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Strong gravitational lensing produces multiple images of a gravitational wave (GW) signal, which can be
observed by detectors as time-separated copies of the same event. It has been shown that under favorable
circumstances, by combining information from a quadruply lensed GWwith electromagnetic observations of
lensed galaxies, it is possible to identify the host galaxy of a binary black hole coalescence. Comparing the
luminosity distance obtained through electromagnetic means with the effective luminosity distance inferred
from the lensed GW signal would then enable us to constrain alternative theories of gravity that allow for
modified GW propagation. Here we analyze models including large extra spatial dimensions, a running
Planck mass, and a model that captures propagation effects occurring in a variety of alternative theories to
general relativity. We consider a plausible population of lenses and binary black holes and use Bayesian
inference on simulated GW signals as seen in current detectors at design sensitivity, to arrive at a realistic
assessment of the bounds that could be placed. We find that, due to the fact that the sources of lensed events
will typically be at much larger redshifts, this method can improve over bounds from GW170817 and its
electromagnetic counterpart by a factor of ∼5 to Oð102Þ, depending on the alternative gravity model.
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I. INTRODUCTION

Since the first direct detection of gravitational waves
(GWs) in 2015, the field of GW physics has been
developing rapidly [1]. The network of two Advanced
LIGO detectors [2] and one Advanced Virgo detector [3]
has observed around 90 GW signals to date [4].
These observations have opened up several previously
unexplored research directions. For example, they have
led to enhanced tests of general relativity (GR) by provid-
ing access to the genuinely strong-field dynamics of
spacetime [5], provided a new method for probing the
expansion of the Universe [6], and contributed to a better
understanding of the formation channels of the binaries and
other astrophysical compact objects [7]. As the interfer-
ometers’ sensitivities improve and new detectors such as
KAGRA [8–11] and LIGO-India [12] join the network,
even more events will be observed.
The detector upgrades could enable the detection of

new phenomena, such as the gravitational lensing of
GWs [13–15]. The latter occurs when GWs experience
deflection due to a massive object, known as the lens, in
their path. Recent rate estimates suggest that GW lensing
can become detectable at the rate of Oð1Þ per year with

current detectors at design sensitivity [16–22]. If the
Schwarzschild radius of the lens is much larger than the
GW wavelength (i.e. when the geometric optics limit
applies), it can split the observed GW signal into multiple
copies, also referred to as the lensed images. Typically we
expect to see up to four images; a fifth image will generally
be strongly demagnified and difficult to detect [23]. This
phenomenon is called the strong lensing of gravitational
waves. The images reach the detector as repeated and time-
separated copies of the GW signals that only differ in their
amplitudes (due to being magnified/demagnified by the
lens), overall phases (due to image inversion along one or
two principal axes), and arrival times (as the images travel
along trajectories of different length) [24,25]. By contrast,
if the size of the lens is comparable to the wavelength of the
GW (referred to as the wave optics limit), the GW can
undergo frequency-dependent modulation [26–36].
Gravitational lensing has several interesting applications

in fundamental physics, cosmology, and astrophysics (for
example see Refs. [37–59]). Our work focuses on strong
lensing and its ability to test GW propagation beyond GR.
In particular, it enables tests of theories and models with
modified GW propagation. Here we will focus on three
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different (classes of) models: one which has large extra
spatial dimensions [60]; one where anomalous propagation
arises from a time-varying Planck mass [61]; and another
one proposed in [62] which captures propagation effects in
a number of alternative theories of gravity [63], and which
here we will refer to as Ξ parametrization. Recent studies
have already demonstrated that the latter can be tested using
strongly lensed events [64]. Here we provide a compre-
hensive assessment of the constraints that can be placed on
all of the above mentioned models, assuming realistic
distributions for the parameters characterizing the lenses
and the binary black holes, for second-generation GW
detectors at design sensitivity.
A strongly lensed GW source will have an improved

sky localization compared to a nonlensed source, as we
can observe the former multiple times with different
detector orientations [65–69]. Especially with four detect-
able images,1 we may be able to localize the source within
Oð1Þ square degrees [54,55]. When the GW source is
lensed, we can expect that the electromagnetic (EM)
radiation coming from its host galaxy is also lensed, as
is widely assumed in cosmography studies [70–74]. A joint
GWþ EM analysis can help locate the source’s host galaxy
once its location is narrowed down to a few square degrees
using only GW data. In this step, one reconstructs all the
lenses in the region provided by the GW data to find which
lens could best produce a GW quadruplet with properties
similar to the ones observed; the galaxy that is undergoing
lensing by this particular lens is then likely to be the host
galaxy of the GW event. This method was proposed and
studied in [54,55]. Once the host galaxy is known, a
dedicated spectroscopic or photometric follow-up can lead
us to the redshift of the source. By combining the source’s
redshift with a cosmological model, we can estimate the
source’s luminosity distance in a way that is unaffected by
the anomalous GW propagation [75]. In addition, we can
have another, independent measurement of the source’s
luminosity distance from the GW data, which could be
affected by anomalous propagation; by comparing the two
distances the anomaly can be discovered or bounded.
Let us denote by DEM

L the luminosity distance derived
from the EM redshift measurements and a cosmological
model, which we will refer to as the EM luminosity
distance. Similarly, let us write DGW

L for the luminosity
distance measured from the GW data when assuming an
amplitude falloff proportional to 1=DGW

L , and call it the GW
luminosity distance. In GR, DGW

L and DEM
L coincide, but in

alternative theories of gravity there can be a nontrivial
relationship between the two. This relationship will be
sensitive both to parameters associated with the devia-
tion from GR, and to the cosmological parameters. For
definiteness, in this work we will generally consider a

spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW)
Universe with cosmological constant and negligible radia-
tion density, in which case the cosmological parameters are
the Hubble constant H0, and the densities of matter and
dark energy relative to the critical density, respectively
denoted by Ωm and ΩΛ. For the purposes of this study, we
will fix Ωm and ΩΛ to their values from Planck 2018 [76],
whereas H0 will be left free. Note that in the relationship
between DGW

L and DEM
L there will be a degeneracy between

the deviation parameters and H0 [61]. Thus, bounds on the
deviation parameters will be determined by the prior infor-
mation we have from previous measurements on H0,
together with the measurement uncertainty on DGW

L . For
H0, we could in principle choose a fairly narrow prior range
informed by the Planck [77], SHoES [78], or other previous
measurements [79]. However, in our setting, information
about H0 can be obtained from the difference in times of
arrival of the GW images, together with lens reconstruction
through electromagnetic means, as explained in detail
in [55,80]. Since the latter will typically lead to wider
ranges for H0 compared to the previous H0 measurements,
our predictions for the bounds one can obtain on the
deviation parameters will be on the conservative side.
Studying modified propagation theories in the context of

strongly lensed and localized GW events, especially from
binary black hole (BBH) coalescences, is attractive,
because such events can be detected at a higher redshift
compared to binary neutron star (BNS) events. In the past,
modified propagation theories have been tested using
GW170817 [61,81–83], a signal from a BNS inspiral with
an identifiable EM counterpart [84,85]. However, by
cosmological standards, the GW170817 signal traveled
only a small distance before it reached the detectors, and in
modified propagation theories, the imprint of the deviation
tends to accumulate with distance. Other methods have
been proposed that exploit the population properties of
BBH coalescences observed with GWs [86–88]; since
BBHs can be detected out to larger distances, this enables
considerably improved bounds over the ones from
GW170817. Due to magnification, GWs from lensed
BBH events can potentially be seen out to redshifts
z ∼ 6 [16], so that more stringent constraints can be
expected also from this methodology. The aim of this
paper is to quantify the gain from GW lensing for the
different anomalous propagation scenarios considered.
The rest of the paper is structured as follows. In Sec. II,

we recall the basics of GW lensing. Modified propagation
theories are discussed in Sec. III, and our method for
constraining anomalous propagation through lensing is
described in Sec. IV. Results and comparisons with
measurements on GW170817 and other techniques are
presented in Sec. V. Finally, Sec. VI provides conclusions
and future directions. We work in the geometric unit system
so that the speed of light and the gravitational constant are
set to unity.

130% of strongly lensed events are predicted to be quad-
ruplets [22].
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II. GRAVITATIONAL-WAVE LENSING AND
DISTANCE MEASUREMENTS

To understand how strongly lensed GWs can be applied
to test theories with modified GW propagation, here we
briefly summarize the important elements of strong lensing
(for a detailed overview of GW lensing, see Ref. [13], and
to understand the localization aspects, see Refs. [54,55]).
We will assume that the GW is originating from a BBH
coalescence and that it is strongly lensed by a galaxy, one
of the most common configurations according to forecasts
[16,21]. In such a scenario, the geometric optics limit
applies, and multiple images of the GWs are produced.
Strong lensing introduces a magnification μi, a time

delay tdi , and an overall complex phase shift πni, called the
Morse phase, to each image. They modify the waveform as

hiLðf; θ⃗; μi; tdi ; niÞ ¼ jμij1=2ei2πftdi −iπnihðf; θ⃗Þ; ð1Þ

where hiL is the waveform associated with the ith lensed

image, hðf; θ⃗Þ is the waveform in the absence of lensing,
f is the frequency, and θ⃗ are the source parameters of
the binary. The magnifications, time delays, and Morse
phases can be calculated by solving the lens equation
if we have information about the source position and
lens properties.
Note that Eq. (1) implies that strong lensing does not

change the evolution of frequency as a function of time.
Since this frequency evolution is set by the masses and
spins of binary black holes, the way one searches for lensed
GWs is to compare measurements of these parameters
in subsets of all the detected events, requiring them to be
consistent for lensing to have occurred. In addition, there
should be consistency between the measured sky positions.
For technical details on the ways in which such searches are
performed and how statistical significance is established,
see Refs. [65–67,89–91].
If there is no complementary EM information avail-

able, it is not possible to disentangle the luminosity
distance and magnifications just using GW data, as both
only appear in the amplitudes of the images, and different
images have different magnifications that are a priori
unknown. For a given image we usually absorb the
magnification into an effective GW luminosity distance
Deff;i

L ¼ DGW
L =

ffiffiffiffiffiffiffijμij
p

. However, when EM information is
at hand the magnifications can, in principle, be separately
measured through lens reconstruction [92], at least for
quadruply lensed events.
Suppose we have detected multiple images of a strongly

lensed GW with a network of detectors. In this scenario,
due to Earth’s rotation in between the arrival of the different
images, the same event is observed multiple times with
different detector network orientations, allowing for high-
accuracy sky localization [65,67]. Since at least a portion
of the host galaxy of the BBH coalescence must itself

be lensed, one can then consider the strongly lensed
galaxies in the sky error box obtained from the GW
measurements [55]. For each of these one can use the
lensed EM image fluxes to reconstruct the profile of the
lens. By requiring consistency with the GW relative time
delays, relative magnifications, and Morse phases, one can
filter out incorrect lenses and in principle pinpoint the
correct lens and host galaxy. From spectroscopic or photo-
metric measurements, the redshift of the host galaxy can
be obtained. Moreover, for quadruply lensed events, the
relative time delays of the GW images together with the EM
reconstruction of the now identified lens enable measure-
ment of the absolute magnifications μi [55]. Combined
with GW measurements of Deff;i

L for the different images,
this leads to a measurement of DGW

L .
From the expressions in e.g. [93], the significance of

having four images can be understood as follows. Let β and
θi (i ¼ 1; 2;…; N) be the angular coordinates on the sky of,
respectively, the source displacement from the line of sight
to the lens, and the image positions, with N the number
of images. To obtain DGW

L from the Deff;i
L , one needs the

magnifications

μi ¼ ½1= det ð∂β=∂θÞ�θ¼θi
: ð2Þ

For N ¼ 4, β and θi (each being two-dimensional) together
constitute ten unknowns. As it turns out, ratios of relative
time delays only depend on β and θi, and for four images,
there are two independent ones, e.g. Δt12=Δt13 and
Δt12=Δt14, whose measurement then provides two con-
straints on the unknowns. The four image locations are
extrema of the Fermat potential ϕðθ; βÞ, i.e. ∇θϕðθi; βÞ ¼ 0
for i ¼ 1;…; 4; assuming that ϕðθ; βÞ has been obtained
through electromagnetic lens reconstruction, these yield
another eight constraints. This is enough information to
solve for β and θi, and hence to obtain the magnifications μi
through Eq. (2). ForN < 4, it is still possible to arrive at the
μi, but one will then need to also rely on the measured
relative magnifications μi=μj to solve for β and θi.
However, relative magnifications usually come with size-
able errors (see e.g. [65]), making N ¼ 4 the more
interesting case for our purposes.
The details about the EM follow-up and its feasibility

are documented in [55,54]. In particular, though Galaxy
catalogs are limited in redshift, once a lensed GWevent has
been identified, dedicated EM follow-ups can be done
using e.g. Euclid. Here we consider a scenario where a
quadruply lensed GW has already been detected and the
host galaxy and lens have been identified and characterized,
from which we obtain a measurement of DGW

L as well as a
source redshift. By combining the redshift measurement
with a cosmology we obtain DEM

L . The two distance
measurements, DGW

L and DEM
L , are then used to test the

modified propagation theories.
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In this work, for definiteness we will assume a flat
FLRW universe, in which case one has

DEM
L ¼ ð1þ zsÞ

H0

Z
zs

0

dz0

Eðz0Þ ; ð3Þ

where zs is the redshift of the host galaxy, and EðzÞ≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þΩΛ

p
; here Ωm and ΩΛ are the matter and

dark energy density parameters, and H0 is the Hubble
constant.
To simulate strongly lensed GWs, we follow [16] and

sample BBHs from a POWERLAW+PEAK distribution [94],
strongly lensed by a population of Galaxy lenses following
the SDSS Galaxy catalog [95]. Our network of detectors
consists of the two Advanced LIGO interferometers [2],
Advanced Virgo [3], KAGRA [11] and LIGO-India [12],
all at design sensitivity. The noise curves of all detectors are
implemented using the bilby.gw.detector module
of the BILBY (version 1.2.1) software package [96]. The
events with network signal-to-ratio (SNR) above 8 are
considered detected [97]. We then estimate the parameters
of the simulated events using GOLUM [65,66], which gives
us the effective/measured luminosity distances of each
image Deff;i

L as well as the arrival times. Typically, lens
modeling errors and substructure effects will lead to an
error budget for the magnification estimates, with ∼10%
standard deviation being a reasonable estimate [54,55].
Thus, for each GW measurement, we assume that the
magnification posterior derived from the EM band is given
by pðμijd⃗EMÞ ¼ N ðμijμtruei ; σμÞ, where d⃗EM are the data
associated with the EM observations, andN ðμijμtruei ; σμÞ is
a normal distribution centered around the true magnifica-
tion value μtruei of each image i, with a 10% standard
deviation for σμ. Doing so allows us to disentangle the
intrinsic DGW

L and magnification from Deff;i
L . For the

remainder of the discussion, we assume that the intrinsic
GW luminosity distance, DGW

L , has been estimated through
this procedure.

III. MODIFIED PROPAGATION THEORIES

As explained above, our tests of modified theories
of gravity will be based on a comparison between the
reconstructed DGW

L and the luminosity distance DEM
L

obtained by electromagnetic means.2 In the specific modi-
fied gravity models we consider—large extra dimensions,

Ξ-parametrization, and varying Planck mass—there is a
nontrivial relationship between these two quantities, which
will depend on the parameter(s) related to the deviation from
GR and on the cosmological parameters. Let us briefly recall
what these relationships look like for our three models.

A. Large extra spatial dimensions

In theories of gravity with large extra dimensions, there
is the possibility of some energy of the GWs leaking into
them [82,103,104], while EM radiation is confined to the
usual three spatial dimensions. This would make the
detected signal appear weaker, leading to larger measured
values for DGW

L than would otherwise be the case. For
definiteness, we will work with the following simple
phenomenological ansatz for the relation between DGW

L
and DEM

L , based on conservation of integrated flux [60]:

DGW
L ¼ ðDEM

L ðzs; H0ÞÞD−2
2 ; ð4Þ

where D is the number of spacetime dimensions and zs is
the source redshift. We will allow D be a real number,
with the GR valueD ¼ 4 as a fiducial value. An illustration
of the effect of extra dimensions on a GW waveform is
given in the top panel of Fig. 1.

B. Ξ parametrization

Another parametrization was proposed in [62], where the
link between DGW

L and DEM
L is expressed as

DGW
L ¼ DEM

L ðzs; H0Þ
�
Ξ0 þ

1 − Ξ0

ð1þ zsÞn
�
: ð5Þ

The free parameters of the model are ðΞ0; nÞ. This para-
metrization is phenomenological in nature, but as shown
in [63] it can be related to a large class of modified gravity
theories, including Horndeski [105] theories, degenerate
higher order scalar-tensor theories (DHOST) [106], and
theories with nonlocally modified gravity [107–109].
When z ≪ 1, DGW

L ≃DEM
L . Therefore, similar to the extra

dimension theories, we expect to observe a departure from
GR only at large distances (z≳ 1). For GR, Ξ0 ¼ 1 and n is
degenerate. In Fig. 1, middle panel, one can see an
illustration of the effect of this modified propagation theory
on the observed GW signal.

C. Time-varying Planck mass

A time-varying Planck mass is another possible cause for
modified GW propagation. Following [61], the relation
between DGW

L and DEM
L can be expressed as

DGW
L ðzÞ ¼ DEM

L ðzs; H0Þ

× exp

�
cM
2ΩΛ

ln
1þ zs

ðΩmð1þ zsÞ3 þΩΛÞ1=3
�
; ð6Þ

2Here we will focus exclusively on anomalous propagation
affecting the amplitude of GWs, but for models that lead to
dispersion, the effect on the GW phasing of BBH signals has
been used to place very stringent constraints [1,5,98–101]. In
addition, the difference between the times of arrival of
GW170817 and the associated gamma ray burst has enabled
strong constraints on differences between the speed of gravita-
tional waves and the speed of light [102].
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where cM is a constant that relates the rate of change of the
Planck mass with the fractional dark energy density in the
Universe; for details, see Ref. [61] and references therein.
For GR, cM ¼ 0. The bottom panel of Fig. 1 illustrates the
change in a GW signal in the non-GR case.

IV. METHOD

In this section, we provide a more detailed outline of our
method to measure the parameters characterizing the
deviation for each case discussed in Sec. III.
We want to measure the deviation parameters given the

GW data (d⃗GW) and the EM data (d⃗EM) associated with a
strongly lensed GW with quadruple images whose host
galaxy has been determined. Let us denote the deviation
parameters in all generality by θ⃗MGR. What we want to
obtain is pðθ⃗MGR; H0jd⃗GW; d⃗EMÞ, the posterior probability
distribution of the deviation parameters and the Hubble
constant given the observed data. (As explained in the
Introduction, other cosmological parameters are given
definite values.) Using Bayes’ theorem, we can write

pðθ⃗MGR; H0jd⃗GW; d⃗EMÞ

¼ pðθ⃗MGR; H0Þpðd⃗GW; d⃗EMjθ⃗MGR; H0Þ
Z

; ð7Þ

where H0 is the Hubble constant; pðθ⃗MGR; H0Þ the prior
probability distribution for θ⃗MGR and H0; pðd⃗GW; d⃗EMj
θ⃗MGR; H0Þ the likelihood function; and Z the evidence,
whose value follows from the requirement that the posterior
probability distribution be normalized. The prior distribu-
tions for θ⃗MGR are specified in Table I. We have chosen
uninformative priors on each of the θ⃗MGR parameters in
order to not favor any specific value. The ranges of the prior
are chosen following the previous studies on constraining
the θ⃗MGR [61,81,83]. As explained in the Introduction,
for H0 we could in principle choose a relatively narrow
prior range based on the Planck [77], SHoES [78], or other
existing measurements [79]. Instead, we make the more
conservative choice of using as a prior the posterior
distribution for H0 obtained from the differences in time
of arrival of the GW images, together with lens
reconstruction through electromagnetic means. For details
we refer to [55,80]; here we confine ourselves to recalling
that what is obtained from observations is the so-called time
delay distance DΔt, which is related to H0 through

DΔtðzl; zs; H0Þ ¼
R zs
0 dz0=Eðz0ÞR
zs
zl
dz0=Eðz0ÞD

EM
L ðzs; H0Þ: ð8Þ

Here zl and zs are respectively the lens and the source
redshift, and EðzÞ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ωmð1þ zÞ3 þ ΩΛ
p

. If DΔt is mea-
sured, we can estimateDEM

L since we assume that zl and zs
are known from the EM follow-up observations. Using the
DEM

L measurement, H0 can be estimated through Eq. (3).
DΔt can be measured by performing lens reconstruction;
however, owing to the computational complexity and cost,
we skip the lens construction step. We assume that the
observed value of DΔt follows a Gaussian distribution
with a 10% standard deviation. To allow for an offset
in the observation, we pick the mean of this distribution
from another Gaussian distribution with a 10% standard
deviation which is centered at the true value. The 10%
error assumed in the measurement of DΔt is motivated by
the results of [55]. We translate the measurement of DΔt
into the measurement of DEM

L using Eq. (8). Using the
value of DEM

L together with Eq. (3), we construct the prior
for H0.

TABLE I. Deviation parameter(s) for each theory and the
corresponding prior probability distributions used in our analyses.

Theory Parameter Priors

Large extra dimension D Uniform (3, 5)

Ξ parametrization Ξ0 Log uniform (0.01, 100)
n Uniform (0, 10)

Running Planck mass cM Uniform (−150, 150)

FIG. 1. The effect on the frequency domain GW signal in each of
the modified propagation models assuming different amounts of
deviations from GR denoted by different colors. In these examples,
the GW source is assumed to be at ∼5 Gpc, and the rest of the
source parameters are similar to those of GW150914 [1]. For the
running Planck mass model, the deviation is absolute since one has
cM ¼ 0 in GR. For large extra dimensions and Ξ parametrization,
we consider percentage deviation in the parameters D and Ξ0,
taking the fiducial values to beD ¼ 4 and Ξ ¼ 1, respectively. For
the Ξ parametrization, we arbitrarily choose n ¼ 1 here, though in
our subsequent analyses it will be a free parameter.
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To calculate the likelihood pðd⃗GW; d⃗EMjθ⃗MGR; H0Þ, we
first express it as

pðd⃗GW; d⃗EMjθ⃗MGR; H0Þ

¼
Z

dθ⃗dzspðd⃗GWjθ⃗Þpðd⃗EMjzsÞ

× pðθ⃗jzs; θ⃗MGR; H0Þpðzsjθ⃗MGR; H0Þ; ð9Þ

where θ⃗ denotes the GW source parameters, pðd⃗GWjθ⃗Þ
and pðd⃗EMjzsÞ are the likelihoods of the GW and EM
data respectively, and zs is the source redshift. pðθ⃗jzs;
θ⃗MGR; H0Þ and pðzsjθ⃗MGR; H0Þ are the priors on the GW
source parameters and redshift.
Since we assume that the host galaxy has been localized,

the true source redshift zs is known. Recent studies have
shown that the spectroscopic redshift of the source can be
measured to a subpercent accuracy [110]. Therefore, we
neglect the error on the measurement of zs so the term
pðd⃗EMjzsÞ becomes a Dirac delta function centered on zs,
reducing Eq. (9) to

pðd⃗GW; d⃗EMjθ⃗MGR; H0Þ

¼
Z

dθ⃗pðd⃗GWjθ⃗Þpðθ⃗jzs; θ⃗MGR; H0Þpðzsjθ⃗MGR; H0Þ:

ð10Þ

To estimate the GW likelihood pðd⃗GWjθ⃗Þ, we perform
Bayesian parameter inference using nested sampling [111]
for the first image. Subsequently we use GOLUM [65,66]
to speed up Bayesian parameter inference for the other
images. GOLUM can rapidly analyze lensed images by using
the posterior samples of the first image as prior for the
subsequent images, as the source parameters for each of the
four images are expected to be the same, apart from relative
magnifications, rigid phase offsets, and differences in time
of arrival.
Once we have the GW likelihood, we perform the

integration over the θ⃗ for all parameters except the
luminosity distance DGW

L , yielding

pðd⃗GW; d⃗EMjθ⃗MGR; H0Þ

¼
Z

dDGW
L pðd⃗GWjDGW

L ÞpðDGW
L jzs; θ⃗MGR; H0Þ

× pðzsjθ⃗MGR; H0Þ: ð11Þ

The prior pðDGW
L jzs; θ⃗MGR; H0Þ reduces to a Dirac

delta function as we exactly know DGW
L given the

values of zs, θ⃗MGR, H0 and the modified gravity model
[Eqs. (4), (5) and (6)]. Therefore, integrating with respect to
DGW

L leads to

pðd⃗GW; d⃗EMjθ⃗MGR; H0Þ ¼ pðd⃗GWjDGW
L Þpðzsjθ⃗MGR; H0Þ:

ð12Þ

Substituting Eq. (12) into Eq. (7), we can obtain the
posterior distributions for θ⃗MGR and H0. The above
derivation is performed for one of the images of the
quadruplet. To combine the information from multiple
images and obtain the joint posterior on θ⃗MGR, we need
to express the distance likelihood pðd⃗GWjDGW

L Þ in Eq. (12)
as a joint likelihood:

pðd⃗GWjDGW
L Þ ¼

Y3
i¼0

pðd⃗GW;ijDGW
L Þ; ð13Þ

where d⃗GW;i refers to the GW data from image i.
In what follows, we assume binary black hole coales-

cences with component mass distributions drawn from the
POWERLAW+PEAK in [94]. Our GW waveform model is
IMRPHENOMXPHM [112], with black hole spin magnitudes
distributed uniformly between 0 and 1, and spin directions
uniformly on the sphere. The distribution of the redshifts
of the BBH and the galaxy lenses (modeled as singular
power law isothermal ellipsoids with external shear) is
obtained from [16]. The fiducial values of θ⃗MGR are equal
to their GR values. The fiducial value of the Hubble
constant is H0 ¼ 67.4 km s−1 Mpc−1, and Ωm ¼ 0.315.
The lensed GWs were analyzed using GOLUM [65,66]
and DYNESTY [113] to produce the DGW

L posteriors along
with other source parameters. Our detector network con-
sists of two LIGO [2], the Virgo [3], the KAGRA [11], and
the LIGO-India [12] detectors where the detection thresh-
old on the network SNR is 8. Results obtained using lensed
events will be compared with what can be obtained from
the GW observation of the BNS merger GW170817
together with its host galaxy identification [114]. For
GW170817, we use the DGW

L posterior sample from the
corresponding data release [115]. For this event we cannot
construct the prior on H0 for GW170817 using the method
which we used for lensed events; therefore we use Planck
2018 [76] results when analyzing it.

V. RESULTS

Before diving into the full parameter estimation
results, we first look into how the relative difference Δ ¼
jDGW

L −DEM
L j=DEM

L varies as a function of zs and θ⃗MGR, to
help us understand how large the imprint of various
deviations will be. Values for Δ are indicated by the color
coding in Fig. 2. Here DEM

L is calculated for a range of
values for redshift (horizontal axis), and DGW

L is computed
using Eqs. (4)–(6) for a variety of (relative) deviation
parameters (vertical axis). If Δ is small (dark regions), there
may only be a negligible imprint in the departure from GR
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even if the deviation parameter differs significantly from its
GR value. In the light regions, we have a better chance of
observing a deviation from GR if it is present.
The green vertical line shows the measured redshift of

the host galaxy of GW170817 (z ≃ 0.009783 [116,117]).

For the extra dimensions model, the line is mainly in the
light region, making the imprint of the deviation relatively
large even for relatively small departures from the fiducial
value of D ¼ 4. However, for the given ranges of the Ξ0

and cM parameters, GW170817 stays mostly in the dark
regions, making it more difficult to find the corresponding
deviations from GR. In the latter two cases, higher redshifts
than that of GW170817 are needed to have significantly
better bounds on Ξ0 and cM, and this is what GW lensing
will provide.
In Fig. 3, we present the results obtained from a detailed

simulation, as explained in the previous section. We
consider a total of 55 GW events for the analysis.3

Each dot in Fig. 3 corresponds to a simulated strongly
lensed GWevent with quadruple images, at a given source
redshift (horizontal axis), analyzed as described in
Sec. IV. The true values of deviation parameters are set
equal to their GR values. The vertical axis indicates the
90% confidence intervals for relative deviations in D (top)
and Ξ0 (center), and for the absolute deviation in cM
(bottom), as the latter parameter is zero in GR. Since in the
Ξ parametrization, the parameter n is unconstrained when
Ξ0 equals its fiducial value of 1, we do not show results for
it here, though it was treated as a free parameter in our
measurements. Finally, the color coding shows the com-
bined SNR from the four images, i.e. the quadrature sum
of the SNRs of the individual images. Also included are
results from GW170817.
The results are in qualitative agreement with Fig. 2. In

particular, for Ξ0 and cM the advantage of being able to
access higher redshifts is clearly in evidence, with bounds
improving over those of GW170817 by factors of up to
Oð10Þ and Oð100Þ, respectively. By contrast, the bounds
on D improve by up to a factor of ∼5. The differences in
improvement can be explained by the qualitative predic-
tions of Fig. 2 where Δ follows a steep gradient for Ξ0

(center) and cM (bottom) but a shallow one for D (top).
We note that for the strongly lensed events in our catalog,

the combined SNR from the four images tends to be
higher than that of GW170817, which can also improve the
measurement accuracy on DGW

L and θ⃗MGR. Indeed, the
measurement of the parameters is done using combined
information from the different images, increasing the
effective SNR used to infer the parameters values.
However, in Fig. 3 we observe that lensed events with
SNR similar to GW170817 (which was ≃32.4 [84]) can
measure the θ⃗MGR more accurately compared to the latter as
the lensed events are placed at high redshifts. Therefore, an
increment in the distance made accessible by strong lensing

FIG. 2. The fractional difference Δ≡ jðDGW
L −DEM

L Þ=DEM
L j

(color) between DGW
L and DEM

L as a function of source redshift
(horizontal axis) and deviation parameter (vertical axis). The
δD=D (top panel) and δΞ0=Ξ0 (middle) refer to changes in
respectively D and Ξ0 relative to their fiducial values D ¼ 4 and
Ξ0 ¼ 1 (with n ¼ 1 for the latter case), whereas for cM (bottom
panel) we use the value of the parameter itself. In the light (dark)
regions the impact of the deviation parameter on the relation
between DGW

L and DEM
L is larger (smaller). At the redshift of

GW170817 (green vertical line), for the Ξ parametrization and
varying Planck mass, Δ is smaller than at high redshifts, already
suggesting that strong lensing measurements, which access the
high-redshift regime, are likely to lead to better constraints on
these deviation parameters. On the other hand, the effect of extra
dimensions is less sensitive to redshift, and measurements of D
are not expected to improve as much as for the other two cases.

3Note that we do not expect to see this many quadruply lensed
events until the third-generation detector era; nor do we combine
information from multiple simulated lensed events. Our aim here
is to explore the diversity of scenarios one might encounter for
single quadruply lensed GW.
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is indeed the dominating factor in the improvement of
measurement accuracies.
For the Ξ parametrization, bounds we obtain from our

simulated lensed events are consistent with the results
of Finke et al. [64]. Let us also make a comparison
with existing bounds from actual measurements. We have
already mentioned the improvements of bounds from
lensing with respect to measurements done with
GW170817. In Mastrogiovanni et al. [81], bounds were
obtained for the three models considered here, by combin-
ing information from GW170817 and its EM counterpart
with information from the BBH signal GW190521, in the
latter case assuming that a particular EM flare observed by
the Zwicky Transient Factory (ZTF) [118] was associated
with the BBH merger. Since GW190521 originated at a
redshift of ≃0.8 [119], adding this event brings the bounds
on deviation parameters closer to what we find for lensed
events; for example, they report δΞ0=Ξ0 ≲ 3–10 depending
on assumptions made, to be compared with the bounds in
Fig. 3.4 When specific alternative theories of gravity are
assumed, studies based on the Cosmic Microwave
Background and large structure formation can lead to
bounds on cM that are similar to the ones for lensed
events; see e.g. [121] and the discussion in [61]. Finally,
methods have developed that exploit the observed pop-
ulation properties of binary black hole coalescences using
gravitational wave data only, in terms of e.g. redshift and
mass distributions [86–88]. Depending on the assumptions
made, these can be competitive with bounds on anomalous
GW propagation that we project for lensed GWevents with
host galaxy identification.
Finally, though we did not perform simulations for GR

violating lensed GW events, it seems reasonable to assume
that the bounds we find on relevant parameters will be
indicative of how large a GR violation would need to be in
each of the three models in order to be detectable.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

Strong lensing of GWs could be detected in the near
future, and there are various applications to be developed
thanks to the additional information it can provide. Here we
have focused on the fact that, under favorable circum-
stances, a quadruply lensed GW event together with EM
observations can enable the identification of the host galaxy
of a BBH event. In turn, this opens up the possibility of
constraining alternative theories of gravity that predict
anomalous GW propagation, by comparing the luminosity
distance DEM

L that is obtained electromagnetically with the
luminosity distance DGW

L obtained from the GW if the
amplitude of the latter is assumed to be proportional to
1=DGW

L . Three heuristic relationships between DGW
L and

FIG. 3. 90% confidence intervals for measurements of δD=D,
δΞ0=Ξ0 (defined as in Fig. 2) and cM. The dots refer to results from
quadruply lensed events, whose source redshifts can be read off
from the horizontal axis; in each case the colors indicate the
combined SNRs from the four images. The triangle indicates
bounds from GW170817. Even lensed events with combined SNR
similar to that of GW170817 (which was ≃32.4) yield consid-
erably better constraints on deviation parameters, again under-
scoring the benefit of being able to access the high-redshift regime.

4However, it should be noted that the association of
GW190521 with the EM flare of [118] is by no means conclusive;
see e.g. [120].
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DEM
L were considered, motivated by large extra spatial

dimensions, a variable Planck mass, and the so-called Ξ
parametrization which captures anomalous propagation
effects in a variety of alternative theories.
To study what kinds of constraints can be put on these

non-GR models using lensed GW events, we set up an
extensive simulation, making use of realistic lens and BBH
source populations to arrive at plausible distributions for
the properties of quadruply lensed events. We performed
Bayesian inference on each of the simulated GW events to
obtain posterior density distributions for their parameters.
Due to the associated computational complexity and cost,
we did not directly perform lens reconstruction, but instead
assumed Gaussian probability distributions for image
magnification measurements used in the reconstruction
of DGW

L , as well as for reconstructed electromagnetic
luminosity distances, with widths informed by current
astrophysical expectations [54,55]. The latter aspect is
something we aim to treat in more depth in a future study.
Similarly, the relation between DGW

L and DEM
L involves

cosmological parameters; in this work we only letH0 be a
free parameter, but the effect of uncertainties in the other
parameters is also worth investigating. On the other hand,
in this study we used as a prior onH0 the posterior density
distribution obtained from time delay measurements and
lens reconstruction, which is typically considerably wider
than the ranges for H0 obtained from either Planck or
SHoES [55]. Because of the degeneracy between H0 and
the deviation parameters, bounds on the latter are to a
large extent set by the prior range of H0 [61], which
pushes our constraints on alternative theories toward the
conservative side.5

The indicator of deviation from GR on the GW signal in
all three cases—larger extra dimensions, Ξ parametrization,
and time-varying Planck mass—is the change in the
amplitude of the signal (Fig. 1). The magnitude of change
varies from one case to another, raising the possibility that a
strong deviation from GR in one model (Ξ parametrization,
for example) is detected as a weak deviation in other
models (larger extra dimensions and time-varying Planck
mass). However, in our work, we have not considered the
possibility of model misclassification; this we leave for
future work.
Comparing with results from GW170817 and its EM

counterpart (for which we did use the much more narrow
H0 prior from Planck 2018 [76]), we clearly see the effect
of strongy lensed GWs from BBH typically originating
from much higher redshifts. The latter improves the

measurability of anomalous propagation, since it increases
with distance. In the case of extra dimensions, modest
gains by up to a factor of ∼5 are seen, but for the Ξ
parametrization this becomes Oð10Þ, and for cM as much
as Oð100Þ.
Previous GW-based measurements on anomalous propa-

gation models [61,62,81–83] have utilized GW170817
with its EM counterpart (and GW190521 under the
assumption that an EM flare seen by ZTF was an
EM counterpart to this BBH event). Until the advent of
third-generation GW observatories such as the Einstein
Telescope [122–124] and Cosmic Explorer [125,126], GW
signals from binary neutron star inspirals will only be seen
to redshifts z ≪ 1 [127], and the definitive identification of
transient EM counterparts to stellar mass BBH events may
remain elusive. Other methods based on the population
properties of binary black holes inferred from GW data
alone have been shown to considerably improve over
bounds from multimessenger observations of GW170817
[86–88]. What we have demonstrated here is that a single
fortuitous discovery of a quadruply lensed GW event in
conjunction with EM observations of lensed galaxies may
give access to the high-redshift regime, again enabling
significantly stronger constraints on models of anomalous
GW propagation.
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