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We propose a regularization procedure in the sourced Weyl double copy, a spinorial version of the
classical double copy, such that it matches much more general results in the Kerr-Schild version. In the
regularized Weyl double copy, the anti—de Sitter (AdS) and the Lifshitz black holes, which form the basis of
the study of strongly coupled gauge theories at finite temperature through the AdS/CFT correspondence
and its nonrelativistic generalization, become treatable. We believe that this might pave the way for finding
a relation between the classical double copy and holography.
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I. INTRODUCTION

The classical double copy is a map between certain exact
solutions of general relativity (GR) and Maxwell’s theory
of electrodynamics, whose mere existence should surprise
anyone at first sight considering the nonlinear nature of GR.
A more natural relation could be expected with Yang-Mills
(YM) theory, a nonlinear generalization of Maxwell’s
theory with interacting photons, which is, indeed, the
historical path followed to obtain the double copy relations.
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Just like many other important developments in high
energy physics, the first hint to the double copy arose from
string theory when Kawai, Lewellen, and Tye (KLT)
showed that any closed string amplitude at the tree level
can be expressed as a linear sum of products of two open
string amplitudes [1]. Since, according to string theory,
gravitational and gauge interactions are described by
closed and open strings respectively, the KLT result
suggests that, in the field theory limit, one should obtain
a set of relations between the scattering amplitudes of
Yang-Mills theory and the massless sector of the closed
strings, i.e., the graviton, a dilaton, and a 2-form field.
Such a version of the double copy was discovered by Bern
et al. [2], which proved to be very useful in computing
quantum gravity amplitudes at the tree level and also
allows the extension to the loop level [3-8]. In addition to
the realization that perturbative classical spacetimes can
be obtained by squaring the numerator of some diagrams
in YM theory [9], the classical double copy as a map
between exact solutions of GR and Maxwell’s theory was
discovered [10,11] and various aspects of it has been
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extensively studied in the literature (see Refs. [12—14] for
extensive reviews).

Among the two exact versions of the classical double
copy, the Kerr-Schild (KS) double copy (KSDC) is based
on the discovery of Giirses and Giirsey [15] and its
generalizations [16—18] that the Ricci tensor with mixed
indices becomes linear in the perturbation when the
spacetime metric is written in the KS coordinates around
a background spacetime (see Ref. [19] for a summary of
important properties). In this paper, we will consider the
most general formulation of the KSDC presented in [20].
For a metric written in the KS form,

G :g;w'f—gbkﬂkw (11)
where ¢ is a scalar and the vector k, is null and geodesic
with respect to both the full metric g, and the background

metric g,,, one can study the trace-reversed Einstein
equations in d dimensions with a cosmological constant

2A

R
Y od=2

~ 1
&, =T1,=T)——&T, 1.2
d-2 (12)
and find the following scalar-gauge field equations
defined on the background spacetime':
V, F = K,

Vip+C=j. (1.3)

where one makes use of a Killing vector of both g,,
and g,,, i.e., V(,V,) = V(MVD> = 0. The gauge theory field
strength tensor F,,, = 20;,A,) is formed from the gauge field
A, = ¢k, and for each solution of Einstein’s equations (1.2)
that can be written in the KS coordinates as in (1.1), one can
construct a solution to scalar-gauge field equations (1.3)
defined on the background spacetime with the metric g,,.
The C term in (1.3) is the usual modification to Poisson’s
equation in curved spacetime (see Ref. [20] for details).
While the gauge field A, is called the single copy, the scalar ¢
is named as the zeroth copy.

The gauge theory source gets contributions from both
gravitational sources described by 7%, and from the so-
called deviation tensor A", = R*, — %5’2, which charac-
terizes the deviation of the background spacetime from a
constant curvature spacetime satisfying the Einstein equa-
tions in vacuum. In this paper, we will focus on static black
hole solutions for which the timelike Killing vector V# =
& is used. For such a case, the sources are given by

JH=2]AF - T¥],

J=Jo = go.J", (1.4)

"There are some additional terms in these equations that vanish
for all the examples that have been studied so far. We do not
include them here for simplicity.

where A* = AX and T# = T#,. The A* term arising from
the deviation tensor provides a geometric explanation to the
constant charge density that fills all space and creates a
radial, linearly increasing electric field, which is observed
when an asymptotically anti—de Sitter (AdS) solution is
studied on Minkowski background, and, in general, exhib-
its quite nontrivial features when the background spacetime
is not maximally symmetric.

The second version, the Weyl double copy (WDC)
[11,21], relies on some previous results on Petrov type
D and N spacetimes admitting a Killing spinor [22-24],
according to which there exists a particular relation
between the completely symmetric Weyl spinor W,pzcp
corresponding to a type D or N vacuum solution of 4D
Einstein equations (with A = 0) and the symmetric field
strength spinor f,p corresponding to a solution of
Maxwell’s equation defined on the curved spacetime
characterized by the Weyl spinor ¥ pcp, where the time
component describes a scalar field satisfying the Poisson
equation on the same curved background spacetime. It
turns out that one has exactly the same equations when the
scalar and the gauge fields are defined on the flat back-
ground spacetime when the curved spacetime metric can be
written in the KS coordinates around the flat background.
As a result, one obtains a second, spinorial version of the
double copy. It is possible to derive this version of the
double copy from twistor theory [25] and develop a deeper
understanding. For example, when the momentum space
origins of the double copy are considered, it is already quite
surprising to have a local relation in position space. Using
twistor techniques for type D spacetimes, this was shown to
be a consequence of the very special properties in the
momentum space, which could be possible only for
algebraically special spacetimes [26].

In a recent letter [27], it was shown that, although not
covered in the original theorems that inspired the con-
struction of the WDC, sources on the gravity side might be
handled term by term, by considering a sum of scalar-gauge
theories and the sourced WDC (SWDC) takes the following
form:

(1.5)

N
L) 40
Yapcp = Z S(‘) f(ABfCD)'
i=1 l

Here, the i =1 term represents the scalar-gauge theo-
ries corresponding to the vacuum solution V, F ’Z;‘ZU =0
and other terms satisfy a sourced Maxwell equation
T g g
vZ/F(i>l) - J(i>1)’
than the vacuum part, one finds a sourced Maxwell
equation with a source proportional to the one described
by the KSDC procedure. The complex scalar S obeys the
Poisson equation and, in general, the zeroth copy ¢ is a
linear combination of its real and imaginary parts. So far,

this has been applied to the Kerr-Newman black hole

i.e., for each term in the metric other
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solution, the charged C metric, and the most general type D
solution of Einstein-Maxwell theory [28]. This proposal
can be checked in a nontrivial way by solving gauge field
equations term by term according to the KS prescription
and it was also shown that one loses the connection to the
KSDC if a single product of spinor fields are used.

For type D spacetimes, in a suitable spinor basis {04, 13},

the Weyl spinor is given by Wypcp = 60(4051cp) D ;i ‘Pg”,

where ‘Pg” is the only nonzero Weyl scalar computed for the
part of the metric corresponding to the ith source (we follow
the conventions summarized in [28]). In this paper, we will
consider only static black hole solutions, for which many
properties of the single copy solution take a simple form. The
single copy field strength spinor reads f4p = Zo415) Where
Z is real and directly related to the radial single copy electric
field e = F ;. The generally complex field S is also real and,
therefore, can be identified with the zeroth copy ¢. As a
result, in this relatively simple setup, it suffices to check the
following consistency condition:

.72
Pl o = (1.6)
)
term by term for the consistency of the proposal of [27] for
the SWDC with the KSDC.

When this procedure is applied to a metric of the
following form with a flat background metric,

dr?
ds? = —h(r)d2 + —— + r2dQ?, 1.7
s (r)de* + 7 +r (1.7)
nry =1+ % (1.8)
n rn
d5? = —dr* + dr* 4 r?dQ?, (1.9)

where dQ? = d6#? + sin’0d¢g? as first done in [27], one
finds

a, na,
(n+1)(n+2)a,
Y, = E . 1.11
L 12742 (1.11)

We see that the consistency condition (1.6) is satisfied for
asymptotically flat solutions (n > 0). For the Reissner-
Nordstrom (RN) black hole solution of Einstein-Maxwell
theory, one has a; = —2M, a, = %2, where M and Q are the
black hole’s mass and electric charge, respectively, and the

scalar-gauge theory equations are satisfied term by term
exactly as described by the SWDC in (1.5).

II. PROBLEMS

We are now in a position to discuss some problems
regarding the proposal for the SWDC. We would like to
emphasize that we do not claim that there is a pathology in
the procedure as given in [27]; however, there are issues
that need to be resolved for matching the SWDC with more
general results in the KS side of the double copy.

First of all, since the Weyl tensor W,,,, transforms
homogeneously under a conformal transformation of the

metric (g,, = €¥g,,, WW,,, =e"W,,0), the Weyl tensor
and the Weyl spinor vanish for conformally flat spacetimes.
Therefore, when one applies the same prescription for the
SWDC to a term in the metric function which is con-
formally flat when considered alone, the procedure seems
to break down since the corresponding contribution to the
Weyl spinor vanishes and obviously cannot match a non-
zero relevant contribution in the KSDC. Such a phenome-
non cannot be observed when working with asymptotically
flat spacetimes since it corresponds to n = —1, -2 in (1.8)
for which the contribution to the Weyl scalar ¥, vanishes,
as can be seen in (1.11). Hence, the resolution of this issue
is crucial for the correct formulation of SWDC for type D
solutions that are not asymptotically flat.

A related problem appears for the RN-AdS, black
hole solution of FEinstein-Maxwell theory with a nega-
tive cosmological constant described by the Lagrangian

L= Ei Ei with E(i:l) = R, ‘C(iZZ) = _%f”w‘/’f'ﬂl/, and
L (j—3 = —2A. The metric function in (1.8) reads
2M  Q* ArF?
hir)y=1—-—+4—F5—-—. 2.1
() PR TE 1)

According to [28], the single copy solution should be
defined in a “suitable flat space limit,” which is the AdS,
spacetime in the global static coordinates with the line
element

A 2 A 27 -1
ds? = — [1 - Tr] de® + [1 - Tr] dr? + r2dQ?. (2.2)

This is a natural choice that we obtain when the mass M
and the charge Q are set to zero. Applying the machinery of
the SWDC, we find

XM Q? XM @
===, R TANX
4 ro 4 ¢ r? +2r3 . (23)

i=1 M i=2 Q2 i=3
v ):_F’ W ):—r4, v =0, (2.4)

where the single copy properties (2.3) were first given
in [29]. We see that, although the contribution from the
conformally flat part of the metric that arises due to the
cosmological constant vanishes, the consistency condition
(1.6) is still satisfied since the cosmological constant has no
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effect on the properties of the single copy solution (2.3)
defined on the AdS, spacetime.

On the other hand, the same solution can be put into the
KS form (1.1) with a flat background metric given in (1.9).
This time, the single copy properties get a contribution
from the cosmological constant as follows [20]:

oM Q* AR
= TaEt s T

2M Q% 2Ar

T3 xZ, (2.5)
while the Weyl spinor takes the same form characterized by
the Weyl scalars given in (2.4). The consistency condition
(1.6) is obviously not satisfied by the contribution to the
metric function from the cosmological constant, which is
justthe n = =2 termin (1.8). For a complete equivalence of
the KSDC and the SWDC, one would expect to cover both
single copies in the SWDC.

One final problem is that some solutions to matter
coupled GR do not have a vacuum part, i.e., when the
matter coupling is turned off there remains no solution that
both carries the symmetries of the ansatz that is used to
derive the solutions and satisfies the field equations at the
same time. It is desirable to understand whether (and, if yes,
how) the SWDC can be realized in such cases.

III. RESOLUTION BY REGULARIZATION

For the resolution of the first two problems, we are
inspired by a simple observation for the RN-AdS, black
holes: Although the standard procedure fails when the
background metric is taken to be flat, the radial dependence

of the Weyl scalar is still correct [‘1’813) « constant apart
from the (n 4 2) factor that produces zero] such that the
consistency condition (1.6) is satisfied with ¢(;_3) r* and
e(j—3) o« r. Motivated by this, we propose a three-step
regularization procedure for the SWDC such that it will
still work when one has a conformally flat part in the metric
function that has a nontrivial effect on the single copy
solution: Let us say the conformally flat part is of the form
f— such that, for n = n,, the contribution to the Weyl scalar
W5 vanishes. To cure this, one should proceed as follows:

(1) Take the problematic term as “r— i.e., use an arbitrary

exponent n instead of n,.
(2) Let a, — na_n and calculate W5 using this coef-
ficient. '

(3) Set n = n, at the end.
This way, the (n—n,) term in the Weyl scalar W} is
removed in a controlled manner and a nonzero contribution
is obtained. For a metric of the form (1.7), the consistency
condition (1.6) is automatically satisfied and the problem-
atic term in the RN-AdS, black hole with a flat background
metric corresponds to n, = —2. Although we are not aware
of a solution of matter coupled GR with an n, = —1 term,
which is of the form (1.7), such a problem would be easily
solved.

When considered around a flat background metric, the
procedure for the RN-AdS, black hole works as follows:
Taking the term with a cosmological constant in the metric

function as (;_3) = a_,r" witha_, = —%, the Weyl scalar
becomes ‘P<2i:3) = % However, letting a_, — =% and

then setting n = —2 yields ‘I’g:3) = %,

consistency condition (1.6) for i = 3.

One might rightfully argue that this form of the metric
(9,9, = —1) is too simple to check the validity of the
regularized Weyl double copy (RWDC). Therefore, we put
it to the test with a set of examples that requires the most
general formulation of the KSDC summarized at the
beginning, i.e., the Lifshitz black holes. As a by-product,
they will show us how the third problem must be handled.

which satisfies the

IV. LIFSHITZ BLACK HOLES

In order to study a scenario as general as possible, we
will consider the following ansatz for Lifshitz black holes
with different horizon topologies:

dr?

r?h(r)

ds? = L?|—r%h(r)de* + +r2dzz |, (4.1)

where k = 41,0, —1 correspond to 2d spherical, planar,
and hyperbolic surfaces (S?, E?, and H?), respectively, and
z is the dynamical exponent. When z # 1, one has an
anisotropic scaling of the time coordinate in the boundary
field theory and these solutions can be used to probe the
properties of finite temperature nonrelativistic systems
holographically when k =0 [30] (z =1 corresponds to
the relativistic case). When written in the KS coordinates,
the background spacetime is the Lifshitz spacetime whose
line element can be found by setting 4(r) = 1in (4.1). For a
generic metric function as in (1.8), one has

¢ o _L2§ : a
- rn—Zz ’
n

n—2z)a

e:LZE (n—=22)a, 2)"o<rz‘1Z,
= z+1

n

(4.2)

k Z(z—1)+z(n—z)(n—2z+2)an.

¥, = -
2= T2 e 12L%"

(4.3)

First of all, since the Lifshitz black holes cannot be
obtained as vacuum solutions, all the nonzero a,’s here
can only be generated by matter coupling. Therefore, there
is no analog of the mass term in the RN-AdS, black hole
and no vacuum part of the metric. As a result, in the Weyl
scalar ¥, in (4.3), there is a term that is independent of a,,’s
and has no direct meaning regarding the properties of the
single copy. Note that it vanishes for z =1 and k=0,
which corresponds to the AdS, spacetime in Poincaré
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TABLEI. Matter couplings, metric functions, k and z for three different Lifshitz black hole solutions considered in
the text. ¢ is a scalar field. 7, = 20|,a,) and G, are 2-form fields. H,,, = d|, B, is a 3-form field. For examples I
and II, the single copies were found in [20]. Example III is studied for the first time here. Solutions are from [31-33],
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respectively. The KS single copies for examples I and II were obtained in [20].

I L, =-3F,F*—im*a,a" %QWQ’“’ h(r)zl_g_z4 k=0,z=4

1T E = ldﬂgya”(p —Ze/w’fﬂyf”” ]’l(l”) =1- (% a2 k=0,z>1

i L, ﬁfﬂ - LH,, HY — Ce™ B, F oy h(r) =1+ k#0,z=2
coordinates that is a vacuum solution. Other than this term, s r s X
the consistency condition (1.6) is satisfied with the data €(i=2) = ( 2)L7rs re Z(i ) (4.8)
given above provided that a regularization is employed for
the critical values n, = z and n, = 2z — 2 while calculating 2
the Weyl scalar ¥,. Note also that an additional difficulty pli=2) _ (z=4)r} 4.9

2 2 T2 2 (4.9)
6L2r 2

might arise since one might now have zero electric field
when n = 2z [see Eq. (4.2)], unlike for the class of metrics
satisfying g,;9,, = —1. In such a case, a regularization with
n, = 2z, which is another critical value, should be used in
the calculation of the electric field. In Table I, we provide
various examples.

In example I, one has a sourced single copy solution and
the relevant quantities that are needed to check the con-
sistency condition (1.6) are as follows™:

2 2724
q L
hij—z) = oL Bli=2) = g (4.4)
2723
q-L°r i—
€li=) =75 & Py, W =0 (45)

The Weyl scalar ‘I’gzz) vanishes since n = z = 4. However,
this can be cured by a regularization with n, =z =4.
Taking /i ~% one finds Wi =
%. We can now let a; — % and then set
n = 4, which yields

) = with a4 =

B =g (4.6)
which satisfies the consistency condition.

Example II is the double copy of the vacuum solution of
Maxwell’s equations on the Lifshitz spacetime, which is the
only known example in the KSDC where a nonvacuum
gravity solution is mapped to a vacuum gauge theory
solution in d > 3 (3D KSDC is a completely different story
where this is a must [34-37]). For this solution, which is
valid for z > 1, we have

z+2

I
hiima) = ——

2,242 .7-2
rz+2 ’ L ryor s

Pli=2) = (4.7)

*There are some typos in [20], but these properties follow from
Egs. (4.5) and (4.27) in this reference.

We see that the consistency condition (1.6) is satisfied as
long as z # 4. Note that the z = 4 case corresponds to the
critical value n, = 2z — 2 since n = z + 2 in the relevant
part of the metric function %(;—y). Taking h(;_o) = ”—"’ with

ag = —r%, we have ‘szz) = % Letting ag — ;%
and then setting n = 6 gives
Pl _ % (4.10)
SN VYl '

which now satisfies the consistency condition.
The vanishing of the electric field for z =2 in this
example can also be cured similarly. Taking 7,

_a
) o
M Letting a4 — -*; and

4

then setting n = 4 yields the electnc field e = —r7*,
which is compatible with the consistency condition.
Example III is a demonstration of the equivalence of two
formulations of the classical double copy for a naked
singularity, where constant ¢ and r surfaces are S2 and a
black hole with H? horizon. This is a particularly interesting
case because the critical values n, = z and n, =2z —2
coincide when z = 2. The relevant quantities are

with a, = —r? gives e;_p) =

k kL*r?
him) =55, b=y =-—5—. (411
el = —kLPr « rZ;i—y, WS =0.  (4.12)

In order the handle the vanishing of the Weyl scalar, we

take h(i_p) = %2 with a, = ]—“ for which the Weyl scalar is
given by ‘szz) = % Since two of the critical values

coincide, we have an (n — 2)? factor, which can be cured by
letting a, — (l )z and then setting n = 2. The Weyl scalar

i1s obtained as

084047-5
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p(i=2) k

- 4.1
2 24122’ (4.13)

satisfying the consistency condition (1.6).

These examples cover all the critical values n, for which
the SWDC does not seem to agree with the KSDC and we
see that one can always ensure the agreement by the
regularization procedure that we propose.

V. CONCLUSIONS AND OUTLOOK

In this paper, by introducing a regularization procedure
in the SWDC, we have shown how it can be made
consistent with the KSDC when a certain part of the metric
function in static black hole solutions is conformally flat
but still affects the single copy properties nontrivially.
Intriguingly, this turns out to be much more than curing a
mathematical difficulty in the formulation. Handling this
issue is directly related to the AdS and the Lifshitz black
holes that form the basis of probing the properties of
strongly coupled gauge theories at finite temperature
holographically [30,38—40], which is just another develop-
ment that we owe to string theory. Since both the double
copy and the AdS/CFT correspondence (together with its
nonrelativistic generalization) originate from string theory,
we have a strong expectation that achieving consistency of
different formulations of the classical double copy will be
an important first step to understand whether the double
copy ideas and holography are related in some way. While
the gauge theory in the double copy lives in the same
number of dimensions as the gravity theory, the gauge
theory dual in holography is defined on the conformal

boundary, which has one less dimension. Although one
cannot point out a relation for now, the success of the WDC
in capturing the asymptotic structure of spacetimes [41-43]
together with our regularization procedure might be helpful
in this regard.

We would like to note that, in all the examples considered
here, the constant a,, is proportional to either the cosmo-
logical constant A or Newton’s constant G which is hidden in
the event horizon radius r . This causes one to think that our
regularization procedure might have a field theoretical origin,
which, we believe, deserves further study.

In our analysis, we have reached another important
finding: When a solution does not have a vacuum part,
then, on the left-hand side of the SWDC formula (1.5), the
leading term loses its meaning in the interpretation of the
single copy. The Lifshitz black holes are the first kind of
such examples, but we expect the same behavior in
different types of solutions.

Despite the success of the RWDC that we have presented
here, we would like to mention that the study of some
solutions of A/ = 0 supergravity, the effective field theory
emerging in the low energy limit of closed string theory, by
using twistor methods has recently led to a double copy
formula different than the one considered here [44]. For a
better understanding, more general and also different types
of examples, including rotating black holes and wave
solutions, should be studied.
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