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Many articles have partially studied the configuration of eccentric orbital binary black hole (BBH)
mergers. However, there is a scarcity of systematic and comprehensive research on the effect of eccentricity
on BBH dynamics. Thanks to the rich and numerous numerical relativistic simulations of eccentric orbital
BBH mergers from Rochester Institute of Technology catalog, this paper aims to investigate the impact of
initial eccentricity e0 on various dynamic quantities such as merger time Tmerger, peak luminosity Lpeak of
gravitational waves, recoil velocity Vf, massMf , and spin αf of merger remnants. We cover configurations
of no spin, spin alignment, and spin precession, as well as a broad parameter space of mass ratio ranging
from 1=32 to 1 and initial eccentricity from 0 to 1. For nonspinning BBH with an initial coordinate
separation of 11.3M (M is the total mass of BBH), we make the first discovery of a ubiquitous oscillation in
the relationship between dynamic quantities Lpeak, Vf , Mf, αf, and initial eccentricity e0. Additionally, at
24.6M, we observe the same oscillation phenomenon in the case of mass ratio q ¼ 1 but do not see it in
other mass ratios, suggesting that this oscillation will be evident in numerical simulations with sufficiently
dense initial eccentricity. By associating the integer numbers of the orbital cycle of Norbits with the peaks
and valleys observed in the curves depicting the relationship between the dynamic quantities and the initial
eccentricity, we reveal the significant oscillatory behavior attributed to orbital transitions. This discovery
sheds light on the presence of additional orbital transitions in eccentric BBHmergers, extending beyond the
widely recognized transition from inspiral to plunge. We perform an analysis to understand the different
behaviors exhibited by the dynamic quantities and attribute them to variations in the calculation formulas.
Furthermore, we demonstrate that finely adjusting the initial eccentricity can lead to the remnant black hole
becoming a Schwarzschild black hole in the case of spin alignment. In a comprehensive analysis that
surpasses previous studies by encompassing cases of no spin, spin alignment, and spin precession, we
reveal consistent variations in the correlation between dynamic quantities and initial eccentricity, regardless
of the presence of spin. This discovery underscores the universality of the impact of eccentricity on BBH
dynamics and carries profound implications for astrophysical research.
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I. INTRODUCTION

Since the groundbreaking detection of the gravitational
wave event GW150914 in 2015 [1], gravitational wave
astronomy has entered a transformative era. Over time,
gravitational wave detection has evolved into a routine
practice. Ground-based gravitational wave detectors,
namely LIGO [2], Virgo [3], and KAGRA [4] (collectively
known as LVK), have successfully observed and recorded

93 gravitational wave events [5]. These events encompass a
variety of sources, including binary black holes (BBHs),
black-hole-neutron-star (BHNS) systems, and binary neu-
tron star (NSNS) systems.
Since its breakthrough in solving the BBH merger

problem [6–8], numerical relativity (NR) has delved into
deeper corners of the BBH parameter space. This technique
has explored various scenarios, including systems with no
spin, spin alignment, spin precession, eccentric orbits, and
extreme mass ratios. However, most of the existing research
in NR and gravitational wave detection has primarily
focused on circular orbits. This emphasis on circularization
is due to the gravitational wave radiation’s circularizing
effect [9,10], which eventually leads to BBHs formed
through the evolution of isolated binary stars in galaxy
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fields having circular orbits. These events of BBH mer-
gers in circular orbits represent the primary targets for
ground-based gravitational wave detectors such as LVK.
Nevertheless, there are several mechanisms through which
BBHs can acquire nonzero eccentricity before merging. In
dense regions like globular clusters [11–18] and galactic
nuclei [13,19–25], BBHs can gain eccentricity through
processes [26] such as double-single interactions [27,28],
double-double interactions [29,30], and gravitational cap-
ture [19,31]. Additionally, in three-body systems [32]
involving binary objects orbiting a supermassive black
hole, the eccentricity of the inner binary can undergo
oscillations due to the Kozai-Lidov mechanism [32–39].
These eccentric BBHs become detectable once they enter
the frequency band of gravitational wave detectors. An
example is the GW190521 event [40], which is con-
sidered a possible BBH merger with high mass and high
eccentricity (e ¼ 0.69þ0.17

−0.22 ) [41,42]. With the continuous
improvement in detector sensitivity, future ground-based
gravitational wave detectors like the Einstein Telescope
[43] or the Cosmic Explorer [44] are expected to detect an
increasing number of eccentric BBH mergers.
Analytical relativity offers various methods to study

the dynamics of BBH mergers, such as post-Newtonian
(PN) [45], effective one body [46,47], and black hole
perturbation theory (BHPT) [48]. These analytical
approaches are effective in describing the early adiabatic
inspiral phase of BBHs.However, they fall short in capturing
the extreme relativistic and nonlinear strong field dynamics,
including the plunge and merger stages. To understand
these crucial phases, we must rely on NR. During the past
decades, several NR collaborations, such as Simulating
eXtreme Spacetimes (SXS) [49,50], Rochester Institute of
Technology (RIT) [51–54], bi-functional adaptive mesh
(BAM) [55–57], and MAYA [58,59], have conducted
numerous simulations of binary compact objects. They have
made their simulation catalogs publicly available, contrib-
uting significantly to the field.
Modeling dynamical quantities such as peak luminosity,

recoil velocity, remnant mass, and spin of BBH mergers
carries significant astrophysical implications. However, due
to the complexity of eccentric orbits, most articles that
model these dynamical quantities mainly focus on circular
orbits. In the case of precession, Ref. [60] employed the
Gaussian process regression (GPR) method to model the
peak luminosity. Early estimations of recoil velocity
relied on analytical approximation methods, including
PN [61,62], effective one body [63], and closed limit
approximation [64]. Nowadays, more methods involve
direct fitting of formulas with NR data [65–72].
Similarly, for the mass and spin of the remnant, fitting
formulas with NR data [65–67,73–78], analytical approx-
imations [79], and GPR [80,81] are the commonly used
methods. Regarding NR simulations of eccentric orbits,
there are currently limited open-source catalogs available,

primarily including SXS [82], MAYA [59], and RIT [83].
The fourth release of RIT extends simulations to eccentric
orbits, covering a wide parameter space [54]. To date, only
a few studies have explored the dynamic quantities in
eccentric orbits, and most of them are qualitative in nature.
These studies include investigating the influence of eccen-
tricity on recoil velocity from a PN perspective [84],
analyzing the transition from inspiral to plunge in eccentric
orbit [85], studying orbital circularization [86], examining
the recoil, mass and spin of remnant in low eccentricity
orbits by NR [87], exploring kick enhancement caused by
eccentricity [88], and investigating anomalies in recoil due
to eccentricity [89]. In an attempt to quantitatively model
the remnant properties of low-eccentricity BBH mergers,
Ref. [90] explores the use of GPR technology. Analytical
modeling of these properties is challenging due to the
added complexity introduced by eccentricity.
This paper aims to uncover the intricate nature of the

complexity introduced by eccentricity, which may exceed
our initial expectations. However, this complexity also
opens the door to future analytical modeling. RIT [83]
has conducted extensive and diverse simulations of eccen-
tric orbit BBH mergers, which covered a wide range of
parameters. These simulations include various mass ratios,
ranging from 1=32 to 1, eccentricities spanning from 0 to 1,
and consider scenarios with no spin, spin alignment, and
spin precession. We provide a comprehensive summary of
the relationships between the dynamic quantities of the
merger time Tmerger, peak luminosity Lpeak, recoil velocity
Vf, massMf, spin αf of the merger remnants and the initial
eccentricity e0 in these three scenarios. Our study provides
a systematic investigation and comprehensive analysis of
the behavior exhibited by these quantities as the initial
eccentricity varies.
This article is organized as follows. In Sec. II, we provide

a summary of the numerical methods employed, the NR
simulation data utilized for eccentric orbits, and introduce
key concepts related to gravitational waves. In Sec. III, we
present the NR data for two scenarios: the initial coordinate
separation of 11.3M in Sec. III A 1 and the initial coor-
dinate separation of 24.6M in Sec. III A 2. Furthermore, we
conduct an analysis of the observed behavior of the
dynamic quantities in Sec. III A 3. Then, we make a
summary in Sec. III A 4. In Sec. III B, we explore the
relationship between the dynamic quantities and the initial
eccentricity for spin alignment, providing a detailed analy-
sis and summary. Additionally, in Sec. III C, we investigate
spin precession case. Finally, in Sec. IV, we present our
conclusions and provide an outlook for future research.
Throughout this article, we adopt geometric units where
G ¼ c ¼ 1. The component masses of BBH are repre-
sented as m1 and m2, while the total mass is denoted byM.
For simplicity, we set the total mass M at unity (although
occasionally we explicitly write it for clarity). The mass
ratio q is defined as q ¼ m1=m2, where m1 is smaller
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than m2. The dimensionless spin vectors of the black holes
are denoted as χ⃗i ¼ S⃗i=m2

i for i ¼ 1, 2, where S⃗i is spin
vector of BBH.

II. ECCENTRIC NUMERICAL SIMULATIONS

The numerical relativistic simulations of eccentric orbital
BBH mergers utilized in this study are obtained from the
RIT catalog. These simulations in the RIT catalog were
performed using the LAZEV code [91], which implements
the moving puncture approach [7] and employs the
Baumgarte-Shapiro-Shibata-Nakamura-Oohara-Kojima
(BSSNOK) formalism for evolution systems [92–94]
(except for cases involving highly spinning black holes,
where the Conformal and covariant formulation of the Z4
system (CCZ4) formalism [95] is used). The LAZEV code is
integrated within the CACTUS/CARPET [96] infrastruc-
ture, which is part of the Einstein Toolkit [97]. To locate
apparent horizons, RIT employs AHFinderDirect [98].
Initially, RIT measures the amplitude of the horizon spins,
denoted as SH, utilizing the isolated horizon algorithm.
Subsequently, they calculated the horizon mass using the
Christodoulou formula: mH ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

irr þ S2H=ð4m2
irrÞ

p
, where

mirr represents the irreducible mass, defined as mirr ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AH=ð16πÞ

p
, with AH denoting the surface area of the

horizon [99].
For generating the numerical initial data, RIT employs

the puncture approach [100] in conjunction with the
TWOPUNCTURES code [101]. To determine the initial
coordinate separation and tangential quasicircular momen-
tum pt;qc for each eccentric family, RIT utilizes PN
techniques as described in [102]. By introducing a new
parameter ϵ, ranging from 0 to 1, the tangential linear
momentum is modified as pt ¼ pt;qcð1 − ϵÞ. In this
approach, the initial positions of BBH are fixed at the
apocenter, and the initial orbital eccentricity gradually
increases throughout the simulations, spanning from the
quasicircular orbit (e ¼ 0) to the head-on collision limit
(e ¼ 1). The corresponding initial orbital frequency [and
the (2,2) modes of the gravitational waves] is reduced
by the same factor Ωe ¼ Ωqcð1 − ϵÞ. Consequently, the
initial eccentricity of the orbit can be approximated by
e ¼ 2ϵ − ϵ2, which provides a second order approximation
in terms of ϵ and correctly captures the limits of e ¼ 0 and
e ¼ 1 at ϵ ¼ 0 and ϵ ¼ 1, respectively.
RIT provides waveform data in the form of the Newman-

Penrose scalarΨ4 and the gravitational wave strain h which
can be downloaded in RIT’s catalog [83]. These waveforms
can be expanded using the spin-weighted spherical har-
monic function −2Yl;mðθ;ϕÞ with spin weight s ¼ −2.
Specifically, we have the following expansion:

rΨ4 ¼
X
l;m

rΨlm
4 −2Yl;mðθ;ϕÞ ð1Þ

and

rh ¼ rðhþ − ih×Þ ¼
X
l;m

rhlm−2Yl;mðθ;ϕÞ; ð2Þ

where r represents the extraction radius, hþ and h× denote
the two polarizations of gravitational waves, and hlm
and Ψlm

4 represent higher harmonic modes for h and Ψ4,
respectively. Furthermore, we can recall that the gravita-
tional wave strain h can be decomposed into a combination
of amplitude and phase as follows:

hlm ¼ AlmðtÞ exp ½−iΦlmðtÞ�; ð3Þ

where the amplitude Alm and phase Φlm of hlm can be
obtained using the following equations:

Alm ¼ jhlmj; ð4Þ

Φlm ¼ argðhlmÞ: ð5Þ

To facilitate the representation of the parameter space and
research, we introduce the concept of effective spin in the z
direction, which is aligned with the orbital angular momen-
tum L. It is defined as

χeff ¼
m1χ1;z þm2χ2;z

m1 þm2

; ð6Þ

where χ1;z and χ2;z represent the dimensionless spins of
the two black holes in the z direction. This measure allows
us to characterize the combined spin of the binary system,
considering the individual spins weighted by the respective
masses of the black holes. To quantify the precession effect,
we adopt the effective precession spin parameter introduced
in Ref. [103], defined as

χp ¼ Sp
A1m2

1

: ð7Þ

Here, we have the following:

Sp ≔
1

2
ðA1S1⊥ þ A2S2⊥ þ jA1S1⊥ − A2S2⊥jÞ

≡max ðA1S1⊥; A2S2⊥Þ; ð8Þ

where Si⊥ (i ¼ 1, 2) represents the component of the
spin perpendicular to the orbital angular momentum. The
values of A1 and A2 are given by A1 ¼ 2þ 3=2q and
A2 ¼ 2þ 3q=ð2Þ, respectively.
The RIT catalog offers a comprehensive dataset that

includes both waveform data and accompanying metadata,
providing valuable information about the simulations.
The metadata encompasses essential details regarding
the initial data of the simulation, including mass ratio,
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initial distance, initial linear momentum, initial angular
momentum, and more. Additionally, the metadata contains
pertinent simulation results, such as the final remnant black
hole masses, spins, and recoil velocity. It is worth noting
that these relaxed initial quantities are measured at a
specific time, specifically trelax ¼ 200M, after the initial
burst of radiation has substantially dissipated, accounting
for relevant physical considerations. To facilitate data
exploration and visualization, RIT has organized all the
information in an interactive table, ensuring convenient
access and interpretation of the dataset [83].
RIT employs formulas derived from Refs. [104,105] to

quantify the radiated energy, linear momentum, and angular
momentum using the radiative Weyl scalar Ψ4. However,
instead of utilizing the fullΨ4, RIT decomposes it into l and
m modes and focuses on the radiated linear momentum as
in Eq. (1), disregarding terms with l > 6. The resulting final
recoil velocity is determined by linear momentum radia-
tion. In all simulations conducted by RIT, it has been
ascertained that the waveforms, at the resolutions provided
in the catalog, have reached a state of convergence,
exhibiting convergence up to fourth order with resolution.
The evaluation of quantities related to the black hole
horizon, such as the final mass and spins of the remnant,
yields errors on the order of 0.1% via the isolated horizon
algorithm. Furthermore, radiatively computed quantities,
including recoil velocities and peak luminosities, are
evaluated with a typical error of 5%.
The RIT catalog encompasses a broad range of numeri-

cal relativistic simulations, specifically focusing on eccen-
tric orbital BBH mergers. The fourth release of the catalog
introduces an extension to include eccentric orbits, featur-
ing a total of 824 eccentric orbital BBHmerger simulations.

These simulations encompass a diverse parameter space,
spanning eccentricities from 0 to 1, mass ratios ranging
from 1=32 to 1, and various configurations, including
nonspinning, spin-aligned, and spin-precessing setups. It
is worth noting that certain simulations were excluded from
our research due to incomplete metadata, such as RIT:
eBBH:1900 missing peak luminosity and recoil velocity, or
the absence of a continuous sequence of eccentricity
simulations like RIT:eBBH:1615 to RIT:eBBH:1620.
However, these excluded data do not impact the results
significantly. In the case of the former, the number of
excluded simulations is minimal within the series of
eccentric simulations, and they can be substituted with
alternative simulations exhibiting similar eccentricities. As
for the latter, it falls outside the scope of our study since the
eccentricities in that particular series are not continuous.
All simulations in our study is reported as both coordinate
separation and proper distance. The initial coordinate
separation, representing the coordinate separation between
the two centroids of the black holes, is used to characterize
the initial distance in our research. The two chosen initial
coordinate separations are 11.3M and 24.6M. The param-
eter spaces for all simulations utilized in our study are
depicted in Fig. 1. Specifically, we employed a total of 816
eccentric orbital BBH simulations, comprising 510 non-
spinning, 197 spin-aligned, and 109 spin-precessing cases.
The initial eccentricity, denoted as e0, was estimated by
RIT catalog and adopted as a reasonable approximation
based on our earlier description. For ease of visualization,
Fig. 1 presents the nonspinning, spin-aligned, and spin-
precessing simulations in separate panels, employing the
effective spin χeff and effective spin precession parameters
χp as characterization metrics.

FIG. 1. The parameters used in our study include three configurations, no spin, spin alignment, and spin precession, in two initial
coordinate separations 11.3M and 24.6M, which cover the parameter space mass ratio q from 1=32 to 1, and the initial eccentricity e0
from 0 to 1. The left panel uses effective spin χeff to label nonspinning and spin-aligned configurations. The right panel marks the spin
precession configuration using the effective precession spin parameter χp.
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III. RESULTS

Performing numerical relativity simulations is a compu-
tationally demanding task. Fortunately, the RIT catalog has
undertaken a significant number of meticulous simulations
focusing on eccentric BBH mergers. These simulations
provide us with invaluable insights into the role of eccen-
tricity in BBH merger dynamics. In this section, we present
variations of various dynamical quantities, including the
merger time Tmerger, peak luminosity Lpeak, recoil velocity
Vf, mass Mf, and spin αf of the merger remnants, as
functions of the initial eccentricity e0. It is important to note
that the merger time Tmerger represents the duration from
Trelax to the time of the peak of the gravitational wave
amplitude.We analyze and discuss the behavior exhibited by
these dynamical quantities, shedding light on their implica-
tions for eccentric BBH mergers. However, it is regrettable
that the trajectory information of the BBH system is not
provided in the RIT catalog, which limits our ability to study
other dynamic quantities, such as the evolution of the
coordinate separation DðtÞ.

A. No spin

RIT catalog has conducted an extensive set of simulations
focusing on no spin configurations, encompassing two
different initial coordinate separations 11.3M and 24.6M.
Specifically, there are 191 simulation groups performedwith
an initial coordinate separation of 11.3M, and 319 groups
with an initial coordinate separation of 24.6M. The simu-
lations with the former distance cover a finer range of initial
eccentricities, while the simulations with the latter distance
encompass a broader range of mass ratios. In this section, we
will show the relationship between the dynamic quantities
and the initial eccentricity in the nonspinning case and
analyze them.

1. Initial coordinate separation = 11.3M

RIT catalog has conducted detailed simulations for the
case where the initial coordinate separation is 11.3M,
focusing on specific mass ratios. In particular, RIT has
performed fine simulations for the following mass ratios:
1=4 (67 groups), 1=2 (43 groups), 3=4 (41 groups), and 1
(41 groups). The emphasis on the number of simulation
groups is of particular importance, as it significantly
influences the presentation of the results. In Fig. 2, we
present the dynamical quantities of the merger time Tmerger,
peak luminosity Lpeak, recoil velocity Vf, mass Mf, and
spin αf of the merger remnants, illustrating their variations
as a function of the initial eccentricity e0 at the initial
coordinate separation of 11.3M.
In Fig. 2(a), we present the evolution of the merger time

Tmerger as a function of the initial eccentricity e0. It is
evident that Tmerger is influenced by two key factors: the
mass ratio and the initial eccentricity. When the initial
eccentricity e0 is below approximately 0.23, Tmerger

experiences a rapid decrease with increasing e0. In contrast,
when e0 exceeds 0.23, Tmerger remains generally below
300M and gradually decreases, approaching zero. It is
important to note that the value Tmerger ¼ 0.23 does not
correspond to any specific dynamic positions, such as the
transition from orbit to plunge. Furthermore, the influence
of the mass ratio q on Tmerger is evident, as smaller mass
ratios result in longer Tmerger durations.
In Figs. 2(b)–2(e), we illustrate the variations of the recoil

velocity Vf, peak luminosity Lpeak, massMf, and spin αf as
functions of the initial eccentricity e0. Across all four panels,
we observe a similar pattern in the behavior of these dynamic
quantities. Initially, these quantities are constant and are
located in nearly horizontal straight lines. Then they display
oscillatory behavior, which subsequently intensifies to a
maximum or minimum value before eventually converging
towards certain values in the head-on limit. Notably, the
oscillations in peak luminosity Lpeak, mass Mf, and spin αf
exhibit relatively regular and similar patterns. However, the
oscillations in recoil velocityVf appearmore chaotic and less
predictable. In a related study, Ref. [89] identified a similar
oscillation phenomenon in the recoil velocity during a series
of numerical simulations for eccentric orbit BBHmergers at
short initial separation. They referred to this phenomenon as
“anomalies” and attributed it to the infalling direction of the
binary black holes at merger as a potential cause for this
observed behavior.
In Fig. 2(b), the absence of linear momentum radiation in

the case of q ¼ 1, which represents a completely symmet-
rical nonspinning configuration, results in a recoil velocity
of 0. Reference [106] discovered that for nonspinning
circular orbits, the largest gravitational recoil occurs around
q ¼ 0.3. Consequently, the recoil velocity for q ¼ 1=4 in
Fig. 2(b) is higher compared to other mass ratios, because it
is closest to 0.3. When the initial eccentricity e0 falls within
the range of [0, 0.12], the oscillation of the recoil velocity is
minimal, almost negligible. In the range of [0.12, 0.24], the
recoil velocity exhibits a moderately chaotic oscillation. As
eccentricity e0 increases within the range of [0.24, 0.5], the
recoil velocity experiences a sharp increase, reaching its
maximum value. For e0 in the range of [0.5, 0.99], the
recoil velocity gradually decreases from the maximum
value to 0 at the head-on collision limit. This characteristic
holds true for all three mass ratios.
In Fig. 2(c), we observe a more regular oscillatory

behavior compared to the recoil velocity, and it occurs
earlier in the evolution. For the mass ratio q ¼ 1, there is
almost no oscillation when the eccentricity e0 ranges from
0 to 0.05. As the eccentricity increases within the range of
[0.05, 0.3], the oscillation gradually emerges and intensi-
fies, reaching its maximum value. When the eccentricity is
within the range of [0.3, 0.99], the peak luminosity
gradually decreases from the maximum value to the
minimum value. Furthermore, Fig. 2(c) reveals that the
onset of the oscillation is delayed as the mass ratio
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decreases. The oscillation for the mass ratio q ¼ 1=4 begins
at e0 ¼ 0.095, but q ¼ 1 starts earlier. And we can see as
the mass ratio decreases, the oscillation becomes weaker.
Additionally, smaller mass ratios correspond to lower peak
luminosities, consistent with the behavior observed in
circular orbits. Another noteworthy observation is that
the initial eccentricity corresponding to the maximum
value of the oscillation increases as the mass ratio increases.
In Fig. 2(d), we observe a similar oscillatory behavior

in the mass of the remnant with respect to the eccentricity
e0, resembling the pattern seen in the peak luminosity.
However, the opening corresponding to the peak is oriented

upwards. For the mass ratio q ¼ 1, there is almost no
oscillation when the eccentricity e0 is in the range of
[0, 0.02]. As the eccentricity increases within the range
of [0.02, 0.26], the oscillation emerges and gradually
decreases to its minimum value. Notably, the onset of
oscillation occurs earlier than that of the peak luminosity.
When the eccentricity is within the range of [0.26, 0.99],
the mass of the remnant gradually increases from its
minimum value to 0.98. It is important to mention that
the mass of the remnant is not exactly one when the
eccentricity e0 ¼ 1, as the binary black holes also radiate
energy during the head-on collision, although the amount is

FIG. 2. Variations of dynamical quantities of the merger time Tmerger (a), peak luminosity Lpeak (c), recoil velocity Vf (b), massMf (d),
and spin αf (e) of the merger remnants as a function of the initial eccentricity e0 at the initial coordinate separation of 11.3M for
nonspinning configuration with different mass ratio. Dynamic quantities of BBHmergers for various circular orbits are denoted by black
marks “x.” These circular orbits correspond to RIT:BBH:0001 (q ¼ 1), RIT:BBH:0112 (q ¼ 1), RIT:BBH:0198 (q ¼ 1), RIT:
BBH:0114 (q ¼ 3=4), RIT:BBH:0117 (q ¼ 1=2), and RIT:BBH:0119 (q ¼ 1=4) in the RIT catalog, respectively. Their initial orbital
separations are 9.53, 20.0, 11.0, 11.0, 11.0, and 11.0, respectively.
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relatively small. Similar to the peak luminosity, the oscil-
latory behavior of the mass of the remnant becomes weaker
as the mass ratio decreases. Furthermore, lower mass ratios
correspond to smaller eccentricities at which the oscillation
reaches its minimum value. On the contrary, larger mass
ratios result in more energy being radiated, leading to a
smaller mass of the remnant, which is consistent with the
behavior observed in circular orbits.
In Fig. 2(e), we observe that the oscillation of the spin of

the remnant αf, is significantly weaker compared to the
recoil velocity Vf, peak luminosity Lpeak, and massMf. For
the mass ratio q ¼ 1, there is almost no oscillation when
the eccentricity e0 falls within the range of [0, 0.05]. As the
eccentricity increases within the range of [0.05, 0.35], the
oscillation gradually emerges and intensifies, reaching its
maximum value. Subsequently, when the eccentricity is in
the range of [0.35, 0.99], αf gradually decreases from the
maximum value to 0.1. This residual spin of 0.1 is likely a
result of some remaining orbital angular momentum in the
initial data. The characteristics of the spin oscillation of the
remnant with respect to the mass ratio exhibit similarities
with those of the peak luminosity Lpeak and mass Mf, and
will not be discussed here.
To ensure the comprehensiveness of our study, we

present two new approaches for estimating eccentricity
in Appendix B. This method utilizes Arnowitt-Deser-
Misner (ADM) coordinates and harmonic coordinates,
derived from the generalized quasi-Keplerian parametriza-
tion of 3PN [107]. Furthermore, we conduct a comparative
analysis of three distinct eccentricity measurement methods
(ADM coordinates, harmonious coordinates, and RIT
approximation methods).

2. Initial coordinate separation = 24.6M

Next, we examine a significantly larger initial coordinate
separation of 24.6M. RIT has conducted extensive simu-
lations for various mass ratios for the case. The first is
q ¼ 1 for 48 groups, which has the largest number of
groups among them. Additionally, simulations were per-
formed for mass ratios of 9=10, 4=5, 7=10, 3=5, 1=2, 2=5,
1=3, 1=4, 1=5, 1=6, and 1=7 for 23 groups, as well as 1=15
and 1=32 for nine groups. Simulations of the last two mass
ratios lack low and moderate eccentricities. In Fig. 3, we
present the variations of dynamical quantities of merger
time Tmerger, peak luminosity Lpeak, recoil velocity Vf, mass
Mf, and spin αf of the merger remnants as a function of the
initial eccentricity e0 at the initial coordinate separation
of 24.6M.
In Fig. 3(a), we present the variation of the merger time

length Tmerger as a function of the initial eccentricity e0 for an
initial coordinate separation of 24.6M. In particular, the
relationship between the merger time and the initial eccen-
tricity exhibits a pattern similar to that observed in the case of
11.3M. Interestingly, we observe a distinct turning point at
approximately e0 ¼ 0.5 for the 24.6M case, in contrast to the

turning point at e0 ¼ 0.23 observed in the 11.3M case. This
discrepancy can be attributed to the larger initial coordinate
separation utilized in the 24.6M scenario.We believe this is a
general behavior in which a larger initial coordinate sepa-
ration leads to a delayed turning point. Furthermore, our
findings indicate that the merging time increases with
decreasing mass ratio. This trend also holds for the 24.6M
case as well. However, it is important to note that the mass
ratioq ¼ 0.1667 shows a significant deviation from the other
results due to errors present in the data itself. In our previous
study [108], we discovered that the waveforms associated
with a mass ratio of q ¼ 1=6 exhibit abnormal behavior and
peculiar deviations from the expected patterns. The observed
performance reveals a noteworthy discrepancy in the fitting
parameters when comparing q ¼ 1=6 to other mass ratios.
Additionally, simulation RIT:eBBH:1537 with q ¼ 1=6
exhibits an apparent issue in its waveform, possibly attrib-
utable to the center of mass drifting.
In Figs. 3(b)–3(e), we present recoil velocity Vf, peak

luminosity Lpeak, massMf, and spin αf, as a function of the
initial eccentricity e0. Notably, the overall pattern observed
in the curves aligns closely with the trends observed in the
11.3M case. However, there are notable differences, par-
ticularly in the presence or absence of oscillatory behavior
among different groups of mass ratios. In Fig. 3(b), an
intriguing bimodal structure emerges in the relationship
between recoil velocity and initial eccentricity. This unex-
pected pattern adds a fascinating layer to our understanding
of the merger process and warrants further investigation. It
is worth highlighting that, while general trends remain
consistent with the case 11.3M, the oscillation behavior
seen in the groups other than the mass ratio q ¼ 1 is less
pronounced or absent. This discrepancy adds an intriguing
dimension to the dynamics of the merger remnants and
prompts us to explore the underlying mechanisms respon-
sible for these observations.
In Fig. 3(b), we observe that the largest group with a

mass ratio of q ¼ 1 exhibits complete symmetry, resulting
in no linear momentum radiation and, consequently, a
recoil velocity of 0. However, for other mass ratios, a
visible oscillatory pattern emerges, commencing at an
approximate eccentricity of 0.44. The first peak in the
recoil velocity occurs at an initial eccentricity of 0.51.
Notably, the position of the second peak is not fixed and
varies with the mass ratio. Specifically, in the case of a mass
ratio of q ¼ 1=3, the second peak manifests at an initial
eccentricity of 0.64. Subsequently, the recoil velocity
progressively decreases to 0 as the eccentricity increases.
Analyzing the results for the initial coordinate separation of
24.6M, we find that, apart from the peculiar midrange
peaks and the subtle oscillation behavior, the overall trends
align with those observed in the case of 11.3M.
Furthermore, the maximum recoil velocity occurs in a
mass ratio of q ¼ 1=3, consistent with the findings for the
scenario 11.3M. Additionally, we reaffirm the pattern that
smaller mass ratios correspond to smaller oscillation or
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peak values, further validating the observations from the
11.3M case and illustrating this trend across a wider range
of mass ratios. These findings not only deepen our under-
standing of recoil dynamics in merger remnants for an
initial coordinate separation of 24.6M, but also reinforce
and extend the variations observed in the 11.3M case,
providing valuable insights across a broader range of mass
ratios.
In Fig. 3(c), we observe that the overall behavior of the

peak luminosity Lpeak is consistent with the findings for the
scenario 11.3M. Initially, it remains relatively constant,
followed by oscillations that gradually reach a maximum
value. Subsequently, the luminosity decreases from its peak
to a minimum value. Notably, we clearly observe the
oscillation pattern in the case of a mass ratio of q ¼ 1,

which is supported by a robust dataset of 48 groups.
However, the oscillation behavior is less apparent for other
mass ratios, where the available data is only half the size,
comprising 23 groups. The sparser data points for mass
ratios other than q ¼ 1 smooth out the oscillations due to
the coarse-graining of the initial eccentricity, making them
less discernible. Furthermore, we find that for the mass
ratio q ¼ 1, the oscillations begin at a higher initial
eccentricity of 0.33. In contrast, we observe only subtle
undulations and peaks for other mass ratios. Despite the
absence of clear oscillations for mass ratios other than
q ¼ 1, we can draw analogous conclusions based on a
wider range of mass ratios, similar to the 11.3M case.
Specifically, we find that smaller mass ratios correspond to
lower peak luminosity, weaker oscillations, and a shift in

FIG. 3. Variations of dynamical quantities of the merger time Tmerger (a), peak luminosity Lpeak (c), recoil velocity Vf (b), massMf (d),
and spin αf (e) of the merger remnants as a function of the initial eccentricity e0 at the initial coordinate separation of 24.6M for
nonspinning configuration with different mass ratio.
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the position of the maximum oscillation towards lower
initial eccentricities. It is important to note that these
conclusions are drawn by analogy since we do not observe
explicit oscillations for mass ratios other than q ¼ 1.
However, based on the findings in the 11.3M case, we
would expect such oscillations to exist given a sufficient
number of data points. To achieve deterministic oscillations
resembling those observed in the 11.3M case, further
numerical relativistic simulations of eccentric orbits with
an initial separation of 24.6M would be required. However,
it is important to note that such simulations would entail a
substantial increase in computational cost.
In Fig. 3(d), we present the variation of the remnant mass

with respect to the initial eccentricity. The overall behavior
closely resembles that of the peak luminosity, exhibiting
similar trends. However, for the sake of brevity, we will
refrain from delving into further details in this section.
In Fig. 3(e), we observe that the oscillation of the

remnant spin is comparatively weaker than the oscillations
observed in the other three dynamic quantities, aligning
with the findings of the 11.3M scenario. Additionally, we
note that, as the mass ratio decreases, the maximum value
of the oscillation shifts to lower initial eccentricities,
consistent with the observations in the 11.3M case. The
analysis of other relationships exhibits similar patterns, and
we refrain from reiterating them here to avoid redundancy.
In summary, our study involves a series of numerical

simulations in which we systematically increased the initial
eccentricity, while maintaining a fixed initial coordinate
separation of 11.3M or 24.6M. From these simulations,
we derive several dynamic quantities characterizing the mer-
ger process. We observe consistent behaviors of the merger
time Tmerger, peak luminosity Lpeak, recoil velocity Vf, mass
Mf, and spin αf of the merger remnants with changes in the
initial eccentricity for both cases. The merger time Tmerger

exhibits an initial rapid decrease, followed by a slower
decrease after passing a critical point. On the other hand,
the remaining four quantities, peak luminosity Lpeak, recoil
velocity Vf, mass Mf, and spin αf of the merger remnants,
display a universal behavior with the changing initial
eccentricity. Initially, they maintain an almost stable hori-
zontal line. Subsequently, they gradually enter an oscillatory
phase, with the amplitude of oscillations intensifying. At the
final peak, these quantities reach a maximum or minimum
value. Finally, under extreme eccentricity e0 ¼ 1 or in the
head-on collision limit, they gradually approach a specific
value. This behavior is only observable when the initial
eccentricity in the numerical simulation is sufficiently dense.
Among these dynamic quantities, the oscillation behavior of
the recoil velocity Vf appears relatively irregular and less
ordered compared to the relatively regular oscillations obser-
ved inLpeak,Mf, and spin αf. Furthermore, themagnitude of
the oscillations decreases as the mass ratio decreases and the
initial eccentricity corresponding to the maximum or mini-
mum value shifts with changes in the mass ratio.

3. Analysis

Understanding the intricate relationship between merger
time and initial eccentricity, aswell as the impact of the initial
coordinate distance and mass ratio, can be accomplished
through the application of analytical PN theory [45]. Our
investigation reveals a notable turning point in this relation-
ship. When the eccentricity exceeds the critical value, the
merger time tends to decrease, although at a slower pace.
Visually, a gradual decline in merger time with increasing
eccentricity is observed. For a comprehensive analysis, we
refer the interested reader to the full publication of PN.
The primary focus of our investigation is to reveal the

underlying physical mechanisms responsible for the
observed oscillatory behavior in the dynamic quantities
of peak luminosity Lpeak, recoil velocity Vf, mass Mf, and
spin αf of merger remnants. Additionally, we aim to
quantify the extent to which these quantities can be
enhanced or diminished by manipulating the initial eccen-
tricity. Through a detailed analysis, we endeavor to
elucidate the fundamental factors driving these oscillations
and provide insights into the potential impact of varying the
initial eccentricity on these dynamic quantities.
In the study conducted by Huerta et al. [87], a compre-

hensive set of 89 eccentric numerical relativistic simula-
tions was performed. These simulations covered a wide
range of mass ratios from 1 to 10, with corresponding
eccentricities ranging from 0 to 0.18. Their analysis
focused on establishing the relationship between the mass,
spin, and recoil of the merger remnant and the initial
eccentricity. Interestingly, Huerta et al. found that these
dynamic quantities exhibited minimal changes with respect
to the initial eccentricity. Moreover, the dynamic quantities
remained relatively constant, forming a nearly horizontal
line in the parameter space. It is worth noting that the
simulations conducted by Huerta et al. had initial coor-
dinate separations exceeding 11.3M, as indicated by the
number of cycles of gravitational waves. And they did not
simulate enough eccentricity data points. Consequently, the
specific range of eccentricities explored (up to 0.18) did not
induce oscillatory behavior in the system.
Radia et al. [89] conducted nonspinning eccentric

numerical simulations with mass ratios of q ¼ 1=2, 1=3,
and 2=3. Their research focused on investigating the recoil
velocity of the merger remnant, where they observed
intriguing oscillatory behavior. Additionally, their figures
exhibited noticeable oscillations in the remnant’s spin and
radiated energy, although these quantities were not the
primary focus of their study. Of particular interest is their
examination of cases involving very short initial coordinate
separations, close to the point of merger. It is worth noting
that their approach to generating eccentricity differs from
that of RIT. Initially, they established a quasicircular
configuration by fixing the binding energy Eb, defined as

Eb ¼ MADM −M; ð9Þ
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where MADM is the ADM mass. Subsequently, they
incrementally reduced the initial linear momentum param-
eter p to generate a series of eccentric simulations.
Importantly, while the eccentricity varied, the initial coor-
dinate separation gradually increased. This finding offers
an alternative perspective, demonstrating that the observed
oscillation phenomenon is universal and independent of the
initial distance in the simulation. This oscillatory phenome-
non in the recoil velocity was explained by Radia et al. [89]
as a consequence of the change in infall direction during
the BBH merger. However, it should be noted that this
oscillation is not limited to the recoil velocity alone. The
oscillatory behavior was also observed in the dynamic
quantities of peak luminosity Lpeak, recoil velocity Vf, mass
Mf, and spin αf. Notably, the peaks and valleys of these
oscillations for the dynamic quantities were situated at
different initial eccentricity positions and did not corre-
spond to each other. Furthermore, the oscillations exhibited
both maximum and minimum values, suggesting a more
complex underlying cause. These phenomena cannot be
solely attributed to changes in the infall direction. The
observed oscillations between the infall direction and
the recoil are better characterized as a phenomenological
outcome rather than as a representation of a singular
physical origin.
Sopuerta et al. [84] provided a PN perspective, indicating

that, in the low eccentricity regime, the recoil velocity Vf

scales as∝ ð1þ e0Þ. This PN analysis establishes a relation-
ship between the recoil velocity and eccentricity within this
specific regime. Furthermore, references such as Radia et al.
[89] and Sperhake et al. [88] demonstrate that nonzero
eccentricity can lead to a significant increase in the recoil
velocityVf, up to approximately 25%when compared to the
quasicircular orbit case. These studies provide valuable
insights into the enhancement of recoil velocity resulting
from the presence of eccentricity. While there exist refer-
ences that have investigated the enhancement of recoil
velocity Vf caused by eccentricity, such as those mentioned
earlier, there is limited literature that delves deeply into the
amplification of peak luminosityLpeak, massMf, and spin αf
induced by nonzero initial eccentricity. It is of utmost
importance to acknowledge that eccentricity introduces a
distinctive oscillatory behavior, resulting in both amplifica-
tions and reductions in these dynamic quantities, rather than
exclusively leading to amplifications. Therefore, further
exploration is necessary to gain a comprehensive under-
standing of the effects of nonzero eccentricity on peak
luminosity, mass, and spin of the merger remnant.
Hinder et al. [86] conducted a series of numerical

simulations focusing on cases of high eccentricity. They
analyzed the changes in spin and mass of the merger
remnants and concluded that the orbit becomes circularized
when the eccentricity drops below 0.4. It is important to
note that the initial separations in their simulations were
approximately 12M, which is very close to the value of

11.3M used in this paper. From the perspective of more
refined eccentric numerical simulations conducted by RIT
(refer to Fig. 2) and in light of the conclusions of Ref. [86],
it is observed that the eccentricity reaches a lower value
(specifically e0 ¼ 0.02) when the orbit starts to circularize
completely. However, above this value, the orbit cannot
be fully circularized. This conclusion we get may seem
counterintuitive, as we typically associate circularization
with some small eccentricities but not as small as 0.02.
However, it is crucial to distinguish the conceptual differ-
ence between the mass and spin of the remnant, which are
integral quantities, and the instantaneous circularization
state of the orbit. While these two concepts can provide
some characterization of each other, they are not entirely
equivalent. In fact, the process of circularization is also
reflected in the oscillatory phenomena observed in the peak
luminosity, recoil velocity, mass, and spin of the merger
remnant. Weaker oscillations indicate a stronger degree of
circularization. Notably, there is minimal oscillatory effect
for initial eccentricities ranging from 0 to 0.02. This does
not imply complete circularization at eccentricities below
0.02, but rather suggests that for e0 ≤ 0.02, the dynamics
and waveforms of these simulations closely resemble those
of quasicircular orbits.
The appearance of oscillations in peak luminosity, recoil

velocities, masses, and spins of merger remnants is an
intriguing phenomenon. Understanding the origin of these
oscillations is closely tied to the peaks observed within the
oscillatory behavior, particularly the last peak, which tends
to be the largest and introduces the most significant
enhancement effect caused by eccentricity. In a relevant
study, Sperhake et al. [85] investigated the transition from
inspiral to plunge in eccentric BBHmergers. They explored
a wide range of eccentricities from 0 to 1 and examined the
relationship between eccentricity and radiated energy. In
particular, they found that near the critical point that marks
the transition from orbit to plunge, the spin parameter αf of
the remnant reached a maximum value of 0.724. While
their study provided valuable insights into the eccentricity
dependence of the remnant’s spin and its relation to the
transition from inspiral to plunge, the oscillatory pheno-
menon was not observed due to the relatively small number
of numerical simulations conducted, amounting to only a
dozen sets. Nevertheless, the findings presented in Ref. [85]
offer valuable guidance for analyzing the underlying
mechanisms responsible for the generation of oscillations
in dynamic quantities.
In this study, we draw inspiration from the concept

presented in Ref. [85] to consider the orbital transition. The
number of orbital cycles N can be determined from two
perspectives: one through the orbital phase of the puncture
and the other through the phase of the gravitational
waveform. However, it should be noted that RIT does
not provide orbit trajectory information, restricting our
ability to calculate the number of orbital cycles N solely
through the gravitational waveform. In our analysis, we
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specifically focus on the 2-2 mode. To calculate the phase
difference, we evaluate the following expression:

ΔΦ ¼ ΦðtmergerÞ −Φðt0 þ trelaxÞ; ð10Þ

where tmerger represents the time of BBH merger, t0 denotes
the initial moment of the waveform, and trelax signifies the
time required to the transition from the initial moment to a
physically stable state. For the phase calculation, we adopt
trelax ¼ 20M to remove small steps in the phase. While
tmerger is determined as the time when a common apparent
horizon is formed as used in Ref. [85], we only have the
time tmerger that corresponds to the maximum amplitude in
the waveform data. However, employing tmerger instead of
the precise time of common apparent horizon formation
does not introduce a significant error in the phase difference
calculation. Subsequently, the number of orbital cycles
accomplished by the BBH system can be obtained as

Norbits ¼
ΔΦ
4π

: ð11Þ

Here, we divide the phase difference ΔΦ by 4π since the
waveform phase is twice that of the orbital phase. This
conversion factor is chosen to align the two quantities
appropriately.
Figure 4 displays the relationship between the integer

orbital cycle number Norbits and various quantities such as
peak luminosity Lpeak, recoil velocity Vf, mass Mf, and
spin αf of the remnant at the initial coordinate separation of
11.3M and 24.6M for different mass ratios. These points,
denoted by red “x” markers, correspond to either an integer
multiple or are in close proximity to an integer multiple of
the orbital cycles. In the case of a mass ratio of 11.3M being
mass ratio q ¼ 1, we illustrate the integer orbital cycle
numbers in the Fig. 4 using numerical values 1; 2; 3… (with
the exception of the recoil velocity, which is represented by
q ¼ 1=4. For the case with an initial coordinate separation
of 24.6M, we accurately mark the points only for a mass
ratio of q ¼ 1). Due to the limited number of numerical
simulation groups available for other mass ratios at the
initial coordinate separation of 24.6M, there exist signifi-
cant deviations from integer cycles or instances of exces-
sive discontinuous cycles. Therefore, we selectively mark
the cases where Norbits closely approximates 1 in Fig. 4 for
24.6M with other mass ratios. As discussed earlier, the
orbital cycle value obtained from the gravitational wave
phase is not precisely an integer but may deviate to some
extent. This deviation can lead to a mismatch between the
integer orbital cycle and the observed peaks and valleys
of the oscillation. In order to ensure a comprehensive
analysis, we present the error of the nearest continuous
integer orbital cycle Norbits compared to the corresponding
integer value for the 11.3M case in Fig. 9 of Appendix A.

The maximum relative error is approximately 0.15, with the
majority of errors concentrated below 0.1.
We now shift our focus to Figs. 4(b), 4(d), 4(f), and 4(h),

which correspond to the peak luminosity and spin of the
remnant. These panels exhibit similarities to the scenarios
investigated in Ref. [85]. In particular, we observe that all
cases with Norbits ¼ 1 align precisely with the last peak,
indicative of the transition from inspiral to plunge.
Additionally, instances with Norbits ¼ 2 are predominantly
positioned near the last valley. Furthermore, cases with
Norbits ¼ 3 are consistently found in the penultimate peak,
and this pattern continues for higher values of Norbits. We
contend that this observed behavior is not coincidental but
rather stems from a shared physical origin underlying the
generation of both the last peak and other peaks or valleys.
Much like how the last peak signifies the transition from
inspiral to plunge, the last valley represents the transition
from the last orbit 2 to the last orbit 1, while the penultimate
peak corresponds to the transition from the last orbit 3 to
the last orbit 2, and so on. Consequently, we gain insight
into why dynamic quantities such as recoil velocity, peak
luminosity, mass, and spin progressively oscillate from an
initial horizontal line, culminating in a maximum peak or
deepest valley. Moreover, we ascertain that the transition
from inspiral to plunge introduces the most substantial
enhancement effect in eccentric BBH mergers, aligning
with the conclusion drawn in Ref. [85]. This behavior holds
for both an initial separation of 11.3M or 24.6M and mass
ratios up to q ¼ 1. Nevertheless, in Figs. 4(b), 4(d), 4(f),
and 4(h), certain data points deviate from the peaks or
valleys, with larger deviations occurring the farther they are
from the last few peaks. Several factors may contribute to
these deviations:
(1) Due to the limited simulation data, we are unable to

obtain an exact integer value for the cycle Norbits,
resulting in deviations from integers. The last few
peaks and valleys are more apparent due to the fine
simulation eccentricity, allowing for more accurate
results. Occasionally, the worst cycle Norbits deviates
from an integer by up to 0.15, leading to significant
errors.

(2) The data obtained from the simulations are not finely
resolved but rather coarse grained. Consequently, the
peaks and valleys we identify may not precisely
align with their most accurate positions but exhibit
some level of deviation.

(3) As mentioned in Sec. II, the peak luminosities, recoil
velocities, masses, and spins that we obtain are
subject to errors. Simultaneously, errors arise in the
phase used to calculate the cycle number Norbits.

(4) In eccentric BBH mergers, strong periastron pre-
cession occurs, causing the orbital plane to process
similarly to the perihelion precession of Mercury
[109]. This precession leads to an incomplete orbital
phase of the BBH, deviating from 2π. The greater
the number of orbits and the smaller the mass ratio,
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(a) (b)

(d)(c)

(e)

(g) (h)

(f)

FIG. 4. Relationship between the integer orbital cycle number Norbits and various quantities such as the peak luminosity Lpeak, recoil
velocity Vf, the mass Mf and the spin αf of the remnant at initial coordinate separation of 11.3M and 24.6M for nonspinning
configuration with different mass ratios. These points, denoted by red “x” markers, correspond to either an integer or are in close
proximity to an integer of the orbital cycle number. Moving from right to left, each red “x” corresponds to successive orbital cycles,
starting from cycle 1 and continuing indefinitely. In the case of a mass ratio of 11.3M being q ¼ 1, we illustrate the integer orbital cycle
numbers in the figure using numerical values 1; 2; 3… (with the exception of the recoil velocity, which is represented by q ¼ 1=4). The
upper four panels correspond to the initial coordinate separation of 11.3M, and the lower four panels correspond to the initial coordinate
separation of 24.6M.
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the more severe the deviation. This effect may be a
significant contributor to the observed discrepancies,
where many data points do not exactly correspond to
the peaks and valleys.

It is important to note that while the measurement of
eccentricity may be subject to significant errors due to
approximate measurement methods, these errors do not
impact the position of the peak or valleys and the
occurrence of oscillatory behavior, since the way in which
the initial eccentricity being generated is continuous and
physically reasonable. The presence of uncertainties in
the eccentricity measurements does not alter the overall
pattern observed in the data. Furthermore, it is worth
mentioning that there is no analytical formula available
for the peak luminosity. However, the similarity observed
between the peak luminosity and the spin of the remnant
can be attributed to their inherent correlation, as discussed
in Ref. [110].
Moving on to the mass of the remnant Mf, it is evident

that many integer orbital cycles do not align precisely with
peaks or valleys. Rather, there are some specific deviations.
This behavior can be likened to a phase shift, where the
remnant mass is shifted in phase relative to the initial
eccentricity. This phase shift arises due to the specific
calculation method employed to determine Mf, which
differs somewhat from the calculations for peak luminosity
and spin. Although the integer cycle points for Mf do not
coincide with the peaks and valleys, we observe that the
differences in the cycle number Norbits between the peaks or
valleys of the remnant mass Mf are approximately 1 when
calculated. This finding highlights that the emergence of
peaks and valleys in the remnant mass is a result of
transitions between orbits, mirroring the behavior observed
in peak luminosities and spins. This also shows that our
conclusion that the oscillations come from an orbital
transition is self-consistent.
Before we proceed with the analysis of recoil velocity, let

us first recall some formulas from Refs. [89,111] that are
used to calculate the recoil velocity, remnant mass, and spin
from the gravitational waveform. Although these formulas
differ from the RIT using the isolated horizon algorithm,
they carry the same physical meaning.
The energy of gravitational wave radiation EradðtÞ can be

calculated from the Weyl scalar Ψ4 [104,105]:

EradðtÞ ¼ lim
r→∞

r2

16π

Z
t

t0

dt0
I
S2r

dΩ
����
Z

t0

−∞
dt00Ψ4

����2; ð12Þ

where S2r represents a spacelike slice of null infinity. Using
the orthogonality of −2Yl;mðθ;ϕÞ and Eq. (1), we can
rewrite the radiated energy as

EradðtÞ ¼ lim
r→∞

r2

16π

X
l;m

Z
t

t0

dt0
����
Z

t0

−∞
dt00Ψlm

4

����2: ð13Þ

Radiated linear momentum PradðtÞ can be expressed as

PradðtÞ ¼ lim
r→∞

r2

16π

Z
t

t0

dt0
I
S2r

dΩêr

����
Z

t0

−∞
dt00Ψ4

����2; ð14Þ

where êr is the flat space unit radial vector

êr ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞ: ð15Þ

Using the orthogonality of −2Yl;mðθ;ϕÞ, Eq. (1) and the
property of the radial unit vector êr, we can rewrite the
radiated linear momentum as

Pradþ ¼ lim
r→∞

r2

8π

X
l;m

Z
t

t0

dt0
�Z

t

−∞
dt00Ψl;m

4

Z
t

−∞
dt00ðal;mΨ̄l;mþ1

4

þ bl;−mΨ̄l−1;mþ1
4 − blþ1;mþ1Ψ̄lþ1;mþ1

4 Þ
�
; ð16Þ

Prad
z ¼ lim

r→∞

r2

16π

X
l;m

Z
t

t0

dt0
�Z

t

−∞
dt00Ψl;m

4

×
Z

t

−∞
dt00ðcl;mΨ̄l;m

4 þ dl;mΨ̄l−1;m
4 þ dlþ1;mΨ̄lþ1;m

4 Þ
�
;

ð17Þ
where Pradþ in Eq. (16) is a combination quantity introduced
for convenience, which is Pradþ ¼ Prad

x þ iPrad
y . Prad

x , Prad
y

and Prad
z are the x, y, and z components of Prad, respectively.

Ψ̄l;m
4 is the conjugate complex of Ψl;m

4 . The initial time t0
should exclude the nonphysical radiation relaxation
time when specifically calculated. The coefficients
ðal;m; bl;m; cl;m; dl;mÞ in Eqs. (16) and (17) are given by

al;m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðl −mÞðlþmþ 1Þp

lðlþ 1Þ ;

bl;m ¼ 1

2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 2Þðlþ 2ÞðlþmÞðlþm − 1Þ

ð2l − 1Þð2lþ 1Þ

s
;

cl;m ¼ 2m
lðlþ 1Þ ;

dl;m ¼ 1

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 2Þðlþ 2Þðl −mÞðlþmÞ

ð2l − 1Þð2lþ 1Þ

s
: ð18Þ

Finally, the radiated angular momentum JradðtÞ is given by

JradðtÞ ¼ − lim
r→∞

r2

16π
Re

Z
t

t0

dt0
�I

S2r

�Z
t0

−∞
dt00Ψ̄4

�

× Ĵ

�Z
t0
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dt00

Z
t00
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dt000Ψ4

�
dΩ

	
; ð19Þ

where the angular momentum operator Ĵ for spin weight
s ¼ −2 is given by
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Ĵ ¼
�
ReĴþ; ImĴþ;

∂

∂ϕ

�
ð20Þ

and

Ĵþ ¼ eiϕ
�
i
∂

∂θ
− cot θ

∂

∂ϕ
þ 2i csc θ

�
: ð21Þ

Again, using the orthogonality of −2Yl;mðθ;ϕÞ, Eq. (1) and
the property of the angular momentum operator Ĵ, we can
rewrite the radiated angular momentum as

Jradx ¼ − lim
r→∞

ir2

32π
Im

�X
l;m

Z
t

t0

�Z
t0

−∞

Z
t00

−∞
Ψl;m

4 dt000dt00

×
Z

t0

−∞
ðfl;mΨ̄l;mþ1

4 þ fl;−mΨ̄l;m−1
4 Þdt00

�
dt0

	
; ð22Þ

Jrady ¼ − lim
r→∞

r2

32π
Re

�X
l;m

Z
t

t0

�Z
t0

−∞

Z
t00

−∞
Ψl;m

4 dt000dt00

×
Z

t0

−∞
ðfl;mΨ̄l;mþ1

4 − fl;−mΨ̄l;m−1
4 Þdt00

�
dt0

	
; ð23Þ

Jradz ¼ − lim
r→∞

ir2

16π
Im

�X
l;m

m
Z

t

t0

�Z
t0

−∞

Z
t00

−∞
Ψl;m

4 dt000

×dt00
Z

t0

−∞
Ψ̄l;m

4 dt00
�
dt0

	
; ð24Þ

where the coefficients fl;m in Eqs. (22) and (23) are given
by

fl;m ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mÞðlþmþ 1Þ

p
;

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ −mðmþ 1Þ

p
: ð25Þ

The recoil velocity Vf can then be calculated from the
radiated linear momentum

Vf ¼ −
Prad

Mf
; ð26Þ

where Mf can be calculated from the energy balance:

Mf ¼ MADM − Erad: ð27Þ

For nonspinning BBH, according to symmetry, the spin
direction of the final remnants is in z direction, which can
be calculated by

αf ¼ L − Jradz

M2
f

; ð28Þ

where L represents the initial orbital angular momentum.

In Figs. 2(b) and 3(d), we observe that before the final
peak or valley, the change in Mf is negligible. Therefore,
the calculation of dynamic quantities such as Vf, Mf, and
αf is based mainly on Prad, Erad, and Jradz . The calculation of
Prad, Erad, and Jradz is based on Eqs. (13), (16), and (24). As
we previously mentioned, in the case of a nonspinning
BBH, the recoil occurs within the orbital plane, while
angular momentum radiation takes place along the z
direction. Equations (13) and (24) demonstrate a similarity
in the computation of Erad and Jradz , except for an additional
time integral in Jradz . This additional integral does not affect
the physical regularity of the variation in Jradz , similar to
the oscillation similarity shown in Figs. 2 and 3 between
Erad and Jradz . However, it introduces a phase shift in Mf

relative to the initial eccentricity, which could explain the
deviation of the integer cycles Nwaves from the peaks and
valleys in Fig. 4. Now, let us return to the calculation of
the radiated linear momentum (recoil velocity) in Eq. (16).
If we disregard the last two terms, bl;−mΨ̄l−1;mþ1

4 and
blþ1;mþ1Ψ̄lþ1;mþ1

4 , the remaining integral closely resembles
Eq. (13). The integral overm or the integral overmþ 1 and
the coefficient al;m in Eq. (16) do not affect the regularity
of the physics. However, including bl;−mΨ̄l−1;mþ1

4 and
blþ1;mþ1Ψ̄lþ1;mþ1

4 introduces significant complexity since
it involves the superposition of different harmonic modes,
resulting in messy and irregular recoil velocities, as
depicted in Figs. 2(b) and 3(b). The irregularities in recoil
velocities can be characterized by the following:
(1) The distribution of peaks and valleys in recoil

velocities is irregular, without a specific location
such as an integer cycle Norbits of orbital transitions,
and they lack uniform sharpness.

(2) The difference in the cycle numbers ΔNorbits be-
tween the peaks and valleys is less than 1 and
irregular, varying between 0.2 and 0.7.

(3) The values of the peaks and valleys exhibit irregu-
larity, occasionally causing sudden rises or falls [as
seen in Fig. 2(b)], and sometimes even surpassing
the preceding peak [as seen in Fig. 3(b)]. This
is analogous to the bimodal structure depicted in
Fig. 3(b). At first glance, this structure may appear
anomalous, but upon understanding the irregular
nature of recoil and the coarse-graining resulting
from limited simulated data, it becomes apparent
why it has such a structure.

These formulas also provide an explanation for the asymp-
totic behavior of dynamic quantities at high eccentricities and
head-on limits. In the scenario after the last valley, Mf

gradually increases toward a specific value. Consequently,
the recoil velocity Vf and the spin of the remnant αf in
Eqs. (26) and (28) exhibit a rapid decrease, as observed in
Figs. 2(b), 2(e), 3(b), and 3(e). On the other hand, the peak
luminosity demonstrates a slow decrease, similar to the
behavior ofMf, as depicted in Figs. 2(c), 2(d), 3(c), and 3(d).
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It is noteworthy to mention this in Ref. [89], a regular
functional relationship between recoil velocity and infall
direction was acquired, indicating the presence of an
intrinsic correlation between these two quantities. How-
ever, due to the absence of trajectory information in the RIT
catalog, our investigation of the relationship among recoil
velocity, eccentricity, and infall direction remains incom-
plete. We recognize the need for further research in this area
to address this limitation.
In summary, the dynamical quantities, including peak

luminosity, recoil velocity, mass, and spin of the remnant,
display distinct behaviors in their oscillations. Oscillations
of peak luminosity, remnant mass, and spin exhibit a more
regular pattern, whereas those of recoil velocity appear
messy and irregular. This phenomenon can be attributed to
their distinct physical origins, specifically the differences in
their calculation methods.
Furthermore, we delve into the physical origin of these

oscillations, which can be attributed to orbital transitions.
As evident from Figs. 2 and 3, the position of the peaks and
valleys in the oscillations corresponds to the appearance of
orbital transitions. In other words, these transitions intro-
duce excitations that amplify the dynamic quantities,
including peak luminosity, recoil velocity, and the mass
and spin of the remnant. This effect manifests itself earlier
for small initial coordinate separations, later for larger
separations, and typically within less than 10 orbital cycles.
Each peak and valley here has the same meaning as the
transition from inspiral to plunge. They are close to extreme
relativistic situations and only appear at close coordinate
separations. So, it is a strong field effect that necessitates
NR and cannot be captured by analytical PN methods.
Moreover, we observe that, as the eccentricity gradually
decreases, the number of orbital cycles increases, resulting
in a gradual reduction of the oscillations. This observation
provides an alternative perspective, highlighting how orbit
averaging can mitigate the impact of eccentricity. However,
this effect is only prominent in strong-field regimes and
attempts to study it using analytical PN methods can only
capture an average in gravitational wave background over a
few gravitational wavelengths [9,10]. Therefore, the com-
plete manifestation of the orbital averaging effect for
eccentricity requires the use of NR.
To ensure the validity of our research, it is crucial to take

into account the errors arising from numerical simulations.
Consequently, we address the significance of numerical
errors in Fig. 8 of Appendix A to confirm that these
oscillations are not attributed to numerical errors.
To provide a clearer understanding of the influence of

different initial separations 11.3M and 24.6M on the
dynamics of BBH mergers, we present comparisons of
dynamic quantities using three eccentricity definitions
(RIT, ADM, harmonic) in Figs. 13–15 of Appendix C.
This comparison effectively illustrates the impact of the
initial coordinate separation on the starting point of
the oscillation. We also mentioned in Sec. III that the

comparison of two series of simulations with different
initial separations reflects the oscillation behavior of
dynamic quantities with eccentricity in the strong field
regime. As the initial separation increases, the oscillations
manifest at higher initial eccentricities and exhibit more
vigorous patterns. This behavior is a direct consequence of
the larger initial separation and the increased velocity of the
binary black hole prior to merger. A direct comparison of
simulations with varying initial distances effectively cap-
tures and illustrates this characteristic.
The influence of initial eccentricity on the enhancement

or weakening of dynamic quantities such as peak lumi-
nosity, recoil velocity, mass, and spin of the remnant
has significant astrophysical implications. From a PN
perspective, Ref. [84] suggests a proportional relationship
between recoil velocity (Vf) and low eccentricity (e0), i.e.,
Vf ∝ ð1þ e0Þ. However, in the strong-field regime of NR,
no obvious proportional relationship between recoil and
initial eccentricity has been observed in Figs. 2 and 3.
Previous studies, such as Refs. [88,89], have quantitatively
analyzed the enhancement effect induced by eccentricity.
To quantitatively analyze the relative increment percentage
of peak luminosity (Lpeak), recoil velocity (Vf), mass (Mf),
and spin (αf) of the remnant relative to the corresponding
circular orbit, we express it as

ΔA
Ac

¼ Ae − Ac

Ac
× 100%; ð29Þ

where A denotes Lpeak, Vf, Mf, or αf, and the subscripts e
and c represent the cases of eccentric and corresponding
circular orbits, respectively. For the initial coordinate
separation of 11.3M, the first set of simulations with zero
eccentricity serves as Ac. However, for the initial coordinate
separation of 24.6M, despite an initial eccentricity of
0.19 in the first group, the near-horizontal characteristic
observed in Fig. 3 makes it comparable to a circular orbit,
allowing us to approximate it as Ac. It should be noted that
we exclude recoil with a mass ratio of q ¼ 1 and the cases
with mass ratios of q ¼ 1=6 and q ¼ 1=32 at the initial
coordinate separation of 24.6M due to the unreasonable
initial eccentricity (e0 ¼ 0.51) to approximate a circular
orbit. In Fig. 5, we present the percentages of increase of
Lpeak, Vf,Mf, and αf relative to the corresponding circular
orbit for the initial coordinate separations of 11.3M and
24.6M. Notable observations include the following:
(1) The relative increase of the dynamic quantities is

influenced by the initial coordinate separation and
the mass ratio. Here we focus solely on peaks or
valleys and exclude discussions on high eccentricity
and the head-on collision limit. We find that for the
recoil velocity Vf, at the initial coordinate separation
of 11.3M, the maximum relative increase can reach
69% for q ¼ 3=4, while at 24.6M, the maximum
relative increase is 38% for q ¼ 1=6. There is a
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remarkably significant increase in their values com-
pared to circular orbits. As for peak luminosity Lpeak,
at the initial coordinate separation of 11.3M, the
maximum relative increment can reach 20% for

q ¼ 3=4, and at 24.6M, the maximum relative
increment is 42% for q ¼ 1=6. Regarding mass
Mf, at the initial coordinate separation of 11.3M,
the minimum relative increment can reach −0.28%

(a)

(c)

(e)

(g) (h)

(f)

(d)

(b)

FIG. 5. Increment percentages of Vf, Lpeak, Mf, and αf relative to the corresponding circular orbit at initial coordinate separations of
11.3M and 24.6M for nonspinning configuration with different mass ratios. The upper four panels correspond to the initial coordinate
separation of 11.3M, and the lower four panels correspond to the initial coordinate separation of 24.6M.
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for q ¼ 1, and at 24.6M, the minimum relative
increment is −0.5% for q ¼ 1. Lastly, for spin αf,
at the initial coordinate separation of 11.3M, the
maximum relative increase can reach 3.1% for
q ¼ 1=4, while at 24.6M, the maximum relative
increase is 6.9% for q ¼ 1=7.

(2) In the case of regular oscillations (Lpeak, Mf, αf),
the last orbital transition from orbit to plunge intro-
duces the most significant relative increment or
decrement, leading to a substantial change compared
to the penultimate peak or valley. This observation is
evident in Figs. 5(b)–5(d) and 5(f)–5(h). For further
details and additional features, that are not discussed
comprehensively here, please refer to Fig. 5.

One may initially attribute these oscillations to fractional
orbital effects, specifically varying fractional orbital num-
bers. However, it is important to note that the orbital
transition effect induced by eccentricity represents a com-
plete strong field phenomenon. This effect alters the
characteristics of the merging BBHs, most notably the
peak luminosity, during the merger stages of plunge and
merger, which are the primary contributors to gravitational
radiation. As the number of orbits increases, the properties
of eccentric mergers gradually converge towards those of
circular orbit mergers. This convergence is evident in the
similarity of recoil velocities, peak luminosities, masses,
and spins observed at the initial points of the curves in
Fig. 2. (The recoil speeds at mass ratios of 1=2 and 1=4
exhibit deviations from other initial points due to numerical
errors. However, the impact of these deviations is still
within the range of recoil enhancement caused by eccen-
tricity.) The properties of BBH mergers for various circular
orbits are denoted by black marks “x.” These circular
orbits correspond to RIT:BBH:0001 (q ¼ 1), RIT:
BBH:0112 (q ¼ 1), RIT:BBH:0198 (q ¼ 1), RIT:
BBH:0114 (q ¼ 3=4), RIT:BBH:0117 (q ¼ 1=2), and
RIT:BBH:0119 (q ¼ 1=4) in the RIT catalog, respectively.
Their initial orbital separations are 9.53, 20.0, 11.0, 11.0,
11.0, and 11.0, respectively. While these different initial
separations result in varying fractional orbits, the influence
of fractional orbits is considerably less significant com-
pared to the impact of the orbital transition effect caused by
eccentricity.

4. Summary

In conclusion, in Sec. III A, we have provided a
comprehensive analysis of the relationship between various
dynamic quantities, including merger time Tmerger, peak
luminosity Lpeak, recoil velocity Vf, mass Mf, and spin αf
of the merger remnants, and the initial eccentricity e0 for
different initial coordinate separations 11.3M and 24.6M.
Our findings reveal intriguing oscillatory behaviors, which
become evident when the numerical simulation data points
are sufficiently dense. In Secs. III A 1 and III A 2, we
objectively described the observed phenomenology and

oscillations without delving into their physical origins.
However, in Sec. III A 3, we embarked on exploring the
underlying causes of these oscillations. Using the phase of
gravitational waves, we calculated the orbital cycle number
Norbits and found a remarkable correlation between peaks or
valleys of the dynamic quantities and orbital transitions.
Subsequently, we employed calculation formulas analysis
from gravitational waveform to examine the oscillatory
behavior exhibited by different dynamic quantities. Our
analysis led us to conclude that the distinct oscillation
patterns observed in various physical quantities arise from
the use of different calculation methods. Finally, to address
the astrophysical implications of our findings, we com-
puted the percentage increment of each dynamic quantity in
eccentric orbits relative to corresponding circular orbits.
This analysis provides valuable insights into the relative
enhancements or weakenings of these quantities associated
with eccentricity. In general, our study sheds light on the
intricate relationship between initial eccentricity and
dynamic quantities, revealing oscillatory phenomena and
providing a deeper understanding of their physical origins.
The calculated percentage increments further contribute to
our understanding of the astrophysical implications of
eccentric orbits compared to circular orbits.

B. Spin alignment

1. Analysis

The analysis of spin-aligned eccentric BBH mergers
follows a similar framework to the previous nonspinning
case. However, the inclusion of spin introduces additional
considerations. Specifically, we need to account for the
influence of spin on the merger dynamics. The hang-up
effect, characterized by spin alignment or antialignment
with orbital angular momentum, can either slow down or
accelerate the BBH merger compared to the nonspinning
scenario [112–115]. This effect fundamentally alters the
relationship between the dynamic quantities of the BBH
merger, including the merger time Tmerger, the peak lumi-
nosity Lpeak, the recoil velocity Vf, the mass Mf, and the
spin αf, with respect to the initial eccentricity e0, relative to
the nonspinning case. Table I provides the parameters for
eccentric BBH simulations with spin-aligned or antialigned
configurations (collectively referred to as spin aligned for
simplicity) from RIT [83]. It is important to note that the
minimum values e0min of the initial eccentricity differ
across the simulations, and the maximum value of the
initial eccentricity is set to 0.9999, approaching the head-on
collision limit. To facilitate representation and analysis,
each simulation configuration is assigned a unique ID, as
indicated in the first column of Table I. Figure 6 illustrates
the dynamic quantities merger time Tmerger, peak luminos-
ity Lpeak, recoil velocity Vf, mass Mf, and spin αf, as
functions of the initial eccentricity e0 for the spin-aligned
configuration at an initial coordinate separation of 24.6M.
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Additionally, we mark the position where Norbits is approx-
imately equal to one orbit with a red “x” in Fig. 6. Notably,
we now consider different effective spin configurations,
which introduce variations compared to the nonspinning
BBH case. Incorporating spin into the analysis of eccentric
BBH mergers enhances our understanding of the complex
interaction between spin dynamics and initial eccentricity.
The inclusion of different effective spin configurations
further enriches the investigation of the orbital hang-up
effect, highlighting nuances compared to the nonspin-
ning case.
In Fig. 6(a), the relationship between merger time and

initial eccentricity exhibits similarities to the overall behav-
ior observed in the previous nonspinning BBH case, as
depicted in Figs. 2 and 3. However, the hang-up effect
significantly alters the location of the critical point in the
merger time. Specifically, for positive effective spin values,
the corresponding initial eccentricity at the critical point is
higher, approximately 0.65. On the contrary, for negative
effective spin values, the critical point occurs at a lower
initial eccentricity, around 0.45. This observation under-
scores the profound impact of the hang-up effect on either
accelerating or decelerating the BBH merger process. In
particular, a greater effective spin leads to longer merger
times, indicating a stronger influence of spin on the
dynamics of the system.
In Fig. 6(b), the overall behavior of the recoil velocity

aligns with the trends observed in Figs. 2 and 3. However,
because of limited data points and a scarcity of simulations
with low initial eccentricity, the oscillatory behavior is not
clearly visible, and the final peak is barely discernible.
When the mass ratio q ¼ 1 and the spins are equal, the
BBH system adopts a perfectly symmetric configuration,
resulting in zero radiated linear momentum and, conse-
quently, a recoil velocity of 0. Comparing configurations
A1, A2, A3, and A4, we observe that the influence of
different mass ratios on the recoil velocity persists, similar
to the nonspinning case. However, the effect of aligned spin
on the recoil velocity is twice as significant as the effect of
an asymmetric mass ratio. Previously, the maximum recoil

value introduced by an asymmetric mass ratio of q ¼ 1=3
was 226 km=s, but configuration A9 raises this value
to 387 km=s. As the spin configuration becomes more
asymmetric, the resulting recoil velocity increases. Simu-
ltaneously, the hang-up effect causes a shift in the initial
eccentricity corresponding to the recoil peak, reflecting its
role in accelerating or decelerating the BBH dynamics.
Notably, the presence of spin amplifies the recoil velocity
for circular orbital cases. Consequently, the incremental
percentage of recoil is reduced in the presence of spin
compared to the previous nonspinning scenario.
In Fig. 6(c), the overall behavior of the peak luminosity

shows similarities to Figs. 2 and 3. Some configurations,
such as A3 and A4, display slight oscillations, consistent
with the previous observations. However, it is important to
note that these oscillations are not comprehensive, as the
available data points are limited and represent a coarse-
grained picture. The influence of spin on the peak lumi-
nosity is significantly greater than the effect of eccentricity.
For the simulation sequences in RIT, in the absence of spin
and eccentricity, the maximum value of peak luminosity
can reach 5.1 × 1056 ergs=s. However, with spin and no
eccentricity, the maximum value of peak luminosity can
reach 7.0 × 1056 ergs=s. When both eccentricity and spin
are present, as in configuration A4, the maximum value of
peak luminosity can reach 9.3 × 1056 ergs=s. In Fig. 6(c),
the impact of the hang-up effect on the peak luminosity is
also evident, which will not be detailed here. The orbital
cycle number Norbits ≈ 1 is approximately located near the
peak, similar to the situation without spin. However, due to
the limited data points and inherent uncertainties, this value
should be regarded as a reference rather than an exact
measurement.
The analysis of Fig. 6(d) follows a similar pattern to

Figs. 6(b) and 6(c), and therefore we will refrain from
repeating it here.
In Fig. 6(e), the overall behavior of the spin of the remnant

exhibits similarities to Figs. 2 and 3. However, the presence
of spin introduces a new phenomenon in the presence of
eccentricity, i.e., a final spin transition from positive to
negative, passing through the Schwarzschild black hole
during the process. In eccentric BBH simulations, the
increase in initial eccentricity is equivalent to the decrease
in tangential linear momentum, as can be observed from the
relationships pt ¼ pt;qcð1 − ϵÞ and e ¼ 2ϵ − ϵ2. The initial
angular momentum L of the BBH can be expressed as

L ¼ ptD: ð30Þ

In the spin-aligned configuration, the radiated angular
momentum Jradz ðe0; q; χ1z; χ2zÞ is in the z direction and
depends on the mass ratio q, the initial eccentricity e0,
and the spins χ1z and χ2z. Referring to previouswork [79,85],
neglecting effects such as high-order spin-orbit coupling and
spin-spin coupling, and assuming that the spin of each black

TABLE I. Parameters for eccentric BBH simulations with spin-
aligned configurations, where e0;min represents the minimum
value of the initial eccentricity in the simulation series.

Configuration ID q χ1z χ2z χeff e0;min Set number

A1 1 −0.5 −0.5 −0.5 0.19 23
A2 1 −0.8 −0.8 −0.8 0.19 23
A3 1 0.5 0.5 0.5 0.4375 21
A4 1 0.8 0.8 0.8 0.4375 21
A5 1 0 0.8 0.4 0.4375 14
A6 1 0 −0.8 −0.4 0.19 14
A7 1=4 0 −0.8 −0.64 0.4375 20
A8 1=3 0 −0.8 −0.6 0.36 21
A9 1=2 0 −0.8 −0.53 0.36 16
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hole remains constant during the evolution of the BBH, the
approximate expression for the final spin parameters αf is
given by

αf ¼
Lðe0;qÞ − Jradz ðe0; q; χ1z; χ2zÞ

M2
fðe0; q; χ1z; χ2zÞ

þ χ1z þ χ2z: ð31Þ

As previously analyzed, when the initial coordinate separa-
tion is fixed, both L and Mf are functions of the initial
eccentricity e0 and mass ratio q, with the latter also
dependent on the spins χ1z and χ2z. If the spin direction
χ1z and χ2z aligns with the orbital angular momentum or the
sum of χ1z and χ2z is greater than 0, regardless of the

adjustment of the initial eccentricity e0, the final spin
direction remains positive (in accordance with the direction
of the orbital angular momentum). On the other hand, if the
spin direction χ1z and χ2z is antialigned with the orbital
angularmomentumor the absolutevalue of the sum (this sum
is required to be negative) of χ1z and χ2z is greater than the
first term of the right side of Eq. (31), it is possible to finely
adjust the initial eccentricity such that the final spin αf
becomes 0, resulting in a Schwarzschild black hole. This
relationship can be qualitatively expressed as

0 ¼ Lðe0S; qÞ − Jradz ðe0S; q; χ1z; χ2zÞ
M2

fðe0S; q; χ1z; χ2zÞ
þ χ1z þ χ2z: ð32Þ

FIG. 6. Variations of dynamical quantities of the merger time Tmerger (a), peak luminosity Lpeak (c), recoil velocity Vf (b), massMf (d),
and spin αf (e) of the merger remnants as a function of the initial eccentricity e0 at the initial coordinate separation of 24.6M for spin
aligned configuration with different mass ratios. We mark the position where Norbits is approximately equal to one orbit with a red “x.”
The dashed line in (e) represents the Schwarzschild black hole whose corresponding spin is 0.
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Determining accurately the initial eccentricity e0S that leads
to the final black hole being a Schwarzschild black hole is
challenging when using analytical modeling. This difficulty
arises from the need to consider the eccentricity’s special
effects as well as the influence of the hang-up effect, which
makes the problem highly complex. From Fig. 6(e), it can be
observed that the initial eccentricities that eventually result in
a Schwarzschild black hole are all in the plunge stage rather
than in the inspiral stage, indicating high eccentricity and
complex strong field dynamics. The corresponding initial
eccentricity values to form a Schwarzschild black hole for
configurations A1, A2, A6, A7, A8, and A9 are 0.96, 0.91,
0.96, 0.6156, 0.7975, and 0.91, respectively. These eccen-
tricity values do not imply that the final black hole spin is
exactly 0, but rather that it is as close as possible to 0.
These initial eccentricity values provide insights into the
influence of spin and mass ratios on the BBH dynamics.
Importantly, it is worth noting that the combined effect of
eccentricity and spin does not cause the final black hole’s spin
to exceed that of an extreme Kerr black hole whose spin is 1,
thus confirming the validity of the cosmic censorship
hypothesis [116,117].

2. Summary

In summary, in Sec. III B, we presented a comprehensive
analysis of various eccentric spin alignment configurations
in the BBH merger simulations. We investigated the
relationship between key dynamic quantities, including
the merger time Tmerger, peak luminosity Lpeak, recoil
velocity Vf, mass Mf, and spin αf of the merger remnants,
and the initial eccentricity e0 for an initial coordinate
separation of 24.6M. Our findings demonstrate that the
overall behavior of these dynamic quantities follows a
similar pattern to the nonspinning case. They start with a
horizontal line, gradually exhibit oscillations towards the
final peak or valley (although due to limited data points, we
observed only a portion of the oscillation), and eventually
converge to a certain value as they approach the head-on
collision limit. This universal behavior reveals the similar

effects of eccentricity on dynamics, regardless of spin
alignment or no spin. In both the nonspinning and spin-
aligned scenarios, the percentage increment of these
dynamic quantities due to eccentricity, relative to the
circular orbit case, remains approximately analogous.
This observation underscores the universality of eccentric-
ity’s influence on BBH dynamics. The hang-up effect
plays a crucial role in altering the critical points of the
merger time Tmerger, modifying the baseline value of the
recoil velocity and the corresponding eccentricity at
the final peak for Vf, and introducing variations in the
peak luminosity Lpeak and remnant mass Mf compared to
the case of zero eccentricity. Additionally, it can give rise to
a critical eccentricity that results in a transition across the
Schwarzschild black hole for αf. These effects, character-
ized by the alterations in dynamic quantities of BBHs under
the influence of spin and eccentricity, have profound
astrophysical implications.

C. Spin precession

1. Analysis

When the spin angular momentum and orbital angular
momentum directions are misaligned, orbital precession
can occur. This precession effect introduces intricate
modulations on waveforms and dynamics, including ampli-
tude and phase modulation of the waveform and orbital
plane precession [118,119]. The situation becomes even
more complex when eccentricity is introduced [108]. In this
scenario, the waveform undergoes dual modulation. As
discussed in Sec. III A, this impact on the waveform is
equivalent to the impact on dynamic quantities such as
Lpeak, Vf, Mf, and αf. Furthermore, precession affects the
merger time Tmerger. In Table II, we provide the parameters
of the eccentric BBH simulations used for spin precession.
In Fig. 7, we present the dynamic quantities of the merger
remnants, including merger time Tmerger, peak luminosity
Lpeak, recoil velocity Vf, massMf, and spin αf, as functions

TABLE II. Parameters for eccentric BBH simulations with spin precession configurations, where e0;min represents
the minimum value of the initial eccentricity in the simulation series.

Configuration ID q χ1x χ1y χ1z χ2x χ2y χ2z χp e0;min Set number

P1 1 0 −0.6062 0.35 0 0.6062 0.35 0.6062 0.51 7
P2 1 0 −0.7 0 0 0.7 0 0.7 0.51 7
P3 1 0.5 0 0 0.5 0 0 0.5 0.5775 5
P4 1 0.6 0 0 0.6 0 0 0.6 0.5775 5
P5 1 0.7 0 0 0.7 0 0 0.7 0.19 15
P6 1 0.6062 0.35 0 0.7 0 0 0.7 0.51 11
P7 1 0.35 0.6062 0 0.7 0 0 0.7 0.51 11
P8 1 0 0.7 0 0.7 0 0 0.7 0.51 11
P9 1 −0.35 0.6062 0 0.7 0 0 0.7 0.51 11
P10 1 −0.6062 0.35 0 0.7 0 0 0.7 0.51 11
P11 1 −0.7 0 0 0.7 0 0 0.7 0.19 15
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of the initial eccentricity e0 for the spin-precessing configu-
ration at an initial coordinate separation of 24.6M. In Fig. 7,
we do not mark the position where Norbits is approximately
one orbit due to the limited number of data points. In such
cases, the cycle numberNorbits deviates significantly from an
integer value and lacks a reference value. To facilitate
comparison with the effective spin previously studied, we
introduce the effective precession spin parameter χp in an
attempt to quantitatively describe the impact of precession.
Due to the vast parameter space, RIT’s simulations only
cover eccentric precession configurationswith amass ratio of
q ¼ 1 and some special spin configurations.
In Fig. 7(a), we observe that the variation of merger time

with initial eccentricity exhibits a similar trend to the overall
behavior of the nonspinning BBH case in Figs. 2 and 3, as

well as the spin-aligned BBH case in Fig. 6. Notably, there
are no apparent differences among the effects of different
spin precession configurations. The impact is not as pro-
nounced as the changes induced by the hang-up effect
observed previously. The critical turning point of Tmerger

aligns closely with the nonspinning case, occurring at
approximately 0.5. Moreover, the effective precession spin
parameter exhibits comparable values in all configurations.
However, due to the limited number of data points, it is
challenging to discern any significant correlations.
In Fig. 7(b), we observe that the variation of the recoil

velocity with initial eccentricity follows a trend similar to
the overall behavior of the nonspinning BBH case in Figs. 2
and 3, as well as the spin-aligned BBH case in Fig. 6.
However, the oscillations in Fig. 7(b) appear more chaotic

FIG. 7. Variations of dynamical quantities of the merger time Tmerger (a), peak luminosity Lpeak (c), recoil velocity Vf (b), massMf (d),
and spin αf (e) of the merger remnants as a function of the initial eccentricity e0 at the initial coordinate separation of 24.6M for spin
precession configuration with mass ratio q ¼ 1.

CHARACTERIZING THE EFFECT OF ECCENTRICITY ON THE … PHYS. REV. D 109, 084063 (2024)

084063-21



compared to both the nonspinning and spin-aligned cases.
It is worth noting that certain configurations, such as P4 and
P5, exhibit a recoil velocity of 0 due to symmetry in mass
ratio and spin. First, we observe that the magnitude of the
recoil velocity is approximately an order of magnitude
larger than in the previous nonspinning and spin-aligned
cases. This phenomenon can be attributed to the increased
asymmetry exhibited by the precession configuration in
comparison to the spin alignment and no spin, leading to
higher recoil velocities. Among the configurations, P1
reaches a maximum recoil velocity of 3653.64 km=s at
an eccentricity of 0.64, while the smallest cases such as P6
reach a maximum recoil velocity of 674.81 km=s at an
eccentricity of 0.5775. Second, the initial eccentricities at
which the maximum recoil values occur for each configu-
ration are not consistent, contributing to the visual com-
plexity in Fig. 7(b). As discussed in Sec. III A, we already
understand the origin of these chaotic oscillations in the
recoil velocity. The messy appearance in Fig. 7(b) is a
combined effect of eccentricity and spin precession, with
spin playing a more dominant role in the observed behavior
compared to eccentricity. Furthermore, we can observe
from P11 that the maximum recoil caused by eccentricity is
722 km=s larger than the recoil observed in the corre-
sponding circular orbit. This difference corresponds to a
maximum percentage increase of 25.5%, which is consis-
tent with the findings of previous cases without spin and
spin alignment. This quantitative concept holds significant
astrophysical significance and provides valuable insights
into the dynamics of eccentric BBH systems.
In Figs. 7(d)–7(e), we observe that the variations of the

peak luminosity Lpeak, mass Mf, and spin αf of merger
remnants with initial eccentricity follow a similar trend to
the overall behavior observed in the nonspinning BBH case
in Figs. 2 and 3, as well as the spin-aligned BBH case in
Fig. 6. From configurations P5 and P11, we can see that in
the presence of spin precession, the incremental percent-
ages of the dynamic quantities Lpeak,Mf, and αf relative to
the values in a circular orbit are essentially consistent with
the findings in the no spin and spin-aligned case. These
observations indicate that, regardless of the inclusion of
spin, the effect of eccentricity on the dynamics of BBHs
remains universal and does not change. Furthermore, these
findings highlight the fact that eccentricity exerts a con-
sistent influence on BBH dynamics, regardless of the
presence or absence of spin. They underscore the universal
nature of the eccentricity-induced effects and provide
further insight into the behavior of eccentric BBH systems.
The other detailed analysis is the same as the previous no
spin and spin alignment, so we will not go into details here
(refer to Fig. 7).

2. Summary

In summary, Sec. III C presents a collection of repre-
sentative simulations of eccentric spin precession

configurations in BBH systems. We investigate the rela-
tionship between several dynamic quantities, the merger
time Tmerger, peak luminosity Lpeak, recoil velocity Vf, mass
Mf, and spin αf of the merger remnants, and the initial
eccentricity e0 for an initial coordinate separation of
24.6M. Our analysis reveals that the overall behavior of
these dynamic quantities closely resembles that observed in
previous studies involving nonspinning and spin-aligned
cases. However, it is important to note that, due to
limitations in the available data points, we do not observe
oscillatory patterns similar to those depicted in Figs. 2 and
3. We conduct an analysis to understand the reasons behind
the intricate nature of recoil as illustrated in Fig. 7(b), and
propose that it arises from the combined effects of spin
precession and eccentricity. Notably, we find that in the
presence of spin precession, the percentage increment of
the dynamic quantities with respect to the initial eccen-
tricity remains consistent with that observed in both the no
spin and spin-aligned scenarios. These findings highlight
the universality of the influence of eccentricity on BBH
dynamics, which has significant astrophysical implications.

IV. CONCLUSION AND OUTLOOK

Thanks to the extensive collection of numerical relativ-
istic simulations of eccentric orbital BBH mergers con-
ducted by RIT, we investigated the effect of the initial
eccentricity e0 on various dynamic quantities, including the
merger time Tmerger, peak luminosity Lpeak, recoil velocity
Vf, mass Mf, and spin αf of the merger remnants. Our
study encompasses configurations involving no spin, spin
alignment, and spin precession, as well as a wide parameter
space that encompasses mass ratios ranging from 1=32 to 1
and initial eccentricities spanning from 0 to 1.
In the case of nonspinning BBH systems, we conducted

a detailed investigation using two fixed initial coordinate
separations 11.3M and 24.6M. For the 11.3M separation,
we make a significant discovery regarding the presence
of a widespread oscillation phenomenon in the relationship
between dynamic quantities Lpeak, Vf, Mf, αf, and the
initial eccentricity e0. This observation represents the first
identification of such universal oscillations in this context.
Furthermore, in the case of a mass ratio of q ¼ 1 and the
24.6M separation, we also observe similar oscillatory
behavior, leading us to conclude that this phenomenon
will manifest itself in numerical simulations featuring
sufficiently dense initial eccentricity. We further analyze
the role played by the mass ratio in these oscillations. To
gain further insight into these oscillations, we calculate the
orbital cycle number Norbits by examining the phase of
gravitational waves. We establish a connection between the
integer value of Norbits and the peaks and valleys observed
in the curves of the dynamic quantities. This association
leads us to infer that the oscillation phenomenon arises from
orbital transitions. This study presents a ground-breaking
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discovery of the dynamic effects arising from additional
orbital transitions in eccentric BBH mergers, beyond the
well-known transition from inspiral to plunge [85].
Subsequently, we analyze the formulas used to calculate
Vf,Mf, andαf from thegravitationalwaveform.Wepropose
that the chaotic behavior observed in the recoil velocity Vf

and the regular behavior observed inMf and αf are the result
of differences in the calculation formulas. To facilitate
astrophysical applications, we quantitatively evaluated the
percentage increment of the dynamic quantities Lpeak, Vf,
Mf, and αf relative to their circular orbit counterparts. This
analysis provides a useful measure of the deviations of the
dynamic quantities from circular orbits and the impact of
eccentricity on the dynamical properties of the system.
In the spin-aligned case, we observe a similarity in the

overall behavior of the dynamic quantities compared to
the nonspinning scenario. However, the presence of the
hang-up effect introduces modulations in the relationship
between the initial eccentricity and the dynamical quan-
tities, relative to the nonspinning case. In particular, we
make a significant discovery in this context. That is, when
the spin angular momentum and orbital angular momen-
tum are antialigned, we find that by adjusting the initial
eccentricity, which is equivalent to modifying the initial
tangential momentum, the spin of the final remnant αf can
undergo a transition from positive to negative, passing
through the Schwarzschild black hole configuration along
the way. Furthermore, we discover that the percentage of
increments of the dynamic quantities with respect to the
initial eccentricity in the spin-aligned BBH systems is
similar to that observed in the nonspinning case. This
finding highlights the consistency in the effects of eccen-
tricity on the dynamics of both spin-aligned and non-
spinning BBH systems.
In the spin-precessing case, we also observe a general

similarity in the overall behavior of the dynamic quantities
compared to the nonspinning and spin-aligned cases.
However, we note distinct characteristics in the recoil
velocities, which exhibit larger magnitudes and more
intricate curves compared to the previous two scenarios.
Through a comprehensive analysis, we conclude that these
complex recoil behaviors arise from the combined influ-
ence of spin precession and eccentricity. Furthermore, we
find that the percentage increment of the dynamic quan-
tities with respect to the initial eccentricity follows a pattern
similar to that observed in the nonspinning and spin-
aligned cases. These observations underscore the univer-
sality of the effect of eccentricity on the dynamics of BBH
systems, regardless of the presence or absence of spin.
All in all, our comprehensive analysis reveals universal

behavior in the influence of eccentricity on BBH dynamics.
This behavior can be described as follows: Initially, the effect
of eccentricity is minimal, resulting in nearly horizontal
straight-line trajectories. As eccentricity increases, the
dynamic quantities, including peak luminosity Lpeak, recoil

velocity Vf, mass Mf, and spin αf, exhibit gradual oscil-
lations, reaching peaks or valleys at certain points. As
eccentricity further increases, under high eccentricity and
head-on collision limits, the dynamic quantities tend to
converge towards specific values. This unified model pro-
vides a comprehensive understanding of how the initial
eccentricity influences the various dynamic quantities in
BBH systems of different mass ratios and spin configura-
tions, encompassing the entire range from low to high
eccentricities.
However, it is essential to acknowledge the limitations of

our current study. While we have made significant progress,
it remains incomplete. For the initial coordinate separation of
11.3M, althoughwehave a substantial number of data points,
the density is still not sufficient to draw definitive conclu-
sions. Similarly, in the case of 24.6M, the initial eccentricity
is not small enough, and the number of data points is limited.
To develop a more comprehensive understanding, it is
necessary to investigate other coordinate separations and
analyze the unified behavior of the influence of eccentricity
on dynamic quantities. Additionally, various factors, includ-
ing errors arising from insufficient data point density,
uncertainties in measured eccentricity, numerical inaccura-
cies, and the effects of periastron precession, need to be
thoroughly addressed. Therefore, further research utilizing
eccentric orbital numerical simulations is needed to verify
these findings and address these challenges. Furthermore, the
absence of trajectory information in the RIT dataset hinders
our ability to fully analyze the dynamic origins of the
observed oscillations. Incorporating trajectory information
into future studies will be important to gain deeper insight
into this phenomenon.Moreover, the cases of spin alignment
and spin precession explored in this study do not cover a
sufficiently wide parameter space in terms of spin, initial
eccentricity, andmass ratio. The limited number of numerical
simulation data points in these cases may restrict the general-
izability of the results.
Moving forward, as numerical relativistic simulations of

eccentric orbit BBH mergers continue to advance, the
influence of eccentricity on dynamics will gradually be
revealed. A more practical approach for astrophysical
applications would be to develop analytical models that
describe the relationship between the dynamic quantities,
such as Tmerger, Lpeak, Vf,Mf, and αf, in terms of the initial
eccentricity e0. Investigating and constructing such unified
models will be the main focus of our future research
endeavors.
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APPENDIX A: ERROR ESTIMATE

As previously mentioned, numerical errors play a sig-
nificant role in the occurrence of oscillation phenomena, as
they can potentially contribute to such oscillations. While
RIT’s catalog and metadata do not provide a direct error
estimate for each dynamic quantity, related articles offer a
rough estimation of the errors. For instance, evaluations of
quantities associated with the black hole horizon, such as
the final mass and spins of the remnant, indicate errors on

the order of 0.1% through the isolated horizon algorithm.
Additionally, radiatively computed quantities, including
recoil velocities and peak luminosities, are assessed with a
typical error of approximately 5% [54]. In Fig. 8, we present
the recoil velocity Vf [Fig. 8(a)], peak luminosity Lpeak

[Fig. 8(b)], massMf [Fig. 8(c)], and spin αf [Fig. 8(d)] with
error bars based on the typical error estimate provided byRIT
with 5% for recoil velocity and peak luminosity and 0.1% for
mass and spin. For spin αf, an enlarged view is shown in
Fig. 8(d) due to its smaller error bar.
By examining Figs. 8(a)–8(c), we observe that the last

peak or valley for the recoil velocity, peak luminosity, and
remnant mass lies completely outside the error bars,
indicating that these values are not attributed to numerical
errors. However, for penultimate or smaller peaks or

(a)

(b)

(d) (e)

(c)

FIG. 8. Recoil velocity Vf (a), peak luminosity Lpeak (b), mass Mf (c), and spin αf (d) with error bars based on the typical error
estimate provided by RITwith 5% for recoil velocity and peak luminosity and 0.1% for mass and spin. For spin αf, an enlarged view is
shown in (e) due to its smaller error bar.
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valleys, the error bars overlap, preventing us from drawing
definitive conclusions. Turning to Figs. 8(d) and 8(e), we
find that the peaks and valleys of the penultimate or smaller
spin also fall outside the range of the error bars, suggesting
that the oscillation of the remnant spin is a genuine physical
phenomenon rather than a result of numerical errors. As
elaborated in Sec. III, each physical quantity is derived
from the Weyl scalar Ψ4, as denoted by Eqs. (12)–(28). It is
important to note that these calculations are interconnected
and stem from the same source. Notably, peak luminosity
and gravitational wave energy radiation are closely inter-
twined, with the former serving as the primary contributor
to the latter. Consequently, we maintain that if the error
estimate for the remnant spin produced by RIT is deemed
reasonable, then Fig. 8 provides evidence to support the
conclusion that the observed oscillation is not attributable
to numerical errors.

APPENDIX B: MEASURING ECCENTRICITY

While the eccentricity estimation method employed by
RIT is considered a reliable approximation, it is essential
for the integrity of our research to seek a more reasonable
approach for estimating the initial eccentricity of the BBH
simulation. Similar to Refs. [85,88], we use the generalized
3PN quasi-Keplerian parametrization to estimate the initial
eccentricity. Measuring initial eccentricity can be expressed
by Eqs. (21a) and (25d) in Ref. [107], under ADM and
harmonious coordinates. Here, we choose the time eccen-
tricity et as the object, but we can also choose other

eccentricities such as er and eϕ. How to choose eccentricity
is only a quantitative expression, and it is not necessary to
choose et. All that matters in calculating eccentricity is the
initial binding energy Eb and initial angular momentum L,
and these are available in the metadata of the RIT catalog.
What we need to pay attention to is that when the
eccentricity is too large, due to the limitations of PN
calculation, we may calculate an eccentricity much greater
than 1 if the BBH merger is in the plunge phase. In Figs. 10
and 11, we show the initial eccentricity we obtained
under ADM coordinate (eADM;0) and harmonic coordinate
(eharmonic;0). Among them, some simulated eccentricities
were abandoned by us because they were far greater than 1,
and these eccentricities are obtained all in the serious
plunge stage. They are located at the tail end of the curve
and have no impact on the overall trend of the curve. In
Fig. 12, we compare the measurement of dynamic quan-
tities by three eccentricities. We observed that in the range
of low to medium eccentricity (0–0.4), the eccentricities of
ADM coordinate and harmonic coordinate measurement
are basically consistent, while in the case of high eccen-
tricity (0.4–1), the two measurement methods deviate. The
RIT measurement method (eRIT;0) deviates from the eccen-
tricity measured by ADM and harmonic coordinates
throughout the entire eccentricity range (0–1), and there-
fore it can only represent an approximate representation.
When we need to consider specific initial eccentricity
values, we need to mainly refer to the results obtained
by PN.

FIG. 9. Errors of the nearest continuous integer orbital cycle Norbits compared to the corresponding integer value for the 11.3M
nonspinning case.
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(a)

(b)

(d)
(e)

(c)

FIG. 10. Variations of dynamical quantities of the merger time Tmerger (a), peak luminosity Lpeak (c), recoil velocity Vf (b), mass Mf
(d), and spin αf (e) of the merger remnants as a function of the initial eccentricity eADM;0 at the initial coordinate separation of 11.3M for
nonspinning configuration. Initial eccentricities are measured under ADM coordinate of 3PN.
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(a)

(b)

(d) (e)

(c)

FIG. 11. Variations of dynamical quantities of the merger time Tmerger (a), peak luminosity Lpeak (c), recoil velocity Vf (b), mass Mf
(d), and spin αf (e) of the merger remnants as a function of the initial eccentricity eharmonic;0 at the initial coordinate separation of 11.3M
for nonspinning configuration. Initial eccentricities are measured under harmonic coordinate of 3PN.
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APPENDIX C: COMPARISON OF DIFFERENT
INITIAL SEPARATIONS

In Figs. 13–15, we compare different dynamic quan-
tities under initial coordinate separations of 11.3M and
24.6M for the nonspinning configuration under three
eccentricity measurement methods (ADM, harmonic,
RIT). Among them, for the case of 24.6M, we only list
the one with mass ratio q ¼ 1, because its data points are
dense enough and obvious oscillations occur. For the
11.3M and 24.6M simulations, the sole distinction
between them resides in their initial separations. Both
simulations entail nonspinning configurations, featuring
initial eccentricity values spanning from 0 to 1.
Comparing these simulations directly enables us to

scrutinize the impact of varying initial separations on
the dynamic quantities. In Sec. III, we have expounded
upon how contrasting two sets of simulations with
different initial separations offers valuable insights into
the oscillation behavior of dynamic quantities with
eccentricity within the strong field regime. As the initial
separation increases, the oscillations become discernible
at higher initial eccentricities, while also exhibiting more
conspicuous patterns. This phenomenon stems directly
from the augmented initial separation and the resulting
escalated velocity of the binary black hole prior to
merger. Through the direct comparison of simulations
characterized by distinct initial distances, we effectively
capture and elucidate this characteristic.

(a)

(b) (c)

(d) (e)

FIG. 12. Variations of dynamical quantities of the merger time Tmerger (a), peak luminosity Lpeak (c), recoil velocity Vf (b), mass Mf
(d), and spin αf (e) of the merger remnants as a function of the initial eccentricity at the initial coordinate separation of 11.3M for
nonspinning configuration of mass ratio q ¼ 1=4. Initial eccentricities are measured through three methods eADM;0, eharmonic;0, eRIT;0.
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(a)

(b)
(c)

(d)
(e)

FIG. 13. Comparisons of dynamic quantities merger time Tmerger (a), recoil velocity Vf (b), peak luminosity Lpeak (c), mass Mf (d),
and spin αf (e) under initial coordinate separations of 11.3M and 24.6M (only for mass ratio q ¼ 1) for the nonspinning configuration
under eccentricity measurement methods in ADM coordinates.
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(a)

(b)

(d) (e)

(c)

FIG. 14. Comparisons of dynamic quantities merger time Tmerger (a), recoil velocity Vf (b), peak luminosity Lpeak (c), mass Mf (d),
and spin αf (e) under initial coordinate separations of 11.3M and 24.6M (only for mass ratio q ¼ 1) for the nonspinning configuration
under eccentricity measurement methods in harmonic coordinates.
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