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We present the analytical solutions for the trajectories of particles that spiral and plunge inward of the
event horizon along the timelike geodesics following general nonequatorial paths within Kerr-Newman
spacetimes. Our studies encompass both bound and unbound motions. The solutions can be written in
terms of the elliptical integrals and the Jacobian elliptic functions of manifestly real functions of the Mino
time. They can respectively reduce to the Kerr, Reissner-Nordström, and Schwarzschild black holes in
certain limits of the spin and charge of the black holes, and can be compared with the known ones restricted
in equatorial motion. These explicit solutions may have some implications for the gravitational wave
emission from extreme mass-ratio inspirals.
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I. INTRODUCTION

Recent detections of gravitational waves emitted from the
merger of binary systems have confirmed Einstein’s century-
old prediction as a consequence of general relativity [1–3].
The capture of the spectacular images of supermassive black
holesM87* at the center ofM87 galaxy [4] and SgrA* at the
center of our galaxy [5] leads to another scientific achieve-
ment of a direct evidence of the existence of black holes. The
black hole is one of themysterious stellar objects, and it is the
solution derived from the Einstein’s field equations [6,7]. In
astrophysics, extreme mass-ratio inspirals (EMRIs), which
consist of a stellar mass object orbiting around a massive
black hole, have recently received considerable attention.
The goal is to analyze gravitational wave signals to accu-
rately test the predictions of general relativity in its strong
regime. Gravitational wave signals generated through
EMRIs,which are key sources of low frequency gravitational
waves and to be observed in the planned space-based Laser
Interferometer Space Antenna (LISA), provides an oppor-
tunity to measure various fascinating properties of super-
massive black holes [8–12].
The present work is motivated by EMRIs, which can be

approximated as a light body travels along the geodesic of
the background spacetime of a massive black hole. In
particular, the recent studies in [13,14] have been devoted
to inspirals of the particle on the equatorial plane asymp-
totically from the innermost stable circular orbits (ISCO) of
Kerr black holes. They also derive a simple expression for
the equatorial radial flow from the ISCO relevant to the
dynamics of the accretion disk. These exact solutions may
have applications to the generated gravitational waveforms

arising from EMRIs [10] as well as constructing theories
of black hole accretion [15–19]. Additionally, the work
by [20,21] broadens the investigation of equatorial motion
to encompass generic nonequatorial orbits in Kerr black
holes. In the family of the Kerr black holes due to the
underlying spacetime symmetry the dynamics possesses
two conserved quantities, the energy Em and the azimuthal
angular momentum Lm of the particle. Nevertheless, the
existence of the third conserved quantity, discovered in the
sixties and known nowadays as Carter constant, renders
the geodesic equations as a set of first-order differential
equations [22]. Later, the introduction of the Mino
time [23] further fully decouples the equations of motions
with the solutions given in terms of the elliptical funct-
ions [24,25]. In our previous paper [26], we have studied
the null and timelike geodesics of the light and the neutral
particles respectively in the exterior of Kerr-Newman black
holes. We then obtain the solutions of the trajectories
written in terms of the elliptical integrals and the Jacobi
elliptic functions [27], in which the orbits are manifestly
real functions of the Mino time and also the initial
conditions can be explicitly specified [28]. In this work,
we will mainly focus on the infalling particles into the Kerr-
Newman black holes in general nonequatorial motion.
Theoretical considerations, together with recent observa-
tions of structures near Sgr A* by the GRAVITY experi-
ment [29], indicate possible presence of a small electric
charge of central supermassive black hole [30,31]. Thus, it
is of great interest to explore the geodesic dynamics in the
Kerr-Newman black hole [32].
Layout of the paper is as follows. In Sec. II, a mini

review of the timelike geodesic equations is provided with
three conserved quantities of a particle, the energy, azimu-
thal angular momentum, and Carter constant. The equa-
tions of motion can be recast into integral forms involving
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two effective potentials. In particular, the roots of the radial
potential determine the different types of the infalling
trajectories of particles to black holes [33]. Section III
focuses on the parameter regime of the conserved quantities
to have triple roots giving the radius of the innermost stable
spherical orbits (ISSO) [34]. The analytical solutions of the
infalling orbits are derived for the case that the particle
starts from the coordinate r slightly less than that of the
ISSO. The two additional infalling orbits of interest are
determined by the roots of the radial potential, consisting of
a pair of complex roots and two real roots. In Sec. IV, we
consider bound motion with one of the real roots inside the
horizon and the other outside the horizon. In this case, the
particle motion is bound by the turning point from the real
root outside the horizon. In Sec. V we will consider
unbound motion, in which both real roots are inside the
event horizon. The exact solutions for plunging trajectories
are given and illustrative examples for such trajectories are
plotted. In VI the conclusions are drawn. For the clarity of
notation and the completeness of the paper, Appendices A
and B provide some of relevant formulas derived in the
earlier publications [26,35].

II. EQUATION OF MOTION
FOR TIMELIKE GEODESICS

We start from a summary of the equations of motion for
the particle in the Kerr-Newman black hole exterior. We
work with the Boyer-Lindquist coordinates ðt; r; θ;ϕÞ. The
spacetime of the exterior of the Kerr-Newman black hole
with the gravitational mass M, angular momentum J, and
angular momentum per unit mass a ¼ J=M is described by
the metric

ds2 ¼ −
Δ
Σ
ðdt − asin2θdϕÞ2 þ sin2θ

Σ
½ðr2 þ a2Þdϕ − adt�2

þ Σ
Δ
dr2 þ Σdθ2; ð1Þ

where Σ ¼ r2 þ a2 cos2 θ and Δ ¼ r2 − 2Mrþ a2 þQ2.
The roots ofΔðrÞ ¼ 0 determine outer/inner event horizons
rþ=r− as

r� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − ðQ2 þ a2Þ

q
: ð2Þ

We assume that 0 < a2 þQ2 ≤ M2 throughout the paper.
For the asymptotically flat, stationary, and axial-symmetric

black holes, the metric is independent of t and ϕ. Thus, the
conserved quantities are energy Em and azimuthal angular
momentum Lm of the particle along a geodesic. These can
be constructed through the four momentum pμ ¼ muμ ¼
mdxμ=dσm, defined in terms of the proper time σm and the
mass of the particle m as

Em ≡ −pt; ð3Þ
Lm ≡ pϕ: ð4Þ

Additionally, another conserved quantity is the Carter
constant explicitly obtained by

Cm ¼ Σ2ðuθÞ2 − a2cos2θðEmÞ2 þ L2
mcot2θ þm2a2cos2θ:

ð5Þ
Togetherwith the timelikegeodesics,uμuμ ¼ m2, oneobtains
the equations of motion

Σ
m

dr
dσm

¼ �r

ffiffiffiffiffiffiffiffiffiffiffiffi
RmðrÞ

p
; ð6Þ

Σ
m

dθ
dσm

¼ �θ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΘmðθÞ

p
; ð7Þ

Σ
m

dϕ
dσm

¼ a
Δ
½ðr2 þ a2Þγm − aλm� −

1

sin2θ
ðaγmsin2θ − λmÞ;

ð8Þ

Σ
m

dt
dσm

¼ r2 þ a2

Δ
½ðr2 þ a2Þγm − aλm�− aðaγmsin2θ− λmÞ;

ð9Þ

wherewe have normalizedEm,Lm, andCm by themass of the
particle m

γm ≡ Em

m
; λm ≡ Lm

m
; ηm ≡ Cm

m2
: ð10Þ

The symbols �r ¼ signðurÞ and �θ ¼ signðuθÞ are defined
by the 4-velocity of the particle.Moreover, the radial potential
RmðrÞ in (6) andangular potentialΘmðθÞ in (7) areobtained as

RmðrÞ ¼ ½ðr2þa2Þγm−aλm�2 −Δ½ηmþðaγm− λmÞ2þ r2�;
ð11Þ

ΘmðθÞ ¼ ηm þ a2γ2mcos2θ − λ2mcot2θ − a2cos2θ: ð12Þ

Aswell known [23], the set of equations ofmotion (6)–(9) can
be fully decoupled by introducing the so-calledMino time τm
defined as

dxμ

dτm
≡ Σ

m
dxμ

dσm
: ð13Þ

For the source point xμi and observer point x
μ, the integral

forms of the equations above can be rewritten as [28]

τm − τmi ¼ Imr ¼ Gmθ; ð14Þ

ϕm − ϕmi ¼ Imϕ þ λmGmϕ; ð15Þ

tm − tmi ¼ Imt þ a2γmGmt; ð16Þ
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where the integrals Imr, Imϕ, and Imt involve the radial
potential RmðrÞ

Imr ≡
Z

r

ri

1

�r

ffiffiffiffiffiffiffiffiffiffiffiffi
RmðrÞ

p dr; ð17Þ

Imϕ ≡
Z

r

ri

a½ð2Mr −Q2Þγm − aλm�
�rΔ

ffiffiffiffiffiffiffiffiffiffiffiffi
RmðrÞ

p dr; ð18Þ

Imt ≡
Z

r

ri

r2γmΔþ ð2Mr −Q2Þ½ðr2 þ a2Þγm − aλm�
�rΔ

ffiffiffiffiffiffiffiffiffiffiffiffi
RmðrÞ

p dr:

ð19Þ

The angular integrals are

Gmθ ≡
Z

θ

θi

1

�θ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΘmðθÞ

p dθ; ð20Þ

Gmϕ ≡
Z

θ

θi

csc2 θ

�θ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΘmðθÞ

p dθ; ð21Þ

Gmt ≡
Z

θ

θi

cos2 θ

�θ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΘmðθÞ

p dθ: ð22Þ

The radial potential RmðrÞ is given by a quartic poly-
nomial and the types of its roots play essential roles in the
classification of different orbits. In the previous work
[26,35], we have shown the exact solutions to some of
the cases of both null and timelike geodesics. For the
present work, wewill mainly focus on the infalling orbits of
the bound and the unbound motion at the black hole
exterior. In this context, we will consider three types of
such orbits in the subsequent sections. The discussion of
the angular potential ΘðθÞ and the integrals involved has
been presented in Ref. [26]. For the sake of completeness,
we will provide a short summary in Appendix A.
Before ending this section, let us introduce a few

notations that will be used in the subsequent sections.
Related to RmðrÞ we define the integrals

In ≡
Z

r

ri

rn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m
RmðrÞ

s
dr≡ iIUn ; n ¼ 1; 2; ð23Þ

I� ≡
Z

r

ri

1

ðr − r�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m
RmðrÞ

s
dr≡ iIU�: ð24Þ

In terms of I1, I2, and I� we can rewrite (18) and (19) as
follows

ImϕðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p 2Ma
rþ − r−

2
64
0
B@rþ −

a
�
λm
γm

�
þQ2

2M

1
CAIþðτmÞ −

0
B@r− −

a
�
λm
γm

�
þQ2

2M

1
CAI−ðτmÞ

3
75; ð25Þ

ImtðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p
8<
: 4M2

rþ − r−

2
64�rþ −

Q2

2M

�0B@rþ −
a
�
λm
γm

�
þQ2

2M

1
CAIþðτmÞ

−
�
r− −

Q2

2M

�0B@r− −
a
�
λm
γm

�
þQ2

2M

1
CAI−ðτmÞ

3
75þ 2MI1ðτmÞ þ I2ðτmÞ

9=
;þ ð4M2 −Q2Þγmτm: ð26Þ

III. INSPIRAL ORBITS IN BOUND MOTION

According to previous studies of radial potential [26], by
examining different ranges of the parameters λm and ηm for
bound motion (γm < 1), it is clear that there are two distinct
categories of infalling motion that traverse the horizon and
enter the black hole. One is that the particle starts from
ri ≤ risso, where the radius of the ISSO orbit risso is within
the parameters located at A and B in Fig. 1, spirals and
then plunge into the horizon of the black holes [36,37].

The other one is starting from ri < rm4, with the parameters
of C and D in Fig. 5, and plunge through the horizon of the
black holes.
We first consider the particle starts from ri ≤ risso.

The solutions along the r direction can be obtained from
the inversion of (14) with the integral Imr in (17), where the
radial potential (11) is given in the case of the triple root
located at the ISSO radius, namely rm2 ¼ rm3 ¼ rm4 ¼ risso,
and the initial r is set at ri ≤ risso. So, from the integral (14)
and (17), we can have the Mino time τm as the function of r
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τImðrÞ ¼
−2

ðrisso − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r − rm1

risso − r

r
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ri − rm1

risso − ri

r �
:

ð27Þ

The particle moves toward the horizon with νri ¼ −1.
Thus, the inverse of (27) leads to

rIðτmÞ ¼
rm1 þ risso½XIðτmÞ�2

1þ ½XIðτmÞ�2
; ð28Þ

where

XIðτmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p
ðrisso − rm1Þ
2

τm −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ri − rm1

risso − ri

r
: ð29Þ

The solution (28) of the coordinate r involves the triple root
risso of the radial potential, which can be determined as
follows.
From the double root solutions RðrÞ ¼ R0ðrÞ ¼ 0 [26],

two constants of motion in the case of spherical orbits are
given by

λmss ¼
½rmssðMrmss −Q2Þ − a2M�γm − ΔðrmssÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2mssðγ2m − 1Þ þMrmss

p
aðrmss −MÞ ; ð30Þ

ηmss ¼
rmss

a2ðrmss −MÞ2
	
rmssðMrmss −Q2Þða2 þQ2 −MrmssÞγ2m þ 2ðMrmss −Q2ÞΔðrmssÞγm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2mssðγ2m − 1Þ þMrmss

q

þ ½a2ðMrmss −Q2Þ − ðΔðrmssÞ − a2Þ2�½rmssðγ2m − 1Þ þM�


: ð31Þ

The subscript “ss”means the spherical orbits with s ¼ �, which denotes the two types of motion with respect to the relative
sign between the black hole’s spin and the azimuthal angular of the particle (see Sec. III C of [26]). Together with the two
relations above, an additional equation from R00ðrÞ ¼ 0 determines the triple roots. We have found the radius of risso
satisfying the following equation

−Mr5issoΔðrissoÞ þ 4ðMr3isso −Q2r2isso þ a2ηisso − as
ffiffiffiffiffiffiffi
Γms

p
Þ2 ¼ 0; ð32Þ

where

Γms ¼ r4issoðMrisso −Q2Þ − ηisso½rissoðrisso − 3MÞ þ 2Q2�r2isso þ a2η2isso: ð33Þ

We proceed by evaluating the coordinates ϕmðτmÞ and tmðτmÞ using (15) and (16), which involve not only the angular
integrals Gmϕ and Gmt, but also the radial integrals (18) and (19). With the help of (25) and (26), we first rewrite (18) and
(19) as

IImϕðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p 2Ma
rþ − r−

2
64
0
B@rþ −

a
�
λm
γm

�
þQ2

2M

1
CAIIþðτmÞ −

0
B@r− −

a
�
λm
γm

�
þQ2

2M

1
CAII−ðτmÞ

3
75; ð34Þ

FIG. 1. The main graphics shows the parametric plot of
λmðrissoÞ versus ηmðrissoÞ. The triple roots risso are the solutions
of the equations R00

mðrÞ ¼ R0
m ¼ RmðrÞ ¼ 0. The inset illustrates

the behavior of the radial potential Rm with the parameters
located at A and B. The case of B has ηm ¼ 0, which is an
example of equatorial motion.
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IImtðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p
(

4M2

rþ − r−

"�
rþ −

Q2

2M

� 
rþ −

a
�λm
γm

�þQ2

2M

!
IIþðτmÞ

−
�
r− −

Q2

2M

� 
r− −

a
�λm
γm

�þQ2

2M

!
II−ðτmÞ

#
þ 2MII1ðτmÞ þ II2ðτmÞ

)
þ ð4M2 −Q2Þγmτm: ð35Þ

For the present case of the triple roots, the calculation of the integrals is straightforward and one can express IIn and II� in
terms of elementary functions,

II�ðτmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p
risso − r�

τm þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� − rm1Þðrisso − r�Þ3

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� − rm1Þðrisso − rIðτmÞÞ
ðrisso − r�ÞðrIðτmÞ − rm1Þ

s
− I I

�i
; ð36Þ

II1ðτmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

q
rissoτm þ 2 tan−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
risso − rIðτmÞ
rIðτmÞ − rm1

s
− I I

1i
; ð37Þ

II2ðτmÞ ¼
rIðτmÞðrm1 − rissoÞ þ rissoð3risso − rm1Þ

2
τm þ ðrm1 þ 3rissoÞtan−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
risso − rIðτmÞ
rIðτmÞ − rm1

s
− I I

2i
: ð38Þ

It is worthwhile to mention that I I
�i
, I I

1i
, I I

2i
are obtained

by evaluating II�, I
I
1, I

I
2 at r ¼ ri of the initial condition,

that is, II�ð0Þ ¼ II1ð0Þ ¼ II2ð0Þ ¼ 0. The solutions of ϕIðτmÞ
and tIðτmÞ can be constructed from Imϕ (18), Gmϕ (21)
and Imt (19) and Gmt (22) through (15) and (16). Together
with the solutions along r and θ directions in (28) and (A2),
they are infalling motions of the general nonequatorial
orbits in the Kerr-Newman exterior. An illustrative example
is shown in Fig. 2 with the parameters of the case A in
Fig. 1. The particle starts by inspiraling around risso and
then plunges into the black hole’s horizon.
For the particle initially at ri ¼ risso, the solution (28)

gives rðτÞ ¼ risso obtained from XI → −∞ in (29) when
ri → risso, meaning that the particle will stay in spherical
motion with the risso radius. However, for ri < risso of our
interest, as r reaches the outer horizon rþ, it takes finite

Mino time τm. Nevertheless, because of the tanh−1

function in (36), Iisso� → ∞ as r → rþ, giving the coor-
dinate time t → ∞ and the azimuthal angle ϕ → ∞
observed in the asymptotical flat regime. The above
expressions can be further reduced to the Kerr black
hole case by sending Q → 0 in [20]. As for the
contributions to the evolution of the angle ϕ in (15)
from the integrals involving the radial potential RmðrÞ,
one can write the tanh−1 function in II�ðτmÞ by log

function through tanh−1ðxÞ ¼ 1
2

logð1þxÞ
logð1−xÞ. Then, the remain-

ing terms in (34) directly proportional to τm are the same
in [20]. Together with (A5) of the integrals involving the
θ potential ΘmðθÞ, the variables z1 and z2 defined in [20]
can be related to the roots of ΘmðθÞ by z21 ¼ umþ and
z22 ¼ um−a2ð1 − γ2mÞ, leading to k2z ¼ umþ

um−
, which gives the

same expression in [20] from (A5).
One of the interesting cases is considering the equatorial

motion by taking θ ¼ π
2
and ηm → 0 limits in the results

above. The particle starts from the coordinate r slightly less
than the radius of innermost circular motion risco. In
particular, Gmϕ ¼ τm and the solution of ϕI

m in (15)
simplifies to [26,35]

ϕI
mðrÞ ¼ IImϕðτmðrÞÞ þ λmτ

I
mðrÞ þ ϕI

mi; ð39Þ

where IImϕ is given by (34). In addition, one can replace
Mino time τm by the coordinate r through Eq. (27). Then
the infalling solution of the angle ϕm on the equatorial
plane can be expressed as a function of r,

FIG. 2. An illustrative example of nonequatorial orbit with
parameters A of Fig. 1. In this case, the particle starts from ri ≤
risso and inspirals into the black hole after many azimuthal and
longitudinal revolutions. From the top view one notices the very
different time scales of the spiralling and plunging phases.
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ϕI
mðrÞ ¼ −2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r − rm1

ð1 − γ2mÞðrisco − rÞ
r

r2iscoλm þ ð2Mrisco −Q2Þðaγm − λmÞ
ðrisco − rþÞðrisco − r−Þðrisco − rm1Þ

−
2

rþ − r−

ð2Maγm − r−λmÞrþ −Q2ðaγm − λmÞ
ðrisco − rþÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrþ − rm1Þðrisco − rþÞ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ − rm1Þðrisco − rÞ
ðrisco − rþÞðr − rm1Þ

s

þ 2

rþ − r−

ð2Maγm − rþλmÞr− −Q2ðaγm − λmÞ
ðrisco − r−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðr− − rm1Þðrisco − r−Þ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr− − rm1Þðrisco − rÞ
ðrisco − r−Þðr − rm1Þ

s
: ð40Þ

Likewise, for the equatorial orbits, Eq. (16) with Gmt ¼ 0 gives

tImðrÞ ¼ IImtðτmÞ þ tImi; ð41Þ

where IImt has been calculated in (35). Substituting τIm to replace r, we find

tImðrÞ ¼ −γm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − rm1Þðrisco − rÞ

1 − γ2m

s
þ γmðrm1 þ 3risco þ 4MÞffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − γ2m
p tan−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
risco − r
r − rm1

r

− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r − rm1

ð1 − γ2mÞðrisco − rÞ
r

r2iscoðr2isco þ a2Þγm þ ð2Mrisco −Q2Þaðaγm − λmÞ
ðrisco − rþÞðrisco − r−Þðrisco − rm1Þ

−
2ð2Mrþ −Q2Þ

rþ − r−

2Mγmrþ − ðaλm þQ2γmÞ
ðrisco − rþÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrþ − rm1Þðrisco − rþÞ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ − rm1Þðrisco − rÞ
ðrisco − rþÞðr − rm1Þ

s

þ 2ð2Mr− −Q2Þ
rþ − r−

2Mγmr− − ðaλm þQ2γmÞ
ðrisco − r−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðr− − rm1Þðrisco − r−Þ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr− − rm1Þðrisco − rÞ
ðrisco − r−Þðr − rm1Þ

s
: ð42Þ

As for the initial conditions one can determine ϕI
mi and tImi

by IImϕðτImðrÞÞ þ λmτ
i
mðrÞ and IImtðτmÞ vanishing at the

initial ri. The corresponding trajectories are shown in
Fig. 3, with the additional parameter Q apart from a of
the black holes. This generalizes the solution in [13] for the
Kerr black holes, where the particle starts from r≲ risco at
tmðrÞ ¼ −∞ and inspirals to the event horizon. In the limit
of Q → 0 where rm1 → 0, 1 − γ2m → 2M=3risco, and
ðrisco − rþÞðrisco − r−Þ → r2isco − 2Mrisco þ a2, the first
term of Eq. (40) reduces to the corresponding term

ffiffiffiffiffiffiffiffiffiffi
r

risco−r

q
of ϕI

mðrÞ in [13]. Together with t� ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

r�
risco−r�

q
defined in [13], one can make the replacement

1

rþ − r−
→

1

t2þ − t2−

risco
r2isco − 2Mrisco þ a2

; ð43Þ

to reproduce the tanh−1 terms.
One of the limiting cases that can significantly simplify

the above expressions is to consider the extremal limit of
the Kerr black hole, a → M. For Q → 0 giving rm1 ¼ 0,
and for the extremal black holes, the ISCO radius for
direct orbits is on the event horizon. Here we focus on
the extremal retrograde motion with risco ¼ 9M, λm ¼
−22

ffiffiffi
3

p
M=9 and γm ¼ 5

ffiffiffi
3

p
=9. Notice that in the extremal

black holes, rþ and r− collapse into the same value. Then
the solutions can be reduced into the known ones [13,14]

ϕI
mðrÞ ¼ −

2
ffiffiffi
2

p

3

r
3
2

ðr −MÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9M − r

p ; ð44Þ

tImðrÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð9M− rÞr

2

r �
4M−5r
r−M

�
−
117

ffiffiffi
2

p

2
M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

9M−r

r

þ155
ffiffiffi
2

p

2
M tan−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9M− r

r

r
−4M tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9M− r
8r

r
:

ð45Þ
FIG. 3. Illustration of the orbit on the equatorial plane with the
parameters of B in Fig. 1. The particle starts from ri < risso and
inspirals into the black hole horizon.
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Another limiting case is considering the Reissner Nordström (RN) black hole. Since a → 0 leading to the spherically
symmetric metric, the general motion can be studied by considering equatorial motions. The coefficients of the tanh−1 terms
of the above expressions (40) all vanish. The expressions of ϕI

mðrÞ and tImðrÞ can be simplified as

ϕI
mðrÞ ¼ −

2λm
risco − rm1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r − rm1

ð1 − γ2mÞðrisco − rÞ
r

; ð46Þ

tImðrÞ ¼ −γm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − rm1Þðrisco − rÞ

1 − γ2m

s
þ γmðrm1 þ 3risco þ 4MÞffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − γ2m
p tan−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
risco − r
r − rm1

r

− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r − rm1

ð1 − γ2mÞðrisco − rÞ
r

r4iscoγm
ðrisco − rþÞðrisco − r−Þðrisco − rm1Þ

−
2

rþ − r−

ð2Mrþ −Q2Þ2γm
ðrisco − rþÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrþ − rm1Þðrisco − rþÞ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ − rm1Þðrisco − rÞ
ðrisco − rþÞðr − rm1Þ

s

þ 2

rþ − r−

ð2Mr− −Q2Þ2γm
ðrisco − r−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðr− − rm1Þðrisco − r−Þ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr− − rm1Þðrisco − rÞ
ðrisco − r−Þðr − rm1Þ

s
: ð47Þ

Further simplification occurs in the extremal limit. For
M ¼ �Q in the RN black holes, r� ¼ M, and with
risco ¼ 4M, rm1 ¼ 4M=5, λm ¼ 2

ffiffiffi
2

p
M and γm ¼ 3

ffiffiffi
6

p
=8,

(46) and (47) can have such a simple form

ϕI
mðrÞ ¼ −2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5r − 4M
4M − r

r
; ð48Þ

tImðrÞ ¼ −3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð4M − rÞðr− 4M=5Þ

5

r

þ 252
ffiffiffiffiffi
15

p

25
M tan−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M − r
r− 4M=5

s
− 32M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5r− 4M
12M − 3r

r

−
ð2M2 − 1Þ2
ðM − rÞM3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4M − rÞð5r− 4MÞ

3

r

−
4ð2M2 − 1Þ

M3
tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M − r

15r− 12M

r
: ð49Þ

Finally, in the limits of Q → 0 and a → 0 we have the case
of Schwarzschild black hole, with the spherical symmetric
metric. The horizons become rþ → 2M and r− → 0, and
the general motion can be considered in the equatorial
plane. Thus, with the further ISCO inputs in this case,
risco ¼ 6M, λm ¼ 2

ffiffiffi
3

p
M, and γm ¼ 2

ffiffiffi
2

p
=3, the solutions

become as simple as

ϕI
mðrÞ ¼ −2

ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

6M − r

r
; ð50Þ

tImðrÞ ¼
864

ffiffiffi
2

p
M

25

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

6M − r

r
− 2

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð6M − rÞr

p

þ 44
ffiffiffi
2

p
M tan−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6M − r

r

r
− 4M tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6M − r
2r

r
:

ð51Þ

We then recover the results of two recent publications
[13,14].
It is then of great interest to plot and observe how the

azimuthal angle ϕ depends on the evaluation of coordinate
r, as illustrated for a few exemplary cases in Fig. 4. In
particular, when the motion approaches the horizon, the
angle ϕ diverges for the spinning black holes whereas it
remains finite for nonspinning black holes. From Eq. (46)
for RN black holes and Eq. (50) for Schwarzschild
black holes, ϕ smoothly changes across the horizon.

FIG. 4. The plots show the variation of azimuthal angle
ΔϕI

m ≡ ϕI
m − ϕI

mi as a function of r for the inspire bound motion
for various black-hole models, including Kerr-Newman
(Q ¼ 0.7M; a ¼ 0.7M; λm ¼ −3.84M; ηm ¼ 0M), Kerr-extremal

(Q¼ 0M;a¼M; λm ¼ − 22
ffiffi
3

p
9

M;ηm ¼ 0M) and RN (Q ¼ 0.7M;
a ¼ 0M; λm ¼ 3.2M; ηm ¼ 0M). In the figure, the blue curve and
red curves illustrate the direct and retrograde orbits, respectively.
See the text for more discussion.
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Thus, another usefulness of the obtained result in (40)
is to examine the behavior of ϕ across the horizon. The
divergence in the azimuthal angle arises from the
tanh−1 terms and the straightforward calculations shows
that ϕI

m ∼ lnðr − rþÞ. However, for the extremal Kerr-
Newman black holes where rþ ¼ r− ¼ M, the additional
divergence in the coefficients of the tanh−1 terms in (40)
shifts the leading order divergence into that of ϕI

m ∼ 1=
ðr −MÞ in (44), apart from the lnðr −MÞ divergence.
However, for the extremal Kerr black holes, ϕI

m ∼ 1=
ðr −MÞ from (44), where the lnðr −MÞ divergence dis-
appears. The dramatic difference in the behavior of the
azimuthal angle ϕ across the horizon has been found on
equatorial infalling trajectories in Kerr black holes [13,14].
The same types of phenomena are also seen on infalling
trajectories of general nonequatorial orbits in Kerr-Newman
black holes. Notice that in all cases, the coordinate time
t → ∞ as r → rþ. This finding may have some implications
for the gravitational wave emissionmeasured by an observer
far away from the black holes [10] as in the study of another
interesting trajectories of homoclinic orbits in [35,38].

IV. PLUNGING ORBITS IN BOUND MOTION

Another bound orbit, inwhich particles eventually fall into
the black hole, is the motion with the parameters of C and D
inFig. 5. In this case, there are two real roots, being rm1 inside

the inner horizon, rm4 outside the outer horizon, and a pair of
the complex-conjugated roots rm2 ¼ r�m3. Assuming that the
particle starts from ri ≤ rm4, it will either plunge directly into
the black hole or travel toward the root rm4, return back and
plunge into the black hole, in the absence of any other real
root along its trajectory. This section is devoted to finding the
analytical solution for the orbit in this case of rm2 ¼ r�m3

and rm4 > ri > rþ > r− > rm1.
The solutions in the present cases are expressed in a

similar form as in the previous section. The integration of
(14) is straightforward, but elliptical integrals and the
Jacobi elliptic functions are involved for the representation
of the solutions [27]. We find after some algebra

τBmðrÞ ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − γ2mÞAmBm

p ðFðφðrÞjkBÞ − FðφðriÞjkBÞÞ

ð52Þ

where FðφjkÞ is the incomplete elliptic integral of the first
kind. The two parameters of the elliptic integrals are

φðrÞ ¼ cos−1
�
Bmðrm4 − rÞ − Amðr − rm1Þ
Bmðrm4 − rÞ þ Amðr − rm1Þ

�
ð53Þ

and

kB ¼ ðrm4 − rm1Þ2 − ðAm − BmÞ2
4AmBm

; ð54Þ

where we have used the short notations

Am ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrm4 − rm2Þðrm4 − rm3Þ

p
;

Bm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrm3 − rm1Þðrm2 − rm1Þ

p
: ð55Þ

With the help of the Jacobian elliptic cosine function [27]
one finds the inversion of (52) as

rBðτmÞ

¼ ðBmrm4 þ Amrm1Þ − ðBmrm4 − Amrm1ÞcnðXBðτmÞjkBÞ
ðBm þ AmÞ − ðBm − AmÞcnðXBðτmÞjkBÞ

;

ð56Þ

where

XBðτmÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1− γ2mÞAmBm

q
τm

−F

�
cos−1

�
Bmðrm4−riÞ−Amðri− rm1Þ
Bmðrm4− riÞþAmðri−rm1Þ

�



kB
�
:

ð57Þ
Notice that Am > Bm > 0, 0 < kB < 1, and for r < rm4,

−1 < Bmðrm4−riÞ−Amðri−rm1Þ
Bmðrm4−riÞþAmðri−rm1Þ < 1. The Jacobian elliptic cosine

function is the real-valued function.

FIG. 5. The graphics shows the portion of parameter space
bound by the double root solution, rm2 ¼ rm3. The equation
RmðrÞ ¼ 0 with parameters in the blue zone have complex roots,
rm2 ¼ r�m3, so that, a particle in this region, say C or D, and starts
from ri < r4 will plunge directly into the black hole horizon. The
inset shows the behavior of the radial potential RmðrÞ for the case
of the parameters located in C and D.
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The solutions of the coordinates ϕB
mðτmÞ and tBmðτmÞ involve the integrals IBmϕ and IBmt given in (25) and (26). In the

present case, the integration of IB1 , I
B
2 , and IB� is direct, but the results have cumbersome representations:

IB�ðτmÞ ¼
1

Bmðrm4 − r�Þ þ Amðr� − rm1Þ
�
Bm − Amffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p XBðτmÞ þ
2ðrm4 − rm1Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p
Bmðrm4 − r�Þ − Amðr� − rm1Þ

R1ðβB�;ϒB
τm jkBÞ

�
− IB

�i

ð58Þ

IB1 ðτmÞ ¼
�
Bmrm4 − Amrm1

Bm − Am

�
XBðτmÞffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p þ 2ðrm4 − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p
A2
m − B2

m
R1ðβB;ϒB

τm jkBÞ − IB
1i

ð59Þ

IB2 ðτmÞ ¼
�
Bmrm4 − Amrm1

Bm − Am

�
2 XBðτmÞffiffiffiffiffiffiffiffiffiffiffiffi

AmBm
p þ 4

�
Amrm1 − Bmrm4

Am − Bm

� ðrm4 − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p
A2
m − B2

m
R1ðβB;ϒB

τm jkBÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p �
2ðrm4 − rm1Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p
A2
m − B2

m

�
2

R2ðβB;ϒB
τm jkBÞ − IB

2i
ð60Þ

In the formulas above, the parameters of the functions R1 and R2 are related with the roots of RmðrÞ as follows

βB� ¼ −
Bmðrm4 − r�Þ þ Amðr� − rm1Þ
Bmðrm4 − r�Þ − Amðr� − rm1Þ

; βB ¼ Am − Bm

Am þ Bm
ð61Þ

ϒB
r ¼ cos−1

�
Bmðrm4 − rÞ − Amðr − rm1Þ
Bmðrm4 − rÞ þ Amðr − rm1Þ

�
; ϒB

τm ¼ amðXBðτmÞjkBÞ ð62Þ

where am is the Jacobi amplitude function. The quantities IB
�i
, IB

1i
, and IB

2i
are obtained by evaluating IB�, I

B
1 , and IB2 at

r ¼ ri of the initial condition, IB�ð0Þ ¼ IB1 ð0Þ ¼ IB2 ð0Þ ¼ 0. Finally, R1 and R2 are the integral of Jacobian elliptic cosine
function,

R1ðα;ϕjkÞ≡
Z

FðϕjkÞ

0

du
1þ αcnðujkÞ ¼

1

1 − α2

�
Π
�

α2

α2 − 1
;ϕ





k
�
− αfðpα;ϕ; kÞ

�
ð63Þ

R2ðα;ϕjkÞ≡
Z

FðϕjkÞ

0

du
½1þ αcnðujkÞ�2

¼ 1

α2 − 1

�
FðϕjkÞ − α2

kþ ð1 − kÞα2
�
EðϕjkÞ − α sinðϕÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ksin2ðϕÞ

p
1þ α cosðϕÞ

��

þ 1

kþ ð1 − kÞα2
�
2k −

α2

α2 − 1

�
R1ðα;ϕjkÞ ð64Þ

in which

fðpα;ϕ; kÞ ¼
pα

2
ln

�
pα

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k sin2ðϕÞ

p
þ sinðϕÞ

pα

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k sin2ðϕÞ

p
− sinðϕÞ

�
;

pα ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

α2 − 1

kþ ð1 − kÞα2

s
: ð65Þ

In particular, for α ¼ βB; βB� where −1 < α < 1, the sol-
utions are the real-valued functions.
We then apply the exact solution obtained above to the

parameters set C of Fig. 5. In this case, λm ¼ 1, ηm ¼ 7, and
γm ¼ 0.98, with the black hole parameters a ¼ 0.7 and
Q ¼ 0.7. Fig. 6 shows that the particle stars from the initial
position ri ¼ 7.4M, θi ¼ π=2, and ϕi ¼ 0 and it falls
almost directly into the black hole.

FIG. 6. Illustration of an orbit off the equatorial plane with the
parameters of C in Fig. 5. In this case the particle starts from
ri < r4 and plunges directly into the black hole horizon.
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From the above general formulas one obtains the case of the equatorial motion, in which θ ¼ π
2
and ηm → 0. The bound

plunge solution of the coordinates ϕB
m and tBm can be rewritten as the function of r as follows

ϕB
mðrÞ ¼ IBmϕðτmðrÞÞ þ λmτ

B
mðrÞ þ ϕB

mi

¼ γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p �
2Ma

rþ − r−
ðJ mþ − J m−Þ −

λm
γm

fðrÞ
�
; ð66Þ

tBmðrÞ ¼ IBmtðτmÞ þ tBmi

¼ γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p 	
4M2

rþ − r−
ðT mþ − T m−Þ þ

Bmrm4 − Amrm1

Bm − Am

�
Bmrm4 − Amrm1

Bm − Am
þM

�
fðrÞ

þ 2ðrm4 − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p
A2
m − B2

m

�
2

�
Bmrm4 − Amrm1

Bm − Am

�
þM

�
R1ðβB;φðrÞjkBÞ

þ 4
ffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p �ðrm4 − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p
A2
m − B2

m

�
2

R2ðβB;φðrÞjkBÞ þ ð4M2 −Q2ÞfðrÞ


; ð67Þ

where

T m� ¼
�
r� −

Q2

2M

�
J m�; ð68Þ

J m� ¼

0
B@r� −

a
�
λm
γm

�
þQ2

2M

1
CA	 ðBm − AmÞfðrÞ

Bmðrm4 − r�Þ þ Amðrþ − r�Þ
þ 2ðrm4 − rm1Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p
½Bmðrm4 − r�Þ�2 − ½Amðr� − rm1Þ�2

R1ðβB�;φðrÞjkBÞ


;

ð69Þ

fðrÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
AmBm

p FðφðrÞjkBÞ: ð70Þ

Figure 7 shows an exemplary orbit of this type using these
solutions.
The expression can also be converted into the solutions

of the Kerr and RN black holes by taking the respective
a → 0 and Q → 0 limit. For the Kerr black hole, one can
substitute straightforwardly Q ¼ 0 and the root rm1 ¼ 0

into the definition of kB and Bm in (54) and (55), as well as

the solutions (66) and (67). Nevertheless, in the RN black
hole the limits of a → 0 but rm1 ≠ 0 give huge simplifi-
cation. The formula (66) becomes

ϕB
mðrÞ ¼ −

λmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞAmBm

p
× F

�
cos−1

�
Bmðrm4 − rÞ − Amðr − rm1Þ
Bmðrm4 − rÞ þ Amðr − rm1Þ

�



kB
�
;

ð71Þ

whereas the solution of tBm remains the same form as
in (67) in the corresponding limits. In the Schwarzschild
black hole where a;Q → 0, two event horizons, rþ ¼ 2M,
r− ¼ 0 giving T m− → 0, together with rm1 ¼ 0, lead to the
further simplification from (71) and (67).
One usefulness of the analytical formulas is to explore

the changes of azimuthal angle ϕ as the motion crosses
the horizon. In particular for the equatorial motion, as
r → rþ, the term of J mþ in (66) due to the function
of R1ðα;ϕjkÞ in (63) gives the logarithmic divergence,
namely ϕB

m ∝ lnðr − rþÞ. However, in the extremal case
when rþ ¼ r− ¼ M, the extra divergence occurs in the

FIG. 7. Illustration of an orbit on the equatorial plane with the
parameters of D in Fig. 5. The particle initiates its journey at point
ri, moves outward, reaches the turning point at rm4, and then
reverses its course, plunging back into the black hole.
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coefficient of J mþ − J mþ so that the leading order
divergence becomes ϕB

m ∝ lnðr −MÞ. In the case of
a ¼ 0 for non spinning black hole, the coefficient of
J mþ − J mþ vanishes and the angle ϕ smoothly changes
across the horizon. The corresponding plot is shown
in Fig. 8.

V. PLUNGING ORBITS IN UNBOUND MOTION

For unbound motion (γm > 1), the particle may start
from the spatial infinity characterized by the constants of
motion with the azimuthal angular momentum λm, the
energy γm, and the Carter constant ηm. In this section we
consider the parameters mainly in the E regime shown in
Fig. 9, in which the roots of the radial potential have the
properties, r�m3 ¼ rm4 and ri > rþ > r− > rm2 > rm1. This
means that there is no turning point in the black hole
exterior and the particle starting from the spatial infinity
will plunge directly into the black hole.
The main propose here is also to derive the exact

solutions for the coordinates rUmðτmÞ, θUmðτmÞ, ϕU
mðτmÞ,

and tUmðτmÞ (We have added the upper index U for the
unbound case). While the procedure is identical to that of
the previous two sections, special care is required due to
differences in the properties of the roots. The counterpart of
Eq. (52) becomes

τUm ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðγ2m − 1ÞAU
mBU

m

p ½FðψðrÞjkUÞ − FðψðriÞjkUÞ�;

ð72Þ

where

ψðrÞ ¼ cos−1
�
AU
mðr − rm1Þ − BU

mðr − rm2Þ
AU
mðr − rm1Þ þ BU

mðr − rm2Þ
�
; ð73Þ

kU ¼ ðAU
m þ BU

mÞ2 − ðrm2 − rm1Þ2
4AU

mBU
m

; ð74Þ

and

AU
m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrm3 − rm2Þðrm4 − rm2Þ

p
;

BU
m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrm3 − rm1Þðrm4 − rm1Þ

p
: ð75Þ

Notice that AU
m and BU

m have different combinations of roots
compared to the bound case (55). The evolution of the
coordinate rUðτmÞ is then
rUðτmÞ

¼ ðBU
mrm2 − AU

mrm1Þ þ ðBU
mrm2 þ AU

mrm1ÞcnðXUðτmÞjkUÞ
ðBU

m − AU
mÞ þ ðBU

m þ AU
mÞcnðXUðτmÞjkUÞ

;

ð76Þ
where

XUðτmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðγ2m − 1ÞAU

mBU
m

q
τm

−F

�
cos−1

�
AU
mðri − rm1Þ−BU

mðri− rm2Þ
AU
mðri− rm1ÞþBU

mðri − rm2Þ
�



kU

�
:

ð77Þ

FIG. 9. The graphics shows the portion of parameter space
limited by the double root solution, rm3 ¼ rm4 and rm1 < rm2 <
r− < rþ. For the region of the parameter space for E and F, the
roots rm3 and rm4 are complex, rm3 ¼ r�m4 and rm1 < rm2 < r−.
The inset shows the details of the roots of illustrative cases E and
F in the main figure. See the text for more discussion.

FIG. 8. The plots show the ΔϕB
m as a function of r for bound

motion with the various black holes including Kerr-Newman
(Q¼0.7M;a¼0.7M;λm¼M;ηm¼0), Kerr-extremal (Q ¼ 0M;
a ¼ M; λm ¼ −M; ηm ¼ 0) and RN (Q¼0.7M;a¼0M;λm¼M;
ηm¼0). In this plot, the red and blue curves illustrate the
examples of direct and retrograde orbits, respectively.

INSPIRAL AND PLUNGING ORBITS IN KERR-NEWMAN … PHYS. REV. D 109, 084043 (2024)

084043-11



Once again, the specified conditions–BU
m > AU

m > 0,
0 < kU < 1, and rm1 < rm2 < r, togetherwith the inequality

−1 < AU
mðr−rm1Þ−BU

mðr−rm2Þ
AU
mðr−rm1ÞþBU

mðr−rm2Þ < 1 ensure that the Jacobian elliptic

cosine function in Eq. (76) remains a real-valued function.

The missing pieces for a complete description of the
motions are the unbound version of Eqs. (25) and (26), in
which the integral (23) and (24) have been solved in
Sec. IV. The results can be written as follows

IU�ðτmÞ ¼ −
1

BU
mðr� − rm2Þ þ AU

mðr� − rm1Þ
�
BU
m þ AU

mffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p XUðτmÞ

þ 2ðrm2 − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p
BU
mðr� − rm2Þ − AU

mðr� − rm1Þ
R1ðβU�;ϒU

τm jkUÞ
�
− IU

�i
; ð78Þ

IU1 ðτmÞ ¼
�
BU
mrm2 þ AU

mrm1

BU
m þ AU

m

�
XUðτmÞffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p þ 2ðrm2 − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p
ðBU

mÞ2 − ðAU
mÞ2

R1ðβU;ϒU
τm jkUÞ − IU

1i
; ð79Þ

IU2 ðτmÞ ¼
�
BU
mrm2 þ AU

mrm1

BU
m þ AU

m

�
2 XUðτmÞffiffiffiffiffiffiffiffiffiffiffiffi

AU
mBU

m

p þ 4

�
BU
mrm2 þ AU

mrm1

BU
m þ AU

m

� ðrm2 − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p
ðBU

mÞ2 − ðAU
mÞ2

R1ðβU;ϒU
τm jkUÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p �
2ðrm2 − rm1Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p
ðBU

mÞ2 − ðAU
mÞ2

�2

R2ðβU;ϒU
τm jkUÞ − IU

2i
; ð80Þ

where the functions R1 and R2 have been defined in (63) and (64) and the unbound version of the parameters now read as

βU� ¼ BU
mðr� − rm2Þ þ AU

mðr� − rm1Þ
BU
mðr� − rm2Þ − AU

mðr� − rm1Þ
; βU ¼ BU

m þ AU
m

BU
m − AU

m
ð81Þ

ϒU
r ¼ cos−1

�
AU
mðr − rm1Þ − BU

mðr − rm2Þ
AU
mðr − rm1Þ þ BU

mðr − rm2Þ
�
; ϒU

τm ¼ amðXUðτmÞjkUÞ: ð82Þ

As before, the initial conditions IU
�i
, IU

1i
, IU

2i
are obtained by evaluating IU�, I

U
1 , I

U
2 at r ¼ ri of the initial condition. Also, for

α in the functions (63) R1 and R2, we have now α ¼ βU; βU�, where 0 < α < 1, which ensure that the solutions are real-
valued functions. Figure 10 illustrates the orbits with the parameters of E in Fig. 9, where λm ¼ 0, ηm ¼ 10, and γm ¼ 1.25.
Following the same steps of the previous sections, one can straightforwardly calculate the trajectories on the equatorial

plane. The solutions of ϕU
m and tUm as the function of r can be written as follows

ϕU
mðrÞ ¼ IUmϕðτmðrÞÞ þ λmτmðrÞ þ ϕU

mi

¼ γmffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2m − 1

p �
2Ma

rþ − r−
ðKm− −KmþÞ −

λm
γm

gðrÞ
�
; ð83Þ

tUmðrÞ ¼ IUmtðτmÞ þ tUmi

¼ γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p 	
4M2

rþ − r−
ðVm− − VmþÞ þ

BU
mrm2 þ AU

mrm1

BU
m þ AU

m

�
BU
mrm2 þ AU

mrm1

BU
m þ AU

m
þM

�
gðrÞ

þ 2ðrm2 − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p
ðBU

mÞ2 − ðAU
mÞ2

�
2

�
BU
mrm2 þ AU

mrm1

BU
m þ AU

m

�
þM

�
R1ðβU;ψðrÞjkUÞ

þ 4
ffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p �ðrm2 − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p
ðBU

mÞ2 − ðAU
mÞ2

�2
R2ðβU;ψðrÞjkUÞ þ ð4M2 −Q2ÞgðrÞ



; ð84Þ

where

Vm� ¼
�
r� −

Q2

2M

�
Km�; ð85Þ
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Km� ¼

0
B@r� −

a
�
λm
γm

�
þQ2

2M

1
CA

×

	 ðBU
m þ AU

mÞgðrÞ
BU
mðr� − rm2Þ þ AU

mðr� − rm1Þ

þ 2ðrm2 − rm1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p
½BU

mðr� − rm2Þ�2 − ½AU
mðr� − rm1Þ�2

× R1ðβU�;ψðrÞjkUÞ


; ð86Þ

gðrÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
AU
mBU

m

p FðψðrÞjkUÞ: ð87Þ

Figure 11 shows the orbit of the particle with the parameters
in F in Fig. 9.
In the Kerr black hole, for Q → 0, the solutions are

given by taking rm1 ¼ 0 to (83) and (84). In the RN black
hole for a → 0 but rm1 ≠ 0, Eq. (83) can be significantly
simplified as

ϕU
mðrÞ ¼ −

λmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðγ2m − 1ÞAU

mBU
m

p
× F

�
cos−1

�
AU
mðr − rm1Þ − BU

mðr − rm2Þ
AU
mðr − rm1Þ þ BU

mðr − rm2Þ
�



kU

�
:

ð88Þ

In the Schwarzschild black hole, a;Q → 0 and the root
rm1 ¼ 0 further simplify the RN solution above.
Nevertheless, the solution of tUm in various black holes
remains the same form as (84) after taking the proper limits.
The behavior of the azimuthal angle ϕ as the motion

crosses the horizon shares the same features as in bound
motion. In particular for the equatorial motion, as crossing
the horizon, the term of Km� in (83) due to the function of
R1ðα;ϕjkÞ in (63) gives the logarithmic divergence in
general Kerr-Newman black holes. However, in the
extremal case, the leading order divergence becomes
ϕB
m ∝ lnðr −MÞ. In the case of a ¼ 0 for nonspinning

black hole, again the coefficient of Kmþ −Kmþ vanishes
and the angle ϕ smoothly changes across the horizon. The
corresponding plot is shown in Fig. 12.

VI. CONCLUSIONS

In this paper, we analytically derive the solutions of
infalling orbits in the context of general nonequatorial
motion in the Kerr-Newman black holes, considering both
bound and unbound motion. These solutions can be written
in terms of the elliptical integrals and the Jacobian elliptic
functions of manifestly real functions of the Mino time.
Various limits have been taken to show the respective

FIG. 11. Illustration of an equatorial inspiral orbit with the
parameters in the F region in Fig. 9 for ηm ¼ 0 where the particle
starts from spatial infinity and plunge directly into the horizon.

FIG. 10. Illustration of a general nonequatorial plunging orbit
exemplifies with the parameters E in Fig. 9. In this case ηm ≠ 0
and the particle starts from spatial infinity and infalls directly into
the black horizon.

FIG. 12. The plots show the ΔϕU
m as a function of r for

unbound infalling motion, with the various black hole including
Kerr-Newman (Q ¼ 0.7M; a ¼ 0.7M; λm ¼ M; ηm ¼ 0), Kerr
extremal (Q¼0M;a¼M;λm¼−M;ηm¼0) and RN (Q ¼ 0.7M;
a ¼ 0M; λm ¼ M; ηm ¼ 0). The blue and red curves show the
examples of direct and retrograde orbits, respectively.
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solutions in Kerr, Reissner-Nordström, and Schwarzschild
black holes. In the case of the bound motion, we extend the
study of [13,14] on equatorial motion to consider that the
particle starts from r ≤ rISSO and then inspirals into the black
hole on general nonequatorial motion. In the limits ofQ → 0
and restricting on the equatorial plane, the obtained solutions
reduces to the ones in [13,14]. We also consider the other
types of the plunge motion, with the values of γm, λm, and ηm
shown in Fig. 5. In these cases, one has two real-valued roots
of the radial potential, one inside the horizon, rm1, and the
other outside the horizon, rm4. Thus, the particle starts from
r ≤ rm4 and can either travel toward the rm4, come back and
then plunge directly into the black hole or travel directly into
the black hole. As for the unbound state, we showed the
parameters γm, λm, and ηm in Fig. 9. Interestingly, while the
two real-valued roots rm2 and rm1 are inside the event
horizon, the other two roots are complex conjugate pair,
rm3 ¼ r�m4. The particle starts from the spatial infinity and
will plunge directly into the black holes. The analytical
solutions allowus, in particular, to explore the behavior of the
variation of azimuthal angle ϕ as the equatorial motion
crosses the horizon. In generalKerr-Newmanblackholes, the
angle ϕ diverges as ϕm ∝ lnðr − rþÞ. However, in the
extremal case, the leading order divergence becomes
ϕm ∝ 1=ðr −MÞ. In the case of non spinning black hole,
the angle smoothly changes across the horizon. The dramatic
difference in the behavior of the azimuthal angleϕ across the
horizon, which has been found in equatorial infalling orbits
in Kerr black holes [13,14], is also seen in Kerr-Newman
black holes in general nonequatorial orbits. This may have
some implications for the associated gravitational wave
emission observed far away from the black holes.
These exact solutions of the spiral and plunge motions

into the black hole are also of astrophysical interest due to
the fact that they have direct relevance to black hole
accretion phenomena. These explicit solutions may have

applications to the numerical accretion as well as extending
current theories of black hole accretion [15–18].
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APPENDIX A: THE ANGULAR POTENTIAL ΘðθÞ
AND THE INTEGRALS Gmθ, Gmϕ, AND Gmt

The detailed studies related to the Θm potential in the θ
direction can be found in the papers [26,28,35]. Here we
summarize some of the relevant parts for the completeness
of presentation. The angular potential (12) for the particle
can be rewritten in terms of u ¼ cos2 θ and the equation of
motion requires Θm ≥ 0, which restricts the parameter
space of λm, ηm, and γm (see Fig. 9 in [26]). The roots
of ΘmðθÞ ¼ 0 can be written as [28],

um;� ¼
Δm;θ � νm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

m;θ þ 4a2ηm
γ2m−1

q
2a2

Δmθ ¼ a2 −
ηm þ λ2m
γ2m − 1

ðA1Þ

with νm ¼ signðγ2m − 1Þ, which give the boundaries of the
parameter space. For positive ηm and nonzero λm the par-
ticle starts off from the black hole exterior, 1 > uþ > 0
is the only positive root, which in turn gives two roots at
θmþ ¼ cos−1 ð− ffiffiffiffiffiffi

uþ
p Þ; θm− ¼ cos−1ð ffiffiffiffiffiffi

uþ
p Þ. The particle

travels between the southern and northern hemispheres
crossing the equator at θ ¼ π

2
.

The solution of the coordinate θmðτmÞ can be obtained by
an inversion of (14) [26,28]

θðτmÞ ¼ cos−1
�
−νθi

ffiffiffiffiffiffiffiffiffi
umþ

p
sn

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

q
ðτm þ νθiGmθiÞ





 umþ
um−

��
; ðA2Þ

where Mino time

τm ¼ Gmθ ¼ pðGmθþ − Gmθ−Þ þ νθi ½ð−1ÞpGmθ − Gmθi � ðA3Þ
and sn denotes the Jacobi Elliptical sine function. In (A3) p counts the times the trajectory passes through the turning points
and νθi ¼ signðdθidτ0 Þ. The function Gmθ is

Gmθ ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−um−â2ðγ2m − 1Þ
p F

�
sin−1

�
cos θffiffiffiffiffiffiffiffiffi
umþ

p
�



 umþ

um−

�
: ðA4Þ

The evolution of coordinates ϕmðτmÞ and tmðτmÞ in (15) and (16) involves the integrals (21) and (22), which can
expressed as follows [26]

GmϕðτmÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−um−a2ðγ2m − 1Þ
p Π

�
umþ; am

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

q
ðτm þ νθiGθiÞ





 umþ
um−

�



 umþ
um−

�
−νθiGmϕi

; ðA5Þ
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Gϕi
¼ −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

p Π
�
umþ; sin−1

�
cos θiffiffiffiffiffiffiffiffiffi
umþ

p
�



 umþ

um−

�
; ðA6Þ

GmtðτmÞ ¼ −
2umþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−um−a2ðγ2m − 1Þ
p E0

�
am

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

q
ðτm þ νθiGmθiÞ





 umþ
um−

�



 umþ
um−

�
−νθiGmti ; ðA7Þ

Gmti ¼
2uþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−u−â2ðγ2m − 1Þ
p E0

�
sin−1

�
cos θiffiffiffiffiffiffi
uþ

p
�



 uþu−

�
: ðA8Þ

In the formulas above E and Π are the incomplete elliptic
integral of the second and third kinds, respectively. Also the
prime denotes the derivative with respect to the second
argument,

E0ðφjkÞ ¼∂kEðφjkÞ ¼
EðφjkÞ − FðφjkÞ

2k
: ðA9Þ

APPENDIX B: THE RADIAL POTENTIAL RmðrÞ
AND ITS ROOTS

As for the radial potential (11), it is a quartic polynomial.
We then rewrite RmðrÞ as follows

RmðrÞ ¼ Smr4 þ Tmr3 þUmr2 þ VmrþWm; ðB1Þ
where the coefficients functions are given in terms con-
stants of motion and parameters of the black hole as

Sm ¼ γ2m − 1; ðB2Þ

Tm ¼ 2M; ðB3Þ

Um ¼ a2ðγ2m − 1Þ −Q2 − ηm − λ2m; ðB4Þ

Vm ¼ 2M½ðaγm − λmÞ2 þ ηm�; ðB5Þ

Wm ¼ −a2ηm −Q2½ðaγm − λmÞ2 þ ηm�: ðB6Þ

Furthermore, it is useful to represent the radial potential
using its roots, namely

RmðrÞ ¼ ðγ2m − 1Þðr − rm1Þðr − rm2Þðr − rm3Þðr − rm4Þ:
ðB7Þ

The different dynamical behaviors of the system are char-
acterized by the positions of these roots. See Figs. 1, 5, 9, and
also Refs. [26,28]. The representation of roots of a quartic
equation are well known, but cumbersome. We will write
them down for the sake of unifying notation and ensuring the
completeness of the work

rm1 ¼ −
M

2ðγ2m − 1Þ − zm −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m þ Ym

4zm

s
; ðB8Þ

rm2 ¼ −
M

2ðγ2m − 1Þ − zm þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m þ Ym

4zm

s
; ðB9Þ

rm3 ¼ −
M

2ðγ2m − 1Þ þ zm −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m −

Ym

4zm

s
; ðB10Þ

rm4 ¼ −
M

2ðγ2m − 1Þ þ zm þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m −

Ym

4zm

s
; ðB11Þ

where

zm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmþ þΩm− − Xm

3

2

s
; ðB12Þ

and

Ωm� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
ϰm
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
ϖm

3

�
3

þ
�
ϰm
2

�
2

s
3

vuut ðB13Þ

with

ϖm ¼ −
X2
m

12
− Zm; ϰm ¼ −

Xm

3

��
Xm

6

�
2

− Zm

�
−
Y2
m

8
:

ðB14Þ
Xm, Ym, and Zm are the short notation for

Xm ¼ 8UmSm − 3T2
m

8S2m
; ðB15Þ

Ym ¼ T3
m − 4UmTmSm þ 8VmS2m

8S3m
; ðB16Þ

Zm ¼ −3T4
m þ 256WmS3m − 64VmTmS2m þ 16UmT2

mSm
256S4m

:

ðB17Þ
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