into account nonuniform spacing. The
cell center position &; can be taken as the volume-averaged
cell center (“centroids of volume”) or arithmetic-mean cell
center. In this study, we adopt the arithmetic-mean cell
center for our simulations.

D. Treatment of numerical conditions

Robust numerical simulations require the treatment of
several numerical conditions. One of them is the Courant-
Friedrich-Levy (CFL) condition [100], which limits the
time step size in explicit numerical methods. The simu-
lation domain of the JET code allocates cells at the same
temporal level. A global time step will be used to evolve
simulation time. To find the global time step, we first
calculate the time step ot of individual cells in the domain
according to:

5t = CFL - min(5t", 51%) (102)
- ar (103)
max (| (A")" = Vil [(A7)™ = Vi)
AD
5t = d 104
max (O] [(P)]) (164

where CFL is the CFL number. Its value has been set to 0.4
for simulations performed in this study. (1")* and (A%)* are
again the minimum and maximum characteristic speeds for
the cell in the radial and polar direction, respectively. V7,
is the cell’s radial velocity which approximates the cell’s
upper interface velocity. We then pick the smallest time step
as the global one. The subtraction of the cell’s radial
velocity in Eq. (103) leads to a much larger time step,
making the long-term simulation of relativistic jets com-
putationally efficient. Another numerical condition that
needs to be taken care of is the boundary condition. For our
cell-centered grid structure in spherical polar coordinates,
we follow the boundary treatment described in [73,80]. We
first allocate two layers of ghost zones for each of the four
boundaries (two in the radial direction, and two in the polar
direction), and then fill the boundary ghost zones at the
radial origin, and at the 8 boundary with values copied from
the corresponding points in the interior of the grid,

accounting for appropriate parity factors. For the outer
boundary in the radial direction, we adopt the Dirichlet
boundary condition and use the initial data routine to set
their ghost zone values.

E. The adjusted moving-mesh scheme

Since the initial development of the JET code [57], the
moving-mesh scheme has kept being updated to improve
the accuracy and efficiency of relativistic jet simulations.
The adjusted moving-mesh scheme in this study con-
tains the following rules: inside the simulation domain,
the radial interface of a grid cell will move at local contact
discontinuity velocity of the flow. Each radial track moves
independently. The inner and outer radial boundaries of the
domain can also move. At each time step, the longest and
shortest cell in each radial track will be marked for refine-
ment or derefinement according to the maximum or mini-
mum aspect ratio of grid cell (a := Ar/rA#0) allowed in the
simulation (see [57] for more information). In ultrarelativ-
istic jet simulations, we find the domain cells can squeeze
into an ultrathin shell with the cell’s aspect ratio reaching
1/100 or even smaller. In order to resolve the relativistic
thin shell, only cells with length Ar < r/(8'?) will be
marked for derefinement. In addition, we define an approxi-
mate second derivative of a fluid variable as a measurement
of error E; to mark the region of interest. At each time step,
the cell along each radial track with the maximum meas-
urement of error will be marked for refinement if its aspect
ratio is larger than twice the minimum aspect ratio and its
measurement error £; > 0.9. The cells with E; < 0.002 will
be considered for derefinement. The cell to be derefined is
the one that has the smallest time step (see [64]). To reduce
load imbalance of CPUs, the number of grids in each radial
track will be balanced dynamically during the simulation.

V. FIXED-MESH NUMERICAL SIMULATIONS

A. Bondi accretion in maximally sliced trumpet
coordinates

We first consider spherically symmetric, radial fluid
accretion onto a nonrotating black hole (ingoing Bondi
flow) [101,102]. Following previous work (e.g., [70,103]),
we perform simulations of Bondi flow in maximally sliced
trumpet coordinates [104,105]. The transformation between
Schwarzschild coordinate and maximally slicing trumpet
coordinates is illustrated as a reference in Appendix B. We
set the fluid parameter according to Table 1 of [103]: the
accretion rate My, = 107*M, the adiabatic index
I' =4/3, and the critical radius R; = 10M where M is
the mass of the central black hole. For simplicity, M is set to
1 in the simulation.

The simulation domain is in an axisymmetric spherical
coordinate, spanning the region re€[0.4M,10M],0€
[0, 7/2]. We employ logarithmic grid spacing in the radial
direction with a cell’s aspect ratio a set to one (i.e.,
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a:=Ar/rA0 =1). The finest cell, located closest
to the inner boundary, has a spacing Ar = ryin(Omax —
Omin)/ (Nt), where Nt is the number of cells in the
azimuthal direction. To maintain the unity aspect ratio of
the cell, the number of cells in the radial direction Nr is
calculated as

log(rmax/rmin)
r = .
IOg(l + (gmax - emin)/Nt)

(105)

We conduct simulations with three different resolutions:
low resolution with Nt = 128, medium resolution with
Nt = 256, and high resolution with Nt = 512. For the
benefit of convergence test, we set the number of grids in the

le—6
31 \d init
\ -— fin
=2 —-— fin — init
‘ :
Z
Q 14
CJ—I T
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[ 8
Ry —-=- 2nd order
TNl ® HLLC-PLM
3 RN
= .
“ 10-51 Tl
~
2 x 102 3x102  4x10?
Nt
FIG. 1. Top: radial rest-mass density profile of the Bondi flow

for the medium resolution Nt = 256. The mass accretion rate is
Myponai = 107*M. The blue dotted line indicates the initial
analytical solution at 7 = OM, while the yellow dashed line
denotes the numerical solution at 7 = 50M. The green dash-
dotted line shows their difference. The black dotted vertical line
indicates the radial location of the event horizon of the black hole
at r=0.78M in the maximally sliced trumpet coordinate.
Middle: the radial fluid velocity —Ww" profile. W is the Lorentz
factor, and »” is the fluid velocity with respect to the Eulerian
observer. Bottom: the L1-norm of error for the rest-mass density
as a function of the azimuthal grid number Nt. The dash line
indicates second-order convergence.

radial direction Nr = 2Nt. In this case, the cell’s aspect
ratio will deviate from one slightly.

In Fig. 1, we show the radial profiles of the fluid rest-
mass density (top) and the fluid velocity (middle) at time
T = OM (init) and 7 = 50M(fin) for the medium resolu-
tion simulation. The profile of the Bondi flow has been
maintained throughout the simulations. In the bottom
panel, we plot the L1-norm of error for the rest-mass
density. The L1-norm of error is defined as [69]

€ ( ) — f|pﬁn _pinit‘\/_gdl"dgdgb
Y [ Pinitl/=gdrdodep

(106)

The Bondi simulations demonstrate second-order con-
vergence for the Ll-norm of error with respect to
the resolution. The code adopts the second-order RK2
time integrator and the second-order piecewise linear
reconstruction method (PLM), described in Sec. IV C.
The presented convergence result is as expected and
agrees with previous studies (see, e.g., [69,70]). For the
implementation of a higher-order reconstruction scheme
for our unstructured grid in spherical geometry, like the
piecewise parabolic method (PPM) [106], weighted essen-
tially nonoscillatory (WENO) [107-110], or the monot-
onicity preserving scheme (MP5) [109], we will refer to
future work.

B. Tolmann-Oppenheimer-Volkoff star

The next numerical test we consider is the Tolman—
Oppenheimer—Volkoff (TOV) star with the structure of a
spherically symmetric body of isotropic material in equi-
librium [111,112].

We conduct two TOV star tests based on [60]: the
stationary case and the one with pressure depletion. The
initial profile for the TOV star has a central rest-mass
density p.(0) = 1.28 x 1073, We adopt the polytropic EOS
P(p) = Kp"', with (K,T") = (100, 2) for the initial data. As
for the evolution, we adopt the ideal gas law. Additional
parameters for the initial profile can be found in Table I in
the cgs unit.

In Fig. 2, we plot the central maximum density variation
as a function of dynamical time (1/p.(0)¢) for both cases.
For the stationary case, we find the central maximum
density varies within 0.5% for 14 dynamical times for the
Nt = 64 simulation, confirming the stability of the star.

TABLE I. Parameter values for the initial profile of TOV star.
Radius Gravitational mass Baryon mass

[km] (Mo (M) pe lg/en’]
12 1.40 1.51 7.92 x 1014
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FIG. 2. Normalized variation for the central maximum density
as a function of dynamical time for the TOV star at two
resolutions (Nt = 64 and Nt = 128). Top: the time evolution
for the stationary case. Bottom: the time evolution for the
pressure-depleted star whose equilibrium pressure has been
reduced by ten percent globally.

When we increase the resolution to Nt = 128, the result
gets better. For the pressure depletion simulation, we
reduce the TOV initial pressure profile by ten percent.
The star falls out of equilibrium and undergoes radial
oscillations. We conduct simulations with two different
resolutions (Nt = 64 and 128) and find consistent oscil-
lation pattern, as shown in the bottom panel of Fig. 2. The
result is equivalent to the test result in [60].

C. Fishbone-Moncrief torus around
a Schwarzschild black hole

Our next test concerns a stationary, axisymmetric,
isentropic torus around a Schwarzschild black hole
[113]. We consider a particular instance of the Fishbone-
Moncrief solution where the spin of the black hole is set
to zero.

We generate the initial data in the Schwarzschild
coordinate with its radius denoted by R. However, we
will evolve the system in the isotropic coordinate of the
Schwarzschild metric with its radius denoted by r (see

TABLE II. Parameters for the stationary torus around a black
hole.”

M [Mg] Ri, Rinax P,

1 6 12 2.63 x 1072
pmax l K F
6.86 x 1073 4.62 1x1073 4/3

M is the mass of the central Schwarzschild black hole. R;, is
the location of the inner edge of the torus. R, is the pressure
maximum location of the torus in Schwarzschild coordinates. p,,,«
is the peak density in the torus, @y is the angular velocity at
R . (calculated from the simulation with Nt = 512 resolution).
I = u'u, is the constant specific angular momentum. x and I’
define the EOS of the initial torus P = xp'. Unless specified, the
presented variable value follows the G =c¢ = Mg =1 unit
convention.

Appendix B). The initial profile generator follows the
implementation in [79,86,114]. Table II shows the key
variable values for the torus. For the ambient atmosphere,
we set p = puin(R/R))™%, P = Ppin(R/R,)™/?, where
Pmin = 1078, Py = 1071, R, = GM /* is the black hole
gravitational radius and M is the black hole mass.

For the simulation, we employ an ideal gas EOS:
P = (I' = 1)pe, with ' = 4/3. In the azimuthal direction,
the simulation domain extends from 6,;, =7z/3 to
Omax = 27/3. In the radial direction, the grid covers the
region from rp;, =4 to ry. = 20. At the location of
maximum pressure r = 10.98 (R = 12), the orbital period
of the torus is around 238.9. We set the final time of the
simulation to be 2000, roughly eight orbits. We conduct
two simulations with grid resolution Nt = 256 and
Nt = 512, and find consistent results.

Figure 3 illustrates the contour plots of the black hole-
torus system at the beginning (top panel) and at the end of
the simulation (middle and bottom panels), taken from the
Nt = 512 simulation for better visual effect. The top panel
shows the initial contour plot for the logarithmic density p.
Comparing these two contour snapshots, we first find that
throughout the simulation, the torus maintains its density
structure. We check that the maximum rest-mass density
always keeps the original value within 4% during the
simulation, and its radial position varies within 2%.
Because the torus stays close to the black hole, the
ambient gas falls into the black hole and blows the torus
surface in the infalling process. A bow shock appears in
front of the torus and a trailing tail fills in the inner region
between the torus and the central black hole. The falling
gas slows down when it crosses the bow shock as can be
seen from the velocity contour plot. The stability of the
torus structure near the black hole showcases the code’s
robustness in the handling of fluid rotation under strong
gravity.
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FIG. 3. Contour plot of a stationary torus around a static black
hole. The simulation adopts an axisymmetric spherical domain.
The azimuthal angle extends from /3 to 2z/3. The radial grid
extends from r;, =4 to . = 20. The top panel shows the
initial profile of the logarithmic density. The middle panel
represents the density profile at the end of the simulation

t = 2000. The bottom panel represents the contour plot of the
radial velocity Wv'.

D. Rayleigh-Taylor instability for a modified Bondi flow

Previous work [57] with the original JET code has
captured the detailed nonlinear features of Rayleigh-
Taylor instability in a relativistic fireball. It uses the
HLLC Riemann solver described in [55]. To test our general
relativistic HLLC Riemann solver, we modify the Bondi
flow to induce Rayleigh-Taylor instability under strong

gravity. The setup is similar to a Stromgren sphere around
the central black hole—the low-density hot gas is sur-
rounded by a high-density gas with gravitational acceler-
ation [115]. Within a radius of r<3(140.1 x (1+
c0s(800))/2.0), the density and pressure of the Bondi flow
have been modified as p = 0.1pyongi, P = S0Pyongi» v = 0.
Poondi and  Ppoqi are taken from the Bondi profile in
Sec. VA. This setup creates a hot low-density bubble inside
the Bondi flow with a curly interface. As the hot low-density
gas pushes against the heavier Bondi flow, Rayleigh-Taylor
instability (or sometimes referred to as Richtmyer Meshkov
instability in this case) develops. We perform this simulation
with an azimuthal resolution of Nt = 512, covering the
azimuthal angle from /3 to 27/3. Figure 4 shows its time
evolution. Initially, the hot gas pushes outward and com-
presses the incoming Bondi flow into higher density as
shown at r =5 M. Instability fingers develop and evolve
inside the low-density region. Nonlinear features of the
instability continuously evolve at # = 15 M. Later on, due to
the attraction of the central black hole, the turbulent gas
flows into the black hole. The implemented HLLC Riemann
solver is able to capture the detailed structure of the
instability in strong field regime. It performs better than
the HLLE Riemann solver.

VI. MOVING-MESH NUMERICAL SIMULATIONS
A. Spherical shock tube test

One advantage of our moving-mesh code is that the cell
face is able to move with the contact velocity of the flow in
the radial direction. It has been shown that the contact
discontinuity is much better preserved when employing
HLLC on the moving mesh (see Fig. 7 of [55]). What is
more, the flow naturally adjusts the cell width in the radial
direction. Combined with robust refinement and derefine-
ment schemes, the simulation domain will be able to
resolve the region of interest [64]. To test the accuracy
of the moving-mesh scheme, we conduct the identical
spherical shock tube test as shown in [61]: within the radius
of 0.25 (r < 0.25), the density p and pressure P is set to 1.
Outside of this region, the value of density and pressure is
0.1. We adopt the Minkowskian frame for the test. Since the
tetrad formulation for the HLLC Riemann solver also
works for the Minkowskian metric, we do not take any
additional steps for the special relativistic simulations.

In azimuthal direction, the simulation domain extends
from 0 to /2 with Nt = 128. In the radial direction, the
grid covers the region from r,;, = 0.01 to r,,x = 0.5. We
adopt logarithmic spacing in the radial direction and set the
initial cell’s aspect ratio to one. We first conduct the
spherical shock tube test with different Riemann solvers
in fixed-mesh simulation. Both the HLLE and HLLC
Riemann solver handle the test well and give almost the
same results (as shown in Fig. 5). In Fig. 6(a), we compare
the end profile for simulations with the fixed mesh setup
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FIG. 4. Time snapshots for the density contour of a hot low-density bubble embedded inside a cold Bondi flow. The left panel shows
the simulation results with the HLLE Riemann solver while the right panel presents the comparative results from the simulation with the
HLLC Riemann solver. The simulation video for the case with HLLC Riemann solver is available from Youtube at [116].
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FIG. 5. Profiles for the spherical shock tube test at t = 0.3 in
fixed-mesh simulations with the HLLC (solid line) and HLLE
(dotted line) Riemann solver.

and the moving mesh setup. The density plot exhibits a
sharp transition at the contact discontinuity for the moving
mesh and a relatively smooth one for the fixed mesh.
Following the compression of the fluid in the shocked
region, the cells squeeze between the contact discontinuity
and the forward shock. The P/p plot reveals a jump at the
contact discontinuity. We find this appears in the moving-
mesh simulation here as well as in the literature [55,61]. It
may come from the physical squeezing of the fluid as the
grid moves together with the flow in the moving-mesh
simulation or the TVD reconstruction scheme requires
some adjustification for the moving mesh.

To investigate the jump’s dependence on numerical
resolution, we have performed additional moving-
mesh simulations with different numerical resolution:
the Nt =32, Nt =128, and Nt = 2048 resolution.
Results from these three simulations (see Fig. 7) demon-
strate that the jump feature persists and its magnitude is
invariant under different numerical resolution. We also
perform additional fixed-mesh simulations with higher
resolution and find no presence of the jump feature in
these simulations. Since the jump’s magnitude does not
increase with time and spatial resolution, considering its
minimal impact on the fluid dynamics in moving-mesh
simulations, we will leave this numerical phenomena to
the research community for now.

In the rarefaction region, the cells get elongated, leading
to an aspect ratio larger than one. Because of the increase in
the aspect ratio (i.e., the reduction of radial resolution), we
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(a) Shock tube test in spherical coordinate for the fixed-mesh (black-dot) and moving-mesh (MM) (red-square) simulations.

The profiles are presented at + = 0.3. Initial discontinuity locates at x = 0.25. The inner (outer) state of the shock tubeisp =1, P =1,
v=0(p =0.1, P=0.1, v = 0). The EOS follows the ideal gas law with I' = 4/3. (b) Shock tube test in spherical coordinate for the
moving-mesh simulations with different control schemes for the cell’s aspect ratio. The black-dot line represents the simulation where
the cell’s maximum aspect ratio has not been set. The red-square line shows the simulation where the maximum aspect ratio of the cell

has been set to 1.5.

find the peak of the velocity profile for the moving-mesh
simulation becomes less sharp compared to the fixed mesh
simulation.

However, since we have full control over the grid
refinement, we can specify the maximum aspect ratio in
the simulation. We conduct another moving-mesh sod-tube
simulation which sets the maximum aspect ratio to 1.5.
When the elongated cell reaches such a threshold, it will
split into two cells. To show the effect of such a refinement
scheme on the sod-tube simulation, we compare the
profiles for the moving-mesh simulation with or without
maximum aspect ratio control in Fig. 6(b). With the

maximum aspect ratio control, the resolution in the region
where the cell’s aspect ratio gets to the threshold value
increases. The peak of the velocity profile becomes sharper
compared to the peak for the moving-mesh simulation
without aspect ratio control. Overall, the implemented
HLLC Riemann solver on the moving mesh is robust for
simulating relativistic outflow.

B. Relativistic jet emerged from a black
hole-torus system

The detection of the gravitational wave (GW)
signal GW170817, coupled with the observations of its
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FIG.7. Profiles for the spherical shock tube test at = 0.3 in the
moving-mesh simulations with different grid resolution. The
purple diamond shows results from the simulation with resolution
Nt = 2048 while the red square and blue circle represent results
from the Nt = 128 simulation and the Nt = 32 simulation,
respectively.

electromagnetic (EM) counterpart signifies the commence-
ment of the multimessenger astronomy era [117]. Research
has demonstrated that the structure of the emerged relativ-
istic outflows plays a crucial role in shaping the afterglow
emission in GRB170817A [51,118-124]. This event pro-
vides an ideal candidate for utilizing the electromagnetic
observations of the emerged outflow to infer the BNS
merging physics. While the presented moving-mesh code is
capable of simulating relativistic jets out of various pro-
genitor systems, in the following, we will use a pseudo-
model inspired by the outcome of compact binary merger
simulations (see, e.g., [28,125-129]). We set up a black
hole-torus system in the isotropic coordinate of
Schwarzschild metric, with the mass of the central black
hole M having been set to M = 3M, and the torus mass set
to 0.2M . The radius of the inner edge of torus is 6M, and
the radius of its pressure maximum is set to 16M [130]. For
the simulation domain, the radius of the inner boundary
locates at 12. And we use Nt = 256 grids to cover the half
spherical domain with cell’s initial aspect ratio been set to 1.
We adopt the reflecting boundary condition in the azimuthal
direction. Outside the torus, the domain is filled with an
ejecta cloud with a total mass of 0.02M . The cloud density
structure follows:

P = p0<r/r0>_n =+ Pficor- (107)

po = (n = 3)Mjeera/ (4rry) is derived to give a total ejecta
mass M je.,- The pressure is P = Kp" + Pgoor» K = 0.54,
I'=4/3. We also add a density floor pge, = 6.2 X
10~ [g/cm?] (i.e., 1072% in the code unit) and a pressure
floor Ppoor = 1074ppoor to the initial profile to avoid
numerical precision error. We set the density slope index
n = 3.5 to represent the postmerger ejecta profile. Here, we
ignore the ejecta profile velocity for simplicity. The refer-
ence radius r is set to 6M . A jet engine with a variable
luminosity of Lo =2 x 10°" exp(—t/tgecay) [erg/s] oper-
ates for 30 ms, in the polar region just above the black hole-
torus plane. The engine decay timescale 4.,y has been set
to 100 ms. This gives a total injected jet engine energy
5.2 x 10* [erg]. We choose this low-energy jet engine
injection to test the code’s capability of launching a
relativistic jet under constraint. In jet simulations, it
becomes easier to successfully launch a relativistic jet given
a higher energy injection (see, e.g., [51,64]). The profile of
the jet engine features a narrow nozzle with an opening
angle of 0.1 rad. For the complete jet engine profile, we refer
readers to the description in Appendix C as well as
in [63,64].

Figure 8 shows the jet launching process during the first
30 ms. At the beginning of the simulation, the cloud flows
into the black hole. In the polar direction, at a location
centered around 130 [km], a small amount of relativistic
gas with a terminal Lorentz factor 100 (i.e., jet engine) gets
injected into the cloud. The injected gas has an initial boost
velocity in the radial direction (see Appendix C). The
addition of the relativistic gas slightly pushes the cloud gas
in the polar direction, leading to a non-negative radial
velocity (as can be seen from the radial velocity plot at
t = 0.1 [ms]). The continuous injection of hot relativistic
gas drives shocks and changes the temperature profile in the
polar direction. By the time ¢ = 5 [ms], a shocked cocoon
develops and reveals a two-layer structure: a high-density
layer which results from the forward shock, meanwhile the
inner cocoon which heats up by the jet engine and reverse
shock gets to a low-density regime [41,131,132]. Inside the
inner cocoon, the shocked gas accelerates to a high velocity
with a maximum Lorentz factor around 8 at # = 5 [ms]. The
moving-mesh scheme dynamically allocates cells to resolve
the shocked region. The interfaces of the double-layer
structure can be seen in the contour plot for the cell’s radial
resolution: the first interface lies in the shock front between
the cocoon and the unperturbed cloud, the second interface
is between the cocoon’s inner low-density hot relativistic
core and its high-density colder part. At the bottom of the
cocoon, the shock front hits the torus. At 7 = 10 [ms], the
shock front starts to move beyond the torus and wrap
around it. At the head of the cocoon, the loaded matter
diverts part of the shocked gas sideways. Below this region,
the inner core of the cocoon accelerates to a higher Lorentz
factor of 13. Throughout the acceleration period, the
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FIG. 8. Jet launching process from a black hole-torus system, visualized at four-time snapshots. From left to right, the contour plots
represent the logarithmic density, temperature-like variable ®, normalized radial velocity Wv"/c, and the cell’s radial resolution (i.e.,
inverse aspect ratio). The inner contour plots zoom in on the central region of the domain. The inner boundary is stationary before
t = 30 [ms]. The simulation video is available from Youtube at [133] with high-definition video quality available.

maximum Lorentz factor of the jet reaches 20 (which
happens at about # = 13 [ms]), smaller than the terminal
Lorentz factor of the injected relativistic gas. This is largely
due to the engine’s relative low-energy budget (we refer
readers to more energetic jet simulations in [51,64]). By the
end of the jet engine injection ¢ = 30 [ms], at the base of
the grid domain, the frontier of the shocked cocoon has

passed the torus region. A relative high-density buffer zone
appears between the torus and the cocoon (see the density
and temperature contour plots). The torus itself rotates
stably during the jet launching process, as illustrated by the
inner contour plots in Fig. 8. The head of the shocked
cocoon expands beyond the initial grid domain boundary.
More cells will be allocated in front of the boundary as the
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FIG. 9. The full-time-domain evolution of the relativistic jet emerged from a black hole-torus system. The inner boundary moves
outward at a fraction of the local maximum velocity. The simulation video is available from Youtube at [133] with high-definition video
quality available.
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shock front propagates. The radius of the new boundary
will make sure that the head of the shock front will stay
below 0.8 of this new radius during the simulation.
Figure 9 illustrates the continued evolution of the
relativistic cocoon that emerged from the black hole-torus
system when the jet engine had been turned off. For
computational efficiency, we cut the grid domain within a
radius of 300 (around 440 [km]). We let the inner boundary
move with a velocity of a fraction of the fluid’s local
maximum velocity. When the inner and outer boundary
expands outward together, the simulation gets into a
(weak) scaling region where the simulation time step At
increases with the absolute time itself. In this way, the
moving-mesh code in spherical coordinates can simulate
long-term evolution of relativistic jets over multiple orders
of magnitude of time. When the jet engine turns off, it
stops accelerating nearby gas. The inner cocoon turns into
a shrinking relativistic bubble. The relativistic bubble
keeps pushing against the mass-loaded head, exhausting
its internal energy and kinetic energy. By the time
t =50 [ms], the top of the bubble starts to decelerate
dramatically. The collision with the mass-loaded head
converts part of its kinetic energy into thermal energy. The
collision drives a wave passing through the relativistic
bubble, increasing the temperature of inner cocoon all the
way to its bottom (see the simulation video). Eventually,
the relativistic bubble turns into a relativistic thin shell (see
the velocity contour at # = 300 [ms]). The relativistic shell
features a relativistic core with a mildly relativistic sheath,
similar to previous special relativistic jet simulations (see,
e.g., [51,64,125,134]). The outer layer of the cocoon goes
through adiabatic expansion. The density within this layer
keeps decreasing while the temperature structure roughly
remains the same (see the contour plots for the temper-
aturelike variable from 7= 50 [ms] to =1 [s]). The
interface between the inner and outer cocoon features a
high-density pillar. The relativistic shell keeps sweeping
through the medium while depleting its kinetic energy. By
the time r = 100 s, the relativistic thin shell is replaced by
a mass-loaded slow-moving core. We see a morphological
change in the outer shell structure. Finally, by the end of
our simulation # = 1000 s, the outflow velocity becomes
completely Newtonian. Now we have seen the complete
life cycle of a relativistic jet from its birth at a black hole
scale to the distance of its dissipation. In the following, we
would like to discuss two dynamical features for this
specific simulation. The first feature of interest focuses on
the base of cocoon. In Fig. 9, we use white circle to
indicate this region of interest. We find it appears after the
shock front of the cocoon passed over the torus. It
originates from the buffer zone or shock zone between
the original torus and the remaining cocoon. It propogates
subrelativistically and maintains its hump shape before
t =1 [s]. Later on, the shock front accumulates enough
matter and slows down to Newtonian velocities. When this

happens, via hydrodynamical interaction, the morphology
of the region changes and the hump shape disappears,
leaving behind a broken filament as shown at t = 100 s
and ¢ = 1000 s. The second feature of interest relates to the
density pillar at the interface between the inner and outer
cocoon. We mark it with a red square in the figure. Its
formation, to some extent, comes from the shutdown of the
central jet engine during the jet launching period. At the
beginning, when the central jet engine inflates a cocoon, it
drives mass and energy into the cocoon outer layer while
creating a low-density hot inner funnel to generate rela-
tivistic outflow. When the central engine shuts down, the
inner cocoon quickly gets cold and stops pushing the outer
layer (see snapshots at =50 [ms| and 7= 300 [ms]).
Then the adiabatic expansion of the outer layer further
separates this interface from the shock front as shown at
t =1 [s]. The interface pillar also has positive radial
velocity and moves with the outer shell. However, the
part connecting to the outer shell, moves faster. To a point,
the pillar detaches itself from the outer shell and falls back
to the inner region. This is what happens from ¢t = 100 s to
t = 1000 s. Because of the long-term simulation of the
relativistic jet, we are able to capture such detailed
hydrodynamics evolution, which may provide insights
for the study of morphologies of astronomical jets.
Throughout the simulation, the maximum grid resolution
in the radial direction remains below 60—a value we set
initially. We see that the moving-mesh scheme, combined
with the dynamical grid refinement and derefinement can
capture the detailed dynamical features for the relativistic
jet simulation over many orders of magnitude of space and
time. Also the adjusted moving-mesh scheme makes the
simulation of relativistic jets computationally efficient.
The presented simulation has been performed on a single
high-performance computing node with 32 Intel Xeon
Gold 6148 CPUs. The whole simulation consumes around
6400 core hours.

VII. CONCLUSION

This paper presents an advancement in computational
astrophysics: developing and implementing a general
relativistic moving-mesh hydrodynamic code featuring
an advanced Riemann solver in curvilinear coordinates.
We showcase the details of integrating a general relativistic
framework into the hydrodynamic simulation code JET,
achieved through applying the reference metric method.

With its ability to handle the intricate spacetime geom-
etries inherent in general relativity, the tetrad formulation is
an ideal choice to address the HLLC Riemann problem
under strong gravity. The achievement of our work is the
successful adaptation of the tetrad formulation to incorpo-
rate the HLLC Riemann solver into the general relativistic
moving-mesh code. We have conducted a series of numeri-
cal simulations to validate and demonstrate the efficacy of
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our newly developed code. These simulations encompass
both fixed-mesh and moving-mesh scenarios, allowing us
to test the code’s performance under various conditions.
The results from these simulations are particularly note-
worthy in demonstrating the code’s robustness and reli-
ability in simulating fluid flows under the influence of
strong gravitational fields.

Compared to the fixed-mesh approach, a moving-mesh
scheme can increase the time step for fluid regions with high
velocity since it removes the limitation imposed by the bulk
velocity (see, e.g., [61]). The moving-mesh approach makes
the long-term simulation of relativistic jets computationally
feasible (see, e.g., [51,63,64]). By extending the JET code’s
capability of handling relativistic jets from an astronomical
scale to the scale of a black hole, we have opened new
avenues for the full-time-domain simulation of relativistic
jets, from their genesis to dissipation. To demonstrate this
possibility, we design a representative prototype model
which features a torus around a central black hole. A jet
is manually launched in the polar direction, near the black
hole-torus system. For the underlining jet launching mecha-
nism, we refer readers to Blandford-Payne [4] or Blandford-
Znajek [3] and related dynamo processes (see, e.g., [13,14]).
In this work, we prescribe an engine profile to imitate the jet
launching process. This setup allows us to explore the
dynamics of the jet’s journey from its origin near the black
hole-torus system to its final Newtonian phase. We found
multiple new hydrodynamical features from this end-to-end
simulation. For the first time, we have been able to simulate
the complete life cycle of a relativistic jet, providing insights
into the detailed structures of the cocoon and emerged jet
over the whole journey.

Furthermore, these full-time-domain jet simulations
enable the joint investigation of various electromagnetic
phenomena associated with relativistic outflows. For the
case of BNS mergers, the observational phenomena
include the kilo-nova emission from the remnant ejecta
(see, e.g., [24,25,135]), the GRB prompt and afterglow
emission (see, e.g., [23,136,137]), and other related
processes. By combining our simulations with GRMHD
models of jet-launching processes, we will be able to
extend the evolution of outflows to distances relevant to
long-term electromagnetic radiation observations. This
integrative approach aligns perfectly with the era of
multimessenger astronomy, allowing for an unprecedented
understanding of the underlying physics in jet-launching
systems.

While this paper sets the foundational steps in this
direction, the complete realization of these ambitious goals
remains a pursuit for future research. The potential for
further advancements and discoveries in the field is vast,
and our work may catalyze the next generation of
astrophysical jet simulations, potentially revolutionizing
our understanding of relativistic jets and their associated
physics.
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APPENDIX A: GENERAL RELATIVISTIC
HYDRODYNAMIC EQUATIONS IN REFERENCE
METRIC FORMULATION

1. The continuity equation

The covariant divergence of a vector V* gives

1
V, V¥ =——0,(,/=gV*"), (A1)
H \/_—g H

which holds for any metric and its associated covariant
derivative. The covariant divergence of a mixed-index
second-rank tensor A, Y, on the other hand, follows (see,

/,{ b
e.g., [74])

1
VUAFV - __g a,/
We will utilize these two rules to derive the general

relativistic hydrodynamic equations.
Let us first apply Eq. (A1) to the continuity Eq. (5)

(V=9A) = A¢To.  (A2)

0=V.pw) = 0T
— = @) + 0. (A3)

The determinant of the spacetime metric leads to

- - /4
\/—_g = a\/f = al//6\/]7 = \/;all/6 \/% (A4)
Inserting the previous result into Eq. (A3) we obtain

s 1 _ .

9 (l//6\/ 7/7D> + =0 {\/?(fu)f} =0, (A5)
Vi

which is sometimes written as

o0 (woV/7/3D) + D[ (foV| =0, (A6)

where YADJ- is the covariant derivative with respect to the
reference metric 7. In the above expression, we have
defined the density as seen by a normal observer as
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D = Wp, (A7)
and the corresponding flux
(fp) = aw®/7/7D(v/ = B/ /). (A8)

Note that, the fluid velocity as measured by a normal
observer, v', is given by the ratio between the projection of
the four-velocity, u#, in the space orthogonal to n# and the
Lorentz factor of u* as measured by a normal observer,
W= -nu" = au"

iou i i
LTt u p
v ——t———l——

au W a

(A9)
2. The Euler equation

To derive the Euler equation, we apply Eq. (A2) to the
projected conservation of energy momentum (6)

0= 71'/4va1/” = giuvuTW = vy(giﬂTW)
1

0,(\/=gT%) = TyT,. (A10)
We then get the following Euler equation
1 .
0 ] _ THTV
=7 (aO(V_gTi) +aj(\/—9Ti>) =TI, (All)
Note that the source term leads to
T = THg, TV = ! THE Al2
viiu — Jev i 5 Geui- ( )
Let us define
T = phutu® + Pg"* (Al13a)
= Son*n* + S¢n* 4+ S¥n* + S*, (A13b)
So = phW? = P, (A13c)
St = phW?v', (A13d)
St = phW?v'v/ + Py, (Al3e)

and calculate the source term (A12). The result is shown
below (for the derivation, we refer readers to numerical
relativity books [77]):

1 |
5 HTﬂygﬂu,i = H(z Sjkai)/jk + Sﬂnyaigﬂu
] v
+ 3 Son*n*0;9,,
L 1 )
= \/—_g ESJ aiyjk +aSja,ﬂJ - Soai lna .
(A14)
Let us define the momentum flux as
(fs)i = ay®\/7/7T]
= ay®\/7/7(W2phv(v/ = B/ /a) + P&)).

We can then rewrite the Euler equation (Al1l) in the
following form

oo (e V7778) + 0, [ VAU = o (a19)

The definition of the source term is given accordingly
L
(ss); = 50“// 55 0iY jk

Wt \/Zsjaiﬂj -yt \/ZSOaiaa (Al6)
4 4

where the first term can be calculated as

S*0y jx = S7%0; (w7 i)
= Sy tout +yrSo,(h + ex)
= (ph(W? = 1) 4+ 3P)40; Iny

+ 570 (i) + wtS™0;(eji). (A17)

3. The energy equation

For the energy equation, we consider a projection along
the normal n,, of the conservation of energy-momentum (6)
and add the conservation of rest mass (5)

n,V,T" +V, (put) = 0, (A18)
which can be rewritten as
V,(n, T + pu) = TV n,. (A19)

We again evaluate the divergence of a vector on the left-
hand side, and proceed exactly the same as for the
continuity equation, which leads to
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a0 (W6 T)ji| = _aW6 V 7/?Tﬂbv/4nw

(A20)

i/7e) + [ Vilr

where we have defined 7 as the internal energy observed by
a normal observer

r=n,n,T" — D =phW? - P - D, (A21)
and the corresponding flux
(fo) = ap®7/7(z(v) = p//a) + P/).  (A22)

The right-hand side of Eq. (A20) (denoted as s,) can be
derived as [74]

s. = ay®\/7/7(T®(BP'K,; — po,a)

+TY%(2p/K,; — 0,a) + TUK ;). (A23)
Finally, we get the energy equation as
— 1 VPR
0 (l//6 Y/VT) +de[\/?(fr)’] = 5. (A24)

4. Special relativistic hydrodynamics equations

Here we write down the special relativistic hydrody-
namics equations in spherical coordinate as a comparison to
Eq. (17),

0 10 1 0 1 o0
—D+——[r*D 6Dv —[Dv,] =0, A25
oD g P+ g g i 0Pvel + g5 (DY) (A252)
0 d 1 0 1 0 2P phW*(v] + %)
=S, +—>—[r* (S P as — S0 _— A25b
ot r+r2(3r[r (Sror + )]+r51n609[sm Vol + rsin96¢{ gl = r S r ( )
9 10, 0 9 ,
5 —(rSp) + _26_[ (rSp)v,] + 030 [sin Or(Sgvg + P)] + Sin00g [(rSp)v4] = cot@P 4 phW?vj cotd,  (A25c)
9, . 1o . 1 1 9
&(rsmeS(p) —20—[ 2(rsin6S,)v,] + ~end 39 [sin O(r sin 6S ) vy] + rsin0g [rsin@(Syv, +P)] =0, (A25d)
d 10 1 0 d
o g, [ (zv, + Pv,)] + —— Ty [sin O(tvy + Pvg)] +t s 63 [tvy + Pvy] = 0. (A25¢)

APPENDIX B: TRANSFORMATION BETWEEN
SCHWARZSCHILD COORDINATES AND
MAXIMALLY SLICED TRUMPET COORDINATE

Starting from a family of stationary, maximal slicing of
the Schwarzschild spacetime

ds? = —a*di® + y;(dx' + pidr)(dx/ + p/dr)
—(a? = ppfR)dr? + 2prdtdR + f2dR? + R*dQ?,
(B1)

. _ . R C o
with lapse a = f, shift vector 8 —R—{, f=q
and C being the integration constant. The transformation
into isotropic coordinates follows

2M | C\1/2
~% Tk

f2dR? + R*d*Q = y*(dr* + r*d*Q), (B2)

so we have dR/dr = y’f, R = w*r. Two simple solutions
of r and w can be found for the cases C =0 and
C = 3V3M? /4. For the case of C = 0, the solution yields
the familiar isotropic coordinate of the Schwarzschild
metric,

_R-—M+ VR*-2MR

R VR MR,

B 2M\'2 1 —M/(2r)
(%) e

For the case of C = 3v/3M?/4, the solution yields the
isotropic trumpet coordinate [70,103,104]
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TABLE II. Parameter values® for the jet engine.

L() [erg S_l] tdecay [S] ) [S]
2 x 10°! 0.1 0.03
o 70 %
100 5 0.1

‘L and #4e.,y represent the jet engine power and the jet engine
decay timescale, respectively. The duration of the jet engine is
given as fg. 1o is the jet engine energy-to-mass ratio. y is the jet
engine initial Lorentz factor. 6, is the jet engine opening angle.

[2R + M + (4R*> + 4MR + 3M2)1/2]
r =
4

5 (4 +3v2)(2R - 3M) V2
8R + 6M + 3(8R* + 8MR + 6M?)!/? ’
| 2M N 2TM*\ /2
a= -t — ,
R  16R*
K - utC
rr R
K C
PP
K = = —,
%7 sin20 R
2
yij = 1/1_4;7ij = <;) dlag(l, I"_z, }"_ZSiIl_ZG). (B4)
In this coordinate, we have
i, 2C C C

which represents a maximal slicing of the Schwarzschild
spacetime with limiting surface at R = 3M /2 [103].

APPENDIX C: ANALYTICAL JET
ENGINE MODEL

The jet engine model utilizes the nozzle function g(r, )
as shown in [63,64]. We list its expression here,

9(r.0) = (r/rie)e™ "/ 2els0=0/% /N, (C1)

where ry is the central position for the jet engine injection,
0, is the jet engine opening angle, and N is the normali-
zation of ¢ via the integration over r € [0, o0], 0 € [0, /2],
No = 4rry, (1 — e'/%)065. (C2)
For the complete list of jet engine parameter value, we
refer readers to Table III.
We then inject the jet engine into the domain cells by
adding mass, momentum, and energy source into the
corresponding conserved variables, according to:

Sy = Loe ey g(r,0), (C3)
AS), = So/neMdVa, (C4)
ASs = So\/1 = 1/r3Mav, (C5)
AS, = (Sy — So/no) Mavdt, (C6)

where S is the injected jet engine energy profile and the
other three variables are the added source terms. M is the
conformal factor coefficient. dVdt represents the cell’s
spacetime coordinate volume.

[1] R. Penrose, Nuovo Cimento Riv. Ser. 1, 252 (1969).

[2] R. Penrose and R. M. Floyd, Nat. (London) Phys. Sci. 229,
177 (1971).

[3] R.D. Blandford and R. L. Znajek, Mon. Not. R. Astron.
Soc. 179, 433 (1977).

[4] R.D. Blandford and D. G. Payne, Mon. Not. R. Astron.
Soc. 199, 883 (1982).

[5] N.I. Shakura and R. A. Sunyaev, Astron. Astrophys. 24,
337 (1973), https://ui.adsabs.harvard.edu/abs/1973A%
26A....24..337S/abstract.

[6] S. A. Balbus and J.F. Hawley, Astrophys. J. 376, 214
(1991).

[7]1 M. Liska, A. Tchekhovskoy, and E. Quataert, Mon. Not. R.
Astron. Soc. 494, 3656 (2020).

[8] S. Komissarov and O. Porth, New Astron. Rev. 92, 101610
(2021).

[9] H.K. Moffatt, Magnetic Field Generation in
Electrically Conducting Fluids (Cambridge University
Press, London, 1978), https://ui.adsabs.harvard.edu/abs/
1978mfge.book.....M.

[10] F. Krause and K. H. Raedler, Mean-Field Magnetohydro-
dynamics and Dynamo Theory (Pergamon Press, Oxford,
1980), 10.1016/C2013-0-03269-0.

[11] T. G. Cowling, Annu. Rev. Astron. Astrophys. 19, 115
(1981).

[12] P. H. Roberts and A. M. Soward, Annu. Rev. Fluid Mech.
24, 459 (1992).

[13] A. Brandenburg and K. Subramanian, Phys. Rep. 417, 1
(2005).

[14] K. Kiuchi, S. Fujibayashi, K. Hayashi, K. Kyutoku, Y.
Sekiguchi, and M. Shibata, Phys. Rev. Lett. 131, 011401
(2023).

084070-25


https://doi.org/10.1023/A:1016578408204
https://doi.org/10.1038/physci229177a0
https://doi.org/10.1038/physci229177a0
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/179.3.433
https://doi.org/10.1093/mnras/199.4.883
https://doi.org/10.1093/mnras/199.4.883
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://ui.adsabs.harvard.edu/abs/1973A%26A....24..337S/abstract
https://doi.org/10.1086/170270
https://doi.org/10.1086/170270
https://doi.org/10.1093/mnras/staa955
https://doi.org/10.1093/mnras/staa955
https://doi.org/10.1016/j.newar.2021.101610
https://doi.org/10.1016/j.newar.2021.101610
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://ui.adsabs.harvard.edu/abs/1978mfge.book.....M
https://doi.org/10.1016/C2013-0-03269-0
https://doi.org/10.1146/annurev.aa.19.090181.000555
https://doi.org/10.1146/annurev.aa.19.090181.000555
https://doi.org/10.1146/annurev.fl.24.010192.002331
https://doi.org/10.1146/annurev.fl.24.010192.002331
https://doi.org/10.1016/j.physrep.2005.06.005
https://doi.org/10.1016/j.physrep.2005.06.005
https://doi.org/10.1103/PhysRevLett.131.011401
https://doi.org/10.1103/PhysRevLett.131.011401

XIAOYI XIE and ALAN TSZ-LOK LAM

PHYS. REV. D 109, 084070 (2024)

[15] K. Kiuchi, A. Reboul-Salze, M. Shibata, and Y. Sekiguchi,
Nat. Astron. 8, 298 (2024).

[16] K. Hayashi, K. Kiuchi, K. Kyutoku, Y. Sekiguchi, and
M. Shibata, Phys. Rev. D 107, 123001 (2023).

[17] S. Fujibayashi, K. Kiuchi, N. Nishimura, Y. Sekiguchi, and
M. Shibata, Astrophys. J. 860, 64 (2018).

[18] K. Kawaguchi, S. Fujibayashi, M. Shibata, M. Tanaka, and
S. Wanajo, Astrophys. J. 913, 100 (2021).

[19] S. Fujibayashi, K. Kiuchi, S. Wanajo, K. Kyutoku, Y.
Sekiguchi, and M. Shibata, Astrophys. J. 942, 39 (2023).

[20] D. Eichler, M. Livio, T. Piran, and D. N. Schramm, Nature
(London) 340, 126 (1989).

[21] S.E. Woosley, Astrophys. J. 405, 273 (1993).

[22] T. Piran, Rev. Mod. Phys. 76, 1143 (2004).

[23] P. Kumar and B. Zhang, Phys. Rep. 561, 1 (2015).

[24] L.-X. Li and B. Paczyniski, Astrophys. J. Lett. 507, L59
(1998).

[25] B.D. Metzger, G. Martinez-Pinedo, S. Darbha, E.
Quataert, A. Arcones, D. Kasen, R. Thomas, P. Nugent,
1. V. Panov, and N. T. Zinner, Mon. Not. R. Astron. Soc.
406, 2650 (2010).

[26] S. Goriely, A. Bauswein, and H.-T. Janka, Astrophys. J.
Lett. 738, L32 (2011).

[27] D. Kasen, R. Ferndndez, and B. D. Metzger, Mon. Not. R.
Astron. Soc. 450, 1777 (2015).

[28] D. Radice, A. Perego, K. Hotokezaka, S. A. Fromm, S.
Bernuzzi, and L. F. Roberts, Astrophys. J. 869, 130 (2018).

[29] B.D. Metzger, Living Rev. Relativity 23, 1 (2019).

[30] S. Koide, K. Shibata, and T. Kudoh, Astrophys. J. Lett.
495, 1L.63 (1998).

[31] S. Koide, K. Shibata, and T. Kudoh, Astrophys. J. 522, 727
(1999).

[32] S. Koide, K. Shibata, T. Kudoh, and D. L. Meier, Science
295, 1688 (2002).

[33] Y. Mizuno, S. Yamada, S. Koide, and K. Shibata, As-
trophys. J. 615, 389 (2004).

[34] M. A. Aloy, H. T. Janka, and E. Miiller, Astron. Astrophys.
436, 273 (2005).

[35] J.C. McKinney, Mon. Not. R. Astron. Soc. 368, 1561
(20006).

[36] N. Bucciantini, E. Quataert, B.D. Metzger, T.A.
Thompson, J. Arons, and L. Del Zanna, Mon. Not. R.
Astron. Soc. 396, 2038 (2009).

[37] A. Nathanail, R. Gill, O. Porth, C. M. Fromm, and L.
Rezzolla, Mon. Not. R. Astron. Soc. 502, 1843 (2021).

[38] A. Tchekhovskoy, R. Narayan, and J. C. McKinney, Mon.
Not. R. Astron. Soc. 418, L79 (2011).

[39] O. Gottlieb and N. Globus, Astrophys. J. Lett. 915, L4
(2021).

[40] A. Cruz-Osorio, C. M. Fromm, Y. Mizuno, A. Nathanail,
Z. Younsi, O. Porth, J. Davelaar, H. Falcke, M. Kramer,
and L. Rezzolla, Nat. Astron. 6, 103 (2022).

[41] O. Gottlieb, M. Liska, A. Tchekhovskoy, O. Bromberg, A.
Lalakos, D. Giannios, and P. Mosta, Astrophys. J. Lett.
933, L9 (2022).

[42] G.C. Duncan and P. A. Hughes, Astrophys. J. Lett. 436,
L119 (1994).

[43] J.M. Marti, E. Mueller, and J.M. Ibanez, Astron.
Astrophys. 281, L9 (1994), https://ui.adsabs.harvard.edu/
abs/1994A%26A...281L...9M/abstract.

[44] J. M. Marti, E. Miiller, J. A. Font, J. M.Z. Ibafez, and
A. Marquina, Astrophys. J. 479, 151 (1997).

[45] S.S. Komissarov and S.A.E.G. Falle, Mon. Not. R.
Astron. Soc. 297, 1087 (1998).

[46] W. Zhang, S. E. Woosley, and A. Heger, Astrophys. J. 608,
365 (2004).

[47] A. Murguia-Berthier, E. Ramirez-Ruiz, G. Montes, F. De
Colle, L. Rezzolla, S. Rosswog, K. Takami, A. Perego, and
W. H. Lee, Astrophys. J. Lett. 835, L34 (2017).

[48] O. Bromberg, A. Tchekhovskoy, O. Gottlieb, E. Nakar,
and T. Piran, Mon. Not. R. Astron. Soc. 475, 2971
(2018).

[49] F. De Colle, W. Lu, P. Kumar, E. Ramirez-Ruiz, and G.
Smoot, Mon. Not. R. Astron. Soc. 478, 4553 (2018).

[50] P.C. Duffell, E. Quataert, D. Kasen, and H. Klion,
Astrophys. J. 866, 3 (2018).

[51] X. Xie, J. Zrake, and A. MacFadyen, Astrophys. J. 863, 58
(2018).

[52] M. A. Aloy, E. Miiller, J. M. Ibafiez, J. M. Marti, and A.
MacFadyen, Astrophys. J. Lett. 531, L119 (2000).

[53] H. Hamidani and K. Ioka, Mon. Not. R. Astron. Soc. 500,
627 (2021).

[54] V. Springel, Mon. Not. R. Astron. Soc. 401, 791 (2010).

[55] P.C. Duffell and A.I. MacFadyen, Astrophys. J. Suppl.
Ser. 197, 15 (2011).

[56] E. Gaburov, A. Johansen, and Y. Levin, Astrophys. J. 758,
103 (2012).

[57] P.C. Duffell and A.I. MacFadyen, Astrophys. J. 775, 87
(2013).

[58] A. Yalinewich, E. Steinberg, and R. Sari, Astrophys. J.
Suppl. Ser. 216, 35 (2015).

[59] B. Vandenbroucke and S. De Rijcke, Astron. Comput. 16,
109 (2016).

[60] P. Chang and Z.B. Etienne, Mon. Not. R. Astron. Soc.
496, 206 (2020).

[61] E. H. Ayache, H.J. van Eerten, and R. W. Eardley, Mon.
Not. R. Astron. Soc. 510, 1315 (2022).

[62] G. Lioutas, A. Bauswein, T. Soultanis, R. Pakmor, V.
Springel, and F. K. Ropke, Mon. Not. R. Astron. Soc. 528,
1906 (2024).

[63] P.C. Duffell and A. I MacFadyen, Astrophys. J. 806, 205
(2015).

[64] X. Xie and A. MacFadyen, Astrophys. J. 880, 135 (2019).

[65] G. Ryan and A. MacFadyen, Astrophys. J. 835, 199
(2017).

[66] A. Harten, J. Comput. Phys. 49, 357 (1983).

[67] B. Einfeldt, SIAM J. Numer. Anal. 25, 294 (1988).

[68] A. Mignone and G. Bodo, Mon. Not. R. Astron. Soc. 364,
126 (2005).

[69] C.J. White, J. M. Stone, and C. F. Gammie, Astrophys. J.
Suppl. Ser. 225, 22 (2016).

[70] K. Kiuchi, L. E. Held, Y. Sekiguchi, and M. Shibata, Phys.
Rev. D 106, 124041 (2022).

[71] J.D. Brown, Phys. Rev. D 79, 104029 (2009).

[72] P.J. Montero and I. Cordero-Carrién, Phys. Rev. D 85,
124037 (2012).

[73] T. W. Baumgarte, P. J. Montero, I. Cordero-Carrién, and E.
Miiller, Phys. Rev. D 87, 044026 (2013).

[74] P.J. Montero, T. W. Baumgarte, and E. Miiller, Phys. Rev.
D 89, 084043 (2014).

084070-26


https://doi.org/10.1038/s41550-024-02194-y
https://doi.org/10.1103/PhysRevD.107.123001
https://doi.org/10.3847/1538-4357/aabafd
https://doi.org/10.3847/1538-4357/abf3bc
https://doi.org/10.3847/1538-4357/ac9ce0
https://doi.org/10.1038/340126a0
https://doi.org/10.1038/340126a0
https://doi.org/10.1086/172359
https://doi.org/10.1103/RevModPhys.76.1143
https://doi.org/10.1016/j.physrep.2014.09.008
https://doi.org/10.1086/311680
https://doi.org/10.1086/311680
https://doi.org/10.1111/j.1365-2966.2010.16864.x
https://doi.org/10.1111/j.1365-2966.2010.16864.x
https://doi.org/10.1088/2041-8205/738/2/L32
https://doi.org/10.1088/2041-8205/738/2/L32
https://doi.org/10.1093/mnras/stv721
https://doi.org/10.1093/mnras/stv721
https://doi.org/10.3847/1538-4357/aaf054
https://doi.org/10.1007/s41114-019-0024-0
https://doi.org/10.1086/311204
https://doi.org/10.1086/311204
https://doi.org/10.1086/307667
https://doi.org/10.1086/307667
https://doi.org/10.1126/science.1068240
https://doi.org/10.1126/science.1068240
https://doi.org/10.1086/423949
https://doi.org/10.1086/423949
https://doi.org/10.1051/0004-6361:20041865
https://doi.org/10.1051/0004-6361:20041865
https://doi.org/10.1111/j.1365-2966.2006.10256.x
https://doi.org/10.1111/j.1365-2966.2006.10256.x
https://doi.org/10.1111/j.1365-2966.2009.14940.x
https://doi.org/10.1111/j.1365-2966.2009.14940.x
https://doi.org/10.1093/mnras/stab115
https://doi.org/10.1111/j.1745-3933.2011.01147.x
https://doi.org/10.1111/j.1745-3933.2011.01147.x
https://doi.org/10.3847/2041-8213/ac05c5
https://doi.org/10.3847/2041-8213/ac05c5
https://doi.org/10.1038/s41550-021-01506-w
https://doi.org/10.3847/2041-8213/ac7530
https://doi.org/10.3847/2041-8213/ac7530
https://doi.org/10.1086/187647
https://doi.org/10.1086/187647
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://ui.adsabs.harvard.edu/abs/1994A%26A...281L...9M/abstract
https://doi.org/10.1086/303842
https://doi.org/10.1046/j.1365-8711.1998.01547.x
https://doi.org/10.1046/j.1365-8711.1998.01547.x
https://doi.org/10.1086/386300
https://doi.org/10.1086/386300
https://doi.org/10.3847/2041-8213/aa5b9e
https://doi.org/10.1093/mnras/stx3316
https://doi.org/10.1093/mnras/stx3316
https://doi.org/10.1093/mnras/sty1282
https://doi.org/10.3847/1538-4357/aae084
https://doi.org/10.3847/1538-4357/aacf9c
https://doi.org/10.3847/1538-4357/aacf9c
https://doi.org/10.1086/312537
https://doi.org/10.1093/mnras/staa3276
https://doi.org/10.1093/mnras/staa3276
https://doi.org/10.1111/j.1365-2966.2009.15715.x
https://doi.org/10.1088/0067-0049/197/2/15
https://doi.org/10.1088/0067-0049/197/2/15
https://doi.org/10.1088/0004-637X/758/2/103
https://doi.org/10.1088/0004-637X/758/2/103
https://doi.org/10.1088/0004-637X/775/2/87
https://doi.org/10.1088/0004-637X/775/2/87
https://doi.org/10.1088/0067-0049/216/2/35
https://doi.org/10.1088/0067-0049/216/2/35
https://doi.org/10.1016/j.ascom.2016.05.001
https://doi.org/10.1016/j.ascom.2016.05.001
https://doi.org/10.1093/mnras/staa1532
https://doi.org/10.1093/mnras/staa1532
https://doi.org/10.1093/mnras/stab3509
https://doi.org/10.1093/mnras/stab3509
https://doi.org/10.1093/mnras/stae057
https://doi.org/10.1093/mnras/stae057
https://doi.org/10.1088/0004-637X/806/2/205
https://doi.org/10.1088/0004-637X/806/2/205
https://doi.org/10.3847/1538-4357/ab2912
https://doi.org/10.3847/1538-4357/835/2/199
https://doi.org/10.3847/1538-4357/835/2/199
https://doi.org/10.1016/0021-9991(83)90136-5
https://doi.org/10.1137/0725021
https://doi.org/10.1111/j.1365-2966.2005.09546.x
https://doi.org/10.1111/j.1365-2966.2005.09546.x
https://doi.org/10.3847/0067-0049/225/2/22
https://doi.org/10.3847/0067-0049/225/2/22
https://doi.org/10.1103/PhysRevD.106.124041
https://doi.org/10.1103/PhysRevD.106.124041
https://doi.org/10.1103/PhysRevD.79.104029
https://doi.org/10.1103/PhysRevD.85.124037
https://doi.org/10.1103/PhysRevD.85.124037
https://doi.org/10.1103/PhysRevD.87.044026
https://doi.org/10.1103/PhysRevD.89.084043
https://doi.org/10.1103/PhysRevD.89.084043

BRIDGING RELATIVISTIC JETS FROM BLACK HOLE SCALES ...

PHYS. REV. D 109, 084070 (2024)

[75] M. Alcubierre, Introduction to 3+1 Numerical Relativity
(Oxford University Press, 2008), 10.1093/acprof:oso/
9780199205677.001.0001.

[76] T. W. Baumgarte, S. L. Shapiro, and J. Pullin, Phys. Today
64, No. 2, 49 (2011).

[77] M. Shibata, Numerical relativity, in /100 Years of General
Relativity (World Scientific Publishing Company Pvt.
Limited, Singapore, 2015).

[78] V. Mewes, Y. Zlochower, M. Campanelli, I. Ruchlin, Z. B.
Etienne, and T. W. Baumgarte, Phys. Rev. D 97, 084059
(2018).

[79] 1. Ruchlin, Z. B. Etienne, and T. W. Baumgarte, Phys. Rev.
D 97, 064036 (2018).

[80] V. Mewes, Y. Zlochower, M. Campanelli, T.W.
Baumgarte, Z.B. Etienne, F.G.L. Armengol, and F.
Cipolletta, Phys. Rev. D 101, 104007 (2020).

[81] W. Zhang and A. 1. MacFadyen, Astrophys. J. Suppl. Ser.
164, 255 (2006).

[82] E.F. Toro, M. Spruce, and W. Speares, Shock Waves 4, 25
(1994).

[83] M. Shibata and Y.-I. Sekiguchi, Phys. Rev. D 72, 044014
(2005).

[84] J. A. Font, Living Rev. Relativity 3, 2 (2000).

[85] P.C.-K. Cheong, A. T.-L. Lam, H. H.-Y. Ng, and T.G. F.
Li, Mon. Not. R. Astron. Soc. 508, 2279 (2021).

[86] C.F. Gammie, J. C. McKinney, and G. Téth, Astrophys. J.
589, 444 (2003).

[87] N. Bucciantini and L. Del Zanna, Astron. Astrophys. 528,
A101 (2011).

[88] J. A. Pons, J. A. Font, J. M. Ibanez, J. M. Marti, and J. A.
Miralles, Astron. Astrophys. 339, 638 (1998).

[89] L. Antén, O. Zanotti, J. A. Miralles, J. M. Marti, J. M.
Ibéiiez, J. A. Font, and J. A. Pons, Astrophys. J. 637, 296
(2006).

[90] J. M. Ibanez, M. A. Aloy, J. A. Font, J. M. Marti, J. A.
Miralles, and J. A. Pons, arXiv:astro-ph/9911034.

[91] F. Banyuls, J. A. Font, J. M. Ibafiez, J. M. Marti, and J. A.
Miralles, Astrophys. J. 476, 221 (1997).

[92] A. Harten, P. D. Lax, and B.v. Leer, SIAM Rev. 25, 35
(1983).

[93] S.C. Noble, C.F. Gammie, J. C. McKinney, and L. Del
Zanna, Astrophys. J. 641, 626 (2006).

[94] J. L. Synge and P. M. Morse, Phys. Today 11, No. 12, 56
(1958).

[95] A. Mignone, T. Plewa, and G. Bodo, Astrophys. J. Suppl.
Ser. 160, 199 (2005).

[96] A.H. Taub, Phys. Rev. 74, 328 (1948).

[97] D. Ryu, I. Chattopadhyay, and E. Choi, Astrophys. J.
Suppl. Ser. 166, 410 (2006).

[98] F. De Colle, J. Granot, D. Lopez-Camara, and E. Ramirez-
Ruiz, Astrophys. J. 746, 122 (2012).

[99] A. Mignone, J. Comput. Phys. 270, 784 (2014).

[100] R. Courant, K. Friedrichs, and H. Lewy, IBM J. Res. Dev.
11, 215 (1967).

[101] H. Bondi, Mon. Not. R. Astron. Soc. 112, 195 (1952).

[102] F. C. Michel, Astrophys. Space Sci. 15, 153 (1972).

[103] A.J. Miller and T. W. Baumgarte, Classical Quantum
Gravity 34, 035007 (2017).

[104] T. W. Baumgarte and S.G. Naculich, Phys. Rev. D 75,
067502 (2007).

[105] M. Hannam, S. Husa, F. Ohme, B. Briigmann, and N. o)
Murchadha, Phys. Rev. D 78, 064020 (2008).

[106] P. Colella and P. R. Woodward, J. Comput. Phys. 54, 174
(1984).

[107] X.-D. Liu, S. Osher, and T. Chan, J. Comput. Phys. 115,
200 (1994).

[108] G.-S. Jiang and C.-W. Shu, J. Comput. Phys. 126, 202
(1996).

[109] A. Suresh and H.T. Huynh, J. Comput. Phys. 136, 83
(1997).

[110] A. Tchekhovskoy, J. C. McKinney, and R. Narayan, Mon.
Not. R. Astron. Soc. 379, 469 (2007).

[111] R. C. Tolman, Phys. Rev. 55, 364 (1939).

[112] J. R. Oppenheimer and G. M. Volkoff, Phys. Rev. 55, 374
(1939).

[113] L. G. Fishbone and V. Moncrief, Astrophys. J. 207, 962
(1976).

[114] O. Porth, H. Olivares, Y. Mizuno, Z. Younsi, L. Rezzolla,
M. Moscibrodzka, H. Falcke, and M. Kramer, Comput.
Astrophys. Cosmol. 4, 1 (2017).

[115] K. Park, M. Ricotti, T. Di Matteo, and C.S. Reynolds,
Mon. Not. R. Astron. Soc. 437, 2856 (2014).

[116] https://youtu.be/71ZVnp05Xv4.

[117] B.P. Abbott, R. Abbott, T.D. Abbott, F. Acernese, K.
Ackley, C. Adams, T. Adams, P. Addesso et al., Astrophys.
J. Lett. 848, L12 (2017).

[118] R. Margutti et al., Astrophys. J. Lett. 856, L18 (2018).

[119] D. Lazzati, R. Perna, B. J. Morsony, D. Lopez-Camara, M.
Cantiello, R. Ciolfi, B. Giacomazzo, and J. C. Workman,
Phys. Rev. Lett. 120, 241103 (2018).

[120] K.D. Alexander et al., Astrophys. J. Lett. 863, L18
(2018).

[121] K. P. Mooley, A.T. Deller, O. Gottlieb, E. Nakar, G.
Hallinan, S. Bourke, D. A. Frail, A. Horesh, A. Corsi,
and K. Hotokezaka, Nature (London) 561, 355 (2018).

[122] E. Troja, H. van Eerten, G. Ryan, R. Ricci, J. M. Burgess,
M. H. Wieringa, L. Piro, S. B. Cenko, and T. Sakamoto,
Mon. Not. R. Astron. Soc. 489, 1919 (2019).

[123] G. Ghirlanda et al., Science 363, 968 (2019).

[124] G.P. Lamb et al., Astrophys. J. Lett. 870, L15 (2019).
[125] H. Nagakura, K. Hotokezaka, Y. Sekiguchi, M. Shibata,
and K. Toka, Astrophys. J. Lett. 784, L.28 (2014).

[126] K. Kawaguchi, K. Kyutoku, H. Nakano, H. Okawa, M.
Shibata, and K. Taniguchi, Phys. Rev. D 92, 024014 (2015).

[127] T. Dietrich and M. Ujevic, Classical Quantum Gravity 34,
105014 (2017).

[128] M. W. Coughlin, T. Dietrich, B. Margalit, and B.D.
Metzger, Mon. Not. R. Astron. Soc. 489, L91 (2019).

[129] C.J. Kriiger and F. Foucart, Phys. Rev. D 101, 103002
(2020).

[130] J. C. McKinney and C. F. Gammie, Astrophys. J. 611, 977
(2004).

[131] O. Bromberg, E. Nakar, T. Piran, and R. Sari, Astrophys. J.
740, 100 (2011).

[132] R. Harrison, O. Gottlieb, and E. Nakar, Mon. Not. R.
Astron. Soc. 477, 2128 (2018).

084070-27


https://doi.org/10.1093/acprof:oso/9780199205677.001.0001
https://doi.org/10.1093/acprof:oso/9780199205677.001.0001
https://doi.org/10.1063/1.3554318
https://doi.org/10.1063/1.3554318
https://doi.org/10.1103/PhysRevD.97.084059
https://doi.org/10.1103/PhysRevD.97.084059
https://doi.org/10.1103/PhysRevD.97.064036
https://doi.org/10.1103/PhysRevD.97.064036
https://doi.org/10.1103/PhysRevD.101.104007
https://doi.org/10.1086/500792
https://doi.org/10.1086/500792
https://doi.org/10.1007/BF01414629
https://doi.org/10.1007/BF01414629
https://doi.org/10.1103/PhysRevD.72.044014
https://doi.org/10.1103/PhysRevD.72.044014
https://doi.org/10.12942/lrr-2000-2
https://doi.org/10.1093/mnras/stab2606
https://doi.org/10.1086/374594
https://doi.org/10.1086/374594
https://doi.org/10.1051/0004-6361/201015945
https://doi.org/10.1051/0004-6361/201015945
https://doi.org/10.1086/498238
https://doi.org/10.1086/498238
https://arXiv.org/abs/astro-ph/9911034
https://doi.org/10.1086/303604
https://doi.org/10.1137/1025002
https://doi.org/10.1137/1025002
https://doi.org/10.1086/500349
https://doi.org/10.1063/1.3062345
https://doi.org/10.1063/1.3062345
https://doi.org/10.1086/430905
https://doi.org/10.1086/430905
https://doi.org/10.1103/PhysRev.74.328
https://doi.org/10.1086/505937
https://doi.org/10.1086/505937
https://doi.org/10.1088/0004-637X/746/2/122
https://doi.org/10.1016/j.jcp.2014.04.001
https://doi.org/10.1147/rd.112.0215
https://doi.org/10.1147/rd.112.0215
https://doi.org/10.1093/mnras/112.2.195
https://doi.org/10.1007/BF00649949
https://doi.org/10.1088/1361-6382/aa51fe
https://doi.org/10.1088/1361-6382/aa51fe
https://doi.org/10.1103/PhysRevD.75.067502
https://doi.org/10.1103/PhysRevD.75.067502
https://doi.org/10.1103/PhysRevD.78.064020
https://doi.org/10.1016/0021-9991(84)90143-8
https://doi.org/10.1016/0021-9991(84)90143-8
https://doi.org/10.1006/jcph.1994.1187
https://doi.org/10.1006/jcph.1994.1187
https://doi.org/10.1006/jcph.1996.0130
https://doi.org/10.1006/jcph.1996.0130
https://doi.org/10.1006/jcph.1997.5745
https://doi.org/10.1006/jcph.1997.5745
https://doi.org/10.1111/j.1365-2966.2007.11876.x
https://doi.org/10.1111/j.1365-2966.2007.11876.x
https://doi.org/10.1103/PhysRev.55.364
https://doi.org/10.1103/PhysRev.55.374
https://doi.org/10.1103/PhysRev.55.374
https://doi.org/10.1086/154565
https://doi.org/10.1086/154565
https://doi.org/10.1186/s40668-017-0020-2
https://doi.org/10.1186/s40668-017-0020-2
https://doi.org/10.1093/mnras/stt2096
https://youtu.be/71ZVnp05Xv4
https://youtu.be/71ZVnp05Xv4
https://doi.org/10.3847/2041-8213/aa91c9
https://doi.org/10.3847/2041-8213/aa91c9
https://doi.org/10.3847/2041-8213/aab2ad
https://doi.org/10.1103/PhysRevLett.120.241103
https://doi.org/10.3847/2041-8213/aad637
https://doi.org/10.3847/2041-8213/aad637
https://doi.org/10.1038/s41586-018-0486-3
https://doi.org/10.1093/mnras/stz2248
https://doi.org/10.1126/science.aau8815
https://doi.org/10.3847/2041-8213/aaf96b
https://doi.org/10.1088/2041-8205/784/2/L28
https://doi.org/10.1103/PhysRevD.92.024014
https://doi.org/10.1088/1361-6382/aa6bb0
https://doi.org/10.1088/1361-6382/aa6bb0
https://doi.org/10.1093/mnrasl/slz133
https://doi.org/10.1103/PhysRevD.101.103002
https://doi.org/10.1103/PhysRevD.101.103002
https://doi.org/10.1086/422244
https://doi.org/10.1086/422244
https://doi.org/10.1088/0004-637X/740/2/100
https://doi.org/10.1088/0004-637X/740/2/100
https://doi.org/10.1093/mnras/sty760
https://doi.org/10.1093/mnras/sty760

XIAOYI XIE and ALAN TSZ-LOK LAM PHYS. REV. D 109, 084070 (2024)

[133] https://youtu.be/JxXRIxhlwCs. [135] S.R. Kulkarni, arXiv:astro-ph/0510256.

[134] D. Lazzati, D. L6épez-Céamara, M. Cantiello, B. J. Morsony, [136] P. Mészaros, Rep. Prog. Phys. 69, 2259 (2006).
R. Perna, and J. C. Workman, Astrophys. J. Lett. 848, L6 [137] E. Berger, Annu. Rev. Astron. Astrophys. 52, 43 (2014).
(2017).

084070-28


https://youtu.be/JxXRlxhlwCs
https://youtu.be/JxXRlxhlwCs
https://doi.org/10.3847/2041-8213/aa8f3d
https://doi.org/10.3847/2041-8213/aa8f3d
https://arXiv.org/abs/astro-ph/0510256
https://doi.org/10.1088/0034-4885/69/8/R01
https://doi.org/10.1146/annurev-astro-081913-035926

