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This paper investigates the critical behaviors of the 4-dimensional spinfoam model with cosmological
constant for a general 4-dimensional simplicial complex as the discretization of spacetime. We find that, at
the semiclassical regime, the spinfoam amplitude is peaked at the real critical points that correspond to zero
deficit angles (modulo 477 /y) hinged by internal triangles of the 4-complex. Since the 4-simplices from
the model are of constant curvature, the discrete geometry with zero deficit angle manifests a de Sitter (dS)
spacetime or an anti—de Sitter (AdS) spacetime depending on the sign of the cosmological constant fixed by
the boundary condition. The non-(A)dS spacetimes emerge from the complex critical points by an analytic

continuation to complex configurations.
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I. INTRODUCTION

In the research area of loop quantum gravity (LQG), the
understanding of quantum gravity without a cosmological
constant is far deeper than that of quantum gravity with a
nonvanishing cosmological constant A. It is because the
introduction of A # 0 brings complexity to the quantum
geometry construction and it is commonly believed (and
exemplified in lower dimensional LQG) that new math-
ematical tools need to be applied. In the covariant, also
called the spinfoam, LQG approach, this is especially the
case. In 3+ 1 dimensions (4D), the investigations of
spinfoam models are mostly on those with A = 0, among
which the most studied one is the EPRL model [1]. It is
hoped that an adequate understanding of spinfoam model
(s) with A =0 can shed light on constructing a A # 0
version. In this paper, inversely, we present a result from the
spinfoam model with A # 0 that helps resolve an ambiguity
in the EPRL model.

Our analysis is based on the spinfoam model introduced
in [2]. It describes Lorentzian 4D quantum gravity with a
either positive or negative cosmological constant, which is
taken as a global coupling constant and whose sign depends
on the boundary geometrical condition. One of the advan-
tages of this spinfoam model compared to other existing
ones with A #0 (e.g., [3-7]) lies in that it not only
illustrates discrete curved geometry in its semiclassical
regime but also manifests the expected finiteness in the
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amplitude. In this paper, we give a complete description
of the amplitude in this spinfoam model for a general
4-complex and show that it retains the finiteness property.
We then focus on the semiclassical regime of the amplitude
and analyze its asymptotic behavior and geometrical inter-
pretation. As desired, the peak of the amplitude can be
interpreted as 4-simplices glued together by identifying
boundary geometries to form a 4-complex. This is con-
sistent with the preliminary result in the original paper [2].

At the semiclassical regime of the amplitude, an action
of configuration variables can be constructed. Of particular
interest in this paper are the equations of motion concern-
ing the internal spins j;’s that dress the internal triangles of
the 4-complex. In the EPRL model, the use of Poisson
resummation for j,’s in the semiclassical approximation of
the amplitude gives infinite sums in the following form
(see e.g. [8])

ZgprL = Z HA(jf)/dM(X)erijf(X)

{irteN/2 f

=S / TTAG)d2i,)
f

{usyez

y /dﬂ(X)ezfjf(Ef(x)Mnmf)’ (1)

where X describes all spinfoam integration variables other
than j;’s, u(X) the collection of their measures and F ;(X)
a function on these variables. By the stationary phase
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analysis in the large-j regime, the real critical point'
describes the deficit angles &;’s hinged by the internal
triangles [9]. However, in this model, it is not clear how
many u;’s contribute to the critical point, so in principle,
one needs to perform the stationary phase analysis for
every {us}, although there are numerical evidences that
only one u; contributes in simple models [8]. The deficit
angles may take values e?PRL =4x7Z/y [10,11], where y is

the Barbero-Immirzi parameter. The critical point with

"Rl = 0 corresponds to the smooth flat geometry, since

the 4-simplices are endowed with the flat geometry.

We observe that the spinfoam model with A # 0 involves
a similar Poisson resummation, but there is only one {u,}
corresponding to the dominant contribution in the semi-
classical approximation. In contrast to (1), the semiclassical
amplitude receives the dominant contribution from only
one term:

Z\ 2/ (HA(jf)d(ij)> / du(X) S U+ 4y
f
ur€Z fixed vV f. (2)

With a certain choice of face amplitude and a chosen lift of
some phase space coordinate to its logarithmic correspon-
dence, the critical deficit angle can take the value
ey = 4nZ/y, similar to the EPRL model. In the special
case that e, = 0 for all f, it describes a smooth dS or AdS
spacetime because the 4-simplices are all constantly curved
with consistent A.

The solution &y = 0, describing an (A)dS spacetime,
only appears as the real critical solution, when we consider
the action as a function of real configuration variables. By
analytic continuation, we also find a complex critical
solution that gives a nontrivial deficit angle hinged by
each internal triangle. This means the spinfoam model
does not suffer from an “(A)dSness problem” but allows
freedom of intrinsic curvature at the semiclassical regime,
just as how the flatness problem in the EPRL model is
resolved [8].

This paper is organized as follows. In Sec. II, we give a
concise review of the spinfoam model with A # 0 intro-
duced in [2], focusing on constructing the vertex amplitude
of the spinfoam model. In Sec. III, we propose a precise
form of the edge amplitude that describes the gluing of
4-simplices. We complete the construction in Sec. IV by
further fixing the face amplitudes, which allows us to write
the full amplitude for any given 4-complex. We then
perform the stationary analysis on the spinfoam amplitude

'"The real critical point is inside the integration domain
understood as a real manifold. The complex critical point is in
the complexified integration domain and in general away from
the real integration domain.

to find the critical solutions. This is done in two parts. First,
we derive in Sec. V the real critical solution that describes
curved 4-simplices and their gluing. We then focus on the
real critical solution to the deficit angle in Sec. VL. In
Sec. VII, we discuss the complex critical solution and find a
nontrivial critical deficit angle. After these general analyses,
we give a concrete example with a so-called A3 4-complex
and illustrate the critical behavior of the corresponding
spinfoam amplitude. We conclude and give outlooks in
Sec. IX. Some details and existing results supporting the
analysis are supplied in the Appendices.

II. PRELIMINARY: 4D SPINFOAM WITH A # 0
FROM BOUNDARY CHERN-SIMONS THEORY

In this section, we give a concise review of the spinfoam
model introduced in [2] which describes 4D quantum
gravity with a nonvanishing cosmological constant A in
Lorentzian signature. For more details, we refer to the
original paper [2] and a more recent one [12].

A. Classical theory

The starting point is the Plebanski action [13] of the first-
order 4D gravity with A on a 4-ball By:

Sntaniale. A = 3 A 4 TrK* + %) (e ne)
A (f(A) e e))], 3)

where e is the cotetrad one-form valuing in 81(2,C), A is
an 8[(2, C) connection with F(.A) being its curvature two-
form, x is the Hodge star operation and y is the Barbero-
Immirzi parameter which takes a real value. Equation (3)
can be formulated as a BF action

(o) n (71 205)
(4)

followed by imposing the simplicity constraint B = ve A e
which encodes the sign v := sgn(A) of A. Consider a path
integral of the BF action (4). The (Gaussian) integration in
the B field reduces the exponent of the integrand to a
second Chern-term, which can be written into two CS
actions on the boundary 0B, = §* of B,. That is,

5Spr[B.A] 3i
dAdBe’r = [d —
/A e’ /Aexp<4f§|A|

« /B4Tr <* +%>f(A) Af(A)D

= /dAdA EXp(SCS [A] + SCS [A])’ (5)

SBF[B,A] :—%‘/B Tr
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FIG. 1.

The decomposition of the ideal triangulation T(S3\I's) of S*\I's into 5 ideal octahedra (in red), each of which can be

decomposed into 4 ideal tetrahedra. The cusp boundaries of the ideal octahedra are shrunk to vertices in this figure. Numbers 1,2,3,4,5
with bars denote the 4-holed spheres on 0(S3 \I'3). In each ideal octahedron, x, y, z, w (labeled in red) are chosen to form the equator of

the octahedron. The same figure appears in [2,14].

where £, =/ 87Gh/c? is the Planck length and the

Chern-Simons (CS) action Scg[A] (resp. ScglA]) is a
function of the self-dual connection A (resp. the anti-
self-dual connection A) with a complex coupling ¢ (resp. 7).
The actions take the form

t 3
Scs[A}:§£3Tr|:A/\dA+§A/\A/\A:|,

SCS[A}:é/yTr[AAquL%A/\A/\A}, (6)

where t=k+is and 7=k —is with k:f}f"/’\‘ ez,
P

s =ykeR.

Performing the Gaussian integral in B is equivalent to
imposing the constraint F = @B, so the simplicity con-
straint now relates the curvature to the cotetrad:

A
]::ge/\e. (7)

In order to impose this simplicity constraint later at the
quantum level, we introduce defects on a graph in S°,
denoted by I's (see the middle graph in blue of Fig. 1),
which contains 5 nodes and 10 links and can be viewed as
the dual graph of the triangulation of S3>—the boundary of a
4-simplex. The defects, carrying the information of the
simplicity constraints, generate boundary conditions of the
CS theory on the graph-complement S*\I's and will be
quantized to boundary states in the quantum theory.

A set of phase space coordinates on the boundary of
S3\T's can be constructed based on the ideal triangulation
of $\I's, denoted as T(S*\I's)), as shown in Fig. 1. It
contains 5 ideal octahedra, which are octahedra with
truncated vertices as shown in Fig. 2(b). Every truncated
vertex produces a boundary denoted as a cusp boundary.
By adding an internal edge, an ideal octahedron can be
decomposed into 4 ideal tetrahedra, denoted by A, as
shown in Fig. 2(a) (see [2,12] for more details on such
triangulation and see, e.g., [15-21] for ideal triangulation
on manifolds with other topologies).

On the boundary dA of each A, the holomorphic CS
phase space P, which is the moduli space of framed flat
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FIG. 2. (a) An ideal tetrahedron whose edges are dressed with
FGcoordinates z, 7, or z”. Each pair of opposite edges are dressed
with the same coordinate. The cusp boundaries are shown in gray.
(b) An ideal octahedron. Choose the equator to be edges dressed
with x, y, z, w. Adding an internal edge (in red) orthogonal to the
equator separates the ideal octahedron into four ideal tetrahedra,
each of which is dressed with different copies of coordinates
(x, ', x"), (v, ¥, ¥"), (z,2.2"), (w,w,w"). For edges shared by
different ideal tetrahedra, coordinates are multiplied together.

connection” on 0A\, is given by a triple of Fock-Goncharov
(FG) coordinates (z, 7, z”) € (C*)? dressing the edges of A
as in Fig. 2(a) subject to a constraint:

Pon ={z,7,7"€C*z7'7" = -1} €(C*)%. (8)

The anti-holomorphic phase space and the corresponding
symplectic form are defined in the same way in terms of the
complex conjugated FG coordinates (Z,7,7”). The con-
straint as shown in (8) eliminates 7' and 7z’ from the phase
space coordinate. The symplectic form of the boundary CS
phase space takes the form

t T - : dz” dz
wk'SZEQ_FEQ, Wlth 927/\?,
_ dz// dz
R=—rn7> 9)

which motivates us to take the logarithm of the FG
coordinates, each with a randomly chosen but fixed lift:
Z :=1log(z), Z' :=1log(z'), Z" := log(z") and similarly for
the antiholomorphic counterparts, so that the canonical
pairs have the standard Poisson brackets: {Z,Z"}o =
{Z,7"}5 = 1. We reparametrize these logarithmic coor-
dinates in terms of a pair of real variables (u,v) € R* and a
pair of periodic discrete variables (m,n) € (Z/kZ)? by

’A framed flat connection is a flat connection with a flat
section s, called the framing flag, in an associated CP' bundle
over every cusp boundary, satisfying (d — A)s = 0 [15,18,22].

2mi B 2ri

Z= T(_ibu -m), Z'= T(_ib’/ —n),
— 277:1 .1 =1 27[1 27 —1
Z:T(—lb p+m), Z :7(—117 vtn), (10)

where b is a phase related to the Barbero-Immirzi
parameter by b*> = 11;_11; with positive real part Re(d) > 0
and nonzero imaginary part Im(b) # 0.

The moduli space of flat connection on A, defined by
Lp={(z,7")€Pyplz”' +7"—1=0} is a Lagrangian
submanifold of P,..> The algebraic curve equation
77V 4+ 77— 1 =0, therefore, restricts the connection on
A to be flat. This will play a key role in the critical

property of the spinfoam amplitude we analyze in Sec. V.

B. Quantum theory—the vertex amplitude

The new variables y, v, m, n are quantized into operators
and their Poisson brackets are at the same time quantized
into commutation relations as follows.

k
oty = {nmby = 5.

(o}, = v}y =0 — us] = fom] = o

[u,n] = [y,m] = 0. (11)

The spectra of u, v are real while those of m, n are discrete
and bounded to be Z/kZ. 1t is then natural to define the
kinematical Hilbert space to be Hi" = L*(R) ®c C*
where C* is a k-dimensional vector space.

The building block of the vertex amplitude is provided
by the CS partition function on each /A, which is the
quantum dilogarithm function WP (u|m) of the “position
variables” (u,m) of the phase space coordinates

s l_q.H»]Z—]

J=01-g77z 1> if |Q| >1

W (ulm) =

o 1—gitiz! . :
jzol_‘;f_,zz,l, if || <1
Here u is analytically continued to be a complex variable
and 7 is changed to Z accordingly (as it is no longer the
complex conjugate of 7). ¢ and ¢ encode the CS couplings
and play the role of quantum parameters:

3xp = 2,7, 7" can be defined in terms of framing flags parallel
transported from the four cusp boundaries of A [see (B2)]. One
can directly check that, for the case of nilpotent monodromies, the
following equations are indeed satisfied.

727’7 = -1,

7l - 1=(")"" - 1=() " +z-1=0.

084040-4



DEFICIT ANGLES IN 4D SPINFOAM WITH A COSMOLOGICAL ...

PHYS. REV. D 109, 084040 (2024)

CI—eXp<?) = exp [Zkl(l +b2)] = e,
q:exp(@) — exp ﬁ’{’( +b )] = oh, (13)

The classical limit is at %, 7 — 0 or equivalently k — oo.
Importantly, ¥ (u|m) is holomorphic only in the upper
half-plane Im(u) > 0 whereas has simple poles at the origin
and in the lower half-plane Im(x) < 0. More precisely, the
poles are located at

fpole = ibu +ib~'v  with u,veZ_u {0}
and u—v=-m+kZ. (14)

In order to obtain an absolutely convergent integrals on
(Fourier transform of) W (u|m), which are essential for a

Cp =) Zp =2xi,

ASE ASE

CE:ZZ§:2ﬂi—>CE:2ﬂi+h,

finite result of the spinfoam amplitude as we will show
later, the integration contour of y needs to be shifted to
avoid the poles. This was the motivation to introduce
imaginary parts « = Im(y) and f = Im(v) to the continu-
ous parameters u and v respectively in the quantum theory.
(a, p) are chosen within a region called the positive angle
structure [19] of W4, denoted as . However, only the
real parts Re(u) and Re(v) are quantized while a, /3 are kept
classical.

Gluing A’s reflects symplectic transformations on the
phase space coordinates. In addition, a constraint on the
FG coordinates is imposed on each internal edge created
from gluing A’s. Given the (logarithmic) FG coordinates
{Z2,7%} osp on an internal edge E from different A’s,
such a constraint and its quantization take the following
form.

Cp =2xi + . (15)

In T(S3\I's), internal edges are those added in the ideal octahedra to separate each ideal octahedron into 4A’s (see
Fig. 2(b)). Consider 4 copies of (logarithmic) FG coordinates (X, X', X"), (Y, Y, Y"), (2,72, Z"), (W, W', W"), each for
one A in an ideal octahedron. The constraints and their quantizations are

Hx +py +pz +pw =0
mx+my+mz+mW:0

where {y;,

ux +py +pz +py =10
—
mx+my+mz+mW:O

. Q=b+b, (16)

m;}i—x.yzw are the parameters of different FG coordinate copies defined in the same way as in (10) and

{m;,m;},_y y , are their quantization respectively. Such constraints allow us to eliminate one set of FG coordinates, say
(W, W', W"), by symplectic quotient. As a result, the CS partition function on an ideal octahedron is

t+1

U] = ity ] gkl

1 —g'xyz

Zou(x,y,2:%,3.2) H
i,j,k,1=0

where (x,y,z;%,9,%) =exp[(X,Y,Z;X,Y,Z)]. The pos-
itive angle structure [, of Z is different from L, but
is proven in [2] to be a nonempty region.

Gluing 5 ideal octahedra to form T(S?\I's) does not
introduce more internal edges but the partition function on
S?\Is is subject to a series of symplectic transformations
on the FG coordinates which can be summarized in a
symplectic matrix M defined as follows.

(3) 7M@) () (e o)

(18)

l—q"x' 1—-g7/y

1 P (17)

1—-g* 11 xyz

where A and B are 15 x 15 matrices with integer entries

and 7is a length-15 vector with integer elements. (®, TT) 7 is
a vector of coordinates in the CS phase space

Posi\ry) = ®;_, Poiocr), of S copies of octahedron boun-
daries with ® = (X;.Y:.Z;), 5 being the position
variables and Tl = (Px, =X] =W/, Py =Y/ =W/,
Py =7/ -W/)[, 5 being the conjugate momenta

.....

before the symplectic transformations. Q. 2}3 are the
position and momentum variables after the transformations
respectively.

Parametrlzmg these coordinates as Q = 2 (—ibji — i)

and 5B = i (—jby — i) with i,veCY m, i€ (Z/kZ)",

084040-5
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the resulting partition function is written as [12]

N 4i
Zgr, (Hm) = ey >

€(z/k2)"

where the integration contour C*'3 is along B = Im(7)
which satisfies the positive angle structure PB(S*\I's) of
Zsnr,- See [2] for more details on ’.B(Sg\l“s)

Different from the fact that elements of ® and I are
coordinates on edges of ideal octahedra, elements of Q and

‘fB are coordinates on annuli, which are the boundaries
created by removing the edges of I's from S$3, and
coordinates on 4-holed spheres {S,},_, s, which are

the boundaries created by removing the 4-valent-nodes of
I's from S3. We denote these coordinates as follows.

- ({Tab}a<h1 {ya}2:1)1
(20)

- ({2Lab}a<h’ {Xa}fz:l)’

where 2L, is called the complex Fenchel-Nielson (FN)
length on the annulus, denoted by (ab) or (ba), connecting
S, and S, through holes and its conjugate momentum 7,
is called the FN mwist.* On the other hand, X ,and ), are
FG coordinates on S,. Introduce an orientation for each
annulus (ab) such that S, is the source and S, is the target
if a < b and the opposite if a > b. There is a constraint
Ly, =—L,, on each (ab) due to the gluing of ideal
tetrahedra to form ideal octahedra [2].

Simplicity constraints can be separated into first-class
type, which we impose strongly, and second-class type,
which we impose weakly, at the quantum level as how we
treat them in the EPRL model [23]. The first-class
simplicity constraints correspond to flat connections on
the annuli while the second-class ones correspond to those
on the 4-holed spheres. Parametrize each FN length as
|

v, (Re()) 1= e-V2PaRe(z) (%) V4 Reln)—bRe(z,)

k
G = (3) e

=Im(y,).”

P.EZ

where £,

dlsﬂ(—l)?ﬁerﬂ( U-ABT-U+71-ABT 1) %[—Wﬁ—%t

ik

tkwa & 27rm )2 ik
E e 2R 27pa—xa) e2a

iz (-BTo| - BTi), (19)

2L, = ibuy, —my,). The first-class constraints
require that 2L, €iR hence Re(u,,) =0. Imposing
this quantumly means that we require the partition
function, or the quantum state, Zg\r,(|m) to satisfy
Re(pap) Zgr, (/Zi|ﬁ'1) = 0. Such quantum states are those
labeled by “spins” j,, : —mab/2€{0,2,. .51} dressing
the annuli (since a,;, = Im(y,;,) is not quantized):

2m (

ZS3\F5({iaab}a<b7 {:l’[u}|{jab}a<b7 {mu})’ (21)

Jap(a < b) encodes the area a; = a,, of a curved triangle
f on the boundary of a homogeneously curved tetrahe-
dron, which is isomorphic to the moduli space of SU(2)
flat connection on a 4-holed sphere S, [24]. For the
convenience of some discussion, we also introduce j,
that relates to my, of Ly, =3E(—ibpup, —my,) in the
same way.

Fixing the areas of all the boundary triangles, the
(reduced) moduli space of flat connection has a pair of
Darboux coordinates, denoted by (4,, ¢,), as functions of
the FG coordinates X, =2 (-bu, —m,) and Y, =
2mi # (—=bv, — n,). The second-class constraints are imposed
0n these FG coordinates. To impose them weakly, we
define a product coherent state ¥, (Re(u,)|m,) =
v, (Re(uy)) ® &, y,)(m,) on each S, living in the
Hilbert space Hs, = L*(R) ®c C* s.t. p, = (24.%4.Ya) €
CRT?is a triple of coherent state labels. The two
coherent states defining ¥, are

_,\/_Re )m(z,) EL2<R) 7, € C, (22&)

o(B-2mp,—x,) & Ok, (x4, ¥4) €[0,27) x [0,27),  (22b)

The second-class constraints are imposed on the coherent state labels {p,}, and we denote those

satisfying the simplicity constraints as {p, = (24, X4, 94) }a- |, (Re(,)|m,)| peaks at

‘L., and T, are (logarithmic) SL(2,C) FN coordinates while 2L,;, is an PSL(2,C) FN length as 2, := exp(2L,;) cannot
dlstmgulsh l,, and —I ;. This is the reason for the introduction of factor 2 for the FN lengths. See [2,12] for more discussion.

The pre-factor e~V2Re(z) i defining y, (Re(u)) is there for a bounded result of the vertex amplitude [2] and its contribution is
negligible at large-k regime as we will see in the stationary analysis.

084040-6
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L3

k
Re(ﬂa) = —Re(za)’ mod (1, k) = 27[)?0- (23)

7?2

P, corresponds to the Darboux coordinates (éa, qga) of the
moduli space of flat SU(2) flat connection describing the
shape of the curved tetrahedron with fixed triangle areas
[12]. The range of (6,.¢,) depends on the 4 spin
|

Av(l) = <le),,|ZS3\F5>

= Z /R5 d5ﬂa353\r5({iaab}a<b, {ua + i, Y {Jab taeps {ma}) H W, (Halmy),

{m.} e (z/kz)

where L= ({aabvjub}a<b’ {ﬁu [51=17 {aa’ﬂu [51=1) with

fB. =1Im(v,), and we have specified the imaginary part
a, of the continuous parameter of X', hence y, €R in the
expression. It is proven in [2] that the vertex amplitude
A, (1) defined in (24) is bounded for any coherent state
labels {p,}>_,.

The construction of the vertex amplitude of a spinfoam
vertex v described above was based on a labeling order
1,2, ...,5 of 4-holed spheres on 0($*\I's) (e.g., it relies on
Jap With @ < b while {j,,},-, are redundant). Such a
labeling order dependence can be removed by introducing a
sign k!, = &1 on each annulus that relates to the orienta-
tion of the annulus. Then the FN length L}, is redefined as

S 27i
K;bLZb - 7 (_lb/’lab - mab)' (25)
k!, satisfies the following properties.
Kip = Khgr Ko =—Kpy
if annulus (ac) of v connects annulus (bd) of v/.  (26)

) = (onnsi)(sins)
(skAsj)(siNst)

flip orientation

configurations {j,} ;.. We denote the range as /\;l; with

continuous ] €[0,k/2)**. The second-class simplicity
constraints are imposed weakly in the sense that they are
satisfied only on the peaks of {|%¥; |},

The vertex amplitude is defined by the inner product of
the partition function (21) and 5 coherent states {¥; }>_,.
That is,

5
(24)

a=1

[
The previous construction is then a special case when
k!, = 1 for a < b. The introduction of k!, is related to the
face orientation of a spinfoam 2-complex [25].

III. GLUING $*\I's’s—THE EDGE AMPLITUDE

3-manifolds S*\I's’s are glued through ‘“eliminating”
boundary 4-holed spheres pairwise. Each gluing contrib-
utes an edge amplitude to the spinfoam amplitude. Denote
the two 4-holed spheres to be glued as S (from spinfoam
vertex v) and S} (from spinfoam vertex v'). The gluing is
done by flipping the orientation of one of the 4-holed
spheres, say SY, then identify the holes pairwise. This also
automatically identifies the edges of the ideal triangulation
T, of S4 and that T), of S pairwise. Intuitively, such a
gluing should produce constraints semiclassically to the FG
coordinates on the glued 4-holed spheres. More precisely,

(a)
suppose the edge on T, dressed with ¢ is glued to the

/(b)
edge on T, dressed with ¢/, then

r(a) _ (Sl/\s71>(5j/\sk> _ —XE;‘)

(siNsj)(si\sp)

FIG. 3. FG coordinate dressing the edge on T, connecting hole 7 and j defined from framing flags {s;,s;, s;,s,} parallel transported

from holes of S, before and after flipping the orientation of S,,.
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(a) /(b)
ety =i, (27)
We call this the gluing condition. The minus sign on the
r.h.s. is there since, when one flips the orientation of a 4-
holed sphere, the FG coordinate defined in terms of the
framing flags [see (B2)] is changed to its inverse as shown
in Fig. 3. For each gluing, there are 6 such gluing
conditions, each corresponding to an edge of 7, (or an
edge of T},). Four of them are given by identifying the 4
spins on the annuli attached to holes of S’ and S}. They
give the constraints

(28)
|

o= Jbe =y

eXu — e%’f’( ibﬂZ—mﬁ)7 eyll — e%<_lbyi_ni)

’

e b

on the logarithmic FN coordinates {2x..L%. =
—4ziji./k}, and {2« LY, = —4xijy . /k}, when annuli
(ac) and (bd) correspond to the same spinfoam face f.
The remaining two gluing conditions are imposed on the
FG coordinates (e, %) on S? and those (e, eh ) on
Sz/. For simplicity, we let the edge dressed with e« be

Yy and let the edge

dressed with e~ be glued to the edge dressed with eh .°

Such a requirement might give restriction on the topology
of the simplicial complex after gluing, but is shown to be
possible in some simple examples including the As-com-
plex as will be shown in Sec. VIII. Parametrize the FG

glued to the edge dressed with e~

. v v U/ U/
coordinates (e¥e, Ve, %, e¥s ) as

!

v i g0 v v
Xy, = ezT(_’h”b -, ), yb =¢ i(=ibuy —n} ) (29)

As each 4-holed sphere is coupled with a coherent state, we propose an edge amplitude as a function of coherent state

labels that peaks at the gluing condition. Denote the coherent state coupled with S; as W, (u;|m;) with p, =

(2 % 9}
and ¥ peak at

and that coupled with S};’/ as ‘PA/ (up,

states (and derived in Sec. V), the coherent states V5,

'|my) with p, =

(Za > a ’ ya)
). As can be seen from the expression (22) of the coherent

o= VP Rep) — ReG). 3= Fmod (i), 5, = = mod (11.K)
2, = \/k_ﬂ (Re(ul) — iRe(v})), %, = 2%mod (my k), 3, = —%mod (n¥, k). (30)
We define the edge amplitude on a spinfoam edge e corresponding to gluing S and S}j’ to be’
k2
AD P e hbe) = (5) [T, 80 672,01 G1)
where
(9074 = jﬂ (2(Re(z,) +Im())? + 2(Re() + () + (i + 5 + (B + 1))
T as (4Im( pIm(Z,) + %94 + 2,3, +29.9;,). (32)
Its stationary point is at
Re(Z,) = -Im(z,),  Im(z,) = —Re(Z,), % =-F,,  Fa=—F (33)

The imaginary part of the action is there for the existence of nontrivial critical points, which we will derive in Sec. V.

®It is not possible that the edge dressed with e%« (resp. dressed with e™*) is glued to the edge dressed with et (resp. dressed with
e ) as S} and S}j/ are both oriented outward. See the upper panel of Fig. 5(b) for an illustration.

"The prefactor (

4z

-£5)? is inspired by the over-completeness of the coherent state (before imposing the simplicity constraints on p,), i.e.,

k\? T 10!\ 52V 2 .Re(z,)
4r?) Jexm dpa ¥y, (ulm)¥,, (' |m") eV L) = 6, 8 i) |-
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The edge amplitude relates the coherent state labels of the coherent states coupled with S} and S Z/- We denote the integral

over the coherent state labels upon the imposition of the simplicity constraints in terms of the Darboux coordinates (9a, qga)

on S, and those (), $),) on S, [12]:

1 ~ n
4P = / dd, A 4.
/ G, 20 ),

1 A n
dp, == — dé), A dg),. 34
/ » =502 /M 9% by (34)
0

’p

Combining the measures on the coherent state labels, the expression

{]a( de}z d

gives a nonzero and bounded result when M 5 n M?, *O.
a b

IV. THE FULL FINITE AMPLITUDE

The set of gluing constraints (28) collected from all the
gluing processes to obtain the final 3-manifold are not
necessarily independent due to the intrinsic symmetry
L’ =—Lp, in {L?,}. This needs to be taken into account
when boundary annuli are glued to form a boundary torus,
which corresponds to an internal spinfoam face. In this
case, a face amplitude needs to be taken into account.

Separate the spins {j/} into those for the boundary
annuli and those for the boundary tori, or internal spinfoam
faces. We adopt the face amplitude for each internal
spinfoam face proposed in [12] with an undetermined
power p €R:

Ap(p) = [2jp + b7 8200 peR,
1 k—1
jr =02, ey~ 36
Jf ) 3 (36)
where [n], = “q ‘;‘1 = sin(#2)/ sin(%) is a q-number with

q = ¢*/¥ being a root-of-unity depending on the CS level
k. At k - oo limit, [2j; + 1]} — (2j + 1)? becomes the
face amplitude used in the EPRL model as desired. The
g-deformation of this term is due to the following argument.
The form of the face amplitude is related to the boundary
Hilbert space [26], which we expect to be spanned by spin
network states defined from the CS theory. On the other
hand, the quantum states of CS theory at level k are
described by the quantum group deformation of the gauge
group [27-29]. We, therefore, expect that the spin network
states should be gq-deformed, so as the face amplitudes..8

¥The term [2 ++ 1]} in the face amplitude does not affect the
semiclassical analysis of the amplitude. In this context, it does no
harm to change this factor to any other polynomial of j; or its q
deformation.

> / i [ AN Ui DA B e e ) AL ) (35)
i

Fy given in (36) is a real quadratic function in 2L, =

i
—% defined as

‘7:f(2Lf) = le(2Lf)2+lT[bf2Lf+Cf, le,bf,CfER.

(37)

The coefficients are undetermined at this stage, but we will
come back to them when we consider the critical equation in
Sec. VI. The addition of exp (% F ;) in (36) is related to the
fact that the FN twist, denoted as 7';, conjugate to 2L s and
associated to the B-cycle (along the longitude) of a
boundary torus is not necessarily only the linear combina-
tion of the conjugate momenta {7~ }}v but may also contain
aterm linear in 2L/ [see the discussion below (B31)]. As we
will see in Sec. VI, adding this term and carefully choosing
the values of a; and b can reproduce the information of 7',
in the semiclassical regime. On the other hand, the addition
of this term only changes the phase of the CS wave
functions, which is not important in the CS theory as they
are not seen when constructing physical observables.
However, it plays a role in the spinfoam amplitude when
internal spins are summed over. It is particularly important
for analyzing the critical point of the action with respect to
the derivative of 2L, which we will see in Sec. VI.

In summary, the spinfoam amplitude for a spinfoam
2-complex consisting of V spinfoam vertices, E;, internal
spinfoam edges and Fj, internal spinfoam faces takes

the form
/ dptee/ Av€e|JHAf 2]f‘|

Xl Ae(past, zﬁeel{JZfe,be"}cd)}

1
X
v

(k=1) /2
<a|Jb

)

5

o
I

<

Av(&”,?,ﬁ”)} : (38)

1
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where v € e denotes that v is at the (source or target) end of

e, a contains all the positive angles, p% contains all the
coherent state labels on the boundary, the summations in j
are for all the internal spinfoam faces and the integrations
over coherent state labels are for all the internal spin-
foam edges.

Now that the vertex amplitudes, edge amplitudes and
face amplitudes are all bounded by the above construction,
and that the integrations over the coherent state labels are
over compact domains, the spinfoam amplitude defined in
(38) for any spinfoam 2-complex is finite given finite
boundary spins j, and finite CS level k.

V. STATIONARY ANALYSIS FOR VERTEX
AMPLITUDE AND CURVED REGGE ACTION

In order to analyze the critical point of the spinfoam
amplitude (38), we look into its large-k regime, where
critical equations of the action can be found. For that
purpose, we convert the parameters {y;,v;, my,n;} of all
the FG and FN coordinates in {A,} and {A,} into the
coordinates {Q;,'P;} that do not scale with k by the
relations

kb ~ ik ~
=—— (R, + ), =————(Q; - b’Q)), 39
Hi 27{(b2+1>( ]+ 1) my 27[(b2+1)( 1 1) ( a)
kb ik -
- = —bB,). 39b
v = 7 <b2 )(slil—f—m[) ny 2ﬂ(b2+1>(m1 m[) ( )
It is shown in [2] that the vertex amplitude (24), at the large-k regime, can be written as
S v Z’ k—o0 =y GV 1J Zv
A J PN Y Y / aM, exp [kst, - (BB 2,11+ 017k, (40)
prezb it e’ Ciiy
where the overall constant is N = 1?«\@20 k*/2 and the measure contains the contour integration over all the momenta ‘.ﬁ”

and ‘i?v and the FG positions { X%, XY >_, on the 4-holed spheres on each $*\I's. Explicitly, G

/ am, A
C><4() Cx?() I=1

PUxPY

—idBY A d‘i}}’)/ /5\ (—idX% A dXD). (41)

The action in (40) can be separated into several parts as follows.

sv THO R
plr"u p (m m
5

a=1

The vectors p* € Z" and u’ = (ul, ...
[recall the expression (19)] and m}, = 27[(172 =y
the first three terms on the rhs of (42) are explicitly [2]

i
4n(B2+1)

Sy 2" Q") =

i [le

1:1

SU(—=BT - ") = ) + Lis (e

Q".Q") +8)(-B] - P") +

+) [Szz,(XZ, X8) 4 (i g (X5, ) —

B (ABT " 29" + 02 (AT 22" -

Y1) + Liy(e

P (B - )

N

P ul(Xy — X |. (42)

- . . : = Zv
,ul)T €Z° come from the Poisson resummations of 71’ = W’Z‘H)(‘B” -bB)

(X — - b2 X v) respectively. Neglecting the subleading contributions at large k,

i (R
} %, (43a)

“Z}) 4 Liy(e™™! )} , (43b)
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BT ) =

it
—_
/—\

Mm

b w2+ 1) [le

t:l

where —BT - B’ =

)+ Lia(e™¥) + Lin(e ) + Lin(e™™)). (43¢)

(X?,Y?,Z¥)3_, with subscript i denoting the octahedron Oct(i) on the S*\I's corresponding to v.

Similarly for the tilde sectors. Li, appearing in (43b) and (43c) is the dilogarithm function defined as Li,(z) :=

Zlnl u)
0 u

du for z € C. The first two actions in the square bracket of (42) correspond to the coherent states (22a) and (22b)

respectlvely and, neglecting subleading contributions, they read

v P b
Sal¥e ) =—5 )

Stassn (Xa Xg) = === = —

ixgyy 1 {z(

Xy~ b X,)

L s [P(XE+ XY . 1 :
X4 A | a4 \/2%0 ] — —Re(22)? 44
ey -+ )PS5 Retary (442)
2 1 (XL_bZ/fv)j}v
go| - —iTe Z Talla 44b
a] 2 b*+1 (440)

The action of the full amplitude includes the actions of all the spinfoam vertices and the exponents of the phase factors in

all the face amplitudes [when expressing 2j, = m; =

Vv

& . 2L with 2L; = k2L, for annulus (ab)], i.c.,

Ein
S:ZS;’,IZ’"',ﬁ”+ZI ( bee’ﬁb€€)+z ( ff 2Lf 2quf>’ (45)

v=1

where uy€Z comes from the Poisson resummation of
_iky .

27— 6/k
> / d(i2Ly)e ks ... (46)
u ez

m;EZ/kZ o/k

We now look for the critical points of the action (45) with
respect to the integration variables in the measure (41),
which are independent in §” = S” -, of different »’s. (In
contrast, 2L ;’s are entangled among spmfoam vertices and
we postpone the analysis on the critical points with respect
to them to the next section.) The critical equations are

s’ 9S"

—_— = e . V I = 1, . N 15, 478.
o’P;  oP; (472)
s’ oS

_® 0, VYa=1,..5 (47
OX.  ox? . (47)

Equation (47a) are the reformulations of the algebraic
curve equations

O el _T=0, e 4l —T=0 (48)

in terms of the new position and momentum variables
(fQ",‘.fB") and (QU,‘i}U). Here, 1 is a length-15 constant
vector with elements 1. We refer to [2] for detailed
derivation. See also [12]. The solutions to (48) describe
the moduli space Lgnr, of SL(2,C) flat connection on

S3\I's corresponding to v, which is a Lagrangian

[
submanifold of the moduli space P, g\, of SL(2, C) flat

connection on 9(S*\I's) spanned by (®'.0") and

(®".11"). At the same time, the solutions fix the integer
vector p? by the lifts of the (exponential) FG coordinates to
their logarithmic counterparts.

On the other hand, the solutions to (47b) give the
expectation values of the FG coordinates under the coherent
state lgaasis, which are determined by the coherent state
labels:

_ k ap
Re(ug) _ﬁRe( Za),  Re(va) ——2ﬂIm(zZ;),
k k
v RV v __ {H v = ceeygJde
ma 2ﬂxa’ na 272,'ya’ a 1’ 5 (49)

Since the constrained coherent state labels (22,35, $2)
for a 4-holed sphere S, describe the shape of the tetrahe-
dron isomorphic to S, given areas of the boundary triangles
fixed by {j.p},» the critical points of the vertex amplitude
describe the moduli space M, (S*\I's, SU(2)) of SU(2)
flat connection. Reference [6] has revealed that there is an
isomorphism between the fundamental group z; (S*\I's) of
§*\I's and the fundamental group r(4-simplex) of the
4-simplex isomorphic to the bulk B, of S*. We, therefore,
conclude that the peaks of the vertex amplitude describe the

“We use the coherent states in [12] (up to a pre-factor), which is
the complex conjugate of those in the original paper [2], hence the
critical solutions to X’} and X", matches the ones in the former

paper.
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curve geometry of the 4-simplex dual to the spinfoam
vertex.

Such a geometrical interpretation can be made exact
thanks to the geometrical interpretation of the FN lengths
and the FN twists as proven in [6] (see also [7,14]), which
we now use. Briefly speaking, the FN length 2L, (a < D)
measures the area a,;, of the curved triangle f,, shared by
tetrahedron a and b on the boundary of the 4-simplex while
the conjugate momentum 7 ,, relates the dihedral angle
®,, between a and b around f ;. We sketch the derivation
in Appendix B.

S

Pa = sta(d + S

Av AV
(gz(f)’yfl(f)) + Se(pa’pb )’

Therefore, the critical equations are

Ay,

p[l _aS

lbd

_ % _ 95, _

Lastly, we also need to consider the critical points with
respect to the coherent state labels p, = (%,, %,,$,) and
P, = (2,.X,.3}) associated to the internal spinfoam edges
corresponding to gluing S, and S),. Only two real degrees
of freedom, captured by (6,,¢,) [resp. (6},.H),)], are
independent in the four real parameters (Z,, X,, 9,) [resp.
(2,,%},,9},)1 due to the imposition of the simplicity con-
straints. Indeed, the parts of action S that have dependence
on (0,.$,) and (8),.$,) respectively are [rf, (32)
and (44)]

Sp, = Sy + S0 oy + Se(Pas o). (50)

0, op, 00, o},

Explicitly, aS; / 00, is calculated by

95,

dS;,, oRe(2,)  9S,,

(51)

olm(z,) S, 0%, 0S, 99,

00, OJRe(z,) 00,

olm(z,)

A A ~ A A 52
00, | 0%, 00, 09, 00, (52)

and similarly for the other three partial derivatives in (51). A further subset of solutions to (51) are then given by

solutions to

as, as, a5, 9§,
= === =0, (53a)
oRe(z,) dlm(z,) 0%, 99,
Sy Sy oSy  0Sy
o (53b)
dRe(z),) dIm(z,) 0%, 9,
The relevant actions for the first two equations in (53a) and (53b) respectively are
; 1 2 21 1 2
st 1= = (CE2Reli) ~Re(2)) =1 (Re(z) + )P +4( Hmie)) + 3Ry Jimiz). (549

G L (V2
¢ 2n

k 2

2
V2 Re(u)) - Re(Z) ) — L (Re(3)) + Im(2,))? + z(% Im(z,) +

YERe() Jim(Ey), (540

where y1,, (resp. y;) is the parameter of X}, (resp. X' Z’) on S, (resp. S)) that enters the variables of v, (resp. I/I%) coupled to
S, (resp. S}). On the other hand, the relevant actions for the last two equations in (53a) and (53b) respectively are

T 1 2wm, \? . . . . 1 [2mm, .
§Fada) o _ << ﬂk —2xp, —xa) + (& +95)% + Pa +x§,)2> +12”ya< ﬂk —2np, +y2,>, (55a)

(& 30) 1 2rm) \? . . . . 1 2am N
Se bt :Z_E<< kb—anthx;, + (Ra + 30+ Pa + 1,)? +tﬂyz T”—Zﬂprryu ,  (55b)

where m, (resp. m;}) is the parameter of X7, (resp. X ,ﬁ') on S, (resp. S),) that enters the variables of &; ;) (resp. S, 5)
coupled to S, (resp. S}), and p,, p, € Z. Combining (49), the critical solutions to (53) are then
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When m,, n,, mj, n} are restricted to [0, k), which fix the
lifts of the corresponding exponential FG coordinates, the
two solutions on the right give p, = p, = 0 and m, = nj,
m), = n,. Therefore, at the peak of the amplitude, the
desired gluing condition X, = V), YV, = &} [r.f (27)] is
realized.

Although the full set of solutions to (51) is complex as
the explicit expressions of the functions 0,(p,) and ¢, (p,)
[as well as 8),(p,) and ¢},(5},)] take more complicated
forms, only the simple and special solution (56) gives
dominant contribution to the amplitude while the contri-
butions from other solutions are negligible. This is because
the real part of the action

AP

— NN
Dl = 52;(e> + S(ﬁ@)&;(e)) + SQZ@) + S(jgm&gm) +S.(pL.py)

(57)

is zero only at the solution (56) while negative at any other
solution, if exists. This means (the absolute value of) the
amplitude exponentially decays at large k unless the
solution (56) is reached. At the dominant solution to all
the critical equations (except for the internal spins, which
we leave for the next section to look into), the FG

(a

coordinates y, j> and y/ ,(f;) on each pair of glued edges satisfy

28 =0 (58)

as desired.

VI. STATIONARY ANALYSIS FOR SPINS
AND THE CRITICAL DEFICIT ANGLE

In the previous section, we have only considered the

critical equations with respect to the momenta ‘IE” and ‘B“
and positions on 4-holed spheres {X,, X',} which are
independent from different vertex amplitudes, and coherent
state labels that are relevant only to neighboring spinfoam
vertices. In this section, we further consider the critical
equations of the total action (45) with respect to the internal
FN lengths 2L, and discuss their geometrical interpreta-
tions. This section and the next contribute to the main result
of the current paper. The geometrical interpretations of the
FN coordinates described in Appendix B will be used to
obtain the final result.

An FN length 2L, becomes internal when the annulus
(ab) = f is glued from both ends to become a torus. In the
triangulation language, it corresponds to an internal triangle

shared by tetrahedra from different 4-simplices. On this
boundary torus, a pair of Darboux coordinates is provided
by 47 = e*7, which is an A-cycle (along the meridian)
holonomy eigenvalue, and 7, = e’7, which is a B-cycle
(along the longitude) holonomy eigenvalue. The B-cycle is
particularly chosen to be the one that corresponds to the
dihedral angles hinged by the triangle dual to f in all
tetrahedra sharing this triangle. More precisely,10

(s)
Tf — e—%z/g/. ) S;CS) — stglv’

vef

so=sgn(Vy),  (59)

egﬁ is called the dressed deficit angle. Consider the

lbgarithnlic FN twist

1 . - L G :
Tf:—zyg;.)—i—Zﬂ'le, Tf:—iue})—2me,

with N;€Z, (60)

where N, specifies the lift from 7, to T,. Denote the
(signed) momenta conjugate to k,,2L,, and k,,2L,, =
—Kk452L ,;, respectively in the 4-simplex dual to v as 7 =
Ko Tl and 7~’ = k1", respectively. T (resp. Tf) is
linearly related to {7}, (resp. {’f}}p) as follows [see the
argument after (B31) and a special example in [12]].

Elrf,st[RS.t. Tf:ZT}+rf2Lf+lﬂSf

vef

vef

where v € f denotes that the triangle dual to f is shared by
the 4-simplices dual to v’s.

9T derive (59), we use the definition (B29) of the (expo-
nential) FN twist, which is also valid for a torus. In the torus case,
S, = S,, and we can choose s,.(P,) = $pe(Pp) and s,4(p,) =
spr(Pp). In contrast, su.(p) = Gflsbe (p) and s4(p) =
Gj?lsbf(p) as these framing flags are related by parallel transport
with holonomy G,€SL(2,C) along the B-cycle of the torus.

Along the same calculation as in (B30) and (B31), e_%”(f")“ef . We
then use the fact that 8, =0 derived in (B36). (We do not
consider the time nonoriented case hence the value 0y = 7 is
abandoned here.)
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Let us first consider the derivative of the action (45)
with respect to 2L, for some internal spinfoam face
f = (ab), which gives'

oS i

=— Tv_ber—i{ L]:-/ 2L ) —up
d(2Ly) 2ﬂ(b2+1);( ! f)+2ﬂ- f( £ —uy

(62)

where F ’f is the derivative of J, with respect to 2L;.
Recalling that F (2L ) is a real function quadratic in 2L,
as in (37), then

Using the relations (61) and parametrizing 7, and Tf as

2l - 2mi

Ty === (zibvy=ng). Tp===(=ib""v; +ny),
the critical equation from (62) takes the form
] 2 b
i) o St b o (6s)

k 2

Restricting the range of n, € [0, k) and fixing the coef-
ficients (a;, by) for each face amplitude, there is only one
solution to n; and u, as upeZ while n;/ke(0,1).
Especially, choosing ay = —%rf and by = —sy, the sol-
ution to ny and uy is simply

We next consider the geometrical interpretation of the
critical solution (66). Given a unique solution to ny, we
have

ik

_ vky (s
T 2z(b? + 1)

leading to a unique solution to the dressed deficit angle:

s drv
When we choose the definition of the face amplitude such
that the solution (66) to ny is obtained, we get a constraint

similar to the EPRL model [10,11]:

""We also have the symmetry 7 ,, = =7, as the FN lengths.
When one expresses 7 7 and 7 ¢ in (62) explicitly as {7 ;. 7 },
with a < b, a minus sign appears when two annuli of opposite
orientations are glued.

e = 4zNs/y, N;eZ. (69)

The dressed deficit angle can only take discrete values at

()

the critical point. N is fixed by Ly from the geometry

described by the critical point. In particular

e =0 (70)

with sgn(V}) = 1 (or —1) uniformly satisfy the constraint
thus is a critical solution. When sgn(V}) = 1 for all v € f,
€= yef ©} measures the geometrical deficit angle

hinged by the triangle dual to f. The solution with
vanishing &, corresponds to a smooth dS or AdS spacetime
since all 4-simplices are constantly curved with consistent
constant curvature.

Let us summarize the geometrical interpretation of the
(real) critical points of the spinfoam amplitude (38). When
each vertex amplitude describes a nondegenerate con-
stantly curved 4-simplex, these 4-simplices are further
glued through boundary tetrahedra pairwise by identifying
all the triangle areas and the tetrahedron shapes. Finally,
the gluing of 4-simplices gives a vanishing deficit angle
hinged by each internal triangle, when the 4-simplices
have uniform orientation sgn(V,). This means the
4-simplices can be seen as sub-simplices of (the triangu-
lation T(My,) of) a constantly curved 4-manifold M,.
Namely, the spinfoam amplitude describes a dS spacetime
(when A > 0) or an AdS spacetime (when A < 0) in the
semiclassical regime. We call this the “(A)dSness” prop-
erty of this spinfoam model.

VII. AWAY FROM THE (A)DS-NESS

In Secs. V and VI, we have only considered the real
critical points of the spinfoam amplitude. We can, never-
theless, consider the complex critical points by extending
U, v, m, n in the parametrizations of the phase space
coordinates to complex variables.'> A complex critical
point can be seen as the shift of a real critical point from
the real axes to the complex (hyper-)plane. This is given
by Hormander’s theorem (Theorem 7.7.12 of [30], see
also Theorem 2.3 of [31]), which we formulate into
Theorem VII.1 below as a special case. R

We first express the spinfoam amplitude 250(52\ Jp) (38)
for a 4-manifold M, in the large-k regime:

"For clarity, the imaginary parts Im() = @ and Im(v) = f in
previous sections are fixed and are there only for convergent
contour integrations so y = Re(y) and v =Re(v) are still
considered real variables in the amplitude. Here, we extend these
real parameters to complex variables.
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5 koo Fin
Z @) SNa Y Y Y H/ dpvee/ dpy €e VC A d(i2L)(i2L,)?| T

pez'ViezV iyt |e=I

with 7 = /c WI[dM L exp (kS),

My

where Nyo = (35)/()* 2NV, and the action § is
defined in (45). For the integral 7, where the measure
dM,, is defined in (41), all the coherent state labels {4}
and the FN lengths {2L;} on the internal spinfoam
faces are regarded as boundary data, which we collect
in a vector FE€R™ of real variables with length
m = 10V + F;,. S is a function of n = 40V real variables
¥={{vi,nt} 2, Aus, miy_ }_ €R", which are the
parametrization of {{Bs,Py}1>,, {X1, X2}3_}V_,. Due
to the use of Poisson resummation, {n},m}} are all
continuous variables with integration range [—§,k — §].
The integral 7 can be approximated in terms of complex
critical points as follows.

Theorem VII1. Let X, € R" be a real critical point of the
action S(X,7) defined in (45) with X and 7 defined above
where the Hessian is nondegenerate at the critical points,
ie., det(d2.9)]._:  #0, then

Re(S(X.7)) <0,  Re(S(%y(F).7)) =0,

oS(3, 7)
0X  |iz,(7)

= 0. (72)

Analytic continue X to 7 =X + iy €C" near the critical

point X, with || small, and solve % g’ ) — 0 for a complex

critical point Zy(7). Then at the critical point Zy(7), there
exists some 0 < C < oo such that

Re($(20(F), 7)) < =C[Im(Zy(7))]. (73)

Im(z)

FIG. 4. A complex critical point Z,(7) in the neighborhood of a
real critical point X, (7).

L[m le

(71)

Suppose that S(X, 7) has finitely many real critical points

{)?(()“)}a, and {Z(()ﬂ ) }4 is a collection of the complex critical
points at their neighborhood (f is not necessarily equal
to «). Then the integral 7 defined in (71) can be
approximated as

B) —
okSEF)

1\3
IT=|(- 1+0(1/k)),
<k) Zﬂ:\/det(—H%ﬂ)/@ﬂ))( ( / ))
2 (=
with Hy =797 f;;z D L (74)

The proof follows [30]. For self-consistency, we provide
proof in Appendix D. As analyzed in the previous section,
a real critical point corresponds to a zero deficit angle
hinged by an internal triangle (when sgn(V,) = 1 for all
4-simplices). In contrast, a complex critical point gives a
nonzero deficit angle. At the semiclassical regime, there-
fore, this theorem states that a real critical point corre-
sponds to an (A)dS geometry while a complex critical
point corresponds to a non-(A)dS geometry.

The complex critical point Z,(7) is an analytic function
of the boundary parameter 7 with a real-vector value
Z0(Fy) = Xo at ¥ = Fy. Zo(7) deviates from the real space
R" to C" when 7 deviates from 7, with a finite distance, as
illustrated in Fig. 4. On the other hand, when the critical
point is real, the critical action contributes to an oscillatory
phase. Equation (73) means that the amplitude decays
when the critical point is complex, and that the further the
complex critical point is away from the real space, the
faster the amplitude decays. At large k, the contribution
from complex critical points is dominated by the one
closest to the real space as others exponentially decay
much faster.

VIII. AN EXAMPLE: SPINFOAM AMPLITUDE
OF THE A; 4-COMPLEX

The simplest example where one can apply the formalism
(71) and the above theorem is the Az 4-complex, where
there is only one internal triangle and it is shared by three
4-simplices, denoted as v, v and v”. We will denote
elements on v’ with primes and those on v” with double
primes accordingly in this section.

The diagram of the 3-manifold corresponding to Aj
4-complex is illustrated in Fig. 5(a), which has a similar
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(b

FIG.5. (a)Diagram of the 3-manifold corresponding to the A3 4-complex. The ambient 3-manifold (in black) has one noncontractable
cycle. The (nonintersecting) blue lines denote the annuli and the red loop denotes the torus corresponding to the internal triangle shared
by three 4-simplices. The 3-manifold on which the CS amplitude is defined is the graph (composed of the blue lines and the red loop)
complement of the ambient 3-manifold. (b) The upper panel illustrates the gluing of S, and S. Numbers 1, 2, 3, 4 label the holes and the
dotted lines denote the annuli dressed with FN coordinates that identify the holes pairwise. Edges in thick are dressed with the FG

coordinates on the 4-holed spheres. The lower panel illustrates the quadrilateral to define ¢ and ¥ through (77).

pattern as the cable diagram of the A3 4-complex (see, e.g.,
[8]). The patterns (the way the annuli connect different
4-holed spheres) in different S*\I's’s are identical. Denote
the gluing, or identifying, of 4-holed spheres by ~, then the
internal triangle comes from

v3S,~Sj e, V'8, ~ Sl e,
V'8 ~S e (75)

Figure 5(b) illustrates the gluing of S, and &) as an
example. It identifies the FN and FG coordinates from the
two simplices as follows (we take «,;, = 1 for a < b and

K., = —1 otherwise in this section).
eLZl = e_Lllz, eL23 = e_L/M, eL24 = e_L/IS,
! 4 !
els = =L, e = Vi, eYr = e, (76)

Similar relations are true for the other two gluings S, ~ S}
and &) ~ S;. These constraints result from identifying the

The edge amplitudes for such a gluing is

Ae(ﬁlz)’ﬁzl)/ |j12’ j237j247j257j1127j1137j/]47j/15) =

where p} = (2,,%,,9,) and p} = (2}, %,,5)). The action S, (

framing flags on the glued holes. For instance, as illustrated
in Fig. 5(b), the exponential FG coordinates =2 on S, and
e¥1 on &) are defined in terms of the framing flags as [see

Appendix B, especially (B2) and Fig. 6]

eV — (s A 51)(s3 A 52)

v A A A
(54 A s3)(51 A 83)

(sy A sh) (st Asy)
(77)

3 El

where s; is the framing flag on hole i of &, parallel
transported to a common point in S, and s, is the framing
flag on hole j of S} parallel transported to a common point
in §. The identification of framing flags s; ~ s/, 5, ~ 55,
s3~ 8h, 54~ s, leads to the constraint e”>~*1 = 1 hence
Y, — &} = 0 with a chosen lift. Other constraints in (76)
can be obtained in the same manner. We collect them in
Appendix C.

)

J12:715

8iosott Bine Bins. it EXPLSe (D3, 21 (78)

A
p3.5Y) reads
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U 1 . . . . A f e
Se(P5:p1) = =7 ((Re(22) +1Im(2)))* + (Re(%)) +Im(2))* + (22 +51)* + (52 + %))
i s 5N L Bo L e .o
+ g (Am(E)Im(Z,) + 29, + 2197 + 29:57). (79)

The other two edge amplitudes take the same form except for changing the same elements in v to v’ (resp. the same elements in
v to v") and those in v’ to v” (resp. those in v’ to v). At the large-k approximation of the full amplitude for the A3 4-complex,
the following constraints on the FG coordinates are obtained by solving the equations of motion as in Sec. III.

Xy=V =X =V =X -V =0=D, - X, = V) - X| =V} - X. (80)

We can embed the phase spaces for different S*>\I's’s into the full phase space for the 3-manifold after gluing. Under the
standard Poisson bracket, the constraints (80) can be checked to be all first-class.
We are in particular interested in the equations of motion from the variation of the internal FN length 2L,. It reads

oS i

02L,) 2z(b*+1)

where u;, € Z comes from the Poisson resummation of j,
and ay,, b1, €R are the coefficients of the face amplitude
Ff(Zle) = 012(2L12)2 —+ iﬂblz . 2L12 —+ C12. The FN
twist T, and its tilde sector 7, along the B-cycle of
the torus corresponding to this internal triangle are the
linear combinations of 2L, and its cong'ugate momenta on
three different 4-simplices. Explicitly,l‘

T12 = T12 + 7/12 + T/llz + ry - 2L12 + iﬂ'S]z,
Tyo=Tin+Th+Th—ry 2Ly —ins.
712,S126R. (82)

Parametrize the FN twist as

2ri - 2ri
T, IT(—lb 21y +np),

n,€Z/kZ. (83)

T, and T, are related to the dressed deficit angle 85”

hinged by the internal triangle through

1 s - 1 N .
T =—gvep) +22iN,  Tio=—5vely = 2miNp,.

N, €eZ. (84)

1

Define the face amplitude F /(2L ,,) by fixing a;, = =57,

and b, = —s,, then (81) can be simplified to be

“When gluing the annuli to form the internal torus corre-
sponding to the FN length L, the orientations of the annuli are
congruent, as can be seen in Fig. 5(a), hence there is no sign
difference for 715, 7',, and 77, in (82).

B - ~ 1
(T1o=0*T o)+ (Th, = 0*T o) + (T, —b*Ty)] + o (2ayp - 2Ly +inbyy) —ui; =0,  (81)

n
—%—Mu =0, (85)

whose only solution, when n,, is restricted to [0, k), is

nyy = O, Uy = 0. (86)
This is the real critical solution to the action of (the large-k
approximation of) the amplitude for the Az 4-complex.
Equating (83) with (84), one gets (recalling that Q =
(b+b~") = 2Re(b) and Im(b) = —yRe(b) = —12)

2rb Lo
%1/12 = %Mz - i%ylz = —51/852) + 27iN 1,
= 76(1‘;) =4guN, €4n”Z. (87)

Extending the variables {{v;,n;, v}, n}, v}, n}}12,,
{pas Mg, s mly, ult, mi 3>} € R0 (at large-k regime) to
C'?%, the critical solution becomes complex by the
Hormander’s theorem VII.1. The critical solution renders
ni, # 0, leading to a nonvanishing deficit angle. Its con-
tribution to the full amplitude is small compared to the real

critical solution (86) by Theorem VII.1.

IX. CONCLUSION AND OUTLOOK

In this paper, we have, in a systematical way, given the
complete spinfoam amplitude, composed by vertex ampli-
tudes, edge amplitudes and face amplitudes, for a general
4-complex as the triangulation of a spacetime manifold
when a nonvanishing cosmological constant is present. It is
formulated as finite sums and convergence integrals on the
symplectic coordinates of moduli space of SL(2,C) flat
connection on copies of S*\I's’s and coherent state labels.
We have analyzed the critical solutions to the equations of
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motion at the large-k regime of the full amplitude. The real
critical solutions give SU(2) flat connection on the graph
complement of the 3-manifold after gluing different
$*\I's’s through boundary 4-holed spheres. Each such flat
connection determines the geometry of all the 4-simplices
as the subcells of the 4-complex under study, hence
determining the geometry of the full 4-complex. This
means that, when the 4-volume of all 4-simplices are
positive, the amplitude of this spinfoam model peaks at
an (A)dS spacetime depending on the sign of the cosmo-
logical constant.

We have particularly focused on the critical solutions
from varying the internal spins, each corresponding to an
internal triangle shared by tetrahedra from different
4-simplices, and we observe a similar result as in the
EPRL model as follows. With the specific definition of the
face amplitude, which may vary for different spinfoam
faces, and at a specific lift of the phase space coordinate, the
real critical point gives a vanishing deficit angle e, =0
hinged by each internal triangle, and different lifts relate to
different deficit angles separated by 4x/y. This separation
matches that of the EPRL model.

We have also observed a technical advantage of studying
this spinfoam model compared to the EPRL model: the
semiclassical approximation formula of the amplitude is
simpler in that the infinite many summations coming from
each Poisson resummation of internal spin is reduced to a
single sum at the large-k regime. Apart from that, another
advantage of this spinfoam model is the finiteness of
amplitude for a general 4-complex, which means no further
regularization is needed. With these distinctive features,
this spinfoam model extends an invitation for deeper
exploration and investigation. We list some of the possible
directions to look into below.

(1) In this work, the full amplitude is constructed by
grouping vertex amplitudes, edge amplitudes and
face amplitudes by the local amplitude ansatz.
Another way to construct the full amplitude is to
first write down the CS partition function for the
final 3-manifold that corresponds to the 4-complex
under study, then couple it with coherent states on
the boundary to impose the second-class simplicity
constraints. The interpretation of flat connection at
the critical points of the action would be better
explained if the latter approach is used. However, the
difficulty lies in that a symplectic transformation
from the FG coordinates on ideal octahedra to
suitable coordinates on the final 3-manifold might
not exist for a complex 3-manifold. If it exists, it
remains the question of whether there is a systematic
way to perform such a symplectic transformation for
a general 3-manifold.

(i) The complex critical deficit angle is only argued to
exist in this paper. Having the complete and
concrete spinfoam model, it is interesting the study
the complex critical points numerically as is done
in the EPRL model [8,32], and investigate how
these complex critical points contribute to the final
amplitude. We expect that the finiteness of ampli-
tude would bring benefit to the numerical study.
Furthermore, when it involves solving critical
solutions to the action, the feature that only poly-
nomial equations are involved (see discussion
in [12] for more details) could also boost the
numerical operation compared to that of the EPRL
model.

(iii) The form of the face amplitude (36) is based on the
conjecture that the boundary Hilbert space is
spanned by some q-deformed spin network states
with q a root-of-unity. To investigate if it is true, one
needs to construct explicitly the coherent inter-
twiners spanning such Hilbert space and clarify if
there is a canonical bijection between the coherent
intertwiners and the boundary data in the spinfoam
model. A first step to construct the coherent
intertwiners on a homogeneously curved tetrahe-
dron has been initiated in [33], and these coherent
intertwiners span the intertwiner Hilbert space on a
curved tetrahedron defined in [34].

(iv) An important question is how this spinfoam model
relates to the Hamiltonian constraint in the canonical
approach. It would be a difficult task for the general
setting. To begin with, one can study the truncated
model. As the dS spacetime is at the critical points
of the spinfoam model, it is interesting to apply it to
the cosmological setting by imposing (discretized
version of) isotropic and homogeneous conditions.
The numerical method could be also helpful for the
analysis.
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APPENDIX A: FOCK-GONCHAROV
COORDINATES AND THE FENCHEL-NIELSEN
COORDINATES

The FG coordinates {)(1(7)} that dress the edges in the
ideal triangulation of 4-holed spheres on S*\TI's are related

to the coordinates {{L.;},<p» {Xu» Vu}s} as follows. )(f;l)
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is associated to the edge of the ideal triangulation of S, that shared by Oct(i) and Oct(j).

)(23 == Zéz):—le‘FLB + L+ Lis =X+, )(85):/1’1,
)(§4>=L12—L13—L14+L15+X1, )(4(115):L12+L13_L14_L15_y1» ){215)221414—)(1—3)1»
Z%>:L12+L23 + Loy + Lys — Xy + Vs, )(14 ==, 1(1?22‘(2,
)(g? ==Ly —Ly3 = Lyy + Lys + X5, )(<35) ==Ly —Ly3+ Ly — Lys — Vs, )(5125) =2Ly3 — Xy + Vs,
)((132) =Li3+ Ly + Las+ L3s — Vs, ){(11) = —2L,; — X3+ Vs, )((125) = X,
25§ = =Lis + Loy = Lag + Las + X, A =Ly =Ly + Ly —Lys— X5+ V5. 49 ==V,
)(Y? =L+ Loy —L3g+ Lys + Vs, ;((é) = 2Ly — X, =4, ){(15) = X,
258 = —Lig + Los + Lyy + Las + X, A = —Lyy = Ly — Ly — Lys — Xy — Vs 9=y,
Z@ = L5+ Lys — L3s — Lys — Vs, )(253) = —2Ls — X5+ Vs, ;(ﬁ) = X,
)(g = —Lys+ Lys + L35 — Luys + X5, th) =—Lis—Lys — L3s + Lys — X5+ Vs, )(54 =-Ys (A1)
|
APPENDIX B: GEOMETRICAL ds(p) = As(p). ¥ peD. (B1)

INTERPRETATIONS OF THE FENCHEL-
NIELSON COORDINATES

In this appendix, we review the geometrical interpreta-
tions of the FN coordinates, namely that an FN length
encodes the area of the boundary curved triangles shared by
two tetrahedra and that its dual FN twist encodes the
dihedral angle between the two tetrahedra hinged by the
same triangle. These geometrical interpretations have been
derived in detail in [6] and used in [2] (see also [7,14]). We
only sketch the derivation here.

We start by identifying the geometrical interpretation
of the FN lengths. To this end, we first review the definition
of the FG coordinates from framed flat SL(2, C) connec-
tions on the ideal triangulation of an n-holed sphere
[2,14,15,18,22]. In the ideal triangulation, each hole of
the sphere is triangulated to a cusp boundary D, where we
associate a framing flag field s satisfying

S1 53

TE

52 S4

FIG. 6. A quadrilateral in a 2D ideal triangulation to define FG
coordinate xz in terms of the framing flags {s;};_; 4 on four
holes (represented by circles) parallel transported to a common
point by (B2).

where A is an SL(2, C) flat connection. Therefore, s(p) is
an eigenvector of the SL(2, C) holonomy of A along a loop
surrounding D based at point p. It can be viewed as a C?
vector field when the holonomy is expressed in the
fundamental representation.

There are in total 3(n —2) edges in the ideal triangu-
lation of an n-holed sphere (which does not include the
added edges from truncated vertices). Each edge is shared
by two triangles and hence can be seen as the diagonal edge
of a quadrilateral as shown in Fig. 6. On each vertex
v;(i =1,...,4), or equivalently a cusp boundary D;, of the
quadrilateral, there is a framing flag. Parallel transport all
four framing flags to a common point within the quadri-
lateral and label the resulting framing flag transporting
from D; as s;. Referring to the relative locations of the edge
E and vertices, the FG coordinate x; on E is defined as

($1 A 52)(s3 A 84)
(s1 A s3)(52 A 84)
(si nsj)=ss)—sis), (B2)

Xp = =(sV,shTe?,

which is invariant for complex rescaling of any flag s;.

An SL(2,C) holonomy along a closed loop can be
calculated by the so-called snake rule'* followed by a
normalization. By the snake rule, one can calculate that the
holonomy 01@ onS, around hole i(i = 1, ..., 4) connected
to a hole of S;, through the annulus (ab) on 9(S*\Is) is
conjugated to a diagonal matrix. That is,

“We refer to [18] for a detailed description of the snake rules.
See also Appendices of [12].
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0\") = Mdiag(e“», e~ )M~' € SL(2, C),

0') MeSL(2,C). (B3)
where el is (the square root of) the exponential FN length
on (ab). Throughout this appendix, we assume a < b.

connections on M, (S,, SL(2,C)) since they are calcu-
lated by the snake rule. Therefore, they satisfy the closure
condition 0”0 0% 0\”) =1 when all the holonomies
are based at the same point on S,. When the first-class
simplicity constraints are imposed strongly on the FN
coordinates such that

; 1
Lab:—Zm'%”, a<b, with j,=0~,...,

k—1
(B4

Hl(.”) = M(f,-)diag(e‘z”ijnTh, ez’rijnTb>M(§i)_lv

(@
14
holonomy, denoted as H'*), and {H'},_, , also satisfy
the closure condition H\"HH"'H\" =1 when they
have the same base point, denoted as p,, on S,,.
According to the curved tetrahedron reconstruction
theorem proven in [24], the set of SU(2) holonomies

{H}

=

as described in Sec. II, each O, is conjugated to an SU(2)

,,,,, 4 satisfying the closure condition uniquely
identifies a homogeneously curved tetrahedron, denoted

as T, such that the area and the normal vector of each of its
boundary triangles, denoted as tl@ (i=1,...,4), can be
read from H E“) in the following way. Diagonalize H 5“) with
the matrix M(&;) € SU(2) constructed with the eigenvec-
(a)

tors, also called the spinors, of H; such that
&= ( i’gzl)—r
M(E) = (6,JE),  with ‘ b B
(&) =( ) JE = (=B E)T (B5)

We will also use the notation |£) = &; and |&;] := J¢; and (&;|, [£;] represent their transpose conjugates respectively. |&;) and
|&;] are orthonormal in the sense that [&;|&;) = (&;|&;] = 0 and they are both normalized: (&;|&;) = [£;]&;] = 1. The area a,,

(a)

and the normal 7, of ;" calculated at p,, is

N if Jab € [O’Z)
A,p — .

6r _ 127j, k k

Al |A‘kb, lf]ahe[Zvj)

where ¢ = (6',6%,6%) is a vector of Pauli matrices. The

outward-pointing normal i, to t?“

a sign factor v = sgn(A), namely

) is different from 7, DY

Ay = Uity (B7)
This is because the normalized eigenvector ¢; is the same
for holonomies around a spherical triangle (corresponding
to v = +) with eigenvalue, say 4, and a hyperbolic one
(corresponding to v = —) with eigenvalue A~!. For each of
the all four triangles in a tetrahedron, either the area is
related to j,, in the first or second option in (B6) is
determined by the triple product (71; x 71;) - ﬁk—iu for any
set of three triangles in a tetrahedron. On the other hand,
(fi; x fi;) - f, > O for either v [24].

&, is in fact the (normalized) framing flag s; parallel
transported to the base point p, i.e., & = Hi—H Therefore,

{&}i—1 4 can be used to define the FG coordinates as

The FN lengths admit the symmetry L, = —L,,, which
(a) (b)
i J

corresponding to some Hls-b), such that hole i of S, and hole

geometrically means that ¢, and the triangle ¢’ on T,

|olE: if 7 k
flab _ { <§l|0|§l>’ if Jab € [0’ 4) (Bﬁ)

—(&il6ls:) if ju € [f‘;%) ’

Jj of S, are connected by annulus (ab), share the same area
(b)

a,,. We can also diagonalize this H

Hgb) = M(f})diag(ez”i]aTb, 6_2”ime)M(§})_lv

M(E) = (. JE). (B8)

where |¢) = & and |£] = J¢) are defined in the same way

as & and J& in (BS). The normal of 7", which is defined
as fip, = (&4|618) = vit,, if ju, €10,k/4) while 71, =
—(&il61&)) = viy, if jau, € [k/4, k/2), s in general different
from 71, since they are calculated in different tetrahedron
local frames. We can also drop the label for holes and

denote H,;, = H Ea) and H,, = H;b)_l, whose parametriza-

tions (B5) and (B8) can be equivalently written as [7]

Ay & = A A =
5 T =4 .
H,, = e3%«taT, H,, = e 3% %™,

(B9)

where 7 =1.6. (Note that el is the eigenvalue of Hj-h)

instead of the eigenvalue of H,,.) H,, and H,, are related
through conjugation by an SL(2,C) element, denoted
as Gg:
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Hab = Gabea ;}} (BIO)

G, describes the parallel transport of the reference frame
of T, to T,. There is no canonical choice for G, and each
describes the parallel transport along a path on the annulus
(ab) of the reference frame of T, to T),."

By the factorizations (B5) and (B8) of H,, and H,,
respectively, (B10) can be reformulated as

Ay O 1 1 Ay O
M3 GypMy, =M G M, o)
0 1, 0 1,

(B11)

—ilAly
}'ab = e e,

where M, =M(&;) and M, = M(£;). This means
M7;'G,,M, €U(1) and can be parametrized as

Yao O o Yabr if jup €[0,%)

— (Jh - — . . ’
0 7 Yab» lf]abe[zkp%)
(B12)

Ma_lGabe_<

Yab = eWah+i911h s Yab € Rv Hub € [0’ 2”) .
In the rest of the derivation, we will eliminate the labels of

holes on 7', and T,. When hole i of T, is glued to hole j of
T, through annulus (ab), we denote

é: gi’ ifjabe[()?{f) f ;" ifjabe[()?%)
ab = o ’ ba = e . .

Jgi? lfjabe[li’%) J§I'7 lf.labe&’%)
(B13)

Then (B12) means that the spinors &,, and &, are related
by parallel transportation in the manifold of SL(2,C)
followed by a rescaling. Explicitly,

(B14)

|§ab> = 7;}}Gab|£ba>’ |§ab} = yabGab‘fba]‘

One of these formula gives the parallel transport from &; to
&, which means &; can be used as the framing flag to define
flat connection on the whole boundary 9(S*\Is).

Denote by H,, = H,,€SL(2,C) for the holonomy
along the meridian loop of the annulus (ab) in the
fundamental group =;(S*\I's). The set {H,,},., of 10
holonomies are the SL(2,C) representations of the gen-
erators of z;(S°\I's). It has been proven in [6] that
71 (8*\I's) is isomorphic to the fundamental group
7z (4-simplex) of the 4-simplex bounded by S°.
Therefore, {I:Iab} also represent the generators of

An apparent example is G,, = M'(&)M(JE,)~' €SU(2).
However, complex rescalings of &; and &’ s.t. |&;) — 4/&,), [&;] —

A7NE) and [¢5) — X)), &) — A71|E}] with any 4,2’ € C\{0}
preserve the relation (B10).

7y (4-simplex) and describe the SL(2, C) flat connections
on the 4-simplex.
Parametrize G, = g gﬁ,a) such that ¢!’ and g(ba) (both

depending on the tetrahedra 7, and T}, i.e., gE,b) # ggf) for
b # ¢)'® are the gauges relating H,, to H,, and H,,
respectively by

Hab = g<ab>Habgl(lb)_1 = gl(ya)Hbaggya)_l . (B 15)
g, (resp. g;,) then represents changing the local frame of 7',
(resp. T},) to a common reference frame of all 5 tetrahedra.
Equivalently speaking, it corresponds to parallel transport-
ing the base point of the fundamental group generators of S,
for all a =1,...,5 to a common point on the 3-manifold
S3\I's. In each tetrahedron local frame, T, is spacelike
hence the 4D normal is U, = (1,0,0,0) . Denote by A,
for the 4-vector representation of G, then from (B12),

3_ 31y 3 _ 35y —
Aab — Ruez"’“bK 260, J Rbl = Ran‘I/uhK e 260, Rbl’

(B16)

where R, = R(&,;,) and R, = R(&,,)" are the rotation
matrices representing M, and M, respectively in 4 x 4
matrices, and K = (K!', K2, K?), J= (J',J2, J?) are the
boost and rotation generators of the proper orthochronous
Lorentz group SO(1,3)" =2 PSL(2,C) written as 4 x 4
matrices. They satisfy the commutation relations

30 ] = €' Ik, (K KJ] = ="/ J*,
[KE, Y] = €/ Kk, (B17)
A, measures the hyper-dihedral angle ®,, between T,
and T, through
—cosh®,, = nyul A, ,ul, (B18)
where u, = u, = (1,0,0,0) " are the normals of T, and T,
respectively in the local reference frame. The existence of
the minus sign in (B18) is because the dihedral angle is
defined to be positive for a thin wedge and negative for a
thick wedge. Two spacelike tetrahedra in a 4-simplex form a
thin wedge if one of the outward-pointing normals (relative
to the 4-simplex) is future-pointing while the other is past-
pointing; they form a thick wedge if their outward-pointing
normals are both future-pointing or past-pointing (see
Fig. 7). As R, and ¢"2%=3' R} are rotation matrices, they
stabilize u, and u; respectively. Therefore, (B18) can be
simplified to be

1*We refer to [6] for explicit example for gi,“
gEf) when b # c.

R(&) = (} R(()é)) where R(&) is a 3 x 3 matrix with elements

Rj(§) =3 Tr(o/M(£)a"M(£)7).

such that ggb) *

084040-21



MUXIN HAN and QIAOYIN PAN

PHYS. REV. D 109, 084040 (2024)

cosh®,, = cosh2y,, = O, = 2w . (B19)

It remains to fix the sign of the correspondence, which is
done by the following consideration. Let N, and N, be the
outward-pointing normals of 7', and T, respectively in a
common frame, which could be future-pointing or past-
pointing. Denote U, and U, to the corresponding future-
pointing normals. Then U, = =N, and U, = £N,,. The
boost from U, to U, encodes the hyper-dihedral angle in
the transformation matrix L, €SO(1,3)" such that
L,,U, = U,. Explicitly,'®

‘ ‘Ua/\Ub o ‘UaU,,]JIJ
L, = DT = o 0T
with jOi = Ki? jlj = €iijk' (BZO)

Let us check that L, defined as such does transport U, to
U,. With no loss of generality, choose the coordinate
system such that U, = (1,0,0,0)" and N, is on the
tx-plane. Then U, = (cosh®,,,sinh|0,],0,0)7." As
U, ANUp,+cU,)=U, AUy, ¥ c€R, we can choose
a vector U}, as the (normalized) linear combination of U,
and U, and is orthogonal to U,. That is, let U) =
(0,1,0,0) " and hence |®,,|U, A U, = |0©,,|USU}} T o1 =

|©,,|K!, leading to
cosh®,, sinh|®,| 0 0
sinh|®,,] cosh®,, 0 0
ab = = LabUa = Ub'
0 0 10
0 0 01
(B21)

Note that |®,,|U, A U, = —0O,,N, A N, since when T,
and 7T, form a thin wedge, ®,, > 0 and the time compo-
nent of either N, or N, is negative, while both time
components take the same sign when 7, and T, form a
thick wedge and ©,, < 0 (r.f. Fig. 7).

N,AN
To proceed we first show AV —

[NoAN,|
vsgn(Vy)iig, - K in the following. Consider a homo-

geneously curved spacetime (My,g,,). Let ¢f(b) be a
generic orthonormal frame at a vertex b of the triangle f;,
shared by T, and T}, and €,4,, be an arbitrary volume
element on M, compatible with g,, En/we’; ej. Then
sgn(V,) is defined by the compatibility between €,
and el:

identity

8K, and K’ are undistinguished in this paper. Same for J;
and J'.

“The minus sign comes from our convention for the dihedral
angle of a thick or thin wedge as illustrated in Fig. 7.

/B

0>0 ©<0

() (b)

FIG. 7. Two spacelike tetrahedra 7, and 7, forming a
wedge (2 spacial dimensions are reduced). N, and N, are the
outward-pointing normal to 7, and T, respectively. (a) A thin
wedge with dihedral angle ©,, > 0. (b) A thick wedge with
dihedral angle ®,;, < 0.

e=sgn(Vy)e? Ael A e A el (B22)

The volume element of f,, is then defined by e, =
€apuwNa(D)N% (D) with N¥ = N'ef. Then the following
relation holds.

*(Na(B) A Ny (D))
[*(Na(B) A N (B))]

= sgn(V4)(e"/’eae/})ah(b). (B23)
In the local frame of 7, whose timelike normal is
u=(1,0,0,0)", ePees = i, -J, which can be viewed
as an 8[(2,C) element. §I(2 C) can be viewed as a 6D
algebra with real generators J =7 and K = —i%. Then the

duality map * acts as *J = —K and K = J. Therefore, in
the frame of T,

—

*(eaﬁeaeﬂ) = _ﬁah ‘K= _yﬁab : K (B24)
Combining (B23) and (B24), we conclude that
N, A Nb —
Sla07Th V)i, - K. B25
|Na /\Nb| I/Sgn( 4)nab ( )
We then can re-express (B20) as
Lab(a) = €ExXp (_ysgn(v4)®abﬁab : ﬁ) (B26)

On the other hand, A, (B16) can also be rewritten as

Ag = (Re¥o X' R (R, eV R;1)

= exp (Wapfia - K)R', (B27)
where we have used the fact that R 2 = 71, and that R’ =

R, e 27" Ry is a pure rotation. Both A, and L, now
written in the frame of T, can transform the normal N, to
N,, which means their boost parts must agree, i.e.,
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exp (—vsgn(V4)Ouiig, - K) = exp 2y apiig, - K) = 0,
= —2usen(Vy)wa  (B28)

Let us finally relate the hyper-dihedral angle to the FN
twist. The definition of the SL(2,C) FN twist along an
annulus (ab) depends on the choice of another two
auxiliary holes on S, and another two auxiliary holes on
Sy, or effectively depends on the choice of a path on (ab)
connecting S, and S,,. Let s,,;, be the framing flag on (ab)
and ¢, 44 (T€SP. Sy, 555) be the framing flags on the other
two holes of S, (resp. §;) which connect to S, and S,
(resp. S, and Sy) respectively. Then the (exponential)
PSL(2,C) FN twist is defined as

2 = _ (spe(Pp) A Spr(Pp))
P (spe (D) A Sap(9)) (555 (P) A 5a(9))

x <Sac(p) A sab(p)><sad(p> A Sab(‘p»
<suc(pa) A sad(pa»

where p,€S,, p,€S,, and p is a common point for
evaluating s, A s, V s'.72, is indeed invariant under the
rescaling of framing flags. As we have observed, the role of
framing flags can be played by the spinors when they are
defined on a common point on the 4-holed sphere. Let us
choose p = p;,. In order to evaluate the second ratio in
(B29) at p,,, we need to parallel transport the framing flags
with G, s(pp) = G} s(p,). Then the second ratio in
(B29) can be reexpressed as

., (B29)

(GapSac(Pa) A $ap(P6)) (G Saa(Pa) A San(Pp))
(Sac(Pa) A Saa(Pa))
_ (Gpae N Eva)(Gplaa A Epa)
Eacléaa)
=2 [Sacléap)[Eaaléan)
P el

where we have used the fact that the produce (- A -)
is SL(2,C) invariant hence (G;/& A &,) = (& A
Gabéba> = yab[§/|§ab> for any él by (B14) We then lift
72, to an SL(2,C) FN twist by taking its positive square
root z,,. We can, therefore, express 7z, in terms of the
spinors as

(B30)

Tab = VabV/ Xab (g) = e—%ysgn(V4)®,,b+i9uh Xab (5)’

_ [5be|£bf> [5ac|§ab>[éad|§ab>
o) = e ) Cuclbad)

(B31)

LetT,, = logt,, with a chosen branch/lift. As an FN twist,
T, is conjugate to 2L, in the sense that {2L;,, T} =1
and Poisson commutes with {2L .4} (c4)z(ap) and {Xq, Vo }
(but not necessarily commutes with 7 ,,). This can be
checked by using the framing flag definitions of FN length

and FN twist. On the other hand, T, can be obtained from
the octahedron FG coordinates by symplectic transforma-
tion, which means T, is a linear combination of the FG

coordinates (¥, ) just as (Q. B). We, therefore, conclude
that 7',;, can be expressed in terms of the canonical pair
(2L, 7T 4) by linear transformation 7,, = r-2L,, +
T . + ins with r, s € R. Such a relation makes sense also
geometrically: any path on the annulus (ab) can be
approximated by a piecewise smooth path composed of
meridian pieces, contributing some portion of 2L,,, and
longitudinal pieces, contributing some portion of 7T,.
Therefore, 7, corresponding the such a path can be
expressed as a linear combination of 2L, and T,,. s
comes from affine translation which does not affect the
Poisson structure.

For each given boundary condition of the 4-simplex,
one can find two solutions 2 and 2 to flat connections
which correspond to opposite 4-volume of the 4-simplex,
and they are related by parity transformation, analogous
to the situation in the EPRL model [35]. That is,
sgn(Vy)|y = —sgn(Vy)|g [6,8]. Since T, has dependence
on sgn(V,), these two flat connections in turn gives two
solutions to 7 ,;:

1
Tab|2[ = _Eysgn(vll)@ab + iﬂNilb + Cab’
1 _
Taplg = Eysgn(vét)@ah +izN% + S,

1
Cop = 10, +=l0gy 0y — 17 2L + i7s, (B32)

2

where N%lb,Ng[b € Z correspond to different lifts whose

parities match as they correspond to the same e« . It leads
to the difference of the two momenta

T avloe — Tanlsg = —v5gn(V4)®y + 27iN

with 2N, = N% - N% €27,

ab

(B33)

In summary, from the above derivation, we have seen
that each FN length 2L, encodes the area of the triangle
dual to the holes linked by the annulus (ab) and that its dual
FN twist 7, encodes the hyper-dihedral angle hinged by
this triangle. Such a geometrical interpretation is useful for
interpreting the critical solution to the equations of motion
for the total amplitude with respect to the internal FN
lengths in Sec. VL

It remains to figure out the geometrical interpretation
of 0,, defined in (B12). Consider again the 4-vector
representation A, of G,, and its action on the triangle
fap shared by T, and T,,. the plane of f,, is spanned by the
bivector x(N, A N,) where % is the Hodge star operator.
A, changes the frame from 7, to T,. Consider a 4-vector
V that represents an edge of f,, shared by 7, and T,.
V is indeed in the plane of x(N, A N,). A, acts on the
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V as (we omit the signs vsgn(Vy) in the following for
conciseness)

AV = R e Wal c=0uK' R -1y
= (R,e XV R (R e @K RV

= (R, e 20V R 1) e~ O Ky, (B34)
The boost generated by e =™K is along the normal
N, A N, to f,, hence it keeps the plane spanned by the
bivector x(N, A N;), hence V on the plane, invariant.
Therefore, (B34) can be simplified to be

ApV = R,e Xl RV (B35)
R;l rotates the vector Z to —7i,, in the frame of 7', e~ 20T
generates a rotation around the z-axis, and R, rotates the
vector Z to 1, in the frame of T,. Therefore, in general, V
is rotated to a different vector by A,

We are interested in a special case when the parallel
transport is along a series of connected tetrahedra within the
triangulation of a 4-manifold whose trajectory forms a
(nonself-interacting) loop. That is, the initial and final
tetrahedron in the transportation are the same: 7, = T},
and we denote G,, = Gy and A,, = A. In this case, 0
can be determined in the following way.

First, the rotation matrices R, = R;, = R in (B34) as
Eap = Epa = £ Ay must keep the edge V invariant since f,

. _ 3. .5 !
remains the same, hence Re 2RIV = 2602y,

—26;0-F

where 7 = 1,, = i1,,,. Since e generates a rotation

around the normal 7 to f,;, by an angle =260, V is kept
invariant only when [recall the range 6, € [0, 27)1%°

20, =0 or 21 60,=0 or z. (B36)
Returning to the fundamental representation (B12), the
choice 0, = z changes y; =y, to y;l compared to the
choice 6, = 0. The two solutions to € can be understood
as different lifts from SO(1,3)" to SL(2,C). In other
words, if we interpret the lift 6, = 0 as a time-oriented map
SO(1,3)" = SO(1,3)*, then the lift §, = 7z can be inter-
preted as a time-flipping map SO(1,3)" - SO(1,3)".
Such an interpretation makes sense because the time-like
normal to a tetrahedron on the boundary of a 4-simplex can
be future-pointing or past-pointing. When the 4-manifold,
hence its triangulation, is globally time-oriented, the unique
solution 6, = 0 for all f’s is picked. We see in Sec. VI that
such a solution leads to the uniqueness of the solution to the
deficit angle.

APPENDIX C: FOCK-GONCHAROV
COORDINATES ON S, AND S IN A;
4-COMPLEX

Denote the framing flag parallel transported from hole i
of S, (resp. S}) to a common point on S, (resp. S) as s;
(resp. s%). Denote the edge of the ideal triangulation of S,
(resp. S}) connecting hole i and hole j as e;; (resp. e})).
Then the FG coordinates on the 6 edges are summarized as
follows.

et et = e V2 = (84 A 51)(s3 A $2) ¢\ e — o — <Slz A S}><S:z A SEO _ (2 A S)(s3 A 8a) — O
(s A s3)(s1 A 82) (s3 Ash)(sy A sy) (2 A s3) (st A sg)
eis: Y e (53 A sy)(s2 A s4) " N o = (55 A s (s5 A S:2> _ (54 A s1)(s2 A 53) R
(s3 A s2)(s1 A s4) (sh A S5y A sy) (54 A sa)(s1 A s3)
e eV = {52 A 51)(s4 A 53) o oY (55 A 81)(s3 A 83) (83 As1)(Sa A Sa) o2
(s2 A s4)(s1 A 53) 14 (sh A SIS A shy (53 A sy)(s) A sa)
€3 et = (51 A s2)(s3 A 54) ehs: oA — (sh A sh)(ss A sy) (s A s3)(s2 A sa) _ = ot
(s1 A 83)(s2 A 84) (sh A SO(sh A sy (51 A sy)(s3 A sy)
sy’ X — (53 A 52)(54 A 51) ol et — (s1 A s5)(sy A sy)  (s1 A sa)(sa A s3) — o
(s3 A 54)(52 A 57) 34 (s A siy(sh A sh) (51 A sg){sy A S3)
e X — (51 A s3)(s4 A s3) ey X — <S:% A S:2><Sé A S:1> (s2 A s3)(s4 A 51) = o3 (C1)
{s1 A sa)(s3 A 52) (s5 A si)(sy Asy) (52 Asa)(sy Asy)

One finds that, from the calculation point of view, the gluing of 4-holed spheres follows the same way as gluing ideal
tetrahedra to form an ideal octahedron (it r.f. Sec. II). This is because, although we need to flipped the orientation of S, we
read the labels of holes on the quadrilateral (lower panel of Fig. 5(b)) from the “inside” of S). Then this is the same as

OThis result was also derived in Appendix F of [14] in a slightly different manner.
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reading the labels from the “outside” before flipping the
orientation of &.

APPENDIX D: PROOF OF THEOREM VII.1

255:1 (ﬁ}-f(zl‘f)
face amplitudes and it is only imaginary since F(2Lj)
is a real function of 2L upon the imposition of simplicity
constraints. We are left to consider each SY 42)

,/41' AL

—2usLy) in (45) comes from the

obtained from the large-k approximation of pamtlon
function (19) and coherent states (22) for a spinfoam
vertex. We first observe that the positive angles that
contribute to the imaginary parts of {u;,v;} are not seen
at the large-k approximation of the action. Then each tilted
variable is merely the complex conjugate of its nontilted
counterpart. Additionally, b~ is the complex conjugate of
b as it is a phase. Therefore, S¥ + SV is pure imaginary
obviously seen from their expressions (43b) and (43c). We
next consider the rest of the first line of (42), which can be
rewritten as

k k>
ABT —v +n =g} ABT '771}+kﬁ1;

27i L, o Yy -
Sg_ﬂp@.nvzﬂl{ 2(/,[1—7Ql> l/ +2m n' -’

T+ 2;3”)]. (D1)

u’, UV can be viewed as real variables at large k hence the
above expression is also pure imaginary. The second line of
(42) contains the logarithms of coherent states and a term
2N uym} from the Poisson resummation for . The
latter is apparently imaginary. All the real parts of (45),
therefore, come from the coherent states. Due to the nature
of coherent states [and is clear from the definitions (22)],
the norms are Gaussian and hence must contribute a
nonpositive real part for the action with zero obtained at
the critical point. This proves the first two equations of
(72). The last equation is the definition of a critical point
hence is trivially satisfied.

The first two equations of (72) also imply that the real
parts of the eigenvalues of the Hessian, denoted as Re(Hy),
satisfy Re(Hz) < 0 at the neighborhood of the real critical
point X,.

As S(X,7) is apparently analytic near X, its analytic
continuation S(Z,7) is also analytic near the complex
critical point Zy(7). Then S(Z,7) possess a convergent
Taylor series at Z,(7):

$(z,7) =

where D stands for the derivative of order « acting on a
function f(7) with 7€ C" as

el f

Dif = —— 0,
f az?l . aZZ"

laf =a; +---+a, (D3)

and a! == a;!---a,!. D*S(Z,7) with |a| = 2 is simply the
Hessian H: of the action.

As assumed, the complex critical point Z, is in the
neighborhood U of the real critical point X, as illustrated
in Fig. 4. Zo(F) is an analytic function in 7. Let
Xo(7) = Zo(ro) Then Z,(7) can be viewed as a path in
C" starting at X,. Within the neighborhood U, Re(H3) <0
implies Re(Hz,) < 0 by analyticity, which in turn implies
S(Zy,7) <0. By (D2), we have

ZO’ + Z Re ) )

ja=2*

+Re(O(|Z7-7)*) <0 (D4)
Consider 7 = Re(Zy) + [Im(Zy)|s some §€R”",
|s| < 1. When Im(Z,) is small, 7 parametrized in this
way is within U hence (D2) is valid. Define 7 =
Im(Zy)/[Im(Zy)|. Then (D4) can be reformulated as

— — - 1 .\ oy
Re(S(Zp, 7)) < —|Im(Zo)|2<S'|JP Z—RC(H (s —in)*)
sl<1
|| 2
+C’|Im(2'o)l>, (D5)
where 0 < C' < o 1is some real constant. We are

left to prove that the expression in the bracket above is
non-negative (as it is indeed bounded). First, Re(Hz ) <0

as observed above. We expand the term E\a\zz ;!
Re(Hz (5 + in)*):

1 n
EZ:I[RC(HZO)U(S[SJ—ninj)—ZIm(HZO)ijij]
i,j=
1. 1. )
1 (5 Re(H2)) 3 (7 Re(H, i) — (%.1m(H2)i). (D)

To proceed, we only need to find an admissible 5 (|s] < 1)
such that (D6) 1is positive. To this end, if
(i1, Re(Hz,)ij) # 0, we let § = 0. Then (D5) is proven as
(i, Re(Hz))if) <0 is guaranteed by Re(Hz)<0. If
(i1, Re(Hz, )i) =0, then Re(Hz) = 0. The assumption

det(Hz,) # O then implies that Im(H3,) # 0. In this case,
we take § = —eIm(H3, );j with € > 0 being small so that
|s] < 1is not violated. Then (5, Im(H3,)77) > 0 hence (D6)
is positive. Therefore, (73) is proved. (74) is the result
from stationary analysis with distinct critical points added.
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We refer to Theorem 7.7.12 in [30] for a detailed proof. The distinctness of critical points is implied by det(Hz ) # 0 as,
otherwise, continuous critical points would lead to degenerate directions of the Hessian.
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