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The aim of this work is twofold: (i) to properly define a wave-generation formalism for compact-
supported sources embedded in Einstein-Maxwell theory, relying on matched post-Newtonian and
multipolar-post-Minkowskian expansions; (ii) to apply this formalism (which is valid for any type of
post-Newtonian sources) to the case of two stars with constant and aligned magnetic dipoles, by computing
the fluxes of energy and angular momentum to the next-to-leading order, as well as the gravitational
amplitude modes. Assuming eccentric orbits, we derive the evolution of orbital parameters, as well as the
observables of the system, notably the gravitational phase for quasicircular orbits. Finally, we give some
numerical estimates for the contribution of the magnetic dipoles for some realistic systems.
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I. INTRODUCTION

High accuracy analytic predictions are a milestone of the
signal analysis for gravitational-wave (GW) detectors,
notably when it comes to observing the long inspiral phase
of coalescing compact objects. If such objects, typically
neutron stars (NS) and white dwarfs (WD), are far
from being the main source of events of the current
LIGO-Virgo-KAGRA network [1], they will be a major
source for the next generations of detectors, such as the
Laser Interferometer Space Antenna (LISA) [2] or the
Einstein Telescope (ET) [3]. Indeed, those instruments will
resolve tens of thousands of galactic binaries, composed
primarily of WD and/or NS [4,5]. It is thus crucial to
provide accurate analytic templates for those sources,
notably taking into account physical effects beyond the
commonly used spinning point-particle approximation.
Among those effects are for instance the tidal response
of the stars that have been treated to high accuracy in [6,7],
or the presence of strong magnetic fields that can be as
intense as 10° G for white dwarfs and 10'> G for neutron
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stars [8,9]. Such fields can induce an orbital decay and
shift the frequency of the gravitational wave emitted by the
binary [10-16]. The LISA experiment will resolve a large
number of double WD [17,18], and some of those sys-
tems will even be used for the calibration of the instrument
[19-21]. It seems therefore important to provide accurate
analytic waveform templates that incorporate the electro-
magnetic structure of WD and NS, which is the purpose of
this work.

The templates that will be used for the detection and
characterization of the inspiral phase of galactic binaries are
mainly based on post-Newtonian results [22], relying on
both weak-field and slow-motion approximations (see e.g.
[23-25] for reviews). In such a framework, it is customary
to distinguish between a “conservative” sector, describing
the motion of the two objects via a set of Noetherian
quantities, and a “dissipative” one, depicting the fluxes at
spatial infinity. Both sectors are linked by the famous flux-
balance equations that describe the loss of energy E and
angular momentum J* of the system as

<‘;_’f> — —(F) and <de£> = —(g), (L1)

where F and G' are, respectively, the energy and angular
momentum fluxes, as detected by an observer at spatial
infinity and brackets (-) denote the usual orbital average.
We let the interested reader refer to [26] for the flux-balance
equations associated with the other Noetherian quantities,
i.e. linear momentum and center-of-mass position. In the
case of a binary system bearing electric charges, the
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left-hand sides of the flux-balance equations have been
widely studied, see e.g. [27-32] but, to the best of our
knowledge, a proper treatment of the right-hand sides is
missing. Moreover, and as previously argued, going
beyond the simple electric charge case will be important
for future GW detectors. In this spirit, we have achieved
in [33] the construction of the conservative sector includ-
ing electromagnetic (EM) effects, and computed the
Noetherian energy and angular momentum at next-to-
leading orders for a binary system of stars bearing magnetic
dipoles. The present work is the continuation of this effort,
and we aim at properly defining the corresponding dis-
sipative sector, and build a consistent wave-generation
formalism, taking electromagnetic effects into account.

The computation of PN gravitational waveforms relies on
matched post-Newtonian and multipolar-post-Minkowskian
expansions. This “PN-MPM” framework was developed
in [34-38] and summarized e.g. in [23]. It enabled to reach
high precision in the analytic determination of the gravita-
tional waveform: the phase is currently known at 4.5PN
order [39], the gravitational flux for generic orbits and the
dominant gravitational modes, at 4PN order [40], and the
other modes at 3.5PN order [41-43] [we recall that the nPN
order corresponds to a (v/ ¢ )" correction beyond the leading
order, where v is the typical velocity of the virialized binary
system and ¢ the speed of light]. Besides the PN-MPM
formalism, two frameworks have also been developed to deal
with the wave generation, namely the direct integration of the
relaxed equations [44] and effective field theory [45,46].
They both have reached the 2PN precision for point particles
[47,48]. The aim of the present work is thus to construct a
proper PN-MPM formalism including electromagnetic
effects, and to apply it to derive the waveform emitted by
a binary of stars bearing magnetic dipoles.

The plan of this paper is as follows. In Sec. II, we present
the construction of the PN-MPM wave-generation formal-
ism including electromagnetic effects, and compute the first
nonlinearities (the so-called fails) in Sec. IIl. Then, we
apply our formalism to the case of two spinless stars
bearing constant and aligned magnetic moments in Sec. IV,
and derive the various fluxes, the evolution of orbital
parameters for elliptic trajectories, as well as the gravita-
tional phase and modes for quasicircular orbits. We also
give numerical estimates for those quantities, before con-
cluding in Sec. V. Appendix A presents the construction of
the electromagnetic fluxes. Lengthy expressions are dis-
played in Appendix B, and stored in the Supplemental
Material [49].

II. WAVE-GENERATION FORMALISM

The aim of this section is to build a wave-generation
formalism in the Einstein-Maxwell theory, directly inspired
from the usual PN-MPM framework used in GR [34-38]
(see [23] for areview). In such a framework, the behavior of
the fields at future null infinity is parametrized by some

radiative multipole moments, from which the fluxes of
energy and angular momentum, as well as the gravitational
amplitude modes, are derived. Those radiative moments are
linked to the source multipole moments, describing the
matter distribution, by taking into account the nonlinear-
ities arising during the propagation of the waves toward
spatial infinity.

As is clear from the analysis of the generic structure of
the fields in the exterior zone, performed in Sec. II B, three
steps are required to construct a proper PN-MPM wave-
generation formalism: (i) expressing the source moments in
terms of the matter distribution, as done in Sec. IIC;
(ii) taking into account the nonlinearities via an iteration
scheme and extracting the radiative moments, as discussed
in Sec. II D; (iii) relating those moments to the modes and
fluxes, as presented in Sec. ITE.

A. Equations of motion
In the following,1 we consider a generic matter distri-
bution with compact support in an Einstein-Maxwell
framework. The metric perturbation " = /—gg"” —n*"”
and EM field” A, are governed by the coupled fields
equations [33]

162G 4rGoapy

Or = a 7 and [A, = ——a (2.1)
together with the gauge conditions
0, =0 and /—gVFA,= (" +h")0,A, =0, (2.2)
where g denotes the determinant of g,,, and agy = 4”8 7o 18

the fine-structure constant, i.e. a dimensionless number. We
have chosen the Lorentz gauge for the EM field in order to
be consistent with previous work (see [33] for more
details). The source terms of the wave equations (2.1),
7 and 1,, play the role of the Landau-Lifshitz pseudo-
tensor in GR and read

"The conventions employed throughout this work are as follows:
c refers to the speed of light in vacuum; we use a mostly plus
signature, the Minkowski metric being 7, = (= +.+,+);
greek letters denote spacetime indices u,v, ... = (0,1,2,3) and
latin ones, purely spatial indices i, j,... = (1,2,3); bold font
denotes three-dimensional vectors, e.g. y4 = y'; we use multi-
index notations, i.e. I, =1;;, ; ; hats and brackets denote sym-

metric and trace-free (STF) operators: I, = Ly = STF[IL] the

d’Alembertian operator is defined with respect to the flat
Minkowski metric 0 =79, = A — ¢20}; dots and numbers
in parentheses denote time differentiation A" = d"A/d¢";
(antl)symmetrlzatlons are weighted, e.g. A;;) = (A, i+ A;)/2.

Except for the numerical applications of Sec. IV, we work
with the dimensionless field defined in Sec. III.A of [33], namely
A, = /*G/ArAT™I where ASMUI denotes the usual electro-
magnetic field.
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4

c
™ = |g|T + e AFY, (2.3a)
o
=] - D, 2.3b
lﬂ H 47TGaEM # ( )

We have separated the sources between the descriptions of
the matter distribution, {7#*,J,}, and the nonlinear inter-
action terms {A*, @, }. The contribution A** can be further
split between the metric self-interaction term A%’ and the
interplay between the metric and the EM field, dubbed
Ay The metric self-interaction A" is the usual GR one
and can be found e.g. in Eq. (24) of [23]. The two other
contributions read explicitly [33]

4 v
A= 4yl (F’MFZ - gyTFaﬁF"/”), (2.4a)
OEM
@, = ~h™dupA, — 0,67 0Ay — 6,6 F 0,6
1
4 5 ga/}g/lpFayaﬂgﬁﬂ’ (24b)

where we have introduced the usual field strength F,, =
9,A, — d,A, together with the “gothic” metric ¢"* = | /—gg"*.

As for the matter sources {7+, J,}, their precise expres-
sions do not play a role in the present section. Indeed our
formalism applies to any system with compact-supported
post-Newtonian matter distribution. Nevertheless, when
applying the techniques developed in the present section
to a concrete example in Sec. IV, we will need to specify a
source modeling. Following what was done in [33], we will
consider a compact binary of spinless point particles, dressed
with EM dipoles. Their dynamics is free and will be specified
later on. We have

1
Tﬂy:; V0glaugvivy <mA—?(F;p)ADﬁp> 54, (2.52)

(2.5b)

DY
J;t = g,wzai u—oéA 5
A A

where 64 = 6[x' — y ()] is the three-dimensional Dirac
delta distribution, locating the matter distribution on the
worldline of the particle A, y,(¢) (thus the sources are
indeed compact supported), ul = [—(g,, )44 v4/c*] 7% is
the Lorentz factor, v/, = (¢, v',) (with v/, the usual three-
dimensional velocity), and the subscript A means that the
quantity is regularized in the worldline of particle A, using
the techniques of [50]. The physical quantities describing the
source are the individual masses m, and the EM dipoles,
gathered into a Lorentz tensor

l
DY = ( 0 ) (2.6)
Cqp  Eijkby
where {¢',, y', } are the electric- and magnetic-type dipoles
and ¢;; the Levi-Civita symbol.

Last, but not least, note the difference in structure
between the two gauge conditions (2.2): while harmonic
condition on the metric is linear, the U(1) gauge condition
on the EM field has a nonlinear sector, involving A**. This
fact will be crucial when explicitly implementing the MPM
iteration scheme in Sec. Il A.

B. Generic structure of the fields in the exterior zone

The equations of motion (2.1) are formally solved by
the application of a retarded three-dimensional Green’s
function

o 1676 1
c
4G w(x, =[x — X/
_ 30 [ etz x = Xe) - gy
¢ Ix — x|
4T[GaEM _
Ay =— e Oty
G x, t—|x—x
= an/d3x/ lﬂ( | : |/C) , (27b)
c |x —x'|

but those integrals are too complicated to be solved directly.
As we are interested with radiation toward spatial infinity,
we will consider the problem in the exterior zone, i.e. the
region of space outside the matter distribution. In such
region of space, both fields #** and A, coincide with their
multipolar expansions, M (A*) and M(A,) (as those are
formal series). Moreover, we have by construction 7" =
J, =0 in this region. As multipolar expansions always
commute with products and derivatives, we then have to
solve a simpler, multipolar expanded version of the
equations of motion (2.1)

OM(h) = M(Oh) = M(A™)

= A[M(R™), M(A,)],  (2.8)
OM(A,) = M(OA,) = M(®,)
= @, [M(h™), M(A,)]. (2.8b)

Solving the vacuum equations (2.8) is simpler than com-
puting the integrals (2.7). Nevertheless, the » — oo expan-
sion performed induces spuriously divergent integrals, that
have to be regularized. Let us emphasize that those
divergences are not physical but simply a direct conse-
quence of the formal multipolar expansion. In order to deal
with them, we employ the usual Hadamard regularization
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scheme [50,51], introducing an unphysical (length) scale
rg, thus solving (2.8) as’

M(h””)—PFDretK;)B (N”’)]—i—hhom, (2.9a)

M(A,) = PRI [<i> BM(@,I)} + Alom(2,9p)

Note that, together with the regularized propagator acting
on the nonlinear sources, we have introduced homogeneous
solutions i, and Aﬂom. Imposing that those homogeneous
solutions are regular at spatial infinity (as we recall that we
are working in the exterior zone), and the usual no-
incoming radiation condition (i.e. that no wave can “come

from infinity”), they have to be written as

v AG—~ () 1w ]
Hon = — - 7 6L{ Fi'(t=r/c)|, (2.10a)
>0 i
m_ Ga =)
Abom — CEM;O 2 aL{ GL(t—r/c)_. (2.10D)

where the quantities F7” and G% are yet unspecified
functions, STF in L. It is easy to see that those homo-
geneous solutions indeed satisfy the linear wave equations

HY hom __
in vacuum Uiy = LA™ = 0.

Both types of terms in the solution (2.9) bear physical
meanings. Indeed, the homogeneous solutions 7}~ and
AE"“‘ represent the linear waves emitted by the source. They
notably encrypt information on the matter distribution, as
presented in Sec. I C. The second type of terms, i.e. the
regularized propagators acting on the nonlinear sources A*
and @, describe scattering and diffusion processes happen-
ing during the propagation of the waves toward spatial
infinity. They are discussed in Sec. II D.

C. Expression of the source moments

As the source moments encompass the information on
the matter system, we need to express the linear (homo-
geneous) solution in terms of the matter distribution. The
aim is twofold: (i) decomposing the quantities F;* and G
entering (2.10) as simple, irreducible STF source (and
gauge) moments; (i) matching those moments to the matter
distributions 7** and .

3For high PN computations, it is now customary to use a
dimensional regularization scheme instead of a Hadamard
one [52,53]. Nevertheless, for the low PN order derivation of
the present work, the Hadamard one is largely sufficient and we
left the question of dimensional regularization to future studies.

The wave equation for #2** in terms of 7#¥ (2.1) is the
same as the one used in pure GR. Indeed, in the metric
sector, the only difference between this work and usual GR
computations is the explicit expression of z#¥ in terms of
the fields. Therefore, the STF reduction and matching of
the moments in terms of 7#* will be exactly the same as the
usual one, derived in [38]. The linear solution is thus
parametrized by six sets of STF moments as [34]

h

hom — hg:ﬂ“L?‘]L] +6¢MD[WL7XL7YL’ZL]' (211)
This generic homogeneous solution is split in two sectors.
The canonical linear metric hf,, bears the two propagating
degrees of freedom of GR and is written in terms of two sets
of source moments, {I;,J; } [54-56]. Its expression can be
found e.g. in Eq. (36) of [23]. The second sector,
0 = *¢* + & ¢" — 0,¢* ", is nothing but the generator
of a diffeomorphism transformation, parametrized by four
sets of gauge moments {W;,X;,Y;,Z;}, as explicitly
displayed e.g. in Eq. (37) of [23]. The matched expressions
of those moments in terms of 7#¥ are to be found in
Egs. (123) and (125) of [23]. Note that the monopole I and
the dipoles I, and J; are, respectively, the conserved
Armowitt-Deser-Misner (ADM) mass, linear momentum,
and angular momentum. We will operate in the center-of-
mass frame, in which I; = 0, and denote M = 1.

1. Irreducible decomposition of the EM field

We need to perform the decomposition of the linear EM
field (2.10b) in irreducible STF tensors, while ensuring that
the gauge equation (2.2) is respected. Hereafter, for a
quantity Q;, we use the shortened notation

0, E%QL(t—r/c). (2.12)
Following Eq. (5.3) of [38], let us decompose
G =R, and
G = TEZL) + €ai(ifT(LO_)1>a + 5i(ifT2__)1>, (2.13)
where
T = STFG, TV = %gab@c“”b, and
= ;;—:JGZH- (2.14)
Using the property d,L 1 =0, ()L | =37 11 i, ldL nA
together with the homogeneity relation AT / c

it comes as
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Ga =) .
AP = ;M Z%OLRLa (2.15a)
>0 ¢
Ga (=)’ 0,11\ ~(+)
Ahom _ ~7EM iL=1 _ 2o, T
’ c* ; e+ 1)@ +1)r T
()
%(0 0. T
+€ijkdiL—1T](cl,)—] - f—’—L] . (215b)
Then, we impose the gauge condition
gﬂuaﬂAl}/lom — ”ﬂyaﬂAlI}om + hﬂyaﬂAgom
1.
= —;AS"‘“ + 9;AMm + O(G?). (2.16)

As we are investigating the linear solution, we can drop the
O(G?) remainder for now. Nevertheless, this remainder
will be crucial during the iteration procedure, as explicitly
shown in Sec. Il A2. The linear gauge condition thus
translates into the relation

P (=)
v om Gapux—~ (=), [RL =(+) 17
0, Alom = — > o — T
=0. (2.17)

(+)

Substituting 7',/ in terms of R; and T(L_) in (2.15), we get

om Gagm <_)f 5
Ag :TZ7OLRLv (2.18a)
>0 :
phom _ G“Emz(—)f IRy | 0Ty
o £! c 1 1)
=
7(—)
%(0 9;. T
+e0 Ty — 7 +L1 : (2.18b)

Next, it is common knowledge that a vector field obeying
a U(1) symmetry only propagates two degrees of freedom,
whereas the linear solution (2.18) contains three sets of
moments. Thus, in the same spirit as the splitting of Ay
(2.11), Aﬂom can be rearranged into a “canonical” EM field,
parametrized by two sets of STF source moments,
{E;,B.}, of respective electric and magnetic parities,
and a U(1) generator, parametrized by a set of STF gauge
moments, {K; }

Abom — Acn[E, B, 4 0,0[K, ], (2.19)

where we pose

Ga = .
P —— Z%()LEL, (2.20a)

3
20

Ga —) 2 4 5
ASHn = — CEMZ% |:aL_1EiL_1+M8ijkajL—lBkL—l )
=1 :

(2.20b)

AV
g— _ G%m 3 % 0,K,. (2.20¢)

!
¢ %0

The signs and the powers in ¢ have been fixed to recover
the usual results for constant charges and dipoles [57].
Comparing with Eq. (2.18), one can read

£+ 1 (0)

B=-rriier B=mp T ad
L)

K, = 221

R (2.21)

Let us note that for £ = 0, the linear gauge condition (2.16)
simply yields E = 0, which is nothing but the conservation
of the electric monopole: the electric charge defined in our
formalism is of the ADM type. In order to reinforce
this fact and avoid confusion, we will denote in the
following Q = E.

2. Matching the source and gauge moments

Once the EM field has been decomposed in irreducible
STF moments, one needs to link those moments to the
parameter of the matter distribution, through the powerful
matching procedure [38]. This procedure relies on a few
hypotheses, presented e.g. in Sec. 4.1 of [23]: (i) the
problem can be split into two zones, that partially overlap;
(ii) the fields admit a well-defined PN expansion in the
near-zone; (iii) the fields admit a well-defined multipolar
expansion in the exterior zone. Under those hypotheses,
one can match the two expansions in the overlapping zone,
and derive an explicit expression for the moments in terms
of the source of the wave equation.

Hopefully, the structure of our problem is identical to the
pure GR one, and all the hypotheses are verified. Indeed,
the first hypothesis is satisfied as long as the matter
distribution has a compact support, which is one of the
assumptions of this work. The second one has been verified
by the study of the conservative sector, presented in [33].
As for the last one, it directly follows from Eq. (2.8).
Therefore, one can apply the method exposed in [23,38] to
the EM field and derive

B |
Gf = PF /d3x<r> )?L/ dzd,(2)1,(x, t + zr/c),
B=0 7'0 -1
(2.22)
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where the bar denotes a PN expansion (i.e. a formal ¢ — oo
series), and we have introduced

/ 1 dz6,(2)1,(x, 14 zr/c)
-1

20+ 1)1 [1
:%/—1(&(1_Zz)fiﬂ(xd‘—i—zr/c’)
(2¢ + 1) o\ 2%
B cot . 2.2
;(2k)”(25+2k+1)n o) WD (223)

Combining Egs. (2.21), (2.14), and (2.22), it finally
comes that

B, ——pF [ @x(") [ ads o,
N xro —1Z )X

P S
X1 0,
(¢ + 1)(2¢ + 3)c2 ALt

(2.24a)

B [l
BL:8ab<if£E)/d3x (L> / dz0(2)X _1yals,  (2.24b)

ro 1

20+1 r\8 [1
K,=————PF [ d®— dzs
. (f+1)(2f+3)3—0/ x<r0> /_1 W (@il

(2.24c¢)

Those expression are in full agreement with the results of
[58] that were derived in the framework of nonrelativistic
electromagnetism (corresponding to setting @, = 0).

D. Multipolar-post-Minkowskian iteration scheme
and radiative moments

Once the linear solutions A} and A/}}O“‘ are decomposed
in irreducible STF moments, one can turn toward the
nonlinear sectors of the solutions (2.9). In order to do so,

we proceed via a post-Minkowskian expansion

M(h) = G"Hj; and
n>1

M(A,) = ZG"A(,,),,,

n>1

(2.25)

where the linear orders h’(‘]” ) and A(;), are naturally given by

the homogeneous solutions (2.11) and (2.19). Note that we
combine multipolar and post-Minkowskian expansions,
hence the name of the iteration scheme.

1. Sketch of the iteration procedure

The procedure is conceptually very simple: the vacuum
equations (2.8) are also expanded in a post-Minkowskian
fashion, and solved order by order in G. Obviously, we

cannot provide here the full solution: for each practical
computation, one has to determine by dimensional analysis
which interactions will play a role and compute them using
techniques developed notably in [37,59-61]. Note that the
main technical difference between our case and the pure
GR computations is due to the nonlinear nature of the
gauge condition for A,. Nevertheless, verifying the gauge
condition on the nth PM order A(,), only requires the
knowledge of lower-order solutions {h’(’r’;q),A(mq)”},

already required to compute A,),. Therefore this nonlinear
gauge fixing is not a conceptual difficulty by itself. We
provide in Sec. III a practical example of such a compu-
tation, with the determination of the first nonlinearities,
namely the zails. An interesting fact is that, due to the form
of the interaction term Af,, (2.4a), the EM corrections to
the gravitational moments {I;,J; } involve at least two EM
moments. For instance, the lowest order EM interactions
correcting the mass quadrupole I;; are given by Q x E;; and
E; X E;, which both enter at a relative 2.5PN order (as
shown by a rapid dimensional analysis).

Note also that, when dealing wih pure GR, it is custom-
ary to first let apart the source-to-source interactions and to
focus on computing the interactions between gauge and
source moments. Indeed, such interactions can be recast in
the form of a physically equivalent description in terms of
only two sets of canonical moments [60,62,63]. As the
structure of the linear EM field (2.19) is very similar to the
one of the linear metric (2.11), it is expected that a similar
physical equivalence exists. Nevertheless, the difference
between source and canonical moments enter at relative
2.5PN for the gravitational moments [62], and also for the
EM ones. Indeed, rapid dimensional and parity analysis
show that the lowest-order gauge corrections to E; (respec-
tively B,) are given by the interactions M x K;, W x E; and
Q x W; (respectively W x B; and K x J;), which are all
multiplied by a factor G/c>. Such precision is beyond the
scope of this work, and the gauge moment will play no role
in the practical computations of Sec. IV. We thus leave
the proper definition of canonical EM moments to
future works.

2. Asymptotic structure of the fields

Once multipolar-post-Minkowskian expanded metric
and EM fields have been constructed up to the required
order, one has to extract the radiative moments. Again, the
procedure for the metric is similar to the pure GR case, and
we let the reader refer to Sec. 3 of [23] for details. We will
here concentrate on the EM case, and extract its leading
behavior at future null infinity r — oo, with u =1t —r/c
constant. Using the relation

3 {F(t—rr/c)] _ (_):i’lL FO(t=r/c)+ O(%) (2.26)

c'r
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the behavior of the linear solution (2.20) is easily extracted

GaEM
Z fflnLE +O< )

Alin — (2.27a)

- Ga 1
lin __ EM§ : (%)
A= cA3r e {nL_lEiL‘l_
- !

1

where the moments are evaluated at u. We recall that the
gauge moments {K; } represent a U(1) symmetry and, as
such, play no physical role. If the linear solution is perfectly
regular at infinity, this will not be the case of the nonlinear
interactions, that will bear (powers of) logarithms. Indeed,
the most generic structure of a MPM iterated solution at
future null infinity is of the type [23]

A, ~Zln—rnLa,fp(u) +0<r12), (2.28)

14 ¢
mfiab”aL—lBg,L)_l}

(2.27b)

where p >0 and the “small remainder” translates the
polylogarithmic behavior at lower orders. In order to
properly define radiative moments, we need to eliminate
those logarithms.

3. Radiative moments

In pure GR, the study of the asymptotic structure of the
space-time has revealed that this polylogarithmic behavior is
an artifact of the harmonic coordinates, and there exist
“radiative” coordinate systems in which the metric is free
ofit[64,65]. The most famous ones are the Bondi coordinates
system [66,67] and the Newman-Unti one [68], but the class
of radiative coordinates is quite large [69—71]. Naturally,
there exist generic constructions relating harmonic and
Bondi-Newman-Unti coordinate systems [35,72,73] (see
[74] for a practical implementation at the state-of-the art
4PN precision).

Our claim here is that there exists a radiative coordinate
system (T, X*) in which both the metric and the EM field
are free of polylogarithmic structure.

H””NZ%

¢

A~ a )+o<%>,

¢

H;(U) +(9(%> and

(2.29)

with naturally U = T — R/ c. Such claim is corroborated by
the analysis of the Sec. III, were we show that, under the
coordinate change (3.12) both the metric and the EM field
takes the form (2.29).

In such a coordinate system, one can project the
metric H* in a traceless and transverse (TT) gauge [56]

HIT = N;HTT = HIT = 0 as
4G 1
Hi= —TRPUEb 770 |:NL 2Uapr—2
27 1

—mNcL —2€cd(aV b)dL— 2] +O<R2> (2.30)

where we introduced the TT projector PLT » = Litale)j —
EJ-ijJ-ab with L;; = §;; — N;;. The two sets of moments
{U;,V.} entering the asymptotic metric are naturally
dubbed mass and current radiative moments.

As for the EM field, let us project it on a transverse basis,
defined by A} = N;AT =0, as

GaEM
A:r: ’/Z L |:NL 1QjL 1

4 1
- ijabNaL—thL-l] + O<R2) (2.31)

ija

where similarly, we have introduced two sets of radiative
electric and magnetic moments, {Q; , H; }. Looking back at
Eq. (2.27), it comes as expected that

Q. =E+0(G) and H, =B +0(G). (232
where the remainder encrypts all nonlinearities, and nota-

bly the tails computed in Sec. III.

E. Computation of the modes and fluxes

1. Gravitational sector

The detailed derivation of the energy and angular
momentum fluxes associated with the asymptotic metric
(2.30) can be found in [56], and they read

G Z+1)(£+2) [ (g (1)
Fow = E uul
£ (e = D)eer (2 + 1)1
47 iyl
+ Cz(f—F 1)2 VL VL 5 (2333)
(f (£ +2) [ 0
g = € Ua U7
o b; Zf“ —1)AN26 + )|k
4,7 1)
+ 62(l/p+ 1)2 VaL—IVbL_1:|~ (2.33b)

From the asymptotic metric (2.30), one can also extract the
observable gravitational modes, A/, by projecting H};T
onto the basis of polarization {+, x} and on spin-weighted
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spherical harmonics, Y’f‘;1 (following the conventions of
[41,63]) as

4
hy =i =" )" by Y8

£>2 m=-¢

(2.34)

In the particular case of planar orbits, as will be considered
in Sec. IV, the gravitational modes are linked to the
radiative moments by the relations [41]

2G (f+1)(£+2)

hyy = R 1) a;™U,, if £+ miseven,
(2.35a)

4G LE+2) Lo .
hfm__Rcf+3f! (f—l)(f—i—l)aL V,, if £+ misodd.

(2.35b)

Introducing a fixed orthonormal basis (ng,4q,l) where
[ is normal to the orbital plane, together with my =

(ny +iAg)/+/2, the projector a2™ is explicitly given by

2+|m|

o — (—-)m2= V/al!
L+ D) +m)i(Z —m)!

m{MiL-M - (2.36)

where the overbar denotes complex conjugation.

2. Electromagnetic sector

As discussed in Appendix A 1, the energy loss can be
expressed by the angular average flux of the Landau-
Lifshitz pseudotensor 7#*. At leading order in 1/R, the EM
sector of this tensor reduces to the usual Poynting vector

IT; = cF;F},. The EM energy flux then reads

C4
Fem=-——1 d’QR>N 11
EM 47TG(XEM Rl—{l; |:/ a4 a:|

= inGare Am. (2.37)

c3 A

lim [ / dzngzA,TA,T],
where we used the relation 9;AT = —N;AT/c+ O(1/R)
together with the transversity. Plugging the asymptotic
expression for the EM field (2.31), and performing the
angular integrals with the help of the formula (AS), it
comes as

From = ; 320126 + N

2 qyo]

x [Q(L”Q‘L” +

This result is consistent with the computation of [46], and
the canonical Larmor formula [57] is recovered in the case
of a simple electric dipole. Moreover, to emphasize the
gauge invariance of the flux, a derivation relaxing the
transverse gauge condition is presented in Appendix A 2
and fully agrees with our result (2.38).

As for the angular momentum flux, it requires more care,
just as in the gravitational case (see e.g. [26,75-79] for
subtleties linked to the definition of an angular momentum
flux in GR). As discussed in Appendix A1, it is also
defined with respect to the EM sector of the Landau-
Lifshitz pseudotensor (2.4a) as

4

. ) 2 3 bc
1677.'G1;1—1;1010 |:gtab/d QR NacAEM:|

C4

ngM =

= lim |¢;,, [ d2QR3N,.(Fy, F .;—Fo,Fo.)|.
4ﬂGaEMR—>oo[€’“h/ ac( bdl cd 0b 0L)j|

(2.39)

But, as is clear from the R* factor, its evaluation requires
the knowledge of the subdominant O(1/R?) order in the
asymptotic expansion of the field (2.31). This is quite
similar to what is happening in pure GR, see e.g. [56], and
calls for a full BMS-type analysis of the asymptotic
structure of the fields. Instead of performing such a tedious
computation, we follow the spirit of [26] and provide in
Appendix A 3 a derivation leading to the result

; Gagym Z+1 (1)
OEM = €iab 3127 l:QaL—lQbL_l
; 377 21026 + 1))

52
+ HaL_ng,lL)_l] . (2.40)

(€ +1)?

Note that, in the case of a rotating electric dipole, we
recover the results of [80,81].

Together with the gravitational fluxes (2.33), those
fluxes enter the balance equations for the energy and
angular momentum (1.1) that allow one to derive the
secular evolution of orbital quantities, see Sec. IV C. In
the case of quasicircular orbits, they are a key ingredient to
derive the gravitational phase ¢ = [ dfw (where  is the
orbital frequency), as presented in Sec. [V D. Interestingly,
the two fluxes (2.38) and (2.40) start formally at the same
order as the gravitational ones, namely 2.5PN. This is a
strong difference with the results of the conservative sector,
where the EM effects enter formally as 1PN corrections to
the Noetherian quantities [33].

III. COMPUTATION OF THE LEADING
TAIL EFFECTS

The leading corrections to the fluxes derived in the
previous section are the so-called tail interactions. Those
interactions depict the scattering of a propagating moment
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Iz, J., E;, or B;) onto the static structure of the space-
time, described by the constant (ADM) mass M. The
gravitational tails M x I; and M x J; have been known
for a long time [37,82—-84] (see also [85] for a derivation
using Schwarzschild coordinates and [74] for a computa-
tion in a radiative coordinate system), and we will not redo
it here. Instead we will focus on the leading EM tails,
namely the interaction of the EM # = 1 moments E; and B;
with the ADM mass M, and will explicitly apply the
MPM iteration scheme pictured in Sec. IID 1 to those
interactions.”

A. The electromagnetic tail effect

The MPM iteration method [37] is a two-step procedure,
described in details e.g. in Sec. 2 of [23]. First, one
computes a particular solution of the sourced wave
equation, by applying the Hadamard-regularized propaga-
tor. But, due to the regularization procedure, this particu-
lar solution may not obey the gauge condition, even if the
source does> and one needs to correct for it. Therefore, the
second step is to add a proper homogeneous solution that
corrects for the violation of the gauge condition. The sum
of those two solutions is the correct value of the field, from
which the radiative moments can be extracted (after the
suitable coordinate change, as explained in Sec. II D 3).

1. Computation of the particular solution

In what follows, we aim to compute the quadratic
interactions M x E; and M x B;, by solving the PM-
expanded vacuum equation (2.8b). The first step is naturally
to construct the nonlinear source M(®,), by injecting the
MPM expansions of the fields into the expression of ®,.
Selecting only the M sector of the linear metric (2.11) and the
appropriate sectors of the linear EM field (2.20), we need to
consider

4GM . .

== Wi=0, =0 (3.1a)
G _  Gapy -

AL — ZEM 05, A¥= Z‘fM B, (3.1b)
| G

A% =0, AP =508y (3.1c)

where we have used the notation of [87] for the current-type
moment, which amounts here to B; ; = ¢;; By, and we recall
that the tilde notation is defined in (2.12). Those MPM

*Note that the interaction between the constant charge Q and
the gravitational dipole I; formally enters at the same order as the
tail M x E;. Nevertheless, we work in the center-of-mass frame,
in which I; = 0, so we will discard this interaction.

Note that a similar departure from gauge can also happen in
the EFT framework, where the computation has to be corrected
by a removal of anomalies [86].

expansions are injected into the nonlinear source term (2.4b)
developed to quadratic order

@, = —hP9,4A, — 0,h*0,As — F oyl

1
S Fuud®h + O(A), (3.2)

where indices are operated with the Minkowski metric and
h = Hj, is the trace of I**. It is easy to see that the equations
we need to solve are of the form

_ flL L r
DAM_Zr—pfp(t—;),

p.L

(3.3)

and do not involve logarithmic dependencies, so we can
apply the formulas displayed in Appendix 1 of [59] to
compute the particular solutions

B
ap™ i = PFDre{[(r()) @%XE} and

MxB; _ r\8 wm B;
dﬂx :gzl:(‘)mre%[(r—o> (I)ﬂx :|,

which explicitly read®

E  4GM NS 3
M ﬂn,{ / de1<x>E§3>(t_ﬂ)+—cE§2>
1

(3.4)

c c 3r !
2 i 240
(1) [ en- @) | T ()
_?El + 8 E] 8r2 Ej :|7
(3.5b)
ay® =0, (3.5¢)
Mxp,  2G*Magy n/ ) 5,0
a =5 4|/ " xQ, (x)B! t—— +gBij
2
C (1) C
-<Bl) —WBU], (3.5d)

where the Legendre functions Q, are defined with a branch
cut on (—oo, 1) as

®We recall that numbers in parentheses denote time differ-
entiation, namely A" = d"A/dr".
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01 =3P (1) =D 2Py (P (0 (36

=1/

with P, the Legendre polynomials.

2. Implementation of the gauge condition

Due to the presence of the regularization kernel (r/r)?
inside the Green’s function (3.4), the solution a, (3.5) has
a priorino reason to verify the gauge condition, as discussed
in Sec. 2 of [23]. We thus need to verify it and to correct it, if
needed, by adding a suitable homogeneous solution.

Using relations among the Legendre functions, we get

1 AG*Mapy 1!
MxE; MxE; EM (2) (1)
0} = Lo = = 57 + 7B,
] ‘
0, — = 0,af"® = 0. (3.7)
C

On the other hand, the nonlinear part of the gauge relation
(2.2) yields

4G2]\/7[aEMn_2i [Egm N EEE')] ’
r

1
E _ E, _
h’ﬁaﬂAy = Ehg?atAo = c r

Hwd, AL = 0. (3.8)
Since the particular solutions (3.5) already satisfy the gauge
condition, no further work is needed. Note that taking into
account the nonlinear part of the gauge relation was crucial
here. But, importantly, we cannot generalize this fact, and a
gauge-fixing procedure, such as the one described in Sec. 2
of [23] is expected to be vital for higher-order computations.

The first PM iteration of the EM field for the tail
interaction thus reads

4G*Ma, | [
MxE; _ EM
Ay = 8 n' [ A

c2 W 3
— —E,;|, 3.9
+4r2 ! +4r3 l} (3:92)
<E. 4G*M 0
AME T M { / dxQy(x)E}” (pﬂ) ~Cg?
c 1 c 3r
< g ey AT
32 8 g2 ]
(3.9b)
AP =0, (3.9¢)
MxB; _2GZMGEM nj o (3) Xr 5 (2)
Ai = 77 | dXQl (x)Bl|] 1 — ? +§Bl|1
2
C (1) C

B. Correction to the radiative moments

The previous computation (3.9) gives the first PM
correction to the MPM expanded EM field. Let us now
extract the corresponding corrections to the radiative
moments, following the procedure described in Sec. II D 3.

The first step is to develop the fields at future null
infinity, i.e. » - oo with u =7 — r/c constant. Using for
instance Eqs. (4.5) and (4.6) of [74], one expands the
Legendre functions as

[ ” de,;(x)F(t - %)

c [ cT Inr
——Z A dT[ln(;)+2Hf:|F(M—T)+O<7>,

(3.10)

where H,= Zle 1/ is the harmonic number.” Therefore,
the asymptotic expansion of the previous result (3.9) reads

2G* Magpyn; [ cT 1
AMxE[ - _ EM"%i Inl == _ E(%) _
0 cr 0 dz|ln 2r + 2 (u—7)

i

(3.11a)

c'r

Inr

and we recall that Ay = 0.

Let us now perform a change of coordinate system, to
move from the current harmonic one to a radiative one,
where the asymptotic expansion of the metric is free of
polylogarithmic structure. Such transformation is well
known (see e.g. the detailed discussion in [74]) and reads
at lowest order

(3.11c)

T:t—m—Mln<L>+0(G2), X =x'+0(G?). (3.12)

a3 cby

Here, by is an (unphysical) constant linked to the time
origin in the new coordinate system, and will disappear

"Note that the coefficient in front of the logarithm does not
depend on the value of the index of the Legendre function. This
fact will be crucial when applying the coordinate change (3.12) to
remove the In(r) dependency.
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from all observable quantities. Applying this coordinate
change to the asymptotic expansion of the linear metric
(2.27), and combining it with (3.11), it turns out that
the change of coordinate system simply amounts to the
replacement In(r) — In(chy), just as in the GR case. Note
that the remainder O(G?) corresponds, after applying the
shift, to a O(G?) correction in the EM field. In the radiative
coordinates, it reads

MxE; 2G2MaEMN,~ © T 1 (3)
i — 2T TUEMT In(—)+=|E® (U=
AO C7R 0 dz|In 2]70 + o (U T)

R

(3.13Db)
G’MagyN; [ T 3
MxB; EM!Y j 3)
- = dr|In( — B/ (U -
A =S [l 3o -
InR

+(9(n ) (3.13¢)
Therefore, the coordinate change (3.12) removes the

logarithmic structure present in the asymptotic expansions
of both the metric and the EM field. Can we expect this
simultaneous cancellation to hold at higher orders? For a
tail with generic multipolarity, M x E; or M x B;, the
property of the asymptotic expansion of Q, (3.10) leads us
to think that it will be the case. Indeed, in GR, the single
coordinate change (3.12) removes the logarithms of all the
tails. As for the other interactions, there is good hope that
one can perform this simultaneous cancellation by adapting
the procedure described in [74] with EM moments. This is
obviously more wishful thinking than a formal proof, and it
will have to be verified order by order.

Projecting the asymptotic expansion of the EM field
(3.13) on the transverse basis as in Eq. (2.31), one can
easily extract the corrections to the radiative moments

omt () P
+0< >+(’)(G2) (3.14a)

H, =B!" ZGM {<2bo>+ﬂBE3>(U—1)
+(’)< >+O(G2) (3.14b)

This result is only the leading order correction to the two
lowest-order radiative moments entering the flux. Note that,
because of the powers in ¢ in the formulas (2.38) and
(2.40), the correction to H; enters at the same PN order as
the next-to-leading corrections to E;, namely the “memory”
E; x I, the “failed-tail” E; x J;, and the interactions with
gauge moments, not presented here. However, and as
discussed in Sec. IV B, none of those corrections enter
at the precision required for our numerical applications.

Let us stress that this formalism is valid for any type of
compact-supported and post-Newtonian sources, i.e. enjoying
weak field and small velocities. This is a first step toward a
proper description of environmental and/or physical effects. It
can thus be applied to multiple star systems embedded with
EM fields, but also supernovae, “mountainous’ neutron stars
or even systems containing non-ultrarelativistic accretion
disks. In Sec. IV, we apply this formalism to an astrophysically
motivated model, encompassing notably the case of binaries
made of white dwarfs.

IV. APPLICATION TO REALISTIC SYSTEMS

Let us now apply the wave-generation formalism con-
structed in the previous sections to a simple realistic model,
consisting of two stars bearing magnetic dipoles. The stars
are modeled by point particles of mass m, with magnetic
dipoles u!, and vanishing electric dipoles g, = 0, and we
note m = m, +m, the total mass, v = m;m,/m? the
symmetric mass ratio, and & = (m; —m,)/m. We will
use here the same setup as was done in the study of the
conservative sector [33], namely two constant magnetic
dipoles, aligned and normal to the orbital plane (as
discussed in Sec. IV.A of [33], the motion is indeed planar
under those hypotheses):

My =Ll (4.1)
where [ is the normal to the orbital plane and the normali-
zation has been chosen for dimensional purposes. This
configuration has been shown to be the state of equilibrium
for a binary system of stars with magnetic dipoles [16]. Note
that, contrary to the study of the conservative sector, we can
work “on-shell” and directly enforce (4.1) together with
¢', = 0 in the intermediate computations.

As the motion is planar, we can decompose the center-of-
mass (CoM) relative velocity of the two bodies as v’ =
in' 4+ rgpA', where A closes the time-dependent orthonormal
basis (r,A,1), and we introduce the convenient shortcuts

m

_ m._ _
and j_=—/jg,——j. (4.2)

Ay =y + fip
nmy m

In the same spirit as [33], we seek to compute the next-to-
leading (NLO) PN orders in the radiated fluxes and
amplitude modes.
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A. Computation of the source moments

Let us briefly comment on the computation of the source
moments.® The techniques have been widely developed in
the literature and we let the interested reader refer to the
references given hereafter for more details. The first step is
to parametrize the gravitational and EM fields in the near-
zone in terms of so-called PN potentials. This parametri-
zation was crucial for the derivation of the conservative
sector, and thus has been presented in [33]. However, in the
present problem, we restrict ourselves to the computation of
the NLO, and do not take the electric dipoles into account.
This implies that we require those parametrizations at a
lower PN order than in the previous work [33]. The
gravitational field is thus parametrized as

4V 4 Wkk 2(p2 _
h% = 2 |:2V2+T:| +?+O(C 8), (4.3a)
. 4V, B
B — _ St O(c™), (4.3b)
h' = —? Wij - EWkk + O(C ), (430)
and the EM field as
p Vo N Xi _
Aozg_?—ko(c 7, Ai:?‘FO(C 0). (44)

The potentials {V,V;,W;;,@,x;} satisfy the wave equa-
tions presented in Eq. (3.7) of [33]. They have been
computed off-shell in order to solve the conservative
problem. This means that the accelerations and their
derivatives were not replaced by their explicit values.
Also, one cannot impose the conditions ¢, =0 and
(4.1) at the level of the Lagrangian without breaking its
Lorentz invariance. In the radiative sector, we are allowed
to use the potentials derived for the conservative sector
on-shell while remaining consistent with the gauge of the
conservative sector. Thus, in the present work, we replaced
the accelerations by the equations of motions derived in
[33], and imposed the ansatz (4.1) for i, with ¢, = 0 in the
explicit values of the potentials.

With this parametrization at hand, let us focus on the
computation of the EM source moments. From their
general expressions (2.24), we start by deriving their
PN-expanded sources 7, (2.3b). To do so, we perform
spatial and temporal indices decompositions and expand
using the parametrization of the fields (4.3)—(4.4). This
procedure yields integrals with both a compact and a
noncompact supported part. The compact sectors result

SAll the computations presented hereafter were performed with
the use of the xAct library from the Mathematica software [88].

from the compact sources terms (2.5) and (2.6), while the
noncompact sector consists of products of the potentials.
The techniques used to compute the resulting integrals are
based on the Hadamard partie finie regularization and are
described in, e.g., [50,89-91]. After integration, we end up
with expressions of the source moments in terms of the
positions and velocities of the particles, expressed in a
general frame. The last step is thus to express them in the
CoM frame, which is done by applying the method
depicted in Sec. III. E. of [33]. Even in the CoM frame,
the expressions of the source moments are too long to be
displayed here, but they constitute only an intermediate
result. The relevant (i.e. observable) quantities are indeed
the radiative moments, which, at the NLO, are essentially
their time derivatives, see Eq. (2.32).

B. Computation of the fluxes and modes

Before using the method described above to compute the
source moments, let us investiguate the required precision
needed to reach the NLO order for magnetic effects. Let us
first concentrate on the EM fluxes (2.38) and (2.40). A
rapid inspection of the expression for the source moments
(2.24) in our setup reveals that the LO of the electric-type
source moments {E; } start at O(c~2). Moreover, and as
expected, it is easy to realize that B; = >_ , pi, + O(c72).

As y' is constant in our model, the radiative moment H; =

B!" 1 O(G/c?) begins at O(c2) and, due to the same fact,
the associated tail (3.14b) is a 2.5PN relative correction. By
similar arguments, one can see that, in our setup, the EM
fluxes (2.38) and (2.40) start at O(c™), and that nonlinear
interactions do not enter the NLO order, i.e. the O(c™!!)
coefficient in the flux. Therefore we can approximate the
radiative moments by the (time derived) source moments,
as in Eq. (2.32), and we only require {E;, E;;, B;, B;;, B }
to {O(c™),0(c™2),0(c™?),0(c™2), O(c")}.

As for the gravitational fluxes (2.33), the magnetic
effects enter in the radiative moments {U;, V; } at a relative
2PN order, as was already the case in the conservative
sector [33]. Therefore, the EM sector of those fluxes are
also of order O(c™), and we only need the knowledge of
the NLO order in U;; and the leading orders of U;j; and V;.
Similarly to the case of the EM fluxes, one can show that
there is no EM corrections to the nonlinear interactions up
to O(c™!) in the fluxes, and thus one can safely take

U, = UP 4+ MM — 1) L O(G)  and
C

V, = VP af—4MVEM =11+ 0(G). (4.5)

All the required (gravitational and EM) radiative
moments were derived using the time derivatives of the
source moments computed following the procedure
depicted previously. Gathering them and applying the
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formulas (2.33a) and (2.38), the total energy flux’® is
given by

F=Fow+Fem=Fowpp + Fowme T Fem.  (4.6)

where our nomenclature should be transparent. Note that
the point-particle contribution F gy pp, is currently known at
a relative 4PN order [40], but is only required at NLO in
this work. Similarly, working out the formulas (2.33b) and
(2.40), we find that the total angular momentum flux is
directed along I, and reads

G = Gow + Gim = [Gowpp + Gow.mag + Gem)l'. (4.7)

The explicit expressions of each contribution to NLO are
displayed in Appendix B 1. Then, using the formulas (2.35)
and (2.36), one can extract the EM corrections to the
gravitational modes, presented in Appendix B 2. Those
results are collected in the Supplemental Material [49].

C. The case of eccentric orbits

All the results presented in the previous Sec. IV B are
given for generic (planar) orbits in terms of (r, 7, ¢). We
will now specify them on quasi-elliptic trajectories in order
to extract physical information on the evolution of the
orbital parameters.

1. Quasi-Keplerian parametrization of the orbits

In [33], only quasicircular orbits were studied. Thus, we
first need to derive the quasi-Keplerian parametrization of
the trajectories at the required order before proceeding any
further. In a post-Newtonian framework, celestial bodies
are naturally expected to follow nearly Keplerian orbits. For
spinless point particles, the first corrections to the Keplerian
orbits were computed in [92], then extended at 2PN [93],
3PN [94], and finally up to the current 4PN precision [95].
The aim of this section is to derive a quasi-Keplerian
representation of the motion at NLO, by taking the EM
corrections into account.

Following the standard procedure, depicted e.g. in [96,97]
(notably, all required integrals are displayed in Appendix A"’
of [96]), we can establish the relations between the orbital
separation r, the phase ¢, the mean anomaly 7, the eccentric
anomaly u and the true anomaly ». They have the same
structure as the pure GR ones at 2PN, namely

r=a,(l—e.cosu), (4.8a)
£=n(t—1)
=u—esinu+f,_,(v—u)+f,sinv, (4.8b)

The Noetherian fluxes given in Eq. (3.14) of [33] are
vanishing in our configuration.
"Note a missing e, in front of the sinu of (A.7) of [96].

¢ — o

. + g, 8In(20) + g3, sin(3v), (4.8¢)
+
v = 2arctan [ “d tan 4 , (4.8d)
1- €¢ 2

where n = Z—If, with P the relativistic period, and K = 1 + k,
with k the advance of periastron. The expressions of all
parameters entering Eq. (4.8) are given in terms of the
invariant energy and angular momentum in Appendix B 3,
and collected in the Supplemental Material [49]. Note that the
coefficients translating a departure from a Kepler-like struc-
ture, f, and g, Egs. (B10g)-(B10j), are all starting at the
same order, namely O(agy/c®). The relations (4.8) depict
entirely the conservative motion of the binary on a quasi-
elliptic orbit, and as such, contain all the information we need
in the following section.

2. Evolution of the orbital parameters

Instead of using the gauge-invariant energy and angular
momentum, we will describe the evolution of the orbital
parameters in terms of the time-eccentricity e, and the
orbital frequency-related parameter

(GmQ) 2/3
x = 3 ,
-

where Q = Kn = 27”(1 + k). From Eq. (4.8), one can
derive r(u), i-(u), and ¢(u) using chain rules. We finally
obtain their expressions in terms of (x, e,, #), which allows
us to plug them into the fluxes (B1) and (B5) to get the
exact instantaneous fluxes F and G in terms of the eccentric
anomaly. With such expressions at hand, one can perform
their orbit average as

(4.9)

(F) E%Apdt}—(t) :%AMdu%}'(u), (4.10)

and similarly for (G). Using the integration formula (8.5)
of [98]

Lofr e 1 1
)y (T=ecosu)y (1= "\/1—a)’

(4.11)

with P, the usual Legendre polynomial, we derived the
expressions for the orbital averaged fluxes, presented in
Appendix B 4. Finally, one can use the fluxes together
with the explicit expressions (B10a), (B10b), (B10c), and
(B10e) to derive the averaged evolution of the orbital
parameters e,, a,, and x. Indeed, the flux-balance equa-
tions (1.1) allow us to derive the chain rule for, e.g., the
time eccentricity
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de, de, de,

Qe _ % py % gy 4.12
() =-Smm-2@. @)
where we have denoted the norm of the conserved
angular momentum as J = |[J/|. Those generalization of

the Peters and Mathews formulas [99,100] can be found in
Appendix B 5 as well as in the Supplemental Material [49].

3. Gravitational modes

In order to obtain a full waveform, we have also
computed the gravitational amplitude modes for quasi-
elliptic orbits in terms of the eccentric anomaly u, using the
same techniques as those employed to derive the instanta-
neous expressions of the fluxes. The benefit of such
parametrization in place of an expression in terms of the
time (or equivalently the mean anomaly #) is that it is exact.
In order to express them in terms of #, one needs to invert
the relation #(u) (4.8b), which involves an expansion in the
time eccentricity e,, see e.g. [101].

The expressions of the instantaneous part of the ampli-
tude modes are too lengthy to be displayed, even in an
appendix, but can be found in the Supplemental Material
[49], and we find full agreement between our point-particle
1PN sector and the results of [97].

D. Quasi-circular orbits: Gravitational
phase and modes

Finally, let us study the system on quasicircular orbits.
For most of the relevant quantities, one would only need to
set the eccentricity to vanish to obtain the results for
quasicircular orbits. However, the explicit expression of
the phase evolution of the system in terms of the orbital
frequency is not provided within the quasi-Keplerian
framework. To express the phase, we take i =0 as it is
a higher 2.5PN correction, and set ¢) = @ where w is the
orbital frequency for a quasicircular motion. In such a
configuration, the fluxes, amplitudes, and phase only
depend on the gauge invariant PN parameter

(Gmw) 2/3
x = 3 .
¢

This variable is naturally the circular limit of the one
defined in the eccentric case Eq. (4.9). The two flux-

balance equations (1.1) are now degenerate and the fluxes
are indirectly linked by the “thermodynamic” relation

(4.13)

dE dJ

o= %30 (4.14)
This relation is a consequence of the first law of binary
black hole mechanics [102,103] for systems with constant
individual masses, and applies for the conserved quantities
of the system. Making use of the flux-balance equations,
we checked that it holds for the radiative sector. Thus we

can focus solely on the flux-balance equation for the energy
to derive the phase. Using the generalized Kepler’s law,
Eq. (4.5) of [33], one can express the flux in terms of x at
NLO as

F 320502 x° | 1247 n 35v
= - — |x
5G 336 12

N . 1 _
—4dagm {ﬂi +of i — <%+V> /44 x?

o [(755 1690 (685 1600

BMI\Tes ™ 6 )T 168" 6 JOHH+
19 31930 1692\ ,] |

_(§+—1008_ G ),u_}x } (4.15)

We naturally recover (B12a) for ¢, = 0. From this quantity
and the expression of the energy in terms of x, Eq. (4.6a)
of [33], one can extract the gravitational phase as

3
= [ dtw = ——
¢ / @ Gm

At NLO, it reads as

X3/2dE

o (419

| 3715 550
LY I (i
$=do 32wc5/2{ +<1008+12>x

1
NN 2| 2
+50agm [ﬂ+ + 6 ji <240+ V) M—] X

. 5865+280v 2 1 35015+280v S
EM 14 3 /’L‘r 84 3 M

<16945 416785y 280v2>~2] 3}
- Az |x’ e,

2032 1008 ' 3
(4.17)

where ¢ is a constant of integration and the phase has been
collected in the Supplemental Material [49].

Then, we can also express the gravitational modes in
circular orbits. For the sake of simplicity, we rescale the
observable gravitational modes /A, (2.35) by the dominant
contribution, and single out the dependence on the gravi-
tational phase ¢ as

8Gmux & —imd
hfm = CZ—R \/;Hfme 1m/.

(4.18)
Note that the coefficients H ., for circular orbits differ from
the ones defined in generic orbits, H,,,, (B7) by a factor ¢?x.
The relation H, _, = (=) H ,, where the overbar denotes
the complex conjugate, still holds, thus we only present the
coefficients with positive m. At the relevant order, the
instantaneous modes read

084048-14



ELECTROMAGNETIC FIELDS IN COMPACT BINARIES: POST- ...

PHYS. REV. D 109, 084048 (2024)

107  S5v
Mo =1- (H‘E)x

2oempifn 1 73v
_ A oy (2 4.1
v siTm )Y @19
Hyy = ~5x1/2 {1 - SM)CZ}, (4.19b)
3 v
3 15 aenifi iy
Hy = =/ —ox!/2 |1 -3 2MOI2 2 4.1
33 4 145x |: 3 ) X7, ( 9C)
1 /5 iji
H32:—\/:(1—3y)x | — 422 o] (4194)
3V7 v
i apmiiflo
Hy = 5x1/2[1—3Lx2}, 4.19¢
31 12\/ﬁ v ( )
H44——§\/§(1—31/)x TR LIV RS
9V7 v
: .
Ho =200 m[l - 4M] (4.19)
14

and all H,y = 0."

E. Numerical applications

One of the motivations for this work is to estimate the
significance of the magnetic contribution to the dissipative
sector. For instance, it was shown in [15] that EM effects on
eccentric orbits were not negligible for LISA data analysis,
when accumulating a sufficient observation time. Indeed,
eccentricity affects each harmonics differently, breaking the
degeneracy and making the presence of magnetic dipoles
possibly detectable. However, the analysis done in [15]
relies solely on the leading order of the Peters and Mathews
formulas for point particles [99,100], neglecting EM effects
in the dissipative sector. This approach is not formally
consistent in a PN sense. In the present work, we have
generalized the Peters and Mathews formulas by including
the magnetic dipoles to NLO, see Egs. (B15) and (B17),
which completes the model used in [15].

We can estimate the order of magnitude of the newly
computed EM terms for realistic systems by comparing
them to the pure point-particle contribution. To this end, we
choose an astrophysically motivated model that relates the
magnitude of the magnetic dipole of a star to its magnetic
field at its surface and its radius as [104]

"This is due to the fact that, in this paper, we only consider
instantaneous contributions to the modes. In fact, there are
contributions of the memory to the (#,0) modes for even ¢
starting at Newtonian order. In the case of eccentric orbits, these
memory contributions also contribute to oscillating modes and
could contribute to the magnetic sector of /15, at NLO. We neglect
these contributions throughout this paper.

TABLE 1. Numerical values taken for the physical parameters
of each star, reproduced from [11]. m, is the mass of the star A,
R, its equatorial radius, and B, the magnitude of the magnetic
field at its surface.

Value for Value for the
Parameter Unit the first star second star
ny M, 1.2 0.3
Ry km 6.0 x 10° 15 x 10°
B G 1.0 x 10° 1.0 x 10°
. 2w
il = BRS, (4.20)
Ho

As for the numerical values of the masses and magnetic
fields of the stars, we took those already used in [11,33],
which are typical values for white dwarfs, see Table I.

Finally, we selected three different configurations for the
fundamental observed frequency (which is half the orbital
frequency), 107!, 1072, and 10> Hz. Those values are
motivated by the bandwidth of the LISA detector [2].
Numerical estimates of the magnitude of the magnetic
contributions to {(a,) and (¢,) are provided in Table II, and it
is clear that these corrections, of order at most 107°, are
quite small, even in the extreme case e, = 0.5. This
suggests that the model used in [15] would yield qualita-
tively similar conclusions if the correct evolution equations
(taking into account the magnetic corrections) were
considered.

As was the case in the conservative sector [33], the
leading EM corrections are smaller than the NLO point-
particle ones but larger than the NNLO point-particle ones,
and this is the case for each of the different chosen
configurations. This makes the EM contributions roughly
comparable to a 1.5PN point-particle term. On the other
hand, the EM contributions tend to dominate over the
point-particle ones for eccentricities close to 1. But, if our
formulas (B15) and (B17) are formally exact for any bound
orbit (i.e. 0 < e, < 1) within the PN regime, it is a well-
known fact that the PN approximation breaks down for
high eccentricities. This is due to the fact that, at the
periastron of a highly eccentric orbit, the weak-field
condition is naturally invalid. Thus, the enhancement of
magnetic effects for high eccentricities is spurious.
Furthermore, when the two stars are close enough, depict-
ing the magnetic interaction with dipoles is no longer
possible, as other effects (such mass exchange or common
magnetic envelop) enter the picture.

Finally, let us comment on the application to binaries of
neutron stars. As discussed in Sec. I, those have much
stronger magnetic fields than white dwarfs. However, their
magnetic dipoles are significantly smaller, due to the fact
that their radii are ~10? shorter than those of white dwarfs,
see Eq. (4.20). Thus, in our setup of constant and aligned
magnetic dipoles, the EM contributions to the decay of
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TABLE II.

Semiquantitative numerical estimation of the ratios |(a,)¥™/(a,)9R| and |(¢,)EM/(e,)OR| for different

values of the orbital frequency and eccentricities. Configuration 1 corresponds to Q = 5 x 1072 Hz, configuration
2. to Q =5x 1073 Hz, and configuration 3 to Q =5 x 10~ Hz, all of those based on the values of Table L.

(@)™ /{a,)¥|

[{e)™/{e) |

e, Configuration 1

Configuration 2 Configuration 3 Configuration 1

Configuration 2 Configuration 3

0.1 7.0 x 1077 33x 1078 1.5x107°
0.3 9.8 x 1077 4.6 x 1078 2.1 x107°
0.5 1.8 x 107° 8.2 x 1078 3.8x107°

6.8 x 1077 32x 1078 1.5x107°
8.9 x 1077 4.1x 1078 1.9 x 107°
1.5x 1076 7.1 x 1078 33x107°

orbital parameters for binaries of neutron stars systems are
expected to be negligible.

V. SUMMARY AND CONCLUSION

Including electromagnetic effects in the templates used
by future gravitational-wave detectors, such as LISA or ET,
will be important, notably for an accurate characterization
of white dwarfs binaries [10—16]. In this spirit, a proper
post-Newtonian treatment of the motion of two stars with
EM dipoles has been done in [33], and the usual Noetherian
quantities (energy, angular momentum, etc.) have been
derived. Pushing further in this direction, the present work
tackles the problem of the generation of gravitational waves
by such binaries.

Relying on matched multipolar-post-Minkowskian and
post-Newtonian expansions, we first concentrate on the
near-zone behavior of the fields, and derive source and
gauge moments (2.24) that entirely describe the physics of
the matter distribution. From those moments, we iteratively
construct nonlinear radiative moments that parametrize the
values of the fields at future null infinity, (2.30) and (2.31).
This asymptotic parametrization allows us to extract the
fluxes of energy and angular momentum (2.33), (2.38),
and (2.40), as well as the gravitational modes, parametriz-
ing the waveform as detected by an observer at infinity. As
a proof of concept, we apply the iteration scheme to
explicitly derive the EM tail, i.e. the leading order nonlinear
correction, of the two lowest-order EM radiative moments
(3.14). We emphasize that this formalism is valid for any
type of post-Newtonian, compact-supported source (i.e.
enjoying weak field and small velocities). It can thus be
applied to other astrophysical systems containing EM
effects within the PN regime, for instance nonspherical
rotating neutron stars, supernovae, or even systems con-
taining non-ultrarelativistic accretion disks.

Next, we apply this formalism to the concrete case of a
binary composed of stars bearing magnetic dipoles. Under
the assumption of constant and aligned magnetic dipoles,
we derive the fluxes and modes for generic orbits.
Enforcing eccentric orbits, we derive the evolution of
orbital parameters (eccentricity, semimajor axis, and fre-
quency) (B15), (B17), and (B19), and provide the EM
corrections to the gravitational modes to the next-to-leading

order. For the specific case of quasicircular orbits, we
derive the correction to the gravitational phase. All those
results are collected in the Supplemental Material [49].

Specifying realistic astrophysical configurations, we
perform numerical estimates that show the magnitude of
the magnetic contribution to the radiated gravitational
waves and dissipative dynamics. Notably, we find that
the ratio of the magnetic effects versus the pure point-
particle terms in the secular evolution of the orbital
elements are at most ~107°. This implies that the model
used in the study [15] would yield the qualitatively similar
conclusions if it were to be consistent in a post-Newtonian
sense. However, and similarly to [33], we find that the
leading magnetic corrections are smaller than a 1PN point-
particle effect but bigger than a 2PN one, making the
magnetic effects roughly comparable to a 1.5PN quantity.

If the present work formally tackles the problem of
post-Newtonian gravitational wave generation in an
Einstein-Maxwell framework, the efforts in building real-
istic waveform models including EM effects can naturally
be improved. In fact, our model assumes constant and
aligned magnetic dipoles. If such configuration is indeed an
equilibrium state [16], it would be quite interesting to apply
our formalism to systems with nonconstant and/or non-
aligned dipoles. In such configurations, we could have
quantitative changes, as the leading order in the EM fluxes
(2.38) and (2.40) is vanishing due to the constant dipole
hypothesis. This requires one to fix the dynamics of the
dipoles, which could be done for instance by coupling them
to the spins of the stars. This is left for future work.
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APPENDIX A: ELECTROMAGNETIC FLUXES

This appendix discusses the construction of the EM
fluxes (2.38) and (2.40) in terms of the radiative moments.

084048-16



ELECTROMAGNETIC FIELDS IN COMPACT BINARIES: POST- ...

PHYS. REV. D 109, 084048 (2024)

1. Generic expressions

Flux balance equations within the PN-MPM formalism
have been treated in, e.g., [26]. In this reference, the
radiated fluxes are defined using the angular integral of
the Landau-Lifshitz pseudotensor in the radiative zone. In
the present paper, this tensor is now composed of the pure
GR and the EM parts. However, as discussed in Sec. 11 D,
both fields bear the same asymptotic multipolar structure.
Thus, the same definition holds when generalizing to EM
effects. This allows us to directly use Eq. (4.4) of [26] by
defining the total energy and angular momentum fluxes as

F = lim cR? / d*QN 7", (Ala)
G = lim Rie;y, / d’QN 1" (Alb)

The compact sector of 7#¥ (2.3a) cannot contribute to the
surface integrals, so we are left with the contribution of
A" = N§¥ + Ay The contribution of A" has been treated
in [56] and gives the usual gravitational fluxes (2.33).
Focusing on Afy,, we define the “EM” part of the fluxes as

> R? 5 o
= 1 QN AY
fEM 1m |:]671'G/d Nl EM:|

4R2
- ¢ / QN T,
R—c0 4ﬂ'GaEM

(A2a)

c*R3
gEM - hm |:16 G luh/dngacAIbEi/l:|

C4R3 /dzg ( )
= ———¢; N, (Fp F.;— Fo,Fo.),
R 1 zG . iab ac bd* cd 001 0c

where we recall I1; = cF;;Fj is the Poynting vector.

2. Gauge-independent derivation of the energy flux

In Sec. I E 2, the energy flux has been derived from the
asymptotic expansion of A, in a transverse gauge. In order
to emphasize that our result (2.38) is indeed gauge
independent, let us rederive it using a generic (i.e. not
transverse) form of the EM field

G
(XEMZ g LQL+O< )

>1

Ay = (A3a)

GaEM
i ; fl,ﬂ'|: L—- lQlL 1= (f—’-l) labNaL—leL—l:|

+o(ﬁ>,

(A3b)

where the moments are naturally evaluated in the (radiative)
retarded time 7 — R/c. After some massaging, using
notably the relations

= = - — A4
az<R QL) Re QL+O<R2)v (Ada)
Ny- Niar—
5z< ]ab—lg 1HbL—1> = —Ejab RLc leL—l
1
+ O(F) (A4b)
the field strength reads at leading order
Ga .
Foi = EMZ o [ iiNL-1Qj1-1
£>1
¢ )
)] ])EiahNuL—leL—l . (ASa)
Ga
Fl] EMZ M'{ jL- 1Q1L 1 —Nir- 1Q,L 1
721
N, — )
- c(fi—lfll) (€iapNj — 8jabNi)HbL—1:| , (A5b)

where we recall that the transverse projector is L;; =
0;j — N;j. At the leading order, the Poynting vector I1; =
cF;F i, becomes

GZG%M NiNL—lNK—l . .
II; = R2 A Lap |:QuL—1QhK—1
‘k . )
H,;, 1Hpx_11, A6
+C2(£+1)<k+1> al—1 bK 1:| ( )

where we have not written the cross terms « Q; Hg, as their
odd parity will eliminate them when performing the angular
integrals. The energy flux (A2a) then reads

GaEM

477,'C Z f_;,_kf,k' |:QaL lQbK 1

‘k . .
H,; 1Hpx_
Cz(f—f—l)(k"—l) alL—1 bK 1:|
X /dZQ—LabNL—lNK—l
7+ 1

_ Z Gagm
o ST ee1(20 + !

]:EM

2

a1y A7)

X |:QLQL + HLHL:|
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where we have used the fact that the moments {Q; , H; } are
STF and the integration formula

Qo1 O / $QL N, Ny

4n(f 4 1)!

m 5kf QL QL

(A8)

This generic-gauge derivation agrees with the result (2.38),
performed in the transverse gauge, which was expected as
the energy flux should be a gauge-invariant quantity.

3. Angular momentum flux

Let us now turn to the more subtle derivation of the
angular momentum flux. As is clear from the R? appearing
in its expression (A2b), and as discussed in lengths in
e.g. [26,56,75], its computation requires the knowledge of
the subleading terms O(1/R?) of the radiative field (3.13).

by computing the “source” flux, i.e. the dominant PM order
of the flux, by using the linearized metric (2.20). This partial
flux will be written in terms of (derivatives) of the source
moments E; and B;, hence the name. In order to reconstruct
the “full” flux from this source flux, one should in principle
add all higher PM orders via tedious computations.
Nevertheless, using the argument of [26], we claim that this
source flux has the same structure as the “radiative” flux,

under the naive replacements (E(Lf), B(Lf)) - (Qz,H,), see
Eq. (2.32). This method, although not a formal proof, has the
advantage of simplicity: the linear metric (2.20) is easily
expanded at subleading order, using

3 {F e _rr/ C)} - (‘r):fL [F(f)<t —r/e)

2+ 1
+%EF(’€_I)([_ r/c)
r

The canonical way of proceeding involves a full analysis of L0 1 (A9)
the asymptotic structure at future null infinity, and is plagued )
by subtleties, see e.g. [75]. Instead, we adopt a more
pragmatic approach, following the spirit of [26]. We start ~ Injecting it into the field strength, we get
|
GaEM £+1 lfﬂ 7+1
F()i - C . ; ff' |:J—ljnL 1E§L 1) _WeiabnaL—lBéL—R
>
GaEMZ )n E©)  _ (Z+ 1)(5‘#2)”' E&) _ﬁg. n., BY (A10a)
o~ ff‘ 2 L-1-iL—1 D) L, 2 iabaL-1Ppr—1|>
GaEM £+1 2L £+1
Fy = Ay Z 77 [ njp— 1E1(L Vi IEEL 2 D) 1)(€iabnj_8jabni)B(bL—l)
S
GaEM +1) ¢ ¢
1S [ B = L)
2¢ A
+ <m8iju + % (Eiapnjp — 5jahnib)> nL_lefL)_l
£(2-1) ¢ ¢
* (¢ +1)c <EiﬂbB;b)L—z - gjasz('bZ—z)naL—z : (A10b)
The flux (A2b) thus becomes
Gagm Z+1 EOEED ke (€) gy (k+1) )
Gim = dnc3 Z A mb[ Ejxo1 + k1 1)(5+1)BL Bjk-1 d"Qngg_yny. (Al1)
Using the integration formula
+1 4nt’! £+1
zabE( )E< )/d Qnal( 1np = WﬁkﬁeldbEiL) IEEJL+ l)’ (A12)
it becomes
Gapn _ £+1  [L@) gl 22 Q) gery
gEM —fzabz JRI T ¢ + 1) E. 1By +WB@ 1By (A13)
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Under the replacement (E( ), Bf)) — (Qg,H;), this result
gives Eq. (2.40), that we have used in this work. Note
however that when applying our formalism to a concrete
case in Sec. IV, we have only pushed the accuracy at NLO
and the nonlinearities did not contribute. In this precise
case, the “source” and “full” fluxes are naturally identical.

As discussed in Sec. IV D, the balance equations (1.1)
are degenerate in the case of quasicircular orbits. Thus, the
phase (4.16) can also be obtained in terms of the balance
equation for the angular momentum, i.e.

3 3/2 47
P

Gm G (A14)

¢:_

where G = |G'| and J = |J'|. Implementing this formula,
we recover exactly the previous result (4.17). This deriva-
tion can be seen as a check regarding the definition of the
radiated EM angular momentum. Indeed, the general
definition of the GW angular momentum (2.33b) in terms
of the radiative moments was, of course, already known and
its explicit value contains also magnetic contributions
which combine with those of the EM flux to give the

|

expected result. The fact that both derivations agree
strongly suggests that the adopted definition is correct.
As a side note, it is also remarkable that the link between
the coefficients of Fpgy and Ggy is the same as the
proportionality coefficients of those between Fgw
and Ggw-

APPENDIX B: LENGTHY EXPRESSIONS

All the lengthy results presented hereafter are collected
in the Supplemental Material [49].

1. Expressions of the fluxes for generic orbits

This appendix presents the explicit expressions of the
fluxes computed in Sec. IV B. We recall that the total
energy flux for arbitrary planar motion has been decom-
posed as

f:fGW,pp+fGW,mag+fEM' (Bl)
The (instantaneous) point-particle sector F gy, can be
found up to 3PN in Eq. (5.2) of [98], and is given at 1PN by

32G3m* 2 785 T\ . 117 450 : 8 3u
F _2xxbmvbv ) o4 P 4_ (2L 200 (O OF
OWpp 554 { SRS [(336 28) -\ T )T
170  10v 9 50\ Gmi? 1 —4vG*m?
- Gmr? + . B2
(21 21) e+ (14+42) P TR H (B2)
As for the EM contributions, they read at NLO
192G mbvapyiinfis [ 5., 1 [(277 5690\ ,., (1159 13730\ ,.,.,
Fowmg = = 50976 {r¢ 12 _KE_ 84 )r _<168 84 >”¢
17 37\, (1331 27w 17 109\ Gmi? 1 —4v G?m?
2 o (2 G+ (— — , B3
* (42 42>r (168 7 ) g+ (18 84 ) P R ]} (B3a)
4G M Papyf® [ 5., 1 [/397 4650\ . 1177 906w .
- @ @ == 452 4+ — | [ === 4 14 -t 2:2 792
Fen 15975 A L T VI LU A N VR I LA
128 3240\ , (71 450 488 6481\ Gmi® 1 —4uGPm>
- (== i — Gmrd? — [ = — 8
( 77 )r <14 7 ) - < 77 ) P
64G>mOL2Sagyjifi_ VS iy 9 ., 123Gmi*  G*m?
— 6/ + = Gmrg? ——>
105¢1T79 { . A }
32G°mou? T . ) L AGmI? G m>
WIS 1049t + = PR+ 4+ Gmrd? + o T (B3b)
105¢*'r r r

Note that we have written F Gy mqe in terms of /i , instead of ji, for the sake of compactness. Indeed, it comes as

firfiy = V(s + S fi — vi2).

(B4)

Similarly to the energy flux, the total angular momentum flux is split according to

G = [Gow.pp + Gow.mae + Gemll',

(BS)
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where the (instantaneous) point-particle sector Ggw p,, can be found at 3PN e.g. in Eq. (3.2) of [105]. At the required order,
the contributions read

16G*m> ¢ . ? Gm 1[/307 137v . 85 283y 37 17v
- (- (e (BB

5c 2y 168 42 84 ' 84 84
(o ()2 (-5)71),
G — _48G4m5l/(9115;\4/11/12¢ {rz(bz _ 3_”2 2Gm iz [(323 22”) oy <1_67 1221”) 2722
59, 2 168 14 28
N <27_7 ~ 11;@) ‘o (18%5_ 25?) Gmrdf + <215 2271/) Gn:r <% _%) @} } (B6b)

4GS mby aEMﬂqs 1[/223 282\ ,., (151 207u 159 550\ Gm
e T Hel\w 7 )7 \w @) w1+

614G 1 Sty i ¢{ 7772 25Gm} 16G5m® aEMﬂiéﬁ[ o G_’"}

- 2¢? — — B6
105¢11 74 P~ 57 307 Scll 4 Vi (B6c)

2. Expressions of the gravitational modes for generic orbits

This appendix presents the instantaneous gravitational modes computed in Sec. IV B. For the sake of simplicity, we
single out the dependence on the gravitational phase ¢ and rescale the modes /., (2.35) as

8Gmv & .
h, = _ —im¢ , B7
Zm C4R \/;Hfme ( )

and further split H ., = HY, + HEM. Moreover, those coefficients obey H _, = (=) Hsm, S0 we only present the ones
with a positive m. The point-particle sector H;ﬂ] can be found e.g. in [97], and we do not replicate it here. As for the EM

corrections, the instantaneous modes read to the relevant order
3G3miapyjiy i 1 1 73 73v . 9 24v 187 20v\ Gm
EM _ _ 2 OeMAMIE2 ) N 202 i 2 ; it of A\ om BS
= Ay { + 2{(21 7) P - (21 7)”¢ (14 7>r (42 7) r]} (B8a)

G mia o -
’H _ M1

S 9. (B8b)
! = f (1L [(3- 1) i (-2 (8720 G, (359
o = %—G””Z‘;‘jgdflﬂz‘s (r¢ i ;) (B8d)
it =[SO ) ) () (Bse)
HRM = - \[Z—G T a0 (r(js + gii>, (BSf)
e = 1L O A )1, (B
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53 [5G mlagyfifi 26i . . 12Gm
Ha _24\/$(1 )[2¢2+§”¢__ - } (B8h)
5V/5 GPmPagyi ji 12Gm .
L T A L )[ e ¢“ S T] (B8)
11 G3m aEM,Ml,blz 8 12Gm .
N T R AR T A v (BE)

3. Quasi-Keplerian parameters

The parameters entering the quasi-Keplerian representation of the motion (4.8) are given here in terms of the two
dimensionless invariants linked to the (unreduced) energy E and norm of the angular momentum J = |J'|

(B9)

where we recall that we deal with bounded trajectories, thus £ < 0. While the energy parameter is a 1PN quantity, the
second parameter is Newtonian and is such that the eccentricities are simply e, = /T — j + O(c7?). It relates to the usual
definition & = J/(Gm?v) by j = —2h*E/(mv). At the required order, we obtain

G 7 - A1 12
T ROV VAN N 10y

ce 4 Jv J

3 ~ o~
_ ¢ 3n 15-v QeMHIH2 3
n—@e/ {1— g e+ (7-2v) 7, e, (B10b)
3 3apmpifi 45 7
K:l—l—;g-]ziygz 1+ Z_E_I_I/ &, (BIOC)
15-5 2 0, fi 24 +2v 1147 11-3
&2 = J+<6—V— ”J)e— "‘E“?"‘”Zs{z—ﬁ( t Nt ”]H, (B10d)
ju J 2 2
17-17 2 12 7-2v 37-17
2 —1—j— <2 Ww— ”j)e M1 2[1+< v - V+(7—21/)j1/2>s], (B10e)
Jv J J 4
15—1/_ Dy fin . [336-13u 63—160 88+ 9u
2 = 6 — EMEI2 213 -2 - - : B10f
ey = J+< > PR Jj+ 5 1 g /)¢ (B10f)
Frou=—(1-2) 2023, (B10g)
] 14
Sapmpifia V1 &
fo=—"5 13/2 . (B10h)
3—dvapypfial —j .
9w == PR &, (B10i)
1= 3/2

iy — OCEMglfQ( jg) & (B10j)

The 1PN point-particle sector of those expressions naturally agrees with [92]. For the sake of completeness, we also display
the expression of x (4.9) at the sought order
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2 15—-v ZaEMﬂlﬂZ 7 43 57-13v 7-2v .1
—ed1 Z_ — 1 —— - /2 . B11
* e{ +[j }8 7 R U TR 3 J7)E (B11)

4. Expressions of the fluxes for eccentric orbits

In the spirit of Eq. (8.8) of [98] and (4.10) of [105], respectively presenting the averaged instantaneous energy and
angular momentum fluxes in a system of modified harmonic coordinates, we split at the NLO as

320°¢°

<,/'T> = 75G x [fN + xFpn + aEM-xz(fmag,LO + xj:mag,NLO)]’ (Blza)
4

(G) = 5 =m* A2 [Gx + xGipx + ApnX (Ginag 1.0 + XGmagnLo)]- (B12b)

with (let us emphasize that the following expressions are exact, in the sense that they have not been truncated in powers
of e,)

1 73e?  37e}
— 1 BI3
N (1—e,2)7/2[ T T 96} (B13a)
1 1247 350 (10475 1081y 10043 311v 2179 851w
Fo— _ v (R 2y (222 by (22— 6/, (BI3b
IPN (1—e,2)9/2[ 336 12 <672 36 )e’ <384 12 )e (1792 576)6’] (B13b)
F Lozﬂi+5ﬂ+ﬂ_—yﬂ% 101} 1999¢}  59¢¢ i i+19elz 23e} 3_e§’ (B13¢)
& (1—e2)ti/2 2 48 32 (1=—e)'V/2 |24 48 64 128
- _ AL+ — v [663 4Ty (28579 4903/ , (138987 504194\ ,
mag NEO (1-e2)B32 |56 = 2 84 9 )7 112 36 )
318767 1578110 (69525 15370\
- - e — e
672 288 ! 7168 96 )’
2+ S i~y 49 14y (8995 12850\ , (7091 1013\ , (259 37w s
(1—e?)° 33 72 36 )" 96 48 )70 \144 72
S fi_ i+259ef2+ 1963e§*+ 14416’6+ 14168
1-e)32 |12 48 192 384 1024
t
N i 19 191y (93 2627\ , (10915 10333\ ,
(1—e2)3/2 32 144 8 144 )7 T\ 384 288 )
1079 50992\ , (1533 983\ ,
— - —— , B13d
(96 384 >6’+<4O96 2048)6’] (B13d)
and
8+ 7e?
, Bl14
On = (1_et)2 ( 9
1 1247 700 (3019 3350\ , (8399 2750\ ,
= - - (== — , B14b
Gie (1—e%)3[ » 3" ( 23 >et+ <336 12 >e’] (B14b)
ﬂ+ + o i — 2 63e} iz 1 2 el
32 — 174¢] - L1, B14
Gmeg0 =1 2y { AT ERR (Bldc)
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=2 P 2
B+ S i — vt [271 63443 71920\ , (363301 155290\ , (17091 .
= 204y - [——— e - - - (—=-2
Gmag.NLO PG = +204v ) 3 )¢ 168 G ey T3 06v | e®
13
B4 S — v 2(T = 2) (16 + 4lef — 60ef —Ted) | S [10 1456} N 35¢} N 15¢8
(1 —e2)'/? 3 (1-¢€?)° |3 6 2 16
2
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Naturally, the point-particle sectors at 1PN agree with Eq. (8.9) of [98] and (4.11) of [105].

5. Time evolution of the orbital parameters

Using the chain rule (4.12) together with Eq. (B10e) and the averaged fluxes (B12), we find the evolution of the time
eccentricity as

de e
<d_tt> =- Gnt1 xEN + xEpn + aEsz(gmag,LO + %€ magNLO)]» (B15)
where
1 304 1212
_ 304 Bl
=g {15 s } (B16a)
1 939 4084y (29917 T753v\ , (13929 16640\ ,
- |- - i B16b
i =Ty [ 35 45 ( 105 30 >et < 280 45 )e’}’ (B16b)
) - . 2 ) 4
A7 +of i —vaz | 3752 1190e; 7 e}
gmag,LO = (1 _ e%)g/z |:— 15 — 3 - 376;L + W 2 + 3€t2 + Z , (B16C)
: RS-y [ 16220 729160 (1778741 277240\
meNO =TT i | T ar 45\ 210 3 )¢
267145 5433430\ , (321277 30990\
2 90 ) 1120 10 )“
B O~y (1= 2)(3248 + 689162 1 61ef) | SA [268 2123ef  559¢}  26lef
-2y’ 45 1—e)2 |15 " 30 5 160
t t
~2
@2 1013 8720 (7659 146770\ , (27527 2683\ , (641 19271\
- - i SAA . (Bl6&d
Ta-eaynn [ 30 15 20 60 )9\ 20 " 20 )9t i a0 )| (B169)

Let us emphasize again that the expressions presented in this section are exact, in the sense that they have not been truncated
in powers of e,. Similarly, the semimajor axis decays as

da,
< ar > = vex’ [Ax + xAipn + @ (Amag 10 + X Amag NL0)]- (B17)
where
1 64 584e2 Tdet
_ _o%_ocrer , B18
Ax (1—e2)772 [ 5 15 15 } (B18a)
1 2972 1760 (30442 879 1687y 11717 296v
= - — 3800 )e? — (= — o (=L - 6, B18b
Ay =T n [105 73 < 105 ”)e’ < 2 s >el ( 20 15 )e’} (B18b)
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Quite naturally, the Newtonian factors of Egs. (B15) and (B17) are nothing but the well-known Peters’s formulas [100]. As
for the 1PN point-particle sectors, we have a full agreement with Egs. (6.17) and (6.19) of [105].
As for the evolution of the orbital period, it comes as

dx v
<a> = G—mx5 [XN +xXpy + aEsz(Xmag,LO + XX s NLO)]s (B19)
with
¥ 1 64 N 5842  T4et (B20a)
frnd —_— . a
N =25 T 15 15
1 2972 176v (1462 12217 1687 11717 296v
Xipny = - - —380v |e? + | ——— b ———— 61, (B20b
1PN (1—e%)9/2[ 105 5 +< 7 ”)e”L( 30 5 >6’+<4zo 15 )e’] (B20b)
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melOT ey T 15 155 (=215 15 7 5 10 (B20c)
2 5o 2
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30 45 ! 112 15 )
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and we recognize the Newtonian sector as the “enhancement” factor due to Peters and Mathews [99].
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