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Quasinormal modes of gravitational perturbation for uniformly accelerated black holes
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We first show that the master equations for massless perturbations of accelerating rotating black holes
can be transformed into the Heun’s equation. The quasinormal modes of the black holes can be easily
calculated in the framework of the Heun’s equation. We identify three modes for the tensor perturbations:
the photon sphere modes, which reduce to the quasinormal modes of Kerr black holes when the
acceleration parameter vanishes; the near-extremal modes, which branch from the first set and become
dominant when the spin is near extremal; and the acceleration modes, which are closely related to the
acceleration horizon. We calculate the frequency spectrum of the quasinormal modes in various spin and
acceleration parameters. We choose an angular boundary condition that keeps the angular function regular
at @ =0 and =z, which is consistent with the boundary condition of the Kerr black hole. The conical
singularity caused by the acceleration influences this boundary condition. We find that the my = 1 modes
have an anomalous behavior at particular accelerations.
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I. INTRODUCTION

Black holes are among the strangest and most fascinating
objects in the Universe. Their existence has been confirmed
by astrophysical observation [1,2]. In recent years, the
detection of gravitational waves has made it possible to
explore the strong regime of gravity around black holes in a
completely new way [3,4]. The gravitational waves pro-
duced by black hole binaries have three stages—the
inspiral, merger, and ringdown. The ringdown phase starts
when the black holes approach each other within the
photon sphere. In this stage, the black hole (BH) remnant
can be described by a perturbed state of a black hole
solution. The emitted gravitational waves have character-
istic decay timescales and are well described by the
quasinormal modes (QNMs) [5,6]. The QNM spectrum
can be used to perform “black hole spectroscopy” [7].
According to the no-hair theorem [8—10], the spectrum acts
as a fingerprint of the system and only depends on the
parameters of the background black hole.

Astrophysical black holes are naturally neutral and
rotating, which can be well described by the Kerr metric.
Binary rotating black holes have so far been the primary
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sources of gravitational waves. Most research about
gravitational wave sources is limited to nonaccelerating
black holes, while astrophysical processes can produce
accelerating black holes. In particular, the emission of
gravitational waves tends to have a preferred direction,
which results in the black hole remnant having a recoil
acceleration after the merger. This process is called the
black hole superkick [11-14]. Besides, cosmic strings,
which are linelike topological defects emerging during
first-order phase transitions [15,16], can break or fray to
produce a pair of accelerating black holes [17,18].
Analysis of accelerating black holes could produce more
information about the early Universe and astrophysical
environments.

A natural choice to describe accelerating rotating black
holes is the spinning C metric. This metric describes two
causally separated black holes accelerating away from each
other by a force corresponding to the tension of a cosmic
string [19,20]. With an appropriate choice of coordinates,
this metric can be used to cover only one of the black holes.
The spinning C metric has two conical singularities because
of the acceleration. It has been shown that the conical
singularity can be removed by adding an external electro-
magnetic field [21]. The C metric has been used to describe
the accelerating supermassive black holes [22,23], where
the gravitational lensing effect of the C metric is studied.

© 2024 American Physical Society
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In addition, the scalar QNMs of the charged C metric have
been examined in [24,25]; the scalar QNMs of the spinning
C metric have been analyzed in [26]. Although these two
metrics are completely different, their QNM spectra share
many similarities. They both have three distinct sets of
modes: the photon sphere modes, the acceleration modes,
and the near-extremal modes. Their acceleration modes are
all closely related to the acceleration horizon. However, the
gravitational QNMSs of the C metric have not been consid-
ered yet.

In this work we are going to study the gravitational
quasinormal modes of the spinning C metric in detail. To
obtain the QNMs, we first show that the perturbation
equations for the spinning C metric with any spin weights
can be transformed into the Heun’s equation [27,28]. Then
we develop two numerical methods to calculate the QNMs.
Using the Heun’s equation form of the perturbation
equations makes the numerical computation quicker and
more precise. Moreover, these two methods are not limited
to the gravitational case. They can be used to compute the
QNMs of the spinning C metric with any spin weights. We
also identify three distinct sets of quasinormal modes for
the gravitational perturbation. Following the convention of
the scalar QNMs, we call them the photon sphere modes,
near-extremal modes, and acceleration modes. The spin and
acceleration parameters’ influences on the QNMs are
carefully analyzed, including the near-extremal cases.
We choose an angular boundary condition that keeps the
angular function regular at & = 0 and z, which reduces to
the boundary condition of the Kerr black hole when the
acceleration parameter vanishes. We find that the s = -2,
[ = 2, mg = 1 modes have an anomalous behavior with this
boundary condition.

This paper is organized as follows. We review the
spinning C metric and rederive the master equations for
the massless perturbations in Sec. II. In Sec. III, we
first prove that the master equations can be transformed
into the Heun’s equation. Then we introduce the two
numerical methods we used to calculate the QNMs.
We show the numerical results of the gravitational
QNMs in Sec. IV. Section V is devoted to conclusion
and discussion. We set ¢ = G = 1 throughout the paper
for brevity.

II. PERTURBATIONS OF THE
SPINNING C METRIC

A. Background spacetime

The spinning C metric belongs to the general
Plebanski-Demianski family [21,29]. It describes a pair
of causally separated BHs that accelerate uniformly in
opposite directions [19]. Using the Boyer-Lindquist-
type coordinates, the spinning C metric can be expressed
as [20]

1 1
ds? = — {—— (Q — a*Psin®0)dr?

A
2asin?0
BNY10 - P(? + a?)]dedg
> >
ol P 172
+Q r +P
sin0

z [P(r2 +a2)2 _g2QSin20]d§02}, (1)

where the functions Q, ¥, P and Q are given by

Q=1-Arcosb, > =2+ a?cos? 0,
P=1-2AM cosf + a*A? cos? 0,
Q= (1-A%)(r* =2Mr + a*). (2)

The parameters M, A, and a stand for the BH mass,
acceleration, and spin, respectively. This metric reduces to
the C metric for a = 0, to the Kerr metric for A = 0, and
to the Rindler metric when M =a =0 [19,30]. The
spinning C metric has a Kerr-like ring singularity at
r=0,0 = /2. There are three null hypersurfaces at

1
ry =M=+ VM- a?, A= (3)

which are called the event horizon, Cauchy horizon,
and acceleration horizon, respectively. We only consider
the area r, <r <r,, which implies QO >0, P>0
for 0 €0, 7.

There exist conical singularities at the axis § = 0 and
0 = &, corresponding to the existence of deficit angles.
These singularities cannot be removed simultaneously,
unless some external fields are introduced [21,31]. Here
we specify ¢ €[0,27z/P(x)) to remove the conical singu-
larity at @ = z. The metric can then be interpreted as a Kerr-
like BH being accelerated along the axis 8 =0 by the
action of a force that corresponds to the tension of a cosmic
string [19,29].

In the following discussions, it is convenient to introduce
the surface gravities x and angular velocities wy on various
horizons. They are defined by

0
K(ri> - 2()”2 + az) r:ri’ (4)
on(r) = . (5)

The surface gravities are unique up to a normalization of
the associated Killing vector.
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B. Master equations for the
massless perturbations

The spinning C metric is a Petrov type D vacuum
metric [32]. The perturbation equations for it can be
obtained by using the Teukolsky equation in the context
of the Newman-Penrose formalism [33,34]. Surprisingly,
the perturbation equations of the spinning C metric can
also be separated, as proved in [35]. Here we rederive the
equations in the signature (—, +, 4, +) and correct some
typos in [35]. For the spinning C metric, we adopt the
following null tetrad

2 2
zﬂ:gzz(r +a ,1,0,ﬁ),
0 0

1
= —(r*+a*-0,0,a),

2%
Q i
mt = iasin®,0,P,—— |,
V2P(r + iacos®) ( Sln9>
Q 1
mt = —iasin@,0, P, —— . 6
V2P(r —iacos®) < sin 9) ©)

They satisfy

Fn, = -1, min, = 1, (7)
while all other scalar products are zero. The choice
of the null tetrad has 6 degrees of freedom. We
first use 4 degrees of freedom to choose a null tetrad
satisfying

so that the Teukolsky equation holds. Here ¥, ¥, ¥,
and W, are the Weyl scalars. x,0,v and 1 are the spin
coefficients." These are the scalar quantities used in the
Newman-Penrose formalism [34], and their definitions are
shown in Appendix A. The remaining 2 degrees of
freedom are used to set the spin coefficient ¢ = 0.
Therefore, using the null tetrad from Eq. (6), the only
nonzero Weyl scalar is

¥, = (1 + iaA)Mp}, (9)
where

Q

po:_(r—iacosﬁ)'

(10)

The nonzero spin coefficients are

lOnly here k, €, 8,y,a, p stand for the spin coefficients.

p = po(1 —iaA cos?0),

V2PArsin @

a=m-p +(r—iasin9)’

__Q
2025"
VP(r’A —ia)sin@
V2(r —iacos0)?
_ VP(r’A —ia)sin6
= NS ;
L 0.,Q+40Acosb
4Q% ’
VP (p* )
=———cotf|—-+ Acosd
p o Q
L Py
22 (r+iacos®)’

u

v=p

(11)

The Teukolsky equations for massless perturbations of
any spin weights s can be cast into a compact form [36,37],

{[D=p*+e" +e=2s(p+€)|(A+pu—2sy)
— 6+ —a +p=2s(t+ p)(6 + 7m —2sa)
=2(s=1)(s = 1/2)%,}¥ =0 (12)

for s =1/2,1,3/2, 2 and

{[A=y" +u* =y =25(r + W](D = p = 2s¢)
— ="+ p —a-2s(a+n)|(6 —7—2sp)
s+ D(s+ 1/2)¥,)¥ =0 (13)

for s =-1/2,-1,-3/2,-2. D, A,8,5 are directional
derivatives defined by

i 5El’hlvl (14)

Y represents the perturbation field with different spin
weights. Its definition is shown in Table I, where the
symbols for different fields are the same as those in [33],
except that H,, H, stand for the components Hyy, H{; of
the Rarita—Schwinger field [38].

To obtain the perturbation equations for the spinning C
metric, we choose the null tetrad from Eq. (6) and substitute
Egs. (8)—(11) into the Teukolsky equations. The resulting
equations can be combined into a master equation:

(V¥ = sT*)(V, —sT,) + 45 W,y = 0, (15)

where we have defined a connection vector,
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2
I' = % {é [M(A%r* + a?)

+r(1 + a*A?)(r* = 3Mr + a?)]

+%[(1 + a*A?)cos @ — AM(1 + 00529)}},

Q /1
Im=-3(590,+24

Y (2 Q.r + cos HQ) ,
o — 2AQPrsing

2 9
2

e — Q7 a0, icos@(.zp ~1)

X [20 Psin%6

AM(cos20 + 1) — A%a2 cos O

+1 ( .)2 . (16)
Psin“0

w in Eq. (15) is a redefined field quantity. Its definition is
also shown in Table 1.
The master equation can be separated by writing [35]

w(.7.0.9) = QP eIEMR(S(O).  (17)

where @ is the quasinormal frequency and m is the
azimuthal number. Since the exponent m¢ should have
the period 2z and ¢ has been redefined to remove the
conical singularity, m must be of the form m = myP(x),
where m is an integer.

The separated radial equation is

dR(r)

0 (0 57) + V(RO =0, (19

with

Vid(r) = =2rA2(r — M)(1 + 5)(1 + 2s)

[(r* + a*)w — am]?

0
)y amQ,  oM(r*—a?*)
—2is|—
20 2 —=2Mr+ a?

wor(1 + a*A?)

BT (19)

A, 1s the separation constant. For A =0, the radial

equation is equivalent to the perturbation equation of the

Kerr black hole [33]. The only differences are the defi-

nitions of the separation constants, and they are related by
Ay = —ART — @20 + 2amaw, (20)

where A}Ej“ is the separation constant in [33].

Defining u = cos 0, the separated angular equation can
be expressed as

TABLE 1. Spin weight s, field quantity ¥ in Egs. (12) and (13),
and field quantity y in Eq. (15).
K Y in Egs. (12) and (13) yw in Eq. (15)
0 (0] 0]
1/2 X0 X0
—1/2 X1 palxl
1 do b0
-1 ) P52¢2
3/2 H, H,
-3 H, Po H,
2 /) Yo
-2 Wy P5 v
Clp =y 8] Ly sy =0, 1)
— —u u)S(u) =0,
du du ang
where
V. () [(1=u?)+ (1 + a*)su—As(1 + u?) — m]?
u) =—
ang P(1 - uz)
4
S uP, + (1= @) = Ay (22)
The definitions of &,A, @ are
i=Aa, A=AM, a=aw. (23)

In order to compute the QNM frequencies, we need to solve
the eigenvalue problems of Eqgs. (18) and (21) with
appropriate boundary conditions. The physically motivated
boundary conditions for the radial part are

g ()r+)
(r—ry) xlre

R(r)~ , r—>r1, (24)

l.m—;muH (ra)
(ra—r) >0,

r—ru.

These conditions correspond to the fact that the waves
propagate only inward at the event horizon and only
outward at the acceleration horizon. We also require the
solution to be finite at the interval boundaries of @, which
gives the boundary conditions

1 m
1 —cos0)2* 170l 90,
S(0)~ { (1=cos9) - (25)

(1+cos 9)%‘_“%', 0— .

The conical singularities cause the boundary conditions to
be different from the Kerr case [39]. The additional
coefficient 1/P of m represents the deficit angle. After
the redefinition of ¢, the boundary conditions become
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P(r)

_ l“‘*mnﬁ\
S(Q)N{(l cost9)2I . 00, (26)
(1+cos@)l=stml gz

We can see that the conical singularity at 6 =7z is
removed.

III. SOLUTION TO THE PERTURBATION
EQUATIONS

In this section, we show that Egs. (18) and (21)
can be transformed into the Heun’s equation. Then we
use two numerical methods to obtain the QNMs. The
first is the continued fraction method. The second is
the shooting method. Both methods rely on trans-
forming the perturbation equations into the Heun’s
equation and can be used to compute QNMs with any
spin weights.

A. Transformation of the perturbation
equations into Heun’s equation

Heun’s equation is a second-order differential equation
with four singular points [27,28]. It can be expressed as

C‘z_w+(z+ L€ )d_w
dz? z 7—20) dz
apz—q
+ - S :0’ 27
e-D(-20) " 27)

6
z—1

with y + 6 4+ ¢ = a + f + 1. This equation has Frobenius
solutions in the neighborhood of a singular point. The
recursion relation between the expansion coefficients can
be written in an analytic three-term form. The perturbation
equations for the Kerr-de Sitter black hole have been
transformed into Heun’s equation by Suzuki, Takasugi,
and Umetsu in [40]. Based on that, the numerical
calculation to obtain the QNMs becomes more rapid
and precise [41,42]. Here we show that the perturbation
equations for the spinning C metric can also be trans-
formed into Heun’s equation.

1. Angular perturbation equation

The angular perturbation equation Eq. (21) has five

regular singularities at u = —1,1,u,,u_ and oo, with

1 . .
u, = ———— By using the new variable
T an/i a2 Y g

e 28)

the angular equation becomes

sz(z)+<l 1 1 2 )dS(z)

-2 Cz- e/ dz
Vang(2)5(2) -~
T e e ey Rk @)

This equation has regular singularities at z =0,1,z,, 00
. +1)(1—u_ 1—u_
and z., with z, = % and z,, = —5~=. The above

equation can be further simplified to the form

sz(z)+<l+ 1 N 1 2 )dS(z)
dz? z z-1 z-2z, z-24/) dz
o a  a
2 (z=10 (z-2z4)
R R W N
(z-20)° z z—-1 z-2z
4oy 1 1
b4 Zo—1 Zeo—2Z
_ St 00 0 +SZ, 30
= 5 (30)

where A}, A}, and A} are given in Appendix B. The regular
singularity at z = z, can be factored out by the following
transformation:

S(z) = 2N (z = D™ (z =2 )" (2 — 20)f(2),  (31)

where

1 m
Ay == | —§5+—0
1 2‘ S+P(n)’

1 m
Ay = —|s+——
2 2S+Pw%
A 1{ +m[a4+az—2A(A+x/A2—a2)]

= — S —
) VAT — &P (0)P()
@
e -

Then, f(z) satisfies Heun’s equation,

&*f(z) (y_ Sa €q ) df(z)
dz? + z+z—1+z—z+ dz
+ aaﬂaz —qa f(Z) _ 0’ (33)

2(z=1)(z-z4)

with
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Yo =2A1 +1,
8, =2A, + 1,
€, =2A5+ 1,
a, —1+A1+A2—\/ﬁ
N m(a* + a — 2A?)
VA2 —@2P(0)P(n)
ﬂa=1+s+A1+Az—M,
P(0)P(r)
da = 2+ (2A1A0 + A + Ay) +2A1A5 + A
+ A3 +A%+l—% |:Alm
2 2a*(uy —u)

+If(’;—2<s+£)&)} (34)

We can see that y, + 6, + ¢, =a, + S, + 1.
The boundary condition, Eq. (25), is transformed into

I, z-0,

o)~ { (35)

1, z—-1.

2. Radial perturbation equation

The radial perturbation equation has five regular singu-
larities at r =r,,ry,—r4,7_, and oo, respectively. By
using the new variable

F—ry AT

x=——--—= (36)

r—r_ry—ry

Equation (18) is transformed into an equation with regular
singularities at 0, 1, x_, o0 and x,,, with
7—rA—r+rA—r_ 7rA—r_

wo= TATTTATT NEY)
—FA—TF_Fp—TFy ra—ry

The regular singularity at x = x, can be factored out by the
transformation

R(x) = xPr(x = )P (x = x_)% (x = x)* g (x),  (38)
where

L —may(ry)

BT
L o—moy(ry)
B2 =1 2K(r4)
o —moy(-ry)
B3 = l—zk(—rA) (39)

Then, g(x) satisfies Heun’s equation,

d’g(x) (v, & e\ dg(x)
dx? +<;+x—1+x—x_> dx
arﬂrx — 4 _
- DE—x)I =0 40)

with

Yr=2B; +1+s,

0, =2B,+1+s,

€, =2B3+1+s,

a, =28 +3s+1,

B, =2B>+2B; + 1,

q, =x_[(Bi + By)(1 +5) + 2B, By] + (By + B3)(1 + 5)
1

(1-Ar,)(1+Ar.) {_A””

L (1= 2a)(1 + 5)(1 + 25) — 228 = 20@)

+2BB; +

ry—r_
8imBywy (ry)r—  16A’MaB,Bzwy(r..)
(re —r_)x(ra) k(ry)
16M B5(B
+ 3( 1 +S>a)H(rA):|. (41)
ar(ra)
We can see that y, + 6, + €, =a, + 5, + 1.
The boundary condition, Eq. (24), becomes
1, x—0,
o)~ (#2)
1, x—1.

B. Continued fraction method

The continued fraction method (Leaver method) [39] is
one of the most precise methods to compute QNMs [6]. It
can be used to find high-accuracy QNMs up to a moderate
range of overtones n [41,43,44]. After we get the Heun’s
equation form of the perturbation equations, we can
directly use the continued fraction method to compute
the QNMs. Considering the angular perturbation equation,
a Frobenius solution satisfying the boundary condition (25)
can be expressed as

S(2) = A= D=2 =) Yo (@3)
n=0

where z is defined by Eq. (28). According to the last
section, the series f(z) = Y a,z" should satisfy Heun’s
equation, Eq. (33). Then the expansion coefficients a, are
defined by a three-term recurrence relation,
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1 2,
coay +cgag =0,

1

cha, o +cGa,+cja,_ =0, (n>1) (44)

where

e =2, (n+1)(n+74),
=~z +)* = [z (ra + 6, 1)

+ 7+ €a— 1n—q,,
=1+ (Yo + 08, +€,=3)(n-1)

+a,B, - L. (45)

Here we choose the initial coefficient to be ay = 1.

The infinite series in Eq. (43) converges only if the
corresponding solutions a,, for the recurrence relation (44)
are minimal. This condition is equivalent to the condition in
terms of the continued fraction [39,41], given by

1.3
CnC
0=c2— 0~1
0 2 i '
1 c%—(cécg/cg—m)
1.3 .1.3 .1.3
_ o _cddded )
(U S R
1 2 3

Given specific M, a, A, s, m, Eq. (46) is an equation for @
and A;,,. The angular number / can be specified by using
Eq. (20) and the continuity of A, as a function of A.
Similarly, the solution for the radial perturbation equation
can be expressed as

R(x)=xBr(x=1)B2(x—x_)B (x —x ) "! ibnx”, (47)
n=0

where x is defined by Eq. (36). The expansion coefficients
b, are defined by the three-term recurrence relation

dyb, +d3by =0,

d}11bn+l+d%bn+dglbn—l =0. (l’lZl) (48)

We also choose the initial value to be by = 1. The
coefficients d, d2, d> are

dy=x_(n+1)(n+7y,).
dy = —(x_+ Dn* = [x_(r, +6, - 1)
+7,+e—1n—gq,
&=n+,+6+e-3)(n-1)
+a,p,— 1. (49)

The convergence condition is given by

d\d? d'd3 d\d3

0=d?- e
O di- &— d5-

(50)

We can get w and A, by solving Egs. (46) and (50)
simultaneously. Moreover, the continued fraction method is
very powerful at computing overtones. The n-th overtone is
usually found to be the most stable numerical root of the
n-th inversion of the radial continued fraction [39,43].

C. Shooting method via the Heun function

The shooting method is a well-known numerical
approach to solving differential equations. It was first used
by Chandrasekhar and Detweiler to compute the black hole
QNMs [45]. The idea is that we integrate the perturbation
equation from the boundaries with an initial value for the
QNM frequency and match the numerical solutions at an
intermediate point. If the QNM frequency w is an eigen-
value, the solutions are linearly dependent and the
Wronskian of the two solutions should vanish. The
QNM frequencies are the corresponding roots.

To use this method, we usually need to construct the
series approximation at boundaries to get the initial values
and integrate the equation to get the numerical solution. But
for Heun’s equation, this process can be largely simplified.
The solution to Heun’s equation is called the Heun
function, which has been analyzed thoroughly. Hatsuda
pointed out that we could directly use the Heun function to
compute the QNMs [42]. We follow this idea and use
Mathematica’s built-in Heun function to compute the QNM
frequencies.

The Heun function HZ(zy, q;a,f,7,8;z) denotes the
solution of Eq. (27) that corresponds to the exponent 0 and
value 1 at z = 0. Considering the angular perturbation
equation, the solution satisfying the boundary condition
Eq. 35) at z=01is

fin(z) :Hf(z+’ Qa;aavﬁaayavéa;z)’ (51)

where HZ (2., 4, @4, Pas Ya» Oas 2) 18 the Heun function and
H? (21, qas s BasVas 64;0) = 1. Similarly, the solution
satisfying the boundary condition at z =1 is

fout(z) = H?’ﬂ(l - Z+’aaﬂa - Qa;aavﬂavfsa’ya; 1 _Z)' (52)
At a midpoint z,,, we construct the Wronskian determinant

. fin (Zm) azfin (Zm)

Det = .
T o) 0o oz

(53)

For the radial equation, we can also construct the
Wronskian determinant by the same process. @ and A,
can be obtained by setting these two determinants to zero.
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IV. NUMERICAL RESULTS

In this section, we explore the QNM spectrum of the
spinning C metric. We mainly focus on gravitational,
quadrupolar QNMs (s = —2, [ = 2). These modes may have
astrophysical relevance, because the [ =2, m =2 mode
dominates the ringdown stage for Kerr black holes [46,47].
The two numerical methods mentioned above are used to
compute the results. We justify our results by a direct
comparison of the calculated QNM frequencies and separa-
tion constants from these methods. We further cross check
the results with [24,26] for s = 0 and with [39,43] in the
limit A — 0. These results are shown in Appendix C. During
the numerical computation, the mass M is fixed to 1 and all
the physical quantities are expressed as dimensionless forms.
No unstable fundamental quasinormal mode is found in
this paper.

For scalar perturbations (s = 0), it is obvious that —@*
and Aj, are the frequency and separation constant for the
mode with the azimuthal number —m if @w and A, are the
eigenvalues for the mode with m from a symmetry of
Egs. (18) and (21) and the boundary conditions (24)
and (25). From our numerical results, we find that this

symmetry remains for QNMs with any spin weights
s except the my = £1 cases. The quasinormal modes of
the Kerr black hole possess the same symmetry for all
modes [39]. For simplicity, we only consider the modes
whose real part of @ is positive in the limit of A — 0 or
a — 0 henceforth.

The numerical results in [26] show that there exist three
distinct sets of scalar QNMs in the spinning C metric. We
also find three sets of QNMs for the gravitational pertur-
bations, but they have different properties from the scalar
QNMs. Following their convention, we label these three
sets of QNMs as photon sphere (PS) modes, near-extremal
(NE) modes, and acceleration (A) modes. Here we mainly
present the results for the fundamental modes. The funda-
mental QNM is the one that has the largest imaginary part
and thus decays most slowly. This mode is usually labeled
by the overtone number n = 0. The modes with smaller
imaginary parts are labeled as n = 1,2, ... in sequence. In
Fig. 1, we show all these three sets of QNMs for s = -2,
[ =2,my =0 as a function of the parameter a or A. The
blue solid line is the photon sphere mode, which is
the dominant mode among most of the parameter space.
The yellow dashed line represents the near-extremal mode.

045 T T T T T T T T 0~00
PS

0.43 E = —0.08
. 041 Formrmm s s “H-016
3. 3.
g g
/e 0.39 r 4-024 —

0.37 r 1—-0.32

0.35 s s s s : : : : —0.40

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
a a
0.5 T T T 0.00

A 41—0.10
B 12020 _
3 . 3
o | g
~ L 4-0.30 —

g 1-0.40

‘.
A ‘ — s x 1 _0.50
0.01 0.20 0.40 0.60 0.80 0.01 0.20 0.40 0.60 0.80
A A
FIG. 1. Real (left) and imaginary (right) parts of the fundamental modes for all three sets with s = =2, [ = 2, my = 0. The upper

panels show the frequencies as a function of a with fixed A = 0.05. The real parts of the NE mode and A mode vanish, and we do not
show them in the upper left panel. We only show part of the NE mode because its imaginary part decreases drastically when a decreases.
The bottom panels show the frequencies as a function of A with fixed a = 0.99. We can only reach A = 0.83 during our numerical
computation. The extremal value of A is 0.876. Similarly, the imaginary part of the A mode decreases drastically with A increasing, and

we only show part of it.
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— mg =2 mo=1 ——mg=0 —mg=—1 —my=—2

0.5 . . . . . . . . 0.00

0.4} E 1 —0.02
— 0.3} 1 1—-0.04 —
3. 3.
8 g
0.2t 1 1-0.06 =

0.1+ E 1 —0.08

00 L L L L L L L L —0.10

0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
A A

FIG. 2. Real (left) and imaginary (right) parts of n = 0 PS modes for s = =2, 1 =2, my = 2,1,0, -1, -2 with a = 0. The black point
represents the fundamental mode of the Schwarzschild black hole. The extremal value of A is 0.5. The vertical line represents the value

of A that satisfies % =2.

We can see that this mode dominates the spectrum in the
extreme limit @ — 1. The green dot-dashed line is the
acceleration mode. It is the most distinguishable one. Their
imaginary parts are almost linearly dependent on the
acceleration parameter A, and they decay most slowly
when A is small. In the following sections, we introduce
these three sets of QNMs in detail.

A. Photon sphere modes

There is a well-known geometric correspondence
between high-frequency quasinormal modes of black holes
and properties of null geodesics that reside on the photon
sphere. In the eikonal limit (m ~ [), the QNM of stationary,
spherically symmetric black holes are directly related to the
frequency and the Lyapunov exponent of the null geodesics
near the photon sphere [48,49]. For Kerr black holes, the
correspondence between the QNMs frequencies and the
orbital and precessional frequencies of the spherical photon
orbit has been shown in [48,50]. All the QNMs we obtained
in this section reduce to the PS modes for Kerr black holes
in the limit A — 0, and we call them PS modes too.

We calculate the fundamental PS modes’ frequencies for
the gravitational perturbations with [ = 2. There are five
different modes mqy = £2,+1, O for the angular number
[ = 2. The influences of spin and acceleration are both
investigated. We first set a fixed and analyze the influences
of the acceleration parameter A. As mentioned in Sec. I A,
the max value of the acceleration parameter A is i The

results are shown in Figs. 2—4. The acceleration parameter
has distinct influences on the quasinormal modes with
different m,, especially for the my = 1 modes. Then we set
A fixed and analyze the influences of the spin parameter a.
We show the results in Figs. 5-7. The QNMs we obtain in
this section return to the QNMs of Kerr black holes
when A — 0.

Figure 2 shows the frequencies for a = 0, which stands
for the accelerating Schwarzschild black hole. When

a =0, the angular perturbation equation (21) becomes
independent of w. The separation constant becomes a real
number and can be obtained by solving the angular
perturbation equation directly. When A — 0, the C metric
becomes the Schwarzschild metric. The QNMs approach
the Schwarzschild case, and modes with different my
become degenerate. The black points in Fig. 2 represent
the n = 0 fundamental mode of the Schwarzschild black
hole. When A increases, the real parts of my =2, -1, -2
modes increase to a maximum and then decrease, while the
real part of my = 0 mode monotonically decreases. All the
imaginary parts of my = 2,0, —1, =2 modes increase with
A increasing. As a = 0, the frequencies have an additional
symmetry—they are symmetric about the imaginary axis.
From the symmetry of the perturbation equations and the
boundary conditions, it is obvious that the —»* and A, are
also the eigenvalues if @ and A;,, are eigenvalues for the
mode having the azimuthal number m. Therefore, the
my = =2 modes coincide. The QNM of my = 1 has an
abnormal behavior. This is due to the conical singularity.
The deficit angle changes with the increment of A. Thus,
the boundary condition (26) is not smooth and s + m, %

changes signs at % =2 for s = =2, mg = 1. This makes

the my = 1 mode very different from other modes and be
not smooth at % = 2. We can also see that the my =1
mode has the largest imaginary part when A is small.

In Figs. 3 and 4, we show the results for larger a. When
A — 0, the QNM frequencies coincide with the Kerr
results. The no-zero a results in the variance of frequencies
for different m,. For a # 0, the dominant mode changes,
and the my = 2 mode becomes the dominant one when a is
large enough.

When A approaches the extreme value (Nariai-type
extremal condition), all PS modes’ imaginary parts tend
to 0, but their real parts tend to a finite value around

mQy(ry). The real parts of my = —1,—2 modes change
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FIG. 3.

0.3 0.4 0.5

A

0.2

Real (left) and imaginary (right) parts of n = 0 PS modes for s = =2, =2, mg = 2,1,0, -1, -2 with @ = 0.5. The extremal

value of A is 0.535. The vertical line represents the value of A that satisfies % =2.
— mg =2 mp=1 —my=0 —mp=—-1 — myg=-2
0.00

- 1—0.02
- 1—0.04 5
- 1—0.06 g
F 1—0.08

: ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ : —0.10

00 01 02 03 04 05 06 00 01 02 03 04 05 06

A A

FIG. 4. Real (left) and imaginary (right) parts of n = 0 PS modes for s = =2,/ =2, my = 2,1,0, -1, -2 with a = 0.9. The extremal

value of A is 0.696. The vertical line represents the value of A that satisfies

their signs during this procedure. A similar phenomenon
appears when we increase the spin parameter a as shown in
Fig. 7. These are due to a dragging effect from the
acceleration and rotation. No fundamental quasinormal
mode of the Kerr black hole changes the sign of its real
part as a increases. So does the fundamental mode of the C
metric when A increases, which is shown in Fig. 2. This
phenomenon has also been observed for the Kerr-de Sitter
case [41]. In the Nariai-type extremal limit, the imaginary
parts of the PS modes can be approximated by

Im(wps) = —(n + 1/2)[(ry) +x(ra)l/2,  (54)
which is consistent with the analytic approximation of the
scalar perturbations [51].

Figures 5-7 are results with A fixed. In Fig. 5, the
acceleration parameter A is set to be 10~*. Therefore, the
influence of the acceleration is very small, and the results

are almost the same as the Kerr case. From these figures, we
can see that the increment of spin parameter a tends to

P(x) _
0] = 2

increase the real parts of positive modes (my = 2, 1, 0) and
decreases the real parts of negative modes (m, = —1, =2).
The influence of a on the imaginary parts is more complex
and highly dependent on the parameter A. When A is large,
as shown in Fig. 7, the imaginary parts of positive modes
decrease first and then increase, while the negative modes’
imaginary parts keep decreasing. The m, = +2 modes
have the same frequencies at a =0 because of the
symmetry. Similarly, the my = 1 modes show an anoma-
lous behavior.

B. Near-extremal modes

The spectrum of quasinormal modes bifurcates, and a
new distinct set of modes arises when the Cauchy and event
horizon approach each other. This phenomenon has been
found in the spectrum of nearly extremal Kerr BHs for
some specific (I, m) pairs [52-54]. For the Kerr black hole,
one set of modes has a vanishing imaginary part while the
other set’s imaginary part remains a finite value in the
extremal limit @ — 1. They are called the zero-damping
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FIG. 5. Real (left) and imaginary (right) parts of n = 0 PS modes for s = -2, [ =2, my =2,1,0,—-1,-2 with A = 1074,
—_— my=2 —myg=1 — myg=0 —myg=—-1 —my=—-2
1.5 0.00
1.2 —0.02
— 0.9 -0.04 —
3 3
=] g
06 —-0.06 =
0.3 —0.08
0.0 : : : : : : : : —0.10
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
a a
FIG. 6. Real (left) and imaginary (right) parts of n = 0 PS modes for s = -2, [ =2, my =2,1,0,—1,-2 with A = 0.2.
—_—my=2 ——myg=1 —myg=0 —myg=—-1 ——mg=-2
2.0 0.00
Ldp L —0.02
0.8} —
< - 1-004 2
~02 E
_o4l | - 1—0.06
-1.0 . . : : : : : : —0.08
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
a a
FIG. 7. Real (left) and imaginary (right) parts of n = 0 PS modes for s = -2, [ =2, my =2,1,0,—-1,-2 with A = 0.4.

and damped modes in [53]. For the spinning C metric, we
focus on the my = 0 modes, whose zero-damping modes
and damped modes are very distinguishable. The funda-
mental PS modes for my = 0 are all damped, as shown in
Figs. 5-7. The zero-damping modes appear when a
increases, and are called the near-extremal modes here.

The near-extremal modes for m, = 0 have vanishing real
parts. Figure 8 shows the imaginary parts of the first two
modes of this new family of modes. We can see that these
modes’ imaginary parts truly go to O from the left panel
of Fig. 8. At the limit a — 1, we can approximate these
modes by
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FIG. 8.

Imaginary parts of n = 0 and 1 NE modes for s = =2, [ = 2, my = 0. The left panel shows Im(wyg) as a function of a with

A = 0.05. The right panel shows Im(wyg) as a function of A with a = 0.999. We can only reach A = 0.93 during our numerical

computation. The extremal value of A is 0.957.

ong = —ilk(ry) —x(r)l(n+1+1)/2. (55)
In the right panel of Fig. 8, we show the frequencies of the
NE modes with the spin parameter a fixed. We can see that
the imaginary parts also seem to approach zero with the
acceleration parameter A increasing. However, when A
approaches the extremal value, the PS modes also approach
zero as shown in the previous figures. The numerical
stability of the NE modes becomes much weaker. We
can only calculate the results until A = 0.93. Similar modes
have also been found in the spectrum of Reissner-
Nordstrom (RN) de Sitter BHs and charged accelerating
BHs [24,55].

C. Acceleration mode

Acceleration modes are quasinormal modes that are
highly dependent on the acceleration parameter. Their
appearance is due to the acceleration horizon of the spinning
C metric. Acceleration modes’ imaginary parts have a linear
dependence on A and a very weak dependence on a. These
modes have been found in the scalar spectrum of charged or
spinning C metric [24,26] and share similarities with the de
Sitter (dS) modes for the RN-dS BHs [55]. For the
gravitational perturbations, we also identify these modes.

The numerical results are shown in Figs. 9 and 10. We only
show the positive modes for simplicity.

In Fig. 9, we fix the acceleration parameter A to be 0.05
and study the influences of the spin parameter a. We can see
that the imaginary parts are almost independent of @ and are
all around —0.15. The my = 1 mode decays most slowly,
probably because of its special behavior under the angular
boundary conditions. When m # 0, the real parts of the
acceleration modes get small nonzero values. They are
almost linearly dependent on a.

Figure 10 shows the results with a fixed. When A
increases, the my = 0 mode still has vanishing real parts,
while the real parts of my =1, 2 modes increase. It is
obvious that their imaginary parts are linearly dependent on
the acceleration parameter A, which is also the surface
gravity k§ at the acceleration horizon of Rindler space.
Similarly, the my =1 mode is the dominant one. The
imaginary parts of acceleration modes with my > 0, mg # 1
can be approximated by

Im(wy) >~ —Rn+ 1+ 14+ my(P(x)—1)] (56)

for small A. The imaginary parts of my = 1 modes can be
approximated by

0.006 . . . . . . . . —0.140
my =2
.
0.005 | L 1-0.145
my =1
0.004 |
I - mo=0 b 1-0.150 __
2 0.003} %
~ E
H {-0.155
0.002
0.001 - : 10160
0.000 . . . . . . " . —0.165
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
a a

FIG. 9. Real (left) and imaginary (right) parts of n = 0 A modes for s = =2, [ =2, my =2, 1, 0 with A = 0.05.
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FIG. 10. Real (left) and imaginary (right) parts of n = 0 A modes for s = -2, [ =2, my =2, 1, 0 with a = 0.2.

Im(w,) = —&ji[n + [+ P(0)] (57)

for small A.

Compared with the other two sets, the numerical stability
of this family is much weaker. We fail to find these modes
when A is too small or too large.

V. CONCLUSION AND DISCUSSION

In this paper, we focused on the gravitational quasinor-
mal modes of the spinning C metric. We showed that the
perturbation equations for the spinning C metric for
massless perturbations with any spin weights can be
transformed into Heun’s equation. The continued fraction
method and shooting method were used to obtain the
separation constant and the quasinormal mode frequency.
The transformation of the equation makes the numerical
calculation quicker and more precise.

We identified three distinct sets of quasinormal modes.
The influences of the spin and acceleration on the quasi-
normal frequencies were analyzed, including the extremal
cases. The first set is the photon sphere modes, which
dominate against the other modes for most of the parameter
space. The acceleration parameter has very distinct
influences on the quasinormal modes with different m,.
With the increase of A, the real parts of the QNM frequencies
with negative azimuthal numbers change signs. We also
found thatthe s = -2,/ = 2, my = 1 modes have an anoma-
lous behavior. This is because the acceleration changes the
angular boundary conditions. When the acceleration param-
eter approaches to its extremal value, the imaginary parts of
these modes become vanishing. The second set is the near-
extremal modes, which branch from the first set when the
spinning parameter a increases. This family of modes
becomes dominant in the extremal limit a — 1. The last
set is the acceleration modes. They are closely related to the
acceleration parameter and decay most slowly when A is
small. Empirical formulas were given to approximate these
modes in the low acceleration or extremal limits.

There are still some unsolved problems with the QNM
spectrum of the spinning C metric, such as a more detailed
analysis of the spectrum of the near-extremal spinning C

metric or the spectrum of the electromagnetic perturbation.
Although we only analyzed the gravitational quasinormal
modes of the spinning C metric, our methods can calculate
QNMs of all the perturbations of the spinning C metric
(including the C metric).

The C metric has been used to approximate the accel-
erating black hole in [22,23]. Here we extended the previous
works and analyzed the gravitational QNM spectrum of the
spinning C metric. From our numerical results, we can see
that small acceleration can still have a relatively large effect
on the QNM frequencies of spinning C metric. If an
accelerating rotating black hole can be described by the
spinning C metric, this phenomenon can be used to detect
the acceleration of the black hole. However, there are still
some problems with the spinning C metric. First, the C
metric is not strictly asymptotically flat. The generators of its
null infinity are not complete [56]. In addition, the C metric
has two conical singularities, and one of them cannot be
removed. This is the sacrifice of accelerating the black hole
without the introduction of external fields. How to precisely
define gravitational waves in such spacetime is still an open
question. We need further study to have a better under-
standing of the spinning C metric.

ACKNOWLEDGMENTS

This work is supported in part by the National Key
Research and Development Program of China Grants
No. 2021YFC2203004, No. 2020YFC2201502 and
No. 2021YFA0718304, the National Natural Science
Foundation of China Grants No. 12105344, No. 11821505,
No. 11991052, No. 11947302, No. 12047503, and
No. 12235019 and the Science Research Grants from the
China Manned Space Project with No. CMS-CSST-
2021-BO1.

APPENDIX A: NEWMAN-PENROSE
FORMALISM

The NP formalism is a special case of the tetrad
formalism, where the tensors of the theory are projected
onto a vector basis. Here we introduce the definitions of the
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quantities used in Sec. II B. For more details, interested
readers may refer to [32-34].
Assume that we choose a null tetrad {, n, m, im}. For the
signature (—, 4, +, +), the normalization convention is
“n, = -1, mim, =1, (A1)
while all other scalar products are zero. The primary
quantities used in the NP formalism are twelve spin
coefficients, five Weyl-NP scalars, and ten Ricci-NP
scalars. Since we consider the vacuum case, all Ricci-NP
scalars vanish, and we do not show their definitions here.

The spin coefficients are defined by

=-m*’V,1,, 7 =-mn’V,l,,
o=-m‘mhV,l,, = —-m*m’V,l,,
7 =mVyn,, v=m*n’V,n,,

u=mmbVyn,, A= m*mbVyn,,

1
e=-3 (nlPV 1, — m41°Vym,),
1
r=-5 (n*nbV, 1, — mn®V,ym,),
1
p= ~5 (n*m*Vl, — m*mbV,m,),
1
a=-3 (n*inbV,l, — m*m®V,m,). (A2)
The Weyl-NP scalars are defined by
lPO = Cabcdl“mblcmd, lIll = Cabcdl“nblcmd,
le = Cabcdl"mbn_icnd, lP3 = Cabcdl“nblhcnd,
‘{’4 = Cabcdn”ﬁibncﬁld. (A3)

In many situations, like the Petrov type D vacuum
spacetimes [32], the Newman-Penrose formalism simpli-
fies dramatically. Many of the quantities vanish when we
choose some specific null tetrad. This simplification makes
it easier to do calculations than using the standard form of
Einstein’s equations.

APPENDIX B: COEFFICIENTS
IN THE EQUATIONS

In this appendix, we show the coefficients in Eq. (30):

&8z (11 1 2\ dS(z)
el e -
dz z z—=1 z—-2z, z-2z4,/) dz
N
2 (z=1)7 (z-zy)
L W
(z-20) 2z z-1 z-2z
NI I
ey Zw—l Zo— 24 S(Z), (Bl)
2= 2o

The coefficients A}, A}, A} are

A= A 2(a> + A)K_
' k. PO)P(n)
m?[=1 4 3a* +4A(~=1 + A+ 2L)]
2P(0)P(n)?
2m?a*(=3 +2A +4L)
2P(0)P(n)?

2m(@> —A+ L)+ (1 -a*)K_

_ Alm

AL = 2(a*> - A)K,

K_ ' P(0)P(n)
m?[1 —3a* —4A(1 + A +2L))
2P(0)*P(x)
2m?a*(3 +2A +4L)
2P(0)3P(x)
2m(@® +A-L)—(1-a)K,
P(0)P(x)
1 +4L +4A% + @>(-6 + a> —4L) ,
2P(0)P(x)
mK s

20 porrm) K

N

(B3)

4LA,,
P(0)P(x)
2

8L*(A-1L)

A== #P(0)P(x)

8m
[P(0)P(m)]*
—4A*(A+ L) +@(BA+L)]
4L(1-a*) , 4(ma®-L(1-a%))
P(0)P(x) P(0)P(x)
8ma(L + A — Aa* + La?)
[P(0)P(x)?

[@®(-A+ L) +2a*(A+L)

_|_

where
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APPENDIX C: COMPARISON
OF THE TWO METHODS

In this appendix, we show the numerical results for
QNMs obtained by the continued fraction method and the
shooting method.

The comparison of the gravitational perturbation results
computed by these two methods is shown in Table II. We
can see that they agree with each other very well. From
our numerical calculations, we find that the continued
fraction method is faster and more stable. The efficiency

of the shooting method highly depends on the choice
of the initial values. When the initial values depart
from the true results too far, the time of computation
increases dramatically. It also fails in some extremal cases
as shown in Table II. In addition, we show some results
for s =0 scalar perturbations in Table III. They are
consistent with the results obtained in [24,26]. We also
show the results for s = —2 gravitational perturbations
with A = 107!°, The results agree with the Kerr QNMs
very well [43].

TABLE II. The comparison between the gravitational quasinormal modes computed by two methods with different parameters. We
only present the fundamental mode with [ = 2 for each set. In some extremal cases, the shooting method fails to get the results.

Parameters Families Azimuthal number Continued fraction method Shooting method
my =2 0.4823156711 — 0.0892117509;  0.4823156711 — 0.0892117509i
a=02 my = 1 0.3026513887 — 0.0867337232i  0.3026513887 — 0.0867337232i
A=0.1 PS my =0 0.3534844386 — 0.0885607886i  0.3534844386 — 0.0885607886i
my = —1 0.3862871232 — 0.0900322898;  0.3862871232 — 0.0900322898i
my = —2 0.4082687782 — 0.0909585115;  0.4082687782 — 0.0909585115i
a=02 my =2 0.2037690459 — 0.0000502429i e
A =0.505 PS my =1 0.1019309535 — 0.0000502427i
my =0 0.0000502527 — 0.0000502422i e
a=02 my =2 0.0000408386 — 0.0304060717i  0.0000408386 — 0.0304060717i
A =0.01 A mgy =1 0.0000204331 —0.0298001931i  0.0000204331 — 0.0298001931i
mo =0 —0.0300063368i —0.0300063368i
a=0.999, A=0.1 NE my =0 —0.0666019203i —0.0666019203
a =0.999999, A = 0.1 NE my =0 —0.0021160230i —0.0021160230i

TABLE 1II.  Numerical results for s = —2 QNMs with A = 107'° or for s = 0 QNMs. The results computed by both methods are all
the same except for the A = 107!° cases, where the shooting method fails. We stop comparing the results from the two methods for
brevity. The subscript stands for the overtone number. The s = —2 QNMs are well consistent with the Kerr case. The scalar QNMs we
show here were calculated in [24,26]. Our results agree with them.

Parameters Families Azimuthal number QNM frequencies Separation constant
s=-2 my =2 0.3870175385 — 0.0887056990i —3.742360877 — 0.058957785i
=2 mg =1 0.3804322549 — 0.0887983009i —3.873766302 — 0.029315246i
a=0.1 PS, my =0 0.3740317881 — 0.0888980902i —4.000628538 + 0.000316649i
A=10710 my = — 0.3678117862 — 0.0890036975i —4.123144955 + 0.029946687i
my = —2 0.3617677061 — 0.0891137673i —4.241505977 + 0.059581772i
s=0,1=1 PS, my =1 0.3032499295 — 0.0973670415i —2.184342759
a=0,A=0.03 Ay —0.0618960744i —2.184342759
s=0,1=0 NE, —0.0002230478576i 3.358418504 x 1078
a=1-10"7 NE, mgy =0 —0.0004460958815i 1.333343335 % 1077
A =0.05 NE, —0.0006691440726i 2.995847651 x 1077
s=0,1=0 Ay —0.002000027032i 2.666696125 x 1076
a=05 A my =0 —0.004000173569i 4.666918426 + 1076
A =0.002 A, —0.006000441735i 8.000919614 x 1076
s=0,1=0 PS, 0.002228495959 — 0.001796566429i —0.2596500358 + 7.026 x 1077
a=03 PS, my =0 0.001049501306 — 0.005389700536i 0.3217182425 + 1.4275 % 1075
A =0.508 PS, 0.001049338537 — 0.008982834229i 0.3217247589 + 2.3788 * 1075
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